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1.APPLICATIONS OF MATRICES AND DETERMINANTS 0 -2 0
2 MARK QUESTIONS 5 IfadjA=|6 2 —6| findA™
1z 2 1 -3 0 6
1. Find the adjoint of 31— 1 2 A"l =+ ——adjA
1 -2 2 |ad]A

ladj(24) = 2" 'adj(4)|

ade:(§)3_12+4 —2-4 4-1

16—6 3 12—2
=56 3 -6 =32 1

3 6 6

4-1 2+4 2+4

2+4 4-1 -2-4
2.If A= [Ccl Z] is non — singular, find A™L.

ladjA] = 0(12 — 0) — (—2)(36 — 18) + 0(0 + 6) = 0+ 36 + 0 = 36

J0adjA| = V36 = 6

1 L 40 =z 0
Al=+——adiA=+-|6 2 -6
VladjA| ®l.3 0 6

4 3 1 -2
6.Find the rank of the matrix [3 -1 -2 4 ] using minor method
6 7 -1 2

|A| = ad — bc
adez[d _b]
_ d -—b
4™ IAI(ad]A) ad — bcl—c a]
2 3 1
3. Find the inverse of [3 4 1]
3 7 2
2 3 1
Al=[3 4 1|=28=7)=3(6-3)+1(21-12)=2-9+9=2%#0
3 7 2
4 7 3 4 g_7 _
12 11 g |36 4 3—2] [
4 7 3 4 21—-12 9—14 8-9 —5 -
1 1[1 1 ]
Al=—adjA=A41==|-3 1 1
4] 2lg -5 —1
1—8 1 4
4. IfA=; 4 4 7],pr0vethatA‘1=AT.
1 -8 4
A7l = AT = AAT = I is enough to prove..
-8 4 1
AT=cl1 4 —8]
4 7 4
-8 1 4 -8 4 1 1 0 O
AAT =214 4 7]%[1 4 —8]=[0 1 0]
1 -8 4 4 7 4 0 0 1
-'-A_IZAT

4 3 1 -2
A=|3 -1 -2 .The order of Ais 3 X 4. So,p(A) < min{3,4} =3
6 7 -1 2
3 X 3 minor:
4 3 1 4 3 =2 4 1 -2 3 1 -2
-3 -1 -2|=0;(-3 -1 4((=0;|-3 -2 4|=0;|-1 -2 4(=0
6 7 -1 6 7 2 6 -1 2 6 -1 2
So,p(A) <3
2 X 2 minor:
% 2 |=-4+9=5=0.
~p(A) =2
1 1 1 3
7. Find the rank of |2 -1 3 4]byROW—Echelonform.
5 -1 7 11
1 1 1 3] 1 1 1 3 1 1 1 3
A=2 -1 3 4 ~[0 3 1 —2]§2:§2_§§1~ 3 1 —2|Ry—>Rs—
5 -1 7 11 lo =6 2 —41™2 "7 " o 0 0 0
2R,

The last equivalent matrix is in echelon form and number of non — zero rows is 2.

p(A) =2

3 MARK QUESTIONS

LIf A= [_85 _34] , then verify that A(adjA) = (adjA)A = |All,.
1A = 24— 20 = 4
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Al =4[ O] =]* 0

o 17 lo 4]_’(1)

adjA = [g
Atadj) = [ 5,

3
(adjA)A = [g g] s

6 §-1
-

From (1),(2)& (3),A(adjA) = (adjA)A =

2 - @
-

|AlL;

CradiA = %[—71 _29]

. 7 -9, ,-
|A|=14—9=5;ad]A=[_1 2];A1:|A|

ayr =7 S]-®
From (1)&(2) AN 1=

2 -2 4 3
5..Find the rank of [—3 4 =2 —1] by row — echelon form.
6 2 -1 7

2 -2 4 371 712 -2 4 3]
A=|-3 4 - —1]~ —6 8 —4 —2|R,- 2R,
6 2 -1 711l 2 -1 7]
2 -2 4 3 1p LR, +3R,
~0 2 8 7 fp LR —3R
0 8 —13 2173 "3 1
2 -2 4 3
~10 2 8 7 ]R3—>R3_4R2
0 0 —45 —30

The last equivalent matrix is in echelon form and number of non — zero rows is 3.
o p(A) =

2 -4 2
2. IfadjA=|-3 12 -=7],find A.
-2 0 2
A=+ IdAIadj(ade)
ladjA| =2(24—-0) — (—4)(—6—14) +2(0+ 24) =48 —-80+48 =16
Vl0adjA| = V16 =4
127 (2’ ‘24127 24—0 048 28-241 [24 8 4
:3 5 2:3=>adj(ade)= 144+6 44+4 —-6+14|=|20 8 8
12 0 —412 0+24 8—0 24-12 24 8 12
1 1[24 8 4 6 2 1
A=+ _ adj(ade)=iZ 20 8 8|=%x|5 2 2
VladjA| 24 8 12 6 2 3
3.Prove that [C(.)Se —Sinf] i orthogonal
sin@ cos@
|AAT = ATA = I,
__[cos8 —sinf r _[cos@ sin@
_[sine cos @ =4 _[—sine cos 6
r _[cos@ —sinfB][cosf sind 01 _
_[sinH cosH”—sinH cos 6 [0 1]_12%(1)
74_[cosO sinfB][cos@ —sinb 0] _
AA_[—sine cose][sine cosH] [O 1] > (2)

(From (1) & (2), AAT = ATA = I,

4. Verify the property (AT)™! = (AT with A = [

r 12 1
=1y 7

7
Ty-1 — T
(AN = radj(A”) = =i

|

| 1am=14-9=5;adjan) =[5 7]

2~

6. Solve the equations 2x + 5y = —2,x + 2y = —3 by matrix inversion method.

2 oG =[i = ax=B=x=2"8

Al =4—5=-1 'adez[z _5]

1 _
Al = IAIad]A_—l[Z 5] [1 _2]

- — 2 4 —15 -11
X=4 1B:>[y]:[1 —2”—3]:[—2+6]:[ 4 ]
solution : (x,y) = (—11,4)
Do it yourself:
A man is appointed in a job with a monthly salary of certain amount and a fixed amount of
annual increment. If his salary was Rs.19,800 per month at the end of the first month after 3
years of service and Rs.23,400 per month at the end of the first month after 9 years of service,
find his starting salary and his annual increment. (Use matrix inversion method to solve the
problem.) Hint: x + 3y = 19800 ; x + 9y = 23400

7. Solve the following equations %+ 2y =12 ,% + 3y = 13 by Cramer's rule method.
~=ay=b=3a+2b=12;2a+3b=13
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_ |12 2
a~ 113 3
13 12
A”_2 13

A 10 1 1

:—a:—:2:>x:—:>x:—
A 5 2
A 15

solution : (x, y) = (1, 3)

2

=36—-26=10

|=39—24=15

Do it yourself:
In a competitive examination, one mark is awarded for every correct answer while 1/4 mark is

deducted for every wrong answer. A student answered 100 questions and got 80 marks. How
many questions did he answer correctly? (Use Cramer’s rule to solve the problem).

Hint: x +y = 100 ; x — >y = 80 = 4x —y = 320 > (2)

1 0 0] [0 0 O
lAl; =00 1 o|l=(0 0 o|- (D)
oo 1 looo

7 -4 67 21-16 —8+18 24— 14 5 10 10
:‘6* ; é:gzade=—8+18 24 — 4 —12+32]=\
o2 a7 24—14 —12+32 56-36
'8 —6 21[5 10 101 [0 O O]
Aladjd) =|-6 7 -4 [10 20 20/=lo 0 o|-®
2 —24 3110 20 201 lo o ol
'5 10 10]1[8 -6 21 [0 O O]
(adjA)A = |10 20 20] 6 7 —4l=l0o 0 0o|-@®
10 20 20ll2 -4 31 lo o o

From (1),(2)& (3),A(adjA) = (adjA)A = |A|l;

10 20 20
10 20 20

5 MARK QUESTIONS

cosa 0 sina
1.If Fla) = [ 0 1 0 ],then prove that [F(a)]™! = F(—a)
—sina 0 cosa
cos(—a) 0 sm( @) cosa O —sina _
F(—a) = [ 0 ] [ (1) ] - (1) ( t.?os(—a) = cosa )

—sin(-a) 0 COS( a) sina O cosa sin(—a) = —sina

3.IFA =7 5],3_[5 2],Venfy(AB) = B~ 'A

13 21-1 -31_[-3+10 -9+471_ 717 -5
AB =7 ”5 ]‘[—7+25 —21+1o]_ 18 —11]
a( e o =11 5
|AB| = =77 +90 = 13 ; adj(4B) = | 7]
11-11 5
=1 _
(AB) ™ = mradj(AB) = =T |- ()

|B|=—2+15=13;aij:[§ 3] ¢ Br=tagp=i[% 3]

|A|=15—14=1-ade=[5 _2]

AL = ljlad]A-l[S =15

B_lA_IZE[—ZS _1”_57 _32]:E 10-21 —4+9

From (1) & (2),(AB)"! = B~1A?

11 5

2547 10-3 13[_18 7]_’(2)

cosa 0 sina
|F(a)| = 0 1 0 |=cosa(cosa)—0+sina (sina)
—sina 0 cosa
= cosza + sina =1
cosa—0 0—-0 0 —sina cosa O —sina
adjF(a) = | 0—0  cos?a + sin’a ] [ 0 ]
0+sina 0—-0 cosa—0 sina O cosa
1 cosa 0 —sina
[F()] ™' = adj F(a) = [F(@)]™ =| 0 1 0 |[-@
IF (@)l Lina 0 cosa ]
From (1)& (2),[F(a)] ™! = F(—a)
8 -6 2
2.1f A=|-6 7 —4],verify thatA(adjA) = (adjA)A = |A|L.
2 -4 3

|Al = 8(21 — 16) — (—6)(—18 +8) + 2(24 —14) =40 — 60 + 20 = 0

4. Solve the following system of linear equations by matrix inversion method: 2x + 3y — z =

9x+y+z=93x—y—z=-1

2 3 -1]x 9
1 1 1 M: 9|=AX=B=X=A"'B
3 -1 -—-1ltz -1

Al=2(-1+1)—-3(-1-3)-1(-1-3)=12+4=16
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1 -1
1 -1
1 3
1 -1
1
At = —
A

1 141 143 3+1 0 4 4
21 11:>ad]A 341 —-2+43 —-1-2 =[4 1 —3]
3 1 1-3 942 2-3 4 11 -1
([0 4 4]
adjA=—|4 1 =3
16]_4 -1
x 0+36—4 321 |2
X=A—1B=>H=11[ ” ] Ll 36+9+3 =1—16[48]=H
z 4 11 —36+99 +1 64l la

solution (x,y,z) = (2,3,4)

5. 1fA=

1

=5

1
1

-1
the system of equations x +y + 2z =1,

3 1 1 2
—5land B =
1 2 1 3

371 1 2
AB=|7 1 —5][3 2 1
-1 2 1 3
[-5+3+6 —-5+2+3 —-10+1+9
=|7+3-10 7+4+2-5 14+1-15
[ 1-3+2 1-2+1 2—1+3
4 0 O
=10 4 O]=4I3
0 0 4
1 1 2][-5 4 0 O
BA=1|3 2 1][7 —5] [O 4 0]=413
2 1 3111 0 0 4

AB =BA =4I, = B~ 1—ZA—>(1)

/-

1 1 2
3 2 1
2 1 3

(1) > B!

o=rere-fi-f7 5 A

1[8
—4

=zA=

2
1
-1

|

1
7|=BX=C=X=B"1C - (2)
2
1[5 1 3

7 1 —5
4

solution: (x,y,z) = (2,1,—

3 2 1] , find the productsAB and BA and hence solve

3x+2y+z=7 2x+y+3z=2.

—-5+7+6
7+7-10
1-7+2

D

6.Solve the system equations using Cramer'srule method:3x + 3y —z=11,2x —y +
22 =9,4x+ 3y + 2z =125

3 3 -1
A=12 -1 =3(-2-6)—3(4—-8)—-1(6+4)=-24+12—-10=-22
4 3 2
11 3 -1
A, =19 -1 2|=11(-2-6)—3(18—-50)—1(27 +25) =—-88+96 —52 = —44
25 3 2
3 11 -1
Ay= 2 9 2=3(18-50)—11(4—-8)—1(50—36) = —96 + 44 — 14 = —66
4 25 2
3 3 11
A,=12 -1 9|=3(-25-27)—-3(50—-36)+11(6+4) =—-156—42+ 110 = —88
4 3 25
Ay _ —44 i A -66 ) A, —88
X=yEpE2ly=y == u=g s =4

solution :(x,y,z) = (2,3,4)
Do it yourself:

1. A family of 3 people went out for dinner in a restaurant. The cost of two dosai, three
idlies and two vadais is Rs.150. The cost of the two dosai, two idlies and four vadais is
Rs.200. The cost of five dosai, four idlies and two vadais is Rs.250. The family has
Rs.350 in hand and they ate 3 dosai and six idlies and six vadais. Will they be able to
manage to pay the bill within the amount they had? Hint:2x + 3y + 2z = 150 ,
2x + 2y + 4z = 200, 5x + 4y + 2z = 250

2. Ina T20 match, Chennai Super Kings needed just 6 runs to win with 1 ball left to go in
the last over. The last ball was bowled and the batsman at the crease hit it high up. The
ball traversed along a path in a vertical plane and the equation of the path is y = ax? +
bx + ¢ with respect to a xy-coordinate system in the vertical plane and the ball traversed
through the points(10,8), (20,16), (40,22), can you conclude that Chennai Super Kings
won the match? Justify your answer. (All distances are measured in meters and the
meeting point of the plane of the path with the farthest boundary line is (70,0).
Hint:(10,8) = 100a + 10b + ¢ = 8, (20,16) = 400a + 20b + ¢ = 16
(40,22) = 1600a + 40b + ¢ = 22

7. Solve the system equations using Cramer'srule method:

3 4 2 1 2 1 2 5 4
—————— 1=0-—+—-+--2=0-——-—-+1=0
X y z y z X y z
Let ==a~=bh-=c

x y z
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=3a—4b—2c=1->(1),a+2b+c=2-(2),2a—5b—4c=-1-(3)

3 —4 -2
A=|1 2 1|=3(-8+45)—(—4)(—4—2)—2(-5—4) = -9 —24 +18 = —15
2 -5 —4
1 -4 -2
A=|2 2 1|=1(-8+5)—(—4)(-8+1)—2(-10+2) = -3 —28+16 = —15
1 -5 -4
3 1 -2
A=11 2 1|=3(-8+41)—1(-4—-2)—2(—1-4)=—-21+6+10=-5
2 -1 -4
3 4 1
A=|1 2 2|=3(=2+10)— (=4)(—1—4)+1(-5-4)=24—20-9 =5
2 -5 -1
b 15 _ 1,
AT 15 T X*TET
YT S S
A —15 3 YT p"
A5 11,
A 15 3 fT:7

solution: (x,y,z) = (1,3,3)

8. Solve the system of linear equations by Gaussian elimination method :
2x—2y+3z=2,x+2y—z=3,3x—y+2z=1
2 =2 32 1 2 -1|3
[A|B] = (1 2 -1 3)~(2 -2 3 2) Ry &R,
3 -1 211 3 -1 211
~<1 2 -1 3)R2—>R2—2R1

0 -6 5 (-4
0 _7 5 —8 R3 - R3 - 3R1

1 2 -1] 3
~<0 6 5 —4>R3—>6R3—7R2
0 0 -=5I-20

=x+2y—2z=3->(1); —6y+5z2=—4->(2); -5z=-20=>2z=4
Whenz=4= —6y+5(4) =—4= —6y+20=—4

= —6y=-24=y=4
When y=16,z=4,(1) > x+24)—-4=3=x+8-4=3=x=-1
solution: (x,y,z) = (—1,4,4)

p(=3)=21==a(-3)2+b(-3)+c=21=9a—-3b+c=21-(1)
p(5) =61 = a(5)?>+h(5) +c=61= 25a+5b+c = 61— (2)
p(1)=9==a(1)?+b(1)+c=9=a+b+c=9-(3)

21 1 1 119

61>~<25 5 161>R1<—>R3

9 -3 1
[A|B] = (25 5 1
9 9 -3 1121

1 1 1

1 1 1] 9

R, - R, — 25R
~<0 —20 —24 —164) KRN _95R1
0 -12 -8l-60/ "3 " 73 !

1
11 19 R2—><—Z>R2

41 :
0 3 2 R3—><—Z>R3

o

—15
1 1 119

~<0 5 6|41 )R3 — 5R; — 3R,
0 0 -—8l-48

=a+b+c=9->(1);5b+6c=41->(2);-8c=-48=c=6

Whenc =6, (2) =5b+6(6) =41 =5b=41-36=5b=5=hb=1

When b=1,c=6 (1)=a+1+6=9=a+7=9=a=2

solution: (a,b,c) = (2,1,6)

Do it yourself:

A boy is walking along the path y = ax? + bx + ¢ through the points (—6,8), (=2, —12)

and (3,8). He wants to meet his friend at P(7,60). Will he meet his friend? (Use Gaussian

elimination method)

Hint:(—6,8) = 36a —6b 4+ ¢ =8,(-2,—-12) = 4a — 2b 4+ c = —12

(38)=9a+3b+c=8

9.1f ax? + bx + ¢ is divided by x + 3,x — 5 and x — 1, the remainders are 21,61 and 9
respectively. Find a, b and ¢ (Use Gaussian elimination method)
let p(x) = ax? + bx + ¢

Kindly send me you##igtriet&aestio 22ty s tF e watseppinuber: 7358965593

10. The upward speed v(t)of a rocket at time t is approximated by v(t) = at? + bt + ¢,0 <

t < 100 where a, b,and ¢ are constants. It has been found that the speed at timest = 3,t = 6
and t = 9 seconds are respectively, 64, 133 and 208 miles per second respectively. Find the
speed at time t = 15 seconds. (Use Gaussian elimination method.)

v(t) =at®’+bt+c
v(3)=64=9a+3b+c=64- (1)
v(6) =133 = 36a+ 6b+c =133 - (2)
v(9) =208 = 8la+9b + ¢ = 208 - (3)
64 9 3 1
133) ~ <O -6 -3

9 3 1
[AIB]=(36 6 1 —123 | p* LR’ _gp,
208 0 —18 -8l-368

81 9 1

64 )RZ — R, — 4R,

Page 6
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9 3 1|64 1 31 1] 2
~<0 2 1 41>Rz—>(—§)Rz AX=B=]|1 -3 2 Mz 1
0 18 8I368/ R; —» (-)R; 7 -1 4l'z 35 L1 1 3 21
9 3 1|64 ,
Augmented matrix [A|B]=({1 -3 2|1 |~(3 1 1|2]|R; <R
"’(0 2 1 41)R3_’R3_9R2 ’ AP (7 1 45) (7 1 45) L
0 0 —-11-1 —_
—9 _ . _ e _ 1 -3 2 R, - R, — 3R
a+3b+c=64->(1);2b+c=41->2);—c=—-1=c=1 ~lo 10 =5|-=1]7.2 2 1
When c=1 (2)=2b+1=41=2b=40=b =20 0 20 —-10l-2 Rs = Ry = 7R,
When b=20,c=1(1)= 9% +60+1=64=9%a=3=a=1 ~<é o A4 11)12 R R
I 3 3 2
2 () =t2 + 20t +1 0o 0 olo

v(15) = §(15)2 +20(15) + 1 = 75 + 300 + 1 = 376 mile/sec

11.Test for consistency and if possible, solve the following systems of equations by Rank
method :x —y+2z=2, 2x+y+4z=7, 4x—-y+z=4

1 -1 2]rx 2
AX=B=|2 1 4 ly =|7
4 -1 11tz 4
1 -1 2|2
Augmented matrix [A|B] = <2 1 4 7)
4 -1 114
~(1) ‘31 (2) g R, - R, — 2R,
0 3 _n|4)Re o Ra— 4Ry
1 -1 212
~(0 3 0 3>R3—>R3—R2
o 0 -=71-7

The last equivalent matrix is in echelon form. p([A|B]) = 3 = p(4).
The system of equations is consistent and has unique solution.

1 -1 2 ve 2
AX=B=><O 3 0><y>=(3)
0 0 =7/ \z -7
x—y+2z=2-()
= 3y=3=y=1
—7z=-7T=2z=1
When y=1,z=1 (1) =x—-1+2=2=x=1
solution: (x,y,z) = (1,1,1)

The last equivalent matrix is in echelon form.p([A|B]) = 2 = p(A).
The system of equations is consistent and has infinitely many solution.

1 -3 2 X 1
AX=B=><O 10 —5><y>=<—1>
0 O 0 z 0
x—3y+2z=1-(1)
10y —5z=—1 - (2)
Whenz=t(2):>10y—5t=—1:>10y=5t—1:>y=1—10(5t—1)
Wheny=%(5t—1),z=t(1)=>x—3%(5t—1)+2t=1
—x=1-2t+3=(5t—1)=—"—— "=

1
m = (7 — 5¢t)
solution: (x,y,z) = (% (7 - St),% (5t —1), t) it ER

12.Test for consistency and if possible, solve the following systems of equations by Rank
method 3x +y+z=2,x—3y+2z=1,7x—y+4z=5

13.Test for consistency and if possible, solve the following systems of equations by Rank
method :2x —y+2z=2,6x—3y+3z=6,4x—2y+2z=4

:[ i é“iHé]

4 -2 21tz1 14

2 -1 1|2
Augmented matrix [A|B]=(6 -3 3|6
4 -2 2l4
3 ‘01 (1)3 R, > R, — 3R,
0o o olo R; = R; — 2R,

The last equivalent matrix is in echelon form. p([A|B]) = 1,p(4) = 1.
The system of equations is consistent and has infinitely many solution.

2 -1 1\ /x 2
AX=B$<O 0 0><y>=<0>
0 0 0/ >z 0

=>2x—y+z=2
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Puty =s,z =t in the above equation, 1 -2 k 1
2x—s4+t=2=2x=s—t+2=>x==(s—t+2) ~(0 2(1-k) 1-k -3
2 0 0 (k+2)1—k)—(k+2)

solution: (x,y,z) = (% (s—t+2),s, t) ;S,t ER

14.Test for consistency and if possible, solve the following systems of equations by Rank
method : 2x + 2y +z=5x—y+z=1,3x+y+2z=4

2 2 1)x 5
AX=B=|1 -1 1[3/: 1
3 1 21tz 4
2 2 1|5
Augmented matrix [A|B] = <1 -1 1 1)
3 1 214
1 -1 1)1
~<2 2 15>R1<—>R2
3 1 214
-~ (1) _41 11§ R, > R, — 2R,
0 4 -—1l1/fs7 k73R
1 -1 1]1
~(0 4 -1 3>R3—>R3—R2
0 O 01-2

The last equivalent matrix is in echelon form. p([A|B]) = 3,p(4) = 2.
p([A|B]) # p(A), The system of equations is inconsistent and has no solution.

(i) Whenk =1,k # =2 = p([A|B]) = 3,p(4) = 1 = p([A|B]) # p(A),

15. Find the value of k for which the equations kx — 2y +z =1, x —2ky+z = -2,
x — 2y + kz = 1 have (i) no solution (ii) unique solution (iii) infinitely many solution

k -2 1]x 1
AX=B=|1 -2k 1 M= —2]
1 -2 kllz 1
k -2 1|1
Augmented matrix [A|B] = (1 -2k 1 —2)
1 -2 ki1
1 -2 k|1
~ (1 —2k 1 —2) R, © Rs
k -2 11
(1)2_22k 1kk 13 Ko Ry = Ky
0 2k—2 1-k2l1—k/Re 7Rk
1 -2 k 1
0 0 2 —k—Fk*l—-k—2

AX =B =

(ii) When k =1, k # —2 = p([A|B]) = 3 = p(A4),
The system of equations has infinitely many solution..
(i) no solution (i) a unique solution (iii) an infinite number of solutions.
Augmented matrix [A|B] = (7 3 -5
0 0 A-5lp—9
(ii) When A # 5,u +# 9 = p([A|B]) = 3 = p(A4),
The system of equations has infinitely many solution..
(iii) an infinite number of solutions.

1 2 117

#>
1 3 -=5I5

The system of equations has no solution .
The system of equations has unique solution
(ii)Whenk = =2,k # 1 =; p([A|B]) = 2 = p(A4),
16. Investigate the values of A and p the system of linear equations
2x+3y+5z=9, 7x+3y—5z=8, 2x+3y+Az=p have
2 3 57 9
7 55| [y] = e
2 3 A1tz u
2 3 519
8
2 3 2Alu
2 35 55 _29 R, - 2R, — 7R,
(i) When A2 =5,u# 9= p([A|B]) = 3,p(4) = 2 = p([4|B]) # p(4),
The system of equations has no solution
The system of equations has unique solution
(ii)When A =5,u =9 = p([A|B]) =2 = p(4),
17. Investigate for what values of A and p the system of linear equations
x+2y+z=7 x+y+Az= u, x+3y—>5z=75 has (i) nosolution (ii) a unique solution
1 2 1]px 7
AX=B=|1 1 2 lyl= u
1 3 =51z 5
Augmented matrix [A|B] = (1 1 2
1 2 117
~ 1 3 —5 5 Rz U d R3
1 1 Alp
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1 2 1 7 1 -1 -=2/0
~<o 1 -6 | -2 )ﬁzjgz_gl ~<2 3 —10>R1<—>R2
0 -1 A—1lu=7/"3 73 ™ 3.1 310
12 1|7 L =1 —2|0\ p R, —2R,
~l0 1 —-6|—-2 |R;3 >R3+R, ~{0 5 3 (0 R; » Ry — 3R,
- -9 0 4 910
_ 0 0 A-7lu AL
() whend=7,u+9 = p([A|B]) = 3,p(4) = 2 = p([A|B]) # p(4), 3
. : ~10 5 3|0)R;—>5R;—4R,
The system of equations has no solution 0 o 330
The system of equations has unique solution The system of equations is consistent and has trivial solution.

18 S IThteh S}f/SItIemiof eqlfatlo?s;‘] has infinitely Tany solution.. 20. Determine the values of A for which the following system of equations x +y + 3z = 0,
- S0Ive the foflowing system of homogenous equations. 4x +3y+ 1z =0, 2x + y + 2z = 0 has (i) a unique solution (ii) a non-trivial solution.
3x+2y+7z=0, 4x-3y—2z=0, 5x+9y+23z=0 1 1 3

3 2 7 10
AX =0 =
Augmented matrix [A|0] = (4 -3 =2 0) ; i /21 I l [
5 9 2310 1 3]0
32 710 R, - 3R, — 4R, Augmented matrix [A|0] = 3 1{0
~\0 —17 =340 e, 3R, — R, 2 1 2lo
0 17 34 10 1 1 3|0
32 710 ~(2 1 2|0|R, &R,
0 O 0 10 1 1 3 10
= p([A|B]) = 2 = p(A) , The system of equations is consistent and has non — ~lo -1 —4 o Ry > Ry — 2R,
trivial solution. 0 -1 1-12lo Rs = R3 — 4R,
3 2 7 x 0 _ 1 1 3 10
3x+2y+7z=0- (1
AX=0= (0 —17 —34> (3’> = (0) = _x17 }:34ZZ_ 0 ((2)) ~<0 PR 0>R3 2 Hs TR
0o 0o o0/ \o Y - 0 0o i-8lo
whenz=t (2)= -17y—-34t=0=>y = -2t (i) when 1 # 8 = p(4) = p([A|0)]) = 3,

when y = =2t,z=t (1) > 3x+2(-20)+7t=0=3x= -3t =x = —t The system of equations is consistent and has trivial solution. (x,y,z) = (0,0,0)

solution: (x,y,z) = (—t,—2t,t);t €R (ilwhen A =8 = p(A) = p([A|0)]) = 2,

i i The system of equations is consistent and has non — trivial solution.

19. Solve the following system of homogenous equations. 21. By using Gaussian elimination method, balance the chemical reaction equation:

12x+3y—z—0x—y 22—03x+y+3z=0 C,Hg + 0, > H,0 + CO,.
_ x,CoHg + x,0, = x3H,0 + x,C0, — (1)

AX=0= _1 _2 Compare C on both sides, 2x; — 1x, = 0 - (2)

110 Compare H on both sides, 6x; —2x3 =0 - (2)

Augmented matrix [A|0] = —1 —2|0 +2= 3% +0x; —x3 — 0, =0 (3)

3 1 3 lo Compare O on both sides, 2x, — 1x; —2x, = 0 - (4)
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2 0 0 -110 12
From (2), (3), (4) = [A|0] =<3 0 -1 0 0) Zi"=i1+i2+i3+i4+i5+i6+i7++i8+i9+i1°+i11+i12
0 2 -1 =210 n=1
~<g 8 _02 _3 8>~R2_)2R2_3R1 =Y+ 2+ B3+ i+ [+ + 07+ i8]+ [0+ 10+ i1+ 12
0 2 -1 —2lo =0
2 0 0 -1J0 3. Simplify: i.i%.{3.i* ..... 2000
~ <O 2 -1 =2 O) R, < R; i j2.i3.j4 2000 — ;(1+2+3...+2000)
0O 0 -2 310

p(A) = p([A]|0)]) = 3 < 4, The system of equations is consistent and has non —
trivial solution.
2x; — 1x, =0 - (5)

2x2 _x3 _2x4 = 0 - (6)
—2x3+3x, =0- (7)

LetX4,=t (5)=>2x1—t=0$x1=%

x4=t,(7)=>—2x3+3x4=0=>—2x3+3t=0=>x3=§

X3 :?,x‘l_:t,(6)=>2x2—%—2t=0=>x2 :%
t 7t 3t

(1, X2, X3,%4) = (5,:,7,15)

t= 4 = (le x2; x3rx4) = (2;7;6;4)

The Balanced chemical reaction equation is (1) = 2C,Hg + 70, — 6H,0 + 4CO0,

2000%2001
= l 2

— ;1000x2001
==(i4)250(i4)500i1

=1

4.Find the additive and multiplicative inverse of Z = 2 + 5i
Additive inverse of Z =2+ 5i is —Z = -2 —15i

. . . . _ . s -1 _ X s y
Multiplicative inverse of z = x + iy is z7~ = (—X2+y2) + 1( X2+y2)

K4y T (S T T B ¥
Multiplicative inverse of Z = 2 + 5i is Z (22+52 til -2z l

2.COMPLEX NUMBERS

2 MARK QUESTIONS

5.1Ifz; =3 —2iand z, = 6 + 4i find j—l in the rectangular form
2
2 _3-20_3-2i 6-—4i
Z, 6+4i 6+4i 6—4i
_18—12i—12i—8

62 + 42
10— 24i

52
 5—12i

26

1. Simplify :j1948 — [~1869
j1948 _ ;-1869 _ ;1948 _ _1
1869
— (i4)487(i\0 _ 1
- (l ) (l) (i4)4671

=1-1
l

=1-(7x3)

=1+

6. write (5 + 91) + (2 — 41) in the rectangular form..
G+9)+2—-4)=5+%N+2—-4

=5—-9i+2+4i

=7-—>5i
7. Write 31 + ﬁ in the rectangular form
— 1 . 2+ 2+ 2 1. 2 14
31+2—i:_3l+2—ix2+i:_31+22—+12:§_31+§l:§_?l

2. Simplify: Y12 i»

8 If z = x + iy then write Re G) in the rectangular form.
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~Re G) = Re(z™1)

X y .
= Re (o — =21
x2+y2 x2+y2

X

x2+y2

_ Va2
- JEnze22
=1

91If z = x+ iy then write Re(iZ) in the rectangular form.
iz=i(x+1y) =ilx—iy)

=ix —i%y

=y+ix
~Re(iz) =y

10. If z = x + iy then write Im(3z + 4z — 4i) in the rectangular .
3z+ 47— 4i =3(x+1iy) + 4x +1y) — 4i

=3x + 3yi +4(x —iy) — 4i

=3x +3yi +4x — 4yi — 4i

=7x —yi—

=7x+i(—-y—4)
2Im@Bz+4z7—-4i))=—-y—4

14.Find the square root of 4 + 3i.

W=i<\/@ wlr)

a=4b=3|z|=/42+32=/25=5

V4 +3i =+ ;5.+-4 L— ’5 * ;F:+'l;%5>

15. Find the modulus of 2i(3 — 4i)(4 — 3i)
|2i(3 — 4i)(4 — 31)| = |2i||3 — 4i||4 — 3i]
= /02 4 22,/32 4 42,/42 4 32

11.If z; =2 —iandz, = —4 + 3i then find the inverse of z,z,.
212, =2 —-0)(—4+3))=(—8+3)+i(6+4)=-5+10i

(+ 212, = (ac — bd) + i(ad + bc))
Inverse of z,z, = (ﬁ) +1 (— Xzf_yz)

= (es;ﬁ) +i(‘<-s)1zﬁ)

-5 _ 10,

T 125 125
12,

———=i
25 25

= V4V/25V25

=50
16. Obtain the cartesian form of the locus of z = x + iy for [Re(iz)]? =
z=x+t1iy
iz=i(x+iy)=y—ix = Re(iz) =y

[Re(iz)]?=3=y2=3

17 Obtain the cartesian form of the locus of z=x+1iy for Im[(1—-i)z+1] =0

z=x+1iy

A-Dz+1=0-Dx+iy)+1l=x+iy—ix+y+1=x+y+1)+i(y—x)

=Im[(1-iz+1]=y—x
sImfx+y+1D)+i(y—x)]=0 =y—x=0(or)x—y=0

12. If z; = 2 —iand z, = —4 + 3i then find the inverse of 2—1
2

(z_l)‘1 _Zp _ —4430 _ —443i  2-i
Zy _zl_ 2—i 20 2—i
_ (=8=3)+i(-4+6)
B 22412
11 2,
—-—'?;4'El
13. Find | 2+
—-1+2i
2+1 _ |2 + i
—142il -1+ 2i]

18 Obtain the cartesian form of the locus of z=x+1iy for |z|=

z| =|z—i]l=|x+iy|=|x+iy —i
= Jx2+y?=x2 +(y—1)?
Squaring on both sides,
= x?+y?=x%+ (y—1)?
=, x2+y2 =x2+y?—2y+1
= —2y+1=0(r)2y—1=0

|z — 1]

19. Obtain the cartesian form of the locus of z = x + iy for |2z —3 —i| = 3.

2z-3—-i|=3=2(x+iy)—3—i| =3
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= |2x—-3)+ 2y —-1)i| =3

= J2x—-3)2+ 2y —-1)2=3
Squaring on both sides,

= 2x-3)2+2y—-1)?=9

= 4x%2 —12x+9+4y*—4y+1=9

= 4x%2 +4y> —12x —4y+1=0

20. Obtain the cartesian form of the locus of z = x + iy in|z — 4| = 16.
lz—4| =16 = |[x+iy—4| =16

= |(x —4) +iy| =16

= Jx—4)?2+y2 =16
Squaring on both sides,

= (x —4)? + y? = 162

= x? —8x+ 16 + y% = 256

= x24+y2—-8x—-240=0

=2x—y+3)+i(2y + 2)
Given:z; =2, = Bx—-2y+5)+i(—x+y+2)=QRx—y+3)+i(2y + 2)
Equating the real and imaginary parts on both sides,
3x—2y+5=2x—y+3
3x —2y+5—-2x+y—-3=0
x—y=-2-(1)

D+ @=-2y=-2=[y=1]
puty=—1in=>x—1=—2=>

—x+y+2=2y+2
—x+y+2-2y—2=0
—x—y=0-(2)

21. Show that the equation |3z — 6 + 12i| = 8 represent a circle, and, find its
centre and radius

Equation of the circle is:
|3z -6+ 12i| =8=3|z—2 +4i| =8

=|z—-(2—-4i)| =
centre =2 —4i=(2,—4)

, 8 .
Radius = 3 units.

w | o

22. Show that |z + 2 — i| < 2 represents interior points of a circle. Find its centre
and radius

Let|z+2—i| =2
=lz-(-2+10)| =2
centre = —-2+1i=(-2,1);
~|z + 2 —i| < 2 represents interior points of a circle

Radius = 2 units.

2. The complex numbers u,v and w are related by % = % + % Ifv=3—4iand w =4+ 3i,

findwin  rectangular form
1 1 1 1 1 1 ( 1 3+4i>+< 1 4—31’)

u v+W u 3—4i+4+3i 3—4i 3+4i 4+3i 4-3i
3+4i 4 —3i

BRI
1 . .

—E(3+4l+4—31)
1 7+i

u 25
25 25 7—1i

= = X
7+i 7400 7—i
_25(7 - 1)
72412
=307-D

=>u

3 MARK QUESTIONS

1. Find the values of the real numbers x and y, if the complex numbers (3 —i)x — (2 -1y +
2i+5and 2x + (—1 + 2i)y + 3 + 2i are equal.
z1=CB-Dx—Q2-)y+2i+5=3x—xi—2y+yi+2i+5
=0@Bx—-2y+5)+i(—x+y+2)
Zy,=2x+(—14+20))y+3+2i=2x—y+2yi+3+2i

3. Find the least value of the positive integer n for which (v3 + i)n (i) real (i) purely
imaginary

(V3+i) =3V3+9i—3V3—i=8i
2
(V3+i) = ((\/§ + i)3) = (8i)% = —64
(i) whenn =6, (\/§ + i)n isreal.
(i)when n =3, (V3 + i)n is purely imaginary.

4. Show that (2 + i\/§)10 — (2 - i\/§)10 is purely imaginary.
z=(2+iV3) - (2-iv3)"
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7=(2+03)" - (2-w3) " =(2+3)" - (2-w3)"
= (2 + l\/§)10 — (m)lo — (2 . i\/§)10 _ (2 + i\/§)10
=-{2+3)" - (2-i3)")

—Z

(2 + i\/§)10 - (2 — i\/§)10 is purely imaginary.

=z —4zi =14 —5i
= z(1—4i) =14 —5i

14 — 5i Z; a+ib [ac+bd]y [bc—ad
AT 4 Z=c+id=[cz+d2]+l[cz+d2]
14 + 20 1 -5+56 1 34 51 _
= 12+(—4)2]+‘ 12+(—4)2]:E+1E:2+3l

5. Show that (2 + iV3)  + (2—iV3) " is real.

z=02+13)" +(2-i3)"

2=(2+w3) +(2-w3) " =2+w3) " +(2-w3)"
—(2+03) +(2-0B) = (-3 +(2+13) =2

22+iv3)" = (2-iV3)" isreal

9.Which one of the points 10 — 8i,11 + 6i is closestto 1 + i.
Distance between the two complex numbers z; and z, = |z, — z,|.
z=1+1i,z,=10-8i,z, = 11 + 60

zzy = |1+ i—10 + 8i| = |-9i + 9i| = /(=9)2 + (9)2 = V162
zz, =|1+i—11—-6i| =|-10—5i| = \/(_10)2 +(=5)% = Vizs
V125 <+V162.

s~ 11+ 6iis closestto 1 +1i.

6 Write 53j142ii in the x + iy form, hence find its real and imaginary parts

Z1 _ a+ib [ac+bd] . [bc—ad]

z,  c+id  Lc2+az c2+d?

3+4i _[ 15 — 48 ]+ [ 20 + 36 ]_—33+56i_ 33 N 56

5—12i 152+ (—12)2) " ‘Iz + (=102l T 169 169 ' 169"
33

Real part = ——
169

I inary part = =6
maginary p = 1o

1—i

7.Simplify (%)3 — (—l)3 into rectangular form..

10. If|z] = 3,Show that 7 < |z + 6 — 8i| < 13
Letzy =z and z, = 6 — 8i

|lz1] = 1221| < |21 + 25| < |z + |2,

= |3- 62 +82| < |z+6—8i <3+62+87
= [3 - v100| < |z + 6 — 8i| <3 ++/100

= 13-10|<|z+6—-8i| <3+ 10

= |-7|<|z+6 —8i| <13
=7<|z+6—-8i] <13

1+i

1+i 1-1 . 141 2 .
1-i [12+(—1)2] Tt [12+(_1)2] =5~ L
1—i (1 + i)‘1 _
1+ \1-¢ ~7°

1+0\3 1-1\3 _ . o |
(1_—i) B (1_+D =) -(-)P=—i—i=-2i

zZ+3 1+4i . :

8.1t Z7—si 2 ' find the complex number z in the rectangular form

z+3  1+4i
z—5i 2

= 2(z+3) = (1 + 4i)(z — 50)

=22+ 6 =2—5i+ 4zi — 20i?
= 2z—z—4zi=-5i4+20—-6

11. Obtain the Cartesian form of the locusof z=x + iy in|z+i| = |z — 1]
lz+il=lz-1=|x+iy+i|l =|x+iy—1]
=|lx+ily+1)| =|(x—-1)+iy|
= @2+ G+ D2 =/(x - 12+ ()?
Squaring on both sides,
= @+ +1D*=(x-1D*+»)?
=x2+y?+2y+1=x2-2x+1+y?
=2x+2y=0
=x+y=0

12. Obtain the Cartesian form of the locusof z=x+iy in|z—4|> - |z—1|> = 16
|z—4]?—|z—-1]?=16 =[x+ iy—4|*— |x +iy — 1]* = 16
=S|x—-49)+iy]?—-|(x—1)+iy|* =16
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= (VG=07+72) —JG-D7+7% =16 = Vaeis (37)

= x—-4) +y*—[(x—1*+y?*]=16
=x?-8x+16+y2—x*+2x—1—y? =16
= —-6x—1=0

=x/§cis(2kn+i—§),k€z

=6x+1=0
13. If z;, z, and z5 are complex numbers such that |z,| = |z,| = |z3| = |z, + 2z, + 23| =
1, find the value of | 2.
zz Z3
|le=1=>|21|2=1=>2121=1=>z_1:i
_ 1 _ 1
JNghyNt Zy = Z y Z3 = Z
e T LT AR e

16.Find the product of (cosg + isin g) (cos = +isin 1”—2) in rectangular form.

(cosz+isinz) (cos£+ i sin n) = c1s( )+c1s( )
6 6 12 12 12

= cis (E + l)
6 12

3T
= CIS( )
12

[ . . T
=cos—+1isin—
4 4

14 Find the principal argument Arg z, when z = — #
argz = arg (1+ \/_) =arg(—2) — arg(l + l\/—) - (1)
arg(—2) = tan™?! |;| =tan™! |_—2| =0

—2 = (—,+),0 lies in the second quadrant
0=m—a=0=n—-0=m
arg(1+ iV3) = tan™? |X| = tan™!
1+iV/3 = (+ +), 6 lies in the first quadrant.
0=a=0= g

73

T 2T

)= arg(s)=n-5=5

1.1
“Et'E
. . cosm—i sin®
17. Find the quotient —=5%——== in rectangular form.
2(cos—+1 sm;)

cosZ—isinZ

o & 01/, ( T n')
mw . . T

2(cos§+lsm§) 2

i-1

15. Write in polar form of the following complex number ——=
COS§+l sm;

i—1=-1+i=rcis(0) - (1)
r =Ty = [T T (D = V2

— — 1 4
a = tan 1|Z|=tan 1|—|=—
x —1l T

(—,+), 6 lies in the second quadrant

T 31
2> 0=Tt—-a=0=m——-==—

4 4
(1) =i—-1=+2cis (%)
i-1 _ \/fcis(%”)
cos§+isin§ - Cis(g)

- s (2-3)

1+Sln——l COS—

10
1+sin—+i cos—)
10 10

18. Find the value of <—10

. T . T T . s
zZ = 51n—+ i cos— vd;f. — L= sinZ —icos—~
10 Z 10 10

10 10
1+sm—+lcosE 1+z 1+z 10 10
— 7 7 =|—= = (— X Z) =Z
1+sm—0—lcos— 1+E 1+z

10

1 - . s 10
710 = (sm—+ lCOS—)
10 10

= [i (coslﬂ—O — isin 1”—0)]10
=10 [cos (10 X 1”—0) — isin (10 X 1—7:))]

= —1[cosm — isinmn]
=1

19.Solve the equation z3 + 27 =0
23+27=0=273=-27
=z =027 3(-1)"s

Page 14
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= 3[cis(m)] /3
= 3[cis(2km + m)]/3,k = 0,1,2
= 3cis(2k + 1)§,k =0,1,2

= 3cis (g) ,3cis(m), 3cis (SFH)

=Q+D)Z-2-D)"
=z

\12 \12
19-7i 20-5i .

( ) +( ) isreal.
9+i 7—61

20. State and prove the triangle law of inequality. (or)

3i 1+21

15 \15
2. Show that (19+9l) —(8;1,) is purely imaginary.

For any two complex number z; and z,, prove that |z, + z,| < |z;| + |2,]. 1P+9 _ 19+9% 5 + 31
PROOF-: 5—3i 5-—3i 5 + 3i
|z + 2,]% = (z; + Zz)m (v zZ = |z]?) = 95 + ST 336527
= (71 + 2) (71 + 72) (22 =2 +23) 5% + 32
=217, + (2175 + 2,25) + 2,7 — 68 + 102
= 2121 + (2123 + 212;) + 2,73 (vz=2) 34
= |z1|? + 2Re(z,23) + |z,|? (~z+ Z=2Re(2)) =2+3i
< |z|? + 2|z,73| + |2,|? & Re()SII) 8+i 8+4i 1-2i
= |21 + 2|z, 22| + |z, 2 (: 7% = 7.7, &lz| = |2) T+2i 1+2i 1-2
= (Iz1] + |z2])? 8 —16i+i+2
Squaring on both sides, |z; + z,| < |z4| + |z,] 7 12 + 22
5 MARK QUESTIONS 10 — 15i
12 12 — Y
1. Show that (19 71) + (20 5,1) is real. 5
9+i 7—61 =2—3i
19-7i _19-7i 9-i 1040015 ga s
9+i 941 9—g =< l) ( l,) = (243D — (2= 30)'5
171 — 19i — 63i + 742 5—3i 1+2
= 97 1 12 =Q+3)B5-2-30=2+3)15 -2 -3
_ 164-82i =2-3D®-(2+3)
) 82 =—(2+3)¥ - (2-3))
=2-1i
= -z
20-5i 20—5i 7+6i s s
- = - X ; : ﬂ) - (ﬂ) is purely imaginar
7—6i 7-60 7+6i 2 s (B —-) ispurely imaginary
140 + 120i — 35i — 30i i
= 7; 2 ' ' 3.Show that the points 1, — - + i nd —% - % are the vertices of the
170 + 85i equilateral triangle.
- 85 zl=1,22:—%+i\/2—§andz3:———i\/z—§
=2+ i
1970 2050 L S )| I T <3>2+\/§2_ °0.3_[12_
_(9+l) (7—6') =@-07-2+0 AT = 2T ) T 2T 2 2 2 ) = ~ |2
=Z-DZ-@Z+0
=202 -2+ D0
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1 3 1 V3 1 V3
Z, —z3| = <——+l—>—<———l—>|=‘—§+l7+

2 2 2 2

1 3 2v3\’
2t = <T) =3

= (212,23)(Z1 + Z; + Z3)|
= |z12,23||2; + Z; + Z3]

= |212,23||21 + 2z, + 73]

1 3 3 43 1?2 /3 2 9 3 73 = |z1llz2l|z3|21 + 25 + 23]
n-nl=|(-5-15)-1]=|-5-15]= |§) +(5) = |z+3= _
125 = 2] 2 "2 2 2 2 2 4" 4 =1231
The gi ints are the vertices of the equilateral triangl 3
=~ The given points are the vertices of the equilateral triangle. : - : :
g P 4 g 6 Show that the equation z3 + 2Z = 0 has five solutions.
4 Let 7, z, and z3 be complex numbers such that |z;| = |z,| = |z3] =r > 0and z; + z, + 349720
z Z=
lez+2223+2321 _ _
z3 # 0.Prove that e — 73 =27
trl =1 = a2 = 12 > 7 = 12 > 2y = L [w 2 = 1T = |z = |-211Z
1l = 11" = 121 1=z L = |23| = 2|7|
2 2 3 _ =
similarly, z, = — ; z3 = — = |z|° = 2|z| =0
“ 7 = |z|(|z]> = 2) =0
r2 r?2 r? >
Z1t 2zt 23 —ZT+ZT+ZT = |z| =0 = z = 0 is one of the solution (or) |z|* - 2=0=2zz—-2=0= zZ==
1 22 Z3
7373+ 57 + 737 NEY s
=>Zl+Zz+Z3—T2(23 143 12) Putz-zmz +2z2=0,
212373
o+ 512 + 717, =>z3+2(§)=O=z4+4=0hasfoursolution.
= |z + 2z, + 23| = |?] ——— . B . _
Z12273 « z° + 2z = 0 has five solutions.
2 + 2, + 2] , 2273 + 2,73 + 2, 75| 7 For any two complex numbers z; and z, such that |z;| = |z,| = 1 and z,z, # —1 then show
= |z +z,+2z3| =71 — .
teore 12,2, 73] that 12:% is a real number.
2+ 2, + 24| = 12 12,2, + 7,25 + 7324 e 1
= |z tz,+z3| =71 - -
e PAIZAEA Bl =1=lulP=1=2%5=1=7=—
= |z, + 2, + 23| =712 1412, + 2323 + 2374 similarly z; = — 1
The2 T es r.r.r Y2 =5
|2125 + 2,25 + 2324 | _ Z1+Zy
= |z + 2z, + 73| = 2 er ks Letw 1+2,2,
217y + Zy25 + 2374 = ( Zy + 7, )
Zl +Zz +Z3 - £+ lez
5 Let z,, z, and z5 are three complex numbers such that |z,| = 1, |z,| = 2, |zs| = 3 and _Aatzn
|zy + z, + z3| = 1.show that |9z,z, + 42,25 + z,2z3| = 6. 1_"‘_5152
_ = 7z + 7,
|Z1|=1=>|21|2=1$21Z1=1m :TZ_lz_z
1zl =2 = |z, =4 = 2,7, = 4 1,1
z z
|Z3|=3:|Z3|2=9:Z3Z_3=9 =1_|1_121
9212, + 42123 + 2,23| = 2373212, + 2,752,275 + 2,712,735 o
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1tz
1422,
=w
w=w.
~ W isareal
8. If z = x + iy is a complex number such that ;:| = 1, Show that the locus of z is real axis.

z=x+1iy
z —4i
z+4i

=1=|z—4i| = |z + 4i|

= |x + iy — 4i| = |x + iy + 4i|
=x+ily—4)| =|x+i(y+4)]

= V22 4+ (y—4)2 = Jx2 + (y — 4)?
Squaring on both sides,
=x2+(y—4)>2=x%+(y—4)?
=x2+y2-8y+16=x%>+y2+8y+16
=8y =0

=y=0

= The locus of z is real axis.

_ [x(x+2)+(y—1)y] i [(y—l)(x+2)—xy]

(x+2)2+y2 (x+2)2+y2
_ x2+y2+2x—y] 2y-x-2 ]
L (+2)24y2 (x+2)2+y2
x2+y2+2x-y 2y—x—2
Here X = ——— =
(x+2)24+y2 '’ (x42)2+y2
(z - i) T 1 (Y) T
ar =—>>tan " |=)=—
9\z+2) "1 x) " 4
Y f T
= —=tan—
X 4
x2+y242x-y _ 2y-x-2
(x+2)2+y2 (x+2)2+y2

=x>+y?+2x—y+x—-2y+2=0
=x*+y*+3x—3y+2=0

9.If z = x + iy is a complex number such that Im(

2z+1

) = 0. Show that the locus of z is

iz+1

2x2+2y2+x—2y=0.

zZ=x+1iy
2z+1 2(x+iy)+1 (2x+1)+i2y (7 __bc—ad
iz+1 ilx+iy)+1  (A—-y)+ix m()_cz+d2

11.Ifz=x +iy and arg (%) = g,then show that x? + y? = 1.
zZ=x+1iy

2 _xtymt DY g =y — Lb=yc=x+1d=y
z+1 x+iy+1l  (x+1)+iy

_ [ac+bd] +i [bc—ad]
"~ lc2+a2 c2+d?

_ (x—1)(x+1)+y2] , [y(x+1)—(x—1)y]

(x+1)2+y? (x+1)2+y?
_ [ x%-1+y? ] . [ 2y ]
T l(xe+1)24y2 (x+1)2+y2
_ x?-14y? _ 2y
Here X = (c+1)24y2 77 T (x+1)2+y2
(z—l) s . _1<Y) s
ar =—-=tan' || =%
9\z+1) 72 x) "2
Y . T
= —=tan-
X 2
Y
= - =00
X
=X =

=x2+y*=1

Here a=2x+1,b=2y,c=1—-y,d=x
2z+ 1 2y(1—y)—x(2x+ 1)
(_ >:0:> =0
iz+1 (1—y)2+x2
=2y —2y2—-2x2—x=0
= 2x2+2y2+x—-2y=0
10.If z =x+ iy and arg (;;;) =%then show that x? + y2 + 3x — 3y + 2 = 0..
Z=x+1iy
z—i _ x+iy—i _ x+i(y-1)

z+2  x+iy+2  (x+2)+iy

Here a=x,b=y—1,c=x+2,d=y
- [

12.If 2cosa = x +§ and 2cosf =y +§ ,show that x™y™ + :

x+%=2cosa=>x=x=cosa+isina
y+§=2cos,8=>y=cosﬁ+isinﬁ

x™ = (cosa + isina)™ = cosma + i sinma
y"* = (cosB +isinf)" = cosnf + isinnf
x™m cosma+isinma

7= cosnprisinng cos(ma —nf) + i sin(ma — nf)

xmyn

= 2 cos(ma + np).
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yn xm\ 71 ..
= (yn) = cos(ma — nfB) — i sin(ma — nf)
x™m yn

7 = 2i sin(ma — nf)

=~ The fourth roots of unity are 1,w, w?, w3 =1,i,—1, —i.

13..1f 2cosa = x + ; and 2cosf =y +§ ,show that ?—m - me" = 2isin(ma — np).

x+§=2cosa=>x=x=cosa+isina
y+%=2cosﬂ=>y=cosﬁ+isinﬁ

xMy™ = (cosma + i sinma)(cosnf + i sinnf)
= cos(ma + npB) + i sin(ma + np)
= cos(ma + npB) — i sin(ma + np)

n

xMmymn

xMym t o =2 cos(ma + nf)

14. Find the cube roots of unity.
z2=1

=z=(1)"

= z = [cis(0)]'/3

= 7 = [cis(2km + 0)] 73,k = 0,1,2
= z = cis (27) k= 0,1,2

= z = cis(0),cis (Z—H) cis (4?”)

= z = cis(0),cis (T[ - —) cis (7T + E)

=Z=cosO+isin0,cos(rt——)+Lsm(n—§),

T . . T
=z = 1,—cos—+Lsm—,—cos—— isinZ
3 3 3 3
—1+iV/3 —1-iV3

=z=1, ,
2 2

~ The cube roots of unity are 1, w, w? =1, .

cos(n+§)+isin(n+§)

—-1+iV3 —-1-iV3

)

2

16. Suppose z;, z, and z5 are the vertices of an equilateral triangle inscribed in the circle |z| = 2.

If z, = 1+ i+/3, then find z, and z;
z, makes an angle 2?” with z, and z3; makes an angle 4?” with z;

z;=1+iV3
Z, = Z,CiS (Z—H)
= (1+iV3) [cos( )+Lsm( n)]
= (14 iV3)[cos(180 — 60) + i sin(180 — 60)]
= (1 + ivV3)(—cos 60 + i sin 60)
= (1+i3) (-2 +i%)
=-2
Z,ClS (2—”)
=-2 [COS(3)+1$1H(3)]

= —2[cos(180 — 60) + i sin(180 — 60)]
= —2(—cos 60 + isin 60)

- -2(-3+:9)
=1—iV3

Z3

3.THEORY OF EQUATIONS

2 MARK QUESTIONS

15. Find the fourth roots of unity.
z¥=1

= z=(1)"

= z = [cis(0)]/

= z = [cis(2kr + 0)] 74,k = 0,1,2,3
=z =cis (25) k= 0123

= z = cis(0), as( ) as( n) cis (G—R)

4
=z=1,i,—-1,—i

1.If , B and y are the roots of the quadratic equation x3 + px? + gx +r = 0,

find the value of }; % in terms of the coefficients.

Equation is x> +px?+qx+1r =10

Yi=a+Bty=-C=-p

X5 =apy == -r

Z—_— 1,1 _atpty _-p»p_p
By By ar aB aBy -r T

2 Find the sum of the squares of the roots of ax* + bx3 + cx? +dx+e =0,a # 0
Si=a+fHy+8=—2
Zz=aﬁ+ay+a5+ﬁy+ﬂ5+ya=§

(a+ﬁ+y+6)2—a +B%2+y?+6%2-2Yap
a’+p2+y?+6%°=(a+B+y+6)?*—2Yap
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> D =t T ::E’EFH
— (D) _,(c 4 Ya, yn_pta | Vn
(2 a) z(a) f f f \/_ l_ \/ﬁ+ NG
b 2c
2 7 = -G+
_ b2%-2ac At
az = 0

3. Find the sum of squares of roots of the equation 2x* — 8x3 + 6x2 — 3 = 0.
a=2,b=-8c=6d=0,e=-3

2_
Sum of the squares of the fourth degree equation = d afac
_ (=8)2-2(2)(6)
40 2
~ %
=10
4. If p is real, discuss the nature of the roots of the equation 4x2 + 4px + p + 2 = 0, in terms of

p.
Discriminant A= b? — 4ac
= (4p)* — 4D (p +2)
= 16p? — 16p — 32
=16(p* —p - 2)
=16(p+ 1D -2)
When —1 <p < 2then A< 0 = Roots are imaginary.
Whenp = —1o0r p =2 then A= 0 = Roots are real and equal.
When —oo <p < —1 or 2<p < othen A> 0= Roots are real and distinct.

7. Find a polynomial equation of minimum degree with rational coefficients, having 2 — v/3i as a
root.
x=2-V3i=>x—-2=—3i
squaring on both sides
= (x—-2)%=(- \/_l)
=x?—4x+4=3
=~ The required equation is x> —4x+1 =0

8. Find a polynomial equation of minimum degree with rational coefficients, having 2 —+v/3 as a
root.

x=2—-\3=x-2=-/3
squaring on both sides,
= (x-2)? = (—3)°
= x?—4x+4=3
- The required equationis x> —4x+1 =10

5.Construct a cubic equation with roots 1,2 and 3.

Leta=1,=2,y=3

Y1=a+pB+y=14+2+3=6

dYo=af+By+ya=2+6+3=11

Ya=afy =1x2x3=6

Required cubic equation : x3 — C a)x? + (T af)x — (X afy) =0
=>x3—-6x2+11x—6=0

DO IT YOUSELF:

Construct a cubic equation with roots i) 1,1 and — 2 (ii)2,—2 and 4

9 Show that the equation 2x? — 6x + 7 = 0 cannot be satisfied by any real values of x.
a=2,b=—-6,c=7
A= b% — 4ac = (—6)%2 — 4(2)(7)
=36 — 56
=-20<0
= The given equation has only imaginary roots.

6 If p and g are the roots of the equation Ix? + nx + n = 0, show that \/% + \E + \/% =0.

n
l

ptq=-7 ; pq=

10.f x2 + 2(k + 2)x + 9k = 0 has equal roots. Find k.
a=1b=2k+4,c¢c =9k
Since has equal roots, A= 0

= b%? —4ac =0

= 2k +4)? —4(1)(9%) =0

= 4k? + 16k + 16 — 36k = 0

= 4k? - 20k +16 =10

= k?—-5k+4=0

= (k-1)(k-4)=0
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= k=1or 4

11. Obtain the condition that the roots of x® + px% + qx + r = 0 are in A. P.
Let the roots are (a — d),a, (a + d).

lea—d+a+a+d=—§=—p

=3a=-p

=>a=—§
sinceaz—g is the root of x3 + px*+qx+1r =0,

= (-8 (- +a-5)er=0

3 2
:_p_+p(p_)_m+r:0
27 9 3

SN ) -
27 " 9 3

(x) 27 = —p3 +3p> + 27r = 9pq
= 9pq = 2p3 + 27r

From the given data, x> + x = 12
=x34+x-12=0

15. Show that the polynomial 9x° + 2x> — x* — 7x2 + 2 has at least six imaginary roots.
P(x) = 9x° + 2x°> —x* — 7x% + 2

P(x) has 2 sign changes, so it has atmost 2 positive real roots.

P(—x) = 9(=x)° + 2(=x)° = (—x)* = 7(=x)? + 2 = —9x° — 2x> — x* — x? + 2

P(—x) has 1 sign changes, so it has atmost 1 negative real root.

No.of imaginary roots =9 —(2+1) =9 -3 =6.

~ P(x) has at least six imaginary roots.

12 If k is real, discuss the nature of the roots of the polynomial equation 2x? + kx + k = 0, in
terms of k.

a=2,b=kc=k

A= b? — 4ac = k* — 8k = k(k — 8)

When k < 0 then A> 0 = Roots are real.

Whenk =0,k = 8then A= 0 = Roots are real and equal.

When 0 < k < 8 then A< 0 = Roots are imaginary.

When k > 8 then A> 0 = Roots are real and distinct.

16. Discuss the nature of the roots of the following polynomial x2°18 + 1947x1950 + 15x8 +
26x° + 2019.
P(x) = x2018 4 194751950 4+ 15x8 + 26x° + 2019
P(x) has no sign changes, so it has no positive real roots.
P(—x) = x2°18 4+ 1947x1950 4+ 15x8 + 26x° + 2019
P(—x) has no sign changes, so it has no negative real roots.
. P(x) has only imaginary roots.

3 MARK QUESTIONS

13.Find a polynomial equation of minimum degree with rational coefficients, having 2 + +/3i as
a root.
x=2+V3i=x—2=1/3i
squaring on both sides,
= (x—2)? = (V3i)°
=>x?—4x+4=-3
~ The required equation is x> —4x+7 = 0

14. A 12 metre tall tree was broken into twoparts. It was found that the height of the

part which was left standing was the cube root of the length of the part that was cut away.
Formulate this into a mathematical problem to find the height of the part which was cut
away.

Let x be the length of the broken part.

1.If @ and g are the roots of the quadratic equation 17x? + 43x — 73 = 0, construct a quadratic

equation whose roots are @ + 2 and 8 + 2.

43 73
athp=-—g; iab="7
25

Sumoftheroots=a+2+,8+2=a+ﬁ+4=—§+4=;

product of the roots = (@ +2)(B+2) =af +2a+ 2 + 4

=af +2(a+p)+4
73 43
S
— —73—86+4
17
__ —159+68

17

91

17
Required quadratic equation is x* — (sum of roots)x + (product of roots) = 0

R
= 17x?> —-25x—91 =0

2.1f « and p are the roots of the quadratic equation 2x? — 7x + 13 = 0, construct a quadratic
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equation whose roots are a?and 2.

7 13
(X+,8:§ ;aﬁ=7

2
Sum of theroots = a?+ B% = (a + f)* — 2af = (g) _2(12_3)
==-13

3
T4
169

2p2 2 13)?
product of the roots = a “f* = (af)* = (7) ==

Required quadratic equation is x* — (sum of roots)x + (product of roots) = 0

= xt— (-2 () =0

= 4x?2+3x+169=0

Yo=af+By+ya=-
d
=afy =—-
2 C
Y1y &S by @ty (atfry)o23af (ca) ()
By ay ap afy aBy _d

a
_(b? 2 a
=@
__ (b?-2ac a
= (=9 (%)
2ac—b?
k. ad

3.If a, B and y are the roots of the cubic equation x3 + 2x2? + 3x + 4 = 0, form a cubic
equation whose rootsare 2a,2(,2y
Equation: x3 + 2x? + 3x + 4 = 0 Roots:a,f and y

b 2
2:1-— a'+-[?-+ Y —-—'Z-— _-I = -2
3
d 4
Z3=a’ﬁy =—Z=—I=—4

Roots : 2a,2(, 2y

Y1=2a+28+2y=2(+pB+y)=2(-2)=—-

22 = 2a)(2B) + (2B)(2y) + (2y)(2a) = 4(af + By +ya) = 4(3) = 12

23 = (2a)(2B)(2y) = 8(aBy) =8 X (—4) = —-32

Required cubic equationis x> — QCDx?2+ X 2)x—3) =0
= x3 - (—Dx*+12x—-(-32) =0
=x3+4x2+12x+32=0

DO IT YOURSELF:

If «, f and y are the roots of the cubic equation x3 + 2x2 + 3x + 4 = 0, form a cubic

equation whose roots are (L) - (i)—a,—B,—y

5.Form a polynomial equation with integer coefficients with /E as a root.

V3
x—\/7:> _ﬁ

2

=>3x4=2
=3x*-2=0

6.Find a polynomial equation of minimum degree with rational coefficients, having v/5 —v3 as a
root.

V5 —/3is one of theroot = x=+/5-+/3
=x+V3=+5
Squaring on both sides, (x + \/§)2 =
= x2+2V3x+3=5
= x?—2=2V3x
Again squaring on both sides , (x? — 2)? = (2\/_x)

= x* —4x% + 4 = 1242
=x*—-16x*+4=0

2

4.1f a, B and y are the roots of the polynomlal equation ax3 + bx? + cx+ d =0, find the
value of ) % in terms of the coefficients.
Equation : ax® + bx? + cx + d = 0;:Roots: a, f and y
Si=a+pty=-

a

7. Prove that the straight line and parabola cannot intersect at more than two points.
Equation of the straight lineis y = mx +c - (1)
Equation of the parabola is y? = 4ax — (2)
From (1) & (2) = (mx + ¢)? = 4ax
= m?x? + 2mcx + ¢? = 4ax
= m?x? + 2mcx + ¢? — 4ax = 0
= m?x?>+ (2mc—4a)x+c?=0
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Since it is a quadratic equation, it has only two solutions, So the straight line and parabola cannot

intersect at more than two points.

8. Prove that a line cannot intersect a circle at more than two points.
Equation of the circle is x*> + y?> =12 - (1)
Equation of the straight line is y = mx + ¢ - (2)
From (1) & 2) = x>+ (mx +c¢)?> =r?
= x2 + m2x? + 2mcx + ¢? = r?
= 1+m)x?+2mex+(c?—-1r?) =0

Since it is a quadratic equation, it has only two solutions, So a line cannot intersect a circle at

more than two points.

9.Solve the equation x* — 9x% + 20 = 0.
Let x? =y - (1).
x*—9x2 +20=0=y2—9y +20 =0

~(x+1)isa factor.
2 11 -9-18
-1/0 -2 -9 18

2 9 -18

jent = 2x% + 9x — 3 12
Quotient = 2x“ +9x — 18 -~ -~

= (2x—3)(x+6)
x=§,—6

Thus the roots are — 1,% and — 6.

12.Solve the equation x3 — 5x? — 4x + 20 = 0.
x3—5x2—4x+20=0=x?>(x—-5)—4(x—-5)=0
= x?*-4)(x-5)=0
=x2-4=0;x—5=0
=x2=4;x=5
= x=42,x=5

20
=@ -Hr-5=0 - -2
-9
=y =45
Sub.y = 4,5in (1),
=x?2=4; x*=5
=x=142 =x=1V5
Thus the roots are2, —2, —/5 and /5.
10.Solve the equation x®> —3x? —33x +35=0 .
sumof all termco.eff =1—-3-33+35=0
~(x—1)isa factor.
1 -3 —-3335
110 1 —-2-35
"1 -2 -3500
-35
Quotient = x?> — 2x — 35 g —%
-2
=(x+5x-7)
= x =-57

Thus the roots are 1,—5 and 7

13.Solve the equation 7x3 — 43x% — 43x + 7 = 0.
sumof odd termco.eff =7 —43 = -36
sumof eventermco.eff =—43+7 =-36
~(x+ 1) is a factor.

7 —43 —437

-1 | 0o__-7 50 —7

7 =50 7
Quotient = 7x* —50x + 7 —%
=x-7)(7x—-1)
=X = 7,%

Thus the roots are — 1,7 and %

49

-50

1
7x

11. Solve the equation 2x3 + 11x? — 9x — 18 = 0.
sumof odd termco.eff =2—-9=-7
sumof eventermco.eff =11 —-18 = -7

-3

3
14. Solve: 8xzn — 8x2n = 63
3
Lety = x2n
3

-3
8x2n — 8x2n = 63
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3 8
= 8x2n — — = 63
8xﬁ
:>8yz—;=63
Y063
y
= 8y2 — 8 =63y
= 8y?—63y—8=0
= 8y?—64y+y—8=0
=8y(y—-8)+1(y—8) =0
=(y—-8)@By+1)=0

= (or) y = —% (Not a solution)
3 3

y:xﬁ:}xﬁ:8
3

= xzm = 23
1

= xzn = 2

= x = 22"

ﬁ|x=4"

1 1 _4
y=;=cosx = y= _
T = cos x = 4 Not a solution
= COS X = COSE

VA
=>x=2n7ri-§,nEZ

17. Solve : sin®*x — 5sinx +4 =10
sin?x —5sinx +4 =0

Let sinx =y — (1)

sin?x —5sinx+4 =10

=92 -5y+4=0
=-D@y—-4=0

=y=14
Sub.y = 1,4 in (1),
sinx =1 sin x = 4 Not a solution

. . T
= Sinx = Sll’lz

V3
:>x=2nn+5,nEZ

5 MARK QUESTIONS

15. Find all real numbers satisfying 4* — 3(2%*2) + 25 = 04%* — 3(2**2) + 2> =0
= (2%)2 — 3(2%22) +32 =0

= (25)2 —12(2¥)+32 =10

Let 2* = y.

= (y)2-12(y) +32=0
=y2—4y—-8y+32=0
=yy-4)-8y—-4)=0
=-4y—-8)=0

=y =4_8

Sub.the value of y in2* =y,
y=4=2=4=2%=22 =[x = 2]
y=8=2"=8=2"=23 =[x =3]

Thus the roots are 2 and 3.

16. Find solution if any of the equation 2 cos? x — 9 cosx + 4 = 0.
Let cosx =y — (1)

2c0s?x —9cosx+4=0

=2y2-9y+4=0

=2y —y—8y+4=0

=y2y—-1)—-4Qy—-1)=0

=-49H2y-1D=0

=y = 4,%

1.1f2 + i and 3 — /2 are roots of the equation x® — 13x% + 62x* — 126x° + 65x% + 127x —
140 = 0.Find all roots.
Since 2 + i and 3 — V2 are the two roots then 2 — i and V3 + V2 are also the
other two roots. Let the remaining two rooys be a and f5.
x® —13x5 4+ 62x* — 126x3 + 65x2 + 127x — 140 = 0
=a=1b=-13,c=62,d =—-126,e = 65,f = 127,g = —140
Si= 2= 2+4i+2-i+3-VZ+3+VZ+a+p =13
= a+f=3
Y, = % = 2+)2-1(3-v2)(3+V2)ap = -140
= (5)(7)ap = —140
= af = —4
Quadratic equation : x2 — (a + B)x + af = 0
=x2-3x—-4=0
= x+1Dx—-4)=0
=>x=-14
Thus the roots are 2 4+ i,2 —i,3 —v2,3 + V2, —1 and 4.

2. Find all zeros of the polynomial x® — 3x> — 5x* + 22x3 — 39x2 — 39x + 135, if it is known
that 1+ 2i and /3 are two of its zeros.
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Since 1 + 2i and /3 are the two roots then 1 — 2i and —/3 are also the other
two roots. Let the remaining two rooys be a and f5.
x® — 3x°> — 5x* + 22x3 — 39x% — 39x + 135
=a=1b=-3,c=-5d=22,e=-39,f=-39,g =135
Si=-2=1+42i+1-2i+V3-V3+a+f=3
=a+f=1

Y, = g = (1+2i)(1 - 2)(V3)(—V3)ap = 135

= (5)(3)ap =135

=af =9
Quadratic equation: x? — (a + f)x + af =0

2a
_ ()P4
- 2(1)

_ 14+V1+36

1+

N
w| N
N

1+v/37 1-V37
2 2

Thus the roots are 1 + 2i,1 — 2i,v/3, —/3,

1++/37 1-+37
> and -

=2a’+5a+2=0 il 1

= (a+2)2a+1)=0

1
—a=-2-

Thus the roots are — 2,— %, 3 and §

4.Solve: (x—5)(x—7)(x+6)(x +4) =504
(x=5)(x—-7)(x+6)(x+4) =504
= [(x=5)x+d][(x=7)(x+6)] =504
= [x? —x — 20][x? — x — 42] = 504
Let x? —x =y - (1).
= [y — 20][y — 42] = 504
= y2 — 62y + 840 — 504 = 0
= y2 — 62y + 336 = 0
= y?2 -6y —56y +336=0
= y(y—6)—56(y—6) =0
= (y—-6)(y—56)=0
= y = 6,56
sub.y = 6,56 in (1),

= x’—x=6

= x>—x—6=0
= x+2)(x—3)=0
= x=-2,3

= x2—x=056

= x>2—x—-56=0
= (x+7)(x—-8)=0
= x=-7,8

3.Solve the equation 6x* — 5x3 — 38x% — 5x + 6 = 0 if it is known that% is a solution.

Since it is type I reciprocal equation, % is one of the root then its
reciprocal 3 is another root.

. . 1,
Let a be another root then its reciprocal ~is also root.

5 1 1 5 10  a?+1 5
Yl=-"=34+-4t+a+-=-"=>—+—==
6 3 a 6 3 a 6
a’+1 5 10
e = - — —
a 6 3
a’+1 _ 5-20
a o 6
a’+1 5
a - 2

Thus the roots are — 7,—2,3 and 8.

5 Solve: 2x—1)(x+3)(x—2)(2x+3)+20=0

= [Q2x—-1)2x+3)][(x+3)(x—2)]+20=
= [4x® +4x —3][x*+x—6]+20=0
= [4(x?>+x)—=3][x*+x—6]+20=0

Letx? + x =y - (1).
— [4y — 3][y — 6] + 20 = 0
= 4y? —24y -3y +18+20=0
— 4y2 — 27y +38 =0
= 4y2 —8y — 19y + 38 = 0
=4y(y—2)—19(y—-2)=0
=-2)4y—-19)=0

19

ﬁy=2,:

sub.y = 2,% in (1),

0
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=>x2+x=2 :>x2+x=§ =>x=2,% =>x=3,§
=x“+x—-2=0 2 _
= x+2)(x—-1)=0 = 4x -—I_bii/cbz_—iii_ 0 Thus the roots are 2,%, 3 and %
= x=-2]1 = x= 2a 7.Solve : x*+3x3—-3x—1=0
— x = ZBH (4):“(4)(—1‘9) x*+3x3-3x—1=0
2(4
—44+/320 It is type 1l reciprocal equation.So 1 and — 1 are the two roots .
=X =—
8 Let the other two roots be a and —.
—444+20 a
=X = 1 a?+1
o AE Zl=—1+1+a+;:—3=> =-3
5 = a“+1=-3a
1425
=X =— = a’+3a+1=0
Thus the roots are — 2,1, _1;2‘@ and %g = q= %{j_m
6. Solve: 6x* — 35x3 + 62x2 —35x + 6 =0 _ -3+/EP-mO)
6x* —35x3 +62x> —35x+6 =0 2(1)
It is type I reciprocal equation, divide it by x?, = _3J—r2V9_4
622 —35x+62 -2+ 2 =0=6(x?+2)—35(x+3)+62=0- (1) _ 35
2
— 1 2 _ 1 2 2 _ 2,1 2,1 _ 2 _ _3_
y—x+x=>y _(x+x) =y =x +x2+2=>x +x2_y 2 Thus the roots are — 1,1, 3;”/3 and 32\/3

(D)= 6(y2—2)—35y+62=0
= 6y2—12—35y+62 =0

2 _ - -15 -20
= 6y2—-35y+50=0 o | 5
= (2y—-5@By—-10)=0
[y=s -1
y_z 'y_3
Sub.thevaluesofyiny=x+§,
5 1_5 10 1_ 10
Y= T AT YT TANTS
x2+1 _ 5 x2+1 10
= - =3 =
X 2 X
= 2x% 4+ 2 = 5x = 3x%2+3=10x
4 9
= 2x>—-5x+2=0 % ;—i —=3x2—-10x+3=0 ;_: ;_i
-5 -10
= x-2)2x—-1)=0 = x-3)3Bx—-1)=0

8.Solve the eqaution x* — 10x3 + 26x2 —10x +1 =10 .
It is type I reciprocal equation, divide it by x?,

= (x?+5)=10(x +3) +26 =0 - (1)

y=x+§ =y2=(x+§)2

=>y2:x2+xi2+2
=>x2+x12=y2—2
(1) = y2—2—10y+26 =0

= y2—10y +24 =0 = —

= y-60-4=0
=y=64

Sub.the values of yiny = x + i,
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X+-=6 x+-=4
X X

=x’—6x+1=0 =x?—4x+1=0

—b+VbZ2—-4ac —b+Vb2-4ac
=X =T =X =T
— = —(=6)+y/(6)2-4(1)(1) — = —(-4)+y(4)2-4(1)(1)

2(1) 2(1)

=>x=6iz6_4 =>x=4i;/ﬁ
=>x=6i;/ﬁ =>x=4i;\/§
:>x:6i;*ﬁ =x=2+3
=x=3+22

Thus the roots are 3 + 2v2 and 2 ++/3

4.INVERSE TRIGONOMETRIC FUNCTIONS

2 MARK QUESTIONS

. . . .1 x%+1
1. Find the domain of the following f(x) = sin ( o )

Domain of sin™tis [—1,1]
So,—1< X4
2x

= 2x<x?+41<2x

<1

3.Find the domain of sin™1(2 — 3x2).
Domain of sin™tis [—1,1]
So,—1<2-3x2<1.

—1<2—3x? 2-3x?2<1
= —3 < —3x? = —3x2 < -1
= 3x2 <3 = 3x2>1

=x?<1-(1) =x22§—>(2)

1 2 1 1 _ 1 1
From (1),(2) = <x s1=>ﬁs|x|s1=>xe[ 1, ﬁ]u[ﬁ,l].

(wIfa<|x| <bthen x€[—-b,—a]V [a,b]

= -2x<x?+1 =>x2+1<2x
=>0<x*+1+2x =x2+1-2x<0
—=0<(x+1)2 = (x-1)2<0
= x+1)?%=0 =>x—-1<0
=x+1=0 =x<1-(2)
= x=>-1-(1)

0 — T T . T, Vs
4. Find the value of cos™? (cos =cos— — sin—sin —)
7 17 7 17
-1 T T . T . T
cos CcOS=Cco0S— — sin=sin—
7 17 7 17
— T T
= cos™ ! (cos (— + —))
7 17
-1 17n+71
= cos cos
119

-1 241
= cos cos | —
119
_24m
" 119

From(1),2)= —-1<x<1

x2

Domain of f(x) = sin™?! (%1) is [—1,1].

. . . 5T T 51 . m
2. Find the value of sin™?! (sm? cos + cos ~ sin 5)

. 1 ... 57 T Sm .
sin SIn—cos— + cos—sin—
9 9 9 9

= sin~! (sin (5?” + g))

(+ sin(4A + B) = sinAcosB + cosAsinB)

5. Find the domain of f(x) = sin™?! (IxIT—Z) + cos™t (1_—|x|)

4
Domain of sin™! is [-1,1] and domain of cos ™ x is [—1,1]

So,—1sE2<1 ;18 <

<2y
3

= —-3<|x|-2<3
=-1<[x|<5

<oy
4

= —4<1-|x|<4
= -5<—|x| <3
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- . X X P X
= x| <5 = -3<|x| <5 0 = sin 1x=>sm9=—=> tan@zﬁztan(sm 1(x))=ﬁ—>(3)

€ [=5,5] =<5 From (1),(2),(3) = tan (sin"*(x)) = \/_2, ~1<x<1
~X -5,
6. Find the value of cos™?! (cos (?n) + cos™1 (cos (%n))) 9. Find the value of sin (tan‘l G) —cos™ (%))
cos~1(cos cos™ 1 (cos (2Z sin(x — y) = sinxcosy — cosxsiny.

* (cos () + cos™ (cos (5))) § \
= cos~! (cos (n + E) + cos™1 (cos (TL’ + g))) Leffazl ' G) Y o 11(3) 4
= cos™! ( cos( ) + cos™?! (—cos (E) ) tan (5) = SN,

1_ 5 . \5 2
=cos‘1(cos(n—§)+cos 1(cos(rt—g))) sec?x = 1+ tan’x = 1+4——=>secx—?=>cosx =%
= cos™ ! (cos(3)+cos 1(cos(3:) ) sinx = V1 = cos?x = ’1—— \P
_2r 3 —
=S+ cos (5) y=>cosy——

_ 5
12 . siny =+/1—cos?y = [1—= \/:

7.Find the domain of cos~? (ZH%)

sin(tan=1(2) = cos~1 (2 > = sin(x — = Sinxcosy — cosxsin
Domain of cos™1x is [—1,1]. ( (2) (5) (=) y Y

1 4 2 3
SO _1<2+Slnx<1 =E'5_E'E
= 3£2+sinx£3 =%
= —-5<sinx <1 _ 2
= —-1<sinx <1 NG
= —sin~1(1) < x < sin"1(1) _ _%5

T T
> ——=<x<-

2 2 . 10. Find the value of:cos (sin‘1 (i) —tan™?! (§)>
. Domain of cos™* (2+Smx) is |-2 E] ° !

3 2’2 cos(x —y) = cosxcosy + sinxsiny.
P _ X
8. Prove that tan (sm (x)) = ﬁ,—l <x<l1. Let sin~1 (_) = x:tan~ ( )
When x = 0, then both sides become 0 — (1) 1 (4 4
- - sin (—)—x=>smx——

When0 <x <1. Let# =sin""x. S0,0 <6 <7 5 5
0 = sin"lx = sinf = ? = Oppsite side = x, Hypotenuse =1 cosx =V1—sin®x = |1—— \/7
Adjacent side = V1 — x?2. tan™t G) =y = tany = -

_ X -1 — X
tand = — = tan(sin"'(x)) = — > (2) secty =1+ tan’y =1+ 116 - ﬁ = secy = Z = cosy = %

When —1<x<0. Let 8 = sin™x. so,—§<9 <0
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-1(_1 —
siny = /1 — cos2y = 1__ \/7 Let cot (m)_ya (1).
1
= coty =
cos <sin‘1 (g) —tan™?! G)) = cos(x — y) ’;22__11 o _ . .
= tany = ; opposite side = Vx? —1; Adjacent side = 1

= cosxcosy + sinxsiny

34 43

=Z.-+-.2
5'5  5°5

24

25

11. Find the value of tan_l(—l) + cos™? (1) + sin~! (— %)

tan~1(-1) = tan‘l( tan = tan~ (tan ) % € (—%,g)
cos™t G) = cos™?! (cos (3)) = g € [0, m]

sin~1 (— %) = sin ! (—sin = sin~ sm( n ) g € —g,g]
tan™'(—1) + cos‘l( ) + sin™?! (—5) = —%+——§= —%

1

2
Hypotonuse = \/(\/xz —1) +(1)2=Vx2-1+1= Va2 = x
secy = f = sec lx =y - (2)

(1),(2) = cot™? (\/%) = sec™x

12. Find the value of sin™1(—1) + cos™? G) + cot™1(2)
sin™1(—1) + cos™?! G) + cot™1(2)
=sin™! <sin (— g)) + cos™1 (cos (g)) + cot™1(2)
= —g + g + cot™1(2)
= —% + cot™1(2)

13. Find the value of cot™*(1) + sin™! (— ?) — sec™}(—V2)
cot™1(1) + sin~! (— \/2—5) — sec™1(—V2)
= tan(1) + sin~?! (— sin (?)) — cos (— %)

— tan (%) + sin"* (sin (~ %)) — cos (- )

m m 37

2 3
51

6

15. Find the value of cot (sin‘1 g + sin™?! g)

sin"lx + sin"ty = sin"![xy/1 — y2 + yV1 — x2]

m=13 4 sin=1% = sin-1 3 _iz L PPN EAS
sin 5+sm ;= sin [Jl +5\/1 (5)|

113 |9 416]

=sin " |-
=sin !
=sin"l|=+=
. _1[25
=sin 1|=
= sin" 1]

Pp— . T
= sin™" (sinz

T

2

14. Show that cot‘l( ) =sec lx,|x|>1

1
vx2-1

. =13 -1 4) T\ _
-~ cot (sm + sin 5) = cot (2) =0
16. Find the value of tan (Sl 1%

_13 3
sin §=x=51nx=g

= cosx = V1 — sin?x
, 9
= [1=-=
25
16
25
4
T s
. 3/
sinx 3
tan x = 2=°
cosx /s
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cot™ 1 Z=y=coty=2 tan"'x + tan"'y + tan"'z = 1 = tan™?! [x+y+z xyz] =
22 1-xy-yz—zx
= tany = 2EYYETXVE — tanm = 0
tan x+tany 1=xy-yz—zx
tan(x+y)—m =>x-I;Ty+Z—xyZ—0
3,2 19. Solve : cot™x — cot‘l(x +2)=—-,x>0
—1-0)6) cot™lx — cot™ 1(x + 2= —2
17
iy = tan~ 1 ( )
17. Prove that sin™*3 — cos™! E = sin™! E ( i1 )
5 = tan~ x x+2
sin~'x — sin~ly = sin 1(xw/1— —yVl—xz) O
xX+2—x
Yy = coS 1— = C0Sy = — = tan (x2+2x+1)
- 5 =
siny =+/1—cos?y = |1 — — f169 14— /1265 =sin! (E) (x+21)2 e
12 5 = = tanl5 - (1)
. -1 — ein—1 (x+1)2
SCOS E =Sin (E) tan 45—tan 30
1 13 5 tanl5 = tan(45 - 30) = It tan 451an 30
sin"'=—cos 1= =sin"'=—sin~! (—) rianastan
5 13 _ 5 3-1
2 2 =¥ =
—sin~1(3 |1 (i) _5 1= (E) 1+ V3+1
5 13 13 5 V3-1 _ +/3-1
= X —
— sin-1 3 [169-25 5 [25-9 V341 V3-1
= St 54 169 134] 25 _ 3-2V3+1
3-1
- (3 144 5 16) _4-23
=sint|z [——= |= =
54169 13425 2
—sin—l(i 12_5 i) =2-v3
- 5°13 13°5 — = 3 = 2 - _ =
= sin-1 (36—20) (D = +1)2 =2-V3=(x+1)?= \/§
- 65 5 2 243
=sin~128 =G +1D7 = 2—3 7 243
-1 -1 o2 2 4+2V3
18.If tan™" x + tan” "y + tan™ " z = m,show that x + y + z = xyz. = (x+1) =
— — _ -1 y
tan”lx + tan~'y = tan (1 xy) = x+12=4+2V3
tan~1x + tan~ly + tan” Z—tanl( )+tan z = x+12=3+2V3+1
2
(f*xyy > = (x+1)? =3 +2V3+1?
= tan~
()7 = (x+1)?%= (\/_+1)
X+y+z—xy
=t /1-xy =x+1=V3+1
an- 1-xy—xz— yz/
1=xy =x=+3
n-1 x+y+z xyz]
1 —XyY—YZ—ZX
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5. TWO DIMENSIONAL ANALYTICAL GEOMETRY .-11

2 MARK QUESTIONS

1. Find the equation of the circle with centre (2,—1) and passing through the point (3,6) in
standard form.
point = P (3,6) centre C = (2,—1)
RadiusCP=‘r=\/(3—2)2+(6+1)2 =+v1+49 =+/50
Equation of the circleis (x — h)?> + (y — k)? = r?
— (x—2)%+ (y+1)2 =50
=x?—4x+4+y*+2y+1=50
=x?+y?—4x+2y—45=0

From the given data the parabola is open leftwards, V(h, k) = (5,—2), focus F = (2,—2)
VE=a=|x,—x4|=12-5/=3
Equation of the Parabola is (y — k)? = —4a(x — h)
= (y+2)*=—-4(3)(x - 5)
= (y+2)2=-12(x - 5)

2.0btain the equation of the circle for which (3,4)and (2, —7) are the ends of a diameter.
Equation of the circle passing through the end points(x;,y;) & (x3,y,) of the diameter is
x—x)x=x)+ (@ —yD@—y)=0

= @x-3)Ex-2)+@-HDH+7)=0

=x?—-5x+6+y2+3y—28=0

= x2+y?—-5x+3y—22=0

3.Find the centre and radius of the circle x*> + y? + 6x — 4y + 4 = 0.
x2+y?+6x—4y+4=0

20 =6;2f=—4;c=4=9g=3;f=-2,c=4

centre = (—g,—f) = (—3,2)

radius = ’\/g2+f2—c=\/9+4—4=\/§=3units.

7. The orbit of Halley’s Comet is an ellipse 36.18 astronomical units long and by 9.12 astronomical
units wide. Find its eccentricity.

2a = 36.18 = a = 18.09

2b =9.12 = b = 4.56

a?—b2 18.092—4.562
e = =
a? 18.092

_ [(18.09+4.56)(18.09-4.56)
7 4 18.092

22.65%x13.53
18.09
v306.4545

18.09
__17.51

T 18.09
e = 0.97

4.Find the centre and radius of the circle 2x* + 2y? —6x + 4y +2 =0
+2=>x2+y?-3x+2y+1=0
29=-3;2f=2;c=1=g=-2;f=1c=1

centre = (—g,—f) = G,—l)

radius = ’,/gz+f2—c= E+1—1=§units

8.Find the equation of the tangent at t = 2 to the parabola y? = 8x
y2=8x=y?>=42)x =>a=2
Equation of the tangent to the parabola att is yt = x + at?
= 2y = x + 2(2)?
=x—2y+8=0

5. Find the equation of the parabola with focus (—v/2,0) , and directrix x = /2
From the given data the parabola is open leftwards, V (h, k) = (0,0) ;VF = a =+2
Equation of the Parabolais (y — k)? = —4a(x — h)

= (y—0)%? = —4y/2(x — 0)

> y? = —42x

. 1 . . .
9. The equation y = 3—2x2 models cross sections of parabolic mirrors that are used for solar energy.

There is a heating tube located at the focus of each parabola; how high is this tube located above the
vertex of the parabola?

Equation of the Parabolaisy = %xz

= x? =32y
= x? = 4(8)y
=

Focus F = (a,0) = (8,0)
Thus the tube is located 8 unit above the vertex of the parabola.

6. Find the equation of the parabola whose vertex is (5, —2) and focus (2, —2).

(x-11)2 |y

2
10. If the equation of the ellipse is ot T o 1 (x and y are measured in centimeters) where to

the nearest centimeter, should the patient’s kidney stone be placed so that the reflected sound hits

Kindly send me you##igtriet&aestio 22ty s tF e watseppinuber: 7358965593
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the kidney stone?
(x-11)2 | »?

+==1= a? = 484,b% = 64
484 ' 64

_ [a®-b%* _ [484—64 _ [420 _ 20.5
€= az 484 /484 22
ae=22x22=205
Focus F = (ae,0) = (15,0)

=~ The kidney stone must be placed at a distance of 20.5cm from the centre.

22. The maximum and minimum distances of the Earth from the Sun respectively are 152 X

10 km and 94.5 x 10° km. The Sun is at one focus of the elliptical orbit. Find the distance from
the Sun to the other focus.

Maximum distance = 152 x 10° = a + ae = 152 x 10° - (1)

Minimum distance = 94.5 X 10® = a —ae = 94.5 x 10° - (2)

(1) — (2) = 2ae = 57.5 x 10° = 575 x 10°

= The distance from the Sun to the other focus. = 575 x 10° km.

5 MARK QUESTIONS

1.Find the equation of the circle passing through the points (1, 1), (2, — 1)and (3, 2),
Let A(3,2) B(1,1), C(2,—1)

_ Y21
slope = po—
Slope of AB,my =£=:—;=%
Slope of BC, m, = _21__11 = _TZ = -2
m1Xm2=%X—2=—1

— AB J.BC.SOLABng

W.K.T the angle in a semi circle is right angle.

A(3,2) and C(2,—1) are the end points of the diameter.

Equation of the circle passing through the end points(x,,y;) & (x5,y,) of the diameter is
(x—x)x—22) + (Y —y)y—y2) =0

= x-3)Ex-2)+@@-D@+1)=0

=x?2—-5x+6+y2—y—2=0

= x?+y?—-5x—y+4=0

s
the supporting pillars of width 2m. Use Fig to write the equations that represent the semi-verticall
vents.
&
FIRST VENT:

centrec = (12,0)  radius = 1018

Equation of the first vent (x — h)? + (y — k)? = r?
= (x — 12)% + (y — 0)? = 10?
= x? — 24x + 144 + y? = 100
= x2+y2—24x+144 =0

SECOND VENT:

centre ¢ = (34,0) radius = 1015

Equation of the second vent (x — h)* 4+ (y — k)? =r?
= (x —34)? + (y — 0)? = 102
— x2 — 68x + 1156 + y? = 100
= x? 4+ y? —68x + 1056 = 0

2. A road bridge over an irrigation canal has two semi circular vents each with a span of 20m and

3. Find the equation of the circle passing through the points (1,0), (—1,0) and (0,1)
Let A(1,0), B(0,1), C(—1,0).

Slope of BC, m, = = 1

m;xXm, =(—1)(1) =-1

= AB 1 BC.So,£ABC =~

W.K.T the angle in a semi circle is right angle.

A(1,0) and C(—1,0)are the end points of the diameter .
tpl;1j;jpd; Kidg;Gs;spfshFk;.

Equation of the circle passing through the end points(x;,y1) & (x3,y,) of the diameter is|
(x—x)(x—x) + (Y —y) @ —y2) =0
Sx-1Dx+1D)+@-0E—-0=0
=x2—-1+y?=0

=xl+y?=1

Kindly send me you##igtriet&aestio 22ty s tF e watseppinuber: 7358965593
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5y—-1=0
x2—4x—-5y—1=0 =>x?—4x=5y+1
=x?—4x+4=5y+1+4
= (x—-2)?2=5@U+1)
=4a=5
5

= q=-
4

The parabola is open upwards.

Referred to X,Y Referred to x,y
X=x-2Y=y+1
Sx=X+2;y=Y-1
vertex 7(0,0) x=0+2;y=0-1
=V=(02-1)
Focus — (o5 — y=2_1=1
F(O,a)—(O,Z) x=0+2;y=2-1=1
1
:>F—(2,Z)
Equation of Latus Y=—q=V==2 y=-2_1=y=-2
rectum * =>4y:-9=0
Length of Latus rectum 4a=4(5)=5 5
4

T O Do T
= F =(3.2)
Equation of Latus rectum (X = —a = X = -2 x==24+1=>x=-1
(or) x+1=0
Length of Latus rectum 4a = 4(2) =8 8

10. Identify the type of conic and find centre, foci, vertices, and directrices of

(=32 | 0= _
225 289
_3)2 —4)2 z ]

(x-3) (6% 4)=1=>_+Y_=1,X=x—3,Y=y—4

225 289 225 289

Itis an ellipse, the major axis is parallel to y — axis.
a’? =289 = a =17,b% = 225

o= a’-b2 _ [289-225 _ |64 _ 8
RV 289 4289 17

8 a 17 289
ae=17><5=8;— —

e_8/17_ 8

9. Find the vertex, focus, directrix, and length of the latusrectum of the parabola y? — 4y —
8x+12=0
y2—4y—8x+12=0=y? —4y =8x — 12
= y2—4y+4=8x—12+4
= (y—2)2=8x-8
= (y-2)2=8(x-1)
= (y—2)*=42)(x -1
a=2,V(hk)=(12)
The parabola is rightwards..

Referred to X,Y Referred tox,y
X=x-2Y=y+1

=x=X+2;y=Y-1

vertex 7(0,0) x=0+1;y=0+2
=V =(12)
Focus F(a,0) = (2,0) x=2+1;y=0+2

Referred to X,Y Referred to x,y
X=x-3Y=y—-4
=x=X+3;y=Y+4
Centre €(0,0) x=0+3;y=0+4=C(3,4)
Vertices A(0,a) = (0,17) x=0+3;y=17+4 = A(3,21)
A'(0,—a) = (0,—-17) x=0+3;y=-17+4= A'(3,—-13)
Foci F;(0,ae) = (0,8) x=0+3;y=8+4 = F,(3,12)
F,(0,—ae) = (0,—8) x=0+3;y=-8+4 = F,(3,-4)
Equation of y:§:>y:282 yzz%‘)+4:>y:%1
directrices Y=—%$Y=—2Tf9 y=—%+4=y =_2%

(1)? | 0=2? _

11. Identify the type of conic and find centre, foci, vertices, and directrices of

1
100 64

2 —2)2 2 2
(x+1) _I_(y 2):1:_+Y_:1,X:x+1,yzy—2
100 64 100 64

It is an ellipse, the major axis is parallel to x — axis.
a’ =100 = a = 10,b? = 64
o= a?—b2 _ [100-64 _ [36 _ 6
T4 a2 4l 100 ~ A/100 10
a 10 100

6
dae = 10 X —= 6 ; — ::E——-::———
10 e /10 6
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Referred to X,Y

Referred to x,y
X=x+1Y=y—-2
=x=X-1;y=Y+2

Compare withy = mx + ¢ =

2 2
x?+3y2=12=>"+L =1=a® = 12,)b = 4|

Condition : ¢ = a*m? + b?

¢t =42 =16 > (1)

From (1),(2) = c¢? = a®m? + b>.
~ The line x — y + 4 = 0 is a tangent to the ellipse x? + 3y? = 12

Point of contact = (_ajm,b:) = ( li(l) 4) (-3,1)

a?m? + b2 =12(1)2 + 4 = 16 - (2)

Centre €(0,0) x=0-1;y=0+2=C(-1,2)
Vertices A(a,0) = (10,0) x=10—-1;y=0+2= A(9,2)
A'(—a,0) = (—-10,0) x=-10—-1;y=0+2= A'(—11,2)
Foci F;(ae, 0) = (6,0) x=6—-1;y=0+2 = F,(5,2)
Fy(—ae, 0) = (—6,0) xX=—6-1;y=0+2= F,(=7,2)
Equation of X=3=>X=@ x=2_1=x=2=Y
directrices 2 100 6100 > 12;)6 =3
X———=>X——— xX=—7"7"-1=x=—-—=—-—
6 6 6 3

13. Find the equations of tangent and normal to the ellipse x? + 4y? = 32 when 6 = %

2 2
4yt =32=> 4+ =1=>a*=32b*=8=a=4/2,b=2V2

Equation of the tangent to the ellipse at 0 is

Equation of the normal to the ellipse at 6 is

xcos6 | ysin®

+

=1

xcosz ysing_
=%z T =1
4\/_ 2\/_

= x+2y=8
=>x+2y—8=0

ax _ by _ 2
cos@ sin 6 —b

=>4f,’f—ﬂ_32—8
COSZ Snz

#2x  2V2y

1/ﬁ 1/\/E

= 8x—4y—-24=0
+4=2x-y—-6=0

=24

14. Show that the line x — y + 4 = 0 is a tangent to the ellipse x? + 3y2 = 12.
Also find the coordinates of the point of contact.
x—y+4=0=>y=x+4

15. Find the equations of the tangent and normal to hyperbola 12x? — 9y% = 108 at 8 = g .(Use

parametric form).
12 x2 —9y% =108

2

—108:>——y—=1
12

= a® = 9,b2 =12

=a=3b=2V3
Equation of the tangent to the hyperbola at 8 is xsecd @
xsecg y tanZ

3 —
3 2\/5_1

=1

4x—-3y

=1
= 4x -3y =6
= 4x—-3y—6=0

Equation of the normal to the hyperbola at 6 is :6 + bye =a® + b

= 2+ 2 32+ (23)

seco tan
3 3

3x | 2V3y _
= +—\/§ =9+ 12
= 4+y=21

3x+2y

21

= 3x + 2y =42
= 3x+2y—42=0

16. A bridge has a parabolic arch that is 10m high in the centre and 30m wide at the bottom. Find
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the height of the arch 6m from the centre, on either sides.
Equation of the parabola is x*> = —4ay — (1)
A(15,-10) = (15)? = —4a(—10)

= (4a = %
225
2 [
D)= x" = (10)y
5
P(6,-y1) = (6)* = = (2) (=)
—y ., = 36x10
V1= "5
= 1.6m

Height =10 — 1.6 = 8.4m

Length of the cable at a distance of 12m = 3 + 2.08 = 5.08m

Sub.C(6,v) in (2) = (6)? = (ﬂ) V== 6X960’;13 = 052m

13
Length of the cable at a distance of 6m = 3 + 0.52 = 3.52m

17. At a water fountain, water attains a maximum height of 4m at horizontal distance of 0.5 m
from its origin. If the path of water is a parabola,find the height of water at a horizontal distance of

0.75m from the point of origin.

Equation of the parabola is (x — h)? = —4a(y — k)
V(0.54) = (x — 0.5)%2 = —4a(y —4) » (1)

Since 0(0,0) lies on the parabola

2

= (0 - 0.5)* = —4a(0 — 4) = 4a = 2

2
1) = (x-05)2=-2L(y— 1)

2 (0.25)*
D(0.75,y,) = (0.75 - 0.5)* = — (y; —4)
oy oy o 025%025x4

Y1="0 M

Height =4—1=3m

Yy
%
@3
L D(75,%)
4
o| 05 B

20. Assume that water issuing from the end of a horizontal pipe, 7.5m above the ground, describes
a parabolic path. The vertex of the parabolic path is at the end of the pipe. At a position 2.5m below
the line of the pipe, the flow of water has curved outward 3m beyond the vertical line through the
end of the pipe. How far beyond this vertical line will the water strike the ground?

x% = —4ay y
P(3,-2.5) = (3)> = —4a(-2.5)
9 —  Iveoo S
S>q=— i
a 10 / 2.5 \p( "
9 — 3, -2.5)

2 _ —4 X — % 7.5 3
x 107
Q(xl' _75) = — - —Q (x,, -7.5)
(x1)? = —4 X =(=7.5) = x; = 3V3m 2

19. Parabolic cable of a 60m portion of the roadbed of a suspension bridge are positioned as shown
below. Vertical Cables are to be spaced every 6m along this portion of the roadbed. Calculate the

lengths of first two of these vertical cables from the vertex.
Equation of the parabola is x* = 4ay — (1)

A(30,13) = (30)% = 4a(13) = |4a = %
900
S 1 2 = (—) 2
W =x*=(13)y>@
Sub.B(12,u) in (2),
2 _ (900 _12x12x13
(12)? = (22)u = u = 2228 _ 5 08m
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21. On lighting a rocket cracker it gets projected in a parabolic path and reaches a maximum height
of 4m when it is 6m away from the point of projection. Finally it reaches the ground 12m away
from the starting point. Find the angle of projection.

x? = —4ay
(6,—4) = (6)2 = —4a(—4) > 4a =9
x?=-9y
Diff.w.r.to x, V (0,0)
dy 2x
iy o
Slope at (—6,—4) is = tanf = —%x = S s
14 k9, =% (6,-4)
0 = tan 15

24. A tunnel through a mountain for a four lane highway is to have a elliptical opening. The total
width of the highway (not the opening) is to be 16m, and the height at the edge of the road must be
sufficient for a truck 4m high to clear if the highest point of the opening is to be 5m approximately
How wide must the opening be?

Givenb =5 = b? = 25

2 2
Equation of the ellipse is % + % =1
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=>£+y—2= 1- (1) Equation of the ellipse is ﬁ-&-ﬁ: 1 =>£+ﬁ= 1- (1)
az ' 25 q p a? = b? 36 9
P=(B4) =S +E=1 3 By :
= ) a2 25_ P:(_’yl):>2_+&zl
5 25 2 36 9
= a° =—X64 9, 2
2 =242 =1
40 36 9
= a= ? - Y_12 N 9
— 22 =2 92 P 144 L
3 " \ — Zl_-— liE -6,U)
= 2a = 26.66 a=g 80 e 000 e feeshe
~ Width of the opening = 26.66m it 9?1:5
25 A rod of length 1.2m moves with its ends always touching the coordinate axes. The locus of a 3y135 29
=y = =~ 2.

point Pon the rod, which is 0.3m from the end in contact with x —axis is an ellipse. Find the
eccentricity.
£PAO = £BPQ =6

APQB.y; cos 8 = % — 920 _ 109x1 )
; Si _ Y1 _ y1 _ 10y |
AARP)y; sinf = =~ = = y
. 2 2 _
W.K.T. Slzn 9+COSZQ—1 » N Pc%“%m
(%) + (10x1) —1 N K
3 : o Y, 0-3
2 2
Locus of P is 10801x + 1023/ =1 &
2 2 O RL /\
= g—tg—=1
/100~ /100

81/100_9/100

az2—p2
e = D =

12
Height of the archway = 2.9m > 2.7m = Height of the truck.

=~ The truck clear the opening of the archway.

27. Cross section of a Nuclear cooling tower is in the shape of a hyperbola with equation
2 2

3% — 4% = 1. The tower is 150m tall and the distance from the top of the tower to the centre off

the hyperbola is half the distance from the base of the tower to the centre of the hyperbola. Find the|

diameter of the top and base of the tower

Let the length of the base from the centre = [
The length of the top from the centre = é

Height of the tower = 150m
= [+ =150

= 3= 150
2

81/100 = [ =150 Xg
—
oo = 1=100m So, ;= 50m
*/10 Points on the hyperbola are A = (x1,50) and
_ %%, B = (x,,—100)
B 9/10 . 'S y? )
o3 Equation of the hyperbola Stz = 7a2 = T BC,—(00)
- x2 502
23 A=(X1,50)=> E—m=1
- =.T. i _ X’ _ g 2500
26. A semielliptical archway over a one-way road has a height of 3m and a width of 12m. The 200 - 1936
X
truck has a width of 3m and a height of 2.7m. Will the truck clear the opening of the archway? ﬁ = To3e
b=3=b*=9
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= x,% = % %X 900 If d,b,¢ are coplanar then [d,b,c] =0
2 3 1
V4436 66.6X30 5
= x; = = x30 = ="— = 4541 [Eb¢ =1 -2 2{=2(-8)-3(-3)+1(7) =0
3 1 3

~ Diameter of the top = 2x; = 2(45.41) = 90.82m

x52 —100)? x52 10000
B = (xp,—100) =2 1007 _ g X2 _ 4 10000
302 442 900 1936
x22 11936
900 1936
11936
= x22 = %X 900
1936
V11936
= Xy = X 30 = 74.49

~ Diameter of the base = 2x, = 2(74.49) = 148.98m = 149m

4.1F 21 — j + 3k, 31 + 2j + k,1 + mj + 4k are coplanar, find the value of m.
Condition for coplanar vectors is[&, b, E] =0

2 -1 3
=3 2 1[=0
1 m 4

=28-m)—-(-1)(A2-1)+3Bm—-2)=0
=16-2m+11+9m—-6=0
=7m+21=0

6.VECTOR ALGEBRA

2 & 3 MARK QUESTIONS

1.A particle acted on by constant forces 81 + 2j — 6k and 61 + 2j — 2k is displaced from the
point (1,2,3) to the point (5,4,1). Find the total work done by the forces.

F,=8l+2/—6k,F,=61+2]—2k ; OA=1+2]+3k,0B =5(+4j+k
F=F +F, =80+2]— 6k + 60+ 2] — 2k = 147 + 4] — 8k
d=0B-04A=5+4]+k— ({+2j+3k) =4 +2] - 2k
work done by the force w = F.d

= (147 + 47 — 8k). (41 + 2] — 2k)

=56+8+ 16

= 80

= 7m = -21

= m= -3

5. Show that the points (2, 3,4),(—1,4,5) and (8, 1, 2) are collinear
2 3 4

G b d=|-1 4 5/ =6+126—132=0
8 1 2

~ The given points are collinear.

6. If the Cartesian equation of a plane is 3x — 4y + 3z = —8 , find the vector equation of the
plane in the standard form.

3x—4y + 3z = -8

= (X1 +yj + zk). (31 — 4] + 3K) = -8

= . (31— 4+ 3k) = -8

2. Find the volume of the parallelepiped whose coterminous edges are represented by the vectors
—61 + 14j + 10k, 141 — 10j — 6k and 2i + 4] — 2k.
G = —60+ 14] + 10k, b = 147 — 10 — 6k, & =27 + 4] — 2k

-6 14 10
volume of the parallelepiped = [z p 2l =[14 -10 -6
2 4 -2

= —6(20 + 24) — 14(—28 + 12) + 10(56 + 20)
= —264 + 224 + 760
=720

7. Find the intercepts cut off by the plane 7 - (6i + 4] — 3]2) = 12 on the coordinate axes
Let £ = x+ y] + zK
t. (61 + 47 — 3k) = 12 = (xi + yj + zk). (61 + 4] — 3K) = 12

= 6x+4y—3z=12

X — intercept = 2
y — intercept =3
7 — intercept = —4

3.Determine whether the three vectors 21 + 3j + k,7 — 2j + 2k and
31+ j + 3k are coplanar.
Gd=20+3]+k b=1—-2]+2k ¢=31+]+3k

8. Find the angle between the planes 7 - (i+j— ZE) =3and2x -2y +z =2
t.(1+7-2k)=3=n; =7+j—2k

2x—2y+z=2=n; =21— 2] +K

[ny.nz]

Angle between the two planes is cos 0 = T
1 2
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|2—2-2]
V12+12+(=2)2/22+(-2)2+12
2
BREE
2

NG

= 0 =cos™! (3%)

= cos0 =

9. Find the angle between the line # = (2¢ — j + k) + t(i + 2f — 2k) and the plane # -
(61+3j+ 2k)=s.
F=20-7+k)+t({+2]-2k) = b =1+2]—2k
7.(61+ 3] +2k) =8 =1 = 61+ 3] + 2k
[V.7]

Angle between the line and a plane is sin 6 = IRl vllnl

l6+6—4]
V12+22+(-2)2V62+32+22
8

= sinf =

= Vovae
8

21
. _1/(8

= 0 = sin 1(—)
21

2. Prove by vector method that sin(a — ) = sina cos § — cos a sin f3.
OP = cosal + sina J;
00 = cospi+ sinB]
56><0—P)= sin(a—B)E

.|t 7k

0Q XOP = [cosp  sinf 0

cosa sina 0 /
= (sinacosf — cosasinB)k kj

sin(a — B) = sinacosf — cosasinf

P(LM&\/ ,éfwﬂ)
&LeAP, £inp)

10. Find the length of the perpendicular from the point (1, -2, 3) to the planex —y + z = 5.

B _ |ax1+bys+cz +d
Length of the perpendicular = Vatipirer |
(x1,¥1,21) = (1,-2,3)
x—y+z—-5=0=a=1,b=-1,c=1,d=-5

. _ 1@-1(=2)+1(3)-5| _ 1
Length of the perpendicular = iz B

3. Using vector method, prove that cos(a¢ — ) = cosa cos  + sin a sin 3.

plwda, K10 )
fm &Lesp, 8i0p
9% 00 N,

OP .0Q = cos(a — B)

cos(a — B) = cosacosf + sinasinfs

.OP = cosai + sinaj
0Q = cospi+ sinBj
OP.0Q = cosacosp + sinasinf

11. Find the distance of a point (2,5, —3) from the plane #- (61 — 3 + 2k) = 5.
. . __ |ax1+byi+czi+d

Distance from a point to the plane = Vo |

(x1; }71;Z1) = (2,5,_3)

F.(61—3/+2k)=5=a=6,b=-3,c=2,d=-5

l6(2)-3(5)+2(=3)-5] _

Distance =

4.Prove by vector method that sin(a + ) = sina cos f + sin a cos f5.

OP = cosal + sinaj
00 = cosBi— sinBj
0Q x OP = sin(a + B) k

. U j ok
0Q XOP = |cosp —sinf 0

cosa  sina 0

= (sinacosp + cosasinﬁ)E

sin(a + ) = sinacosf + cosasinf

5 MARK QUESTIONS

1. By vector method, prove that cos(a + ) = cos a cos § — sin a sin f3.
OP = cosal + sinaj

00 = cosfi— sinB]

0P w = cosacosf — sinasinf
WO—Q) = cos(a + )

cos(a + B) = cosacosf — sinasinf

5. Prove by vector method that the perpendiculars (alttitudes) from the vertices to the opposite

sides of a triangle are concurrent.

04 =d,0B =b,0C =¢ A
0ALBC=>3.¢c—3.b=0- (1) F °

OBL CA=b.3—Db.2=0 - (2) S
(1)+(2):>(a—b)c-0 B D C
= BA.0OC=0= BA LCF
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and d = 2i + 5] + k, verify that

(axb) (cxd) d
b l J ig g
(@xb)=|1 21 0|=1(4—-0)—J(-4—0)+k(—-1+1) =47+ 4]+ 0k
1 -1 —4
- i) ]_) E - -
(cxd)=]o0 3 —1|=1B+5) —J(0+2)+k(0—6)=8—2]—6k
2 5 1
S |t Tk .
(@xb)x(é¢xd)=[as a4 o= =-240+24]—40k > (1)
8 -2 -6
.. |1 -1 0
[dbd]=f1 -1 -4/=19+9+0=28
. 25 1 .
[@ b d]é¢ =28(3]— k) = 84) — 28k
. 1 -1 0
[dbél=[1 -1 -4|/=13-1+0=12
O s .
[d b ¢]ld =12(20+ 5] + k) = 247+ 607 + 12k
[d@ b d]é—[d b &]d = 84] — 28k — 247 — 60j — 12k = —247 + 24j — 40k — (2)

From (1), (2): (a X b) (¢ x d) = [a b d] - [Ei b E’]J

7.1fd =20 +3]—k, E_3i+5j+212, ¢ = —1 — 2j + 3k, verify that
(axb)xe—(a C)b (b c)a

Xxb=|2 3 —1|=1171-77+k
3 5 2
- l ]_) I_{) —
(@xb)xé=|11 —7 1|=-191—347—29% - (1)
-1 -2 3
&* (2?+3j—k).(—?—27+3k)=—2—6—3=—11
) = —11(37 + 57 + 2k) = —337 — 55] — 22k

@‘lf“\

= (37 + 5] + 2k). (—1—2]+3k)——3—10+6— ~7
(b c)a = —7(20+ 3] — k) = —147 - 21j + 7k
(d@.8)b — (b.¢)d = —331 — 55] — 22k + 147 + 21 — 7k = —197 — 34] — 29k - (2)

8. Find the vector equation in parametric form and Cartesian equations of a straight passing
through the points (—5,7,—4) and (13, -5, 2). Find the point where the straight line crosses the
xy —plane.
(X1, ¥1,21) = (=5,7,—4) , (x2,¥2,2) = (13,-5,2)

. . . . . . X=X - Z—Z

Equation of the straight line passing through two points is ——+ = X221 = 24
X2—X1 Y2=Y1 2271
x+5 _ y-7 _ z+4
1345 T —5-7  2+4
x+ y-=7 z+4
—_—_—— = — 1
s - W

Equation of xy planeis z=0
(1) x+5 y 7 0+4
TN 6

x+5 y 7 2
18~ -12 3
x+5 2 Y7 7 _ 2
18 3’-12 3

=x+5=12;y—-7=-8
=x=7y=-1
= The required point = (7,—1,0)

From (1),(2) = (@ x b) x & = (@.&)b — (b.¢)d

9. Find the points where the straight line passes through (6,7,4) and (8,4,9) cuts the xz and yz
planes.

(xll y1'Z1) = (617!4) ] (XZ' yZ'ZZ) = (8:4:9) B B B
Equation of the straight line passing through two points is: admiez NES dntd WP

X2—X1 J’z J’1 Z22—2Z1
x—6 y— -4
S — == —
8 2 4—; 9—1
x - z—
STe=LI-T2L (1)
2 -3 5
Equation of xz planeis y =0
0—7 z—4
() ===
2 -3 5
xX—6 -7 z—4 -7
: — —’ —_— —
2 -3 5 -3
xX—6 7 z—4 7
—_— — = - — ==
2 3 5 3
= 3x—18=14;3z—12 =35
= 3x = 32;3z =47
32 47
= X = ; = —

3
~ The point at xz plane = (%, 0, g)

Equation of yzplaneis x =0
(1) :x—6_y_—7 z—4

2 -3 5
0-6 y-7 z-4
27_ -3 5
y- z-
-3 5
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= y=16,z=-11
=~ The point at yz plane = (0,16,—11)

> 9% —-8y+z+13 =0

10. Find the non parametric form of vector equation, and Cartesian equation of the plane

passing through the point (2, 3, 6)and parallel to the straight lines
x-1 y+1 z-3 x+3  y-3  z+1
—=—="—and —=—="—.
2 3 1 2 -5~ -3
Point d = 2T+ 3] + 6k

Parallel vectors b = 20+ 3]+ k ,é = 2{ — 5] — 3k

S iJ k S
bxc=|p 3 1|=—-41+8]—-16k
2 -5 =3

Non parametric form of vector equation is (7 — @) (E Xc)=0
= [ — (21 + 3] + 6k)|(—47 + 8] — 16k) = 0
= 7.(—47+ 8] — 16k) — (-8 + 24— 96) = 0
= 7.(—47+ 8] — 16k) +80 = 0
+4= 7 (=T+2]—4k)+20=0
Cartesian equation : Let 7 = xi + yJ + zk
7(—T+2] —4k) +20 = (xT+yj+ zk ).(—i + 2] — 4k) + 20 = 0
= —x+2y—4z+20=0
=>x—2y+4z-20=0

12. Find the non-parametric form of vector equation and Cartesian equation of the plane passing
through the point (1,—2,4) and perpendicular to the plane x + 2y — 3z = 11 and parallel to the

. x+7 y+3 z
line— =—==-.
3 -1 1

=

Pointda =1— 2]+ 4k
Parallel vectorsb =1+ 2j—3k,é=31—]+k

S Uj k S
bxc=|1 2 —3|=-1-10]-7k
3 -1 1

Non parametric form of vector equation is (¥ — d) . (B X)) =0

= [# - (i— 2]+ 4k)](~i - 10f - 7k) = 0

= 7.(=1— 107 — 7k) — (=1 + 20 — 28) = 0

= 7. (~-1—- 10/ —7k) +9 =0
Cartesian equation : Let 7 = x7 + y] + zk
7(~1=107=7k) +9 =0 = (xT+yj+zk ).(~i = 10/ — 7k) + 9 = 0
= —x—10y—7z+9=0
=x+10y+7z—-9=0

11. Find the non-parametric form of vector equation, and Cartesian equation of the plane passing
through the point (0, 1, —5) and parallel to the straight lines 7 = (i + 2j — 4k) + s(2t + 3j +
6k)and 7 = (1 — 3j + 5k) + t(i +j — k).

Point @ = 07+ J — 5k

Parallel vectors b = 21+ 3]+ 6k, =1+ —k

S 1] k S
bxé=|p 3 |=—-97+8]—k
1 1 -1

Non parametric form of vector equation is (7 — a) (B Xc¢)=0
= [# - (07+]—5k)| (=97 + 8/ — k) = 0
= 7.(-97+8/—k)—(0+8+5) =0
= 7.(-91+8—k)—13 =0
Cartesian equation : Let # = xT + yJ + zk
7.(~97+8/—k)—13=0= (xi+yj+2k).(-9T+8/—k)—13 =0
= -9%+8y—2z—-13=0

13.Find the parametric form of vector equation, and Cartesian equations of the plane containing
the line # = (£ —j + 3k) + t(21 — j + 4k) and perpendicular to plane 7 - (i + 2f + k) = 8.

Pointd =1—j+ 3k
Parallel vectors b = 21—+ 4k ,c =7+ 2] +k
Parametric form of vector equation is # = d + sb + t¢

=7=({0—]+3k)+s(2i—j+4k) +t({+ 2]+ k);s,t €R

X—=X1 Y—=V1 Z2— 23
Cartesian equation is by b, by |=0
C2 G2 C2
x—1 y+1 z-3
= 2 -1 4 |1=0
1 2 1

=2 x-D-1-8)-@+1D)2-4)+(=-3)4+1)=0
= -9x-1)+2(y+1)+5(=-3)=0

= -9x+9+2y+2+5z—-15=0

= -9x+2y+5z2—4=0

= 9x—-2y—52+4=0

14. Find the non-parametric form of vector equation, and Cartesian equations of the plane

#=(61—j+k)+s(—i+2j+k)+t(—5i— 4 —5k).
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Pointa=61—j+k
Parallel vectorsb = -1+ 2]+ k,é = —51 — 47 — 5k

bxc=|-1 2 1]|=-61—10]+ 14k
-5 -4 -5

Non parametric form of vector equation is (¥ — @) (E X 5) =0
= [# — (61— + k)](—61 — 10j + 14k) = 0
= 7.(—61— 10j + 14k) — (=36 + 10 + 14) = 0
= 7.(—61—10j + 14k) + 12 =0
+-2=7(31+5/-7k) - 6=0
Cartesian equation : Let 7 = x7+ yj + zk
7.(3T+5/—7k) —6=0= (x{+yj+2k).(3T+5/—7k) =6 =0
= 3x+5y—-7z—-6=0

15 Find parametric form of vector equation and Cartesian equations of the plane passing through
the points  (2,2,1),(9,3,6) and and perpendicular to the plane 2x + 6y + 6z = 9.
Points d@ = 2T+ 2] + k,b = 97 + 3] + 6k
Parallel vector &é = 2T + 6] + 6k
b—d=91+3]+6k—21—2j—k=7(+]+5k
Parametric form of vector equation is # = d@ + s(b — @) + t&
= 7 = (20 + 2] + k) + s(70 + ] + 5k) + t(21 + 6] + 6k)
X—=X1 Y=V Z—Z;

Cartesian equationis | X2 =X1 Y2—Y1 Z2—71{ =0
€1 €1 C1
x—2 y—2 z-1
= 7 1 5 [=0
2 6 6

= x-2)6-30)-(y—2)42-10)+(z—1)(42-2)=0

= —24(x—-2)—-32(y—2)+40(z—-1)=0

= —24x+48—-32y +64+40z—-40=0

= —24x —32y+40z+72=0
+(—8)=3x+4y—-5z2—-9=0

Parallel vector ¢ =T+] —k
b—aG=21+2]—k+1—-2/—0k=37+0/—k
Parametric form of vector equation is # = @ + s(b — @) + t¢

=7 =(~T1+2]+0k) +s(3t+ 07— k) +t(i+]— k)

—

k 5 5
—1=10+1)—j(-3+1)+k(B—-0) =7+2]+ 3k

-1

Non parametric form of vector equation is (7 — @) ((B —d) % 5) =0
= (F= (-T+2/+0K)) .(1+ 2/ +3k) = 0
=7 ([(+2/+3k)—(-1+4+0)=0
=7 ([{+2/+3k)-3=0

Cartesian equation: Let # = xT + yj + zk

7.(1+2]+3k)—3= (xi+yj+zk).({+2/+3k)—=3=0

=>x+2y+3z—-3=0

. 4
(b—d)xé=|3
1

_ O~

16 Find the vector parametric, vector non-parametric and Cartesian form of the equation of the
plane passing through the points (-1, 2, 0), (2,2, —1) and parallel to the straight line

x-1 _ 2y+1 _ z+1

1 2 -1 L. .

Points d = —1+ 2]+ 0k, b=21+2]—k

x-1 _ 2y+1 _z+1 ___ x-1 _ y+Y/y  z+1

17.Find parametric form of vector equation and Cartesian equations of the plane passing through
the points (2,2,1),(1,—2,3) and parallel to the straight line passing through the points
(2,1,-3)and (—1,5,-8).
Points @ =20+ 2]+ k,b =1—2]+ 3k
Parallel vector é = (2,1,—3) — (—1,5,—8) = 37 — 4] + 5k
b—d=1-2]+3k—21—2]—k =—1—4] + 2k
Parametric form of vector equation is # = @ + s(b — @) + t¢

= 7= (204 2] + k) + s(=7— 4] + 2k) + t(37 — 4] + 5k)
X=X Y=V Z—Z;

Cartesian equationis | X2 =X1 Y2 = Y1 Z2—Z1{ =0
€1 €1 €1
x—2 y—2 z-1
=] -1 —4 2 |=0
3 —4 5

= x-2)(-20+8)-(y—-2)(-5-6)+(z—1)4+12)=0
= —12(x—2)+11(y—2) +16(z—1) =0

= —12x+24+ 11y — 22+ 162—16 = 0

= —12x+ 11y + 16z — 14 = 0

= 12x — 11y — 162+ 14 =0

18.Find the parametric vector, non-parametric vector and Cartesian form of the equations of the
plane passing through the non-collinear points (3, 6,—2), (—1,—2,6), and (6, —4, —2).
Points @ =31+ 6] —2k,b = —T— 2]+ 6k, &=6{—4]—2k
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— 2]+ 6k — 37— 6] + 2k == —47 — 8] + 8k
¢—ad=60—4j—2k — 37— 6] + 2k = 31 — 10] + Ok
Parametric form of vector equation is # = @ + s(b — @) + t(¢ — @)
= 7 = (31 + 6] — 2k) + s(—47 — 8 + 8Kk) + t(37 — 10j + 0k)
S TJ K S
(b—d)x(é—ad)=|-4 _g g|=2807+24]+ 64k
3 —-10 0 .
+8,=107+ 37+ 8k
Non parametric form of vector equation is (# — a) ((l_)> —d)x(é- &)) =
= (F— (31+6] - 2K)) .(107+ 37 +8K) = 0
= 7. (107 + 3/ + 8k) — (30 + 18 — 16) = 0
= 7.(10{ + 3/ +8k) —32 =0
Cartesian equation: Let # = xT + yJ + zk
7.(100+ 37+ 8k) —32 =0 = (x7+yJ + zk).(10{ + 3] + 8k) =32 = 0
= 10x+3y +82-32=0

when the water is 8 meters deep?

5h
12

clearly,% ===
From the given data,E = 10cu.m/min
To find: when h = 8m,ﬂ =27

Volume of the cone v = —nrzh = ln (i:) h

— v = 257'[ h3
3x144
D.w.r.to t on both sides, = 2 _ 25T (3h )
dt ~ 3x144
2577.'
=10 = ey ——1[3(8)? ]

dh _ 10X3Xx144
dt = 25mX3X64

dh 9
dt 107

. . -1 -2 -3 -3 -2 -1
19. If the straight lines ~— === = = and == y—2 = 2= are coplanar,
1 2 m 1 m 2

find the distinct real values of m.

st _y2_z3_ A=T++3k x3_y2_z1_ C=30+2+k
Loozoom  p=7427+m?k Y ™ 2 d=i+m¥+2k
d—d=304+2/+k—-1—-2]—3k=204+0j—2k
] 2 0 -2
(E—-a.(bxd)=0= |1 2 m?=0
1 m? 2

=2(4-mH)-0-2(m?>-2)=0
=8-2m*—-2m?+4=0
=2m*+2m?-12=0
+2=m*+m?-6=0

— (m2—2)(m2+3)=0
=m?=2;m?>=-3
—m=4V2 €ER ;m=4V3i ¢R

7. APPLICATIONS OF DIFFERENTIAL CALCULUS

5 MARK QUESTIONS

1. A conical water tank with vertex down of 12 meters height has a radius of 5 meters at the top. If
water flows into the tank at a rate 10 cubic m/min, how fast is the depth of the water increases

2.A ladder 17 meter long is against the wall. The base of the ladder is pulled away from the wall at
a rate of 5m/s. When the base of the ladder is 8 meters from the wall, (i) how fast is the top of the
ladder moving down the wall? (ii) at what rate, the area of the triangle formed by the ladder, wall,
and the floor, is changing?
(i)From the given data, x = 8,% =5 To find: Z—y =?
From the fig., x* + y*> = 17> = x% + y? = 289
= 82 + y% =289
= y? =289 — 64
= y? =225
=y =15

x?+y? =289
D.w.r.to t on both sides,
=2+ Zyd—y= 0
=>x—+y =0

dy_
= 8(5) + 155— 0

d
= 1522 = —40
dt
d 40 8
=2 =—-"=—-m/sec
dt 15 3
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; . ; 8
~ Height is decreasing at the rate of 3 m/sec

(ii) Area of the triangle ,A = %xy

xSy
:8 (—g) n 15(5)]
-2+ 75]

_—64+225:|

3
_161]

) dA
D.w.r.to t on both sides,= pr

3

N|IR NIRNIRNIRPRDN|R
r r

[N
oo,
[uEN

= 26.83 m?/sec.

3. A police jeep, approaching an orthogonal intersection from the northern direction, is chasing a
speeding car that has turned and moving straight east. When the jeep is 0.6 km north of the
intersection and the car is 0.8 km to the east. The police determine with a radar that the distance
between them and the car is increasing at 20 km/hr. If the jeep is moving at 60km/hr at the instant
of measurement, what is the speed of the car?

From the given data ,x = 0.8,y = 0.6 ,d—y = —60,% =20 ,d—x =7
dt dt dt

From the fig., x* + y? = z?> = 0.8 + 0.6% = z2

=z=1
X%+ y? = 72
. dx dy dz
D.w.r.tot on both sides = 2x—+ 2y—=2z—
dt dt dt
dx dy E
:>xdt+ydt_zdt

= 0.8% +0.6 (—60) = 1(20)
— 08% _36 =20

dt
— 0.8% =56

dt

dx _ 56
dt ~ 08

= & = 70km/hr
dt

From the given data, v _ 1000,r = 7,E =7
dt dt

Volume of the sphere,v = %nr3

. d d
D.w.r.to t on both sides, = < =21 (3r2.—r)
at 3 dt

— 1000 = 27.3.(7)". <
3 dt

dr _ 1000x3

dt ~ 4m3.7.7
dr __ 250

dt 4971
Surface area of the sphere, s = 4mr?

cm/sec

. d d
D.w.r.to t on both sides, = d—i =47 (Zr.d—Z)

250

ds
= —=4n.2.7.—
dt 491
ds _ 2000
— ==— cm?/sec
a7

5. Salt is poured from a conveyer belt at a rate of 30 cubic meter per minute forming a conical pile
with a circular base whose height and diameter of base are always equal. How fast is the height of
the pile increasing when the pile is 10 metre high?

Givennd=h=2r=h=r=

NS

w

From the given data, % =30m

To find: when h = 10m, =% =?

/min

Volume of the cone,v = %nrzh

s
= v=—hs
12

T (3p2) %R
12(3h )dt

_r 21dh
$30—4[(10) ]dt

D.w.r.to t on both sides, = % =

dh 30%x4
—_— — =
dt X100
dh 6 .
= — =— m/min
dt 51

4. 1f we blow air into a balloon of spherical shape at a rate of 1000cm3 per second, at what rate
the radius of the balloon changes when the radius is 7cm? Also compute the rate at which the
surface area changes.

6. A road running north to south crosses a road going east to west at the point P. Car A is driving
north along the first road,and car B is driving east along the second road. At a particular time car A
is 10 kilometers to the north of P and travelling at 80km/hr, while car B is 15 kilometers to the
east of P and travelling at 100km/hr. How fast is the distance between the two cars changing?
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From the given data, x = 15,y = 10 ,% = 100,% = 80 ,% =? Let the point of contact be (x1,y,)
x+1 x1+1
From the fig., x*> + y? = z* y=aTn :xi—l_)(l)
= 15% + 102 = z* Slopeofx+2y=6is=—%
= z2=225+100 Sl the t . 1 @ D
_1
= 7 =325 = V25 X 13 = 5V13 ope of S d" L
. X . X—1—Xx—
x? + y?% = 72 Diff .y = ——; W.r.toxon both sides, é = o2
D.w.‘r.totonbothsides=>2xd—x+2yd—y=22E - - __2 > (3)
dat dat dat dx (xy,,) (x1—1)2
Y - 2 1
dt dt dt From (2)&(3),—W=—5=>(x1—1)2=4=>x1—1=iz
dz i
= 15(100) + 10 (80) = 5V13 % xy = 13
dz _ 2300 _ 8N
T Sub.x; = —1,3 m_elqﬁ (1),
dz _ 460 =AW= =
dt - V13 3 3+1 2
=>%z127.6km/hr == =0T

~ The point of contacts are (—1,0) and (3,2).

7.Find the equations of the tangents to the curve y = 1 + x3 for which the tangent is orthogonal
q g Y * g g Eqn of the tangent: y —y, = m(x — x;)

with the line x + 12y = 12.

Let the point of contact be (x1,y;1) case (i): (x1,y,) = (—=1,0),m = —% =y—-0= —%(x +1)=x+2y+1=0
— 3 _ 3
y=1+x>=y, =14+x"-> (11) case (ii): (x1,¥1) = (3,2), m = —§=>y—2 = —%(x—B) =x+2y—-7=0
slope of x +12y =121is = 12 9..Find the equation of the tangent and normal to the curve given by x = 7cost, y = 2sint,t € R
~Slope of the tangent, m =12 - (2) (~1) at any point on the curve.
Diff.y =1+ x3 W.r.toxonbothsides,z—z= 3x? x = T7cost,y = 2sint . .
dy 5 D.w.r.to t on both sides, &= —7sint ; 2 = 2cost
= = = 3x,° - (3) dt dt
ax (x1,y1) dy % 2cost
From (2) & (37), 3x,2=12=x2=4= Slopem = —= = i ==
Sub.x; = £2 ineqn (1), =~ The point of contact is (x1,y,) = (7cost, 2sint)
X =2=y =1+2*=9 Eqn of the tangent: y —y; = m(x — x;)
x=—2=y=1+(-2°=1-8=-7 = y — 2sint = — 2995 (% — Tcost)
~ The point of contacts are (2,9) and (—2,—7). ] ] 725‘”t 5
= 7sinty — 14sin“t = —2costx + 14cos“t

Eqn of the tangent : y —y; = m(x — x;)
Case(i): (x1,v1) =29)m=12=y-9=12(x—-2) = 12x—y—-15=0
case(ii): (x1,y1) = (=2,-7)ym=12=y+7=12(x+2) = 12x —y+ 17 =0

= 2costx + 7sinty = 14(sin’t + cos?t)
= 2costx + 7sinty = 14

Eqn of the normal : 7sintx — 2costy = k

8.Find the equations of the tangents to the curve y = % which are parallel to the line (7cost, 2sint) = 7sint(7cost) — 2cost(2sint) = k

x+2y =6.
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= 49sintcost — 4sintcost = k
= k = 45sintcost
~ Eqnof the normal is 7sintx — 2costy = 45sintcost

= 0 = tan"1(3)

10.Find the equation of the tangent and normal at any point to the Lissajous curve given by
x = 2cos3t and y = 3sin2t,t € R.

d .
X = 2cos3t = d—: = —6sin 3t

y = 3sin2t = % = 6 cos 2t

dy
slope m dy g _ 6cos2t _ cos2t
p Tdx X 6 sin 3t sin 3t

dt
Eqn of the tangent:y —y; = m(x — x;)
coszt (x — 2cos3t)
sin 3t

= x cos 2t + y sin 3t = 3sin2t sin 3t + 2 cos 2t cos3t

= y — 3sin2t = —

Eqn of the normal: y —y, = —i(x — X1)
= y — 3sin2t = s:;zi (x — 2cos3t)

= xsin 3t — y cos 2t = 2 sin 3t cos3t — 3sin2t cos 2t

12.Find the angle between y = x? and y = (x — 3)2.

solving the giveneqns = x? = (x —3)? > x = %

3 . 2 9
sub.xzzmyzx =y =

=~ The point of intersection = G,z)
y = x? =>Z—i=2x =>m1=2—i(§2)=2(§)=3
2’4
_ dy _ _ay _ 3 _
y=(-3?=2=2x-3)=m, - 2(3-3)=-3
Angle between the curves, tanf = |1T$n_7:nz = |1+(3+33)(3)| = |is| =Z
1772 - -

= 0 =tan™'()

11. Find the angle between the rectangular hyperbola xy = 2 and the parabola x2 + 4y = 0.
xy=2=y=§—>(1); x2+4y=0-(2)
Solvingthe eqns (1) & (2),

(2)=>x2+4(§)=0=>x3+8=0=>x=—2
2

sub.x =-2in(1), y = == -1
=~ The point of intersection = (—=2,—1)
; — i v = @o_ Y
Diff. xy = 2w.r.to x on both sides, x—ty= 0= e
— _dy _ -1
m; =— =——=
dx((_z’_l)) 2
— ml = _%
; 2 _ ; @ _ @ __ 4
Diff.x* + 4y = 0 w.r.to x on both sides, 2x + 4dx =0= = T
= = —
mp = dx((_zj_l)) - -4
== mz = 1
1
_ -1 =2
Angle between the curves,tan = |m1 Tz | = = =|-%[=3
1+m1m2 1+(_E)(1) 1—5

13.Find the angle between the curves y = x2 and x = y? at their points of intersection (0,0) and
(1,2).

d
y=x2=>d—i=2x:>m1=2x

d 1
x=y2:2y£=1:m2=5

1
my—m, X5y
Angle between the curves, tanf = = T
1+mym; 1+(2x)(5)

(0,0) = tan9=|§|=oo=9=§

(L1 = tan6 = |- 2

_3 — tan—103
_4=>t9—tan (4)

14.Show that the two curves x? — y2 = r2 and xy = c? where c, r are constants, cut orthogonally.
Let the point of intersection be (x4,y1)

x2—y2=r2=x2—y2=1r2>(1)

xy =c? = x;y;, =c%? - (2)

Diff. x> —y? =r? w.r.to x on both sides, 2x — ZyZ—z =0

dy _x
dx_y
d x
=m; == ==

v E(xldﬁ) B ;
Diff. xy = c?w.r.to x on both sides,x%+ y=0
dy _ _y

dx X
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d
aX (x1,y1) *1
X
Product of the slopes,m;.m, = y—1 X —% =-1
1 1

~The given curves cut orthogonally .

15.1f the curves ax? + by? = 1 and cx? + dy? = 1 intersect each other orthogonally then, show

that= — - == —2,
a b c d
Let the point of intersection be (xq,y;)
2 2 _ v _ @o_ —
ax” + by —1=>2ax+2bydx—0=>dx_ by=>m1— bys
2 2 _ v _ @v__x —_
cx* +dy —1=>2cx+2dydx—0=>dx_ dy=>m2— e
mym, =—-1= ——2x -2 =_1=qcx,% + bdy,2 =0 - (1)
by, dy;
Also,(a—c)x?+ (b—d)y;2=0- (2)
a-c b-d 1 1 1 1
From(1)&(2), == =2"3=:"3

= A(x) = x(20 — x)
= A(x) = 20x — x?
= A'(x) =20 — 2x

= A"(x) = -2
Ax)=0=20-2x=0= 2x =20 = x = 10.
Whenx =10 = A”"(x) = =2 <0, hence area is max.

Sub.x=6in(1), y=20—x=20—-10=10
Area of the garden, A = xy = 10 x 10 = 100m?2.

16.Prove that the ellipse x? + 4y? = 8 and the hyperbola x? — 2y? = 4 intersect orthogonally.

Let the point of intersection be (a, b)

x?+4y? =8 =a?>+4b* =38
Y 2 ey

X*—2y"=4=a“—-2b"=4

2 2 _ v @v__x =-2
x“+ 4y —8=2x+8ydx—0=>dx— 4yﬁm1 D
dx dx 2y 2b
afa a?
mmy = =5 (55) =~ > @
, li a? b? a?
By proportionality (1) = rrrinirswiedvie 8

(2) = m,.m, = —%(8) =1

~The given curves cut orthogonally .

17. A garden is to be laid out in a rectangular area and protected by wire fence. What is the largest
possible area of the fenced garden with 40 meters of wire.
Let the length and breadth of the rectangular garden be x and y, (x,y > 0)

Length of the wire =40m = x+x+y+y =140
= 2(x+y) =140
=x+y=20
=y=20—x-(1)

Area of the rectangular garden, A = xy

18. A rectangular page is to contain 24 cm? of print. The margins at the top and bottom of the page
are 1.5 cm and the margins at other sides of the page is 1 cm. What should be the dimensions of
the page so that the area of the paper used is minimum.

Let the length and breadth of the printed area be x and y, (x,y > 0)

Printed area ,xy =24 =y = 2x—4 - (1)

Length of thepage=x+1+1=x+2 115
Breadth of the page=y+15+15=y+3
1

Area of the paper,A = (x+2)(y +3) = A(x) = (x + 2) (2x—4 + 3) X

— A(x) =24 +3x+=+6

£
- 48
=>A(x)—3x+x+30 g

=A’(x)=3—i—§

= A"(x) =
A’(x)=O=>3—i—§=0:>3x2—48=0:>x2=16=~x=4
Whenx =4 = A"(x) >0, hence A(x) is mimimum.
sub.x = 4in (1), y=2x—4:>y:%=6.

~ Length of the paper =x+2 =4+ 2 = 6cm.
Breadth of the paper =y +3 =6+ 3 = 9cm.

19. A farmer plans to fence a rectangular pasture adjacent to a river. The pasture must contain
1,80,000 sg.mtrs in order to provide enough grass for herds. No fencing is needed along the river.
What is the length of the minimum needed fencing material?

Let the length and breadth of the rectangular pasture be x and y, (x,y > 0)

Area,xy = 180000 = y = @ - (1)

Page 45
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Perimeter,P=x+y+y=x+2y = P(x) =x+2 (180000)

— P(X) = x4+ 360000

360000

=Px)=1- —
' 720000
= P'"(x) = =
, 360000 2 2
Px)=0=>1- = =0=x“—-360000=0 = x“ =360000 = x =600
' 720000 . .
When x = 600 = P'"(x) = w008 0, hence P(x) is minimum.
Sub.x = 600 in (1) = y = 22290 — ,, = 189090 _ 30,

600
~ Length of the fence = x + 2y = 600 + 600 = 1200m.

20.Find the dimensions of the rectangle with maximum area that can be inscribed in a circle of
radius 10 cm.

Let the length and breadth of the rectangle be 2x and 2y,

A point on the circle with radius r is P(x,y) = (r cos 8,7 sin0)

r =10 cm.

Let the length and breadth of the rectangle be x and y
Perimeter of the rectangle,P =2x + 2y = y = 2 —x - (1)
Area of the rectangle,A = xy = A(x) = x (g — x)

= A(x) = pz—x — x?

= A'(x) = g — 2x
=A"(x)=-2<0.
~ Area is maximum
A'(x)=0:>§—2x:0:>2x= —

P
2 4

P
2

X =
P . P P
sub. x=7in(l), y=5-—x=5-7=7

S| o

P ,
TX=y= Z’It s a square

Hence all the rectangles of the given perimeter is the square with the maximum area.

Length of the rectangle ,2x = 2r cos 8 = 20 cos 6. o
Breadth of the rectangle ,2y = 2r sinf = 20sin 6.
Area of the rectangle, A = (2x)(2y)
A(6) = (20 cos8)(20sin B)

= 200(2sin 6 cos B)

= 200 sin 26
= A'(9) = 400 cos 20 F
= A""(6) = —800sin 26

A’(Q)=O=400c0529=0=>c0529=0=>29=§=>9=%
When 8 === A"(8) = —800sin2 (E) = —800 <0
~ Area is maximum at 0 =§

b4 1
~Length of the rectangle 2x = 20 cos = 20 (ﬁ) = 10V2 cm.

Breadth of the rectangle 2y = 20 sin% = 20 (\/%) =10vV2 cm

22.Find the dimensions of the largest rectangle that can be inscribed in a semi -circle of radius r
cm.

Let the length and breadth of the rectangle be 2x and 2y,

A point on the circle with radius r is P(x,y) = (rcos8,rsin@)

Length of the rectangle ,2x = 2r cos 6.
Breadth of the rectangle,y = rsin@.

Area of the rectangle, A = (2x)(y)
A(6) = (2rcos0)(rsin ) S
A(6) = r?(2sin 6 cos 6)
= r?sin 20
= A'(0) = 2r? cos 26 P

= A"(0) = —4r?sin 26
A'(9)=o=>2r2cosze=0=>c0520=0:>29=§:>9=

NE

When§ === A"(9) = —4r?sin2 (g) = —4r2 <0
s~ Area is maximum at 6 = %

1

V1
~Length of the rectangle 2x = 2r cos = 2r (ﬁ) =2 rcm.

. T 1 r
Breadth of the rectangley =r sin_ =7 (\/_E) =75 m

21. Prove that among all the rectangles of the given perimeter, the square has the maximum area.

23. A manufacturer wants to design an open box having a square base and a surface area of 108
sg.cm. Determine the dimensions of the box for the maximum volume.
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Let the length, breadth and height of the box be x,x and y. (x,y > 0)
Surface area of the box = 108

= Area of the square base + Area of 4 rectangular sides = 108

= x? + 4xy = 108

= 4xy = 108 — x?

108—x2
=y=——"-1

Volume of the box,V = Base area X Height
=V =x%y

_ 2 (108—x?
= V() =x ( 4x )

3
= V(x) = 27x —XT

2
= V'(x) =27 —3%

S V') =-2=-=
V() =0=27-2=0=108-3x2=0
= 3x2 =108
= x? =136
=x=6
Whenx=6= V' (x) = —? = —9 < 0,Hence V is maximum.

108—x2 _ 108-62  108-36 _ 72
4ax  46) 24 24
= The dimensions of the box is 6cm X 6cm X 3cm.

Sub.x=6in(1) = y= =3

2a . .
Whenr = 5= V" < 0, hence volume is maximum..

2
Volume of the cylinder,V = nr?(a — r)g =7 (Z?a) (a — z?a)g = %G nazb)
= g X Volume of the cone,

"Breadth of the box ,b =12 —x —x =12 — 2x

25. We have a 12 square unit piece of thin material and want to make an open box by cutting small
squares from the corners of our material and folding the sides up. The question is, which cut
produces the box of maximum value?

Let x be the length of the side of the cut out square piece.

Length of the box ,l =12 —x —x =12 — 2x

Height of the box ,h = x, x € (0,6). *“x
Volume of the box,V = lbh = V(x) = (12 — 2x)(12 — 2x)x whek
= V(x) = (12 — 2x)?x

= V(x) = (144 — 48x + 4x2)x 12 -2« ki
= V(x) = 4x> — 48x? + 144x

= V'(x) = 12x% — 96x + 144 x |
=V"(x) =24x — 96 s

V'(x) =0=12x%> —96x + 144 =0
+12=x>-8x+12=0
= (x—2)(x—6)=0=x =2,x = 6isnot admissible
whenx =2 = V'"(x) = 24(2) —96 < 0, HenceV is maximum.
~ The length of the side of the cutted out square piece is 2 units.

24. A hollow cone with base radius a cm and height b cm is placed on a table. Show that the
volume of the largest cylinder that can be hidden underneath is % times volume of the cone.

26.Find the points on the unit circle x? + y2 = 1 nearest and farthest from (1,1).
Let the required point be A(x,y) and B(1,1)

AB=d=\(x-1)2+(@y-1)2=>d?>=(x—1)2+ (y—1)?

AB =b,BC =a,BE =r — =>D=x-1%+(y—-1)? y
b _ h PSRN A _ ap dy
AABC“*ADEF:)E—E:)h—(a T')a b :E—Z(X—1)+2(y—1)a—)(1) /_(0,1) w
Volumeofthecylinder,V=nr2h=V=7rr2(a—r)§ 3 x2+y2=1=>2x+2y3—i:O=>Z—z=—§—>(2) /
b b x
=V = %(arz —73) " a2y _ _y—x% _ _y—x(‘;) _ x4y 3) o) T x
b | dx? y2 y2 y3
V/=;(2ar—3r2) | — - Sub (2) in (1) dD 206 — 1) + 2( 1)( x)
‘ u in(1)=>—=2(x- y—-1(-= o-1)
V' = %b(za _ 67") \_B__g ‘ " dax . y
L_pg=20-D+200 -1 (=) =0
V’=0=>%b(2ar—3r2)=>r=2?a dx ( ) +20 )( 3’)
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=x—1-x+-=0=>-=1=x=y
y y

x2+y2=1:>x2+x2=1:>2x2=1:>x2=1:>x=+i.

V2
Hence the nearest and farthest distances would get at the points ( 5 T) and
(-3-3
V2 V2)
dpD dy d’p _ x%+y?
C=2x-D+2-DE=>52=2(5F)
d?D d?D
>0; — <0

“) )

. 71 2 1 z
Nearest distance = \/(5 — 1) + (T — 1) =+2-1

. 1 2
Farthest distance = \/(_TE - 1) + (_\/__ — 1) =2+1

Intervals sign of f'(x) Monotonicity

(—o0,—1) + Strictly increasing

Strictly decreasing

(1 -

Strictly increasing

=) )

Local maximum value = f(—1) = 6
3

Local minimum value = f G) =—3

flx) =4x3+3x*—6x+1
F7(x) = 24x + 6

143 —_ __l —_ _l
f'"x)=0=x= Z 00 ; @

Intervals concavity

sign of f"(x)

27. Prove that among all the rectangles of the given area square has the least perimeter.
Let the length and breadth of the rectangle be x and y,

Perimeter of the rectangle,P =2x + 2y = y = 2 —x - (1)

Area of the rectangle ,A=xy =y = 3 - (1)

Perimeter of the rectangle, P = 2x + 2y = P(x) = 2x + 2 (g) = P(x) =2x+ %
=P@)=2-3
= P'"(x) = i—?

P’(x)=0:>2—i—§=0=>2x2—2A=0=>x2=A=>x=\/Z

whenx = VA= P"(x) = % > 0.

Sub.x=+VAin (1) = y:%:x/z

»+ x = y = /A, all the rectangles of the given area are square with least perimeter.

. P(x) is minimum

Concave downwards

(-}

Concave upwards

C3) +

()T ) e (-3

Point of inflexion = (— Z’_)

29.Expand log(1 + x) as a Maclaurin’s series upto 4 non-zero terms for —1 < x < 1.

Maclaurin’s series :f(x) = f(0) +f (0)x+f (O)xz i (0) X3 + -

28.For the function f(x) = 4x3 + 3x? — 6x + 1 find the intervals of monotonicity, local extrema,

intervals of concavity and points of inflexion.
f(x) =4x® +3x2—6x+1

f'(x) =12x*> +6x — 6
ffx)=0=12x*+6x—6=0
=6(x+1)2x—-1)=0

1
:>X:—1,E —o0o -1

N |-

Derivative of Derlvatlve of log(1 + x) Value forx =0

f(x)

f(x) log(1 + x) 0

f(x) 1 1

14+ x

[ (%) 1 -1
(1 +x)?

[ () 2 1
(1+x)?

£ 6 —6
T (1 +x)*

log(1+x)—x——+—3——+ ; —1<x<1
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30. Expand tanx in ascending powers of x upto 5" power for _7” <x< g ) ( —E) (x—%)z N
s o (o) '@ o 'O 3 f 2
Macl = F(0) + %2 + + + o
ac au-rm -s series : f(x) = f(0) 2 X o X 33 Evaluate : hmx_g(smx) anx
Derivative of Derlvatlve of tanx Value for N tanx 2
(x) =0 y = (sinx) vd:f.
f logy = log(sinx)'** = logy = tanxlog(sinx)
]]:((x)) tan x _ 2 = limlogy = limtanxlog(sinx)
"(x sec’x =1+ tan’x = 1+ (f(x)) 3 %
_ log(smx)
F7(x) 2FCOf () 0 = }Cl_r)rilogy 11m ( tbtk;)
2
f”’(x) 2 f(x)f”(x) + (f’(x))z 2 1 .COSX
— - [ , . ,] . = llmlogy = llm S ——
[ (x) 2[fC)f" ) + f1O)f " (x0) + 2f () f " (x))] 0 2
[P () 2 [f(x)f”’(x) + 1" )+ O)f"(x) + 16 = llmlogy = lim 22—
2 -7 xa— sin?x
(f”(x)) + Z(f’(x)f’”(x) + f”(x)f"'(x))] = limlogy = llrr}r( Sinxcosx)
xX-= xX-=
— 1.342.5 _T r 2 2
tanx—x+§x +Ex +"‘,—E<X<E ﬁlin,lrlogy=—singcos§
X

31. Write down the Taylor series expansion, of the function logx about x = 1 upto
three non — zero terms for x > 0.

f(x) =logx = f(1) =logl =0
@ =s=f1=:=1

f'(x) = ——=>f”(x) = —@Z -1

f"(x) = —:f”'(l) = @ =2

Taylor series: f(x) = f(a) + f'(a)@ + f”(a)% + f”’(a)% +
logx =0 + (x 1) -1 (x;!1)2 +28% .1)3 + -

— logx = (xll) _ (x—21)2 n (x— 31)3 _

2
= limlogy =0
xX—=

= loglimy =0
X—00

= limy = ¢e°
X—00

= limx_)g(sinx)ta”x =1

32. Expand sinx in ascending powers x — % upto three non — zero terms.
] Y= sint=1
f(x) = sinx :f(Z) =sing =+
! i ’ E _ E _ i
f'(x) = cosx = f (4) =05y =5
f"(x) = —sinx = f" (%) = —Sing — _%
_ _ 2 4 3
Taylor series: f(x) = f(a) + f'(a) (xlla) + f"(a) (x ZT) +f"(a) (x 3?) n
T 2
—+ i) I G I

~Sinx = — —
V2 o1l V221

-

34.Evaluate : llm x*

x—0%

y = x* vd;f.

logy =

logx* = logy = xlogx

= lim logy = hrn L xlogx
x—0t -0t

= hm Llogy = hm+ logx (— tbtk;)

_ /
= hrn Llogy = 11 im, - 1/x
= hm L logy = hm —-x

x—07t x—07t

= lim logy =0
x—0t
= log lim Ly =0

= hm y =ef
x—0%t

= limx*=1
x—0%t
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8.DIFFERENTIALS AND PARTIAL DERIVATIVES

5 MARK QUESTIONS

1.Assuming log,o e = 0.4343, find an approximate value of log;, 1003.
f(x) =logiox ,x, = 1000 vd;f.
f(x,) = 1og10 1000 = 3

fl(x) — 1 10g10 04-34-3
, 0.4343
f(xo) = =0
L(X) = f(xo) +f’(xo)(x - xo)
L(x) =3+ 01‘;1‘;3( —1000)
0.4343 0.4343

(3) ~ 3+ 0.0013 = 3.0013

~ log10 1003 = 3 + (1003 —1000) = 3 +

(Dx=1dx=11-1=0.1; dy = 3—5(0.1) = 2.6 ~ 3 words.

(iDx=4,dx=41-4=0.1; dy —(01)—13~1W0rd

2.The trunk of a tree has dlameter 30 cm. During the followmg year, the circumference grew 6
cm. (i) Approximately, how much did the tree’s diameter grow? (Ii) What is the percentage
increase in area of the tree’s cross section?

Diameter d = 30, Radius r = 15
(i) Increase in circumference = 6
= 2nr, — 2nry = 6

— 2T2 - 2T1 = -
Approximate change in diameter= % cm
‘e 6 3 3
(ll)ZT'z—ZT'l —;:rz_rl —;:d'r—;

A=nr? = dA = 2nrdr = 2rn(15) (i) = 90cm?

Percentage increase = %A X 100 = X 100 = %

(15)2

4.The time T, taken for a complete oscillation of a single pendulum with length I, is given by the
equation T = 2m \/%, where g is a constant. Find the approximate percentage error in the calculated

value of T corresponding to an error of 2 percent in the value of I.

dl = 2%)l = 700

l l
T = 271\/;=>10gT = log(Zn\/%)

= logT =log2n+%logl—%logg
=T-0+Z_0
T 21
= %% 100 = £ x 100
T 21
21x100

= %100 =222 =1%

21x100

3. The relation between number of words y a person learns in x hours is given by y = 52v/x,0 <
x < 9. What is the approximate number of words learned when x changes from (i) 1 to 1.1 hour?
(i) 4 to 4.1 hour?

26

—52\/_:>dy—52(2\/_)dx—\/—zdx

5.The radius of a circular plate is measured as 12.65 cm instead of the actual length 12.5 cm, find
the following in calculating the area of the circular plate: (i) Absolute error (ii) Relative error (iii)
Percentage error.

r =12.65,dr = 12.5-12.65 = —0.15
(i)Area of the circle A = mr?
Approximate error dA = 2nrdr = 2m(12.65)(—0.15) = —3.795%
Actual error = A(12.5) — A(12.65)

=m(12.5)% — n(12.65)?

= 156.25m — 160.02257

= —3.7725n
(i) Absolute error = Actual error — Approximate error

= —3.7725n + 3.795n

= 0.0225mcm?
(ii) Relative error = Absoluteerror __ 002257 _ 3 40596 ~ 0.0060cm?
Actual error 3.77251
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(iii) Percentage error = Relative error x 100 = 0.0060 x 100 = 0.6%

6. A right circular cylinder has radius r = 10 ¢m and height h = 20 cm. Suppose that the radius
of the cylinder is increased from 10 cm to 10.1 cm and the height does not change. Estimate the
change in the volume of the cylinder. Also, calculate the relative error and percentage error.

r=10cm,dr =10.1—-10=0.1cm,h = 20 cm.
Volume of the cylinder V = nr2h = 20mr?
= dV = 40nrdr = 40m(10)(0.1) = 40mwcem3.
Approximate error = 40mrcm3
Actual error= V(10.1) — V(10) = 2040.27 — 20007t = 40.2mwcm?3

Absolute error = Actual error — Approximate error= 40.2r — 40w = 0.21

Absolute error _ 0.21

= 0.00497

Relative error= =
Actual error 40.21

Percentage error = Relative error X 100 = 0.00497 x 100 = 0.497%

3
Ordern = 5

Euler’s Theorem : x 2L + ya—f =nf

x ay
:xau_l_ 6u_3u
dx yay_z

71fu = sin™?t (%), Show that x‘;—z + yZ—z = %tanu

_ x+y _ .
f(x,y) = s = Sinu

tx+ty

1
f(tx, ty) =Tmo ot 2 (x,y)

1
Ordern = >

’ VL) I
Euler’s Theorem : xax+yay—nf

= sinu

d(sinu) d(sinu) 1
x dx Ty ady T2

ou ou 1 .
= XCoSUu—+ycosu— =-sinu
Ox dy 2

=x6u+ au—ltanu
0x yay_z

24y2 ] ad
9.Ifv(x,y) = log (%),prove that x£+y£ =1

_ x%+y? v xX2+y?
v(xy) = log (S2) = e” =2 = f(x,y)
2+ 2
= f(ny) =
(tx)%+(ty)?
f(tx't)’) = % ~ tlf(xJ’)
Ordern=1

) o, 9f of _
Euler’s Theorem : x 5 T Yo, = nf
a(e") ae’) _

2 ou

du 3
prove that xX——+ Y3y =

x%+y
VxFy’
x%+y?
Vx+y’
()2 +(ty)?
Vix+ty

8. Ifulx,y) =

u(x,y) =

u(tx, ty) = = tg/z-u(x:Y)

= x— =ty 3y 1.ev
= xe”g—z+ye”g—; =e’
d d

= xi + yi =1
10. If w(x,y,z) = log (5x3y4+7322f;_75y3z4) ,find x(;—‘: + y% + Z—VZV.
w(x, y, Z) = log (5x3y4+7:22f§‘;—75y3z4)
— eV = 5x3y4+7i/22f§‘:—75y3z4 _ f(x, y, 2)
= a0 = T2 e
= fenty, e = LT 1 sy
Ordern=>5
Euler’s Theorem : x2—£ + yZ—f/ =nf

a(e™) a(e™) a(e™) _

= z v
X — +y 3y + 5 Se
av ov ow

w oY w Y w — v
= xe" ——+ye ay+ze P Se

ow ow ow
el e o 77— =

X +y 3y + P 5
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10.0RDINARY DIFFERENTIAL EQUATIONS increased from 3,00,000 to 4,00,000.
5 MARK QUESTIONS Z—’:ocA :%: kA =>%A= kdt,
1.The gt.‘owth ofa pF)puIation is proporti(?nal to the nur.nber present..lf the population of a colony Integrating on both sides, 5 t A
double in 50 years, in how many years will the population become triple? 300000

dA dA dA

Integrating on both sides, - (1) 0 A,
t = O,A = AO: -
o e 50 | 24,
(1) = 4y = ce*@ = [c = 4] ? | 34,
(1) = |4 =A4pe" |- (2)
t =50,A4 =24, —
(2) = 24y = Age5%* = 2 = 5% = 50k = log2 = k = —log2
0 0 g =0 08
1
£(2) = A = Ay(e)5'82) S (3)
=7,A = 34¢: —
(3) = 34, = Ag(e) (582t = 3 = (¢)alo82)t

_ 1 — 5o (lo83
= log3 = 5010g2.1:=> t= SO(IOgZ)

=~ The population is triples in 50 (:Z%z)years.

t=0,4=300000 :—

(1) = 300000 = ce*® = [c = 300000 40 400?000
(1) = [4 = 300000e*] - (2) t :
t =40,4A =400000 :—

(2) = 400000 = 300000e*%% = g = e*% — 40k = log (%)

= k= %log (g) = |k = (10g (g))(ﬁ)

t=t,A=?:—

@ = 4= 3000000 = |1 = 300000 (g (2))

2.The rate of increase in the number of bacteria in a certain bacteria culture is proportional to
the number present. Given that the number triples in 5 hours, find how many bacteria will be
present after 10 hours?

Loxd=T=kA= =kt t A
Integrating on both sides, - (1) 0 Ag
t=0,A=Ay— 5 34,
(1) = 4y = ce*® = 10 ?

(1) = |A = Ayeft| - (2)

t=5A4=234,—
(2) = 34, = Age’ =
t=10A4=?:—

2= A=4,)'" = 4 =4,(5%)?2=4,3)?=

Hence after 10 hours the number of bacteria is 9 times the original number of bacteria.

4.The engine of a motor boat moving at 10 m/ is shut off. Given that the retardation at any
subsequent time (after shutting off the engine) equal to the velocity at that time. Find the

velocity after 2 seconds of switching off the engine.
dA dA

A=——=—=—dt
dat A

Integrating on both sides, - (1) t A

t=0A4A=10 :—

0 |10
(1) =10 = ce™® =[c = 10] N
2(1) = - (2) :
t=2,A=?:—

(2)=A=10e2=|A=2;

. 10m
~ velocity = L

3.Find the population of a city at any time t, given that the rate of increase of population is
proportional to the population at that instant and that in a period of 40 years the population

5.Suppose a person deposits 10,000 Indian rupees in a bank account at the rate of 5% per annum
compounded continuously. How much money will be in his bank account 18 months later?

Lwd=YL =A== kar,
dt dt A
Integrating on both sides, - (1) t A
k = 5% = % = 0.05 0 1000
3 ?
)= @ w-2]

t=04=10000 :—
(2) = 10000 = ce®%© = [¢ = 10000
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~(1) = |A = 1000095t | > (3)
t = %,A =7 -

0.15

B)=A4= 100003(0'05X;) = 100003(7) = |A = 100002975 |

4
3

~—

(2) = 100 = 200¢ 226" = 1% = ¢31086)" = 10g (1) = ~L1og (2)

= tog(3) 108 () = ¢ = 7

6.Assume that the rate at which radioactive nuclei decay is proportional to the number of such
nuclei that are present in a given sample. In a certain sample 10% of the original numberof
radioactive nuclei have undergone disintegration in a period of 100 year. What percentage of the

original radioactive nuclei will remain after 1000 years?

d—AocA=>d—A=kA=>d—A=kdt,
dt dt A

Integrating on both sides, - (1)
t=0A4A=100 :—

100 = ce*® = t A
“(1) = > (2) 0 100

t =100,4 =90 : - 100 90
(2) = 90 = 100e'0% = |00k = 1’;0 1000 ?
t =1000,4 =? : —

(2) = A = 100(e) 1009 = 100(e1°%%)19 = 100 (110)10

. . . . . 910
Hence the radioactive nuclei remain after 1000years is100 (1—0)

7.A radioactive isotope has an initial mass 200mg. Which 2 years later is 150mg. Find the
expression for the amount of the amount of the isotope remaining at any time. What is its half
life? (half life means the time taken for the radioactivity of a specified isotope to fall to half its
original value)

LxA= "= kA= 2= —kdt,
dt dt A t A
Integrating on both sides, - (1)

_ — . 0 200
t=0,A4A=200 :-
200 = cek0) = 3 150
~(1) = |4 =200e7 | > (2) ; 100

t=2,A=150 :—

(2) = 150 = 200e~%¢ = % — e 2k =3 _ -2k — p2k :%

= 2k =log(3) = |k = 2log (%)
=?,A =100 : —

8.Water at100°C cools in 10 minutes to 80°C in a room temperature of 25°C. Find (i) The
11

temperature of water after 20 minutes (ii) The time when the temperature is 40°C.[loge ==

~03101; log, 5 = 1.6094]
dar ar - ar _
Eoc(T—S):);—k(T S)=>T_S—kdt t T S
Integrating on both sides, m
= T —25=ce* - (1) 0 | 100
t=0,T =100 : — 10 | 80
(1) = 100 — 25 = cek© = o =12
(1) = T —25=75ek - (2) '
t=10,T =80 : — ? | 40
(2) = 80 — 25 = 7510k = 55 = 7510k
10k _ 55 _ 55 _ 1 55
= =5z 10k = log (75) = |k = 1010g (75)
(D)t =20,T =?:—
(2) = T — 25 = 75e2%% = T = 25 + 75(e10%)@
=25+75 (E)2
B 75

= |T = 65.33°C
(it =?,T =40:—

(2):>40—25=75efk=>15=75etk=>;—§=etk=>§=etk

1 1 55
=thk=—-logh=1t= E(—logS) = —l—Olog(7—5)log5
= —(—0.3101)(1.6094) = t = 51.81minutes.

9.At 10.00 A.M. a woman took a cup of hot instant coffee from her microwave oven and placed it
on a nearby kitchen counter to cool. At this instant the temperature of the coffee was 180°F,
and 10 minutes later it was 160°F.Assume that constant temperature of the kitchen was 70°F.
(i) what was the temperature of the coffee at 10.15A.M.? (ii) The woman likes to drink coffee
when its temperature is between 130°F and 140°Fbetween what times should she have drunk
the coffee?

B (T=)=>L=k(T-5) =L = kdt
dt dt T-S

Integrating on both sides, [T — S = ce*
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=T —70=ce* - (1)

t=0,T =180 :— t T S
(1) = 180 — 70 = cek® = 0 1180
~(1) = T —70=110e* - (2)
t=10,T =160 :— 10 160
(2) = 160 — 70 = 110e'% = 90 = 110e1%%
= [0k = 2 15 | ? |70
11
9 1
= 10k = log (E) = |k = —(~0.2006) = —0.02006 ? | 130
()t =15,T =?: — =120
(2) = T — 70 = 110e15 = T = 70 + 110(e°%)(*/2) '

(3/2)
= 704110 (%) ¥ = [T =151.4F
(i)t =?,T =130 : —
(2) = 130 — 70 = 110etk = 60 = 110etk = % = etk = tk = log (%)
1 6 1 6
= Elog (H) = _o.ozooslog (E) = 30.216
=7, T =140 :—

(2) = 140 — 70 = 110et* = 70 = 110e* = i = etk = tk = 1og( )

A
1
- %log (1_71) -7 0.02100610g (i) = 22.53

= 65 —S5 = (100 — S)el0k
80—5 2
= 65— 5 = (100 — $)(e5%)% = 65 — § = (100—5)( )

100-S
(80-5)%

= 65-S5= oo (65 —5)(100 — S) = (80 — 5)?
= 6500 — 655 — 100S + S? = 6400 — 160S + S? = 55 = 100

= |S =20°C

11.In a murder investigation a corpse was found by a detective at exactly 8 p.m. Being alert, the
detective also measured the body temperature and found it to be 70°F. Two hours later, the
detective measured the body temperature again and found it to be 60°F.If the room
temperature is 50°F, and assuming that the body temperature of the person before death was
98.6°F ,at what time did the murder occur ? [log 2.43 = 0.88789; log 0.5 = —0.69315]

ar (T-25) ar k(T —25) —dT kdt
—x(T-95) =>—= -5 = =
dt dt T-—S

Integrating on both sides, T-S= ce*¢
= |T =50 = ce¥t| - (1)

t=0,T=70:— t T >
(1) = 70 — 50 = ce¥® = 0 -0
~(1)= T — 50 = 20e* - (2) ; o

t; | 98.6
(2)=>60—50=20e2’<=>e2’<=§=>2k=10g(%) 1

1
= k =log (E) = |k = (—0.69315)

~ she drunk coffee between 10.22A.M and 10.30A.M. t=t,T =98.6:—
10.A pot of boiling water at 100°Cis removed from a stove at time t = Oand left to gool in the (2) = 98.6 — 50 = 20ekt
kitchen. After 5 minutes, the water temperature has decreased to 80°C, and another 5 minutes = ekt1 =286 _ 543 — kt. = log243 = t, = 2 (log2.43)
later it has dropped to 65°C . Determine the temperature of the kitchen. 20 ' ! ' YTk '
T« (T-5= ar _ k(T-S5)= AT _ kdt = 0= e (0.88789) = t, ~ —2.56
at . a T‘Ift t T S ~Time of murder~ 8.00 — 2.56 =~ 5.30p.m..
Integrating on both sides, - ) 12. A tank contains 1000 litres of water in which 100 grams of salt is dissolved. Brine runs in a
t=0T=100:- 0 100 rate of 10 litres per minute, and each litre contains 5 grams of dissolved salt. The mixture of the
(1)=100-5= cek0 = 5 80 ? tank is kept uniform by stirring. Brine runs out at 10 litres per minute. Find the amount of salt at
~(1)= T—-5=(100-S5)ek - (2) 10 65 any time t.
t=5T=80:— Ianowrate=10><%=50 t A
(2) = 80— 5 = (100 — §)e* = |5 = 2= Out flow rate= 10 x —A_ — 4 0 100

1000 100
t=10,T =65:— 24 —In flow rate- Out flow rate
(2) = 65 —5 = (100 — S)el% g_ﬁ_so_i:d_A_SOOO—A: aa_ _at __da _ _at

ldt 100 " dt 100 5000-4 100 _A-5000 100 |
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— 5000 = ce~%01t| 5 (1)

Integrating on both sides,
t=0A4=100 :—

100 — 5000 = ce %010 —
~(1) = A — 5000 = —4900e~0-01¢

= |4 = 5000 — 4900e 01|

11.PROBABILITY DISTRIBUTION

2 MARK QUESTIONS

13. A tank initially contains 50 litres of pure water. Starting at time t=0 a brine containing with 2
grams of dissolved salt per litre flows into the tank at the rate of 3 litres per minute. The mixture
is kept uniform by stirring and the well- stirred mixture simultaneously flows out of the tank at
the same rate. Find the amount of salt present in the tank at any time t > 0

In flow rate= 3 X % =6

Out flow rate = 3 X A4 _34
9y 50 50
E = In flow rate — Out flow rate
—6—— dA _ 300-34 dA _ 3 gy 4 _ 34, t A
dt 50 dt 50 100-4 50 A-100 50 0 0
3
Integrating on both sides, |A — 100 = ce 5| - (1)

1. An urn contains 2 white balls and 3 red balls. A sample of 3 balls are chosen at random from
the urn. If X denotes the number of red balls chosen, find the values taken by the random
variable X and its number of inverse images. Number of white balls= 2.Number of red balls= 3.

The random variable X takes the values 1,2,3.
5.4.3

n(s)=5C3=E=10

X(1) =3¢, x2C,=3x1=3

X(2) =3C,x2C, =3%x2=6

X(3)=3C;x2C,=1x1=1

X 1 2 3 Total

Number of points in inverse images 3 6 1 10

t=0A4=0:—
3
0—100 = ce 5 =
3
~(1) = A —100 = —100e 50"
E 3,
— A =100 — 100e 50" = A=100(1—e so)

2. Suppose X is the number of tails occurred when three fair coins are tossed once
simultaneously. Find the values of the random variable Xand number of points in its inverse
images.

S ={HHH,HHT,HTH,THH,TTT,TTH,THT, HTT}n(s) = 8.

Let X be the random variable of getting tails. The values of X are 0,1,2,3

X 0 1 2 3 Total

Number of points in inverse images 1 3 3 1 8

14.The equation of electromotive force for an electric circuit containing resistance and self-
inductanceisE = Ri + L Z—i, where E is the electromotive force is given to the circuit, R the
resistance and L, the coefficient of induction. Find the current | at time t when E=0.

E =Ri+Lz—i=>+L=>§=§i+Z—i=> Z—i+§i =%Itis|inearin L.
_ 5 Q= E

ILF = elvat — J7at — o(7)

Solution: i(I.F) = [Q(I.F)dt +c

= i(e(%)) = f%(e(%)> dt +c

= i(elD)) =ExtxelD) 4

= i(e(%)) = %e(%) +c =+ e(%) =i = §+ Ce(_%)

3. In a pack of 52cards, two cards are drawn at random simultaneously. If the number of black
cards drawn is a random variable, find the values of the random variable and the number of

points in its inverse images.

n(s) = 52C, = ﬁ = 1326.

Number of black cards— 26.Number of red cards = 26.

Let X be the random variable of getting black cards. The values of X are 0,1,2.
26.25

X(No black card) = 26C, X 26C, = 1.—— = 325
X(One black card) = 26C; X 26C; = 26 26 =676
X(Two black card) = 26C, X 26C, = ﬁ .1 =325
X 0 1 2 Total
Number of points in inverse images 325 676 325 1326

4. A six sided die is marked ‘2’ on one face, ‘3’ on two of its faces, and ‘4’ on remaining three
faces. The die is thrown twice. If X denotes the total score in two throws, find the values of the
random variable and number of points in its inverse images.

Numbers on the face 2,3,3,4,4,4. n(s) = 36.
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Let X be the random variable of getting total of face values. The values of X are 4,5,6,7,8. 8. If X is a random variable with distribution function F(x) given by,
1/11 2 3 3 4 4 4 0, —o<x<0
2 4 5 5 6 6 6 F(x) = %(x2 +x), 0<x<1 then find (i) the probability density function f(x) (ii)
3 5 6 6 7 7 7 1 1<x<o
3 5 6 6 7 7 7 P(0.3 <X <0.6)
4 6 7 7 8 8 8 1 <
(i) The probability density function f(x) = {2 @2x+1), 0=x<1
4 6 7 7 8 8 8 0, otherwise
4 6 7 7 8 8 8 (ii) P(0.3 < x £ 0.6) = F(0.6) — F(—0.3)
From the table, = %{(062 + 06) _ (032 + 03)}
X 4 5 6 7 8 Total — 0.285
Number of points in inverse images 1 4 10 12 9 36 9. Find the binomial distribution if five fair coins are tossed once and X denotes the number of

5. Three fair coins are tossed simultaneously. Find the probability mass function for number of
heads occurred.

S={HHH,HHT,HTH,THH,TTT,TTH,THT,HTT} = n(S) = 8

Let X be the random variable of getting heads. The values of X are 0,1,2,3

heads.

N |-

p=%=>q=1—p= ,n=>5
f(x) =nexp*q™™

f(x) = 5¢, (%)x (%)S_x,x =012, ...,n

f(0)=pX=0)== f=px=1=:
f@=px=2)=2 f@)=px=3)==
= The Probability mass function is,
P 0 1 2 3
f(x) 1 3 3 1
8 8 8 8
2x

kxe =%, x>0

6. The probability density function of X is given by f(x) = { . Find the value of k.

10.Using binomial distribution find the mean and variance of X if a fair coin is tossed 100 times,

and X denote the number of heads .

n=100,p=%,q=%

Mean = np = (100) G) =50
1

Variance = npq = (100) (%) (E) =25

0, x<0
JZ fodx=1= fooo kxe™?* =1
1!
=k [21+1] =1
-
0, x <0
7. If X is the random variable with distribution function F(x) given by, F(x) ={x, 0<x<1
1, 1<x

then find (i) the probability density function f(x) (ii) P(0.2 < X < 0.7).

(i) The probability density function f(x) = {OLc?thSefw?si

(i))P(0.2 < x <0.7) = F(0.7) — F(0.2) = 0.7 — 0.2 = 0.5

11. The probability that a certain kind of component will survive a electrical test is %. Find the
probability that exactly 3 of the 5 components tested survive.

3 1
n:S'p:Z'q:Z

£ = nep ™ = P =5 (5) (3)

4

3MARK QUESTIONS

1.Suppose two coins are tossed once. If X denotes the number of tails, (i) write down the sample
space (ii) find the inverse image of 1 (iii) the values of the random variable and number of
elements in its inverse images.

(i)S = {HH,HT,TH,TT} = n(S) = 4

(ii)Inverse image of 1 = {HT,TH}
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(iii)) X =0,1,2

X 0 1 2 Total

Number of points in inverse images 1 2 1 4

2 Two fair coins are tossed simultaneously (equivalent to a fair coin is tossed twice). Find the
probability mass function for number of heads occurred. S = {HH,HT,TH,TT} = n(S) = 4

Let X be the random variable of getting heads and the values of X are 0,1,2.
1

10.9
Tl(S) = 10C2 = ﬁ =45

Let X be the winning amount .

X(2 black balls) = 30 + 30 = 60.
X(1 black ball) = 30 — 20 = 10.

X (0 black ball) = —20 — 20 = —40.
The values of X are 60,10 and — 40

fO=px=0=; f)=pX=1)=; X =60 = 4C, X 6Co = 6.1 = 6
f@=px=2)=1 X =10 = 4C, X 6C, = 4.6 = 24
. The Probability mass function is, X =—-40 = 4C, X 6(C, = 1.15 =15
X 0 1 2 X 60 10 —40 Total
f(x) 1 E 1 Number of points in inverse images 6 24 15 45
4 4 4

3. Two balls are chosen randomly from an urn containing 6 red and 8 black balls. Suppose that
we win Rs.15 for each red ball selected and we lose Rs.10 for each black ball selected. If X
denotes the winning amount, find the values of X and number of points in its inverse images.

Red(R) Black (B) Total
6 8 14
Let X be the winning amount.n(S) = 14c, = % =91

X(2red balls) = 15 + 15 = 30. X(1red bdlls) =15-10=5.
X(0red balls) = —-10 — 10 = —20.

The values of X are 30,5 and — 20.

6.5
X(30) = 6¢, X 8¢y = ﬁx 1 = 15.

X(5) = 6c; X8c; =6%x8=48.

X(=20) = 6¢y X 8¢, = 1 X % = 28.

X 30 5 —-20 Total

Number of points in inverse images 15 48 28 91

5.An urn contains 5 mangoes and 4 apples. Three fruits are taken at random. If the number of
black cards drawn is a random variable, find the values of the random variable and the number of
points in its inverse images

Mango(M) Apple(4) Total
5 4 9
Let X be the random variable of getting apple and the values of X are 0,1,2 and 3.
9.8.7
n(S) =9c¢; = 123°= 84

X(MMM) = 5c3 X 4c = == x 1 =10

X(MMA) = 5c, X 4c¢; = % X 4 = 40
X(MAA) = 5¢; X 4c; = 5 X =2 = 30
X(AAA) =5¢cy X4c3=1%x4=4
X 0 1 2 3 Total
Number of points in inverse images 10 | 40 | 30 4 84

4. Two balls are chosen randomly from an urn containing 6 white and 4 black balls. Suppose that

we win Rs.30 for each red ball selected and we lose Rs.20 for each black ball selected. If X

denotes the winning amount, find the values of X and number of points in its inverse images.
White(W) Black (B) Total

6 4 10

6. Find the probability mass function and cumulative distribution function of number of girl child
in families with 4 children, assuming equal probabilities for boys and girls.
n(S) = 2* = 16.
Let X be the random variable of selecting girl and the values of X are0,1,2,3,4.
4C, 1

f(0)=P(X=0)=1—6—1—6
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X 1 2 3 4
F@) T © i 1
12 12 12

(DP(X <3)=F(3) = g

(iii)P(X22)=1—P(X<2)=1_F(1)=1_1_12

11

12

9. Find the probability mass function f(x) of the discrete random variable X whose cumulative

distribution function F(x) is given by
0 —o<x< -2
025 —2<x<-1

_ .46 4
f(l)—P(X—l)—E—g
2
f(Z)ZP(XZZ)ZFZF 4C 1
fE=PEx=3)=2=lpx=4)="2==
~ The Probability mass function:
X 0 1 2 3
f(x) 1 4 6 4 1
16 16 16 16 16
= The cumulative distribution function:
X 0 1 2 3
F(x) 1 5 11 15 1
16 16 16 16
7. A pair of fair dice is rolled once. Find the probability mass function to get the number of fours.
(1) (12) (1,3) (14 (15 (16
2,1) (22) (23) (24) 25 (2,6)
3,1 3,2 3,3 3,4 3,5 3,6
5= E4,1§ E4,2§ E4,3§ E4,4§ E4,5§ E4,6; (= n(S) =36
(5,1 (5,2) (53) (54) (55 (5,6)
\(6,1) (6,2) (6,3) (6,4) (6,5 (6,6)/

Let X be the random variable of getting 4 and the values of X are0,1,2.

fO=px=0==
f=px=1=2

1
f@)=pX=2) =
. The probability mass function is

F(x) =4 060 —1<x<0 . Also find (i) P(X < 0) and (i))P(X = —1).
090 0<x<1
1 1<x<o
The values of the discrete random variable X are —2,—1,0,1.
~ The Probability mass function f(x) :
X -2 -1 0 1
F(x) 0.25 0.60 0.90 1
f(x) 0.25 0.35 0.30 0.10

(DP(X <0)=P(X = —2)+ P(X = —1) = 0.25 + 0.35 = 0.60
(DP(X>-1)=P(X=-1)+P(X =0)+P(X =1) = 0.35+ 0.30 + 0.10 = 0.75

x 0 1 2
f(x) 25 10 9
36 36 36
8. If the probability mas function f(x) of a random variable X is
X 1 2 3 4
F(x) 1 5 5 1
12 12 12 12

(i) The cumulative distribution function:

12
Find (i)its cumulative distribution function, hence find (ii) P(X < 3) and(iii)P(X = 2)

10. The cumulative distribution function of a discrete random variable is given by

(0

F(x) =1

\1

ul
|o > njwN R

—oo < x <0
;0<x<1

1<x<?2

. Find (i)the probability mass function (ii) p(X < 3) and

12<x<3

;3<x<4
4 < x < oo

(liHP(X = 2).
The values of the discrete random variable X are 0,1,2,3,4.
(i) The Probability mass function f(x) :

x 0 1 2 3 4

F(x) 1 3 4 2 1
2 5 5 10

f(x) 1.5 12 1 1 1

2 " 10 5 " 10 10 10 10
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(O)P(X<3)=PX=0+PX=1)+P(X=2)= Sy r,z2_8_ 1 (ii)The values of X are 2,3,4,5,6,7,8,9,10,11 and 12.

- 1% 1(1 101 13 52 (iii)The inverse image of 10 = {(4,6), (5,5), (6,4)}.
(iDPX=2)=PX=2)+PX=3)+PX =4 =E+E+B=B=E (iv)

11. Two balls are drawn in succession without replacement from an urn containing 4 red balls and X 0 1 2 Total
3 black balls. Let X be the possible outcomes drawing red balls. Find the probability mass Number of elements in inverse images 1 2 1 4
function and mean for X.

X denote the number of red balls. X = 0,1,2.

P(X=0)=2xZ="

7
4 3
P =1 = (4x2)
P(X=2)= § X % =
Probability mass function

X 0
F(x) 1

1
4
7 7
Mean =3 xf(x) = (0x2) + (1x2) + (2x2) =2

7

N NN

12. The time to failure in thousands of hours of an electronic equipment used in a manufactured
3e*, forx>0

0, otherwise

Find the expected life of this electronic equipment

Mean = f: xf (x)dx

computer has the density function f(x) = {

5 MARK QUESTIONS

1. Suppose a pair of unbiased dice is rolled once. If X denotes the total score of two dice, write
down (i)the sample space (ii)the values taken by the random variable X, (iii)the inverse image of
10, and (iv) the number of elements in inverse image of X.

(1,1 (12) (13) (14 (15 (16)
2,1) 2,2) (23) (24) (25 (2,6)
(3,1) (3,2 (33) (34 (3,5 (3,6)
41 &2 43) 44 45 46)
(5,1 (5,2) (5,3) (54) (55 (5,6)

\(6,1) (6,2) (6,3) (6,4) (6,5 (6,6)/

(D)S = 4 L — n(S) = 36

2. A six sided die is marked ‘1’ on one face, ‘2’ on two of its faces, and ‘3’ on remaining three
faces. The die is thrown twice. If X denotes the total score in two throws, find (i) the probability
mass function (ii) the cumulative distribution function (iii)P(3 < X < 6) (iv) P(X = 4).

The numbers on the faces are 1,2,2,3,3,3. n(s) = 36.

1/11 1 2 2 3 3 3
1 2 3 3 4 4 4
2 3 4 4 5 5 5
2 3 4 4 5 5 5
3 4 5 5 6 6 6
3 4 5 5 6 6 6
3 4 5 5 6 6 6
The values of X are 2,3,4,5,6.
From the table,
(i)The probability mass function is
X 2 3 4 5 6
Ji€9) 1 4 10 12 9
36 36 36 36 36
(ii) The cumulative distribution function:
X 2 3 4 5 6
F(x) 1 5 15 27 1
36 36 36 36
(PB<X<6)=P(X=3)+PX=4)+P(X=5)=—+_+-=—==

(‘)P(X>4)—P(X—4)+P(X—5)+P(X—6)—10+12+9—31
v =% =04 = - ~ % 736736736 36

3. A six sided die is marked ‘1’ on one face, ‘3’ on two of its faces, and ‘5’ on remaining three
faces. The die is thrown twice. If X denotes the total score in two throws, find (i)the probability
mass function (ii)the cumulative distribution function (iii)P(4 < X < 10) (iv)P(X = 6).

The numbers on the faces are 1,3,3,5,5,5.n(s) = 36
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/11 1 3 3 5 5 5 XA 012
1 2 4 4 6 6 6 probability mass function is defined byf (x) = ’ »>* Find
3 4 6 6 3 3 3 0,x — otherwise
3 2 6 6 3 3 3 (i)the value of k (ii)cumulative distribution function(iii)P(X = 1).
x%+1
5 6 8 8 10 10 10 fO) ==
5 6 8 8 10 10 10 _0%+1 1, L1241 2 _ 2241 _ 5
The values of X are 2,4,6,8,10. DI =1= +-+-=1=°=1=
From the table, The probability mass function is:
(i)The probability mass function is x 0 1 >
X 2 4 6 8 10 T 5 z
[0 1 4 10 12 9 fG) 5 = >
ii)The cumulative distribution function is
36 36 36 36 36 ()Th ] d b f
. Th . . . . . x O 1 2
(ii) The cumulative distribution function: F(x) 1 3 1
X 2 4 6 8 10 3 3
o i i E z 1 i)P(X=>21)=1-PX<1)=1-PX<0)=1 1—7
36 36 36 36 GPE =1 =1-PE<D=1-PE<0)=1-g=7
4 10 12 26 13 6. A random variable X has the following probability mass function
PA4<X<10)=P(X =4)+P(X = PX=8)=—+—F—==— :
UDP( <X <10)=PX =D +PX =6)+PX =8) =go+ o+ 37 =35 " 18 X 1 2 3 4 5
((VP(X=>6)=P(X=6)+P(X=8)+P(X=10) ==+ 2+ 2 =2 £(x) k2 2k? 3k2 2k 3k
36 36 36 36 : , »
4. A random variable X has the following probability mass function Find (i)the value of k (ii) p(2 < X <5) (ii)p(3 < X).
X 1 2 3 4 5 6 (i)Zf(x)=1=>k2+2k2+3k2+2k+3k=1
Fi df?'c)) 2< ¥ < 6) (")Zk(z <X <6]§3) (iif) 5(1;( < 4) ('6k) 3 < Xl)Ok = Ok* 45k =120
ind (i) p i)p2 < i) p(X < llvp k=1 (k+1) =0
(i)p(Z<X<6)=f(3)+f(4)+f(5)=6k+5k+6k=17k=£ (ii)p(ZSX<5)=P(X=2)+P(X=3)+P(X=4)=2k2+3k2+2k
3103 = 5k% + 2k
1 2<X = f(2 4) =2 =13k = — 1\2 1
() p2 <X <5)=f(2+fB)+f(4) =2k +6k+5k =13k =7 ~ =5(g) +2(g)
5 2 17
(D) pX<4)=fO+fRQ)+fB)+f4) =k+ 2k + 6k + 5k = 14k=% =%t %
21 5
()p(3 < X) = f(&) + f(5) + (6) = 5k + 6k + 10k = 21k = =5 (UDp(B<X) = P(X =4) + P(X =5) =2k +3k =5k = =
. . 2
5. Suppose a discrete random variable can only take the values 0,1and 2. The 7.Find the constant C such that the function f(x) = {chx’ —1ofh)ecrjvi§eis a density function,and
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compute(i)P(1.5 < X < 3.5)(ii))P(X < 2)(iii)P(3 < X).

Since f(x) is a p.d.f [~ f(x)dx=1=>f146x2dx=1:>(;'ﬁ] 4
o =
W
___=1
=>(:_3 .
:C‘64—1]_
3 |
= C[21] =1
21
3.5
(')P(15<X<35)—f L odx = x> 353—153 79
o vo LAt 3 ~ 126
1.5
2
(i)P(X < 2) = fl 24, = L[ S e S B
A TR T ) AR5 R
M 4
("')P(3<X)—fi 24 _if _ 1[4 -3 _37
m St T 3], 21 3 | 63

3

2
When X = 3|,
F(x) = f_loof(u)du + flz(u —1du + f;(—u +3)du + f; Odu
_ w-1)21? (—u+3)21?
_0+[ 2 ]1+[_ 2 ]2+0
1 1
=(5-0)+(-0+3)
=
( 0, —o<x<1
“ { D 1<x<2
~F(x) = 5
|1—(3_2x), 2<x<3
1, 3<x<o

1.75-0.25

(i)P(1.5 < X < 2.5) = F(2.5) — F(1.5) = [1 G- 25) ] [“5 i ] = 0.75

8.If Xis the random variable with probability density function f(x) given by,
x—1, 1<x<?2

flx) = {—x + 3, 2 < x < 3. Find the (i) the distribution function F(X)
0, x — otherwise

(ii)P(1.5 < X < 2.5).

OF() =PX =x) = [*_ fwdu

Whenx <1

FG)=J"_0du=0

(x—1)2

FO) = [ fdu+ [ - Ddu=0+ [(u i ]1 -

[When2 < x <3|,
FG) = [0 fdu+ [ (u-Ddu+ [ (~u+3)du

o[ o[-

= (G- 0)+ [-=5+]

—0=

(x—1)2

9. If X is the random variable with probability density functlon f(x) given by,
x,0<x<1

fx) = {2 —x,1<x<2.Find (i)P(0.2<x<0.6) (ii))P(1.2<x<1.8)
0, otherwise

(iii)P(0.5 < x < 1.5).

HP02<x<06) =] xdx—[] =§036 0.04] = 0.16

(i)P(12 < x < 1.8) = [[(2 — x)dx = |22 — —]i: = (3.60 — 1.62) — (2.4 — 0.72) = 0.3

(ii)P(0.5 <x < 1.5) = fo.s xdx + fl (2 —x)dx

=[], -5

= (0.5 —0.125) + (3 — 0.125) — (2 —0.5) = 0.75

10. Suppose the amount of milk sold daily at a milk booth is distributed with a minimum of 200
litres and a maximum of 600 litres with probability density function

k 200 <x <600
fe) = { otherwise
(iii) the probability that daily sales will fall between 300 litres and 500 litres?

(i) Since f(x) isap.d.f [©_f()dx=1= f260000 kdx =1 = k[x]500 = 1

Find (i) the value of k (ii) the distribution function
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(DF(x) =P(X =x) = [*_fwdu
[When x < 200],

FG)=["_0du=0
|[When 200 < x < 600),
F(x) — fZOO
[When x > 600/,

Odu + [ —du—0+ [

200 400

X 1

= k(600 —200) =1

1
= k=—
400

]x X 1
200 7 400 2

F(x)—f2000d +f600 - sdu + [ o—du

200 4
=0+ [x 1888+0

00 400

“ P = { 1—e™ /3

=1_e_X/3
0 x<0
x>0

()P(X <3)=F@3)=1-ef=1-1

(iv)P(5 < X) =

1-P(x<5)=1- (1 — e"5/3) = e"5/3

WP(X<4)=F@4)=1—e"/3

12. Let X be a random variable denoting the life time of an electrical equipment having

probability density function f(x) = {

ke™?%, x>0
0, x<0

Find (i) the value of k (ii) Distribution

function (iii) P(X < 2) (iv) calculate the probability that X is at least for four unit of time (v)

P(X = 3)

(i) Since f(x)isap.d.f [~ f(x)dx—1:>f ke~ 2"dx—l:>k[

] _,

=>k(0—5)=1
k=2

(iDF(x)=PX =x) = jx fw)du

400
=1
0,x <200
2 F(x) = {-=~—=,200 < x < 600
400 2
1 ,x>600
500 1 300 1
(ii6)P(300 < x < 500) = F(500) — F(300) = |22 — 2] - 22— =222 1.1
11 The probability density function X is given by f(x) = {keo /3’<xO> O When x < 0
X =
Find (i) the value of k (ii) the distribution function (iii)P(X < 3) (iv)P(5 £ X) When 50|,
(W)P(X < 4). [When x > 0
(i) Since f(x) isap.d.f [* f(x)dx=1= f0°° ke 3dx =1= k[_ge—x/3](°)° 1
= -3k(0-1)=1
k=12
3
X
@FC) =P =2 = | fa)du FF@) = |

When x < 0]

F(x) = f_xoo Odu =0

When x > 0],
F(x) = f_ooo Odu + foxge_u@du

X
=0+ % [-3e="]

FGx)=[" 0du=0

F(x) = fO Odu+fx26‘2“du

—0+2[_2u]
=1—e %
0 x<0

1—e™2* x>0

(iDPX <2)=FR)=1—-e2@ =1 —¢*
(iV)P(X =4) =1—-P(X < 4)

=1-F(4)
=1-(1-e2%
= 3_8

(W)P(X =3)=0

13. Suppose that

f(x) given below represents a probability mass function,
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X 1 2 3 4 5 6

fx)| c? 2c? | 3c¢? | 4c? | ¢ 2c

Find (i) the value of ¢ (ii) Mean and Variance..
DYf)=1=9*+3c=1 =c= g (or) —% (not a solution)

x 1 2 3 4 5 6
() 1 2 3 4 1 2
25 25 25 25 5 5

xf (x) 1 4 9 16 5 12
25 25 25 25 5 5

X2 (x) 1 8 27 64 25 72
25 25 25 25 5 5

Mean E(X) = Y xf(x) = 12%5 =4.6
Variance V(X) = E(X?) — (E(X))2
=YX x*f(x) = [Zxf(0)]?

_ 585 1_15]2
T 25 25
= 2.24

X 40 10 —20 Total
f(x) 6 32 28 1
66 66 66

Mean E(X) = £xf (x) = 40 (=) + 10(2) + (-20) (£) = 0
Expected winning amount = 0

SO — ey = 10 () 10 () (207 ()= 2
[E(X)]? =0
Variance V(X) = E(X?) — (E(X))2
— 2000 4 _ 2000
11 11

14. Two balls are chosen randomly from an urn containing 8 white and 4 black balls. Suppose
that we win Rs.20 for each black ball selected and we lose Rs.10 for each white ball selected. Find
the expected winning amount and variance.

No.of white balls = 8.

No.of white balls = 4.

12.11
Tl(S) = 12C2 = T = 66

X be the winning amount.X = 0,1,2

2 black balls means winning amount = 20 + 20 = 40.

1 black ball means winning amount = 20 — 10 = 10.

0 black ball means winning amount = —10 — 10 = —20.
Values of X are 60,10, —40.
X=40=4C, X8C, =6.1=6
X=10=4C, x8C;, =4.8=32

X =-20= 4C, X 8C, =1.15 =28

Probability mass function is :

15. A multiple choice examination has ten questions, each question has four distracters with
exactly one correct answer. Suppose a student answers by guessing and if X denotes the number of
correct answers, find (i) binomial distribution (ii) probability that the student will get seven correct
answers (iii) the probability of getting at least one correct answer.

Let X be the no.of questions.X =0,1,2,...,10

1

P
3
=q=,,n= 10
(i) Binomial distribution : f(x) = nc,p*q™™*
10nN\* /3 10—x
= f(x) = 10c, (Z) (Z) x=0,12,...,10
.. 117 3\3 33

(i)p(X = 7) = 10c, (Z) () =120 (470)
((iDpX=21)=1-pX<1)

- 1- 106, )’ ()"
1)

16.0n the average,20% of the products manufactured by ABC company are found to be defective.
If we select 6 of these products at random and X denotes the number of defective products, find
the probability that (i) two products are defective (ii) at most one product is defective (iii) at least
two products are defective.
n==6

20

Probability for defective item,p = 20% = Too = %

_ 4
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Binomial distribution: f (x) = nc,p*q™™*
1\% /4\6—%
= f(x) = 6c, (E) (E) x=0,12,...,6

onx =2 =60 (' (9" = 15()
(pX <) =pX=0+pX=1)

o' 60"
- +o(2)
-2(2)

(liDpX=2)=1-p(X<2)
—1-p(X<1)

5
=1-2(j)
DO IT YOURSELF :
A retailer purchases a certain kind of electronic device from a manufacturer. The manufacturer
indicates that the defective rate of the device is 5%. The inspector of the retailer randomly picks 10
items from a shipment. What is the probability that there will be (i) at least one defective item (ii)
exactly two defective items?.

12 DISCRETE MATHEMATICS

2 MARK QUESTIONS

1.Define Boolean Matrix.
A Boolean Matrixis a real matrix whose entries are either O or 1.

2.Define Join of A and B.

l,a;;, =1orb;; =1
AV B =|a;| v [by| = [ay; Vbij] = [cj] wherec;; = { , 3

O,Cll'j =0 and bl} =0

3.Define Meet of A and B.
1,aij =1 and bl] =1

ANANB = [aij] N [bl]] = [aij Abij] = [Cl'j] where Cij :{ O,Clij =0or bU =0

4. Write each of the following sentences in symbolic form using statement variables pand q.
(i) 19 is not a prime number and all the angles of a triangle are equal.

(ii) 19 is a prime number or all the angles of a triangle are not equal.

(iii) 19 is a prime number and all the angles of a triangle are equal.

(iv) 19 is not a prime number

())-pAq,(i)pV g, (ii)p Aq, (iv)-p

17. If the probability that a fluorescent light has a useful life of at least 600 hours is 0.9, find the
probabilities that among 12 such lights (i) exactly 10 will have a useful life of at least 600 hours
(ii) at least 11 will have a useful life of at least 600 hours (iii) at least 2 will not have a useful life
of at least 600 hours
n=12,p =09, = 0.1
Binomial distribution: f(x) = nc,p*q™*
= f(x) = 12¢,(0.9)*(0.1)**7*,x = 0,1,2, ....,12

(Dp(X = 10) = 12¢4((0.9)1°(0.1)2
(iDp(X =>11) =p(X =11) + p(X = 12)

= 12¢4,(0.9)11(0.1)! + 12¢,,(0.9)12(0.1)°

= 12(0.9)11(0.1) + (0.9)'2

=2.1(0.9)1
(iDp(X <11) =1 —p(X = 11)
=1-21(0.9)1

5.How many rows are needed for following statement formulae?(i))p V =t A (p V —s)
(@ AQV (ArV =s)) A (=t Av)

(i)Number of rows= 2" = 23 =8

(ii)Number of rows = 2" = 2° = 64

6 Consider p — q: If today is Monday, then 4 +4 =8
: Today is Monday. q:4+4 =8

p q p—q
T (or)F T T

3 MARK QUESTIONS

1. Verify (i)closure property (ii)commutative property and (iii)associative property of the following
operations on the given seta * b = a®?,Va,b € N.

(i)Va,b € N = a *b = a” € N.Hence closure is true.

(i)Va,bEN = a*xb=a’ #bxa=b*=axb+bx*a.

Hence commutative is true.

(iii)Leta = 2,b = 3,c = 4.

a*(b*c)=ax(b) =al) =20 =281

(a*b) *c = (ab) * ¢ = ab¢ = 203%9 = 212

=ax(bxc)# (axb)*c.

Hence associative is not true..

2. letA = [(1) ﬂ,B = [(1) ﬂ be any two Boolean matrices of the same type. Find A vV B and
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AAB'_o .o 17 1 1
AVB_[1 1V[0 1]_[1 1]
ane=[ 1|afy =l i

3.0n Z,define @ by(m@n) =m"+n"™; Vm,n € Z. Is Q binaryonZ?

(m®n)=m"+n™; Vm,n € Z.
Consider, m=2,n = —2 € Z.

QQ-2)=272+(-2?=;+4="¢L
Hence @ is not binary on Z.

(i)—p:Jupiter is not a planet.

(ii) p A =q:Jupiter is a planet and India is not an island.
(iii) =p V q:Jupiter is not a planet or India is an island .

(iv) p = —q:If Jupiter is a planet then India is not an island .
(v) p © q:lupiter is a planet if and only if India is an island.

4. Let* be defined on Rby(a * b) = a + b + ab — 7.Is * binary on R? If so, find3 * (— 1—75)

Leta,be R=a,b,abeE R=a+b+ab—7€R
~“(axb)=a+b+ab—-7€R

Hence * is binary onR.

(axb)=a+b+ab—-7

7 7 7 7 21
:>3*(_E):3_E+3(_E)_7:3_E_E_7:_%
5. Fill in the following table so that the binary operation * onA = {a, b, c}is commutative.
* a b c
a b
b c b a
c a c

Since =+ satisfies commutative,b*a=c = a*b =c
bxc=a =c*xb=a ;cxa=a=a*xc=a

* a b c
a b C a
b c b a
c a a c

8. Determine the truth value of each of the following statements.
(i)6 + 2 = 5 then the milk is white.

(ii)China is in Europe orv/3is an integer.

(ii))It i not true that 5+ 5 = 9 or Earth is a planet.

(iv)11is a prime number and all the sides of a rectangle are equal.

)
P q |
F T T
(i)
p q pvgq
F F F
(iid)
—p q pvq
T T T
(iv)
14 q PAQ
T F F

6. Write the statements in words corresponding to —p,p A q,pV qand gV —p, where pis “Itis

cold” and q is “It is raining”.

—p:. Itis not cold.

p AQ: ltiscold and raining.

pV q: ltiscold or raining.

q V —p: ltis raining or it is not cold.

9. Verify whether the following compound proposition is tautology or contradiction or

contingency (p Ag) A—(pVq)
4 q PAg pvqg | —-(pvq) (Ag@A=(pVQ)
T T T T F F
T F F T F F
F T F T F F
F F F F T F

Since the last column contains only F, it is a contradiction.

7. Let p:Jupiter is a planet andg:India is an island be any two simple statement. Give verbal
sentence describing each of the following statements.

D—-p ((D)pA-g ()-pvg (Vp->-qg Wpeg

10. Verify whether the following compound proposition is tautology or contradiction or
contingency ((p Vg A —|p)—|q

p q pVq —p pvaAr-p | (pveAr-p)-q
T T T F F T
T F T F F T
F T T T T T
F F F T F T
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Since the last column contains only T, it is a tautology.

11. Write down the (i)conditional statement (ii)converse statement (iii)inverse statement and
(iv)contrapositive statement for the two statements p and q.

p: The number of primes is infiniteq: Ooty is in kerala

(i)conditional statement( p = q):If the number of primes is infinite then Ooty is in kerala.
(ii)converse statement( q — p):If Ooty is in kerala then the number of primes is infinite.
(iii)Inverse statement (= p = —q):If the number of primes is not infinite then Ooty is not in
kerala.

(iv)contrapositive statement(— q = —p):If Ooty is not in kerala then the number of primes is
not infinite.

(ii) The entries are symmetrically placed with respect to the main diagonal, So the commutative
property is satisfied.

(iii) All the entries in the table are the elements of Zs. So the associative property is satisfied.
(iv)0 € Zs is an identity element

(v)The inverse elements of 0,1,2,3 and 4 are 0,4,3,2 and 1 respectively

5 MARK QUESTIONS

1. Verify the (i) closure property (ii) commutative property (iii) associative property
(iv) existence of identity and (v) existence of inverse for the arithmetic operation + on Z.
(i)vmn€Z= m+n € Z.So the closure property is satisfied .

(ilvmn€Z .= m+n =n+m € Z. So the commutative property is satisfied.

(ii)vmnp€e€Z=m+ (n+p)=(m+n)+p€Z.So the associative property is satisfied.

(iv)0 € Zis an identity element.
(v)Vm € Z = —m € Zis an inverse element.

2. Verify (i)closure property, (ii)commutative property,(iii)associative property,(iv)existence of
identity and (v) existence of inverse for the operationm*sn=m+n—mn;mn € Z
()VmneZ=m=+n=m+n—mn;m,n € Z. So the closure property is satisfied.

(ilivmneZ=m*n=m+n—mn =n+*m € Z. So the commutative property is satisfied.

(iiivmnp €EZ .= mx* (n*p) = (m*n) *p € Z. So the associative property is satisfied.
(iv)e = 0 is an identity element.
(v)For 1 € z,Inverse element does not exists.

4. Verify (i)closure property, (ii)commutative property,(iii)associative property,(iv)existence of
identity and (v) existence of inverse for the operation X, on a subset A = {1,3,4,5,9} of the
subset of remainders {0,1,2,3,4,5,6,7,8,9,10}

A={1,3459}
X11 1 3 4 5 9
1 1 3 4 5 9
3 3 9 1 4 5
4 4 1 5 9 3
5 5 4 9 3 1
9 9 5 3 1 4

(i) All the entries in the table are the elements of A. So the closure property is satisfied.

(ii) The entries are symmetrically placed with respect to the main diagonal, So the commutative
property is satisfied.

(iit) All the entries in the table are the elements of A. So the associative property is satisfied.
(iv)1 € Ais an identity element

(v)The inverse elements of 1,3,4,5 and 9 are 1,4,3,9 and 5 respectively.

3. Verify (i)closure property, (ii)commutative property,(iii)associative property,(iv)existence of
identity and (v) existence of inverse for the operation +5 on Zs. Using the corresponding to
addition modulo 5.

+5 0 1 2 3 4
0 0 1 2 3 4
1 1 2 3 4 0
2 2 3 4 0 1
3 3 4 0 1 2
4 4 0 1 2 3

(i) All the entries in the table are the elements of Zs. So the closure property is satisfied.

. . . b .
5.(i)Define an operation * on Q as follows: a * b = (%), Va,b € Q.Examine the closure,
commutative and associative properties satisfied by * on Q.

(ii) Define an operation * on Q as follows: a x b = (a:—b); Va,b € Q.Examine the existence of
identity and inverse for the operation * on Q
(i)closure:Va,hbeQ=a+b€eQ *xb= (aTHJ
commutative:Va,b € Q. a*xb = (aTer) = (?) =bx*xa€Q.
So the commutative property is satisfied.

) € Q. So the closure property is satisfied.

- 2a+b+
Associative : Va,b,c € Q. a*(b*c) == ; <
(a % b) xCc = a+l;+2c

=ax(bxc)# (axb)*c
So the associative property is not satisfied ..
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(ii)Identity : Identity element does not exists
Inverse: Inverse element does not exists.

1 01 0 01 0 1 1 1 0 1
6.LetA=|0 1 0 1|,B=]|1 0 1 0|, =10 1 1 0| beanythreeBoolean
1 0 0 1 1 0 0 1 1 1 1 1

matrices of the same typé. Find (i)AVB (ii)AAB (iii)(AVB)AC (iv)(AAB)VC

1010 [010 1 1 1 1 1
(i)AVB=0101]V1010]=[1111]
100 1 11 oo 1 1 oo 1
1010 [010 1] [0 0 00
(ii)A/\B=O101]/\[1010]=[0000]
1001 l1 oo 1 1 oo 1

1 1 1 1] [1 1 0 1] [1 1 0 1

(iii)(AVB)/\C=1111/\[0110]=[0110]

1 00 1 1 111 l1 oo 1

0 0 0 0] 1 1 0 11 [1 1 0 1

(iv)(A/\B)VCzOOOOV[O110]=[0110]
100 1 11114 1111

Asociative: Matrix multiplication is always associative
(ii) Closure :

A= O B=() ) eM, xyeR-{0)

X X y y
2 2
AB = ( ey ) €M
2xy 2xy
So the closure property is satisfied.
Identity:
11
E = i i € M is an identity element
2 2
Inverse:
1 A
A1= 41" 41x € M is an inverse element
4x  4x

7.(i))Let M = {(i i) X ER — {0}} and let * be the matrix multiplication. Determine whether

M is closed under *. If so, examine the commutative and associative properties satisfied by * on
M.

X X
(ii) Let M = {(x x) X ER — {0}} and let * be the matrix multiplication. Determine whether M
is closed under *. If so, examine the existence of identity and inverse properties satisfied by * on

M.
(i) Closure :

A= 9B=() V) eM, xyeR~10)

X X vy
AB = <2xy ny) cM
2xy 2xy
So the closure property is satisfied.
Commutative:
_ (X X Yy _
A= (x x),B— (y y) €M,xy€R— {0}
(XY XY\ _ (VX YXN _ (Y Y\ (X X\ _
AB = (xy xy) - (yx yX) - (y y) (x x) = BA.

So the commutative property is satisfied.

8.(i)Let A be Q\{1}. Define*xon Abyx *y = x + y — xy. Is * binary on A?. If so, examine the
commutative and associative properties satisfied by * on A.

(ii)Let A be Q\{1}. Definexon Abyx *y = x + y — xy. Is * binary on A?. If so, examine the
existence of identity and inverse properties satisfied by * on A.

A=Q\{1}. x*xy=x+y—xy.
(i) Closurevx,y e A;x #1, y # 1.
We have to provethatx +y —xy # 1
on contrary consider, x + y — xy = 1.
x+y—xy=1
=x+y—xy—1=0
= x =1,y =1 Contradiction.
Sox+y—xy#+1.
So the closure property is satisfied.
Commutativevx,y € A;x #1, y # 1
X*xy=x+y—xy =y+x—yx =yx*xx
So the commutative property is satisfied.
Asociative:Vx,y,ze A;x #L,y#1,z# 1
x*x(y*z)=x+y+z—xy—yz—zx+xyz =(x*xy)*z
So the associative property is satisfied.
(ii) ClosurevV x,y e A;x # 1, y # 1.
We have to provethatx + y —xy # 1
on contrary consider, x + y — xy = 1.
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x+y—xy=1 =(=pVvgyApV-q) (Commutative law)
z i i)i'_yxi/ I 1Co_nt(:‘adiction. =[-pA(PVaQ)]VigA(pVaq)] (Distributive law)
So x+y—xy# 1. = [(=pAp)V(=pA-q]VI(@AP)V(gA-q)] (Distributive law)
So the closure property is satisfied. = [FV (=p A =q)] V [(q Ap) V F] (Compliment law)
Identity: e = 0 € A is an identity element _ ]

Inverse: x 1 = — ﬁ is an inverse element. =(pA-@Viaap) (Identity la\fv)
9.Construct a truth table for(p V@) A (p V =q).. =@Aq) V(P Aq) (Commutative law)
p q pVgq —q pV g (Vg APV aq) 14..Verify whether the following compound proposition is tautology or contradiction or

T T F F T F contingency.(p —~ q) © (=p - q).
T F T T F F p q P—q —p P —q p~Pep-q
F T T F F F T T T F T T
F F F T T F T Iy F F T F
10. Prove thatp - g =-pVvgq. . F T T T T T
p q P-4 ~q —pVq F F T T F F
T T T F T Since the last column contains both Tand F, itis a contingency
T F F T F 15. Verify whether the following compound proposition is tautology or contradiction or
F T T F T contingency.((p - qQA(qQ— r)) - (p-r)
F F T T T
From the table,p - q=-pVq. p|lq|7|p~>q|q-or | (p>A(@-1) p-r | ((p->PA(qg—-1)-
11.. Prove thatp & g = (p = q) A (g = p). (p->r1)
P q Peq P=q q-p -9 r(@-p) rprir ! T ! r r
T | T |F T F F F T
T T T T T T T | F|T| F T F T T
T F F F T F T | F|F F T F F T
F T F T F F F | T |T T T T T T
7 Iz T T T T F | T |F T F F T T
F | F |T T T T T T
From the table,p & q=(p > q) A(q = p) F |l FI|F T T T T T

12. Using the equivalence property, showthatp & g = (pAq) V (=p A =q)

poeq=@-A@->p) Ccpeg=@E->q9NA(@q-Dp))
=(pVv@eA(~qVp) (“p>q=-pVQq)

Since the last column contains only T, it is a tautology.

16. Show that =«(p Aq) = —p V q
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p q pPAq -(pAq) —-p -q -pV q 20. Show that =(p © q) = p < —q..
r T T F F F F P q | peqg | @eq —q P < q
T F F T F T T T T T F F F
F T F T T F T T F F T T T
F F F T T T T F T F T F T
From the table,~(p Aq) = = p V —q. F F T F T F
17.Show that =(p > q) = p A —q. From the table,—~(p < q) =p © q
p q p—q -(p—>q) -q pA-—q 21. Check whether the statement p = (q — p) is a tautology or a contradiction without using the
T T T F F F truth table.
T F F T T T p-o(@->p)=p-(—qVp)
F T T F F F =-pV(aqVp)
F F T F T F =-pV (pV-q) (Commutative law)
From the table,~(p > q) =p A —q. = (ap Vp)V-q (Associative law)
18. Prove thatq » p = =p » —q =TV -q (Compliment law)
p q q—p -p -q -p—~7q =T
T T T F F T ,
T 7 T 7 T T ~p — (q — p)is a tautology.
F T F T F F 22. Using the truth table check whether the statement—(p V q) V (=p A q)and —p are logically
F F T T T T equivalent..
From the table,q - p = =p - —q p q | pvq | =(pvq | -p —pAq —(pvaVv(apArg)
T T T F F F F
19 Show that p —» q and q — p are not equivalent. T F T F F F F
F T T F T T T
p q P—q q—-p F F F T T F T
T T T T From the table,~(pVq)V(=pAq) = -p
r F F r 23. Prove p = (q = r) = (p A q) — rwithout using truth table.
F T T F
From the table,p > q#q—-p =-pV(aqVvr)
=(apV-aq)Vr (Associative law)
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=-(pAq)Vr (DeMorgan law)

=(AQ) -

24 Prove that - (=g Vr) = —p V (—q V r) using truth table
p|q | r | -q| qvr| po>(aqvr) | -p —p V(=g Vr)
T T T F T T F T
T T F F F F F F
T F T T T T F T
T F F T T T F T
F T T F T T T T
F T F F F T T T
F F T T T T T T
F F F T T T T T

From the table,p » (=qVr) = =pV(=2qVr)p - (=qVr)=-pV(aqVr)

2.Find the area of the region bounded by the line 7x — 5y = 35, x — axis and the lines
x=-—2and x = 3.

y=§[7x—35],x=—2,x=3.

Area A = f; ydx ot L2 38
5
= [ ,5[7x —35] dx Lo a (3,0)4 b
2,0)
3

=2 [E - 35x]

5172 —2 gy IR

1([63
- E{[7 B 105] - [14+ 70]} ©,-7)

63 .
= = sg.units.

9.APPLICATION OF INTEGRATION

5 MARK QUESTIONS

1.Find the area of the region bounded by the line 6x + 5y = 30, x — axis and the lines
x=—-1land x = 3.

2

) . . y?
3.Find the area of the region bounded by the ellipse = + 7= 1

X
a2
b
y=—va*—-x?;x=0,x=a
a

3
y
AreaA=4anydx - \]//0
_ OLE 2 _ .2 ﬂ
=4 Jp Vet —xtdx G o &r Jao
2 a 0,—b) X=a
=ﬂ[£\/a2—x2+a—sin"1(£)] ¢ x=0
a L2 2 a/lg

2
<2\/a2 — a2 + a—Sin_l (2)) —
4b 2 2 a

: | <gm+a;sin‘l (g)) J

= mab sqg.units.

4.Find the area of the region bounded between the parabola y? = 4ax and its latus rectum

y = %(30 —6x),x =—1,x = 3.
) \ y
Area A = dx
fa Y *‘(6,0)
= ff1§(3o — 6x) dx L
2
_l[30 _e2p’ ANED -
S5V T 1 , o
Ax
= 2{[90 — 27] — [-30 - 3]} x=-1
96 . x=3
=< sq.units.

y = 2v/avx,x = 0,x = a.
Area A = 2 foa ydx

=2 [ 2vavxdx
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= 4/a

x%r
:
- wax3{[es] - [7%)

= g x a'/z x a’l2

8a4/2
T3

8a? .
=5 sg.units.

= f:sinxdx—fﬂznsinxdx

= [—cos x]§ — [— cos x]2™

= [—cosm + cos0] — [—cos2m + cosm]
—[+1]-[-1-1]

= 4 sqg.units.

5. Find the area of the region bounded by the y

— axis and the parabolax = 5 — 4y — y?

Equation of y —axisis x =0
0=5-4y—y2=>y2+4y—-5=0
=+5@F-1D=0

=>y=-51

AreaA=ffxdy

= [1.(5 — 4y —y?)dy

_ 41?2 ()3 4(-5)2
= s -5 - s -5-
(-5)3

o
= 36 sg.units.

7. Find the area of the region bounded by x — axis, the curve y = |cos x|, the lines x =

0 and x = .

Area A = fab ydx

= [Zcosxdx + J (— cos x)dx
2
= [sinx]? — [sin x]g
= [sinz — sin O] - [sinn — sin E]
2 2
=(1-0-(0-1)

= 2 sg.units.

8. Find the area of the region bounded between

the parabolas y? = 4x and x? = 4y

6.Find the area of the region bounded by x — axis, the sine curve y = sin x, the lines x =

Oand x = 2w

Above x — axis: y =sinx,x =0,x = m.

Below x — axis:y = sinx,x = m,x = 2m.

Area A = ff ydx + fcd —ydx

y? =4x - (1) :>y=2x1/2

x2

X?=4y=>y=—-(2)

N
(1)=>("T) = 4x = x* = 64x
=>x(x3-64)=0

>x=0x=4
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3 —_—

4
2x°/2 x3
N 4x3
2

0
=@z L] - 0]

_4 _ 64
_3(8) 12

_ 32 64

3 12

16 :
== sq.units.

9. Find the area of the region bounded between

y=x*-(1)

x,x =0
re = {552 - @

Solving equations (1) & (2),
Case (i):
x2=x=2>x(x—-1)=0=>x=0,x=1
x=1=> y=1
Case (ii):
’=—x=2>x(x+1)=0=>x=0,x=-1
x==-1=>y=1
Area A = f;(yu — y.)dx

= fol(x — x?)dx

-3
-[r-4]- o
=§ sg.units.

e e et T
AreaA:f:(}’u—)’L)dx=f04(2x1/2— - y=sinx,%£x£%ﬂ
x2 ' .
T)dx | y=cosx,%§x§f y’

51

= fg(sinx — cos x)dx
4

= [— cos x — sin x]

SENE

51 . b5 T . T
= [— COS— — sm—] - [— COS— — sm—]
4 4 4 4

- FeBEEA- 23

= 2v/2 sq.units.

+

10. Find the area of the region bounded by y = cosx and y = sinx, the lines x = %and

51
X =—
4

Required area is covered by:

X = h. Find the area of the smaller region.

11.The region enclosed by the circle x? + y2 = a? is divided into two segments by the line

x2+y%2=a%=y=+Va?—x?
x=hx=a.

b
AreaA=2fa ydx

= 2 [ Ve~ dx

2 _42 2
=2 [—x T 4 sint (f)]
2 2 al iy

o 9] o

= a’sin~! (3) —hWaz — hZ — a%sin~! (g)

a

- ot (£) - =T - s ()
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= a? (E —sin~t (E)) — hva? — h?
2 a
= a®cos™! (%) — hva? — h? sq.units.

12. Find the area of the region in the first quadrant bounded by the parabola y? = 4x, the line

x +y =3 andy — axis.

x+y=3=>x=3-y
yi=4x=>y*=4B-y)
=>y2+4y—-12=0
=>@y-2(+6)=0
>y=2,y=-6

y — intercept of x +y = 3 is 3.
b d
Area A = [ xdy + [ xdy

2
L dy + [, (3 - y)dy

>y=-5

y=-5= x=5—-4=1.
=(1,-5)

x — intercept of 5x — 2y = 15is 3.

Point of intersection

x —interceptof x+y+4=0is—4

—X,)dy

- 1 (- )y

—f (2y+15+5y+20) dy
f_ (7y+35)

e,

Area A = f;(XR

=2(0) - (£ -175)

_ 1( 175)
T s 2

35 .
= - sq.units.

13.Find, by integration, the area of the region bounded by the lines 5x — 2y = 15, x + y + 4 =
0 and the x — axis.

14.Using integration, find the area of the region
and Care (—1,1),(3,2) and (0,5) respectively

bounded by triangle ABC, whose vertices A,B

S5x — 2y = 15 = x = 22312

- (1)
xX+y+4=0=2x=-y—4-(2)
Solving equations (1) & (2),

2y+15

=2y +15=-5y—-20
= 7y =-35

A(—1,1),B(3,2),€(0,5)

Equation of AB: 2204 = X781 , Y71 _
Y2—Y1 Xo—X1 2—-1

xt+1

3+1

>y = %(x +5)

' 5 _x0 - _
Equation of BC i D A 5
y-1 _ xii
Equation of AC:— el A 4x + 5

Area of AABC = Area of DACO +

Page 73
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15 .
=~ sq.units.

15. Using integration, find the area of the region bounded by x — axis, the tangent and normal

to the circle x? + y? = 4 drawn at (1,\/§).

Equation of tangent xx; +yy; =4 =>x +

V3y =14
= x=4—+/3y

Equation of normal :V3x —y + k=0 =
V3-V3+k=0=2k=0

Equation of normal is V3x —y = 0

=y =13x
Y

Required area is bounded by
y=V3x,x+V3y=4y=0,y=+3

Area A = f;(XR —X,)dy

= ((4 —3y) - %y) dy

SRS eSS SRS
Area of OCBE — Area of DABE \/_yz 1 y27V3
0 3 - [4}1 AT V3 21,
= f_1(4x + 5)dx + fo (—=x + 5)dx —
3 b7 _ 33 3
%f—1(x +5)dx }("(0,5) = (4\/§ -~ ﬁ) —(0)
2 0 2 3 _ 24-9-3
oo o[ o] 3
2 B 2 ’ 12
3 1
%[xz_z + Sx] 1 > BG2 2v3
A(-1,1 _ .
=[(0) - 2-9)]+[(-2+15) - (0] - e r 2V3 sq.units.
1 [(2 + 15) _ (1 _ 5)] D |0 I 16..Find the area of the region bounded by the line 3x —2y + 6 = 0,x = —3.x = 1 and x —
b z ‘ axis .

3x—2y+6 =0y =-(3x +6)

x and y intercepts are — 2,3 respectively.

Area A = f; —ydx + fbcydx Y

—21 11
=~ [, ;Bx+6)dx+ [,-(3x + 6)dx
1

-2 y=]

Z_12)-(Z-18)]+ i —'
--3f(E-10)- (- 10) A

2 -2 2
=—l[3i+6x] +1[3i+6x]
21 2 3 212

o))

)

-9+

15 .
= sg.units.
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17. Find the area of the region bounded by the line2x —y+1=0,y=—-1.y =3 and y —
axis .
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Area A = fab —xdy + fbc xdy

= —[s = Ddy + [, 2y — Ddy

= (- +;
=1+1

= 2 sq.units.

e e et T
2x—y+1=0>x=2(y—1) [£_£_243
2 y 3 2 2
x and y intercepts are — % 1 3 _26_ 9,11
. T3 2 6
respectively.
= 15 sq.units.

— X

19. Find the area of the region bounded by the line y = 2x + 5 and the parabola y = x? — 2x.

—3and x = 3.

18. Find the area of the region bounded by the curve 2 + x — x? + y=0,x—axis,x =

24x—x+y=0=>y=x2—-x—2
y=x?—-x—-2=2>y=(x+1(x-2)
x intercepts are —1,2.

y interceptis —2 .

b c d
AreaA = [ ydx + [ —ydx + [ ydx
_ (1.2
= [, (% —x—2)dx -

fgﬁ—x—zwx+ﬁ@2—x—mm:

x3  x? -1 x3  x? 2
=[————2x] —[————Zx +
3 2 -3 3 2 -1

b IV

y=2x+5-(1)

y =x%2—2x - (2)

Solving equations (1) & (2),
x?—2x=2x+5=>x*—-4x-5=0
=>x+1)x-5)=0

=>x=-15 g

b
Area A = fa (yy —yL)dx

= [2[(2x +5) - (x* - 220)]dx
v f_51(5 + 4x — x*)dx

ax?  x31°

= 36 sg.units.

20.Find the area of the region bounded between the curves y = sinx and y = cos x and

the lines x = 0 and x = .

y =sinx - (1)
y =cosx — (2)
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Solving equations (1) & (2),

- V3
sinx = cosx = x =
b
Area A= [ (yy —y)dx + fbc()’u — yu)dx

= foz(cosx — sinx)dx + fr (sinx — cos x)dx
4

77.'

= [sinx + cos x]g + [— cos x — sin x|z
4

-[G+a)-04olsfa-0- (-3

2
—\/—7—1+1+E

=2 ++2
= 2v/2 sq.units.

)

21. Find the area of the region bounded by y = tanx, y = cotx and between the linesx = 0

s
and x = —,
2

y = tanx - (1)
y =cotx - (2)
Solving equations (1) & (2),

tanx = cotx = x =~
b c
Area A= [ ydx+ [ ydx

b3 s
= [ tanxdx + [ cotx dx
4
VA T

= [log sec x]g + [log sin x]g
4

= log secg — logsecO0 + log sing — log sin%
1

—log\/i—0+0—logﬁ

= log(\/ix \/E)

= log2 sq.units.

o
[}

tan x

y=cotx

s
22. Find the area of the region bounded by the parabola y? = x and the liney = x — 2.
x=y" = (1)
x=y+2-(2)

Solving equations (1) & (2),

yi=y+22y*—-y-2=0=>@W+DHy-2)=0
=>y=-1.2

Area A = f:(XR —X,)dy

= 2 +2-yDdy

23.Father of a family wishes to divide his square field bounded by x = 0,x =4,y =4 and y =
0 along the curves y? = 4x and x? = 4y into three equal parts for his wife, daughter and son. Is

it possible to divide? If so, find the area to be divided among them?

2
Area A, = f: ydx = f:%dx

1 [x31%
=: 151,

1
=35 (64 —0)
= % sg.units.

b
Area A, = fa Yy —yu)dx

= f04 (2x1/2 - X;) dx
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-(5-9)-0
= 1?6 sg.units.

Area A; = f;xdy fo —dy

PN
4[3]0
=2 (64-0)
T 12
= % sg.units.

i . . .16
Yes, it is possible to divide among them and the area is ey

sg.units.

= [JT(2x = 3) = ((x — 2)* + D]dx
= f24(2x—3—x2 +4x — 4 — 1)dx
= f4(6x —x? —8)dx

= 5 Sq.units.

25.Find the area common to the circle x2 + y? = 16 and the parabola y? = 6x.

24.The curve y = (x — 2)? + 1 has a minimum point at P. The point Q on the curve is such that
the slope of PQ is 2. Find the area bounded by the curve and the chord PQ.
y=(x—-2)+1> (x—-2)2=(y—1), isaparabola.
= vertex = (2,1)

slope of PQ =2

S>y=mx+c

>y=2x+c

Since it passing through (2,1)
1=212)+c=>c=-3

So y=2x—-3-(1)

y=(x-2)+1-()

Solving equations (1) & (2),

(x—2)2+1=2x-3

>x>—-6x+8=0

>5@x-2)(x-4)=0

= x = 24.

b
Area A= [ (yy —y,)dx

x2+y?=16-> (1)

y? = 6x - (2)

Solving equations (1) and (2),
x2+6x=16=>x*+6x—16=0
>x—-2)(x+8)=0

= x = 2 is a solution
x2+yt=16=>y =42 —x2
y2=6x >y =6x"2

Area A=2[f:ydx+fbcydx]
IRCE V)
=2|f, Vox/zdx + [, V4% —x dx]

-z[[f RN U ]]

3/2

e [ (0+16sin72(1)) -
=—[(2v2) - (0] +3 (zm + 16sin~? G))

S don_ o 7y Lon
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=£+8 -

_ 2V4x3 4 lom

3 3

:4\/_+

= 5(4n + \/§) Sq.units.

x-axis, ordinates x = 0 and x = 1 about x-axis

26.Find the volume of a sphere of radius a.

x2+y2=a?=y?=q?—x2

xX=—-ax=a

74 2
b 2 87
volumeV = [ 'my?dx s

= nf_aa(a2 —x?)dx 4Y
=27 foa(a2 — x2)dx \\L

> x
x31¢
=21 [azx——] x=-a x=a
31o
= 2n(a3 —a—3)
3
4
= -ma’
3

y=x%x=0, x=1
volumeV = f: my2dx
= ﬂfol(xz)zdx
= nfol x*dx
x51
o]
_ V1

Se—

x—10)

x2 y2
= + N 1, a > b about the major axis

5
29.Find the volume of the solid formed by revolving the region bounded by the ellipse

27. Find the volume of a right-circular cone of base radius r and height h

y=£x,x=0,x=h
volumeV = f: wy?dx
2
= nfoh (%x) dx

r2 x3]h
h2 L3 0

w50l

= lor2p
3

2
—+——1rfy =;(a —x?)
X=—-ax=a

volumeV = f: wy?dx
= nf_aaZ—z(az — x2)dx
= ZnZ—sza(a2 — x?)dx

b? x
=2m— [azx — —]
a 31p

28. Find the volume of the solid formed by revolving the region bounded by the parabola y = x?2,
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