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Std - 12 APPLICATION OF MATRICES AND DETERMINANTS

Sun Juition Center - 9629216361

CHAPTER 1
formula

THEOREM 1.1 For every square matrix A of order n, A(adj A) =(adj A)A=|A] In
THEOREM 1.2 If a square matrix has an inverse, then it is unique.
THEOREM 1.3 Let A be square matrix of order n. Then A? exists if and only if A is non —singular.

THEOREM 1.4 If Aiis non - singular, then

(i) A = ﬁ (i) (A= (AT (i) (AA)T =% A, where 1is a non zero scalar.
THEOREM 1.5 (Left cancellation law)

Let A, B and C be square matrices of order n. If Ais a non - singular and AB = AC, then B=C.
THEOREM 1.6 (Right cancellation law)

Let A, B and C be square matrices of order n. If Ais non —singular and BA = CA, then B=C.

THEOREM 1.7 (Reversal law for inverse)

If A and B are non — singular matrices of the same order, then the product AB is also non- singular
and (AB)1=B1A?

THEOREM 1.8 (Law of double inverse)
If A'is non —singular, then A is also non —singular and (A1)1= A

THEOREM 1.9 If Ais a non - singular square matrix of order n, then

() (adjAyt  =adj(a?) =ﬁA

(ii) ladj Al = | Al

(i)  adj(adjA) =|A|™2A

(iv) (adjAA) =A™t adj(A) where A is a non - zero scalar
(v)  ladj(adjA)| = 4|’

(vi) (adj A)T = adj( A")

THEOREM 1.10 If Aand B are any two non —singular square matrices of order n, then
adj(AB) = adj(B) adj ( A)

Adjoint adjA = [Aj]"

Inverse Al =ﬁ adj A ; where |A] #0
. 1 . . 1 -
(i) A‘1=im(adj A) (1|)A‘1=imadj (adj A)
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A matrix A is orthogonal AAT=ATA = |
A matrix A is a orthogonal if and only if A is a non — singular and A= AT

Methods to solve the system of linear equations AX =B

(i) Matrix inversion method : X=A'B, |A| =0

(i) Cramer’s rule: X=%,y = %,Z=% ,A#0

(iii) Gaussian elimination method

(iv) Rank method
p(A) = p(A,B) =3 Consistent One solution
p(A) = p(A,B) <3 Consistent Many solution
p(A) #+ p(A,B) Inconsistent No solution

The homogenous system of linear equation AX=0

(i) Has a trivial solution | A| #0
(ii) Has a non - trivial solution, | A| =0
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CHAPTER 2
COMPLEX NUMBERS

PROPERTY 1 (The commutative property under addition)
For all complex numbers z; and z;, prove thatz: + z2 =22+ 71
PROPERTY 2 (Inverse property under multiplication)

The multiplicative inverse of a nonzero complex number z = x + iy, is
x .y

|
x2+y2 x2+y2

PROPERTY 3 For all two complex numbers z; and z,, prove that z; + z, =z; +Z,
PROPERTY4 Z{.Z,=Z; .Z, wherexi,x; ,yiandy ER

PROPERTY 5 Zis purely imaginaryif andonlyifz=-z

PROPERTY 6 (Triangle inequality)

For any two complex number z; and z;, prove that | z1+z2| £ | za| + | 22|

PROPERTY 7

For any complex number z; and zz, prove that | z1z2] = | 1| | 2]
PROPERTY 8

Ifz=r(cos@ +isinB),thenz’= %(cos@—isin 6)

PROPERTY 9

Ifzz=ri(cosBi1+isinB:)and zz=rz(cos B, +isin 2 ) then
212, = rir2 ( cos (B1+ 63) + i sin (61 + 62))

PROPERTY 10

Ifzz=ri(cos@i+isinB:)and zz=r(cos B, +isin ) then

Zy T
— =—{(cos (61-6,) +isin (01 -62))
Z, T3

PROPERTIES OF COMPLEX CONJUCATES

Ifz=x+iythenz=x—-iy

(1) z1+2, = Z1+7,
2) 21—z, = 71-2,
(3) z1z, = Zy .75

z Zq
W (2) = Zimeo

Z2 Z2

Z+ 7z

(5) Re(z) = 5
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z—Zz
(6) Im(z) = ——
7) @ = @
(8) Ifzisrealthenz=72
(9) If2|s purely imaginary if z=-Z
(

10)

PROPERTIES OF MODULUS OF A COMPLEX NUMBER

(1) |z] =17|
(2) | z1+ zz| S |21 | + |22 ]
(3) | 2125 | = |z 22]
(4) |Zl—Zz|2| [z1] - 122 |
(5) |2 = 2l
Z2 |Z2|
(6) 12" = |z|"
(7) Re(z) < | z|

(8) Im(z) < |z|

+ . b —
SQUARE ROOT : Va + ib =i< /'ZIZ a4 i |Z|2 a)

POLARFORM :z=r (cos @ +isin 8)

GENERAL RULE FOR DETERMINING ARGUMENT:

Page4

SECOND QUADRANT FIRST QUADRANT
sin @ + ive O=m—a 0=« Sin 6 +ive
Cos 6 —ive Cos @ + ive
Sin @ -ive 0= —-n+a 0= —a Sin @ -ive
Cos 0 —ive Cos 0 +ive
THIRD QUADRANT FOURTH QUADRANT

th roots of complex numbers:

O0+2km ;
zV/n = i (cos( - ) +isin

(9+2kn
n

)) k=0,1,23,.
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CHAPTER 3
THEORY OF EQUATIONS

Vieta’s formula for polynomial equations of degree 2 = x*+ (@ + B) x+ aff = 0.
Vieta’s formula for polynomial equations of degree 3

= xX—(a+B+y)x*+(af + By +ya)x-aBfy=0.
Vieta’s formula for polynomial equations of degree n >3

ra =a+f+ty+6

Yaf =af+ay+ad+ By +L5+y6

Yafy = afy+aBd+ayd+ pyd

Rapys = apys
THE FUNDAMENTAL THEOREM OF ALGEBRA:
A polynomial of degree n > 1 has at least one root in C.

COMPLEX CONJUCATE ROOT THEOREM:

Imaginary (non - real complex) roots occur as conjugate pairs, if the coefficients of the polynomial
are real

RATIONAL ROOT THEOREM:

e letanX"+..+a1x+ap=0with a, #0 and ap # 0 be a polynomial with integer coefficients.
e If p/q, with (p, q) = 1, is a root of the polynomial, then p is a factor of ap and q is a factor of a,
e Methods to solve some special types of polynomial equations like polynomials having only

even powers , partly factored polynomials , polynomials with sum of the coefficients is zero,
reciprocal equations.

DESCARTES RULE:

If p is the number of positive roots of a polynomial P(x) and s is the number of sign changes
in coefficients of P(x), then s p — is a nonnegative even integer.
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CHAPTER 4
INVERSE TRIGONOMETRIC FUNCTIONS

PROPERTY 1
(i) sin™® (sin 6) =0, ifg € [—g,%]
(ii) cos™ (cos 6) =0, ifoe [-0,m]
(i)  tani(tan@) =6, OE (— % %)
T
(iv) cosec™ (cosec9) =0, if @ € [-— > E] \{0}
(v)  secl(secd) =8, ifoe [—0,7]\ {g
(vi) cot™ (cot 8) =0, ifoe (-0, m)
PROPERTY 2
(i) sin(sin™ x) =x, ifxe [—1,1]
(ii) cos (cos™ x) =%, ifxe [-1,1]
(iii) tan(tan™ x) =X, ifxe R
(iv) cosec(cosect x) =x, ifxe R\ (-1,1)
(v) sec(sect x) =X, ifxe R\(-1,1)
(vi) cot(cot™ x) =x, ifx€e R

PROPERTY 3 (RECIPROCAL INVERSE IDENTITIES)

(i) sinl(%) = cosecx, ifx€ R\(-1,1)

(ii) cos’l(%) = secx, ifxe R\ (-1,1)

1 cot™1x Jifx >0
(iii) tant{—) = { -1 :
x —m+ cot™x ,if x <0

PROPERTY 4 (REFLECTION IDENTITIES)

(i) sin? (—x) = -sin?x, ifxe [—1,1]

(ii) tan® (—x) = -tan?x, ifxe R

(iii) cosec }(—x)=-cosec*x, if|x|=21lor x€ R\(-1,1)
(iv) cos’(—x) =m-costx, ifxe[-1,1]

(v) cot’(—x) =m-cotlx, ifxe R

(vi) sec’}(—x) =m-sec?x, if|x|]=1orx€ R\(-1,1)
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PROPERTY 5 ( CO FUNCTION INVERSE IDENTITIES)

(i) sintx +cos 1x :%, XE[-1,1]

(ii) tan'x +cot 'x =§ , ifxe R

i cosec'x +sectx ==, if|x|=1lorx€ -1,

(iii) : Tx =2, ifIx] 21 R\(-1,1)
PROPERTY 6

(i) sinlx + sin"ty = sin‘l( xy1—y2 +yV1 — x2 ) , where either x2 +y?<1orxy<0

(ii) sin"lx — sin"ly = sin‘l( X1 —y% —yV1 —x2 ), where either x> + y*< 1 or xy >0
1

(iii) cos™lx+ cos™ty = cos” (xy—\/l—xz\/l—yz),ifx+y20

(iv) cos™lx— cos7ly= cos‘l(xy +V1—x21—y2 ) Jifx<y

(v) tan"lx + tanty = tan™?! (f:rxj;) Lifxy<1

; -1, _ -1, — e AR g
(vi) tan” " x — tan”" y = tan (1+x),|fxy> 1

<

PROPERTY 7

- 2x
(i) 2tan~'x = tan~ ! , x| <1
1-x2

_1 (1-x?
(ii) 2tan™'x = C€OS 1( ), x20

i — 2
(iii) 2tan™'x = Sin 1(1+x2)' x| €1

PROPERTY 8
P ) _ — 2 1 1 1
(i) sin (2xV1—x2)—25Ln x ,Lf|x|S\/—EOT‘—\/—ESXS—2
(ii) sin™1(2xV1 —x2 ) = 2cos™'x , if \/% <x <1
PROPERTY 9
(i) sinlx = cos™W1—x2, if0 <x <1
(ii) sin"lx = —cos™W1—x2, if—-1<x<0
(i)  sinlx = tan~! (¢1i7) . if-l<x<1
(iv) cos™x = sin"W1—x2, if0 <x <1
(v) coslx =m—sin"W1—-x2, if—1<x<0
. -1 _ =1 X _ -1 X .
(vi) tan”"x = sin (W) = cos (W),|fx>0
PROPERTY 10
(i) 3sin~'x =sin"1(3x—4x%), «x € [—%,%]
(ii) 3cos™'x = cos™'(4x®—3x), «x € E 1
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CHAPTER 5

TWO DIMENSIONAL ANALYTICAL GEOMETRY

THEOREM 1

The circle passing through the points of intersection of the line Ix + my + n = 0 and the circle
X2+ y2 + 2gx + 2fy + ¢ = 0 the circle of the form x2 + y2+ 2gx + 2fy + c +A (Ix + my + n) =0, A € R?

THEOREM 2

The equation of a circle with (x1, y1) and ( x2, y2) as extremities of one of the diameters of
the circle is (x = x1)( X —x2) + (y—y1) (y—y2) =0

THEOREM 3

The position of a point P( x1, y1) with respect to a given circle x> + y?> + 2gx + 2fy + c=0in
the plane containing the circle is outside or on or inside the circle according as

>0, or
X12+y12+2gx1+2fya+cis {=0, or
<0,

THEOREM 4 From any point outside the circle x? + y 2 = a2 two tangent can be drawn.

THEOREM 5 The sum of the focal distances of any points on the ellipse is equal to length of the
major axis.

THEOREM 6 Three normal can be drawn to a parabola y? = 4ax from a given point, one of which is
always real.

TANGENT AND NORMAL

CURVE EQUATION EQUATION OF EQUATION OF NORMAL
TANGENT
CIRCLE X% +y? = a? (i) Cartesian form (i) Cartesian form
XXy +yy1=a 2 Xy1—yx: =0
(i) parametric form (i) parametric from
x cosB +ysinB=a xsin@—-ycosB=0
PARABOLA y? = 4ax (i) yy1=2a (X + x1) (i) xy1 + 2y = 2ay1+ X1y1
(i) yt = x + at? (ii) y+ xt = at>+ 2at
ELLIPSE 2 ovE g XX Y . a‘x bZy
;‘Fﬁ—l (I)a2+b2 1 (I)x_1 I— 2 —p?
(222 PO =g |y @ Y 2
b cos@ sin@
2 2 N XX1 YY1 . a? b?
HYPERBOLA x_z_y_2=1 (,)?_b_z_l (|)¥+—y=a2+b2
a b 1 Y1
(“) xsecH . ytanf —1 . ax by 5
b (“) sec@ T tang a®+b
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CONDITION FOR THE SINE y = mx + ¢ TO BE A TANGENT TO THE CONICS

CONIC EQUATION CONDITION TO BE | POINT OF CONTACT EQUATION OF TANGENT
TANGENT
CIRCLE X2 +y?=a? c2=a*l+m?) ( Fam +a ) y=mx + [1+ m2
VIitmZ N1+ m?
2 _ a a
PARABOLA |  Y?=4ax ] (i 2_“) y=mx+ —
m mz ! m m
ELLIPSE x? y? c? = a*m?* + b? —a*m b? = mx +-Ja2m2 + b2
—t—=1 — y T
a?  b? c c
2 2 — 2 2
HYPERBOLA | % y* c? = a*m? — b? —-a m,—b y =mx ++a?m? — b2
a? b2 c c
PARAMETRIC FORMS
CONIC PARAMETRIC PARAMETER RANGE OF ANY POINT ON THE CONIC
EQUATIONS PARAMETER
CIRCLE X=acos 0 0 0<6<2n ‘B’ or(acos, bsinB)
y=asin®
PARABOLA X = at? t —0 <t < © “t‘or(at?, 2at)
y = 2at
ELLIPSE X=acos0 0 0<6<2n ‘B‘or(acosB,bsinb)
y=bsinB
HYPERBOLA X=asecH 0 nm<0<n ‘D‘or(asec8, btan6)
y=btan© Except6=i§
PARABOLA
EQUATION VERTICES FOCUS AXIS OF EQUATION OF LENGTH OF
SYMMETRY DIRECTRIX LATUS
RECTUM
(y=k)*=4a(x-h) (h, k) (h+a,0+k) y=k x=h-a 43
(y—k)*=-4a(x=h) (h, k) (h—a,0+k) y=k x=h+a 43
(x—h )?=4a(y — k) (h, k) (0+h,a+k) x=h y=k-a 4a
(x—h)? =-4a(y — k) (h, k) (0 +h, -a +k) x=h y=k+a 4a

Kindly send me your district question papers to our whatsapp number: 7358965593




www.Padasalai.Net www.CBSEtips.in

Page 10

PARAMETRIC FORMS
Identifying the conic from the general equation of conic
Ax?>+Bxy +Cy?+Dx+Ey+F=0

The graph of the second degree equation is one of a circle, parabola, an ellipse, a hyperbola, a point,
an empty set, a single line or a pair of lines. When,

1)A=C=1,B=0,D=-2h, E=-2k, F=h?+k?-r? the general equation reduces to
(x—=h)?2+ (y—h)>*=r?, which is a circle .

2) B =0 and either A or C =0, the general equation yields a parabola under study, at this level
3) A# Cand A and C are of the same sign the general equation yields an ellipse.

4) A # Cand A and C are of the opposite signs the general equation yields a hyperbola

ELLIPSE
EQUATION CENTRE MAJOR AXIS VERTICES FOCI
(x — h)? (y—k)z_ (h,Kk) Parallel to the (h—a,k) (h—c, k)
a2 + b2 =1 X - axis (h+a,k) (h+c,k)

a’>b?

a) Major axis parallel to the
x — axis foci are c units right
and c units left of centre,
where ¢ = a2 —b?

(x—h)? (y—k)? (h, k) Parallel to the (h,k—a) (h,k—-c)
b2 + a2 =1 y - axis (h,k+a) (h,k+c)
a?>b?

a) Major axis parallel to the
y — axis foci are c units right
and c units left of centre,

where c2=a?-b?
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HYPERBOLA

a) Transverse axis parallel to the x — axis

a) Transverse axis parallel to the x- axis
The equation of a hyperbola with centre C
(h, k) and transverse axis parallel to the x- axis is

2 172
given by—(xag) - —(ybf) = 1.

The coordinates of the vertices are A(h+a, k) and
A’(h—a, k) . the coordinates of the foci are
S(h+c,k)and S'( h—c, k) where c? = a + b?

The equations of directrices are x = i%

b) Transverse axis parallel to the y — axis

b) Transverse axis parallel to the y- axis
The equation of a hyperbola with centre C
(h, k) and transverse axis parallel to the y- axis is

12 Y
given by%— %= 1.

The coordinates of the vertices are A(h, k+a) and
A’(h, k - a) . the coordinates of the foci are
S( h, k+c) and S’( h, k-c) where c? = a® + b?
The equations of directrices are y = ig
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CHAPTER 6
VECTOR ALGEBRA
THEOREM 1

Ifd = a;i+ a,j+ ask ,b= byi+ byj+ b3k ,é= c;i+ cof + c3k,then

. a; a; as
(& X b) .C=|by by bs
1 C; C3

THEOREM 2

For any three vectors d, b and ¢, (@ xb).¢ = d.(b X ¢) thescalar triple product of
three non — zero vectors is zero if and only if the three vectors are coplanar.

THEOREM 3

The position of a point P ( x1, y1) with respect to a given circles x* + y? + 2gx + 2fy + c = 0'in
the plane containing the circle is outside or on or inside the circle according as

>0, or
X2 +yi? +2gx1 + 2fya+cis{=0, or
<0

THEOREM 4

The scalar triple product of three non — zero vectors is zero, if and only if the three vector
are coplanar

THEOREM 5

Three vector @, b ,C arecoplanar if and only if, there exist scalarsr, s, t € R such that at

least one of them is non —zeroand rd + sh + té = 0

THEOREM 6

Ifd,b,¢ and B,d,7 are two system of three vectors, and if = x,d + y,b + 2,¢ ,

X Yoz
G = x2d+y,b+2,0 and ¥ =x3d +ysb+2z3¢ ,then[B,q.71=|x; ¥; Z||d b,c]
X3 Y3 Z3

THEOREM 7

The vector triple product satisfies the following properties:
@ +a)x(bxé)=a;x(bxé)+ax(bx§é),
(@) x (bx &) =2(ax(bx2)),1eR

a x((b_1)+b_2))><8) =dx (b x&) +dx (b, x¢),

&x((AB)xE):A(&x(BXE)),AE]R
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d ><(Ex(c—1’+c-2’)):d><(l3><c—1’)+dx(5xc—2’),
&X(EX(AE)) =A(@x(bxc)),1eR
THEOREM 8
Three vectors @, b, ¢ we have @ x (l-; X 5) =(a E)E - (& ) 5)5
THEOREM 9 (JACOBI’S IDENTITY)
For any three vectors @, b, ¢ we have @ X (75 X C) + bx(@xad)+¢x (d@x E) =0
THEOREM 10 (LAGRANGE’S IDENTITY)

QU

For any four vectors &, b, ¢, d we have (d@x B) (¢ cf) =

[SyURSY
QA oy
S

THEOREM 11

The vector equation of a straight line passing through a fixed point with position vector a
and parallel to a given vector b is # = @ + th, wheret € R

THEOREM 12

The parametric form of of vector equation of a line passing through two given points vector
are d@ and b respectively is # = d + t(E —d),wheret € R

Two lines are said to be a coplanar if their lie in the same plane.
Two lines in space are called skew lines if they are not parallel and do not intersect

THEOREM 13

The shortest distance between the two parallel lines # = d + sb and # = & + tb is given by

) =—|(C_|§?Xb] where |B| =0
THEOREM 14:

The shortest distance between the two skew lines # = @ + sb and 7 = ¢ + td is given by

_|@-a)x(bxd)|

5 el where|5><c7| #0

THEOREM 15

The equation of the plane at a distance p from the origin and perpendicular to the unit
normal vector d is7.d = p

THEOREM 16

The general equation ax + by + cz + d = 0 of first degree in x, y, z represents a plane.

Page 1 3
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THEOREM 17

If three non — collinear points with position vectors @, E, ¢ are given, then the vector
equation of the plane passing through the given points in parametric formis# = d + s(l—; — &) +
t(E—d’),whereE +0,6#0ands,teR
THEOREM 18

The acute angle 8 between the two plans 7.7y = p; and 7.1, = p, is given by 6 =

-1 (ln_{-Tzl)
cos | ——

[nqlin;|
THEOREM 19

The acute angle 6 between the two planes aix + byy + ciz+ dy =0 and axx + bay + oz +d, =0

-1 |a1a2+b1ba4C16,|

is given by 8 = cos
Ja12+b12+c12Ja22+b22+c22

THEOREM 20

The perpendicular distance from a point with position vector i to the plane 7.7 = p is given
by § = Iu-ﬁ—pl
7l

THEOREM 21

The distance between two parallel planesax+ by +cz+di=0andax+by+cz+d>,=0 is
|dsi—d,|
VaZ+bZ+c?

THEOREM 22

given by

The vector equation of a plane which passes through the line of intersection of the planes
7.ny =dy and 7.1, = d, isgiven by (F.ny — d;) + A(¥.n; —d,) = O where X €R

THEOREM 23

The position vector of the point of intersection of the straight line7 = a + tb and the plane

F.u=pisd+ (p_g'n)), provided b.7 #0

The shortest distance between the two skew lines is the length of the line segment perpendicular to
both the skew lines.

A straight line which is perpendicular to a plane is called a normal to the plane.
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PROPERTIES OF SCALAR AND VECTOR PRODUCTS

SCALAR PRODUCT

VECTOR PRODUCT

a.b = |&||E|cos 9

dxb= |&||E|sin9ﬁ

ab=0
i. dis zero vector
-
b any other vector

ii. b is zero vector
-
a any other vector

i. dandb are perpendicular

iii. d and b are parallel

Axb=0
i. diszero vector
b any other vector
ii. b is zero vector
d any other vector

—

d.&=a2 axXa=

li=jj=kk=1 IxT=]x]=kxk=0
Lj=]k=ki=0 IxXJ=kjxk=tkxi=]

G =a, i+ ay] +ask 4 =a,i+a,j +ask

b = byl + byJ + bk b = b7+ byj + bsk

d.b = (a,by + ayb, + ashs) . T ] k

axb=la; a ag

by b, b

A straight will lie on a plane of every point on the line, lie in the plane and the normal to the

plane is perpendicular to the line .
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CHAPTER 7

APPLICATION OF DIFFERENTIAL CALCULUS

DIFFERENTIAL CALCULUS BASIC FORMULAS

d
E[C] =0 a[secx] = sec xtanx
d 1
- nl — n—-1 — —
ax [x™] = nx Tx [logx] .
d
a[uv] =uv' +vu a[ex] =e*
d ! _ f £ d 1
— [E] _uw Zuv —[sin™1x] = ——
dx v v dx N
d -1
— [sinx] = cosx —[cos™1x] = —
X d V1 — x2
d d -1
—[cosx] = —sinx —[cosec™! x] = ——
dx d xV1 — x2
d d 1
a[tan x] = sec?x = [sec™1x] = —
xVx2z —
d d 1
- - _ 2 Ll 1.1 —
Ix [cotx] cosec*x 7 [tan™t x] T2
VELOCITY & ACCELERATION

If distance x = f(t)

; - dx . _dv _ o, d?x
Velocity v = f'(t) or o acceleration a = " =f’(t) or 17

(i} Initial velocity means velocity att=0

(i) Initial acceleration means accelerationatt=0

(iii) If the motion is upward, at the maximum height the velocity is zero.
(iv) If the motion is horizontal v = 0 when the particle cones to rest.

TANGENT y—vy1 =m ( x—Xq)

NORMAL y—y1=%(x—xl)

If the two curves are parallel at (x1, y1) then mi =m>

If the two curves are perpendicular at (x1, y1) , then mim; =-1

ANGLE BETWEEN TWO CURVES

m; +m,
tang =

1+ mim,

ROLLE’S THEOREM

Let f(x) be continuous on a closed interval [a, b] and differentiable on the open interval
(a, b) let f(a) = f(b) , then there is at least one point c € ( a, b) where f'(c) =0
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LAGRANGE’S MEAN VALUE THEOREM

Let f(x) be continuous in a closed interval [a, b] and differentiable on the open interval

(a, b) let f(a) = f(b), then there exist at least one point c € ( a, b) where f'(c) =

TAYLOR THEOREM

£0) = fl@) + 52

MACLAURIN’S THEOREM

fG)=£(0)+

WORKING RULES

7' (a)

n!

T x—a)+ et

f'(0)
1!

f"(0)

nl

(x) -+ vor

_S)—f(@

b—a

(x—a)™ + -

()™ + -

CRITICAL NUMBERS

STATIONARY POINT

INCREASING & DECREASING

If f(x) given
(i) Find f'(x)
(ii) Solve f’(x) =0 and get
critical number (CN)
( If degree of f(x)isn .
there are n — 1 critical
numbers are possible)

If f(x) given

(i) Find f'(x)

(ii) Solve f'(x) =0 and get
C.N

(iii) Put C.Nin f(x) and get
stationary points (S.P).

(if degree of f(x) is n. there

are n — 1 stationary points

are possible)

If f(x) given

(i) Find f'(x)

(ii) Solve f'(x) =0 and get
C.N

(iii) Fix the limits on both
sides of C.N

(iv) Check the sign of f'(x)
in above limits
If f(x) > 0 increasing
If f'(x) < O decreasing

WORKING RULES

(i) Find f'(x)
(ii) Solve f'(x) =0 and get
C.N
(iii) Fix the limits on both
sides of C.N
(iv) Check the sign of f'(x)
in above limits
If f(x) > O Increasing
If f'(x) < O Decreasing
both sides of C.N
If f'(x) has same sign then it is
Monotonicity

(i) Find f'(x)

(i) Solve f'(x) =0 and get
C.N

(iii) Put the values of end
points [a, b] in f(x) i.e.,
find f(a) & f(b) and also
find value of f(x) in C.N

Compare all

Maximum one is absolute
maximum

Minimum one is absolute
minimum

MONOTONICITY ABSOLUTE MAXIMUM/ CONCAVITY /CONVEXITY
MINIMUM IN [A, B]
If f(x) given If f(x) given If f(x) given

(i) Find f'(x)

(ii) Find f’(x)

(iii) Solve f’(x) = 0 and get
values of x.

(iv) Fix the limits on both
sides of x values

(v) Check the sign of f’(x)
in above limits
If “(x) > 0 concave
upward
If f”{x) < 0 concave
downward
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WORKING RULES

FIRST DERIVATIVE

LOCAL MAXIMUM AND MINIMUM

SECOND DERIVATIVE

POINT OF INFLECTION

If f(x) given
(i) Find f'(x)
(ii) Solve f’(x) =0 and get
C.N
(i) Fix the limits on both
sides of C.N
(iv) Check the sign of f'(x)
in above limits
If f(x) > O Increasing
If f'(x) < 0 Decreasing
If the resultsis :
+ ve to — ve to local maximum
- ve to + ve to local minimum

If f(x) given
(i) Find f'(x)
(ii) Solve f'(x) =0 and get
C.N
(iii) Find f’(x)
(iv) Check the sign of f/(x)
in critical number

If the sign of
If f’(x) > 0 local minimum
If f(x) < O local maximum

[oe)
n,—ax |‘n
x"e dx—an+1

0

If f(x) given
(i) Find f'(x)
(ii) Find f’(x)
(iii) Solve f’{x) = 0 and get
values of x.
(iv) Fix the limits on both
sides of x values
(v) Check the sign of f"’(x)
in above limits
If “(x) > 0 concave
upward
If /(x) < O concave
downward
If a point has on both sides at
the point the curve has a point
of inflection
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CHAPTER 8
DIFFERENTIAL & PARTIAL DERIVATIVES

PROPERTIES OF DIFFERENTIALS
Here we consider real — valued functions of real variable.

1) If fis a constant function, then df =0

N

)
) If f(x) = x identity function , then df = 1 dx

) If fis differentiable and ¢ € R, then d (cf) = c f'(x) dx
)

)

H W

If f, g are differentiable , then d(f + g) = df + dg = ' (x) dx + g’(x) dx
5) Iff, g are differentiable , then d(fg) = fdg + gdf = ( f(x) g’(x) + f'{x)g(x) ) dx

gdf-fdg _ g@f’ (x) -f(x)gr(x)

g* g%x
7) Iff, g are differentiable and h = f o g is defined, then dh =’ (g(x)) g'(x) dx .
8) Ifh(x) = e/ @ thendh = /@ f'(x)dx

6) Iff, g are differentiable , then d(f/g) =

dx, where g(x) #0

9) Iff(x) >0 forall x and g(x) = log (f(x)) , thendg = };(—(;C))dx

Absolute error = actual value — approximate value

; absolute error
Relative error = ———
actual error

. absolute error
Percentage error = relative error x 100 (or) ————— X 100
actual error

Euler’'s Theorem — x —+4+—=nu
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CHAPTER ©
APPLICATIONS OF INTEGERALS

BASIC INTEGRATION FORMULAS
L
fsinxdx= —cosx +c¢ fx”dx= dx
n+1
fcosxdx=sinx+c ;dx=sin'1(f)+c
Vaz —x2 a
1
ftanxdx=—log(cosx)+c f—dx=logx+c
x
f cotx dx = log(sinx) + ¢ fseczx dx =tanx + ¢
fsecxtanxdx=secx+c fexdx=ex+c
f cosec x cotx dx = —cosecx +c¢
f cosec?x dx = —cotx +c¢
1 1 X
f—dx =—sec™?! (—) +c
xVx? — a? a a
1 1 X
- S -1(_
fxz_l_azdx—atan (a)+c
f cosec x dx = —log(cosec x + cotx ) +c
IMPORTANT PROPERTIES OF INTEGRAL
b b b
ff(x)dx:F(b)—F(a) jf(x)dx=ff(a+b—x)dx
Qa a a
b a a a
jf(x)dx = —ff(x)dx ff(x)dx :ff(a—x)dx
a b 0 0

2a a
[ rwar=2 [ r@axif @a-x =@
0 0]

2a
| reodx=0if Ga-x = @)
[4]

ff(x)dx =2ff(x)dx if fiseven
“a o

ff(x)dx =0if f isodd

PageZO
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DEFINITE INTEGRAL AS THE LIMIT OF A SUM

b n
ff(x)dx = Aggob%aZf(H (b — a)%)

1 P ~
from=gmt3s6)-mi3r
0 o £

BERNOULLI'S FORMULA
fuvdx =uv, —ulvg +udv, + .

REDUCTION FORMULAS

Z 2 (=1 (=3 mo
X X..X=X=,ifn=2,4,6
n _ n _ n (n—2) 2 2
sin™xdx = | cos™xdx = n-1) (m—-3) 2
X X ..X=,if n=3,57
0 0 - =2 3,lfn )9,

GAMMA FORMULAS

[(n) =f e *x" dx = (n — 1)!
0

[ee]
n!
—ax ., n —
je X dx—an+1
0

Volume of the solid of revolution
: . . b
The volume of the solid of revolution about x —axisis V= [ 'y* dx.

The volume of the solid of revolution abouty —axisisV=m f; x? dy.
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CHAPTER 10
DIFFERENTIAL EQUATION

A differential equation is any equation which contains at least one derivative of an unknown
function, either ordinary derivative or partial derivative.

The order of a differential equation is the highest derivative present in the differential equation.

If a differential equation is expressible in a polynomial form , then the integral power of the
highest order derivative appears is called the degree of the differential equation.

If a differential equation is not expressible to polynomial equation form having the highest order
derivative as the leading term then that the degree of the differential equation is not defined.

If a differential equation contains only ordinary derivatives of one or more functions with respect
to a single independent variable , it is said to be an ordinary differential equation (ODE).

An equation involving only partial derivatives of one or more function of two or more independent
variables is called a partial differential equation (PDE).

The result of eliminating one arbitrary constant yields a first order differential equation and that of
eliminating two arbitrary constants leads to a second order differential equation and so on.

A solution of a differential equation is an expression for the dependent variable in terms of the
independent variable(s) which satisfies the differential equation.

The solution which contains as many arbitrary constants as the order of the differential equation is
called the general solution.

If we given particular values to the arbitrary constants in the general solution of differential
equation , the resulting solution is called a Particular solution.

The order of a differential equation is the order of the highest order derivative
occurring in it.

The degree of the differential equation is the degree of the highest order
derivative which occur in it.

elogA — 4 emlogA — gm e~mlog A — Aim

LINEAR DIFFERENTIAL EQUATION
If linear equation is in the form of Z—z +py =0,

then solution of y e/ 9% = [ QelPa¥dx + ¢

If linear equation is in the form of Z—;C/ +px =Q,

then solution of x e/ P9 = [ QelP@dy + ¢
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CHAPTER 11

PROBABILITY

PROBABILITY MASS FUNCTION

The mathematical definition of discrete probability function p(x) is a function that satisfies the
following properties

1. The probability that X can take a specific values xis p(x), i.e., P(X =x) = p(x) = p«

2. p(x) is non — negative for all real x.

3. The sum of p(x) over all possible values of X is one. That is pi = 1 where j represents all
possible values that X an have and pi is the probability at X = xi

Ifai, az,..,am,a, by, ba,... bn, b be the values of the discrete random variable X in ascending order
then

(i) P(Xza)=1-P(X<a)
(i) P(X<a)=1-P(X>a)
(iii) P(a<X<b)=P(X=a)+P(x=bl)+P(X=b2)+...+P(X=bn)+P(X=b)

PROPERTIES OF CUMULATIVE DISTRIBUTION FUNCTION :

F(x) is a non - decreasing function of x.
O0<Fx)<1l,—0o<x <
F(=) = lim F(x) =0
X——00
F(o)= lim F(x) =1
X—C0
F(X=%)=F(%)—F(Xn1)

1oE e

PROPERTIES OF DISTRIBUTION FUNCTION:
F(x) is a non - decreasing function of x .
O0<Fx)<1,—0o<x <
F(=0) = lim [7 f(x)dx = [, f(x)dx =0
X—>—00
F(o) = lim [* f()dx = [ f(x)dx =0
X—00
For all real constant aandb,a<b,P(a<x <b) =F(b)—F(a)
d . ;
fx)= aF(x) =ie, F'(x)=f(x)

o & WNPE

MATHEMATICAL EXPECTATION

n n
E(X) = p1x1 + p2xz + -+ ppxp :zpixi = Zpi =1

=1 =1
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PROPERTIES:

E(c) = c where c is a constant
E( cX) =cE(x)
E(aX—-b)=aE(x)+b

Var(X) = E(X*) - [E (x)]*

Var( X + ¢) = var(X)

aX) = a®var(X)

C)=0

R SE N

Var(
Var(

THEORETICAL DISTRIBUTION;

FUNCTION MEAN | VARIANCE | STANDARD
DEVIATION
H o X ANn—X —
Binomial P(X = ) = P(x) = {Tle 207" " x=012,..,n np npq Jnpq
0 elsewhere
Poisson e~ A)x A A
PX=x)= , Vi
|x
x=0,1,2,..forsome 1>0
Normal 1 L(ﬂ)z U o? o
e-2\ o / ; —o < x < ®©
oV2m
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CHAPTER 12
DISCREATE MATHEMATICS

TRUTH TABLE

P | 4| PpAd rvq P=q Peg
T | T T T T T
T | F F T F F

F 1T F T T F
F|F F F T T

A non- empty set G, together with an operation * i.e., ( G, *) is said to be a group if it satisfies the
following axioms

1. Closure axiom:a,beG>a*beG
2. Associative axiom:V a,b,c € G, (a* b) * c=a*(b* ¢)
3. Identity axiom: There exists an element

e EGsuchthataxe=e*xa=a,Va €G

4. Inverse axiom:Y a € G there exists an elementa™ € G

1 1

suchthata ™ *a=axa " =e
e is called the identity element of G and a™ is called the inverse of ain G
Idempotent laws Hpvp=p (iDpAp =p
Commutativelaws (i) pvg=qVp (ii)pAq=qAp
Associative laws @Dpv@vr)=@vVvgvVvr (i) pA@ATr)=(@AQ) AT
Distributive laws @Opv@ar)=@VOA(pVr)

(DpA@vr)=@AqQV(pAT)
Identity laws ()pVT=T andpVF =p

() pAT=P andpANF=F
Complementlaws ())pV-p=TandpA-p=F

“T=Fand=F =T

Involution law or double negation law —(—p) =p

De Morgan’s law (i)=(pAq) =-p V —q (ii))=(pVq)=-pV—q

Absorption laws (MpVvpAag =p @) pA(pvg =p
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IMPORTANT TRIGONOMETRY IDENTITIES

RECIPROCALS IDENTITIES QUOTIENT ANGLES

1 sinx
cosecx = — tanx =
sinx cosXx
cosx
secx = tanx = —
cosx sinx
cotx =

tanx

DOUBLE IDENTITIES
Sin2x = 2 sinxcosx
Cos2x = cos? — sin? x
=2cos’x—1
=1 — 2sin’x

2tanx

tan2x = Pp—
ADDITION AND SUBTRACTION
Sin(x + y) = sinx cosy + cosx siny
Sin(x - y) = sinx cosy - cosx siny

cos(x + y) = cosx cosy - sinx siny

cos(x - y) = cosx cosy + sinx siny

PYTHAGOREAN IDENTITIES

sinx + cos?x =1

sec’x = 1 + tan?x

cosec®x = 1 + cot®x

gun tuition center 9629216361

villupuwram

cell - 9629216361
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1. Show that the line x—y+4=01is a
tangent to the ellipse x% + 3y? = 12. Also
find the coordinates of the point of contact.

Solution:

x2+3y2=12 xX—y+4=0
X2 | y? _
E+T_1 y=x+4
a?=12,b>=4 | m=1,c=4

Condition: a?m? + b?> = c? = 16

Given line is a tangent to the ellipse.

; a’m b%\ _
Point of contact: (_T'T) =(-3,1)
2. A rod of length 1.2m moves with its ends
always touching the coordinate axes. The
locus of a point P on the rod, which is 0.3m
from the end in contact with x —axis is an

ellipse. Find the eccentricity.

Solution:
Js
0.9
i aON\P(x,y)
*1 0.3
1 ONCA
0 N
cosf = i;— sinf =5
10 10
2
2o f o
100 100

5 MARKS —PART 1

www.CBSEtips.in

Sun Juition Center - 9629216361

. x?  y?
Ellipse: s+ +=5=1
100 100
81 9
az =, bZ -
100 100

- ’ b2
Eccentricity e = |1 —

3. A semielliptical archway over a one-way
road has a height of 3m and a width of 12m.
The truck has a width of 3m and a height of
2.7m. Will the truck clear the opening of the
archway?

Solution:

a=6b=3>14L=1
36 9

2 2
CORNT AR

At (15, y) = 7 P

y =2.9m > 2.7 (height of the truck)

The truck will clear the archway

4. A tunnel through a mountain for a four
lane highway is to have a elliptical opening.
The total width of the highway (not the
opening) is to be 16m, and the height at the
edge of the road must be sufficient for a truck
4m high to clear if the highest point of the
opening is to be 5m approximately. How
wide must the opening be?

Solution:
__|B0,5)
D —.D(8,4)
N
74 4 \\
/ 8 - O
A E C E A
i ]
1(‘m
Ellipse: = +i—: =1
b=5= 24X =1
a 25

64 16 40
At(8,4-)$ ;+2—5—1$ a—?

Required width= 2a = ? = 26.66m

5. On lighting a rocket cracker it gets
projected in a parabolic path and reaches a
maximum height of 4m when it is 6m away
from the point of projection. Finally it
reaches the ground 12m away from the
starting point. Find the angle of projection.
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Solution:

y

x
4
]
A(-6,-4) B(6, —4)
Equation of parabola: x> = —4ay
At (=6,—4) = (—6)% = —4a(—4)
4a=9

Equation of parabola: x? = =9y

D.w.r.tox, X
dx 9
- &y _*
At (—6,—4)=> tane—dx—3
4
9=t _1(_)
an 3

6. Assume that water issuing from the end of
a horizontal pipe, 7.5m above the ground,
describes a parabolic path. The vertex of the
parabolic path is at the end of the pipe. At a
position 2.5m below the line of the pipe, the
flow of water has curved outward 3m beyond
the vertical line through the end of the pipe.
How far beyond this vertical line will the
water strike the ground?

Solution:
y
. A E3 ‘Q(xy,-7.5
Equation of parabola: x? = —4ay

At (3,—-2.5)=9 = 10a

a=—
10

Equation of parabola: x*> = —4 (%)y

At (xy,~7.5) = x,% = —4 (1—90) (-7.5)

xlz =273x1 S 3\/§m

7. A bridge has a parabolic arch that is 10m
high in the centre and 30m wide at the
bottom. Find the height of the arch 6m from
the centre, on either sides.

Solution:

- "
) 5 15 ¢ BRsaa

Equation of parabola: x* = —4ay

At (15,-10) = 225 = 40a

Sun Juition Center - villupuram L

40
, 25
Equation of parabola: x? = —4(E)y

2

S T

225
At (6, ~y) =36 = — 22 (—y,)

y, = 1.6
Required height =10—1.6 =84 m

8. At a water fountain, water attains a
maximum height of 4m at horizontal distance
of 0.5m from its origin. If the path of water is
a parabola, find the height of water at a
horizontal distance of 0.75m from the point
of origin.

Solution:

0(0,0)

Vertex (h, k) = (0.5,4)

Equation of parabola:
(x—0.5)2 = —4a(y—4)

At (0,0) > 0.25 = 16a
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0.25

T

Parabola: (x — 0.5)% = —4 X 04—265(}’ =i

At (0.75, y1) =

0.25

.75 —0.5)? = —4 Xx —

(0.75 - 0.5) 4 16
yp=3m

o —4

Required height = 3m

9. An engineer designs a satellite dish with a
parabolic cross section. The dish is 5m wide
at the opening, and the focus is placed 1.2m
from the vertex (a) Position a coordinate
system with the origin at the vertex and the
x —axis on the parabola’s axis of symmetry
and find an equation of the parabola. (b) Find
the depth of the satellite dish at the vertex.
Solution:

¥
€{x,2.5)
2.5
viazF A x

X

4.5

B

Equation of parabola: y? = 4ax
(DAta=12>y%?=4(1.2)x

y? =4.8x
(i) At (x,2.5) = (2.5)% = 4.8«

x=13m
Depth of the satellite = 1.3m

10. Parabolic cable of a 60m portion of the
roadbed of a suspension bridge are positioned
as shown below. Vertical Cables are to be
spaced every 6m along this portion of the
roadbed. Calculate the lengths of first two of
these vertical cables from the vertex.

P T

B 5
| Pl
13 \ - ﬂ{n 13
— EffF|l
_:J VIO, 0 |G |ﬂ x
- ) kY 3 3 3
A aon o "

Equation of parabola: x* = 4ay
At (30,13) = (30)? = 4a(13)

(30)%
3 - 4a

2 _ (30)2

Equation of parabola: x =

30)2
At (6,y;) = 62 = £y,

ling to plan is ng to

vy, =052m
Required height = 3 4+ 0.52 = 3.52m

30)2
At (12,y,) = 122 = &Ly,
Y2 = 2.08m

Required height = 3 + 2.08 = 5.08 m

11. Points A and B are 10km apart and it is
determined from the sound of an explosion
heard at those points at different times that
the location of the explosion is 6 km closer to
A than B. Show that the location of the
explosion is restricted to a particular curve
and find an equation of it.

|
— LR -
. 3 . —-F‘i
S T (R ik,
¥ = 5
e I

e " (=
i ) \\‘q—"‘\.

(
2a=6 2a=3& 2c=10=>c=5
b2=c?—-aq?>*=25-9=16

X2 y?
Hyperbola: Pra i 1
xZ y2
9 16

12. Two coast guard stations are located
600km apart at points A(0,0) and B(0,
600). A distress signal from a ship at P is
received at slightly different times by two
stations. It is determined that the ship is
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200km farther from station A than it is from
station B . Determine the equation of
hyperbola that passes through the location of
the ship.

Solution:

2a =200 = a =100
2¢ = 600 = c =300
b? = ¢? — a? = 300% — 1002 = 80000
Centre (h, k) = (0,300)

-R?_x-h? _

Hyperbola: e b7 1
(y-300)>  x*
10000 80000

13. Cross section of a Nuclear cooling tower

is in the shape of a hyperbola with equation
2 2

the distance from the top of the tower to the

centre of the hyperbola is half the distance

from the base of the tower to the centre of the

hyperbola. Find the diameter of the top and

base of the tower.

The tower is 150m tall and

Solution:

T | X ax,.s0)

XY
Hyperbola: — — -5 =
= - 2 2
X v 44+ y
At (x;,50) = x, = V442 + 507

=x; =4541m
The diameter of the top = 2x; = 90.82
At (x3,100) = x, = V442 + 1002

=x, =7445m
The diameter of the bottom 2x, = 1489 m

14. Find the equation of the circle through the
points (1, 0), (—1,0) and (0, 1).

Solution:

General equation of the circle:
x2+y?+2gx+2fy+c=0
(1,0)=>2g+c=-1
(-1,0)=>-2g+c=-1
OD=22f+c=-1

Solving we get,c =—1, g=0, f=0
Equation of the circle:x? +y?2 =1

15. Find the equation of the circle passing
through the points (1, 1), (2, — 1) and (3, 2).
Solution:
General equation of the circle:
x2+y24+2gx+2fy+c=0
1,1)=>29+2f+c=-2
2,-1)=>4g—-2f+c=-5
(3,2)=>6g+2f +c=-13

-5 -1

Solving we get,c =4, g =—, f =—

Equation of the circle:
-5 -1
x2+y?+ Z(T)x + Z(T)y +c=0

x2+y2—-5x—y+4=0

Jife i> o good cincle, you choose the best radius...
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16. Using vector method, prove that
cos(a — B) = cosa cosf + sina sin S.
Solution:

o4 A

o L M X

\

a=cosai+sinaj

b= cosfi+sinBj

@-b =(cosai+ sinaj)-(cosp i+sinB})

@-b = cosacosf +sinasinf..... ®
By definition,

a-b = |dl|b| cos (a — B) =cos (& = B)...... @
From (D) & @) we get,

cos(a— )= cosacosf + sinasinf
17. Prove by vector method that

sin(a — ) = sina cos 8 — cos a sin S.

Solution:
% 4
a 2 B
50
o B
o L M 2

d=cosai+sinaj
b = cosBi+sinBj

f ik
cosff sinf 0
cosa sina O

bxa=

bxa= (sinacosp — cosasinp)k......D

By definition,

b x a= |b|ldl sin (a — B)k

bxa =sin(a— Bk.....2)

From (D) & @) we get

Sin(a — B) =sina cosf — cosasin

18. By vector method, prove that

cos(a + ) = cosa cos § — sina sin .

Solution:

o

Y

ad=cosal—sinajf
b= cosfi+sing}
a-b=(cosai- sinaj)-(cosf1i+singf)

@-b=cosacosp —sinasinp......D)

By definition,

a-b = |dl|b|cos (« + B) =cos (& + B).....D
From @) & @) we get,

cos (a + B)=cosacosf — sinasinf

19. Prove by vector method that

sin(a + f) = sina cos B + cos a sin S.

Solution:

(o) x AL B

~

* A

d=cosal—sinaj
b=cosfi+sinfj

i ik
cosff sinff 0
cosa —sina 0

x b= (sinacosp + cosasin B)k.......Q)

axb=

D

axh= Ifilll_;l sin (a + Bk
ax b =sin(a+pPk.....2
From (D) & (2) we get,

sin (@ + ) =sinacosf + cosasinf

20. Prove by vector method that the
perpendiculars (attitudes) from the vertices to
the opposite sides of a triangle are
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concurrent.
Solution:

AD 1 BC =04.BC=0

=0A4.(0C - 0B)=0

BELCA =0B.CA=0
=0B.(04-0C)=0

=@-b).2=0
= BA.0C=0

The altitudes are concurrent.

21. Apollonius's theorem:

If D is the midpoint of the side BC of a
triangle ABC, show by vector method that

|4B|" + |4c|” = 2(|aD|" + |BD|).

Solution:

A—Origin
D — Midpoint of AB

b+é, b+¢é.

—_—2 — —
|4D|" =4D-4D = () ()

= %(|T;|2+ |1 + 25 .€) -

[BB|" = 5050 = &5 D

= ler+ |5 - 26D v

O+@=

[aD|" + [D]" = S(Bl" + 1e2)

) — 2 — 2 — 2
|4D|" + [BD|" = 3(|4B| + [ac|’)

—)2 —_
2(|ab|" + [BD|") = [4B| + [ac|’

(@xb)x (¢xd)=[dbde-[ab,éld
Solution:

B R
axb=|1 —1 o|=41+4
1 -1 4
Pk "
cxd=|p 3 —1|=8i—2j—6k
2 5 1
5 I I
(@xb)x(éxd)=|4 4 o0
8 -2 -6

From () & @) we get,

.

(@xb)x (¢xd)=[dbd]¢—[dbdd

29 -

(@xb)x (¢xd)=[d¢éd]b-[b¢d]a
Solution:

AR
axb=|1 —1 o|=41+4j
1 -1 4
R
cxd=|gp 3 —-1|=8i—2j—6k
2 5 1
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—. -. i j I’é
(@xb)x(éxd)=[a 4 o
8 —2 —6

= —24i + 24] — 40k.....QD
[4,¢d] = 10, [b,¢,d] =34

[6,¢ d]b - [b,¢ d]d = —241 + 24f — 40k..D)
From (D) & @) we get,
(@xb)x (¢xd)=[a¢éd]b-[béd]a

24. If u = sin”? (%) show that x 2= +
ou 1

ya = Etanu

Solution:
. a1 ( x+y

Given u = sin m_)

Let f(x,y) = sinu = \/_+ \/_

. 1
f is a homogeneous function of degree n = ;

and f = sinu
By Euler’s theorem,

af of _
Ve nf
6(smu) d(sinu) 1 .
X ox +y 3y =Esmu
du ou 1
cosu (xa+ ya ) = Esmu
du ou 1
+ ya =3 tanu

25 . If v(x,y) =log (x:zz) , show that

av v
xb;+yay =1.

Solution:

Given v(x,y) = log (xxz )

. x2 4+ y?
Letf(x,y) =e’ = e
f is a homogeneous function of degree n = 1
and f = e"
By Euler’s theorem,
6f of
*ox Yy ay nf
ae”)  de")
dx y dy
L. 0V ovy
¢ ( 6x+y6y) ¢
817 ov
*xtVs

_ 5x3y*4+7y2xz%-75y3z*
26. w(x,y,z) = log ( pryve:

=1e”

=1.

f1ndx—+yay +z—

Solution:
. _ s5x3y*+7y2xz%-75y3z*%
Given w= log ( v )
S5x3y* + 7y?xz* — 75y3z*
Letf =e¥ = _ J; > i4
x“+y
f is a homogeneous function of degree n = 5
and f = eV
By Euler’s theorem,
6 f of
x5y nf
6(e”) a(e")
=5e?
Tox TV dy ¢

v v
x—+y5 =5

27. Ifulx,y) = \/_, prove that
u 3

X a +y 2y Ju

Solution:

Given u(x,y) = x—%

. 3
u is a homogeneous function of degree n = 5

By Euler’s theorem,

ou ou
X M + y@ =nu
6u Ju 3
YoxtVa =3
28. Verify (i) closure property (i)

commutative property (iii) associative
property (iv) existence of identity and (v)
existence of inverse for the operation +5 on
Zs using table corresponding to addition
modulo 5.

Solution: Zs = {[0], [1], [2],

—

3], [41}

+

PN S R P Y
[ F= Ny [PV P
b= 2| 5 | 4=

b | U2 B | | D
ofalule|—=]—

L*]

(i) Each box has an unique element of Zg
(ii) The entries are symmetrical about the
main diagonal.

(iii) As usual, the associative property can be
seen to be true.

(iv) The identity element of Zj is 0.

_———— e  —— , Y Y
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(v) The inverse of 0 is 0

The inverse of 1 is 4

The inverse of 2 is 3

The inverse of 3 is 2

The inverse of 4 is 1
29. Verify () property (i)
commutative property (iii) associative
property (iv) existence of identity and (v)
existence of inverse for the operation Xy on
a subset A =1{1,3,4,59} of the set of
remainders {0,1,2,3,4,5,6,7,8,9,10}.
Solution: 4 = {1, 3,4,5,9}

closure

1|3 [4]5 |9
L I I S O O I I
IO T O Y T I T
4 (a1 ]5|9]3
s|s|4|9|3 |1
9o |5 |31 [4

(i) Each box has an unique element of A
(ii) The entries are symmetrical about the
main diagonal.
(iii) As usual, the associative property can be
seen to be true.
(iv) The identity element of A is 1.
(v) The inverse of 1is 1

The inverse of 3 is 4

The inverse of 4 is 3

The inverse of 5is 9

The inverse of 9 is 5

30. Verify (i) closure property (ii)

existence of inverse for the following
operation on the given set
m+n=m+n—mnvVmmn €Z.
Solution:
Letm,n,p €Z
(i) Closure property:
Clearlym+n—mn=mx*ne€Z
(i) Commutative property:
m*n=m+n—mn
nxm=n+m-—nm
CmEn=nxm
(iii) Associative property:
(m*n)xp=(m+n—mn)*p
=m+n+p—mn—mp—np+mnp.QD
m* (n*p) =mx(n+p—np)
=m+n+p—mn—mp—np+mnp.Q2
From & we get,
(m*n)xp= mx(nxp)
(iv) Identity property:
mxe=exm=m
mse=m= m+e—me=m
e(l—-m)=0
2e=0€7Z
(v) Inverse property:
m+xm' =m'sm=e
m+m' =0=> m+m'—mm' =0
m({1l—-m)=-m
,_ —m _m
“1-m m-1
When m = 1, m' is not defined.

When m = 3, m’=§EZ

Inverse does not exist in Z.

31. Let A be Q\{1}. Define * on A by x *
y=x+y—xy. Is * binary on A? If so,(i)
examine the commutative and associative
properties satisfied by * on A. (ii) examine
the existence of identity and existence of
inverse properties for the operation * on A.
Solution:

Letx,y,z € Q\{1}

(i) Closure property:

Letx,y € Q\{1},thenx # landy # 1
x—1#0and y—1#0
x-1D@-D=*0

xy—x—y+1+0

1#x+y—xy
1#xx*y
x*y € Q\{1}

(ii) Commutative property:
xX*xy=x+y—xy
y*xXx=y+x—yx

L XKRY =Y ERX

(iii) Associative property:

(xxy)xz=(@x+y—xy)xz

=x+y+z—xy—xz—yz+xyz...QD

x*(y*xz)=x*x(y+z—yz)
=x+y+z—xy—xz—yz+xyz...Q2)
From & we get,

(xxy)*xz= x*(y*z)

(iv) Identity property:

Xke=e*xx=x
x*xe=x= x+te—xe=x
e(l1—-x)=0

=>e=0€ Q\{1}

commutative property (iii) associative
propery ) existeaceof ety 21 Q@ M of science is mathematics
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(v) Inverse property:
xxx' =x"+*x=¢e
xxx'=0=>x+x"—xx'=0
x'(1—x)=—x
—x x

¥=——=X_eq\n

1-x x-—1

32. Define on operation * on Q as follows:
a+b

axb= (T) ;a,b € Q. (i) Examine the

closure, commutative and associative
properties satisfied by * on Q.

(i1) Examine the existence of identity and the
inverse for the operation * on

existence of
Q.
Solution: Let a,b,c € Q
(i) Closure property:
a+b
2
(i) Commutative property:
a+b b+a
2 2
(iii) Associative property:

(a*b)*c:(a+b>*

a*b:

EQ

a*h = =b=xa

_a+b+2c
B 4

b+c 2a+b=c

(axb)xc+ ax*x(bx*c)
(iv) Identity property:

axe=exa=a

ate
axe=a=> —=a

2

>e=a€Q

Here e = a is not unique.
Identity property is not satisfied.

(v) Inverse property:
Identity property is not satisfied, we cannot
find inverse.

33. Let M ={(7 7):x € R—{0}} and let
* be the matrix multiplication. Determine
whether M is closed under * . If so, (i)
examine the commutative and associative
properties satisfied by * on M. (ii) examine
the existence of identity and existence of
inverse properties for the operation * on M.

Solution:
(i) Closure property:

_(x x _(yy
Leea=(; ) B=(, })em

S

_(x XNy Y\ _ (2xy 2xy>
AB_(x x) (y y)_(ny 2xy €
(ii) Commutative property:

(X XNy ¥\ _ (2xy ny)

AB_(x x) (y 3’)_<2xy 2xy

(Y N\(x x\_ (2xy ny)
BA—(y y) (x x)_(ny 2xy
~ AB = BA
(iii) Associative property:
Matrix multiplication is always associative.

(iv) Identity property:
AxE=E*xA=A

AE=4= (222 i)z(Z =0 %)
X X
(zﬁg z§§)=(x x)

=>2xe=x

E =

NIRrN]| R

(v) Inverse property:

EM

NIRN| -

AxA'=A"xA=A

av=as (} x)(i: ;:)=

[T N TN

x x <
1 1
(Zxx’ 2xx’): 2 2
2xx" 2xx’ 11
2 2
= 20K’ ==
2
o1
4x
1 1
A= ey
4x  4x

" 2Sun Juition Centen - 9629216361
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34. Find theparametric form,
non-parametric form of vector
equation, and  Cartesian
equation of the plane passing
through the point (2,3, 6)and

parallel to the straight

lines 2= _-Z3 ,4d
2 3 1

¥+3 _y-3 _ z#1

2~ -5 -3

Point:
d= 21+ 3 + 6k

Vectors:
b=2i+3] + 1k
¢=2i- 5j- 3k

Parametric form of vector
equation

P= d+sb+té
7=2i+ 3] + 6k+

s(2i+37+1k) +
t (2i- 5/- 3k)

Cartesian equation
X—=X1 Y= Z—2Z
by b, bs
C1 C2 C3
x—2 y—3 z—6
2 3 1
2 -5 -3

(x=2)(-9+5 - —-3)(-6-2)
+(z—-6)(-10—-6) = 0
=>x—2y+4z—-20 =0

Non -Parametric form of
vector equation

T—ad).(bxé&)=0

P(i—2]+4k) =20

35. Find the non-parametric | Point: Parametric form of vector | Cartesian equation Non -Parametric form of
form of vector equation, and | g=j —5k equation X=X Y~™N Z7Z; vector equation
Cartesian equation of the plane by b, bs |=0
passing through the point | Vectors: 7= d+sbhb+téd ] C2 C3 r—a) - (1_,’ x&) =0
(0,1,—5) and parallel to the | p— 27 4 37+ 6k
: : 2 £ PN x y—1 z+5 = A ios T
straight __ lines 7 e=1+j -k 7= 20+ 3] + 6k+ -0 r-(—91+8f—k) =13
(t+2)—4k) +s(20+37 + s2i+3f+1k) + i i _61 -
6k) and 7= (i —3j+5k) + t (2i- 5/- 3k)
t(i+j—k). x(=3—6)— (y — 1)(=2—6)
+(z+5)(2-3)=0

=-9%+8y—z—-13=0

= 9% —-8y+2z+13=0
36. Find the non-parametric | Point Parametric form of vector | Cartesian equation Non -Parametric form of
form of vector equation, and | 4= 6i-} + k equation vector equation
Cartesian equations of the | Vectors: X=X Y=N 277
plane P=(61—j+k)+ b= —i+ 2] +k F= d+sb+té ?1 IZZ 123 =0 - (bx&)=0
s(=t+27+k) + g=-5i-4j-5k |_. ' : ? o
t(—5t— 4f — 5k). r=6l—j+k+ x—6 y+1 z—1 7(3t+5/-7k) =6

s(—i+2]+k)+ -1 2 1 |=0
t (=5i-4f —5k) -5 -4 -5

x—=—6)(-10+4) -+ 1)(5+5)
+@Ez-1)4l+10)=0
=23 +5y—-7z—-6=0

youn pesitive action combined with pesitive thinking result in succesd
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37. Find the non-parametric

Point:

Parametric form of

Cartesian Equation

Non -Parametric form

form of vector equation and | @ = £-2f + 4k vector equation X=X Y~=h Z774 of vector equation
Cartesian equation of the by b by =0
plane passing through the | Vectors: A P= d+sh+té @ €2 € (r—a) -(bxé)=0
point (1,—2,4') and | b =i+2j_’\3k x—1 y+2 |
perpendicular to the plane | ¢=37-j+k P=1-2f+ 4k+ 1 2 —3|=0 #-(+10f+7k) =9
x+2y—-3z=11 and 4 or_2b 3 -1 1
s(i+27-3k)+
.o X7 A -1D2-3)—-+2)(1+9)
arallel to the line " = _ (=

p+3 ezo e line — t@Bi-j+k) +(z—4)(-1-6) =0
y_—lz? =>x+ 10y + 72 -9 =0
38. Find the parametric | Point: Parametric form of Cartesian equation Non -Parametric form

form of vector equation, and
Cartesian equations of the
plane containing the line
#=(-j+3k)+

t(2t —j + 4k) and
perpendicular to plane 7 -
(t+2j+k)=8.

a=i-j+3k
Vectors:
b=2i-j + 4k
e=1+2j+k

vector equation

=~
Il

Q
+
[%]
S
+
-t
o

X=X Y=V Z—2

by b, by |=0
Cq (o C3

x—1 y+1 z-3
2 -1 4 [=0
1 2 1

x-1D(1-8)- +1D2Z-4
+(z-3)4+1) =0
>9% — 2y —5z2+4=0

of vector equation

—

(
7
o
N

—d) - (bx&)=0

(91 —2j-5k) =—4
- (=9i+2j +5k) =4

39. Find the vector parametric,
vector non-parametric and
Cartesian form of the equation
of the plane passing through
the points (-1,2,0),
(2,2,—1) and parallel to the

. . x—-1_ 2y+1 _ z+1
straight hneT = y2 =

.

Points:
d=—i+2f
b=2i+2j —k
b—ad=3i-k
Vector:
=t+j-k

Parametric form of vector

equation

7= d+s(5—t’i)+t5

Cartesian equation

X—=X1 Y=Y Z—Z;
Xo—X1 Y2o—=V1 Z2—Z1=0
1 cy C3
x+1 y—-2 z
3 0 -1|=0
1 1 -1

x+1DO+1) - (y—2)(-3+1)
+z(3-0)=0

=>x+2y+3z-3=0

s

Non -Parametric form of
vector equation

#—d) - (bx¢)=0

7. (i+2j+3k) =3

P

(U cquation means nothing to us unless express a thougni of god:
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40. Find the parametric form
of vector equation, non
parametric form of vector
equation and Cartesian
equations of the plane passing
through the points (2,2,1),
(9,3,6) and perpendicular to
the plane 2x + 6y + 6z = 9.

Points:
a=2i+2f+k
b=9i + 3] + 6k
b-d =71+ j + 5k

Vector:
¢= 21+ 6j+ 6k

Parametric form of vector
equation

P= d+ s(b-d )+t
7= (2i+2j+ k) +

s (7t +j + 5k) +
t (21 + 6] + 6k )

Cartesian equation

X—=X1 Y—Y1 Z2—2z
Xp—X1 Y2—Y1 Z2—Z1|=0
41 C2 C3
x—2 y—2 z-1
7 1 5 1=0
2 6 6

(x — 2)(6 — 30) — (y — 2)(42 — 10)
+(z—-1)@42-2) =0
=>3x+4y—-5z2—9 =0

Non -Parametric form of
vector equation

(F—a)-((b-d)x2)=0

7 (3i+4j-5k) =9

41. Find parametric form of

vector equation, non
parametric form of vector
equation and Cartesian

equations of the plane passing
through the points
2,2,1),(1,—-2,3) and
parallel to the straight line
passing through the points
(2,1,-3) and (—1,5,-8).

Points:
d=21+2j+k
b=1-2j+3k

b-d = —i—4j + 2k

Vector:

&= (—1-2)i+ (5 —
1f +(-8+3)k
é=—3i+4j -5k

Parametric form of vector
equation

P= d+s(b-d)+té
#= (2i+2j+ 1k) +

s (—i—4f + 2k) +
t (=3 + 4j-5k)

Cartesian equation

X=X Y=V Z—Z

X2 —=X1 Y2—Y1 Z2—Z1|=0
c1 c, C3

x—2 y—2 z-1

-1 —4 2 |=0
-3 4 -5

(x—2)(20-8)— (y —2)(5+6)
+(z-1)(-4-12) =0
=12x — 11y —16z + 14 = 0

Non -Parametric form of
vector equation

#=ad)-((b-3)x&)=0

7+ (12 - 11j-16k )= —14
7+ (=121 +11j+16k )= 14

42. Find the parametric vector,
non-parametric vector and
Cartesian form of the
equations of the plane passing
through the non-collinear
points (3, 6,—2),

(—1,—-2,6) and (6, 4,-2).

Points

d =3i+6j-2k
b =—1-2j+6k
¢ = 6i+4j —2k

Parametric form of
vector equation

F=d+s(b-d) +t (¢ — d)
7= (31 + 6j- 2k) +

s (—41 —8j + 8k) +
t(3i-2f )

Cartesian equation

X=X Y=V Z—Z
Xp—=X1 Y2—Y1 Z2—Z1|=0
X3 —X1 Y3—YV1 23— 21
x—3 y—6 z+2
—4 -8 8 |=0
3 -2 0

(x=3)(0+16)-(y —6)(0—24)
+(z+2)(8—24)=0
=>2x + 3y + 4z —-16 = 0

Non -Parametric form of
vector equation

r—a) -
((b-d) x (é-d))= 0

720+ 3] +4k)= 16
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