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CHAPTER

APPLICATIONS OF MAIRICES

AND DETERMINANTS

R I I I

+

Y| MUST KNOW DEFINITIONS - |\Pl

If|A | 0, then A is a non-singular matrix and if |A| = 0, then A is a singular matrix.

The adjoint matrix of A is defined as the transpose of the matrix of co-factors of A.

If AB = BA =1, then the matrix B is called the inverse of A.

If a square matrix has an inverse, then it is unique.

A~ exists if and only if A is non-singular.

Singular matrix has no inverse.

If A is non — singular and AB = AC, then B = C (left cancellation law).

If A is non — singular and BA = CA then B = C (Right cancellation law).

If A and B are any two non-singular square matrices of order n, then adj (AB) =(adj B) (adj A)
A square matrix A is called orthogonal if AAT = ATA =1

Two matrices A and B of same order are said to the equivalent if one can be obtained from the other i
by the applications of elementary transformations (A~B). :
A non — zero matrix is in a row - echelon form if all zero rows occur as bottom rows of the matrix |
and if the first non — zero element in any lower row occurs to the right of the first non — zero entry 1
in the higher row.

1
1
The rank of a matrix A is defined as the order of a highest order non — vanishing minor of the matrix |
1
1

Alp(A)]-
The rank of a non — zero matrix is equal to the number of non — zero rows in a row — echelon form 1
of the matrix. :
An elementary matrix is a matrix which is obtained from an identity matrix by applying only one |
elementary transformation. Every non-singular matrix can be transformed to an identity matrix by 1
a sequence of elementary row operations.

A system of linear equations having atleast one solution is said to be consistent.

A system of linear equations having no solutions is said to be inconsistent.
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1. IfA and B are orthogonal, then (AB)" (AB) is

[PTA - 1]
A @B (I ) AT
[Ans: (3) I]
Hint : AAT = ATA=1]
BBT = B™B=1
(AB)T(AB) = BTAT (AB)=B"(ATA)B
= BTUB)=1 |4 , ,
2. The adjoint of 3x3 matrix Pis (1 1 2|,
2 21
then the possible value(s) of the determinant
Pis (are) [PTA - 4]
1) 3  @-3 () +3 (@) +3
[Ans: (3) £3]
-1 2 2
Hint: |1 1 2[=-1[1-4]-2[1-4]+2[2-2]
2 21
= -1(3)-2(3)+0=3+6=9
P = 49 =+3

3. 1If Ais a 3 x 3 matrix such that [3adj A| = 3
then |A| is equal to [PTA - 5]

1 1 1
M 3 @7 Ok @) 3

1
[Ans: (3) ﬂ:g]
Hint : 3 adj A| = 27 |ad] Al

3 = 27|A)
1
A2:_
AR
1
A=t 5
3

4. Let A be a non-singular matrix then which
one of the following is false [PTA - 6]

(1) (adia)' =2

(2) [lis an orthogonal matrix
(3) adj(adiA) =|AI A
(4) IfAis symmetric then adj A is symmetric
[Ans: (3) adj(adjA) = |A]" A]
Hint : adj (adjA) = A" A
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1 2T
5. If the inverse of the matri){3 5} is

a b
l{ }, then the ascending order of
11 |c d
a,b,c,dis [Govt: MQP-2019]
() ab,cd (2) d,b,cja
3) c¢,a,b,d 4) b,a,cd
[Ans: (2) d, b, ¢, a]
Hint | trix = L=
int : Inverse matrix = o631
52
i R e TR TR R A
11-3 1 3 —1| le d
m o1
6. If Alis an orthogonal matrix, then |A| is
[Qy - 2019]
(M 1 2) -1 3) £1 4 0

[Ans: (3) = 1]

Hint : The determinant of an orthogonal matrix is
equal to 1 or —1.

7. The system of linear equations x +y +z7 =2,

2x+y—-7=3,3x+ 2y + kz = 4 has a unique

solution if [Qy - 2019]
(1) k=0 2) -1<k<1
(3) —2<k<2 (4) k=0 [Ans: (1) k=0]
1 1 1
Hint: 2 1 -1 20
3 2 k

= 1[k+2]-1[2k+3]+1[4-3]=0
=5k+2-2k-3+1#0=-k+020=k #0

3 1
8. The inverse of is:

5 [Aug, - 2021]
3 -1 2 -1
o[ @[]
3 [—3 5} @ [—2 5}
1 2 1 -3
-1
[Ans: (2)[ 5 3]]
. _ 1] 2 -1 2 -1
Hint : A°! = —|adj A= {_5 3} = {_5 3}
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? 3. Solve the following system of linear equations

9. The adjoint of |:_i ::| is

[FRT - 2022]

10.

4 -1 -2 -1
0 A IR
-4 1 4 1
O I
4
[Ans:(1)|:1

-1
) I
Which one of the following is incorrect?
[May - 2022]

(1
2)

3)
4)

If A is a square matrix of order n, and A is a
scalar, then Adj (A A) = A" (Adj A).
Adjoint of a symmetric matrix is also a
symmetric matrix.

A(Adj A)=(AdjA) A= |A|L

Adjoint of a diagonal matrix is also a
diagonal matrix.

[Ans: (1) If A is a square matrix of order n, and A is

Sol.

Sol.

a scalar, then Adj (A A) = A" (Adj A).]

2 MARKS

cosO —sin0

cos0

Prove that |
sin 0

} is orthogonal.
[PTA - 1; FRT -2022]

[cos® —sin0]
LetA = | .
| sin®  cosO |
. Ccos® —sin®]" cos® sinH
Then, A™ = | sin®  cos@ | -sinO cosO
[cos® —sin®][ cosO® sinb
- | sin®  cos0 || —sin® cosO

cos?0+sin’0 cosOsin®—sinOcos
- sin 0 cos® —cosOsin O

10
o 1T

Similarly, we get ATA= L.
Hence AA"= ATA == A is orthogonal.

IfA—23 RER
Sl o277 |2 s)

R R

sin® 0+ cos’ 0

find adj (AB).
[PTA - 3]

AB‘L 2l2 5] [4+4 0410/ |8 10

-8 14
enquiry@surabooks.com

_ llo —15]
adj (AB) =

by Cramer’s rule 2x—y =3, x + 2y =—1.
[Govt. MQP-2019]

Sol. 2x—-y =3
x+2y =-1
A= _|=2x2—(1)(—1)
: —4+1=5
3 —
A= 2‘=3x2—(1)x1
=6=1b=5
2 3
A, = _1‘=—2—3=—
. Ao a3,
A 5
A, -
) XZ_:_
-1 2 2
4. IfadjA=| 1 1 2|, findAL [Qy - 2019]
2 21
Sol.. We compute |adj A| =9
So, we get A~ = _madj (A)
-1 2 2 -1 2 2
L ] T
& 2 2 1 3 2 2 1

3 MARKS

1. IfA=B _ﬂ,ﬁnd the value of A so that
AZ=)A -2l [PTA - 2]
, 3 2][3 =2
Sol. A = I
_[9-20 —6+4 :{9—% —2}
3N-20 2h+4 A 204
VR | R N L
e =2 0 1
_ 3 -2n _{2 0}: n-2 -2
Ao 2n] L0 2 Aoon-2
2= 2
A=1
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4 2 6 8] C[~5-6 —15+15] [~11 0
T2 ees| 1o -1 =@
2. Findtherankofthematrix| 1 1 -3 -1
1 3
[PTA - 4] 2 =5
4 2 6 8 11 -3 -l 1 —-11 0
sol. [{ 1 3 RueRi4 2 6 8 |A|I=—11'0 1]= 0 11 ..(3)
15 -3 9 21 5 =3 9 2l From (1), (2) and (3)
R, =R, + (@R, | 1 I; ;21 A(adjA) = (adj A)A= |All
. _ 1 a1 & 0 -3
Ry 2Ry + ISRy o o) 36 5. Verlfyz(AB;' = B! A™! with A:L 4}
R 3 _ B=| = [Sep.- 2020; July - 2022]
T EE R O
R3H&O | 3 BB R0 T =3 =2 ] sol. We get
—18 00 0 O 0 3][=2 -3
AB =
3. Solve by matrix inversion method : 1 470 -1
Sx+2y=4,7x+3y=5. 0+0 0+37[0 3
Sol. Matrix form AX =B [PTA - 5] Tl oi0 34l 7
X
Al 2]’ _ ’B:H B - ! =7 3] _1[-7 3 O
73 5yz > 0+6)]2 0] 6/2 0l
A| = =15-14=1 1 [4 3] 1[4 3
7 3 A—l — —
3 o 0+3)|-1 0] 3|-1 0
Al = 1o[-1 37 1f[-1 3
_7 5 B71 - = —_
X = Ale (2 0)_0 -2 21 0 -2
x 3 2|4 1|-1 3]114 3
= B—IA—I - — —
y -7 5|5 210 =2|3|-1 0
X _ 12 _10]:{2] C1[-4-3 3+0]1[-7 -3 o
vl =282 13 6| 042 0+0]6/2 0
x=2,y=-3 . 3 As the matrices in (1) and (2) are same,
4. Find the adjoint of the matrix A = L _5} (AB) ' =B A is verified.
and verify that A(adjA) = (adjA)A = |A|L 6. So}ve the fo.llo.wmg s.ystem of linear equations,
N3 using matrix inversion method : 5x + 2y = 3,
sol. _ [ [PTA - 6] 3x+2y=>5. [May - 2022]
2 =5 Sol. The matrix form of the system is AX = B, where
-5 =3
- 3 2 Y 5
) 1 3|5 -3 5 9
Aldjd) =1, s We find |A| = =10-6=4#0.SoA"
2
—-5—-6 —343
= (1 1 -
—10+10 —6— 5] ' —11] M exists and A = —|: 2 2].
] 4l-3 5
(adj A)A= R H2 _ 5] Then, applying the formula X = A~! B, we get
[ ]
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x| 1] 2 =2][3]_ 1] 6 -10 4 3 625 15 7|13
vl 4|3 slls] 4l 125 15 713|282 4,14 3 625
—4] 2 9 1] 1 2 9 1] 1
_i[_é‘] 146 :[_1:| Ry->Ry-4R1, [ ] 5 71 13]
16 " 4 _R3ORIIR g 17 92 | 27
So the solutionisx=—1,y =4. :0 -1 13123
Ry-Rp+(-D, [1 5 713
7. IfA=(5 2)andB=( 2 _l)then verify —R3oR3CD 10 17 22|27
7 3 -1 1 0 1 13|25
(AB)1=B 1AL [FRT - 2022] -
1 5 7] 13
Sol. A =3 2)3:( 2 ‘1) R32IR3 Ry 1o 477 221|027
73 - 00 0 199 | 398

AB - 52)(2—1]
7 3\-1 1

_(10-2 —5+2]:(8 —3)
14-3 —7+3) 1 —4

AB| = |8 ‘3‘=32+33=1
11 -4
1 1 —4 3
(AB)™! ——adeB——( J .. (1)
|AB 11 8
1
Bl = —adjB= —— [1 1]=[1 1]
|B| -l 2]t 2
1
Al = —adjA
Al

A71 _ 1 3 _2 — 3 _2
15-14\7"5) -7 5
B ALl — [1 1][ 3 —2]
I 247 5
3—7  -2+5 -4 3
482 e
3-14 -2+10 -11 8
From (1)and (2) (AB)'=B'A™L
Hence proved.

5 MARKS

1. Examine the consistency of the system of

equation 4x + 3y + 6z =25, x + S5y + 7z = 13.
2x + 9y + z= 1. It it is consistent then solve.
[PTA-1]
Sol. Transforming the augmented matrix to echelon
form, we get

enquiry@surabooks.com

Substituting z =2 in (2), we get

The equivalent system'is written by using the
echelon form:

x+5y+dz=13, .. (D

17y +22z =27, ...
199z = 398. ...(%3

F 3 _ 8 =2

rom (3), we getz = 199 ~ %

27-22x2_ 17

17 17
Substituting z=2, y =—1 in (1), we get

x=13-5x(-1)-7x2=4.
So, the solutionis (x =4, y=—1,z=2).

Note. The above method of going from the
last equation to the first equation is called the

method of back substitution.

Find the inverse of the non-singular matrix
211

A=|3 2 1|,byelimentarytransformations.
21 2

[PTA-6]
Applying Gauss-Jordan method, we get
21 111 0 0
[AIL]I=1{3 2 1]0 1 0
21 2|10 0 1

B e
! 2 2) 12
- |2 1 2 0 0 1
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| [1) [1] [1] - ? (i) IfA=7and n=#9, then p(A) =2 and
2) \2 2 ([A|B])=3 and So p(A) # 2([A[B]). Hence
R, =R, = 3R, 1 1 3
R; — R, — 2R, 3 2 2] T2 1o the given system is inconsistent and has
0 0 1 -10 1 no solution.
1 1
1 [E) [5] (i) If A =7 and U is any real number, then
R, —2R,10 T -1 p(A) =3 and ([A|B]) = 3.
0 0 1
So p(A) = (JAB]) = 3 = Number of
Lo 1l e 1o p(A) = ([AIB])
R, R, —=R,[0 1 —1[-3 2 0 unknowns Hence the given system is
00 =1 01 consistent and has a unique solution.
R R gl 00 3 -1 1] A
1 1 o 1 0lea 2 (i) IfA =7 andp =9, then p(A) =2 and
R, > R+R;
0 0 1I|{-1 0 1] p([AB]) =2.
5 -1 -1 So, p(A) = ([A|B]) = 2 Number of unknowns.
So,Al=|-4 2 1
1 0 1 Hence the given system is consistent and has
infinit ber of solutions.
3. Investigate for what values of ). and p the system riiitle nurmber of sowhons
of linear equations x + 2y +z=7,x +y+Az= p | 4. Test the consistency of the following system of
has (i) no solution (ii) a unique solution (iii) an linear equations by rank method.
infinite number of solutions. [PTA - 2]
Sol. Here the number of unknowns is 3. X—y+tz=-9; i—y+z=4
The matrix form of the system is AX = B, where Ix-y+tz=6; 4x-y+2z=T7  [Mar. -2020]
12 1 X 7 1 -1 1|-9
A=|1 1 A X=[V|,B=|HK 2 -1 1| 4
1 3 -5 4 5 Sol. [A/B]= 3 -1 1| 6
Applying elementary row operations on the 4 -1 2| 7
augmented matrix [A|B], we get
2 a7 12 1]7 R
[ABl=|1 1 alpn RpOR3 |1 3 _5| s _ 0 1 -1| 22|R,—>R,-2R,
1 3 515 11 0 2 -2| 33| R;—>R;-3R,
Ry>Ry-Rp. [T 2 1 7 L -1 1] -9
—R2RRE L0 1 6| 2
0 1 -1| 22|R;—>R;-2R,
[0 -1 A=T{p=7 “7lo o of-11|R, >R, -3R,
1 2 1 7 0O 0 1]-23
R3—>R3+R»
—_> —_ J—
0 1 6 2 R, <R,
0 0 A=7|pn-9
pP(A) = p (A/B)  Inconsistent and no solution.
[ ]
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