NCERT XII — Mathematics

Chapter 6
Application of Derivatives

Extrema using Second Derivative Test To Find the Maximum
and Minimum Values of the Given Function

Theorem 4 (The Second Derivative Test)
Suppose that C is a critical point at which f ’(c) = 0, that f '(x) exists in a

neighborhood of ¢, and that f '(c) exists. Then f(X) has
(i) a relative maximum value at ¢ if f ’(c) < 0 and

(i) a relative minimum value atc if f "'(c)> 0 .

(iii) If f ""(c) = 0, the test is not informative.

Example 32
Find the local maximum and local minimum of the function

f(x) = 3x" +4x3 - 12 + 12
SOLUTION:
Given functionis f(x) = 3x* + 4x®—12x° + 12 .......... (1)
fr(x) = 12x° + 12%° — 24x
= 12X(X* + X — 2)
= 12x(x + 2)(x - 1)
f"(X) = 36X° + 24x — 24
Z12BX + 2X=2) eeeeerrnennns (2)
To Find the Critical points at which f '(x)=0
(ie) 12x(x +2)(x-1)=0
= X =0, Xx=-2and x =1 are critical points
If x=-2thenf"(-2)=12(12-4-2)=72>0 [~by(2)
~.By second Derivative Test,
the function f has minimum value at x = -2
~ The minimum value of the function is
()= f(2) =3(-2)* +4(-2)° - 12(-2)* + 12
=3(16) + 4(-8) —12(4) + 12
= 48-32 -48+12
~f(-2)=-20

If x=0thenf"(0)= 12(-2)=-24<0 [+by(2)
~.By second Derivative Test,
the function f has maximum value at x =0
~ The maximum value of the function at x =0 is
(D)= f(0)=12

l1|Page PREPARED BY S. SARAVANAN, M.Sc., B.Ed., PGDCA,
DISTRICT COORDINATOR (SS) DPO, RAMANATHAPURAM, CELL:9787619010


https://www.padasalai.net/
https://www.padasalai.net/

NCERT XII — Mathematics

Ifx=1thenf’(1)=12(3+2-2)=36>0 [+by(2)
~.By second Derivative Test,
the function f has minimum value at x =1
« The minimum value of the function is
(1)= f1) =31 +4(1)°-12(1)%+ 12
=3+4-12+12
~f(1)=7

Example 33
Find all the points of the local maxima and local minima of the function

f(x) =2x°—6X° +6X +5

SOLUTION:
Given functionis f(X) =2X*—6X°+6X+5 .......... (1)
fr(x) =6x°—12x+6
=6(x° —2x + 1)
=6(x-1)(x-1)
fr'(x) =12x-12
=12(X—1) ceeeninnnnns 2)

To Find the Critical points at which f '(x)=0
(ie) 6(x-1)(x-1)=0
= X =1isacritical point

Ifx=21thenf’(1)=0 [~by(2)
~By second Derivative Test,

If f ""(c) = 0, the test is not informative.
Using First Derivative Test,

—00 1

We have the intervals (—oo, 1) and (1,00)

8"

()If xe (—oo, 1), suppose x = -1 then f '(-1) = 6(-1 - 1)(-1 -1)
=6(-2)(-2)
= 24>0

= If xe (-0, 1) then f '(x)=0

= fis strictly increasing function on the intervals (-, 1).

(iD)If xe(1,00), suppose x =2 then f'(2) =6(2-1)2-1)

=6(1)(1)
=6>0

=~ If x€ (1,00) then f '(x)>0
= fis strictly increasing function on the intervals (1,00).
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From (i) and (ii),

If f (x) is positive on both sides (no change) at x =1, then
By First Derivative Test

f(x) neither a local minimum nor a local maximum

EXERCISE 6.5

3. Find the local maxima and local minima, if any, of the following
functions. Find also the local maximum and the local minimum
values, as the case may be:

(i) f (x) = X
SOLUTION:
Given functionis f(X) =X .......... (1)
f'(x) = 2x
FrX) =2 ceeenennnnn. ?2)
To Find the Critical points at which f '(x)=0
(ie) 2x=0

= X =0 is acritical point
If x=0thenf"(0)=2>0 [~by(2)
~.By second Derivative Test,
the function f has minimum value at x=0
=~ The minimum value of the function at x=0 is
1)=f0)=0

(ii) g(x) = x> — 3x

SOLUTION:
Given functionis  g(X) =X —3X ...cc..... (1)
g'(x) =3x" -3
=3(x" - 1)
=3(x+1)(x-1)
g "(X) = 6X eeerrenrenenn ()

To Find the Critical points at which g'(x)=0
(ie) 3(x+1)(x-1)=0
= X =-1and x=1 are critical points

Ifx=-1theng""(-2)=6(-1)=-6<0 [+~by(2)
~By second Derivative Test,
the function g(x) has maximum value atx =-1
~ The maximum value of the function is
(D= 9(-1)=(-1)’-3(-1)
~g(-1)=1+3=4
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Ifx=1theng"(1)= 6(1)=6>0 [~by(2)
~.By second Derivative Test,
the function g(x) has minimum value at x =1
~ The minimum value of the function at x = 1 is
(1= g(1)= (1)°-3(1)
~g(1)=1-3 =-2

(iii) h(x) = sin X + cos X, 0< x < %
SOLUTION:

Given functionis h(x) =SiNX+COSX ..c.c..... 1)
h'(X) =cosx —sinx
h "(x) = — sin X — COS X
= —(SIN X + COS X) eeerennronns 2)
To Find the Critical points at which h’(x)=0
(i.e) cosx —sinx =0
. 3
cosx =sinx, 0< x < 3
T . P .
= x=-isa critical point

1 1
~(Z+a)
%:_ﬁ <0 [+by(2)

If x = = then h"'(%) = — (sin> + cos—) =
4 4 4 4

~By second Derivative Test,
the function h(x) has maximum value at x = E

~ The maximum value of the function is
T sinT4cosTe Ly Lo
(= h(3) =sing+cosy=-+5=2=2
(iv) f(x) =sin x —cos X, 0< x < 2x
SOLUTION:
Given functionis f(X) =SINX—-COSX ..ceuvn.. 1)
f'(X) =cosx + sinx
f''(X) = —sin X + cos X
= COSX—=SINX aeerereeanenn 2)
To Find the Critical points at which '(x)=0
(i.e) cosx +sinx =0
COSX = — Sinx
COSX = COS (§+x) ,0<x<2m
[ = 1f cosx = cos a then x= 2na + a Where n € Z with ae [0, ]

& ifn=0,1,2
= X= — (§+x) , X = 2w - (12—r+x)&x: A — (§+x)
4|Page PREPARED BY S.SARAVANAN, M.Sc., B.Ed., PGDCA,

DISTRICT COORDINATOR (SS) DPO, RAMANATHAPURAM, CELL:9787619010


https://www.padasalai.net/
https://www.padasalai.net/

NCERT XII — Mathematics

T
=X=-7-X, X =21 -

N ]

T
- X&X= 4 - 5~ X

T w 3m n
S2X= ——, 2X=2n - —=— & 2X=4g - —=—
2 2 2 2 2

3 7
=>x=—£, X==" & x=—
31r4 4

= X=- & X T 0< x < 2 are critical points

3 3 3 . 3
If x = = then f""(2) = cos— — sin"= = —
4 4 4 4

N
=

1
\/'_
2

=-2=_ V2 <0 [+by(2)

N

~.By second Derivative Test,

the function f(x) has maximum value at x = 3:”
« The maximum value of the function is

(W= f(F )=sinZcosE=—+—=2=V2

VZ N2 V2
—_ 0\ — - L= i i
If x the f( ) cos sm ﬁ NG
2 — o
=5= V2 >0 [+by (2)

~.By second Derivative Test,
the function f(x) has minimum value at x = 7:”
~ The minimum value of the function is

W= f(Z)=sinTcos T=-—-Z=-2=_\2
(V) f (X) = x°— 6x% + 9x + 15
SOLUTION:
Given functionis f(x) =x —6x*+9x+15........... (1)
fr(x) =3x°-12x+9
= 3(x* - 4x + 3)
=3(x-1)(x-3)
f"(x) = 6x—12
Z6(X—2) eerererrenens ()

To Find the Critical points at which f '(x)=0
(ie) 3(x-1)(x-3)=0
= x =1 and x = 3 are critical points

If x=1thenf (1) =6(1-2)=-6<0 [-by (2)
~.By second Derivative Test,

the function f has maximum value at x =1
~ The maximum value of the function at x =1 is

(1)= f(1)= (1) - 6(1)* +9(1) +15=1 -6 + 9 +15 =19
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Ifx=3thenf""(3)=6(3-2)=6>0 [~by(2)
~By second Derivative Test,
the function f has minimum value at x = 3
« The minimum value of the function at x = 3 is
()= f3) =(3)°*-6(3)" +9(3) +15
(27)-6(9) +9(3) + 15
=27-54+27+15
~ f(3)= 15

(Vi) g(x) =5+, x>0

SOLUTION:
x 2
g(x) = El+ ; , (1)
9'X=5—2
44 4
g'"(x) =3 e 2)
To Find the Critical points at which g'(x)=0
1 2
(|.e) E - x_z =0
2 _1
x2 2
X2 =4
= X=-2 and x=2
= X =2 isacritical point [x>0
4 4 1
If x=2theng (X)‘W_E_?O [~by (2)

~.By second Derivative Test,
the function g(x) has minimum value at x = 2
~ The maximum value of the function at x= 2 is

(1)=>g(2)=§+§:1+1:2

1

(Vii) 90 =
SOLUTION:
1
g(x) = Az (1)
’ —
9" (x) = (x2+2)2
(x%2+2)(-2)—(-2x)(2x)
re —_
9"(x) = (x2+2)*
_ —2x%-4+4x?
T (a2+2)4
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_ 2x*-4
2y
' _ 2(x*=2)
g'"(x) = GRit e 2)
To Find the Critical points at which g'(x)=0
-2x _
(i.e) 12y
-2x=0

= x =0 isacritical point

2(-2) _ -4

(2)* 16

~By second Derivative Test,
the function g(x) has maximum value at x =0

~ The maximum value of the function at x =0 is

(D)= (0= =

If x = 0 then g"'(0) = =<0 [by (2)

(viii) F(x) =xvV1 — x,0< x<1
SOLUTION:
f(x)=xv1l— x
f7(x) = x. 2%(—1) +vVI= x(1)

— _X —
_2\/ﬁ+“1 X

_ —x+2(1 X)

2V1—-x
_ 2-3x

- 2vV1—-x .
"0 = (2\/1—x)(—3)—(2—3x).[ﬁ]

(vi=%)*
(VIR
4(1-x)
—-12(1—x)+(2-3x)
A 2v1-x
4(1-x)
—-12+12x +2-3x

8(1—x)V1-x
9x-10

T 8(1-x)°2

To Find the Critical points at which f'(x)=0

(1. )z«/— 0
2—3x=0

2. . .
= X= 3 Is a critical point
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9(3)-10 _6-10 _ -4
(197 el e(l)"

3

If x=- then f"(0) = <0 [~by(2)

~.By second Derivative Test,
the function f(x) has maximum value at x = g

«~ The maximum value of the function at x = E IS

2 \/— 2V3
W= 1=t [1-2=2 1= 282
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Chapter 6
Application of Derivatives

6.6.Extrema using First Derivative Test
Theorem-3 (First Derivative Test)
Let (c, f (c)) be acritical point of function f (x) that is continuous on
an open interval | containing c . If f (x) is differentiable on the
interval, then
(1) If £ '(x) changes from negative to positive at ¢, then f (x) has a
local minimum f (c) .
(i) If f '(x) changes from positive to negative at ¢ , then f (x) has a
local maximum f (c) .
(i) If f '(x) is positive on both sides of ¢ or negative on both sides of ¢
then f (x) is neither a local minimum nor a local maximum.

NOTE-1:
(1) (c, T (c)) be a critical point of function f (x) at x=c, for f'(x)=0
or f'(X)=o0
(i) (c, T (c)) be a stationary point of function f (x) at x=c, only
for f'(x)=0
NOTE-2:
(i) If sinx=0 then x =nm, neZ (i.e) x=0, +m, +2m, 13, ...
(ii) If cosx=0 then x = (2n+1)7, neZ (i) x =47, + =, + 2, + ~..
(i) If tanx=0 then x = nm, neZ (i.e) x =0, +m, +2m, 13, ...
(iv) If sinx=sina then x= n7t + (- 1)".0, where neZ with ae |~ =]
(v) If cosx = cosa then x= 2nzt + a where neZ with ae [0, 7]

(vi) If tanx = tana then x = nzt + a where neZ with ae(— g g)

Example 29
Find all points of local maxima and local minima of the function f given by
f(x) = x> — 3x + 3.

SOLUTION:
Given functionis f(x) =x'=3X+3.......... (1)
frx) =3x*-3
=3(x*-1)

=3(x+1)(x-1)

To Find the Critical points at which f '(x)=0
= 3(x + 1)(x -1)=0
= x=-1 and x = 1 are critical points

—o0 1 1 go
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We have the intervals (—o0,-1), (-1,1) and (1,%)

()If xe (—o0,~1), suppose x = -3 then f '(-3) = 6(-3 + 2)(-3-1)
=6(-1)(-4)
= 24>0

= If xe (—00,~1) then f'(x)=0

- fis strictly increasing function on the intervals (—oo,-1).

(iD)If xe (-1,1), suppose x =0 then f ’(0) =6(0 +2)(0 -1)
=6(2)(-1)
=-12<0
= Ifxe (-1,1) then f '(x)<0
- fis strictly decreasing function on the intervals (-1,1).
(iii)If x€(1,00), suppose x =2 then f '(2) = 6(2 + 2)(2 -1)
=6(H)(1)
= 24>0
=~ If x€ (1,00) then f '(x)>0
= fis strictly increasing function on the intervals (1,00).

From (i) and (ii),
If f '(X) changes from positive to negative at x =—1, then
By First Derivative Test
At x= -1, f (x) has a local maximum f(-1)
f(-1) = (-1)*-3(-1) +3 [+By (1)
=(-1)+3+3
=5
From (ii) and (iii),
If f '(X) changes from negative to positive at x =1, then
By First Derivative Test
At x=1, f (x) has a local minimum (1)
f(1) =(@1)°-3(1)+3 [“By(1)
1-3+3
1

Example 30
Find all the points of local maxima and local minima of the function f given

by f (x) = 2x° — 6x* + 6x + 5

SOLUTION:
Given functionis f(X) =2X°—6X° +6X+5 .......... (1)
fr(x) =6x°—12x+6
=60 —2x+1)
=6(x-1)(x-1)

To Find the Critical points at which f '(x)=0
= 6(x-1)(x-1) =0
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= X = 1 twice are critical points

—00 1

We have the intervals (—oo, 1) and (1,00)

8"

()If xe (—o0, 1), suppose x = -1 then f '(-1) = 6(-1 - 1)(-1 -1)
=6(-2)(-2)
= 24>0

= If xe (0, 1) then f '(x)=0

= fis strictly increasing function on the intervals (—o, 1).

(iD)Ifx€(1,00), suppose x =2 then  f'(2) =6(2-1)(2-1)
=6(1)(1)
=6>0

=~ If x€ (1,00) then f '(x)>0

= fis strictly increasing function on the intervals (1,00).

From (i) and (ii),
If f '(X) is positive on both sides (no change) at x =1, then
By First Derivative Test

f(x) neither a local minimum nor a local maximum

EXERCISE 6.5
1. Find the maximum and minimum values, if any, of the following
functions given by

(i F(X)=(@x—-1)°+3 (i) f (x) = 9%° + 12x + 2
(iii) f (x) == (x = 1) + 10 (iv)g(x) =x>+1
SOLUTION:
for(i)
Given functionis f(X) = (2x—=1)*+3 .c........ 1)
f'(x) =2(2x-1)(2)
=4(2x - 1)
To Find the Critical points at which f '(x)=0
= 4(2x-1)=0

1. . :
=x=zisa critical point

d—

—0 1/2
We have the intervals (—oo, i) and ( %,00)

8"

()If xe (—oo, i), suppose x = 0 then f '(0) =4(0 - 1) = 4(-1) = 4<0
= If xe (—oo, ;) then f '(x)<0

. . . . . 1
= fis strictly decreasing function on the intervals (—co, 5 ).
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(if)If x€ ( ;, o), suppose x = 3 then f '(3) = 4(6-1) = 4(5) =20>0
 Ifx€ (5 ,00) then /(>0

. . . . . . 1
= fis strictly increasing function on the intervals (E ,00).

From (i) and (ii),
If f '(X) changes from negative to positive at x = % then
By First Derivative Test
At x=~, f (x) has alocal minimum f ()
f(3) =[2(;) -1 +3 [+By (1)
=0+3
=3
for(ii)
Given functionis f(X) = 9x* + 12X + 2 .......... 1)
f'(x) =18x+12
=6(3x +2)
To Find the Critical points at which f '(x)=0
= 6(3x +2)=0
DX= _?2 Is a critical point

v

P
<«

=3
—00 — 00
-2 2
We have the intervals (-0, — ) and (—-,%)
(DIf x€ (oo, _?2 ), suppose x = — 1 then f '(— 1) =6(-3+2)
= 6(-1) = -6<0

= If xe (—oo, _?2) then f '(x)<0

= fis strictly decreasing function on the intervals (—o, _?2 ).
(ii)If x€ (—,o0), suppose x = 0 then f /(0) = 6(0 + 2) = 6(2) =18>0
- Ifx€ (= ,%) then f (>0

- fis strictly increasing function on the intervals (_—: ,00).

From (i) and (ii),

If f '(x) changes from negative to positive at x = _—32 then

By First Derivative Test
Atx= =, f (x) has a local minimum f (=)

-2 -2 -2
f(<) =9(5 ) +12(5) +2 [*By (1)
=9(5) +4(-2) +2
=4-8+2=-2
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for(iii)
Given functionis f(x) =—(x—1)*+10 .......... (1)
f'(x) ==-2(x-1)
To Find the Critical points at which f '(x)=0
=-2(x-1)=0
= x =1 is a critical point

) 1 =
We have the intervals (—oo, 1) and (1,00)

(i)If x€ (—oo, 1), supposex =0thenf’'(0)=-2(0-1)=-2(-1)=2>0
= Ifx€ (o0, 1) then f'(x)>0
= fis strictly increasing function on the intervals (-0, 1).

(iD)If xe (1,00), suppose x = 3 thenf'(3) =—2(3-1)=-2(2)=-4 <0
= If xe (1,00) then f '(x)<0
= fis strictly decreasing function on the intervals (1,00).

From (i) and (ii),
If f '(X) changes from positive to negative at x = 1, then
By First Derivative Test
At x=1, f (x) has a local minimum f (1)
f(1) =—(1-1)*+10 [+By (1)

=10
for(iv)
Given functionis g(X) =x>+1 ..c....... 1)
g'() = 3’
To Find the Critical points at which g "(x)=0
= 3x°=0

= x = 0 is a critical point

- 0 %
We have the intervals (—co0, 0) and (0,00)

(i)If x (—oo, 0), supposex =— 1 thenf'(- 1) =3(-1)’=3(1)=3>0
. Ifx€ (o0, 0) then f'(x)>0

= fis strictly increasing function on the intervals (—co, 0).

(iD)If xe (0,00), suppose x = 1 then f '(1) = 3(1)°=3( 1) =3 >0

= If xe (0,00) then f '(x) >0

= fis strictly decreasing function on the intervals (0,00).

From (i) and (ii),
If f (x) is positive on both sides (no change) at x = 0, then
By First Derivative Test

f(x) neither a local minimum nor a local maximum
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