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Example 1.1If A =

B -6 2

—6 7 —4] verify the
2 —4 3

result A(adj A) = (adj A)A=|A| I,

Solution:

8 —6 2
Al=|-6 7 -4
2 -4 3

= 8(21 — 16) — (—6)(~18 + B) + 2(24 — 14)
=40—60+20 = 0.

10 101" 10 10
adjA = 10 20 20 10 20 20

10 20 20 10 20 20
10 10
A(adjzl)-[— 7 Hm 20 zn]
2 -4 3llwo 20 20
0 0 0
=’o 0 D]=DI3=|A|I3
0 0 0
10 1011 8 -6
(adj A)A = [10 20 Zﬂ” 7 —4]
10 20 20iL 2 -4
00 0
=10 0 0|=0L=14] I
00 0

Hence, A(adjA) = (adjA)A=|A| I;.

Example 1.10 If A= [; :] , find x and y such

that A> +xA+7y I, = 0,. Hence, find A7,

Solution:

3] _[22 27

i 2 _ . = 4 =
Since, A“=A-A [2 5 18 31

A+xA+y I, =0,
15 3l +lx 50+ 5)=D6
2244x+y 2743x+0
18+ 2x+0 31+5x+y] [
274+3x =0 = x=-90
31+5x+y=0 = y=14
A+ xA+y L =0,= A2—=94+14 I, = 0,
Post-multiplying this equation by A~1
A-9 1, +14471 =0,
A~ = (91, - A)

‘4_1=%([g o [; g) 14[5 _3]

——————————— ——————————————

1 o -3 4
Example 1.12 If A = ;I -2 6 is
2 & 3

orthogonal, find @, b and ¢, and hence A~1,

Solution:

A is orthegonal if and only if A is non-singular
and A7 = AT

If A is orthogonal, then AAT = ATA = I,
AAT = I

=3 a]q1[6 -3 a 100
—[ -2 6] I -2 6] [U 1 Dl
0 0 1

45+ at b+ 6+ 6a 12 3¢ + 3a] 100
6b+ 6+ 6a b® 4+ 40 2b—-2c+18|=49|0 1 0
12 —-3c+3a 2b—2c+18B cl 413 00 1

6b+ 6+ 6a b* + 40 2b—2c+18(=|0 49 0

[ 45 +a? 6b+6G+6a 12 -3c+ 3a) [49 0 I}]
12=3c4+3a 2b-2c+18 ct+13 0 0 49

¥HK¥KNNN¥¥

Comparing the corresponding elements
45+07=49 | b7 +40=49 |c?+13=49 E 3

at=4 p2=09 c2=36
a=2 b=-3 c=6
[6 -3 2 6 -3 2
A=:|-3 -2 6]=> A'1=AT=;]—3 -2 6]
2 6 3 2 6 3

EXERCISE 1.1

cosa 0 sina
3.If F(a) =I 0 1 0 ] show that
—Ssina 0 cosa
[F(a)]™* = F(—a).
Solution:
cose 0 sina
F(a) = [ 0 1 0 ]

—sina 0 cosa

|F(a)| = cos®a—0+sina=1#0

cosa 0 -—sina
adj Fla)=| 0 1 0
sina 0 cosa

[F(e)]™ =

cusrz 0 -—sina
Ir[ 3| (l)

——qadj F(a) = [ 1 0
sine 0 cosa

cosa 0 sin 1

F(a]=[ 0 1 0
—-sina 0 cosc

cosa 0 —sin
=5 F() = [ njma)

sina 0 cosa

From(l)and (2) [F(a)]™ = F(—a)

HHNNHEFENFNFHFNNNNN
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* 4.If A = [ _51 _32] iliaie sk Example 1.21 Find the inverse of i
_ 11
A*—3A—7 I = 0;. Hencefind A™%. A =[§ 2 1] by Gauss-Jordan method. *
* Solution: 2 1.2
22
* A=AA= [_-1 _2] [_-I _z] i g Solution:; *
21 1)1 00
* A2—3A-71, =0, (All;) = (3 2 1 |0 1 0) *
* 22 9, [-15 —9],[-7 07_[0 © 2. h 210 0 % *
r - = = -1 0
* =’[-3 1]+[3 a]+[u —7] 0 n] - (; % 2 0 1 o) Ry =Ry — R, *
R R; —R
Post-multiplying this equation by 4~1 0 0 Ll-1 0 1900 *
1 1 0|-1 1 0
* A-3L,-7A"1=0, ~ (a -1 1|3 =2 U)Rz*Rz—Bﬁa
% 00 1l-1 0 1 E 3
) | 1 1 0]-1 1 0
* A‘1=5(A—3 L) - (n ~i 0 ‘ 4 -2 _I)Rz-»Rz-Rs *
0o 0 11-1 0 1 *
“7\U-1 217l 3 Usl4™1) = (0 1 0|-4 2 1) R, = —R, *
* ; 0.0 11 0 1
1 at
* At=c|® 3] At=l-al 21 *
71-1 -5 -1_0 1
% T EXERCISE 1.2 %
* 14.MAa=|1 o il.shuw that *
110
3. Find the inverse of each of the following by *
* A-l=20a2 —3D) Gauss-Jordan method:
2 " 1 -1 1 2 3
* {il)[ 0 I (iii) {2 5 3] *
Solution: 6 —2 -3 1 0 8
* [Al=0-1(-1)+1(1) =2 Solution: *
1 =1 0
* -1 1 1 (i) Let A= [1 0 —1‘ *
* adjA=[1 -1 1 § -2 -3 %
1 1 -1 1 -1 0j1 0 0
(A1 5] = ll 0 -1j0 1 u‘ *
* QR 4 6 -2 -3l0 0 1
* Ar=1 —1 1 |, (1) 1 -1 0 100, . - *
21a 3 -1 ~ 1o 1 =1]-1 1 of 27 K2~
S 0 4 —3l-s 0 1Rs—Rs-6R W
% 01 1[0 1 1] [2 11 M % B i B D e
A -—Aﬂzll 0 1”1 0 1]:[1 2 1] sl L =1l-t = 8
* 110l 10 112 o o 1l-2 -2 1l RaoRs—4R, *
* 11 3 0 0 1 -1 0] 1 0] *
~(A%-3I)= 2 1/-|0 3 0 ~10 1 of[-3 -3 1|R2>Ra+Rs
* 112 lo o3 0 o0 1l-2 -4 1l *
* g 1 0 0]-2 —3 1]R, =R, +R, *
2 (514 ‘)—[n 1 0/-3 -3 1
_(A —SI)‘_"" _1 1 ............ (2) 0 0 1l =2 —4 1 *
* 1 1 -1 5 _
* Mand @), At =1(a2-31) A_l_[_B - 1] %
* rom (1) an =3 -2 -4 1 *
i_ﬂrf—#@.‘_‘fﬁﬁ? 3
* b :11-11 *
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5. The prices of three commodities A, B and C
are Rs. x, y and z per units respectively. A
person P purchases 4 units of B and sells two
units of A and 5 units of C. Person Q
purchases 2 units of C and sells 3 units of A
and one unit of B. Person R purchases one
unit of A and sells 3 unit of B and one unit of
C. In the process, P, Q and R earn Rs. 15,000,
Rs. 1,000 and Rs. 4,000 respectively. Find the
prices per unit of A, B and C. (Use matrix
inversion method to solve the problem.)

4 4 &4 & &

Solution:
* Let the prices of one unit of A, B and C are

Rs.x, y and z respectively.
From the given data,
2x — 4y + 5z = 15000 — (1)
3x + y — 2z = 1000 — (2)
M| —x + 3y + 2z = 4000 3)
* 2 -4 5 15000

3 1 =2 J’]= 1000 | AX =B
% -1 3 11tz Laooo

2

¥ ¥ ¥

57 x 15000
*A: 1 -2 X= yl, B= 1uuo]
* -1 3 1l z 4000
Al =2(1+6)—4(3+2)+5(9+1) =68 %0
- [7 19 3
* adjA=[Ay;] =|-1 7 19
10 -2 14
E 1[7 19 3]
A3 (adjA)=—|-1 7 19
"’” 68l10 —2 14

%*

* X=A"18 = x=-1—’—71 13 13‘ ’115000000
* 14

%*

4000
1000 7 15
X= 7
-2 14

DD[I

* 105 +19+ 12
* =—|-15+7+ 76‘
150 — 2 + 56
* 1000 136 2000
* X = 1000
204 3000

Hence, x = 2000, y = 1000, z = 3000.
The price of one unit of A, B and C are Rs.2000,

1000 and 3000 respectively.

** ¥ * %nﬁygn?mty*u ? *;*n # * * ¥ ¥ fP d

Example 1.25 Solve, by Cramer’s rule, the
system of equations x; — x; = 3,

2x1 +3x, +4x3 =17, x2+2x3=7.

Solution:
1 =1
A= 3
0 1

A=1(6-4)-(-1)(a-0)+0=6

3 <1 0
x=17 3 4
7 1 2
Ay, =3(6—4) — (—1)(34—28) + 0 = 12
1 3 0
A,=[2 17 4
O, A2
Ay,=1(34—28)-3(4-0)+0=—6
) =1. 3
A=l2 3 17
0 1 7

Ay = 1(21 = 17) = (-1)(14 — 0) + 3(2 - 0) = 24

B Cramer’s rule, we get

So, the solution is (x; = 2, x, = —

0
4
2
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4. A boy is walking along the path So, the solutionis (a=1, b=3, ¢=-10) *
y=ax*+bx+c through the points .
(—6,8),(—2,—12) and (3,8). He wants to y=ax*+bx+ fz = y *
meet his friend at P(7,60). Will he meet his =x"+3x—10
glz:’.;ltlii[;?nl.[Use Gaussian elimination method.) - v on A B i *
y=ax®+bx+c The point (7,60) satisfies the equation *
The points (=6,8) y = x?+ 3x — 10, hence the boy will meet *
= 8= a(—6)? + b(—6) +c friend at (7, 60). He
= 36a—-6b+c=8.....() [ oo oTTTTEEETT= ‘*
The points (—2,—-12) ”L t’z’ *

= -12= a(—2r)2+b(—2) +e 10 6, 12 *

=b 4da—2b+c=-12.....(2)

The points (3,8)
=8=a( 3)2+b(3) +c¢ ﬂ

= 9a+3b+c=8.......(3)
The matrix form of the system is AX=B, where
36 -6 1 a 8 4
9 3 1 c 8
Transforming the augmented matrix to echelon
36 -6 1 8

[A.B]=’4 ~Z 1 —12]
8

9 3 1

g -6 11 B

~lo -12 8 —116] Ry » 9R; — Ry Bm
0 18 3| 24]Rs—4Rs—Ry

36 -6 1 8] R, » e

~lo 3 =229 i
36 -6 1| 8

~lo 3 -=2]|29
0o 0 5 |l-50]R%s

| _’R3_2R1 °
36a—6b+c=8........(1)

3-26=29 o (2) | i o o e

e Gbﬁmi

From (3) c=-10

9629216361 %

* From (1) @ = 222118 4
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* %
* %
: 100 10 1 111 :
% Here A=| 400 20 1{=100x10[4 2 1|=1000 {1[2—4]-1[4-16]+1[16-32]} %
* 1600 40 1 16 4 1 *
* %
* =1000 {1[-2]-1[-12]+1[-16] }=1000 {-2+12-16 } = 1000{- 6} = -6000+ 0 %*
* %
* 8 10 1 g8 11 %*
* Ar=[16 20 1|=10/16 2 1|=10 {8[2—4]-1[16—22]+1[64—44]} %*
: 22 40 1| |22 4 1 :
:ll: =10 {8[-2]-1[-6]+1[20]}=10 {-16+6+20 }=10{10} =100 %*
*
* 100 8 1 1 4 1 &
: Ay=| 40 16 1|=100x2|4 8 1/=200 {1[8-11]-4[4-16]+1[44-128]} *
% 1600 22 1 16 11 1 .
: =200 {1[-3]-4[-12]+1[-84]} =200 {-3+48—84 } = 200{- 39} =-7800 *
100 10 8 1 1 4
Ay;=|400 20 16|=100x10x2|4 2 8 |=2000{1[22-32]-1[44-128]+4[16-32]}
1600 40 22 16 4 11
=2000 {1[-10]-1[-84]+4[-16] } = 2000 { - 10+ 84—64 } = 2000{1 0} = 20000
ByCrarrler'srule,wegetfi‘zﬂ:ﬂ:—L;b:ﬂ =L E ﬂzmz_ﬂ_
A —-6000 60 A -6000 10" A -6000 3
So the equation of the pathis y= —lxz +Ex—m.
% 60" 100 3
% When x=70; y-——x(’?{))z — 'Fl[}—E=—i><4900+91-E :
%* 10 360 3 %*
* .
% D e Ll NS *
) 6 3 6 ES
% So the ball went by 6 metres hlgh over the boundary line and it is impossible for a fielder standmg*

% cven just before the boundary line to jump and catch the ball. Hence the ball went for a super six and %

: the Chennai Super Kings won the match. :
- B
* L

s Positive Ihinking Kesult in sucuess %
R = e *
L

F * * * * &I* * * e y ur questio nsgd*answe%ys tous: Padasalam *@ #C(% * * * :
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Let x4 =k. Then from (3), 2x3-3x4=0=3x3-3k=0=>2x3=3k=x3 =§§;

From (2), 2x3 = 21'4_0:21'2—?'{—2& 0=>2; 2_3“4":2.1:2:%:”2:%
From(B),:q-x3+:r4=0=>x1-§;;+k=0=-.t]=7k—k=:>x=3k_2k: =%
The solution is (x, x3, x3, x4)—['% % % k] keR.

If k=4, then( x2, X3, X3)=(2, 7,6,4)
So the balanced equation is 2CyHg +703 = 6 H0+4CO,.
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COMPLEX NUMBERS

Example 2.8 (i) Showthat
(2+3)"" +(2— i3) "isrealand (1)

1s 1s
(19-1-9!') —(B‘H) is purely imaginary.

5 -3i 142§
Soluton:

Let Z=(2+ w’:ﬂml +(2- :‘Ji)m
Then Z=(24+03) " +(2—1v3)"
=(2+3) +(2-v/3)"
=(+B) +(z-w5)
=(2-1/3)"" +(2+1¥3)"

=2Z.50

(2+1v3)" + (2 — iy3) iz real.

10 49\ 13 g+i\18
(1) Letz= 5-::‘) _(1-!-::'

19490 19491 5+3  _ 95457i+45i+27i7

§-3i  5-3i * 5+3i 2549
_ 95+102i427(-1) _ ss+s02i-27

28 24
_ G102 _ 34(2+3i)
D as

=2+3i

8+i _B+i 1-2i 8-16i 4 i-2i2
1421 1420 1-20 T g4

_ 8-15i =2(-1) _ g-1s5i42
b 5 T s
_ lo-1si _ s(z-2i)
e e T

=2-3

gives

15 .4 15
19491 B+1
SDZ_(E_“) (.1.+=i

z=(2+3)¥ - (2-3)"
So, Z=(2+3)B — (235
=@+ -2-3)"
- m 15 —{m_ljm
=(2-3)"—-(2+3)"
=-[+3)5 - (2-30%]
E=-Z

> 19+9i)15 (nH]“
“Ns5-ai 1+2i

is purely imaginary.

* NN NN =

4. The complexnumbers u, v, and w are
related by =2 +—1 "

u v w
Hv=3—4iandw=4 +3i,finduin
rectangular form,

1 ) SR 1 1
i ——=—=t— =— 4
Solution: At +w T
7=i

_ 4%i43-4i =

= m 12 49i - 16 - 12i?
- 7= o R _ 7—i
12-7i-132(-1)  13-Fi412  22-7i

c4—7i 74 _ 168424i—49i-7i%
BT "2k 5941
_ 168-28i-7(-1) _ 168—25i+7

g0 s0

_ 175 -3¢ 285 (7 - i) _ -0

50 s0 =
u=2(7-1)

Example 2.11 Which one ofthe points
i,—2 + i, and 3 is farthest from the origin?
Solution:
The distance from the origin to
Z=i,~2+1i,and 3are
2] = | = V¥ = V=1
1zl = -2 +i] = J(-2)* + 1%
=JT31=45
12] = 3]=3
The farthest point from the originis 3

Example 2.13 Il |Z| = 2 show that

3|z +3+4i|<7

Seolution:

We knowthat |Z, + Z.| < |Z,] + |2

Hence, |Z + (3 + 4i)] < |Z]| + |3 + 4i]
< 2+ |3 + 4i|
<2437 4
<2+v9+16
<2+4425
=245

<7 ....(1)

--—----—-—-—--------—----—--——------——
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5. fcosa+cosP+cosy=0=sina+sinf +siny,
prove that
(D cos3z+cos3p+cos3y=3cos(a+B+7Y)
(ii) sin3a 4+ sin3p +sin3y=3sin(a+B+7Y)
Solution: Given
cosa+cosB+cosy=0=sina+sinB+siny
(cosa +cosf +cosy)
+i(sina +sinf + siny)=o
(cosa +isina)+ (cosB +isinf)
+ (cosy +isiny)=0
Ifa+b+c=0,thena® + b* +c? = 3abc
wherea =cosa +isina, b =cosf +isinf
and c = cosy +isiny
& (cosa +isina)® + (cosP +isinp)?
+({cosy +isiny)?
=3(cosa+isina)(cos « +isina)(cosa +isina)
(cos3a +isin3a)+ (cos3p +isin3p)
+(cos 3y +isin3y)
=3 [cos(z+p+y)+isin(a+ p+y)]
(cos3a + cos 38+ cos 3y)
+i(sin3a + sin3p + sin3y)
= [3cos (a+ p+7y) +i3sin(a + B +7)]
Equating real and imaginary parts,
(i) cos3a+cos3B+cos3y=3cos(a+B+7y)
(ii) sin3a+sin3f +sin3y=3sin(a+ L +7Y)

is proved.

6.IfZ=x+1iy andarg(:—:_:) =E.thenshuw

thatx*+y*+3x—-3y+2=0.
Solution: Given Z =x + iy

Z-i _ x+iy-i _x+(y-1)i
Z+2 x+iy+2  (x+ 2)+iy

a=x.b=y-lc=x+2andd=y

7_1 nw bec—ad >
08(535) =% aorpa =)
be—ad
ac+bd = bc—ad =ac+bd
(—Dax+2D-—xy=x(x+2)+(y -1y
xy+2y—x—2—xy=x2+2x+y*—y

2y —x—2=x3+22+y5—3
X+ 2x+y*—y=2y+x+2=0
x*+y*+3x—3y+2 =0,is proved

If Z=(cos@+isinf), showthat
1 " 1 =
(D z" +_;=2cos@ (ii) z" — ;= Zisinf.
Solution: GivenZ = (cos® +1sinf )
% 2" = (cos@ +isinf )"
= (cosn@ +isinnd )

-:;=z"’“ = (casnf —isinng)

n 1
(E}Z +F
= (cosnf +isinnf ) + (cosnf —isinnf )
= cosn@ +isinn@ +cosnf —isinnf

= 2cosnf

() z"—=
= (cosnf +isinnf ) — (cosnd —isinnd )
=cosné + isinn@ —cosnf +isinnb

= 2isinng

14 cos26 + i 2in 26\ 3°
1+cox28 —isin26

Example 2.30 Simplify (

Solution: Let (cos208 +isin28) =2
- % = (cos 20 — i sin26)

.(1+cnc29+iﬂn29)_ 1+Z
“"\1+cos28 —isin28 1+%

(1 +z)
=\ZFr | _[1%2 )
z (1+z RZ) =%
(: + con 28 + iuinzﬂ)an 30
=z
1+cos28 —imin28

= (cos 20 + isin 26)3°
= (cos 608 + i sin 608)

Example 2.32 Find the cube roots of unity.
Solution: Letx=(1)} = (cos0+isin0)
= (cos 2k + i sin 2kx)5
= (cos3 (2kw) + isin3 (2km))

Substituting k=0, 1. 2we get 3 values cis 0

t':isz—l:r cis*—”-
» a 2
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Example 3.6 Form the equation whose roots are the squares of the roots of the cubic equation
¥ +ax®*+bx+c=0.

Solution:8
Since o, B, and y are the roots of the equation x3 + ax? + bx +¢c =0
X,=a+f+ty=-a Zo=af+By+ya=b Y,=afy=-c
We have to form the equation whose roots are a?, 3% and y2
Y =4y = @ fy) —2ah + By + )

1
=(-a)?—-2b= a%-2b
Y. =@+ +yat = (@f+ B +ya)? — 2@B)BR) + Br)a) + (ya)(ap)]
= bz —2(=c)(—a) = b? - 2ac
Z 5 =a’fPy® = (afy)® = c*
Hence, the required equation is
IB i (a.z 4+ '82 + .VZ)xZ 4 (‘IZﬁ'Z 4 ,82],?. + yzaZDx i a.z‘gz},?. . U

x3 = (a® - 2b)x* + (b* — 2ac)x —c?* =10

EXERCISE 3.1

4. Solve the equation 3x* — 16x% + 23x — 6 = 0. If the product of two roots is 1.

Solution:
Let @, f and y are the roots of the cubic equation

302 —10a+3=0

(a—3)Ba—1)=0

1
cr=§ and a =3

E
£

3x —16x*+23x—-6=10 B3+)= «x —?x2+ Bx-2=0
The product of tworootsis 1. af =1 = ﬁ:i
23 16y 16
= = = —_— = = —— = —
Za By Zz aff + fy +ya 3 Z: a+pL+y ( 3) 3
—(=2)=2
afy =2 a+f+y=—
- =l g A
:“(E)V=2 1 16 10 Wheng=3 B=g=3
ﬂ+—=?—2=?
= y=2
a*+1 10 3 11
Py Whena=3 B==-=:

Thus the roots are 3, § and 2 (or) %, 3.2

HHHKNHNNENNNNHFHNNNNFNNFENNNNN
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x(x—8)+7(x—8)=0
(x-8)(x+7)=0
x—8=0 (or) x+7=0
x=8 (or) x=-7
Therefore the roots of the given equation are
13, -2, 8 -7.

(ii) The given polynomial equation is
(x=4)(x=7)(x-2)(x+1)=16
(x—4)(x-2)(x-7)(x+1)=16

(12 - 2x-4x+8)[? +x-7x-7)=16
(2 —6x+8)(x2 —6x-7)=16

By taking y= x> —6x, the above equation

(v+8)(y-7)=16

y2—7y+8y-56-16=0

becomes,

y2+y—?2=0
¥ -8y +9y-72=0
y(y-8)+9(y-8)=0
(v-8)(y+9)=0
y—8=0 (or) y+9=0
y=8 (or) y=-9

Substituting the values of y in y = x% —6x,

=
]
B
I

x2 —6x=8 (or) x2—6x=-9
x*-6x-8=0 (or) x> —6x+9=0

From x> —6x—8=0

—~(-6)x+(-6) ~4(1)-8)

X=

2(1)
_6+68 _6+2417 _ 2(3+417)
2 2 2
x=3+417

HHNNHHHHFHEFNEFEEREFEEEEFEFEIEREEREERRRF
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From x> —6x+9=0
x%=3x=3x+9=0
x(x=3)-3(x-3)=0
(x—3)(x—3)=0
x=3=0 (or) x-3=0

x=3 (or) x=3
Therefore the roots of the given equation are

13,334 /17, 3=J17 .

2. Solve: (2x—1)(x+3)(x-2)(2x+3)+20=0
Solution :
The given polynomial equation is

(2x=1)(x+3)(x-2)(2x+3)+20=0
(2x-1)(2x+3)(x+3)(x-2)+20=0
(4.\:2 +6x—2x—3)(x2 -2x+ 3x—6)+ 20=0
(ax? +4x-3)x? +x-6)+20=0
(4l + x)-3)o? + x-6)+20=0

By taking y=x>+x, the above equation
becomes,

(4y-3)(y—6)+20=0
4y? —24y—3y+18+20=0
4y2 -27y+38=0
4y% —8y—19y+38=0
4y(y-2)-19(y-2)=0
(y-2)(4y-19)=0
y—=2=0 (or) 4y-19=0
y=2 (or) y=77

Substituting the values of y in y=x%+x, we
get,

24x=2 (or) x2+x:§

HHHFHNEEWREEFEEENFENEFNNHFFHREFEEEEENENNN

Kindly send me your questions and answerkeys to us : Padasalai.Net@gmail.com


https://www.padasalai.net/
https://www.padasalai.net/

www.Padasalai.Net - No.1 Educational Website in Tamilnadu

WHHHHHHHKFFEFHNNENFFEETEFNHN¥ N

Example 5.2 Find the equation of the circle
described on the chord 3x+ y +5 = 0 of the
circle a?+y? = 16as diameter.

Solution:
Equation of the circle passing through the points of
intersection of the chord
2 +y2=164+ABx+ y +5)=0
x2+y?4+31x+ Ay +51-16=10

Centre (—g,—f) = —Tak _TA) lies on the chord.
3 (_3’1) 2 4osaio
24z
472 1 5=
i =
=104 =-10 A=1

The equation of the circle is
x2+y2+3x+ y—11=0.

Example 5.13 A road bridge over an irripation
canal have two semi-circular vents cach with a
span of 20m and the supporting pillars of width
2m. Use to write the equations that model the
arches.

Example 5.10 Find the equation of the circle passing
through the points (1,1), (2,-1), and (3,2 ).

Solution:
Let the general equation of the circle be
x2+y?2+2gx+2fy+c=0........(1)
It passes through (1, 1)
12412 4+29(D)+2f()+c=0
2g+2f+c+2=0......(2)
It passes through (2, -1)
22+ (-1)2+2g(2)+2f(-1)+c=0
4g-2f+c+5=0......(3)
It passes through (3, 2)
324+22+29(3)+2f(2)+c=0
6g+4f+c+13=0......(4)
(2)—(3) gives —2g +4f—3=10..(5)
(4)-(3) gives 2g + 6f +8 = 0... (6)
(5) +(6) gives f =~
Substituting f = —%in eqn(6) g = —g
Substituting f = —% and g =— g ineqn(2), c=4

The required equation is

2 +yi+20x+2fy+¢c=0
1
x2+yz+2(—-i—)x+2(—i)y+4=0

x2+y?=5x—y+4=0

T2 44t d At iR A2 A 2 L A 2 0 2 2 & 4 & & 4

D

I

';x

Ume—20m—m—28m—]

Solution:
Let 0y, O;be the centres of the two semi circular
vents.
First vent with centre
0,(12,0) and r=10
yields equation to [irst

/N

Second vent with centre
0,(34,0)and r=10 yields
equation to second vent as
semicircle as (x —39)%+ (y — 0)* = 10?
(x=1224+(-0)2 =102 | x*—6Bx+ 11156+ y* =100
x2=24x+1444+y2 =100 | x*+y*—68x+1056=10
x*4+y?—24x+44=0

EXERCISE 5.1

HHXHNNN¥ ¥

4. Find the equation of the circle with centre (2, 3)
and passing through the intersection of the lines
3x—2y—1=0and 4x+y—27=0.

Solution:

Given: Centre (h,h) = (2,3)

The required equation is, (x = h)? + (y = k)? =12
(x—2)2+(y—3)2 =12

Point of intersection:

3x—-2y—-1=0 3x-2y—-1=0
4x+y—27=0 Bx+2y—54=0
11x—-55=0 x=25

Substitution x =5 in eqn(l) 3(5)—2y—1=0
—2y=-=14 y=7

Point of intersection (x,y) = (5,7)

The required equation passes through (5, 7)

(5-22+((7-32%=1r2 r=5

The equation of the circleis (x —2)? + (y — 3)? =52
x2+y?—4x—-6y+13=25
x24+y?—4x—-6y—12=0

HHHHNNNNNNNNNNNN¥¥
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6. Find the equation of the circle through the
points (1,0), (-1,0) and (0,1).

Solution:
Given: centre (0,0) radiusr=1
The required equation is

(x=0)2+(y—-0)2 =12 x2+y2=1

Example 5.17 Find the vertex, focus, directrix,
and length of the laclus rectum of the parabola

xt—4x-5y—-1=0.

HHNHHHNNNFFHNNENENNNN
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Solution:

The parabolax® —4x —Sy—1=0
x2—4x=5y+1 (x—2)=5y+1+(2)*
(x —2)? =5(y+1) is open upwards.

XY x=X42
y=Y-1
Vertex (0,0) 0, 0) (2,-1)
Focus (0, @) ( 5) ( 1)
iy 21_
0 4 4
Directrix S e
y=—a
Length of 4a=75 4a=35
lactus rectum

————a—ru——-——u-—--—————-——.-‘_d

O ———————————— — — — i — — —— i —

Example 5.19 Find the equation of the ellipse
whose eccentricity is %, one of the foci is (2, 3) and

a directrix is x = 7 . Also find the length of the
major and minor axes of the ellipse.

Solution:
™ _ e M
o = ¢ FM* = PM~<e

(e~ ae)? + (y— 02 =2 [(x =) +(0~0¥]

Foci (ae,0) =(2,3) e= % Directrix x = E =7
1 2
(x-27+0-37=(5) G-7?

3x?—2x+4y* - 24y+3=0

2
3 (x2 —gx) +4(y2 — 6y) = =3

2

3( —%) +4(y—3)2=3(%)+4(9)—3

1,2 100
—— _— 2:—-—
3( 3) +40y-3)? ==

1'_’
(x-3) , o-32_,
0t -
9 12

Therefore, the length of major axis = 2a

HHHHFHNFHNFHFFFFFEFNFNNN N
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8. Identify the type of conic and find centre, foci, (ii) (x+1)? + -2 _ 1
vertices, and directrices ol each of the following : 100 64

o (x=3)% | (y-4)?
(i) 225 + 289 =1

- 3)? - 4)? +1)2  (y-2)? Xz y?
(x 3)+(y 4) _d s P e AT T 7Y i
225 289 100 64 100 64
x2 Y2 Itisanellipse. Typel. Major axis : X-axis
= —_— —_—
225 » 289 1 = -
a=100 a=10 - X=x+1
Itis anellipse. Typell. Major axis : Y-axis ° 10
b% = 64 =710 =x
a? =289 b?=225 =X-1
ae 100
az—p? 6 =
G=17 X=x""3 e= az :“](T.E) Y

=y—2

=y
=¥V+2

m
1l
)
~
81
2
=
[~
| =
o
'—i
j—y
2| @
o S
-<
Il
=
|
.
Il
j
=]
d =
21
=
[=)
e
nla
Il

17
Referred to x ELLIPSE o
Referred P, X, ¥ % Y
ELLIPSE w0X. Y =X-1 =Y+2
x=X+3|y=Y+4
Centre €(0,0) c(-1,2)
Centre c(0,0) €(3,4)
; (6,0) F(5,2)
Foci ©,8) Fi(3,12) =oct
(ae, 0) 60y (=7, 2)
(0, +ae) (0,-8) F,(3,-4)
— — ackicas (10,0) A(9,2)
Vertices (0, y \ (+a,0) :
+a) e R e (-10,0) A'(-11,2)
— - Directrices | - _ 50 . .
Dlreclr::ces YziT y=i2—gg+4 X=i% g - 3
Y =142
e 50 | _-s0_ _-53
=g | 3

WHENKNHIENEKKFHNNHIFNNNNF
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Example 5.30 A semielliptical archway over a one-
way road has a height of 3m and a width of 12m.
The truck has a width of 3m and a height of 27.m.
Will the truck clear the opening of the archway?

Solution;
Width of the road is 12. a==6

The height of the truck is 3. b=3

¥§ 2
From the given data, the ellipse is 5 +2- = 1

Thus the height of arch way 15.m from the centre is
approximately 2.90m . Since the truck’s height is 2.7
m, the truck will clear the archway.

EXERCISE 5.5

2. A tunnel through a mountain for a four lane
highway is to have a elliptical opening. The total
width of the highway (not the opening) is to be 16m,
and the height at the edge of the road must be
sufficient for a truck 4m high to clear if the highest
point of the opening is to be Sm approximately .
How wide must the opening be?

Solution:

) €(0.0) (8,0)
: : x* o y2
Let the equation of the ellipse be wtE= 1
b=35
BZ 2
(8, 4) lies on the ellipse.— + == 1
64 16
a2 = 25
223 =30
af== (64) a=

Width 22 =2 (*—: . 33—“ = 26.66m

1. A bridge has a parabolic arch that is 10m high in
the centre and 30m wide at the bottom. Find the
height of the arch 6m from the centre, on either

3. At a water fountain, water attains a maximum
height of 4m at horizontal distance of 0.5m from its
origin, If the path of water is a parabola, find the
height of water at a horizontal distance of 0.75m
from the point of origin.

sides,
M Y c
Solution: V(0,0, =,
B(6,Y 1)
10
6
(~15,-10) Jr (15,%20)

Let the equation of the parabola be x? = —4ay.

B(15,—10) is a point on the parabola x? = —4ay.

15% = —4a(-10) 4a=22
10
The parabola is x? = — .2.1%53,_
(6, y1) lies on the parabola 36 = — % v
-360
nm= = -1.6

Height of the arch 6m from the centre is

CD=CE-DE=10-1.6=8.4m

HHNHHNKNEFFNFFFEEFEEEFERERFRRNN

Solution: A
Y V(0.5,4)

B(0.75,)

< % >
From the data the parabola is open downwards.
(x—h)? =—4da(y —k)

Vertex (0.5, 4) (x—0.5)% = —4a(y — 4)
It passes through (0,0) 4a = "'Ti’"‘s
0.25
(x—0.5)% = - =%

(0.75, y) lies on the parabola
0.25

(0.75—-0.5)* = —T(y -4)
0.25
(025)2 - —T(y— 4)
0.25x (—4)=y—4
-1=y—-4 y=3
The required height is 3mm. *

HHHNNHHFFHHNNFFYEEENRFHNNNN
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Example 6.3 By vector method, prove that Example 6.5 Prove by vector method that

sin(a — 8) = sinacosf# — cosasin f. *

cos(a + ) = cosa cos B — sina sin .

* Proof: Proof:

¥ ¥

=

P(cosa,sina)

*
*
*
*

Q(cosff,sinf) *

¥ P(cosa,sina)

a\a+ﬁ "

i
C M o] M N
A\
W

Q(cosf3,—sinf3)

B L5 x

M

N
h 4
>

Take the unit vectors & = OP and b = 00 which
make angles a and  respectively, with positive x —

axis.

Take the unit vectors @ = OP and b = 00 which Draw MP and QN perpendicular to the x -axis.

make angles a and f respectively, with positive x — IXOP = @, |X0Q =B, |POQ =a—g
axis. Draw MP and QN perpendicular to the x -axis.

—

%

%*

%

*

%*

%*

%

*

OP = cosai+sina j :

IXOP = a, |X0Q =B, |POQ =a+p

00 =cosBi+sing j e
Take the unit vectors i and f along the X and Y %
%*

%

%

*

%

%*

%*

%

*

%

%*

ARES, Take the unit vectors f and j along the X and Y

axes.
OP =cosai+sina J

i j k
cosff sinff 0
cosa sina 0

00 X 0P =

O_(j= cosfi—sinf J

s | Sm——f

Q0P =cosacosf —sinasinf....... 1) 0@ xOP =k (sinacosf —cosa sinf)

By the definition,
By the definition,

— —y

Q- 0P = [0Q| |0P| cos(e + B)

——

0Q x 0P = |0Q| |0P|sin(a—B) k

0Q - OF = cos(a + ) wivs (2) .5
X 0P = ksin(a—f5) I 4

3l

From (1) and (2), From (1) and (2)

cos(a+ f) =cosacosf —sinasinf sine— ) = sinecos f — cosasin B

HHHHHHHHHNHNNNEEEEEEEERERNN
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Example 6.23Ifad =i — j, b=i- j—4k, ¢=3j- Fandd = 21+5}+kvl:r1fy1hal
() (dxb)x(¢xd)=[d b, H']E~[?i, b, ¢ld
i) (@xb)x(¢xd)=[d ¢ db-[b, ¢ dla

Solution:
() (daxb)x(éxd)=[d b, d|¢—[d, b, ¢]d
Lhs (axb)x (éxd) Rus  [d, b, d|é—[d, b, d)d
.|t J Kk . pnp-1o0
ixb=1 -1 o|l=41+4 [@ b, dl=[1 -1 -4|=28
1 -1 -4 2 5 1
: B o [E1 O
éxd=|g éf —1|=8i—2j -6k [d b E]=[1 -1 -4f[=12
2 & 1 0 3 -1
i 7 &k (@ b, d|¢—[a b, ¢)d
(&'xgjx(r}'xfi‘)=4 4 0
8 -2 -6 =28(3j —k)—12(2i+ 5] + k)
= =247 + 24j — 40k ........ (1) .
= —241 + 24 — 40k ........(2)

From (1) and (2) (dxb)x(éxd)=[d b dj¢-[d b, éd

(i) (dxb)x(éxd)=[a & dJb—[b ¢ d]a

HHEHNNFHNFNHNFIENNNNNN
HHKHKNNNNNNNHHNNNHNNNN¥K

LHS (d@xb)x(éxd) RHS [d, & d]b-[b, & d]d
IR | S 1 -1 0
axb=1 -1 o|=4+4] [@ ¢ dl=l0 3 -1|=
1 -1 -4 2 5 1
vty ok 1 -1 —4
éxd=|0 3 —1|=8i-2f-6k B, & dl=lo 3 -1|=34
75 i 2 5 1
- - E o =
(ﬁxE)x(ExJ}:F :; o| [6. ¢ db-[B & dla=10(-]—-4k)-34C~))
8 -2 —6
= —241 + 24] — 40K ........ (4
= —241 + 24] — 40k .........(3) . N
From (3) and (4) (@axb)x(éxd)= [a , d|b—1[b, ¢, d]a
S S S S SN WS DS SN GESN SEES SN SN S NN SN S — -———-——-—*
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4. If the stralght lines == = 231 = Z 4ng Example 6.50 Find the distance of the point i:
* 2 4 2 (5, -5, -10) from the point of intersection of a *
* I _ ¥t _ Z ire coplanar, find ) and equations straight line passing through the points
S CE A4, 1,2) and B(7, 5, 4) with the plane *
* of the planes containing these two lines. xX—y+z=25, *
Solution:
%* Bl _yHl oz axel g4l 2 SoMGs: %
* . Al ) . S The Cartesian equation of the straight line joining *
Letdi=i—j+0k b=2i+2j+2kF, AandBi
* and B is
f=—i—j+0k andd=5i+2f+1k X=X Y=Y1 Z-2) *
* c-a=-2i+0j+0Fk 27X V270N 2274 *
F 5 o X=4  y=1 z=2
- -2 00 The required line is — = 2~ = ==
* ﬁ—fﬂ-(ﬁxd)=|z A 2| T v D *
* 5 2 2 x—4=y—1:z—2_ *
* = (A2 —4) (=2) — (22 — 10) (0) + (4 — 52)(0) 3 4 2
ViZ2) =3Bt +4,4t+ 1,2+ 2) vivivinne (1
E-% F5id)=0 (y,2) = ( +2) N
—y+z=5 = 3H+4—-4t—-1+2t+2=5
()R -4)=0 =4 A=+2 § = e
: : =t=0
Cartesian equation: *
Point of intersection of the straight line is (4, 1, 2).
* x—1 y+1 z-0
2 A 2 |=0 Now, the distance between the two points *
* 3 2 2 (4,1,2)and(5, =5, —10)is *
* When A = -2 - - -
x—=1 y+1 z—0 d=(5-4)72+(-5-1)2+(-10-2) %
* 2 -2 2 [=0 =1+ 36 + 144 = /181 units.
x-1D4-49-+1)(-4-10)+2z(4+10)=0
* 14(y+1)+14z=10

%
S Do ¢€/@uf& Se{f i
;l:
%
%

* x—1 y+1 z-0
% s 2 2

* (x-1)(4-4)—(y+1)(4—-10)+2z(4—10) =0

6(y+1)—6z=0
* = (6) y+1—z=0 6. 9 - 8

* Cartesian equation is
* y+z+1=0andy—-2z+1=0
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Example 7.1 For the function f(x) = x?,

x € [0, 2] compute the average rate of
changes in the subintervals [0, 0.5],[0.5, 1],
[1, 1.5], [1.5, 2] and the instantaneous rate
of changes at the points x = 0.5, 1, 1.5, 2.

Jf(b)-f(a)

Solution:

The average rate of change in an interval [a, b] is

= whereas, the instantaneous rate of

change at a point x is f"(x) for the given
function. They are respectively, b + a and 2x.

Rate of changes

Example 7.6 A particle moves along a
horizontal line such that its position at any
time ¢t = 0 is given by

s(t) = t3 — 61> +9t + 1, wheres is
measured in metres and t in seconds?

(1) At what time the particle is at rest?

(2) At what time the particle changes
direction?

(3) Find the total distance travelled by the
particle in the first 2 seconds.

Average rate is | Instantaneous
al b | x rafe is
f(B)-f(a) mibitg
bR f(x) = 2x
0 |05]05 0.5 1
I | 1L5]|15 2.5 3
15| 2 | 2 35 7

Example 7.5 A particle is fired straight up
from the ground to reach a height of s feetin t
seconds, where s(t) = 128t — 16t2.

(1) Compute the maximum height of the
particle reached.

(2) What is the velocity when the particle hits
the ground?

Solution:

S(0) = 0+1=1
S(1) = 1-649+1=5

s(t) =t3—6t* +9t+1
v(t) = 3t —12t%2 +9
a(t) = 6t— 24 S(2) = 8-24+18+1=3

(Dwhenv =0, 3t*—-12t* +9=0
t=1, t=3
(2) The particle changes direction when v(r)
changes its sign. Now.
If 0 <t < 1 then both
(t—=3)<0and(t—1) <0 and hence v(t) > 0.

Ifi<t<3then (t—3)<0and(t—1)>0.
and hence v(t) < 0.

Ift>3thenboth (t—3)>0and(t—1)>0
and hence v(t) > 0.

Therefore, the particle changes direction
whenr=landr=3.

(3) The total distance travelled by the particle
from time t =0 to t = 2 is given by,

|s(0) — s(1)] + |s(1) — s(2)|
=|1-—5| 4+ |5 — 3| = 6 metres.

Solution:

(1) At the maximum height, the velocity v(t) of
the particle is zero.

V(t) = %‘; =128 — 32t

v(t) =0
128 —-32t =0 = 4,
Att=4is

s(4) = 128(4) — 16(4)? = 512 — 256 = 256ft.
(2) When the particle hits the ground then s =0.
s(t) =128t—16t2=0

t = 0,8 seconds.

The particle hits the ground at ¢ =8 seconds.

The velocity when it hits the ground is

v(8) = 128 — 32(8) = 128 — 256 =-128 ft/s.

Example 7.7 If we blow air into a balloon of
spherical shape at a rate of 1000 cm?® per
second. At what rate the radius of the baloon
changes when the radius is 7cm? Also
compute the rate at which the surface area
changes.

Solution:

_ av
Given: — = 1000, r=7
dt

The volume of the baloon of radius r is

4
V=-mr.
3
av d
— =4t x=
dt dt

dr _ 1000 1000 250

dt  4m?  4nx49  49r
The surface area S of the baloon is § = 4mr?

ds dr _ 250 _ 2000
3‘8”"‘”‘5“8’”‘”4%“_7
dr _ 250 ds _ 2000

T 297 cm/sec andE—Tcm /sec.
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Example 7.60 Find the local extrema of the

function f(x) = 4x° — 6x*.

Solution:

f(x) = 4x% — 6x*

J'(x) =24x

24x3(x2-1)=0

5 —24x°

f"(x) = 120x* — 72x?
FU(x) =120(0)* - 72(0)* =0
Does not give any information about local

extremaatx=0.

Whenx =10

Whenx =1

The intervals

f'(x) =120(D)*-72(1)2 >0
Whenx = —1  f"(x) = 120(-1)* - 72(-1)? > 0

dare

flx)=0

x=0 andx=+1

(=00,-1),(-1,0),(0,1), (1,0).

Whenx=0 f(0) = 0%(10 — 0)? = 100
Whenx =5 £(5) =5%(10 — 5)2 = 625
When x =10 f(10) =10%*(10-10)* =0
Local minimum value is 0.

Local maximum value is 625.

EXERCISE 7.7

1. Find intervals of concavity and points of
inflexion for the following functions:

(i) f(x) =x(x—4)?

(ii) f(x) =sinx+cosx, 0 <x < 2m

(ifi) f(x) =3 (¥ — &™)

Intervals | Sign of f'(x) | Monotonicity
(—00,-1) - Strictly decreasing
(-1,0) + Strictly increasing
(0,1) - Strictly decreasing
(1,00) + Strictly increasing
When x =0 f(0)=4x°—-6x*=0
When x = -1 f(—1) = 4x° — 6x* = -2
When x =1 f(1) =4x6—62*=-2

Local minimum value is -2.
Local maximum value is 0.

Example 7.61 Find the local maximum and
minimum of the function x?y? on the line

x+y=10.

Solution:

Let f(x) =x*y* |x+y=10
y=10—x

f(x) = x2(10 — x)? = x*(100 — 20x + x%)

f(x) = 100x% — 20x3 + x*
f'(x) = 200x — 60x* + 4x°
f(x) = 4x(x* — 15x + 50)
f(x) =4x(x—10)(x—5)

Solution:
) f)=x(x—4>3=(x—4+4) (x—4)*
f() = (x—4)* +4(x - 4)3
Fi(x) = 4(x—4)3 + 12(x — 4)?
f'(x) = 12(x—4)* + 24(x — 4)
fl(x)=12(x—4)(x— 4+ 2)
flix)= 12(x—-4)(x - 2)

ff(x)=0 x=4 and?2.

Intervals are (—o0,2), (2,4) and (4, ).

Intervals Sign of f"'(x) Concavity

(—,2) S Up ward

2,4) - Down ward
(4, 0) + Up ward

When x =2 f(2)=22-4)3=-16

When x =4 fG)=4@4—-4)3=0

Inflection points (2, —16) and (4, 0).
| i) f(x) =sinx+cosx, 0 < x<2m
f'(x) =cosx—sinx
f'(x) = —sinx—cosx
f'(x)=0 sinx=-cosx tanx=-1
3w Tm

x=mr—§ x=-—;,-;—€(0.27r).
Intervals are (0, 3%7) . (3—“ 7—") and CT", 21!).

4' 4
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f' x)=0 x=0,10and5 Intervals Signof " (x) Concavity
f"(x) =200 —120x + 12x2 (0 3_“) = Down ward
Whenx =0 f'(x)=200>0 i ';n
Whenx =5 f"(x) =12(5)* - 120(5) +200 < 0 (T‘T ¥ Cpward
When x =10 ;”(x) = 12(10)% - 120(10) + 200 > 0 7T = Down waed
The intervals are (—o0,0), (0, 5), (5, 10), (10, o). (T' 2“)
Intervals | Signof f'(x) | Monotonicity 3 3  3r 37
(—00,0) - Strictly decreasing o 4 I(T) =singhcos =0
- : : 7
(0,5) ¥ Strictly increasing When x L f('?T") = sin 7T'T & cos%ﬂ =0
(5,10) - Strictly decreasing 4 3 o
(10, ) T Strictly increasing Inflection points (— ,0) and (T ,0). *
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5. A rectangular page is to contain 24 cm? of
print. The margins at the top and bottom of
the page are 1.5 cm and the margins at other
sides of the page is 1 cm. What should be the
dimensions of the page so that the area of the
paper used is minimum.

EFFFRREEEFFRREEFFFRRREFFRNREEF R
*

7. Find the dimensions of the rectangle with
maximum area that can be inscribed in a
circle of radius 10 cm.

Solution:

Let x and y be the length and breadth of the
rectangle paper in printed area.

Area A = xy = 24 y=-?-
Dimensions of the paper length and breadth is
x+2andy+ 3.

Area of the paper

AX)=(x+2)(y+3)=xy+3x+2y+6
24 48
A(x)=24+6+3x+2(?)=30+3x+-—£-

r 48 ir 96
A(x)=3—;2- A(x)=;3-
A'(x)=0 3x% = 48 x =4
Atx =4 A”(4)=:—§> 0.

Area minimum at x = 4.
Whenx = 4

Dimensions of the paper length and breadth are
4+2=6 and 6+3=9.

24
y=T=6

6. A farmer plans to fence a rectangular
pasture adjacent to a river. The pasture must
contain 1,80,000 sq.mtrs in order to provide
enough grass for herds. No fencing is needed
along the river. What is the length of the
minimum needed fencing material?

Solution:

Let 2x and 2y be the length and breadth of the
rectangle.

Let € be made by OP in x-axis.

o=

I -
c059=; sinf@ =

y=rsinf
Whenr =10

x=rcost
Whenr =10

x =10cos@ y=10sin8

Area of the rectangle

A(8) = 400 cos8sinf = 200sin 20
A'(8) = 400 cos 28

A®)=0 cos20=0 6§=Z¢ (o,g)
A"(8) = —800 sin 26
A" (Z) = -8005sin2 G) <0

" - ’r
Areais maximum at 8 = <

=
At9-4

Length 2x = 2(10cos%) = 20 x = = 10vZ em

Breadth 2y =2 (1[} sinf) =20 x%z 10vZ cm

8. Prove that among all the rectangles of the
given perimeter, the square has the maximum
area.

%
%*
%
%*
%
*
L
A =2xx2y=2(10cos8) x 2(10sin §) *
*
%
%
%
*
*
%k
ok

Solution:

Let x and y be thee length and breadth of the
rectangular pasture.

Given: Total area = 180000 sg.m

Area = xy = 180000 y= 1“‘::"’“
Length of the perimeter (or) fencing
Lx)=x+2y=x+2 (IBTM =X +—35Tm
360000

L(x)=1- e
L'(x)=0 x? = 360000 x = 1600

& 720000
V@) ="

_ " __ 720000

Atx =600 L"(600)= ooy > 0
Minimum length at x = 600.
When x = 600 = 15099 _ 300

600
Minimum length of the fencing

Solution:
Let x and y be the length and breadth of the
rectangle.

Let L be the perimeter of the rectangle.
_ L-2x
Yy==

Let A be the area of the rectangle. A = xy
L—2x\ xL-—2x* xL
B — — — 2
Mﬂw(z)— =7 W

Perimeter L(x) = 2x + 2y

¥ ¥ ¥ ¥

L
Ax)=5—2x
f = £— — — -E
A(x)=0 = 2x=0 x -
') =-2 Atx=7 a"(5)=-2<0
= - )=
p 1 & 4x-2x
Area is maximum at X = 2 BE=—=%

It is square.
The rectangle is square has the maximum area.

— X2y = 6004600 =1200m _

87
W W W oMb s P ol 0 O e o O e K KK

HHHHHNHHNFFINFFFFNNFFNENNEENNNN

¥k ¥ ¥ ¥ KN ¥

%


https://www.padasalai.net/
https://www.padasalai.net/

www.Padasalai.Net - No.1 Educational Website in Tamilnadu

ﬂ#****#****#************#*****ﬁr
% EXERCISE 8.2

5. The trunk of a tree has diameter 30 em. During the following year, the circumference grew 6 cm.
* (i) Approximately, how much did the tree’s diameter grow?
* (ii) What is the percentage increase in area of the tree’s cross-section?

Solution:
Given; r=15cm and D =30cm
Circumference of the circle S(r) = 2nr

= 2m(15) = 30w cm

Differentiating = 6 cm

% O

Approximate error Area of the circle

* A(r) = mr?

=A(r+A4r) + A(r)
dA = 2nr dr

= A'(r)dr

3
* = 90 cm?(increasing) dA =30m (E) =90

(i1) Percentage increasing:

Actual value (Area) = nr? = 225n

Approximate value

Actual error = X 100 =
Actual value 225m
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EXERCISE 8.6 au .
1.Ifu(x,y) = x%y + 3xy*, x = e and y = sint, 3 = X2z =2xyz*
du -
find Eami evaluate it at ; =0 %" = xy?(3z%) = 3xy®z®
du _ dudx Jdudy e
Solution: 70 =303 dy dt F
dx
u(x,y) = 2%y + 3xy* o ok
___ Z.xj.r+ 3)]4 x =cost
dy
2 = —sint
E =x2+ 12xy? ar
by z=1+2e*
=5t
x(t)=¢ gs _ 2(e*) = 2e*
dr _ .t
P due
I a2 ad N —
(0 =sint 5 = 0"z")(cost) + (2xyz®)(—sint)
:‘: cost +(3xy?27)(2¢*)
=528 i 3 12,2 528
£=(_) _) _) _) y*z? cost — 2xyz® sint + 6xy°"z%e
dr — \éx/ \dr ay/ \at = yz (yzcost —2xzsint + 6xye™t)
= (2xy+ 3y%)(e") + (= + 12xy?®)(cost) = cost {1+ e*)*
= [2(e")(sint) + 3(sin )*]1(e") [cos (1 + 6**) — 2sin"t(1 4 ") + Gsintcost &™)

+[(e*)? + 12(e*)(sin t)*](cost)

s - 24,3
=2 sint + 3e*sin’t + ¢ cost + 12e* cost sin’c 3. "w(x':“z) =x"+ty=tz-,

— of 2 — at o — ot o
SK _ gf(26"sint + 3sin't + ' cost + 12 cost sin’t) x=e',y=e'sint,z= e’ cost, find

di
y dw dwdx dwdy Jdwdz
att=0. “oluion: d:-ﬂxdz+ﬂydr+azd:
2 _ ¢%(267 sin0 + 35in*0 +¢° cos 0+ 12 cos 0 £in®0) o A
de w(x,y,z) = x* + y*+z2°

=1(0+0+1+0) B
-~ . aw dw
=1(1) X, o=, =l
==1
dx
x=gf =€
2. 1fu(x,y,2z) = xy*z°,
=sint,y“mst.z=1+e='ﬁndd—: y=etsint %=""“”+5‘“t"'
d!u Sudx Jdudy dudz de i i
dl'.' ﬂxdr+ﬂydr+azdr z=etcc|5t . E-E( Slnt)"‘ﬂﬂste
u(x,y,z) = xyz® dwdx _ .
K Tu o -
= (2eH)et

‘Mathematics is Most Beautiful
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aw
i + cos(xy)x

=x +xcos(xy)
% =1+ x[—sin(xy)y] + cos(xy)(1)
= 1 —xysin(xy) + cos(xy) ..... (i)
83w

From (i) and (if) 3":_—:;- = Sy is proved.

10. A firm produces two types of calculaters

each week. x number of type Aand y
number of type B . The weekly revenue and

cost functions (in rupees) are

R(x,y) = B0x + 90y + 0.04xy — 0.05x7 — 0,05y
and C(x,y) = Bx + 6y + 2000 respectively.
(i) Find the profit function P(x.y).

(if) Find 5 (1200,1800) and :—; at
(1200,1800) and interpret these results,
Solution:
Given Revenue = R(x,y) and
Cost=C(x.y)
So, Profit P(x,y) = R(x,y) = C(x.y)
= (80x + 90y + 0.04xy — 0.052 — 0.05y%)
— (8x +6y +2000)

(i) P(z.3)="722+84y + 0.04xy - 0.052% ~ 0.0552 — 2000
o _ _
5 = 12+004y—-0.1x
At (1200,1800)

o =72+ 0.04(1800) — 0.1(1200)
=72+7200-120.0
=144 -120
ar
i 24
ar _ -
- 84+ 0.04x— 0.1y
At(1200,1800)
:—i =84+ 0.04(1200) — 0.1(1800)
= B4 +48.00- 180.0
=132-180

ar
F——48
oy

rizn OP _ o _
i) 3 = 24and - = — 48 At (1200,1800),

shows Profit increases when keeping y as
constant.

 Mathemati
is not (bout
Numbevs, Guations, Coputation ev (llgevithms.
% is Undevstanding and UWerking Out Perfectly *
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| Examplﬂ 9.10 Evaluate : _rI mdx |

Solution:

*X

X

A B

X

GrDE+D) x+1 z22
x=A(x+2)+B(x+1)
Whenx=-1 A=-1
Whenx=-2 B=2

-1 2

GrDGE+2) x+1 x+2

2

(x +2)?
x+1

. []Dg

1I(J-‘+1){J|f+2) .”x+1 x+z

= [—log(x + 1) +22 log(x + 2))?

| =108 () -1ox 3)
16 2\ . 32

=log (3 x5) =loe

Example 9.11 Evaluate : f= xhab

0 (1+sin@)(2+sin8)

Solution:

i
3z cos @

-
1
9= —a
(1+sin6)(2 +sin @) ,[1 v+

u=1+sin@
u+1=2+sin@

du = cos @ dé

When x=0 u=1

mw
.1'—2 u=2

= fiog 1],

1l
=)
[1]°]
L o

4******************************

x Fx ¥ LA EEEFEL AL AL LTI TETLE L L LEL

<13 -t () - £ x2)

J’zu +1—u P
= u
;1 u(u+1)
fz1 1 ]d
= — u
g lw (u+1)
= [loglu| — Iuglu + 1])3

H e e e W K K e N N BN K H
-+ in~1x
Example 9.12 Evaluate : ff {s_nwdx
Solution:
u=sin"1x 1
du = dx
x =sinu Vv1-—x2
1 —x? x=0 u=0
=] — gin? 1 m
1-sin‘u et s
= cos?u vz 4

w/4 _

= [u tanuly tan u du

g"""‘\-h-l::l

= [u tan u];”"i [log Icosui]”ﬂ‘

=Tt tog ==2-210g2
i ﬂgﬁ—4 5109 2.

Example 9.13

w
Evaluate : fnf(v’tan x + Y/cotx)dx.

101

Solution:
T

= fz(\ltan x ++cotx)dx
0

mw
Z{ |sinx COS X
—] + - dx
0 CoOS x sinx

n
= .
=J’ (\fsmx_]_\fcosx)dx
0 \Vcosx +sinx
bis

Z /sinx 4+ cos
J= f (— dx
Vsinxcos x

+
__J—j' smx CDSI)dx

VZsin x cos x

sinx+cos x
—\/_f ( )dx
J1 = (sinx — cos x)?

[ -
=\’f[§—(n—g)] =1v2

****************************ﬁ*
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5. Find the area of the region bounded 6. Find the area of the region bounded by

3

H%
¥

* between the curves y = sinx and y = cos x y = tanx,y = cot x and the lines
T

* and thelinesx =0 and x = . x=0,x=73
* Solution: Solution:
* y y=sinx |cosx=sinx y=tanx tan x; CMJ&TTr

=Cosx x sm y=cotx ware ol
* g = : [ ,2]
% b

Area A =f [Yy = Y,] dx
* ,, = A
vy n
* = f [cosx — sinx] dx + L [sinx — cosx] dx
% :
3 |
* = [sinx + cosx]; + [—cosx — sin x]x I~ e~ >
4 Y=tan x 32 Y=cotx
* 3
* = [sinx + cos x]§ — [cos x + sin x]&
)
\%

HHNNKKENFFHNFFNFFEENFHNNN

== + - 0 1] 1-0 L 1
ﬁ . ﬁ ﬁ n m
i ey B / .
_ﬁ > TE"{I—J;)I x+J;Tryx
= Zﬁsq_unitgl =j tan x dx-l-J; cotxdx
0 L5
N
§I
A\ R S
e S =
* / |l \‘é\@: £ o
* iz W A JEVE = 6L 4 WLl —
2 s = 10 — 10 0 — log—
* 4 A g B 8 g-.ﬁ
A4 1
= logV2 —log—
% gy
* =log V2 — [log 1 — log V2]
= logV2 + logV2
* =2logV2
* ________ = log 2 sq.units,

****%&m&%%m&&%%&%&&%&%&ﬁﬁ%**;5
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EXERCISE 10.6

2.(x3+93)dy—x%ydx=0

Solution:
(3 +9y3)dy—x%ydx =0
(x* + y3)dy = x*y dx
dx x*+y? x y?
- By y =

dx dv
ux=vy v 3 iy +y &y
dv 1 dv 1
v+y d_y=v+v_2 yd—y=v—2
d
¥

Integrating on both sides,
3

v
= = logly| +logc]

»3 o3
F e log|ye| 3y log|yc]
yc = 333’ y= k 333’

4.2xydx+ (x*+2y*)dy =0

Solution:
(x% + 2 y?)dy = —2xy dx
2xy dx = —(x% + 2 y%)dy
dc  (x*+2y%)
dy 2xy

x dx dy
Putx=vy v== —=v+4+y —
y y dy yd:v'

dv _(u2y2+2y2)_ (v:+2)

L
5. (y% — 2xy)dx = (x* — 2xy)dy
Solution: *
(y? — 2xy)dx = (x* — 2xy)dy
dx y*—2xy
dy T X - 2xy
- =¥ & _ dv
Puty = vx = dx—v+x Ix
dv vix*—2x(vx) vi—-2vw
v4+x —= —
dx  x?-2x(vx) 1-—2v
dv v?-—2v
X —= -
dx 1-2v
dv v?—-2v—v+2v? _3(v?-v)
T dx 1-2v T T1-2v
(2v— 1)dv i dx
w2-v) X
loglv? — v] = =3 log|x| + log|c|
c
log|v? — v| = log IF'
c
2 -
v—=v F
(Z)z—z=—c- or xy?—x%*y=c¢
x x x3 Y y

7.(1+3 ex)dy +3ex(1-2) dx = 0, given
that y = 0 when x = 1.

TV @y T Tty
dv (w2 +2)

Yay = "

dv —1v*—-2-2v2 =3v?-=-2

Y d_y K 2v T 2w
Zvdv _ dy
3w2+2 y
1 6vdv —dy
33w2+2  y
Integrating on both sides,

v

%logIsz +2| = —log |y| + log |c]

3
3w +2=(:)
Yy

G +2- )

' Ta 42t A it i A 2 A 8 2 0 0 4 8 & 8 4 & L

Solution:

(1+38%)dy+3e¥(1—%)dx=0

4 x

413

dy gx\d y
T Ty (1)

(1+3ex)

Gt o I L 2)
w y=vx v=2 == o= TR §
) dv _ 3e¢%(1-v)

Sub (2) in (1) X = Tt

dv 3.-3"(1—1?)_

HFHHNHEKEHFFHEFNFEEERFFEFREREERRY

*ax (1+3¢")
dv —3e”+ 3ve” —v—3ve’
X —=
dx 1+ 3e")
(143 e¥) » dx
(v + 3eY) e x
log(v+3e") =—logx+logc *
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EXERCISE 10.7
3.2 Y — sinx
dx
Solution:
dy y
dx1+ = sinx
Lineariny. P= = and Q =sinx

IF= el Pdx = eﬁ?‘l‘r=e"°9|"1 =%

Differential equation is

y(I.LF)= [Q(L.F)dx+ ¢
yX:f(Sinx)de+c

Xy=-xcosx+sinx+c

7.(y - es‘“_l"):—;-i-vl -x2=0

8. + (1- .t)v’_ =1-+Vx
Solulmn
dy . ¥
V%
(1 IN_
Lineariny. P= {1_:)\& and Q=1-+x
1
1F= el Pax — lasmt®
1
_ ef(\&_x)d-x =1+'\/;
1-x

Differential equation is y(I.F) = [ Q(I.F)dx + ¢

D)o ()
( 9 J(1+J_)dx+c
y(1—£) x+= .rxf_+r:

#
%
%
*
%
%
%
%
%
%
*
%
%
%
%
*
%
%
%*
*
*
%
*
%
%
%
*
%
*
%
%

¥ ¥

Solution:

(y—e““_l"")d—x+ 1—x2=0

dy
dx -V - x2
d_y" - y - esin~lx
dy y-— Esin"x —y Esin"x
—_— = -+
dx  —1-x% 1-x2 +1-x?
dy 1 esln“x
dx ' T—x2 A v1—x?
. . S | N\ Esln“x
Lineariny. P = o and Q= e
1
LE= ef Pdx — ef,lexIdx - es[n'lx
Differential equation is y(I.F) = [ Q(I.F)dx + ¢

esin~ix -
J_,(e.sm x) f( ) eSII‘I x)dx+c

2 sin” .r)

y (esin_‘x)=f(e

l—x2

dx+c

y (e 5"‘_1") = f g2 s 'x g (sin'x)+e

y (esin_ix) - ezs:_lx +C

9.(1+x+xyz)%+(y+y3)={}

Solution:

d
(1+x+xy2)d—3x’+(y+y3)=0

dy
2 WO 3
(1-5—:1c-|-x:v)dlc o +y?)

dy _ +y%)

dx (1+x+xy?)
E__1+x(1+y""]__ 1 _x(1+yz)
dy o +y%) y+y* y(1+y?)

dx_ 1 x

T

dx x 1

dy 'y y+y3
Linear in x. P=% andQ=y:;]=y[:yz)

1
IF=el7® = glogy = y

Differential equation is x(I.F) = [ Q(I.F)dy + ¢

~1
0= [ S e+

121
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6. Assume that the rate at which radioactive
nuclei decay is proportional to the number of
such nuclei that are present in a given sample.
In a certain sample 10% of the original
number of radioactive nuclei have undergone
disintegration in a period of 100 years. What
percentage of the original radioactive nuclei
will remain after 1000 years?

HHHHRRENNNNNNRNNNNN¥
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Solution:
Let A be the amount of radioactive nuclei present
at any time t.

—c A
dt

-kA k>0
A =Cce™

dA
dt

Whent=0, A=A4p= c=4p
Whent =100, A =90%0f 4y
20 A = A g 100K
100 ° 2
9

e—100k —

When t = 1000, 4 =7
A = Age—1000k

A=A (e-luk)lﬂ
10

mn[2)'s

Hence the radioactive nuclei after 1000 years is
10

A:A.,(_l%) (100)%
10

7. Water at temperature 100°C cools in 10
minutes to 80°C in a room temperature of
25°C. Find

(i) The temperature of water after 20 minutes

1i e time when the temperature is 40°C
(ii) The ti hen tl p is 40°

—0.3101; log,5 = 1. 5094]

11
[logel—s

¥

Solution:

Let T be the temperature of water at any time t.
dT
d—[ x(T-5)

dT
or = kT -9)

T—S=CeM
Whent=0, T'=100, s=25 =2 ¢c=175

Whent=10, T=80, s=25

ek=2=0  k=glog (5)
() Whent =20, T=7, s=25
T - 25 =75 (e104)
'r=zs+7v5(1—1)2
15
r=25+75 %11 .., 121
15 %15 3

=25+40.33 = 65.33°C
The temperature of water after 20 minutes is
65.33°C (approximately)

(ii) when T = 40 40 — 25 = 75kt

75ekt = 15

1

b
5

13
1
kt = log §)

g (5) _ , 1os(5)

=10
11
k log E)

t=

1.6094
-0.3101

The time when the temperature 40°C is 51.9

t=-10 ~ 51.899

minutes (approximately).
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(i) Find the probability mass function.

(@) Find P(3<X <6)

Example 11.8 A six sided die is marked ‘1’ on one face, ‘2’ on two of its faces, and ‘3’ on
remaining three faces. The die is rolled twice. If X denotes the total score in two throws.
(ii) Find the cumulative distribution function.

(iv) Find (X = 4).

Solution:

Number of Sample space n(S) = 36

e

r(1,1),(1,2),(1,2),(1,3),(1,3),(1,3N
(2,1),(2,2),(2,2).(2,3),(2,3),(2,3)
(2,1),(2.2),(2.2),(2.3),(2.3),(2,3) |
(3,1),(3,2),(3,2),(3,3),(3,3),(3,3)
(3,1),(3,2).(3,2),(3,3),(3,3),(3,3)

Let X (w) denotes the total score in two throws, this gives

\(3,1),(3,2),(3,2),(3,3),(3,3),(3,3)

Let X is a random variables takes the values 2, 3, 4, 5 and 6.

HHHFNFFNHFREFHFFFEFFFEEEREENENNN
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Values of Random Variables 2 3 4 5 6 Total
Number of points in inverse image 1 4 10 (12 9 36
(i) The probability mass function is given by 12
2[3[4[5]6 T T
x 1T A 3 | 36
f) | 1|4 [10[12[9 ; 36
36 3636|3636 36
< | >
A 0\ 1 2 3 4 5 6
(i1) Cumulative distribution function 1s { -
(0; —oco<x<2 36
—; 2<x<3 :
36 15 ¢
[ ol b
—; 35x<4 _36 |
P =1 3 % |
e 185x< 5 1,
27 36
3 5£x<6 | { | } | |l S
L 6<x<a of] 1 2 3 a4 5 6
4

(iii) P(3 £X<6)=P(X=3)+P(X=4)+P(X=5)=g

(M PX24)=PX=4+PX=5)+P(X=6)=2
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CHAPTER -12

Verify the (i) closure property, (ii)
commutative property, (iii) associative
property (iv) existence of identity and (v)
existence of inverse for the arithmetic
operation + on Z Solution:

(i) Sum of two integer is again an integer,
closure property is true

Hence + is a binary operationon Z .
(ii)Alsom+n=n+m,_VmneZ.

So the commutative property is
satisfied

(iii)va,b,c€EZ,a+(b+c)=(a+bh)+c
Hence the associative property is satisfied
(ivjate=e+a=a=e=0.
Thus30€Z,>(a+0)=(0+a)=a.
Hence the existence of identity is
assured.

(v)] Va€Z, 3-a€Z, suchthat

a+ (-a) = (-a) + a=0. Hence, the existence
of inverse property is also assured.

Thus we see that the usual addition +on
Z satisfies all the above five properties.
Note that the additive identity is 0 and the
additive inverse of any integer m is -m.
...... Verify the (i) closure property, (ii)
commutative property, (iii) associative
property (iv) existence of identity and
(v)existence of inverse for the arithmetic
operation - onZ Solution:

(i)Closure property :

Though = is not binary on N; it is binary on
Z . To check the validity of any more
properties satisfied by —on Z, it is better
to check them for some particular simple
values.

(ii) Takem=4,n=5and
(m=n)=(4-5)=-1and

(n-m)=(5-4)=1.

Hence (m-n)#(n-m).Sothe
operation = is not commutative on Z.

(iii) In order to check the associative
property, letusputm=4,n=5andp=7
inboth (m-n)-pandm-(n-p).

(m=n)-p=(4-5)-7=(-1-7)=-8 ...(1)
m-(n-p)=4-(5-7)=(4+2)=6. ... (2)
From (1) and (2), it follows that
(m-n)-pzm-(n-p).
Hence —is not associative on Z .

(iv) Identity does not exist

{v) So, Inverse does not exist .

Verify the (i) closure property, (ii)
commutative property, (iii) associative
property (iv) existence of identity and (v)
existence of inverse for the arithmetic
operation + on Z.Z = the set of all even
integers. Solution : Consider the set of all
even integers Z={2 k | k €Z} =
{....-6,-4,-2,0,2,4,6,...]. Let us verify the
properties satisfied by + on Z

(i) The sum of any two even integers is
also an even integer. Because x,
EZe=x=2m andy=2n,mneZ.
So(x+y)=2m+2=2(m+n) €L
=2(n+m) =2n+2m=(y + x).

Hence + is a binary operation on Z.

(i))vx, €Z,
(x+y)=2m+2n=2(m+n) =2(n+m)
=2n+2m=(y +x).

So + has commutative property.{iii)
Similarly it can be seen that Vx,,z€Z,
(x+y)+z=x+(y+z).Hencethe
associative property is true.

(iv) Now take x = 2k, then
2k+e=e+2k=2k=e=0. Thus

VxeZ,30Z, 3x+0=0+x=x. So,
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So.A*BeM=B+AeM ThemA = A== A=« A=E

G DE D)=C

» * {s commutative on M
(3) Associative

Matrix multiplication is always associative.
ThatisA*(B+=C)=(A+*B)+C,vAB.CEM.

m M
R —

2zx~t Zxxr=N\ _
2xx~* 2xx™?

|
W)=
£ | e b3 ] e
\‘1-—-""

~=is also associativeon M

- L
Solution: (ii) 2x~h =3
(1) Closura x—1 =%,E R—(0)

Letd = (7 ;)and3={yy i):.r.yeﬂ—(ﬂ}
Hence M ={A,B}
Nuw,Aﬁ‘:G i)(i i)
-Gi7 319
=G5 25)ex

1

1 - §
sA = ("‘" "'""") isthe inverse of Ae M
ir &x

~ = has inverseon M

10.() Let Abe @ \ {1).Define von Aby
x+y=x+y—xy.ls+binaryon A?

Since, x.y € R — (0) gives xy also € R — (0) If so, examine the commutative and

So,ABeEM=A+BeM associative properties satisfied by *on 4.

|
|
|
|
|
|
|
|
I
|
|
f
|
|
|
i
I
|
|
|
|
|
~#jsclosedon M : (ii) Let A be @ \ {1}. Define = on Aby
(2) Existence of Identity | x*y=x+y—xy.ls=binaryon A4?
LatA = G ;) and [ If so, examine the existence of identity,
. |
E=( I
suchthat:a.e € R —(0) I
Hence M = {4,E} :
Now, A*sE=E+A=4 [
|
|
|
I
|
|
|
I
|
|
|
|
|
|
|
|
|

G e =G 3
G )

e existence of inverse properties far the
) be the identity,
© operation * on 4.

Solution: (i) (1) Closure
Given A= {@ \ {1}}

Letx,y E A Thatisx+1,andy #1

is defined on Ab
(Z:te ng) + is defined on Aby

2xe 2xe
2xe
2e

lI

X*y=x+y—xy
Letus assume that x » y = 1. Then,

x4y—xy=1
y-xy=1-x
yl—-x)=1-x

1—x

Y=

e=§e.ta—(0)

~E ) isthe identitye M

Il
P T

15 1 13 [
3|13 | =

ILGi =1, whichi
Sk hasidentit_t,! onM 1Ves, ¥ which is

(3) Existence of Inverse
LetA=(7 >)and

A= (;—: x—:) be the inverse of A.

contradiction to our assumption.
Hence, x+*y=1€A

=~ #isclosed on A

o e e e e o o . o o s o e i i i i o o i
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—p V(=g vr)

(=pVaglvr

~(pAq) vr

(pAg) —=r Hence proved.

15. Prove that p— (g Vvr) =—pV (~g VD)

using truth table.

LHS: p—= (qgqvh)

RHS : -pV (—gVvr)

pgr
i
o
1 B
TF F
FTT
FTF
FF T
FF F

-g (~gvn) p-(—=gVvi)

- = ™ m 3 = mom

T

o T BT R B B 7 |

T

I BT T I I

r—--————-———-

Juition
9 "o 19"

R St g i S

P g r =g (gVd) —p —pV(agvD)

FTY & % F T 10 6, 12
TTF F F F F

TEE® F ¥ F T ﬂg .
TFFT T F T W
FTT F T T T

FTF F F T T Quebtﬁ@ﬂ/ Baﬂé
EP T T ¥YaX T

FEE T S N\T T

From the above tables, the last columns are | m

identical. Hence p— (g V) =—pV (—|qu).|

Do it your self
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