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Chapter 6 Application of Derivatives

Applications in Optimization
Optimization is a process of finding an extreme value (either maximum
or minimum) under certain conditions.

A procedure for solving for an extremum or optimization problems.
Step 1 : Draw an appropriate figure and label the quantities relevant to the
problem.

Step 2 : Find a experssion for the quantity to be maximized or minimized.
Step 3 : Using the given conditions of the problem, the quantity to be
extremized .

Step 4 : Determine the interval of possible values for this variable from the
conditions given in the problem.

Step 5 : Using the techniques of extremum (absolute extremum, first
derivative test or second derivative test) obtain the maximum or minimum.

Theorem 4 (The Second Derivative Test)
Suppose that C is a critical point at which f ’(c) = 0, that f '(x) exists in a

neighborhood of ¢, and that f ’(c) exists. Then f(X) has
(i) a relative maximum value at ¢ if f ""(c) < 0 and

(i) a relative minimum value atc if f "'(c)> 0 .

(i) If f '"(c) = 0, the test is not informative.

EXERCISE 6.5
13. Find two positive numbers whose sum is 24 and whose product is as
large as possible.
SOLUTION:
Let two positive numbers be x and y.
Givenx +y =24

To find x and y when their product xy is maximum.

~ Product = xy
= X(24 - x) [+By (1)
P(X) =24x-Xx
P'(x) =24 -2x
P'"(X)==2 ceeeennnee 2)
To find the critical point for P'(x)=0
24 — 2x=0
=2X =24
=X =12
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Whenx =12, P""(12)=-2<0 [+~by(2)
By Second Derivative Test
P(x) is maximum when x = 12
(i.e) product is maximum when x=12
when x=12, (1)=>y=24-12=12
~Required two positive numbers are 12 and 12

14. Find two positive numbers x and y such that x + y = 60 and xy° is

maximum.
SOLUTION:

Let two positive numbers be x and y.
Given x +y =60

To find x and y when their product xy3 IS maximum.
» Product = xy®
=(60-Y)y’ [+By (1)
P(y) =60y°-y*
P'(y) = 180y2 - 4y3
P"(y) = 360y — 4y3 = 4y(90 - y2) .......... 2)

To find the critical point for P’(y)=0
= 180y° — 4y°=0
=>~4y2 45-y)=0
=y=0andy =45
=we tale y = 45 since y>0

When y = 45, P""(45)= 4(45)(90 — 45°) = 180(90 — 2025) <0 [+by(2)

By Second Derivative Test
P(y) is maximum when y = 45

(i.e) product = xy3 IS maximum when y=45

when y= 45,
()= x=60-45=15
~Required two positive numbers are 15 and 45
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15. Find two positive numbers x and y such that their sum is 35 and the

2 5. .
product X~ y~ is a maximum.
SOLUTION:

Let two positive numbers be x and y.
Given x +y =35

To find x and y when their product X y5 IS maximum.
« Product = x° y5
=(35-y)°y’ [+By (1)
P(y) =(1225-70y+y")y’
= 1225y5 - 7Oy6 + y7
P'(y) = 6125y* — 420y° + 7y® = 7y* (875 — 60y + y?)
P'(y) = 24500y° — 2100y* + 42y°
= 14y (1750 — 150y + 3y") .......... (2)

To find the critical point for P’(y)=0
= 7y (875 — 60y + y)=0
=7y* (y*- 60y + 875) =0
=7y" (y=25) (y— 35)=0
=y=0,y=25andy =35
=we taley =25 and y = 35 since y>0

Wheny =35, x =0, is not possible as x>0
=>we tale y = 25 only

Wheny =25, P""(25) = 14(25)° (1750 — 150(25) + 3(25)?) [+ by(2)
= 14(15625) (1750 — 3750 + 1875)
= 14(15625) (3625 — 3750) <0

By Second Derivative Test
P(y) is maximum when y = 25

(i.e) product = X y5 IS maximum when y=25

when y= 25,
()= x=35-25=10
~Required two positive numbers are 25 and 10
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Example 34
Find two positive numbers whose sum is 15 and the sum of whose squares
IS minimum.
SOLUTION:

Let two positive numbers be x and y.
Givenx +y =15

To find x and y when sum of whose squares is minimum.
~ Sum of squares =X+ y2
=x" + (15-x)° [+By (1)
S(x) =X+ (15-x)*
S'(x) =2x +2(15-x)(-1)

=2x-30+ 2x
=4x-30 =2(2x — 15)
S"(X)= 4 .eennnnn. 2)
To find the critical point for S'(x)=0
2(2x —15) =0
=2x =15
s>x=2=-75

2
Whenx=7.5,S"(7.5)=4>0 [-by(2)
By Second Derivative Test
S(x) is minimum when x=7.5
(i.e) Sum of squares is minimum when x= 7.5

whenx=75,(1)=>y=15-75=75

~Required two positive numbers are 7.5 and 7.5

Remark
Proceeding as in above Example 34 one may prove that the two positive

: L k
numbers, whose sum is k and the sum of whose squares is minimum, are 5

k
and —.
2
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Exercise 6.5
16. Find two positive numbers whose sum is 16 and the sum of whose cubes

IS minimum.
SOLUTION:
Let two positive numbers be x and y.

Givenx +y =16

To find x and y when sum of whose cubes is minimum.
« Sum of cubes = x° + y3
=X+ (16 —x)’ [“By (1)
S(x) = x> + (16 - x)3
S'(x) =3x° + 3(16 — x)*(-1)
= 3x° - 3(16 - x)2
S’"(x) = 6x —6(16 — x)(-1)
=6X + 6(16 — X)
S”"(x)=6x+96—-6x=96.......... 2)

To find the critical point for S'(x)=0
3x% — 3(16 — x)* =0
3x° — 3(256 — 32x + X°) = 0
3x° — 768 + 96X — 3x°= 0
=96x = 768
=X =8

Whenx =8, S"(8)=96 >0 [+by(2)
By Second Derivative Test
S(x) is minimum when x = 8
(i.e) Sum of cubes is minimum when x= 8

whenx=8,(1)=>y=16-8=8

~Required two positive numbers are 8 and 8
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17. A square piece of tin of side 18 cm is to be made into a box without top,
by cutting a square from each corner and folding up the flaps to form the
box. What should be the side of the square to be cut off so that the volume
of the box is the maximum possible.

SOLUTION:
- [
X ¥
X L}
18-2x 18
[
X X
X X 1
- 18 «———

Let x =length of the cut on each side of the little squares
V = the volume of the folded box

=~ The length of the square base after two cuts = 18 — 2x

The depth of the box after folding = x

To find x lies between 0 and 9 when volume of the box is maximum
~ volume of the box is V = length x breadth x height
= (18 — 2x) x (18 — 2x) x x
V(X)  =x(18 = 2X)° ....... (1)
= x(324 — 72X + 4%%)
V(X) = 4x3—72%° + 324x
V'(x) =12x%— 144x + 324
V'"'(X) =24x—144 =24(x-6) ...... 2)

To find the critical point for V'(x)=0
=12x% — 144x + 324=0
=212(¢ - 12x+27) =0
=12(x-3) (x-9)=0
=>x=3andx=9

Since the value of x lies between 0 and 6, we take x = 3

Whenx=3V"(3)=24(3-6)=-72<0 [+By (2)
By Second Derivative Test

V(X) is maximum when X = 3

(i.e) volume is maximum when x=3
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Hence the maximum cut of side can only be 3 units.

when x =3

the maximum volume of the box V= x(18 — 2x)° [+By (1)
= 3(18 - 6)°
= 3(144)

= 432 cubic units

18. A rectangular sheet of tin 45 cm by 24 cm is to be made into a box
without top, by cutting off square from each corner and folding up the
flaps. What should be the side of the square to be cut off so that the volume

of the box is maximum ?
SOLUTION:

24-2x 94

x 45-2x x
- -—45 «—

L

Let x = length of the cut on each side of the little squares
V = the volume of the folded box
~ The length of the rectangle base after two cuts = 45 — 2x
and breadth of the rectangle base after two cuts = 24 — 2x
The depth of the box after folding = x

To find x lies between 0 and 12 when volume of the box is maximum
=~ volume of the box is V = length x breadth x height
= (45 — 2x) x (24 — 2X) X X
V(X) =2X(45-2X) (12— X) veeeren (1)
= 2x(540 — 69x + 2x%)
V(X) =4x>—138x* + 1080x
V'(x) =12x*—276x + 1080
V"(X) =24x-276 =12(2x-23) ...... 2)

To find the critical point for V'(x)=0
=12x* — 276x + 1080 =0
=12(>¢ — 23x+90) =0
=12(Xx-5) (x-18) =0
=>x=5and x =18
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Since the value of x lies between 0 and 12, we take x=5

When x =5 V"'(5)= 12(10 - 23) = 12(- 13) <0 [+By (2)

By Second Derivative Test
V(X) is maximum when x =5
(i.e) volume is maximum when x=5
Hence the maximum cut of side can only be 5 units.
when x =5
the maximum volume of the box V. =2x(45 —2x) (12 —-x) [~By (1)
=15(45 - 10)(12 - 5)
= 15(35)(7)
= 3675 cubic units

19. Show that of all the rectangles inscribed in a given fixed circle, the
square has the maximum area.
SOLUTION:

Y

A

e P(rcos6, rsinB)

F 3

o | "

Let r be the radius of the semicircle with centre at O.
Let a rectangle is inscribed in the semicircle.

To find the dimensions of the rectangle when its area is maximum
Let the equation of the semicircle is x* + y* = r*.

We have the point P(rcos0, rsin0)

- length of the rectangle is = 2rcos0

breadth = 2rsin0® .............. 1)
Area of the rectangle A = length x breadth
= 2rcos0 X 2rsin0
= 4r’cossin®

A(8) =2r’sin20
A'(0) = 4r°c0s20
A"(0)= —8r’sin20.......... Q)
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To find the critical point for A’(0)=0
=4r° 0520 =0
=c0520 =0
:29=@m1EJmZ

mw 3m 57

=220==-,— ,—, ...
2 2 2
T T T
#9—1,7,7,...
Since 0 < e<§,wehave 0=§
When 0 =7, A"(D)=-8r"sin2(%)  [+By (2)
=-8r’sin(2)
-_8r’<0

By Second Derivative Test
A(0) is maximum when 0 = E

(i.e) Area of the rectangle is maximum when 0 = %

when 0 = %
(1)= length = 2rcos(}) = 2r (5) =rv2 cm
breadth = 2r sin(%) =2r (TIE) =rv2 cm

= the dimension of the largest rectangle are rv2 cm and rv2 cm.

- length = breadth

- the rectangle is a square.

-~ all the rectangles inscribed in a given fixed circle, the square has
the maximum area.

20. Show that the right circular cylinder of given surface and maximum

volume is such that its height is equal to the diameter of the base.
SOLUTION:

Let the radius of the base of the cylinder = r units

and its height = h units

Given Surface area of the cylinder = 2nr(h+r) sq.units
S = 2nr(h+r)

S
= h+r=—
2nr

Sh=-———r ...(1)

2nr
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= Volume of the cylinder = ntr2h
= 1tr2(i — r)
2nr

_ ST[I‘2 _ 3
" 2nr

V(@) = % — mr3

V'(r) = ; — 3mr?

V/(X) = = BT v, @)

To find the critical point for V'(x)=0
S 2 _
= E —3nr- =0

= 3mr? =§
=>r?= 6i
1
1
s\ /2
»r=(5)
1 1 1
SN2 i S\ /2y _ s\ /2 ..
Whenr = (a) , vV ((a) ) =—-— 67'[(;) <0 [ By (2)
By Second Derivative Test
. . s\ Y2
V(X) is maximum when r = (a)

1
(i.e) Volume of the cylinder is maximum when r = (&) /2

whenr=(2)"

S
6T

_ra S-2mr? 5_2”(%)

S
(1): h= E 2nr n(i)1/2
6
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~radiusr = (%)1/2 and height h = (2)1/2

- diameter =2r=2 (2) "2 = (22) 7% = ()2 = height

a 6n 3n
~maximum volume is such that its height is equal to the diameter

of the base.

21. Of all the closed cylindrical cans (right circular), of a given volume of
100 cubic centimeters, find the dimensions of the can which has the

minimum surface area?
SOLUTION:

Let the radius of the base of the cylinder = r units
and its height = h units
Given Volume of the cylinder = 100 c.c

nirzh = 100
100
=>h= F ..... (1)
=~ Surface area of the cylinder = 2nr(h+r) sq.units
100
S(r) =2nar (F + 1')
S(r) = %’ + 2mr?
S'(r) =— 2%) + 4nr
' __400
S"(r) = ey +4 .......... 2)
To find the critical point for S’(x)=0
200
—— +4nr=0
r
200
= 4nr =—
50
>r3=—
Y4
50\ /3
-r=(3)
1 1
50\ /3 0N 73] 400
Whenr =(21) ", s [(;) ] = +4r  [*By()
T
= 8n+4n
=121 >0
By Second Derivative Test
L 50 /3
S(r) is minimum whenr = (?)
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1/
(i.e) Surface Area of the cylinder is maximum whenr = (5;0) 3
1
50\ /3
whenr = (;)

100
50\/3

(%)

Tl'

_ 0, (myTs
- 50

4

=>h =

50x2 —
T 50?3
50)1/3

VA

h =2

s radiust = (5;")1/3 and height h = 2(571—0)1/3.

22. A wire of length 28 m is to be cut into two pieces. One of the pieces is to
be made into a square and the other into a circle. What should be the
length of the two pieces so that the combined area of the square and the
circle is minimum?
SOLUTION:

The length of the wire = 28m

It is to be cut into two pieces.

Let the length of the two pieces are x m and (28 — x)m.

One of the pieces is to be made into a square and

the other into a circle.

Let the Perimeter of the square = x m
4 x side of the square = x m
 side of the square = > m

. xz
-~ area of the square is = ¢ Sa-m

Also the Perimeter of the circle = (28 —x) m
2rr = (28—x) m
=~ the radius of the circle, r = i (28—x)m

« areaof the circleis  =mr’ sq.m
L 08 _x)?
- 17.'1 o e (28 2x)
= . (28 - X)
=~ the combined area of the square and the circle is

x? 1 2

=—+ — —

A(X) o (28 = x)
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A(X) = =+ —(2)(28 - x)(-1)

16 T

_x 10

—113 2111(28 X)
A'(X)=5 - -1

1,1

=2t Q)

To find the critical point for A’(x)=0

=X _ L (28-x=0
r_ 1

= g = £(28—X)

= 2nXx =8 (28 - X)

= X =4 (28 - X)

= X =112 - 4x

= X +4x =112
= (m+4)x=112

112
DX=—
m+4
_112 112y 1 1 -
Whenx=— A"(—)= 2+ —>0 [+By (2)

By Second Derivative Test
112

A(X) is minimum when x = —
w+4

. . . . 112
(i.e) Combined area is minmum when x = —
112
when x = —,
n+4 112
28 — X =28- —
m+4
_ 28(m+4)-112
B m+4
_ 28m+112-112
B n+4
_ 28w
T mt4
: 112 28
~ The length of the pieces are x and (28 — x) are — m and m
w+4 T+4
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23. Prove that the volume of the largest cone that can be inscribed in a
sphere of radius R is 28—7 of the volume of the sphere.
SOLUTION:

Let the radius of the sphere be ‘a’
and let the base radius of the cone be ‘x’.

If h is the height of the cone,
then its volume is V = % T x* h

= %n X (aty) .ce...()
where OC =y so that height h=a+y.

From the diagram X’ +y° = a’ = x* =a’—y

2

(1) = volume of the cone is V ; T (a2— y2)(a +Y) ... 2)
V(y) = ;m(a’+ay-ay’-y?)
V' (y) = ;7 (a° - 2ay - 3y")
V()= ;7 (- 2a~ 6y)
= Zn(a+3y) ... )

To find the critical point for V'(y)=0
= - (a’~ 2ay - 3y")=0
=a’—2ay-3y°=0
=3y’ +2ay—a° =0
=@y -2a)(y +a) =0
=>y= g andy=-a

= we takey = g [+ y>0

Wheny =5 V"(5)="n(a+a)<0 [“By(2)
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By Second Derivative Test
V(X) is maximum when y =§

. . . a
(i.e) volume of the cone is maximum wheny = 3

wheny ==, (1)= volume of the cone is

3
1
snla’=(5)1@+5)
1 8a? 4a

8 4 3

E(Ena)

- % ( volume of the sphere)

\Y

Example 38
Prove that the radius of the right circular cylinder of greatest curved
surface area which can be inscribed in a given cone is half of that of the

cone.
SOLUTION:

Let the radius of the cone be OC =r and its height be OA = h.
Let a cylinder inscribed in the given cone with radius OE = x

To find the height of the cylinder QE.
Since AQEC ~AAQC

QE _ EC
A0 OC
QF _rx
"k
r—x
OF = (r )
~ Curved Surface Area of the cylinder =2rRH
h(r—x)
= 2mx
2nh
S(x) = % (rx — x?%)
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S'(x) = # (r—2x)

iy = 2 oy = ZAmh
S"(x) =~ (—2) = " «.(2)
To find the critical point for S’(x)=0
nh
=>ZT (1' — Z.X') =0
>r—2x=0
= 2X=r
r
= X= =
2
When x = &, s(5)= =™ = < By (2
enx =7, S"(5)=——= [+By (2)

By Second Derivative Test
. _ .
S(x) is maximum when x = 3

. . . r
(i.e) Curved surface Area is maximum when x = >

~ The radius of the cylinder x = g

The radius of the cone =r

~ when curved surface area of the cylinder is maximum,
radius of the right circular cylinder is = half of that of the cone.

Example 37
If length of three sides of a trapezium other than base are equal to 10cm,
then find the area of the trapezium when it is maximum.

SOLUTION:
D 10 cm C

g

S, %

~ o

%
A ] ]
xcm P 10 cm Q xcm B

Let AP = x cm.

Here AAPD ~ ABQC.
Therefore, QB = x cm.
By Pythagoras theorem,

height of the trapezium, DP = QC = v100 — x? .

16| Page PREPARED BY S. SARAVANAN, M.Sc., B.Ed., PGDCA,

. DISTRICT COORDINATOR (SS) DPO, RAMANATHAPURAM, CEL L :9787619010
Kindly send me your questions and answerkeys to us : Padasalai.Net@gmail.com


https://www.padasalai.net/
https://www.padasalai.net/

www.Padasalai.Net - No.1 Educational Website in Tamilnadu
NCERT XII — Mathematics

Chapter 6 Application of Derivatives

1

~ the area of the trapezium = 2 (sum of parallel sides) (height)

=§ (10 + 2x + 10)( V100 — x2)
=1 (2x + 20)(V100 — 23

T2

A'(x)

1
~
=
+
[y
(=)
=

e
V100—x2

—x2-10x+100-x2

V100—x2
—2x2-10x+100

v 100—x2

T2 (A A0 — (=D x2 _ T2x
A"(x)=\/100 2 (—4x-10)— (-2 10x+100)x[2m]

(v 100—x2)2

V100—x2 (—4x—10)+(-2x%—10x+100 x[#]
B x2 ( )+( ) Moo Z

- 2
(V100—x2)
(100—x2)(—4x—10)+(—2x2 —~10x+100)x
J100-x2

100—x?
_ —400x—1000+4x3+10x2-2x3-10x%+100x

a (100-x2) vV/100—x2
3
Zx(l 03000:‘; 31/000 (2)
—x2)"/2
To find the critical point for A’(x)=0
_ —2x%-10x+100 _ 0
T Vio-22
= —2x%*—-10x +100 =0
= x> +5x—50=0
= (x+10)(x-5) =0
=>x=-10and x=5
=>wetake x=5 [vx>0

A'(x)

A’"(X) =

When x = 5’ AH(S): 2(125)_300(53?—1000
(100-25)"/2

_250-1500-1000

(75)°/2
_-2250

5’2

[~By (2)
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Chapter 6 Application of Derivatives

By Second Derivative Test
A(X) is maximum when x =5

(i.e) Area of the trapezium is maximum when x =5

~whenx=5
Area of the trapezium is A(x) = (x + 10)(V100 — x2) [+by (1)
A(5) =(15)(V75)
= (15)(5V3)
= 75V3 sq. cm

Example 36
Let AP and BQ be two vertical poles at points A and B, respectively. If
AP =16 m, BQ =22 m and AB = 20 m, then find the distance of a point R

on AB from the point A such that RP? + RQ2 IS minimum.
Solution:

Q
p
: E
] N
A < > R < > B
X 20 -x
) 20 m g
Let R be a point on AB such that AR = x m.
Then RB = (20 — x) m (as AB = 20 m).
By Pythagoras Theorem,
RP® = AP’+ AR
=16% + x°
RP? =256+ X°....(1)
RQ® =BQ% BR’
=222 + (20 — )
= 484 + (20 — X)°
= 484 + 400 — 40X + X°
RQ? =884—40x+X° ....(2)
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Chapter 6 Application of Derivatives

~(DH+@2)=>
RP? + RQ’ = (256 + X* ) + (884 — 40X + X°)
S(x) = 2x°— 40x + 1140

S'(X) =4x-40
S"(x) =4 N ()
To find the critical point for S’(x)=0
=4x —-40 =0
= 4x =40
= x=10
When x =10, S"'(10) =4 >0 [+By (2)

By Second Derivative Test
S(x) is minimum when x = 10
(i.e) RP? + RQ? is minimum when x = 10

Example 35
Find the shortest distance of the point (0, c) from the parabolay = X,

Where% <c<5.
Solution:

P

[
° (0, ¢)

Let (h, k) be any point on the parabolay = x|2.
= we have k = h’ ceeee(1)
Let D be the required distance between (h, k) and (0, c).
ThenD  =,/(h—0)2 + ((k— c)?
=Jh? + ((k —¢)?

D) =Jk+(k—0)2? ... @) [+ k=h?
4 —_ 1— J—
D'(M) =57 1+ 2(k = O]
, _ 142(k-0)
R e 3)
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To find the critical point for D’(k) =0
1+2(k-c)

=>2./k+((k—c)2 =0
=21+2(k-c) =0
=>2(k-c¢c)=-1
=>k=_71+c

2c—1 1
=>sz whereEScSS
2c-1
2

since§§c§5,k= >0

whenk<202—_1 we have 1 + 2(k—¢) <0
D'(k) <0 [~by (3)

Whenk>zcz—_1 we have 1 +2(k—¢) >0
D'(k) >0 [~by (3)

~ D(k) changes negatives to positive at k = “

Using First Derivative Test

D(K) is minimum when k = 2=

2

(i.e) the Distance D is the shortest when k =
2c-1

2

2c-1
2

when k =

2

(2) =the Shortest distance D(E) = \/ 2y ((ZCZ_1 — c)2
e

2¢-1 2c-1-2¢\2

_ c n c c)
2 2
_ f2e-1 1
- 2 4
_ [ac-2+1
4

4c-1 .

= units
2
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Chapter 6 Application of Derivatives

24. Show that the right circular cone of least curved surface and given

volume has an altitude equal to V2 times the radius of the base.
SOLUTION:
Let the radius of the base of the cone = r units

Let the height of the cone = h units

and its slant height = £ units

Toproveh=+2r

Given Volume of the cone =V cu. units [ here V is constant

3V
=>h=r— ....... (D [wherek=?

~Slant height of the cone, # =+Vh? + r?
2
@

= [ +7r?
r4

~ Curved Surface area of the cone = nir £ sq.units

_ V k%470
S = =
S = ngZ + r6
2 n? 2 6
S r—z(k +r )
_ K 2..4
fr) = -t mr
21,2
f'(r) = 21:3k + 4m?r3
2
£(r) =2 + 121217 Q)
To find the critical point for f'(x)=0
—ZTl'ZkZ 2.3 _
St 4°r°> =0
21,2
= 4m’r3= 21:3k
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6m% k>

r4

When ris any with 2ré = k2, f''(r) =
By Second Derivative Test

f(r) is minimum when 2ré = k2

S? is minimum when 2r6 = k2

S is minimum when 2r¢ = k2

~Curved Surface Area of the cone is minimum when 2ré = k2

when 2r6 = k2

k
k* _ 2r®
>h?=5="5 [y (3)
= h2 = 2r?
=>h=+2r

= altitude equal to v/2 times the radius of the base.

+12m%r2 >0 [+By(2)

25. Show that the semi-vertical angle of the cone of the maximum volume

and of given slant height is tan ~“(vZ ) .
SOLUTION:

Let the radius of the base of the cone = r units

Let the height of the cone = h units

Let the semi-vertical angle of the cone = 0

To prove 8 = tan ~* (v/2) when volume of the cone is maximum.
Given its slant height = € units [where £ is constant
wf?2=h2+7r?.. ()

=712 = {2 - h?

i 1 .
Given Volume of thecone V = Enrzh Cu. units
1
= 571'(32 — hz)h
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> V(@) =;n(h- h?)
V' (h) =3 m(£* — 3h?)
V" (h)=;m(0 - 6h)=—2rh
V'(h)=—27mh ... (2)

To find the critical point for V'(h)=0

“m(£% — 3h%) =0
2 — 3h% =0

¢%2 = 3h?
£=+3h ...... 3)

£
h=3

4 44

Whenh=—,  V”(h)=-2mh <0 [+By(2)
By Second Derivative Test
V(h) is maximum when h = L

V3
~\Volume of the cone is minimum when h = %
Y
whenh=—,¢= v3h [+by (3)

1) =r2= 2— k2
= 1% = 3h%* — h?
=12 = 2h?
=r = +2h

From the diagram,
tang == %’ =2
=0 =tan *(V2)
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26. Show that semi-vertical angle of right circular cone of given surface

i . 1/1
area and maximum volume is sin 1(5) .
SOLUTION:

Let the radius of the base of the cone = r units
Let the height of the cone = h units

Let the slant height = ¢ units

Let the semi-vertical angle of the cone = 0

T | . .
To prove 8 = sin ~* (5) when volume of the cone is maximum.

Given Surface area of the cone S = nrf + nir? sq. units ...... (D)

S-nri= nrf
2

{ — S-nr
r
ff?=h+r2..(1)
=>h?= ¢2— r?
2
S  mur2
_ ( nr) _ 1"2
o
_ (S—Ttrz) 2
T w2z S
_ S2 _2S r? +mrt—m2rt
- 212
2 2
2 _ S4 -2Snr
h* = w2
/SZ -2Smr2
>h =+—
T 1
Given Volume ofthecone V = Enrzh CU. units
1 2 \/S? -28mr?
=-1 —_
3 nr
> V =§ /sz —2Str2
r? 2 2
= V2 =; (S -2S8STtr )
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r2sZz  2smrt

= f@r) = 5 5
2rs?  8smrd
' —_— —
f'(r)= 5 5
28?2 24Smr?
" _ o
f'"(r) = 5 g e 2
To find the critical point for f '(r)=0
2rs?  gsmr3
- =0
9 9
2rs? _ 8Smrd
9 9
= S = 4mr2
s
= r2=—
4m
S 282 24SmX—
2 = " - 22 An
whenr ot f' (r) 5 5 [“by (2)
S2st s
T 9 , 9
4S
=->5 <0
By Second Derivative Test
. . S
f(r) is maximum when r2 =
. . S
V? is maximum when rz = o
i . s
V is maximum when rz = i
: : S
~Volume of the cone is maximum when rz = yy
S
when r2=—
4
= S = 4nr?
= nird + nr? = 4mr? [“by (1)
= nird = 3 nr?
={= 3r
r 1
=>-=-
¢ 3
From the diagram,
sing=C=21
e 3 .
=0 =sin""’ Q)
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