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SRIMAAN UNIT-VII-COMPLEX ANALYSIS SRIMAAN

Algebra of Complex Number:
Definition -complex Number:

A complex number z is of the form x+iy where x and y are real numbers and i
is an imaginary unit with the property that i>=1, x and y are called the real and
imaginary part of z and we write x=Re z and y=Im z.

If x=0, the complex number z is called purely imaginary. If y=0 then z is real.

Two complex numbers are said to be equal iff they have the same real parts and
the same imaginary parts.

Let C denote the set of all complex numbers.

Thus C is {x+iy/x, yeR}

Definition
We define addition and multiplication in C'as follows
Let zy=x;+iy; and z,=X,+1y,
Z1+25 =(X1 + Xp) +i(y1 +Y3)
212 = (X1X2 - Y1 Y2) +i (Kayz + XoY1)
Remark 1

- . + i —
If zy=x,+iy;, andz,=X,+iys # 0 then 2 = 220002 4 TIA72-PA02
Z2

x5+ys x§+y}
Remark 2

It is important to note that there is no order structure in the complex number
system so that we cannot compare two complex numbers.
Remark 3

The complex number a+ib can also be represented by the ordered pair of real
numbers (a, b).

Conjugation and modulus

Let z = x + iy be a complex number. Then the complex number x-iy is called
the conjugate of z and it is denoted by Z.

The mapping f : C—C defined by f(z) = Z is called the complex conjugation.

Note 1. zisreal iffz=7%
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2. Z=2
3. z+z:2Rezsothatx:ZT+Z
4. z-z:ZiImzsothaty:?
5. itz =ntn

Theorem

If o is a root of the polynomial equation f(z) = agz"+a;z"*+...+a,.1z+a,=0 where
ao, a1, ..., apeR and ag#0 then @ is also a root of f(z)=0

(ie.) The non-real roots of a polynomial equation with real-co-efficients occur
In conjugate pairs.
Proof

Since a is a root of f(z)=0, we have f(a)=0

Hence ago"+a;0" .. . +a,0+a,=0

= apa” +a; 0”1+ +a, ja+a,=0

= gl +a3; "+, . +3,4 T +3,=0

= apa +a, 0" +...Fan., X +2,=0

= a(@)+ay ()" +. . . +an(a0)+a=0

= f()=0 so that @ is'also a root of f(z)=0.
Definition

Let z = x+iy be . a complex number. The modulus or absolute value of z denoted
by |z] is defined byjz|=y/x% + y2.
Remark

|z| represents the distance between z=(x, y) and the origin O=(0, 0).

Theorem
I. |z| > 0 and |z|=0 iff z=0
i.  zz=|z
i, [z12o] = |z4] |22]
iv. |2]= 2 provided z, 0
z2 |z2|
2 _ 2 2 =
V. |21%25|" = |z4]" +[zo|" + 2Re (21 Z)|
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Vii |21z = [z +[zf - 2Re (21 2l
Vi, [20+2of+ (2020 = 2(|2af + [22f)

Solved Problems

Problem 1
Find the absolute value of w
3+4i
Solution
| (1+3i) (1-21) = [1+3i] |(1-20)]
3+4i - 3+4i
_ VIOVS
T 5
_ V2x5v5
T s
=202z
Problem 2

Find the condition under which the equation az+bz+c=0 in one complex
unknown has exactly one solution and compute.that solution.
Solution

az+bz+c=0 (1)
Taking conjugate we have,

az+bz+c=0

= az+bz+c =0 (2)
(1) xa=>aaz+abz+ac=0 (3)
(2) xb=bbz+haz+bc=0 (4)

(3) - (4) = z(aa -bb) +ac-bc =0
= z(Jal*- |b]’) = b - ac
Hence if |a| # |b|, the given equation has unique solution and the solution is

bc—ac

givenby z = PP

Problem 3

If z, and z, are two complex numbers prove that |%|:1 if either |z4|=1 or
—4141

|z,|=1. What exception must be made if |z,|=1 and |z,|=1.
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Solution
Suppose |z¢|=1. Hence |Z;|=1 and z; Z, = |z¢]* = 1.

1 21722 \ | Z17Z2
NOw [—— = [———]|
122 21Z1—21-72
_| Z1—Z
z1(z122)
1
= |_—| =1
z1

Similarly if |z|=1, we have |——= & Z2| 1. If|z4)=1 and |z,|]=1, then the result is true

provided 1-7Z,z,#0
ie. if -2, 212, #0
ie. if z:# |z1[*2,
ie. if zi# 2,
Inequalities
Theorem
For any three complex numbers z;, z, and 5.
I. -lz| <Re z< |7
il -lz| <Im z <[]
. |z3+2Zy <|zy|+|z|. (Triangle inequality)
V. [21-2Zo] = [|z4]-|2o]]
Proof
Let z = +iy
Hence |z| = \/x%+ y2
Now -/x2 +y2 <x < /x% +y?
and -\/x2 + y2.<y <,/x2 + y?
~-|z| <Re z<|z] and -|z| < Im z < |7]
Hence (i) and (ii) are proved.
1) Triangle inequality
|21 + 25| < |z + |22
2+ 2of° = (21%22) (21 + 23) v[zf* = 2z
=(21%2) (21 +22)

= 2121+ 212125711257
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= |zl + (24Zo+2120) +|2of
= |21 + (21Zo+ 217,) 2o
= |z:* + 2 Re(212,) +/zf*
<|zaf’ + 2 [(24Z)|+zol’
= |24 + 2 [z4] [Zol+|2of
= |z’ + 2 |z4] 2ozl [+|z2] = [Z2]]
= (jzal + [22))°
Thus |21+ 2 < (|za] + 22])°
2y + zo| < |z +Hzo
V) [z1- 2o 2 [|zd] -[22]]
21=(21-2)) + 2,
|21] = (21-22) + 22| < |21 - 25| + |25]
= 21| - |22 < z1 - 23] (1)
2,=(22-2)+ 74
|22 = (2-21) + 21| < |22~ 24 + [24]
= |22]-[z4] < |22-24
= -([z4]-|z2]) < |z2-24]
= |24]-|22] - |22-24] (2)
From (1) and (2)
- |22-24] < [za]-|2of € 121725
ie. - |21-2,] < |za]-[2 < 124725
= -[|z4|-|22]| < |z4-22|
ie. - [z1-2| = [|za)-|z2|
Note
For any complex numbers z;, z,, ..., z, We have |z,+2z,+...+z,| < |z3]+|Z,)
+... 7tz
Polar form of a complex number
Consider any non zero complex number z=x+iy.
Let (r, ©) denote the polar co-ordinates of the point (X, y)
Hencex=rcosBandy=rsin 0
~Z=r(cos 0 +sin 0)
e —————————
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We notice that r = |Z|:\/m which is the magnitude of the complex
number and 0 is called the amplitude or argument of z and is denoted by arg z
or amp z.

We note that the value of arg z not unique. If 6 = arg z then 6 + 2n © where n is
any integer is also a value of arg z. The value of arg z lying in the range (-x, ) is
called the principal value of arg z.

Theorem

If z, and z, are any two non zero complex numbers then
I. —arg z, = arg z;

i. arg z,z, =arg z, +arg z,
i. arg [z—;] =argz;-arg z,
Proof

Let z; = ry(cos O, + i sin 6,)

~ Z3 =ry(cos 6; —1sin 6,)

=ry(cos (-64) +isin (-0,))

Hence arg z; = -0,
= -arg z;.

. argz; = -arg z;

i) Let z, = ry(cos 64 +i'sin 6,) and
Z, = 1,(C0S 0241 Sin 0,)

= argz;=0,andarg z, = 6,

NoOw z; z, =r3.I,(c0s 0, +1sin0) (cos 0, +isin 6,) (cos 6, + isin ;)

= rykp[(c0s (0,+6,)+ sinb; sinB,) +i (SinB, cosO, + c0sO, Sind,)]

= r4r,[(cosO; 6,) +isin(0; + 6,)]

sarg z12,=0,+0,

=arg z; +arg 2,

. arg 21z, = arg z, + arg z,

i) arg (2—;) = arg z, —arg z,

z1 _ ri(cos B1+isin 01)

Z2 ry(cos 02+1i sin 03)
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[r_l] [ (cos B1+isin 01) _ cos O2+1isin 0;

rp (cos 62+ sin 07) cos 02+1 sin 67
ry
()1

r (cos 61— 02)+1isin (01—602)
(j)( — )

(%) [cos(0y - 62) +isin(6; - 62)

(cos 87 cos B2+ sin 67 sin B2+ i(sin 01 cos B2 — cos 07 sin 07) ]
(cos20y+sin? 0;)

arg [2_;] =01-6;
= arg z; — arg z,
- arg [z—;] = arg z; —arg 2,

Theorem 4.1.6
Let z=r (cos 6 + i sin 0) be any non zero complex number.and.n be any integer.
Then z"=r" (cos n0 + i sin no).
Proof
We first prove this result for positive integers by induction on n.
When n=1
z' = r* (cos 0 + i sin 0)
ie. z =r (cos O + i sin ©) which istrue.
Hence the theorem is true whenn=1.
Suppose the result is true.for n=m.
Hence z" =™ (cos m@ +'i.sin mo)
To prove the result.is true when n=m+1
Now z™' =z"z
=™ (cos mO +isinm ) r (cos 0 +isin 0)
N\ rm+1

[(cos mB cos O - sin 6 sin m 6) +i (cos MO sin 6 + sin MO cos 0)]
= ™! [cos (m+1) © + i sin(m+1) 6]

Hence the result is true for n=m+1

Hence z" = r" [cos n 0 + i sin n@] for all positive integers n.

The result is obviously true if n=0

_ 1
Now z! ==

Z
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1
r(cos 0 +i sin 0)

1 cos O —isin 6

X
r (cos 0 +i sin 6) (cos 6 —isin 0)

=rt [ cos (—0)+ i sinff—0) ]
- cos 20 + sin 20

= ! [cos(-6) + i sin(-0)]

=~ The result is true for n=-1. Hence it follows that the result is true for all negative
integers.
Hence z" = r" (cos n0 + i sin no) for all neZ.
Corollary: (De-Movire’s theorem)

(cos 0 + i sin ©)" = cos nO + i sin nO
Solved Problem
Problem 1

For any three distinct complex numbers z, a, b the principal value of arg [5]

represents the angle between the line segment joining z and a and the line segment
joining z and b taken in the appropriate sense.
Solution

Let A, B, P be the points in'the camplex plane representing the complex

numbers a, b, z respectively.

Then AP = OP - OA

=z—-a
BP = OP - OB
=z-b

=~ The complex-numbers z-a, z-b are represented by the vectors AP and BP
respectively.

Hence the principal value of arg [E] gives the angle between the line segment

AP and BP taken in the appropriate sense.
Circles and Straight lines
Equation of circles and straight lines in the complex plane can be expressed

interms of z and Z.
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General equation of circles
Equation of the circle with centre a and radius r is given by |z-a|=r

ie. |zaf=r

= (z2) (z=a) =1 [*[z'=27]

= (z-a) (z-3) =1

—zZ-az-az+aa-r=0
This equation is of the form

zzZ+az+az+p=0whereisareal number. Further any equation of the
above form can be written as |z+o|* = aa — B and hence represents a circle provided
ad@ — B > 0. It represents a circle with centre — o and radius /o — 6.

Thus the general equation of a circle isgivenby zzZ + &z + az + = 0 where
is real and aa - > 0.

General equation of straight lines
To find the general equation of the straight line passing through a and b, we

note that arg [E] represents the angle between thelines joiningatozand b to z

where z is any point on the line joining a.andb.

=~ If , a, b are collinear then-arg [5] =0orn

Z—a

is real. Hence Z== 2]
Z=b Z—b

N

—a

o

22 = 2]
= (z-aWz - b) = (z-b) (Z - 3)

—zZ-azZ-bz+ab=zZ-a3az-bz+3ab

N

N

—az-bz-az+bz+ab-ab=0
= (@-b)z-(a-b)z+(@b-ab)=0
= (@-b)z—(a-b)z+2ilm(@ab)=0
- Imz:%T =z-7Z=2ilmZ]
~i(@-b)z—i(a-b) Z - 2Im (a b) = 0. This equation is of the formaz+aZz+p=0
where o = 0 and B is real.
Further any equation of the above form represents a straight line. This can be

easily seen by changing the above equation into Cartesian form.
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=~ The general equation of a straight line isgivenby o« z+azZ+  =0. Where a #0
and p is real.
Theorem

Equation of the line joiningaandbis(a-b)z+ (b-a)Z+(ab-ab)=0
Theorem

If a and b are two distinct complex numbers where b # 0, then the
equation z = a + t b where t is a real parameter represents a straight line passing
through the point a and parallel to b.
Proof

Let z be any point on the line passing through a and parallel.to b. The vectors
represented by z —a and b are parallel.

Hence z —a = tb for some real number t. Hence z =a+t.b, which is the
equation of the required straight line.
Definition

Two points P and Q are called reflection.points for a given straight line ¢ iff £ is
the perpendicular bisector of the segment PQ:
Theorem

Two points z; and z, are reflection points for the line az + az + = 0 iff
azy+taz;+p=0.
Proof

Let z; and z, be-reflection points for the straight lineaz+az+ =0 1)

Toprovethatoz; +az, +p=0

For any point z on the line we have

|z-2z=lz-2) [+ 24,2, are reflection points]
= [z-zf = |z- 2
=@-21). (z2-2)=(2-2)z—2) [*|zf = 27]
=(2-21) Z-7)=(2-2)(Z-72)
= 7777 -2 7Y =27 -2~ 2o 7+ 2p 7
=77~ 271Vv2yZ-21Z%+2171-2,7Z,=0

=72(Zo-721)+Z2(2,-21) +2171-2,7,=0 (2)
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Since the equation is true for any point z on the given line it may be regarded
as the equation of the given line.
~ From (1) and (2) we get

o _ o« B

= = =k (say)

Zp—Z1 Z3—21 Z1Z1—Z2%Z3

sa=k(zo—2);a =k (Zx-zZ) and B=k(z1 Z1— 2, Z»)
S0zt 0z Y==K (21 (Zo-71) + 22 (Zo- 20+ 21021 2, 7))
=0
~azitaz+p=0
Conversely, suppose az;+ az, +f =0 (3)
Subtracting (3) from (1) we get
a(z-2zy) +-0(z-7,)=0
= A (2-21) = -(Z - Z»)
Taking modulus on both sides
= [al] z-z4| = |ol[Z - Zo|
= lz-z|=2-Z| = 7= 7| [~|o|=a]
=|z-24] = [z-2,)
=~ z;and z, are reflection points forthe line oz + az+p=0
Definition
Two points P and-Q aresaid to be inverse points with respect to a circle with
centre 0 and radius rif Q'lies on the ray OP and OP. OQ = r2.
Theorem
z, and z, are inverse points with respect to a circle zz + az + oz + p=0
iff z,. Zpt ozt a2+ =0
Proof
Suppose z; and z, are inverse points with respect to the
circle zz + az + oz + p=0 (1)
(1)  can be rewritten as
Iz +af = oa - B
». The centre of the circle is —o. and radius is \/a@ — B

Since
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z; and z, are inverse points w.r. to (1)
we have, arg(z;+a) = arg (z,+a) (2)
and |zy+a| |z, + a| = aa—f (3)
s arg(zita) z; T @ =arg (zi+a) + arg (z; + o)
=arg (z+a) - arg (z; + @)
=0 [~ by (2)]
~(z1+0) (z, + ) is a +ve real number.
Hence using (3) we get (z;+a) z, + a = oo —
= (z1ta) (Z, + @) = a0
N1 Zpt Az taz;+p=0
Converse can be similarly proved.
Note 1:

Let z4, Z,, z3 and z, be four distinct points which are either con-cyclic or

(z1-23)(z2—24)

llinear. Then ar
coflinea enarg [ (z1-24)(z2—23)

] is either 0 or = depending on the relative positions

of the points.

(z1-23)(z2-24)

Hence
(z1—24)(z2-23)

is purely-real.

Note 2 :
The equation pzz + az+ az + p=0 (1)
Where p and f are real and. o - pp >0 can be taken as the joint equation of the
family of circles and straight lines. When p # 0, it represents a circle. When p=0, it
represents a straight line. Further z, and z, are inverse points or reflection points w.r.to
(1) iff pzy Z, + @ 21+0. Z, +p=0
Solved problems

Problem 1 : Prove that the equation | % | = A where A is a non negative parameter
—42

represents a family of circles such that z, and z, are inverse points for every member

of the family.
Solution:
Given, | =2 =)= | 22" =2
AR A} YASA)

Z—71 Z—7Z1 2
—1 — | = 7\,
[ 111
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= (2-2) Z-7) =\ (2- 22)(Z - Z2)

= Z7-712-2Z+ 27 = N2 7 Tl 27+ 2y 7y

= (1N 22+ (W2 Z-71) 2 + (220*-21) (2474-M2,Z,) =0 (1)

(1) represents acirclewhen L # 1
Using Note 2, it can be verified that z; and z, are inverse points w.r.to (1). When A=1,
the given equation represents a straight line which is the perpendicular bisector of the
line segment joining z; and z,. Clearly z; and z, are reflection points for this line.
Problem 2

Prove that arg [E] = u where p is a real parameter, represents a family of

circles every member of which passes through a and b.

Solution

For any fixed value p, arg [E] = is thedocus.of a point z such that the

angle between the lines joining a to z and b to z.is " .

Clearly this locus is the arc of a circle'passing through a and b the remaining

part of the circle is represented by the equation arg [g] = u+m. Hence the result

follows.
Exercise

1. Show that the inverse point of any point a with respect to the unit circle |z|=1 is
1
a

2. Find the inverse point of —i with respect to the circle 2z z+(i-1) z-(i+1) z = 0.

Regions in the complex plane.
Definition

Let z, be any complex number. Let € be a +ve real number. Then the set of all

points z satisfying |z-zy| < ¢ is called a neighbourhood of z, and is represented by
N.(zo) or S(zo, €). Thus Ng(zo) = {z/1z-z,| < €}.
Note 1: |z - zo| < € represents the interior of the circle with centre z, and radius .
Note 2: |z - zy| < € represents the set of points on and inside the circle with centre z,

and radius € and is called the closed circular disc with centre z, and radius «.
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Definition

Let SCC. Let zyeS. Then z; is said to be an interior point of S if there exists a
neighbourhood N,(z) such that N.(zo)<S.

S is called an open set if every point of S is an interior point of S.
Definition

Let SCC. Let zoeS. Then z; is called a limit point of S if every neighbourhood
of z, contains infinitely many points of S.

Sis called a closed set if it contains all its limit points.
Remark

A set S is closed iff its complement C-S is open.
Definition

Let SCC. Let zgeC. Then z; is called a boundary point of S if z, is a limit point
of both S and C-S. Thus z, is a boundary point of S iffievery neighbourhood of z,
contains infinitely many points of S and infinitely many points of C-S.
Definition

Let SCC. Then S is called a bounded set if there exist a real number k such that
|z| <k for all zeS.
Definition

Let SCC then S is called a connected set if every pair of points in S can be
joined by a polygon which:lies in'S.
Definition

A non empty-open connected subset of C is called a region in C.
Example

a) LetD ={z/Rez>1}

Let z = x+iy. Then D = {z/x>1}

=~ D is nonempty, open and connected.

~ DisaregioninC.

Here D is the half plane as shown in the figure.
Example

Let D={z/|z-2+i| < 1}
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I.e. D is the set of all complex number satisfying |z-(2-1)| < 1. Clearly D
represents the closed disc with centre 2-i and radius 1. Also D is a connected and
bounded set. But the points which lie on the circle |z-(2-1)| =1 are not interior points of
D. Hence D is not open. Hence D is not a region.

Example
Let D ={z/Im z/>1}
Let D=x+1iy
D ={z/ly| > 1}
={zly>1lory<-1}
={zly > 1} u {z/ly <-1}

Clearly D is the union of two half planes and it is unbounded as shown in the
figure.

Obviously if z; is any complex number with Im.z;>1 and z, is any complex
number with Imz,<-1 then z, and z, cannot be joined by a polygon entirely lying in D.
Hence D is not connected. Hence D is not a regiorn:

Example

D={z/I0<argz<T™/, }is aregionin C.

Example

LetD={z/0<argz< % and |z| >1} D is as shown in the figure. Clearly D is an

unbounded region in C.
Example
Let D = {z/+<|z| < 2} D is the region bounded by the circles |z|=1 and |z|=2.
Such a region is called an annulus or annular region.
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