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SSRRIIMMAAAANN  CCOOAACCHHIINNGG  CCEENNTTRREE--TTRRIICCHHYY..  

TTOO  CCOONNTTAACCTT::88007722223300006633.. 

TRB-POLYTECHNIC-LECTURER 

MATHEMATICS  

UNIT-II 

COMPLEX ANALYSIS 
 

COMPLEX NUMBERS: 

                 If x and y are real numbers and I denote √−1 , then z = x + iy is called a 

complex number. x is called the real part of z and is denoted by Re(z) or R(z). y is called 

the imaginary part of z and is denoted by Im(z) or I(z). The complex number x – iy is called 

the conjugate of the complex number z = x + iy and is denoted by 𝑧̅. 

ANALYTIC FUNCTION: 

  A function f is said to be analytic at a point z0 ∈ C if it is differentiable at every 

z in some ɛ-neighbourhood of the point z0. The function f is said to be analytic in a region if 

it is analytic at every point in the region. The function f is said to be entire if it is analytic in 

C. 

Definition: (Analytic function) 

 A function w=f(z) is said to have the limit l as z tends to Z0 if given ɛ > 0 there exists 

δ > 0 such that |Z-Z0| < δ this implies|f(z)-l| < ɛ we write lzflt
zz

=
→

)(
0

. 

Theorem: Every isolated singularity of a bounded analytic function is removable. 

Limits and Continuity: 

           SRIMAAN           SRIMAAN
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  Let u = u(x, y) be a real-valued function of the two real variables x and y. We 

say that u has the limit u0 as (x, y) approaches (x0, y0) provided that the value of u(x, y) gets 

close to the value u0 as (x, y) gets close to (x0, y0). We write  
),(),( 00

lim
yxyx →

 u(x, y) = u0 . 

Example: 

1. If u(x, y) = x3 /(x2 + y2), then 0),(lim
),(),( 00

=
→

yxu
yxyx

.  

2. The function u{x, y) = xy/(x2 + y2) does not have a limit as (x, y) approaches  

    (0,0). If we let (x, y) approach (0, 0) along the x axis, then 

   .0
0

)0)((
lim)0,(lim

22)0,0()0,()0,0()0,(
=

+
=

→→ x

x
xu

xx
But if we let (x, y) approach (0, 0) along the line y = x, 

then .
2

1))((
lim),(lim

22)0,0()0,()0,0(),(
=

+
=

→→ xx

xx
xxu

xxx
since the two values are different, the value of the 

limit is dependent on how (x, y) approaches (0, 0). We conclude that w(x, y) does not have 

a limit as (x, y) approaches (0, 0). 

3. Let f(z) = u(x, v) + iv(x, y) be defined in some neighborhood of z0. Then f is continuous 

at z0 — x0+ iy0 iff u and v are continuous at (x0, y0). 

4. Show that the polynomial function given by w = P(z) = a0 + a1z + a2 z2 + • • • + an zn is 

continuous at each point z0 in the complex plane. 

Solution: 

              Observe that if a0 is the constant function, then ;lim 00
0

aa
zz

=
→

and if a0 # 0, then we 

can use define with f(z) = a1z and the choice δ= ɛ/|ai | to prove that .lim 011
0

zaza
zz

=
→

we obtain 

k

k

k

k
zz

zaza 0
0

lim =
→

for k=0,1,2…..,n. 

A finite sum of terms, and we can use the result of equation to obtain 

).(lim)(lim 0

0

0

000

zPzazazP
n

k

k

k

n

k

k

k
zzzz

==







= 

==
→→
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POLYNOMIALS: 

1. Every polynomial p(z)=a0+a1z+a2z
2+………+anz

n is an analytic function. 

2. A polynomial of degree one is called exactly n zeros. 

3. A zero of order one is called simple zero. 

4. Every constant is an analytic function with derivative zero. 

5. The simplest non-constant analytic function is z. 

6. The constant zero is regarded as a polynomial whose degree is-∞. 

Rational Functions: 

Definition: 

  Rational function is a quotient of two polynomials that is h(z)=f(z)/g(z). 

Results: 

1. The zeros of g(z) are poles of h(z). 

2. Rational function without poles must reduces a constant. 

3. Derivatives of  h(z) =
2)]([

)()()()(
)(

zg

zgzfzfzg
zh

−
= where g(z)≠0. 

COMPLEX VARIABLES: 

    The quantity z = x + iy is called a Complex variable, when x and y are two 

independent real variables.  The argand plane in which the variables z are represented by 

points is called the z-plane. 

Function of a Complex Variable: 

  If z = x + iy and w = u + iv are two complex variables such that there exists one or 

more values of w, corresponding to each value of z in a certain region R of the z-plane, then 

w is called a function of z.         

              (i.e.) w = f(z) = f(x + iy) 
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When w = u + iv = f(z) = f(x + iy), then u and v are functions of the variables x and 

y. 

Single Valued Function and Multi Valued Function: 

           If to each value of z, there corresponds one and only one value of w is called a Single-valued 

function of z, otherwise a multi-valued function of z.  

Example:  (i) 𝑤 =
1

𝑧
 and 𝑤 =  𝑧2 are called single-valued functions 

                   (ii)  𝑤 =  √𝑧  is called multi-valued function.  

ANALYTIC FUNCTION [Regular Function or Holomorphic Function]: 

        A single valued function is said to be analytic at a point if its derivative exists not 

only at that point but also some neighborhood of that point. 

           It is said to be analytic in a region R, if it is analytic at every point of R. 

Necessary condition for the function f(z) to be analytic [CR-Equations] 

         The necessary conditions for a complex function w = f(z) = u(x, y) + iv(x, y) to be 

analytic are  
𝜕𝑢

𝜕𝑥
=

𝜕𝑣

𝜕𝑦
 and 

𝜕𝑢

𝜕𝑦
= −

𝜕𝑣

𝜕𝑥
   That is,  ux = vy and uy = -vx  

Sufficient condition for the function f(z) to be analytic: 

                  If the partial derivatives ux , uy , vx  and vy are all continuous in R and 

 ux = vy and uy = -vx. Then the function f(z) is analytic in a region R. 

Polar Form of C-R Equations: 

           
𝜕𝑢

𝜕𝑟
=

1

𝑟
.

𝜕𝑣

𝜕𝜃
  and  

𝜕𝑣

𝜕𝑟
= −

1

𝑟
.

𝜕𝑢

𝜕𝜃
  are the Cauchy-Riemann equations in polar form. 

PROBLEM: Test whether the function 𝟐𝒙𝒚 + 𝒊(𝒙𝟐 − 𝒚𝟐) is analytic or not. 

Solution: 

                Given  𝑓(𝑧) = 2𝑥𝑦 + 𝑖(𝑥2 − 𝑦2) 

              𝑢 + 𝑖𝑣 = 2𝑥𝑦 + 𝑖(𝑥2 − 𝑦2) 

            Here  𝑢 = 2𝑥𝑦 ; 𝑣 = 𝑥2 − 𝑦2  

                    𝑢𝑥 = 2y;   𝑣𝑥 = 2x   
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          𝑢𝑦 = 2x;   𝑣𝑦 = −2y 

               ux ≠ vy and uy ≠ -vx. C-R equations are not satisfied. 

Hence the given function is not analytic. 

PROBLEM:  

           Show that the function 𝒇(𝒛) = 𝒛 ̅  is nowhere differentiable. 

Solution: 

                  Given 𝑓(𝑧) = 𝑧 ̅ 

Since  𝑧 = 𝑥 + 𝑖𝑦 , 𝑧 ̅ = 𝑥 − 𝑖𝑦 

                         ∴ 𝑓(𝑧) = 𝑢 + 𝑖𝑣 = 𝑥 − 𝑖𝑦 

       Here  𝑢 = 𝑥 ; 𝑣 = −𝑦 

                𝑢𝑥 = 1;   𝑣𝑥 = 0 

               𝑢𝑦 = 0;   𝑣𝑦 = −1 

At all points(x,y),  𝑢𝑥 = 1, 𝑣𝑦 = −1. Hence C-R equations are not satisfied anywhere.  

Therefore, 𝑓(𝑧) = 𝑧 ̅ is nowhere differentiable. 

PROBLEM:  

        Show that the function 𝒇(𝒛) = |𝒛|𝟐 is differentiable at z=0 but not analytic at z=0. 

Solution:  

                   Given 𝑓(𝑧) = |𝑧|2 

  Since  𝑧 = 𝑥 + 𝑖𝑦 , 𝑧 ̅ = 𝑥 − 𝑖𝑦 

       𝑓(𝑧) = (𝑥 + 𝑖𝑦)(𝑥 − 𝑖𝑦)            ∵ |𝑧|2 = 𝑧𝑧 ̅   

              = 𝑥2 + 𝑦2      

                f(z) = 𝑢 + 𝑖𝑣 

Here  𝑢 = 𝑥2 + 𝑦2 ; 𝑣 = 0   

            𝑢𝑥 = 2x;       𝑣𝑥 = 0   

            𝑢𝑦 = 2y;       𝑣𝑦 = 0 
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                    At the point (0, 0), the C-R equations are satisfied, so that f(z) is differentiable at z=0. Hence 

there is no neighborhood of z=0 in which f(z) is differentiable. Therefore, 𝑓(𝑧) = |𝑧|2 is not analytic at 

z=0(orgin). 

Problem: Find the constants a,b and c if  𝒇(𝒛) = 𝒙 + 𝒂𝒚 + 𝒊(𝒃𝒙 + 𝒄𝒚) is analytic. 

Solution: 

                   Given 𝑓(𝑧) = 𝑥 + 𝑎𝑦 + 𝑖(𝑏𝑥 + 𝑐𝑦) 

                                       = 𝑢 + 𝑖𝑣 

Here  𝑢 = 𝑥 + 𝑎𝑦 ; 𝑣 = 𝑏𝑥 + 𝑐𝑦  

         𝑢𝑥 = 1;       𝑣𝑥 = b   

         𝑢𝑦 = a;       𝑣𝑦 = 𝑐 

Since f(z) is analytic, we have ux = vy and uy = -vx     

     1 = c and a = -b 

     c= 1 and a = -b, b may be any value. 

PROPERTIES  

Property: 1 An analytic function with constant real part is constant. 

Property: 2 An analytic function with constant imaginary part is constant.  

Property: 3 An analytic function with constant modulus is constant.  

Property: 4  If  w = f(z) = u + iv  is an analytic function, then the curves of the family 

u(x,y) = a and the curves of the family v(x,y) = b cut orthogonally, where a and 

b are constants.    [or] 

When the function f(z) = u + iv  is analytic, then the curves  

u = constant and v = constant are orthogonal.  

Result: 1 If  f(z) is a regular function of z, then (
∂2

∂x2
+

∂2

∂y2
) |f(z)|2 = 4|f ′(z)|

2
 

Result: 2 If f(z) is an analytic function of z, then (
∂2

∂x2 +
∂2

∂y2) log|f(z)| = 0 

Result: 3 If f(z) is an analytic function of z in any domain, then prove that 
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  (
∂2

∂x2
+

∂2

∂y2
) |f(z)|p = p2|f ′(z)|

2
|f(z)|p−2                                               

Definition: Laplace equation 

   An expression of the form 
𝜕2𝜑

𝜕𝑥2
+

𝜕2𝜑

𝜕𝑦2
= 0  is called the Laplace equation in two dimension.  

Definition: Harmonic Function 

                        Any function having continuous second order partial derivatives which 

satisfies the Laplace equation is called the harmonic function. 

Definition: Conjugate harmonic function 

If u and v are harmonic functions such that u+iv is analytic then each is called the 

conjugate harmonic function of each other. 

Note:  If u and v are conjugate harmonic functions then u is conjugate harmonic to v and v 

is conjugate harmonic to u. 

DETERMINATION OF CONJUGATE HARMONIC FUNCTION 

Working Rule:  

               If one of the two conjugate functions be given, the other can be found by using C-

R equations. Let u(x, y) be given and v(x, y) can be obtained as follows: 

CONSTRUCTION OF ANALYTIC FUNCTION [Milne-Thomson method] 

 Case(i)    If Real part u(x, y) is given, 

  we shall construct the analytic function f(z) = u + iv as follows: 

Step:1  Find 𝑢𝑥, 𝑢𝑦 

Step:2  Find 𝑢𝑥(𝑧, 0), 𝑢𝑦(𝑧, 0) 

Step:3  Use ∫ 𝑓′(𝑧)𝑑𝑧 = ∫ 𝑢𝑥(𝑧, 0)𝑑𝑧 − 𝑖 ∫ 𝑢𝑦(𝑧, 0)𝑑𝑧 

                           Then integrating, we get f(z). 

Case(ii)     If the imaginary part v(x, y) is given, 

          We shall construct the analytic function f(z) = u + iv as follows: 

Step:1  Find 𝑣𝑥, 𝑣𝑦 
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Step:2  Find 𝑣𝑥(𝑧, 0), 𝑣𝑦(𝑧, 0) 

Step:3  Use ∫ 𝑓′(𝑧)𝑑𝑧 = ∫ 𝑣𝑦(𝑧, 0)𝑑𝑧 + 𝑖 ∫ 𝑣𝑥(𝑧, 0)𝑑𝑧, Integrating, we get f(z). 

Problems Using Case(i) 

Show that  𝒖(𝒙, 𝒚) = 𝟑𝒙𝟐𝒚 + 𝟐𝒙𝟐 − 𝒚𝟑 − 𝟐𝒚𝟐  is harmonic. Find the harmonic conjugate v 

and express u + iv as an analytic function of z. 

Solution:      

              Given u(x, y) = 3x2y + 2x2 − y3 − 2y2 

                  ux = 6xy + 4x  ;   uy = 3x2 − 3y2 − 4y 

                 uxx = 6y + 4   ;  uyy = −6y − 4 

             𝑢𝑥𝑥 + 𝑢𝑦𝑦 = 6y + 4 − 6y − 4 = 0  

                Therefore, u is harmonic. 

To find the harmonic conjugate v(x,y) 

                   𝑑𝑣 =
𝜕𝑣

𝜕𝑥
𝑑𝑥 +

𝜕𝑣

𝜕𝑦
𝑑𝑦        (By exact differential) 

                   𝑑𝑣 = −
𝜕𝑢

𝜕𝑦
𝑑𝑥 +

𝜕𝑢

𝜕𝑥
𝑑𝑦      By C-R equations ux = vy and uy = -vx 

                   𝒗 = − ∫
𝝏𝒖

𝝏𝒚
𝒅𝒙 + ∫ (𝒕𝒆𝒓𝒎𝒔 𝒐𝒇 

𝝏𝒖

𝝏𝒙
 𝒏𝒐𝒕 𝒊𝒏𝒗𝒐𝒍𝒗𝒊𝒏𝒈 𝒙) 𝒅𝒚     By exact differential 

               = − ∫(3x2 − 3y2 − 4y)dx + 0 

               = −
3x3

3
+ 3y2x + 4yx + C         

            𝑣 = 3xy2 − x3 + 4yx + C 

Next to find the analytic function f(z)=u+iv 

                     Given u(x, y) = 3x2y + 2x2 − y3 − 2y2 

                                        ux = 6xy + 4x  ;   uy = 3x2 − 3y2 − 4y 

                               Now  𝑢𝑥(𝑧, 0) = 4𝑧 ;    𝑢𝑦(𝑧, 0) =  3𝑧2  ∵ 𝒑𝒖𝒕 𝒙 = 𝒛, 𝒚 = 𝟎 

Using formula, ∫ 𝒇′(𝒛)𝒅𝒛 = ∫ 𝒖𝒙(𝒛, 𝟎)𝒅𝒛 − 𝒊 ∫ 𝒖𝒚(𝒛, 𝟎)𝒅𝒛     By Milne-Thomson method                            

                                               = ∫ 4𝑧dz − i ∫ 3𝑧2dz 
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                                    𝑓(𝑧) = 4
𝑧2

2
− i

3𝑧3

3
+ 𝐶 

                                   𝑓(𝑧) = 2𝑧2 − i𝑧3 + 𝐶 is the required analytic function. 

Problems Using Case(ii) 

Show that  𝒗 = 𝒆𝒙(𝒙𝒄𝒐𝒔𝒚 − 𝒚𝒔𝒊𝒏𝒚)  is harmonic function. Find the corresponding analytic 

function f(z) 

Solution:     

                                    Given v = 𝑒𝑥(𝑥𝑐𝑜𝑠𝑦 − 𝑦𝑠𝑖𝑛𝑦)   

                                                  = 𝑒𝑥𝑥𝑐𝑜𝑠𝑦 − 𝑒𝑥𝑦𝑠𝑖𝑛𝑦   

 vx = 𝑐𝑜𝑠𝑦[𝑒𝑥. 1 + 𝑥𝑒𝑥] − 𝑦𝑠𝑖𝑛𝑦𝑒𝑥   

                                        = 𝑒𝑥𝑐𝑜𝑠𝑦 + 𝑒𝑥𝑥𝑐𝑜𝑠𝑦 − 𝑦𝑠𝑖𝑛𝑦𝑒𝑥 

                                 vxx = 𝑒𝑥𝑐𝑜𝑠𝑦 + 𝑐𝑜𝑠𝑦[𝑒𝑥 . 1 + 𝑥𝑒𝑥] − 𝑦𝑠𝑖𝑛𝑦𝑒𝑥 

                                        = 2𝑒𝑥𝑐𝑜𝑠𝑦 + 𝑒𝑥𝑥𝑐𝑜𝑠𝑦 − 𝑒𝑥𝑦𝑠𝑖𝑛𝑦 

                                   vy = −𝑒𝑥𝑥𝑠𝑖𝑛𝑦 − 𝑒𝑥[𝑦𝑐𝑜𝑠𝑦 + 𝑠𝑖𝑛𝑦. 1]  

                                       = −𝑒𝑥𝑥𝑠𝑖𝑛𝑦 − 𝑒𝑥𝑦𝑐𝑜𝑠𝑦 − 𝑒𝑥𝑠𝑖𝑛𝑦 

                                vyy = −𝑒𝑥𝑥𝑐𝑜𝑠𝑦 − 𝑒𝑥[−𝑦𝑠𝑖𝑛𝑦 + 𝑐𝑜𝑠𝑦. 1] − 𝑒𝑥𝑐𝑜𝑠𝑦 

                                       = −𝑒𝑥𝑥𝑐𝑜𝑠𝑦 + 𝑒𝑥𝑦𝑠𝑖𝑛𝑦 − 𝑒𝑥𝑐𝑜𝑠𝑦−𝑒𝑥𝑐𝑜𝑠𝑦 

                                       = −2𝑒𝑥𝑐𝑜𝑠𝑦 − 𝑒𝑥𝑥𝑐𝑜𝑠𝑦 + 𝑒𝑥𝑦𝑠𝑖𝑛𝑦  

                       Now, 𝑣𝑥𝑥 + 𝑣𝑦𝑦 = 0,  

 Therefore, v satisfies Laplace’s equation. 

Next to find f(z):  

                            𝑣𝑥 = 𝑒𝑥𝑐𝑜𝑠𝑦 + 𝑒𝑥𝑥𝑐𝑜𝑠𝑦 − 𝑦𝑠𝑖𝑛𝑦𝑒𝑥  

                            𝑣𝑥(𝑧, 0) = 𝑒𝑧 + 𝑧𝑒𝑧 = (1 + 𝑧)𝑒𝑧   

                            𝑣y = −𝑒𝑥𝑥𝑠𝑖𝑛𝑦 − 𝑒𝑥𝑦𝑐𝑜𝑠𝑦 − 𝑒𝑥𝑠𝑖𝑛𝑦   𝑣y(𝑧, 0) = 0 

Using formula, ∫ 𝒇′(𝒛)𝒅𝒛 = ∫ 𝒗𝒚(𝒛, 𝟎)𝒅𝒛 + 𝒊 ∫ 𝒗𝒙(𝒛, 𝟎)𝒅𝒛 

                                    𝑓(𝑧) = 0 + 𝑖 ∫(𝑧 + 1)𝑒𝑧𝑑𝑧 + 𝐶                    ∵ ∫ 𝒖 𝒅𝒗 = 𝐮𝐯 − ∫ 𝒗𝒅𝒖 

                                             = 𝑖[(1 + 𝑧)𝑒𝑧 − ∫ 𝑒𝑧 dz] + 𝐶                Here 𝑢 = (1 + 𝑧) 

                                             = 𝑖[(1 + 𝑧)𝑒𝑧 − 𝑒𝑧] + 𝐶                       𝑑𝑢 = 𝑑𝑧; 𝑑𝑣 = ∫ 𝑒𝑧 dz ; 
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                                              = 𝑖𝑒𝑧 dz + 𝐶                                           𝑣 = 𝑒𝑧 

Definition :(Sequences)  

                    The sequence {zn} is said to be a Cauchy sequence if for every ɛ> 0 there exists 

a positive integer Nɛ such that if n, m > Nɛ, then | zn-zm | < ɛ(or) equivalently, zn - zm belongs 

to the disk Dr(0). 

Theorem:  

If {zn} is a Cauchy sequence, {zn} converges. 

Proof: 

           Let zn = xn+iyn , Using the techniques of  both {xn} and {yn} are Cauchy sequences 

of real numbers. Since Cauchy sequences of real numbers are on convergent,  

           We know that 0lim xxn
n

=
→

and 0lim yyn
n

=
→

for some real numbers x0 and y0. 

This means 0lim zzn
n

=
→

where z0 = x0 + iy0. 

           In other words, the sequence {zn} converges to z0. 

Definition:  

              Let {zn} be a complex sequence. We can form a new sequence {Sn}, called the 

sequence of partial sums,  

(ie.,) S1=z1 

        S2=z1+z2 

                  : 

                  : 

       Sn=z1+z2+…….+zn=
−

n

k

kz
1

, ……………….. 

The formal expression ............21

1

++++=
−

n

n

k

k zzzz is called an infinite series, 

and z1,z2,….etc., are calles the terms of the series. ,limlim
1


−

→→
==

n

k

k
n

n
n

zSS  
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The infinite series
−

n

k

kz
1

converges to S. 

Theorem: If 
−

n

k

kz
1

is a convergent complex series, then .0lim =
→

n
n

z  

Example: 1.The series 


=



=









+

−
=

+−

11

1)1()1(

n

n

n

n

n
i

nn

i
is divergent. 

                  2.The series ( )
n

n

i


=

+
1

1 is divergent.  

Definition:  Let 


=0n

na and


=0n

nb be convergent series,where an and bn are complex numbers. 

The Cauchy product of the two series is defined to be the series


=0n

nc where 
=

−=
n

k

knn bc
0

. 

Theorem: 

                If the Cauchy product converges, then


=0n

nc = 


















=



= 00 n

n

n

n ba . 

Uniform Convergence:  

Definition:  

  The sequence {Sn(z)} converges uniformly to f(z) on the set T if for every ɛ > 

0, there exists a positive integer Nɛ (which depends only on ɛ) such that  

 if n   Nɛ, then |Sn(z) - f(z) | < ɛ for all z ɛ T. 

If in the preceding, Sn(z) is the nth partial sum of a series .)(
0

k

k

k zC −


=

We say that the series 

converges uniformly to f(z) on the set T. 

 

Power series. 

                   The reader is assumed to be acquainted with the basic properties of convergence 

of power series a n

n za


0

, where an ∈c , z ∈ C. We recall that to any such power series there 
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is associated a number ρ ∈ [0,∞] called its radius of convergence. For ρ > 0 the series is 

absolutely convergent for any z ∈ K(0,ρ), so we can define the sum function f : K(0,ρ)→ C 

of the series by 

                                                 f(z) = 


zza n

n ,
0

 

If ρ = 0 the power series is convergent only for z = 0 and is of no interest in complex 

analysis. The power series is divergent for any z satisfying |z| > ρ. 

Theorem: 

               Suppose γ is a simple, closed, piecewise smooth path in the region G. Then G 

contains the interior of γ if and only if γ ∼ G0. 

Proof: 

                  If G contains the interior of γ and D[w,R]  is any closed disk in the interior of γ 

then there is a G-homotopy from γ to C[w,R], and C[w,R] ∼Go.  

In the other direction we argue by contradiction:     

          Assume γ ∼ G0 but G does not contain the interior of γ. So we can find a point 

w in the interior of γ which is not in G.  

                  Define 
wz

zg
−

=
1

)(  for z = w. Now g is holomorphic on G and γ ∼ Go. so, and we 

have  
 =


0)( dzzg
’ On the other hand, choose R > 0 so that D[w,R] is inside γ.There is a 

homotopy in C\{w} from γ to C[w,R], so Cauchy’s Theorem shows that
 =


idzzg 2)(

. 
 
 

1.
 
An absolutely convergent complex series is convergent. 

 
       Proof. For any complex number z we have |Rez| ≤ |z| and |Imz| ≤ |z| ≤ 
|Rez|+|Imz|. Hence, ifP|an| is convergent, then by comparison the real series∑Re an 
and∑Im an are absolutely convergent, to x and y say. The theorem now follows from 
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→→−+−−− 
===

asNyaxaiyxa
N

n

n

N

n

n

N

n

n 0ImRe
000 . 

 
Abel’s limit theorem: 

 If 


=0n

na converges , then f(z)= )1(
0

fza
n

n

n →


=

 as Z approaches1 in such a way that 

|)|1(

|1|

z

z

−

−
remains unbounded. 

Trigonometric functions: 

 The complex trigonometric functions are defined in terms of the complex exponential 

by adapting our earlier formulae  

yxiyx
ee

z
iziz

sinhsincoshcos
2

cos −=
+

=
−

, yxiyx
ee

z
iziz

sinhcoscoshsin
2

sin +=
−

=
−

. 

The exponential function: 

 The exponential function is defined to be the power series .
!

exp
0




=

=
n

n

n

z
z  

         (or) 

 The (complex) exponential function is exp: C → C, defined for z = x +iy as exp(z) 

:= ex (cosy+isiny) = ex eiy. 

 

Example: 

For all z,z1,z2 ∈ C,  

    (a) exp(z1)exp(z2) = exp(z1 +z2)  (b). )exp(
)exp(

1
z

z
−=  

    (c).exp(z+2πi)=exp(z)       (d).|exp(z)|=exp(Rez) 

    (e).exp(z)≠0               (f). )exp()exp( zz
dz

d
=  

CONFORMAL TRANSFORMATION 

Closed curves: 

 The curve is said to be closed if the origin point and the terminus point are 

coincide.(ie.,) C is closed if Z(a)=Z(b). 
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Simple closed curve:  

 The curve C is called simple closed curve if (i). Z(a)=Z(b) 

 (ii). Z(t1)≠Z(t2) 21 tt  where t1 & t2 ɛ [a,b]. 

Definition:1  Conformal Mapping 

 A curve C in the complex plane is the continuous function Cba →],[: . If 

)()(:)( tiytxt + then the curve C is determined by the two continuous real valued function 

x=x(t) & y=y(t) where a≤t≤b. The point z(a) s called the terminus of the curve. 

 A mapping or transformation which preserves angle in magnitude and in direction 

between every pair of curves through a point is said to be conformal at a point. 

Theorem: Under a conformal mapping orthogonal curves go onto orthogonal curves. 

Theorem:Let f be analytic function in the region   if f  (z0)≠0, Z0ɛ  then f is conformal 

at Z0.  

Theorem: W=f(z) is conformal then f(z) is analytic function. 

Theorem: Let f be an analytic function in the domain D, and let z0 be a point in D. If 

0)( 0  zf , then f is conformal at z0. 

Linear transformations:  

   A transformation mnL →:  defined on all of n  is linear if 

L(X+Y) =L(X)+L(Y) for all X and Y in n and L(aX)=aL(X) for all X in n  and real 

numbers a. 

Definition: Cross Ratio: 

   For the set of four distinct points z1,z2,z3,z4 the cross ratio denoted by (z1,z2,z3,z4) 

if defined by (z1, z2, z3, z4)=
)z-)(zz-(z

 )z-)(zz-(z

2341

4321 . 

   If the one of the four points is ∞, the fctors containing it should be omitted. 
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Theorem: Let z2,z3,z4 be any three distinct points then there exists a linear transformation 

which maps ,these points into (1,0,∞) respectively. Then the bilinear transformation is,

( )( )
( )( )324

423

zzzz

zzzz
w

−−

−−
= . 

Results: 

1. The cross ratio (z1, z2, z3, z4) is real iff the four points lies on the st.line (or) circle. 

2. The bilinear transformation which maps the three points z1,z2,z3 in Z-plane to three points 

w1,w2,w3 in w-plane is given by 

(w,w1,w2,w3)=( z,z1, z2, z3) (ie.,) 
( )( )
( )( )

=
−−

−−
=

123

321

wwww

wwww
w

( )( )
( )( )123

321

zzzz

zzzz

−−

−−
 

Definition:2  Isogonal transformation 

        The transformation preserves the angle in magnitude but not in direction between 

every pair of curves through a point is said to be isogonal at a point. 

Definition:3  Critical point 

       A point at which 𝒇′(𝒛) = 𝟎 is called a critical point of the transformation. i.e., at the 

critical point, the transformation w =  f(z) is not conformal. 

Remark: Critical points of a transformation are obtained by  
𝒅𝒘

𝒅𝒛
= 𝟎 and  

𝒅𝒛

𝒅𝒘
= 𝟎 . 

Problem: 1    Find the critical points of the transformation 𝒘 = 𝒛 +
𝟏

𝒛
.  

Solution:                   Given 𝒘 = 𝒛 +
𝟏

𝒛
 

                                
𝒅𝒘

𝒅𝒛
= 𝟎 ⇒ 𝟏 −

𝟏

𝒛𝟐
= 𝟎     ∵ 𝒅 (

𝟏

𝒙
) = −

𝟏

𝒙𝟐
 

                                              ⇒
𝟏

𝒛𝟐
= 𝟏 

                                             ⇒ 𝒛𝟐 = 𝟏 

                                             ⇒ 𝒛 = ±𝟏   

The critical points are -1 and 1. 

Complex integration: 

           SRIMAAN
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Definition: 

                   The line integrals dttztzfdzzf

b

a

)('))(()( =


 and f = u+iv, z = x+iy you will realize 

that 


dzzf )(  is the line integral   ++−
 

udyvdxivdyudx , but we will not  

use this. It is, however, very important that the complex integral is independent of the 

parameterizations of the arc γ. 

Line integrals: 

If f(t)= )()( tit  + is a continuous function in [a,b],then  

(i).   +=

b

a

b

a

b

a

dttidttdttf )()()(                        (ii).  =

b

a

b

a

dttfdttf )(Re)](Re[   

(iii).  =

b

a

b

a

dttfdttf )(Im)](Im[          (iv).  =

b

a

b

a

dttfCdttfC )()]([  

 (V)  
b

a

b

a

dttfdttf |)(||)]([|           (vi).  −=
b

a

a

b

dttfdttf )()(  

(vii).  
−

−=
 

dttfdttf )()(  

General form of Cauchy’s Theorem: 

                               Let Ω be a domain. Then for all functions f  holomorphic in Ω and 

cycles γ homologous to 0 in Ω. 

 we have
 =


0)( dzzf

.   

Cauchy’s theorem :( Cauchy’s Goursat theorem):  

Statement: Let f(z) be a function which is analytic at all points inside and on a closed curve 

C then  =
C

dzzf 0)( . 

Proof: 

 

 We assume that C is oriented in the positive sense and use equation 
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2023-24 
SRIMAAN 

TRB-POLYTECHNIC LECTURER-(NEW SYLLABUS) 

STUDY MATERIALS AVAILABLE 
 

 MATHEMATICS STUDY MATERIAL with Question Bank. 
 

 ENGLISH STUDY MATERIAL with Question Bank. 
 

 PHYSICS STUDY MATERIAL with Question Bank. 
 

 CHEMISTRY STUDY MATERIAL with Question Bank. 
 

 MODERN OFFICE PRACTICE STUDY MATERIAL with Q.B. 
 

 COMPUTER SCIENCE STUDY MATERIAL with Question Bank. 

 INFORMATION TECHNOLOGY STUDY MATERIAL with Q.Bank.  
 

 ECE  STUDY MATERIAL with Question Bank. 
 

 EEE  STUDY MATERIAL With Question  Bank. 
 

 MECHANICAL STUDY MATERIAL With Question Bank. 
 

 CIVIL STUDY MATERIAL With Question Bank. 
 

 EIE STUDY MATERIAL with Question  Bank. 
 

 ICE STUDY MATERIAL with Question Bank.  
 

UG-TRB  MATERIALS 
 

 UG TRB: TAMIL MATERIAL WITH QUESTION BANK. 

 
 UG TRB: ENGLISH STUDY MATERIAL +Q. BANK (T/M)                             
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 UG-TRB: MATHEMATICS MATERIAL WITH Q. BANK (E/M) 

 
 UG TRB: PHYSICS MATERIAL WITH QUESTION BANK (E/M) 

 
 UG TRB: CHEMISTRY MATERIAL + QUESTION BANK (E/M) 

 
 UG TRB: HISTORY MATERIAL + Q.BANK (T/M & E/M) 

 
 UG TRB: ZOOLOGY MATERIAL + QUESTION BANK (E/M) 

 
 UG TRB: BOTANY MATERIAL +QUESTION BANK (T/M& E/M)  

 
 UG TRB: GEOGRAPHY STUDY MATERIAL (E/M) 

 

SCERT/DIET/GTTI (LECTURER) STUDY MATERIAL AVAILABLE. 

 

PG-TRB  MATERIALS 
 

 PG TRB: ENGLISH MATERIAL WITH QUESTION BANK. 

 
 PG TRB: TAMIL STUDY MATERIAL +QUESTION BANK (T/M)                             
 PG-TRB: MATHEMATICS MATERIAL WITH Q.BANK (E/M) 

 
 PG TRB: PHYSICS MATERIAL WITH QUESTION BANK (E/M) 

 
 PG TRB: CHEMISTRY MATERIAL + QUESTION BANK (E/M) 

 
 PG TRB: COMMERCE MATERIAL WITH Q.BANK (T/M)&(E/M) 

 
 PG TRB:ECONOMICS MATERIAL+Q. BANK (T/M & E/M) 
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 PG TRB: HISTORY MATERIAL + Q. BANK (T/M & E/M) 

 
 PG TRB: ZOOLOGY MATERIAL + QUESTION BANK (E/M) 

 
 PG TRB: BOTANY MATERIAL +QUESTION BANK (T/M& E/M)  

 

 PG TRB: GEOGRAPHY STUDY MATERIAL (E/M) 
 

TNPSC-JSO STUDY MATERIAL AVAILABLE. 
 

 

PG-TRB: COMPUTER INSTRUCTOR-GRADE-I (NEW 

SYLLABUS)-2023-2024 STUDY MATERIAL AVAILABLE 
TNPSC-GROUP-I C 

TNPSC-DEO (District Educational Officer(Group – I C Services) 
(TAMIL & ENGLISH MEDIUM) STUDY MATERIAL AVAILABLE. 

 

TRB-BEO (Block Educational Officer) 
(TAMIL & ENGLISH MEDIUM) STUDY MATERIAL AVAILABLE. 

 

10% Discount for all materials. Materials are sending through 

COURIER. 
 

TO CONTACT 
 

8072230063 

SRIMAAN 
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