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5 - Marks QUESTION

MATIRCES AND DETERMINANTS

1. IfA = [g :;} find x and y such that A% + x4 + yI, = 0,. Hence, find A™*
; 6 -3 a
2. IfA= = b =2 6]isorthogonal, find a, b and ¢, and hence A1
2 ¢ 3

3. Solve the following system of equations, using matrix inversion method:

le +3x2 +3x3 — 5,1‘1 — 21‘2 +x3 = _4,3]’:1 _xz —21.'3 = 3

1 =1 3
1 -2 —if,

—4 4 4
4. ifA = |-7 1 3F|land B =
2 1 3

5 =3 -1

EEERRRNREFEEEE

the products AB and BA and hence solve the system of equations *

X—y+z=4qx—-2y—-2z2=92x+y+3z=1
5. Solve, by Cramer’s rule, the system of equations.

Xy =%, =3,2x1 +3x; +4x3 =17, x, + 2x3 =7

6. In a T20 Match, Chennai Super Kings needed just 6 runs to win with 1 ball left to go in

A 8 & 8 2

the last over. The last ball was bowled and the batsman at the crease hit it high up. *
the ball traversed along a path in a vertical plane and the equation of the path is *
y = ax? + bx + ¢ with respect to a xy-cordinate system in the vertical plane and the *
ball traversed through the points (10, 8),(20,16),(40,22) can you conclude that *

Chennai Super Kings won the match? Justify your answer. (All distances are measured *

1 i
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in metres and the meeting point of the plane of the path with the farthest boundary *

lineis (70,0).) :
7. Solve the following system of linear equations, by Gaussian elimination method *
4x+3y+6z=25,x+5y+72=13,2x+9y +z = 1. *

8. The upward speed wv(t) of a rocket at time ¢ is approximated by :
v(t) = at?+ bt +c¢, 0 <t <100 where a, b and ¢ are constant. It has been found *
that the speed at times t = 3,L = 6 and t = 9 seconds are respectively, 64, 133 and *
208 miles per second respectively. Find the speed at time t = 15 seconds. (Use *
Gaussian elimination method)

cosae 0 sina
9. If Fla) = 0 1 0 |, showthat[F(a)]! = F(—a)
—sina 0 cosca.

3

wora=[> 3

|, show that 42 — 34 — 71, = 0,. Hence find A"

11.4 = [ ! o x], show that ATA™! = [C*_:'S Zx. =—sin 2:1:]_
—tanx 1 sin2x  cos2x

[0
12.01fA = |1
|1

_ O

1
1], show that A1 = %(AE -3
0

—5 1 3 1 1 2
13.fA=]| 7 1 —5] and B = [3 2 1], find the products AB and BA and hence
L 1 -1 1 2 1 3

solve the system of equations
x+y+2z=1, 3x+2y+z=72x+y+3z=2

14.The prices of three commodities A, B and C are " x, y and z per units respectively. A

a4 & & & 2 & & & & & & & 8 5

person P purchases 4 units of B and sells two units of A and 5 units of C. Person § ™
purchases 2 units of iC and sells 3 units of 4 and one unit of B. Person R purchases one *

9 *

L & 8 2 8 8 2 & 8 8 8 % 8 8 % 8 8 & % 8 b 8
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unit of A and sells 3 unit of B and one unit of €. In the process. P, Q and R earn "15,000, *
1,000 and "4000 respectively. Find the prices per unit of 4,8 and €. (Use matrix
inversion method to solve the problem)
15.Solve the systems of linear equations by Cramer’s rule.
1,2 ,1

(iv)i-2-2_1=02+242-2=02-2-241=0
x Yy z x vy oz ¥y ooz

16.A family of 3 people went out for dinner in a restaurant. The cost of two dosai, three

TITITTILY

idlies and two vadais is '150. The cost of the two dosai, two idlies and four vadais is *

"200. The cost of five dosai, four idelies and two vadais is “250. The family has "350 in

hand and they ate 3 dosai and six idlies and six vadais. Will they be able to manage to *
pay the bill within the amount they had? g

17.1f ax? + bx + c is divided by x + 3,x — 5 and x — 1, the remainders are 21,61 and 9 *
respectively. Find a, b and c¢. (use Gaussian elimination method.) *

18.An amount of '65,000 is invested in three bonds at the rates of 6%, 8% and 10% per *
annum respectively. The total annual income is '5,000. The income from the third *
bond is "800 more than that from the second bond. Determine the price of each bond.
(Use Gaussian elimination method.)

19.A boy is walking along the path y = ax®+bx+c through the points

(—6,8),(—2,—12) and (3,8). He wants to meet his friend at P(7, 60). will he meet

his friend? (Use Gaussian elimination method)

8

TR
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COMPLEX NUMBERS

. If z = x + iy is a complex number such that Im (

Lo 15 2415
.Shcwthat(wm[) m(B“) is purely imaginary.

5-3i 1421

7

: -1, .3 -1 .3 . .
. Show that the paoints 1,? +io- and 5> 1‘7 are the vertices of an equilateral

triangle.

. Let zy,z, and z; be complex numbers such that |z,| = |z,| = |z3| = r > 0 and

ZyZy+ZaZy 2,

Zy + zy + z3 # 0. Prove that =r

Zy+Z 42y

. Suppose z,,z, and z, are the vertices of an equilateral triangle inscribed in the circle

|z] = 2. if z; = 1 + iV/3, then find z, and z;

. Show that (1:?")12 + (Zn'ﬁjufs real.

7—6i

|z, + 25 + 23| = 1, show that |9z,2; + 42,25 + z,25| = 6.

ZHD = (0, show that the locus of z

is 2x% 4+ 2y* 4+ x — 2y = 0.
THEORY OF EQUATIONS

%
*
*
*
%
*
%
*
*
%
%
%
*
%
*
. If 24,2z, and z; are three complex numbers such that |z,| = 1,|2z,]| = 2, |2z3] = 3 and *
%
*
*
%*
*
*
%
*
*
%
*
*
%
%*
*

. Form the equation whose roots are the squares of the roots of the cubic equation

4+ax’+bx+c=0

. 1f 2 4 i and 3 — /2 are roots of the equation.

x% —13x° + 62x* — 126x% + 65x% + 127x — 140 = 0 find all roots.

. Solve the following equation: x* — 10x3 4+ 26x?2 = 10x+1 =0

4
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4,

5.

10.Solve the equation 3x° — 26x2 + 52x — 24 =0 if its roots form a geometric

11.Determine k and solve the equation 2x® — 6x2 + 3x + k = 0 if one of its roots is twice

12.Find all zeros of the polynomial x® — 3x° — 5x* + 22x7 — 39x% — 39x + 135, if it is

13.Solve the equations.

14.Solve the equation 6x* — 5x% — 38x% — 5x + 6 = 0 if it is known that % is a solution.

HHHFENFFEFEEERNFFRRFFFEFFNFREFN

www.Padasalai.Net www.TrbTnpsc.com

Solve the equation 3x® — 16x2 + 23x — 6 — 0 if the product of two roots is 1.

WHEHFEFREFERRRHRRERRERIFRIARAA Y
%

Find the sum of squares of roots of the equation 2x* — 8x% + 6x* =3 =10
Solve the equation x® — 9x? + 14x + 24 = 0 if it is given that two of its roots are in
theratio3:2

If the equations x? + px + g = 0 and x% + p'x + ¢’ = 0 have a common root, show

F
pq —prq g—qr
I —P orf 1

that it must be equal to -
a-q' p'-p

Find a polynomial equation of minimum degree with rational coefficients, having V5 —

V3 as a root
Solve the equation 9x* — 36x% + 44x — 16 = 0 if the roots form an arithmetic
progression.

progression.

the sum of the other two roots.

known that 1 + 2i and v/3 are two of its zeros.

(i)6x* — 35x% + 62x*> —35x + 6 =0

T

S5 e

S
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INVERSE TRIGONOMETRY FUNCTIONS

1. Find the domain of sin™*(2 — 3x?)

2. Find the domain of cos ™! (m)
3
2
3. Find the domain of the following. f(x) = sin™! (%E)
. Find the value of sin™* (sin ZcosZ+ cusg—ﬁsini).
9 9 9 Q9

s - o T i [ S am
5. Find the value of cos™! (cns— COS— — sm—sm—).
7 17 7 17

6. Find the domain of (i) f(x) = sin™! (MT_E} + cos™ (—1'::“)

5. TWO DIMENSIONAL ANALYTICAL GEOMETRY- 1l

». 1. Find the equation of the circle passing through the points (1,1),(2,—1),and (3, 2).

t e s aa s 28 X8 8 8 F 8 8 2 5

2. Find the equation of the ellipse whose eccentricity is %, one of the foci is (2,3) and a

directrix is x = 7. Also find the length of the major axes of the ellipse.

3. Find the vertices, foci for the hyperbola 9x2 — 16y? = 144

2 2

an equation of the elliptical part of an optical lens system is 31:—6 + {,.— = 1. the parabolic

part of the system has a focus in common with the right focus of the ellipse. The vertex of
the parabola is at the origin and the parabola opens to the right. Determine the equation

of the parabola.

LA 8 & 4 & & &

* 4. Find the equation of the circle through the points (1,0), (=1, 0) and (0, 1).
* 5. Find the vertex, focus, equation of directrix and length of the latus rectum of the following.

.* (Each 5 Mark)

e s a2 RS S RS RS R SR R R RS R R R RS R RS o

W
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(i)x? —2x + 8y +17 =0 (ii)y? — 4y —8ix +12=10

¥*

* 6. identify the type of conic and find centre, foci, vertices and directrices of each of the

*

' following.
(i)18x2 + 12y% — 144x + 48y + 120 =0
(ii)9x? — y?> —36x — 6y + 18 = 0 (Each 5 Mark)

7. Show that the line x — y + 4 = 0 is a tangent to the ellipse x* + 3y? = 12. Also find the
coordinates of the point of contact.

8. A bridge has a parabolic arch that is 10m high in the centre and 30m wide at the bottom.
Find the height of the arch 6m from the centre, on either sides.

9. A tunnel through a mountain for a four lane highway is to have a elliptical opening. The
total width of the highway (not the opening) is to be 16m, and the height at the edge of
the road must be sufficient for a truck 4m high to clear if the highest point of the opening
is to be 5m approximately. How wide must the opening be?

10. At a water fountain, water attains a maximum height of 4m at horizontal distance of 0.5 m
from its origin. If the path of water is a parabola, find the height of water at a horizontal
distance of 0.75 m from the point of origin.

11. An engineer designs a satellite dish with a parabolic cross section. the dish is 5m wide at
the opening, and the focus is placed 1.2m from the vertex.

(a) Position a coordinate system with the origin at the vertex and the x-axis on the
parabola’s axis of symmetry and find an equation of the parabola.
(b) Find the depth of the satellite dish at the vertex.

12. Parabolic cable of a 60m portion of the roadbed of a suspension bridge are positioned as
shown below. Vertical Cables are to be spaced every 6m along this portion of the
roadbed. Calculate the lengths of first two of these vertical cables from the vertex.

| 1

._.'_ [
Im I

'IEm l _ '
i J—r'-nrf R : 'rurl.z:d.-;:l A Ay

Gﬂm | 7
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* 13. Cross section of a Nuclear cooling tower is in the shape of a hyperbola with equation *

iz 2 ;
;? = :1_2 = 1. The tower is 150m tall and the distance from the top of the tower to the *

centre of the hyperbola is half the distance from the base of the tower to the centre of the

hyperbola. Find the diameter of the top and base of the tower.

14. A rod of length 1.2m moves with its ends always touching the coordinate axes. the locus
of a point P on the rod, which is 0.3m from the end in contact with x-axis is an ellipse.
find the eccentricity.

15. Assume that water issuing from the end of the horizontal pipe, 7.5m above the ground,
describes a parabolic path. The vertex of the parabolic path is at the end of the pipe. At
a position 2.5m below the line of the pipe, the flow of water has curved outward 3m
beyond the vertical line through the end of the pipe. How far beyond this vertical line will
the water strike the ground?

16. On lighting a rocket cracker it gets projected in a parabolic path and reaches a maximum
height of 4m when itis 6m away from the point of projection. Finally it reaches the ground
12m away from the starting point. Find the angle of projection.

6. APPLICATIONS OF VECTOR ALGEBRA

1. By vector method, prove that cos(a + ) = cosa cos f — sina sin 5.

Wl W N W N NN N W NN N e NN W N W NN NN NN

2. Prove by vector method that sin{a — f#) = sina@ cos f — cosa sin f§

WHHHNNNHNNNNNNNNNNNNNNNN¥

3. If D is the midpoint of the side BC of a triangle ABC, show by vector method that

|4B|" + |ac|” = 2(jap|” + |BC[").

o e
& %% ¥

8
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4. Prove by vector method that the perpendiculars (attitudes) from the vertices to the *
opposite sides of a triangle are concurrent.

5. fd=i—jb=i—j—4ké=3j—kandd = 2i + 5] + k, verify that
(i)(@xb) x (¢ xd) = [db,d|é - |&,b,é]d
(ii)(a@ x E) X (& x d) la,c, d] [b ¢, d]

6. Find the vector equation in parametric form and Cartesian equations of a straight

passing through the points (=5,7,—4) and (13,-5,2). Find the point where the

straight line crosses the xy-plane.

7. Find the point of intersection of the lines x: = =—and—= =z

8. Find the parametric form of vector equation of a straight line passing through the point

L X X & 8 & 8 g

of intersection of the straight lines 7 = (I + 3] — Ic) + t(2T + 3] + 2k) and *

—2 —&4 Z+3 . . .
AL = and perpendicular to both straight lines.

9. Determine whether the pair of straight lines 7 = (21 + 6] + 3?-.:) +t(21+ 3] + 4;‘:),
P = (2} — BE) + s(1+ 2f + 3k) are parallel. Find the shortest distance between

them.

10.Find the vector parametric, vector non-parametric and Cartesian form of the equation

KN KN

of the plane passing through the points (—1, 2,0), (2, 2, —1) and parallel to the straight *

x-1 _ 2y+1 _ z+1
line
1 2 —1

11.Show that  the lines = (—1—3f—5k)+s(3t + 5] + 7k) and
= (20 + 4j + 61{) + t(i+ 4 + 7k) are coplanar. Find the vector equation of the
plane in which they lie.
12.Prove by vector method that the parallelograms on the same base and between the
same parallels are equal in area.

13.1f ¢ is the centroid of a AABC, prove that

(area of AGAB)= (area of AGEC)=(area of AGCA) == (area of AABC).

PSP PAPAPY
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14.Using vector method, prove that cos(a — f) = cosacosff + sina sinf§
15.Prove by vector method that sin{(a + ) = sina cos 8 + cos a sin f§
16.1fd = 20 + 3] — k, b = 31 + 5] 4 2k, & = —1 — 2] + 3k, verify that

(i)(@x b) x & = (d@&)b— (b.¢)d (iijd@ x (b x &) = (d@.&)b — (a.b)é

17.Find the points where the straight line passes through (6,7,4) and (8, 4,9) cuts the

xz and yz planes.

18. Show that the lines %q = ?,z —1=0and xT_'E' = ?,y — 2 = 0 intersect. Also

find the point of intersection.

19.Show that the linesx +1 = 2y = —12zand x = y + 2 = 6z — 6 are skew and hence

find the shortest distance between them.

W NN NN K

20.Find the parametric form of vector equation of the straight line passing through *

(~1,2,1) and parallel to the straight line 7 = (21 + 3] — k) + (i — 2] + k) and hence 3¢

find the shortest distance between the lines.

# K

21.Find the foot of the perpendicular drawn from the point (5,4,2) to the line

x;'l = J':g = 2:11_ Also, find the equation of the perpendicular

* ¥

22.Find the non-parametric form of vector equation, and Cartesian equation of the plane *
: ; ; : -1 y+1  z-3 &k
passing through the point (2, 3,6) and parallel to the straight lines "Bk

x+3 -3 Z+1
and == =
3 -5 -3

¥ ¥

23.Find the parametric form of vector equation, and Cartesian equations of the plane *

passing through the points (2,2,1),(9,3,6) and perpendicular to the plane*

*

2x+6y+62=9.
24.Find parametric form of vector equation and Cartesian equations of the plane passing *
through the points (2,2,1),(1,—2,3) and parallel to the straight line passing through *
the points (2,1,-=3) and (-1, 5, —8)

%
%
%
*
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25.Find the non-parametric form of vector equation and Cartesian equation of the plane *

passing through the point (1, —2,4) and perpendicular to the plane x + 2y — 3z = 11 *

x+7 y+3 z

and parallel to the line —— ===

26.Find the parametric form of vector equation, and Cartesian equations of the plane *
containing the line ¥ = (I —J+ 3?2] +t(2i — j + 4k) and perpendicular to plane *
£.(i1+2f+k)=8.

27.Find the parametric vector, non-parametric vector and Cartesian form of the equations
of the plane passing through the three non-Collinear points (3,6, -2) (—1,—2,6) and
(6,—4,—2).

28.Find the non-parametric form of vector eguation, and Cartesian equations of the plane
F=(6i—j+k)+s(—i+2j+k)+t(-51—4f - 5k)

1 y+1l = X+l y+1

29.1f the straight ImesT 5 ok Eand raial— o %are coplanar, find A and equations

of the planes containing these two lines.

7.APPLICATIONS OF DIFFERENTIAL CALCULUS

1. Salt is poured from a conveyer belt at a rate of 30 cubic metre per minute forming a
conical pile with a circular base whose height and diameter of base are always equal.
How fast is the height of the pile increasing when the pile is 10 metre high?

2. Find the equation of the tangent and normal at any point to the Lissajous curve given
byx =2cos3tandy = 3sin2t, t € R.

3. Find the angle between y = x? and y = (x — 3)?

4. Find the angle between the curves y = x? and x = y? at their points of intersection
(0,0)and (1,1)

5. It the curves ax? + by®? =1 and cx? + dy® = 1 intersect each other orthogonally

HEERERFEREEREEREERERNF

=T

then, show that = — =~ = = —
i) 8] c

11
EZ X2 R 22 2 2 2 R 2 L 8 8 0 & X 0 X & & %

z******************************
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6. Prove that the ellipse x? + 4y? =8 and the hyperbola x2 — 2y = 4 intersect *

?"**#***‘****'#*** L 8 & & & & & & & % & & & & 4

orthogonally.

i 1
7. Evaluate : lim (1 + 2x)2loex

X — GO

1

lim L
X1-x

8. Evaluate:
x—=1

9. Find the local extrema of the function f(x) = 4x° — 6x*

10.Find the local maximum and minimum of the function x*y? on the line x + y = 10

11.We have a 12 square unit piece of thin material and want to make an open box by
cutting small squares from the corners of our material and folding the sides up. The
question is, which cut produces the box of maximum volume?

12.Find the points on the unit circle x* + y? = 1 nearest and farthest from (1, 1).

13.A steel plant is capable of producing x tonner per day of a low-grade steel and y tonnes

per day of a high-grade steel, where y = 41‘][]___5:.

If the fixed market price of low-grade
steel is half that of high-grade steel, then what should be optimal productions in low-
grade steel and high-grade steel in order to have maximum receipts.

14.Prove that among all the rectangles of the given area square has the |east perimeter.
15.A stone is dropped into a pond causing ripples in the form of concentric circles. The

radius r of the outer ripple is increasing at a constant rate at 2 cm per second. When
the radius is 5 cm find the rate of changing of the total area of the disturbed water?

16.A beacon makes one revolution every 10 seconds. It is located on a ship which is
anchored 5 km from a straight shore line. How fast is the beam moving along the shore
line when it makes an angle of 45° with the shore?

17.A conical water tank with vertex down of 12 metres height has a radius of 5 metres at
the top. If water flows into the tank at a rate 10 cubic m/min, how fast is the depth of
the water increases when the water is 8 metres deep?

18. Aladder 17 metre long is leaning against the wall. The base of the ladder is pulled away

from the wall at a rate of 5 m/s. When the base of the ladder is 8 metres from the wall.

12
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(i) How fast is the top of the ladder moving down the wall?
(ii) At what rate, the area of the triangle formed by the ladder, wall, and the floor, is
changing?.

19.A police jeep, approaching an orthogonal intersection from the northern direction, is
chasing a speeding car that has turned and moving straight east. When the jeep is 0.6
km north of the intersection and the car is 0.8 km to the east. The police determine
with a radar that the distance between them and the car is increasing at 20 km/hr. If
the jeep is moving at 60 km/hr at the instant of measurement, what is the speed of the
car?

20.Find the equations of the tangents to the curve y = 1 + x* for which the tangent is

orthogonal with the line x + 12y = 12.

21.Find the equations of the tangents to the curve y = '%1 which are parallel to the line
x+2y=6.

22 Find the equation of tangent and normal to the curve given by x = 7 cost and
y = 2sint,t € R at any point on the curve.

23.Find the angle between the rectangular hyperbola xy =2 and the parabola
x*+4y = 0.

24.1f an initial amount A, of money is invested at an interest rate r compounded n times

ik
a year the value of the investment after t yearsis A = 4, (1‘ -+ E) . If the interest is

compounded continuously, (that is as n — o), show that the amount after t years is
A= Agt?rt

25.Find the intervals of concavity and points of inflexion for the functions:
fx) =5 (e* —e™)

26.For the function f(x) = 4x® 4+ 3x% — 6x + 1 find the intervals of monotonicity, local
extrema intervals of concavity and points of inflection.
27.A garden is to be laid out in a rectangular area and protected by wire fence. What is the

largest possible area of the fenced garden with 40 metres of wire

18
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28. A rectangular page is to contain 24 cm? of print. The margins at the top and bottom of r
the page are 1.5 cm and the margins at other sides of the page is 1 cm. What should be
the dimensions of the page so that the area of the paper used is minimum.

29.A farmer plans to fence a rectangular pasture adjacent to a river. The pasture must
contain 1,80,000 sg.mtrs in order to provide enough grass for herds. No fencing is
needed along the river. What is the length of the minimum needed fencing material?

%*
*
£
%
%
*
*
* 30.Find the dimensions of the rectangle with maximum area that can be inscribed in a
* circle of radius 10 cm.

31.Prove that among all the rectangles of the given perimeter, the square has the
* maximum area.
* 32.Find the dimensions of the largest rectangle that can be inscribed in a semi circle of
* radius rcm

33.A manufacturer wants to design an open box having a square base and a surface area
* of 108 sq.cm. Determine the dimensions of the box for the maximum volume.
* 34.The volume of a cylinder is given by the formula V = mrr?h. Find the greatest and least
* valuesof V ifr + h = 6.

35.A hollow cone with base radius a cm and height b cm is placed on a table. Show that
: the volume of the largest cylinder that can be hidden underneath is %times volume of
£
*
%
*
*
%*
%*
%
*
£
%
%

the cone.

8. DIFFERENTIALS AND PARTIAL DERIVATIVES

HERHEREREREERERER K

1. A right circular cylinder has radius r =10 cm. and height h = 20 cm. Suppose that the *
radius of the cylinder is increased from 10 cm to 10 1 . cm and the height does not *
change. Estimate the change in the volume of the cylinder. Also, calculate the relative

error and percentage error.

2. The radius of a circular plate is measured as 12.65 cm instead of the actual length 12.5 *
. cm. find the following in calculating the area of the circular plate:
_ (i) Absolute error (ii) Relative error (iii) Percentage error

3. Asphere is made of ice having radius 10 cm. Its radius decreases from 10 cm to

(i) change in the volume (ii) change in the surface area

%*

_ 14 '
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(i) 9 8 . cm. Find approximations for the following: :
*
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. Thetime T, taken for a complete oscillation of a single pendulum with length /, is given

*-¥

by the equationT = 2w \E , where g is a constant. Find the approximate percentage *

error in the calculated value of T corresponding to an error of 2 percent in the *

value of /.
Show that the percentage error in the nt" root of a number is approximately

1., :
~times the percentage error in the number

The trunk of a tree has diameter 30 cm. During the following year, the circumference
grew 6 cm.

(i) Approximately, how much did the tree’s diameter grow?

(i)} What is the percentage increase in area of the tree’s cross-section?

The relation between the number of words y a person learns in x hours is given by
V= 52vx,0 < x < 9 .What is the approximate number of words learned when x
changes from

(i) 1to 1.1 hour? (ii) 4 to 4.1 hour?

9, APPLICATIONS OF INTEGRATION
Evaluate fjﬁdx

Evaluate [2 Ros
0 (1-+sin@)+(2+sinfd)

I
vz sin"tx
Evaluate [,* s d
(1-x2)2

T
Evaluate [?(vtanx + vcotx) dx.
Evaluate fﬂ” [x?#]dx, where [x] is the greatest integer function.

Evaluate f;lx + 3|dx

b4
= dx 1
Show that |2 ==-log., 2
fﬂ #t5sinx 3 OBez
T
— sinZxdx T
Show that [ ———— = —
fU sin? x+cost x 4

T T
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10.

11.

12.

13.

14.
15.

16.

17.

18.

19.
20.

21.
22,
23.

24.

25,
26.

2ds
28.
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T
" 1
Evaluate f* — = dx
ZIiNnx4+Ccosx

dx

Evaluate fﬂ ye——

Prove that fjlng(l +tanx) dx = %log 2

Show that fl(tan‘1 x+tan 1(1—x))dx = g_ log, 2
CO5* x
Evaruatef — d
Z dx

Evaluate fﬂz 4sin® x+5cos? x
Find the area of the region bounded between the parabolas ~ y* = 4x and x* = 4y.
Find the area of the region bounded by y = cosx,y = sinx, the lines x =E and

_sz

T4

Find, by integration, the area of the region bounded by the lines 5x — 2y = 15,
x + v+ 4 = 0and the x-axis
Using integration find the area of the region bounded by triangle ABC, whose vertices

A, B and C are (—1,1),(3,2) and (0, 5) respectively

Evaluate the definite integrals f;

Evaluate the definite integrals ~ [2e* (M) dx

14+cosx

Evaluate the definite integrals [2vcos 8 sin’ 8 d@

— el
Evaluate the definite integrals ful “1+;2}2

dx

i i i : . 2 3+c
Evaluate the integrals using properties of integration. j'ﬂ " x log( L””)

F—-cosx

Evaluate the integrals using properties of integration [, "sin* x cos® x dx

Evaluate the integrals using properties of integration f;|5x — 3|dx

Evaluate the integrals using properties of integration
i - L - _
Jy " TsinTWEdt+ [0 7 cosTMVE dt

Evaluate the integrals using properties of integration fﬂ v

T oxsinx

Evaluate the integrals using properties of integration

*' LA & 4 & & 4 & & & & & 4 4 & & & 4 & 4 *'##'*‘*‘ ¥HN¥N¥
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{xi]f{;rx [sin®(sinx) + cos?(cos x)] dx

Find the area of the region bounded by the line y =2x+ 5 and the parabola

y=x?—2x.

Find the area of the region bounded between the curves y = sinx and y = cosx and

the linesx = 0and x = m.

Find the area of the region bounded by y = tanx, y = cotx and the lines

x=0, x=g,y=[].

Find the area of the region bounded by the parabola y? = xandtheline y=x—2

Father of a family wishes to divided his square field bounded by x = 0, x = 4,

y =4 and y = 0 along the curve y? = 4x and x? = 4y into three equal parts for his
wife, daughter and son. It is possible to divide? If so, find the area to be divided

among them.

L& & & 4 4 & & & & & & 4 4 s

The curve y = (x — 2)* + 1 has a minimum point at P. A point Q on the curve is such *

that the slope of PQ is 2. Find the area bounded by the curve and the chord PQ.

¥

. Find the area of the region common to the circle x* + y* = 16 and the parabola *

y? = 6bx.
10.0RDINARY DIFFERENTIAL EQUATIONS.

Solve: (2x + 3y)dx + (y —x)dy =0

a dy
Solve: y2 + xzﬁ = xy—

Solve: (1 + 235) dx + 2e” (1 - f) dy =0

¥
Solve : [y(1 —xtanx) + x* cosx]dx — xdy = 0
Solve : (1 + xﬁ)j—i + 6x%y = 1 + x?

Solve : ye¥dx = (y? + 2xe¥)dy

FEERERRRRNS

The growth of a population is proportional to the number present. If the population of *

a colony doubles in 50 years, in how many years will the population become triple? *

17
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8.

0

10.A tank contains 1000 litres of water in which 100 grams of salt is dissolved. Brine (Brine

11. Ix +yms( )] dx = xms(x)dy
12. (x* 4+ y*)dy — x*ydx = 0
13. ye:"fdx = (er + y) dy

14.2xydx + (x% + 2y*)dy = 0
15.(y? — 2xy)dx = (x* — 2xy)dy

1E.x% = y — x cos® G)
1?.(1 + 3911:) dy + 3:2%(1 —%) dx = 0 giventhaty = 0whenx =1

18.(x* + y*)dy = xydx . ltis given that y(1) = 1 and y(x,;) = e. Find the value of x,
_ psinix\8X | a5
19.(y—e )dy +Vvl—x*=10

W KN N N N W NN N W H N W W W e W NN N W W NN NN N W N

dx  (1—-x)Wx

A radioactive isotope has an initial mass 200mg, which two years later is 50mg . Find the *
expression for the amount of the isotope remaining at any time. What is its half-life? *
(half-life means the time taken for the radioactivity of a specified isotope to fall to half *
its original value).

In a murder investigation, a corpse was found by a detective at exactly 8 p.m. Being alert,
the detective also measured the body temperature and found it to be 70°F. Two hours
later, the detective measured the body temperature again and found it to be 60°F. If the
room temperature is 50°F, and assuming that the body temperature of the person
before death was 98.6°F, at what time did the murder occur?

[log(2.43) = 0.88789; log(0.5) = —0.69315]

is a high-concentration solution of salt (usually sodium chloride) in water) runs in a rate
of 10 litres per minute, and each litre contains Sgrams of dissolved salt. The mixture of
the tank is kept uniform by stirring. Brine runs out at 10 litres per minute. Find the

amount of salt at any time t.

b

+—2—=1-1x
18
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2L(1+x+xy) 2+ +5%) =0

i sin2x
22Xy Y =

P 4

*

*

* dx = xlogx  logx
* ;

§

23.(x + a)% -2y = (x+a)*

d sin® x 3x2
242 =

dx 1+x3 1+x2

¥

25.x3’—i +y=xlogx

ZE.xz—i + 2y —x%logx =0

27.The rate of increase in the number of bacteria in a certain bacteria culture is proportional
to the number present. Given that the number triplesin 5 hours, find how many bacteria
will be present after 10 hours?

28.Find the population of a city at any time t, given that the rate of increase of population
is proportional to the population at that instant and that in a period of 40 years the

population increased from 3,00,000 to 4,00,000.

29.The equation of electromotive force for an electric circuit containing resistance and self
: . di . : e e
inductance = Ri + L'&'ij, where E is the electromotive force is given to the circuit, R the

resistance and L, the coefficient of induction. Find the current / at time t when £ =0.

any subseguent time (after shutting off the engine) equal to the velocity at that time.
Find the velocity after 2 seconds of switching off the engine.

31.Suppose a person deposits 10,000 Indian rupees in a bank account at the rate of 5% per
annum compounded continuously. How much money will be in his bank account 18
months later?

32.Assume that the rate at which radioactive nuclei decay is proportional to the number of
such nuclei that are present in a given sample. In a certain sample 10% of the original
number of radioactive nuclei have undergone disintegration in a period of 100 years.

What percentage of the original radioactive nuclei will remain after 1000 years?

19
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33.Water at temperature 100°C cools in 10 minutes to 80°C in a room temperature of 25°C *
. Find

(i) The temperature of water after 20 minutes

(ii) The time when the temperature is 40°C
[log, = = —0.3101; log, 5 = 1.6094]

34.At 10.00 A.M. a woman took a cup of hot instant coffee from her microwave oven and

L8 & & & & & 8

placed it on a nearby Kitchen counter to cool. At this instant the temperature of the
coffee was 180°F, and 10 minutes later it was 160°F . Assume that constant temperature *
of the kitchen was 70°F .

(i) What was the temperature of the coffee at 10,.15A.M.7

(ii) The woman likes to drink coffee when its temperature is between 130°F and
140°F . between what times should she have drunk the coffee?

35.A pot of boiling water at 100°C is removed from a stove at time t = 0 and left to cool in
the kitchen. After 5 minutes, the water temperature has decreased to 80°C , and another

5 minutes later it has dropped to 65°C . Determine the temperature of the kitchen.

E a8 & & 8 X 2

36.A tank initially contains 50 litres of pure water. Starting at time t = 0 a brine containing *
with 2 grams of dissolved salt per litre flows into the tank at the rate of 3 litres per *
minute. The mixture is kept uniform by stirring and the well-stirred mixture

simultaneously flows out of the tank at the same rate. Find the amount of salt present *

¥

inthe tank at any time t> 0.

|
|
|
|
|
|
I
|
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. Suppose a pair of unbiased dice is rolled once. If X denotes the total score of two dice,

. If the probability mass function f (x) of a random variable X is

. A six sided die is marked ‘1’ on one face, ‘2’ on two of its faces, and ‘3’ on remaining

. Find the probability mass function f (x) of the discrete random variable X whose

AL R S R L S TR R R TR L

11.PROBABILITY DISTRIBUTIONS *
%
%

write down (i) the sample space (ii) the values taken by the random variable X, *

*

(iii) the inverse image of 10, and (iv) the number of elements in inverse image of X.

. A pair of fair dice is rolled once. Find the probability mass function to get the number of *

fours.

x 1 2 3 4

1 5 5 1

x — S . ey
9 12 12 12 i
find (i) its cumulative distribution function, hence find (ii) P(X _ 3) and, (iii) P(X = 2)

three faces. The die is rolled twice. If X denotes the total score in two throws.
(i) Find the probability mass function.
(ii) Find the cumulative distribution function.

(iii) Find P(3 < X < 6) (iv) Find (X = 4) .

cumulative distribution function F(x) is given by

0 —o<x< -2
025 -2<x < -1
F(x)=1060 —-1<x<0
090 0=<x<1
1 1<x<oo

Also find (i) P(X < 0) and (ii) P(X < —1).
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6. A random variable X has the following probability mass function.

x 1 . 3 4 5 6
f(x) k 2k 6k 5k bl 10k
Find (i)P(2 < X < 6) (ii)P(2€ X < 5) ()P(X < 4) (iv) P(3 < X)
, , _[Cx*1<x<4
7. Find the constant C such that the function f(x) —-{ >~ 7 is a density
0 Otherwise
function, and compute ()P(1.5 < X < 3.5) (ii)(X < 2) (iiP(3 < X)

8. If X is the random variable with probability density functionf (x) given by,

x—1, 1<x<2
fx)=3—x+3, 2<x<3
0 Other wise

Find (i)the distribution function F(x) (ii)P(1.5 = X < 2.5)

9. The probability density function of random variable X is given by

f(x)={g 1<x<5

Other wise
Find (i)Distribution function (i)P(X < 3) (i)P(2 <X <4) (WPB<X)
10. Let X be a random variable denoting the life time of an electrical equipment

having probability density function

(ke x forx>0
f(x)_{[} forx<0
Find (i)the value of k (ii)Distribution function (iii)P(X < 2)

(iv)calculate the probability that X is at least for four unit of time (v) (P(X = 3)

11. An urn contains 5 mangoes and 4 apples. Three fruits are taken at random. If the
number of apples taken is a random variable, then find the values of the random variable
and number of points in its inverse images.

12. Two balls are chosen randomly from an urn containing 6 red and 8 black balls.
Suppose that we win " 15 for each red ball selected and we lose ™ 10 for each black ball
selected. If X denotes the winning amount, then find the values of X and number of

points in its inverse images

ﬂ'*'******'**‘* L b & & & 8 & & & & & & & & & & & & & & J
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13. A six sided die is marked ‘1" on one face, ‘3" on two of its faces, and ‘5" on *
remaining three faces. The die is thrown twice. If X denotes the total score in two throws, -
find

(i) the probability mass function

(i) the cumulative distribution function

(i) P(4 < X < 10) (iv) P(X = 6)

14, Suppose a discrete random variable can only take the values 0, 1, and 2. The <
probability mass function is defined by

x2+1
fx)=1"1
0

Forx= 02

other wise

Find (i) the value of k (ii) cumulative distribution function (iif) (X = 1) .

r 0 —oo<xy < —1
015 —=-1<x<0
0.35 0<x<1
0.60 1<y <2
0.85 2= <3
v x<x<w

15; F(x) =+

Find (/) the probability mass function (i) P(X < 1) and (i) P(X = 2).

16. A random variable X has the following probability mass function.

x |1 2 3 4 5
flx) | k% | 2k | 3k%2 | 2k | 3k
Find (i) the value of k (i) P(2 < X < 5) (i) P(3 < X)
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17. The cumulative distribution function of a discrete random variable is given by
(0 for—om<x<-1
-I - -
:5 for 0=sx<1
2 for 1<x<?2
F(x) =1 _
7 for 2=<x<3
9
E for 3=<x<4

\ 1 for 4<x <o

Find (i) the probability mass function (ii) P{X < 3) and (iil) P(X = 2) .

X
18, The probability density function of X is given by f(x) = {ke 2 Jorx>0
0 forx <0
Find (ijthe value of k (ii)the distribution function
(ili)P(X < 3) (iv)P(5 = X) (VIP(X < 4)
19. If X is the random variable with probability density function f(x) given by,
x+1, —x<x<0
f(JC)=[—-x+1, 0<x<1
0 Otherwise
then find (i) the distribution function F(x) (ii)P(—=0.5 < X < 0.5)
20, If X is the random variable with distribution function F(x) given by,
0, —o<x<0

1
F(x)= E{x2+x} D<x<1
1, 1<x<o
Then find (i)the probability density function f(x) (ii)P(0.3 < X < 0.6)

Qfoun etion Combined UWith Positive Thinking

Result: in sucuess
24
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. Verify the (i) closure property, (ii) commutative property, (iii) associative property (iv) !

. Verify the (i) closure property, (ii) commutative property, (iii) associative property

. Verify the (i) closure property, (i) commutative property, (iii) associative property

. Verify (i) closure property, (ii) commutative property, (iii) associative property,

,Lem:[

. Verify (i) closure property, (ii) commutative property, (iii) associative property,

. Verify (i) closure property, (ii) commutative property, (iii) associative property,

8. Using the equivalence property, showthatp e qg = (pA q) V (=p AAg).
9. (i) Define an operation= on () as follows:a * b = (T) ya, b € (). Examine the closure,

PHRRRBERREEEEEEEREEEREERREE RS T
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12. DISCRETE MATHEMATICS

existence of identity and (v) existence of inverse for the arithmetic operation

+oni.

(iv) existence of identity and (v) existence of inverse for the arithmetic operation - on Z

(iv) existence of identity and (v) existence of inverse for the arithmetic operation + on

Z, =the set of all even integers.

(iv) existence of identity, and (v) existence of inverse for following operation on the given

set.

m+n=m+n—mn, mneid

0 1
1 1

andAAB.

], B = [3] ﬂ be any two Boolean matrices of the same type. Find AVB

(iv) existence of identity, and (v} existence of inverse for the operation 4+ on Zg using

table corresponding to addition modulo 5.

(iv) existence of identity, and (v) existence of inverse for the operation X4 on a subset

A =1{1,3,4,59) of the set of remainders {0,1,2,3,4,5,6,7,8,9,10}.
a+b

commutative, and associative properties satisfied by = on (.

25 ;
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a-+h

(i) Define an operation* on @ as follows: a+b = (T) ;a, b € Qb Examine the *

existence of identity and the existence of inverse for the operation = on (.

10.() tet M ={(T 7

" x) 1 xXeR — {U}} and let * be the matrix multiplication. Determine :

whether M is closed under %, |If so, examine the commutative and associative *

properties satisfied by * on M. *
(i) Let M = {G i) : XeER — {{]}} and let * be the matrix multiplication. Determine *

¥

whether M is closed under =. If so, examine the existence of identity, existence of __

inverse properties for the operation = on M.

X ¥

11.(i) Let A be Q\{1}. Define*on A by x*y=x+ 1y —xy. Is * binary on A? If so, *
examine the commutative and associative properties satisfied by* on A.
(ii) Let A be Q\{1}. Define *x on A by x * y = x +y — xy. Is * binary on A? If so,

examine the existence of identity, existence of inverse properties for the operation *

L

on 4.
12. Verify whether the following compound propositions are tautologies or contradictions *
or contingency (p = q) « (—p = q)
13. Using truth table check whether the statements —=(pVg)V(=p Aq) and —p are
logically equivalent.

14.Prove thatp = (mqg V1) = =p V (=g V ) using truth table.

W NN NN NN NN NN N NN NN NN
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LIFE IS A GOOD CIRCLE
YOU CHOOSE THE BEST RADIUS...
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L&
* 5 =6 2
* Example 1.1IfA =|—-6 7 —4| verify the
2 =4 3
* result A(adj A) = (adj A)A = |A| I,
Solution:
* 6 2
* 4| = 7 —4
2 -4 3

= 8(21 — 16) — (—6)(—18 + 8) + 2(24 — 14)
=40—-60+20=0.

¥ ¥ ¥ ¥

5 10 101" [5 10 10
adjA = |10 20 20 :[1{} 20 2!]]
10 20 20 10 20 20
* AladjA)=|-6 7 —4”1{} 20 zﬂl
10 20 20
0 {J ﬂ
=[ﬂ 0 D]=ﬂf3=|A|.'3
0 0 0
10 10
(adj A)A = w 20 21}“ 7 —4]
10 20 20 g
0 0 0
=0 0 0]=DI3=]A|I3
00 0
Hence, A(adjA) = (adj A)A = |A| 1.

Hec

; 6 =3 a
Example 1.12 If A = = h -2 6|is
2 £ 3

orthogonal, find @, b and ¢, and hence 471,

Solution:

A is orthogonal if and only if A is non-singular
and A~ = AT

If A is orthogonal, then AAT = ATA =1,

AAT-13

-3 a -3 a 0 0

= —2 ﬁ —2 6 1 0

Cl 0 1
45+u2 ﬁ.[|+l5+ﬁn 12 3c+3a 10 0
&b+ 6+ 6a b* + 40 2b—2Zc+18|=49|0 1 D
12 -3c+3a 2Zh-2c+18 e +13 00 1
45 + gt Gh+6+6a 12-3c+3a] [49 0 O
[6u+6+5a b & 40 Zh=2¢+18|=|0 49 0
12-3c+3a 2h—-2c+18 ct+13 0 0 49

Comparing the corresponding elements,

45+a*=49 | P> +40=149 | c*+13=49
a‘£=4 b2=9 CZ=36
a=2 b=-3 c=6

6 —3 2 6 -3 2

A==|-3 -2 6]:> A*:A"‘:%[—a -2 G‘
20N 6% 3 Z 6 3

EXERCISE 1.1

Example 1.10 If A= [; :] , find x and y such

that A> + xA +y I, = 0,. Hence, find A7,

cosa 0 sina
0 1 0
—sing 0 cosa
[F(a)]™ = F(—a).

3.1 Flee) = show that

Solution:
: 2 _s.a_[% 314 31_[22 27
Since, A®=A4-4 [2 [2 5 [13 31]
AZ+IA+}.J‘ .{2:02
22 271, [4x 3x yﬂ]_un
18 31]+ 2x 5x +IU v _[D U]
224+4x+y 2T+3x+[}]_[{}
* 18+2x+0 3145x+yl Lo

W 27+3x=0
* 31+5x+y=0
A+xA+y L, =0,= A>=94A+14 I, =0,

HHNENNNNNNNN

= x=-9

=] y:]_rl-

* Post-multiplying this equation by A~1
A-9 I, +14471 = 0,
o el »
At =19, -4)

E
TR RETL

2
&****#***##*#****#**********

Solution:
cosa 0 sina
Fla) = [ 0 1 0
—sina 0 cosa

|F(a)| = cos*a —0+sin‘a=1%0

cosa 0 —sing
adjf F(a) =| 0 | 0
sing 0 coso
coseeg 0 —sing
[Fla)]™ = IFf = adj Fla) = { 1 0 l...{l}l
sinae 0 cosa
cosee O sing
Flea) = 0 1 0 l
—sine 0 coso
cosag 0 —sina
== F{—::):[ 0 1 0 .. (2)
sinag 0 Cos o

From (1) and (2)  [F(a)]™! = F(—a)

AHHHHENHENFNNFHFHNFNNFHNFENFNNNN
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4. 1If A= [“1 _2] show that
A*—3A-7 I, = 0,. Hence find A7,

*

Solution:
e A:[—51 —32”—51 —32] =Eza

A2_3A_?12:ﬂz

=[5 14057 S

2=l o

Post-multiplying this equation by A1

A-3L,-74"1=0,

A1 =;(A—3 I,)

1

"?7([-51 ..32] B [g gD
1

A7 =F[_21 _35]

Al

g9
1

Example 1.21 Find the inverse of
2 1 1
=(3 2 1‘ by Gauss-Jordan method.
2 1 2
Solution:
2 1 1 1 0 0
(All) = (3 2 1|0 1 n)
2 1 2 0 0 1
(3 Ymonn
00 1l-10 t/R2>Rs—Ry
1 1 0||-1 1 0
~ (D -1 1|3 =2 n)ﬂz‘*ﬁz“%’i
c o 11-1 0 1
1 1 0]-1 1 0
~ (u -1 0| 4 -2 —1)5'2*32—523
o 0 11-=1 0 1
1 0 03 -1 =I1\NRy=R;+R;
(I]47%) = (n 1 0|-4 2 1) R, » —R,
00 11-1 0 1
3 -1 =1
A¥= [—4 2 1 I
=1 @ 1
EXERCISE 1.2

0 1 11/0 1 1 2 1 1
.-F=AA=[1 0 1”1 0 1]:[1 2 1]

11 01 1 0 11 12
1 1/[2 1 11 [3 0 0
Zz

E(A ~3J]=E([1 2 1 u[t} 3 DD
112 lo o 3

" J-1 & 1

—(A% — =i .

2(fl 31)—2 1 1 F lnsesvevesd
1 1 -1

From (1) and (2), At =2(4%-3I)

HHHHHHEEFNEENEENHEFNEEFNEENNNN
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0 1 1
14.If 4 = [1 0 1|,show that
1 1 0
A7 =2(4% - 3D).
Solution:
|4l =0—-1(-1D+1{1) =2
-1 1 1
adjA=]1 -1 1 ‘
1 1 -1
; -1 1 1
A= I T ) PR, . S (1)
1 1 -1

3. Find the inverse of each of the following by
Gauss-Jordan method:

1 -1 0 1 2 3
(ii)j1 o —1] (iii) [2 5 3]

6 -2 1 0 8

Solution:

1 -1 0
(ii) Let A= [1 0 —1]

e
1 =1 01 0 D
[Al 5] = [1 0 -1{0 1 u]
6 =2 =310 0 1
1 =1 0 1 0 0
~ [{} 1 —-1|-1 1 o] 2R R
1 -1 0 1 0 0
~l8 T -Al=1 1 B
0 0 1l-2 -4 1] Rs2Rs—4R,
1 -1 0 1 0 0
~1lo 1 o|-3 -3 1|B2—Rx+Ry
0 0o 1l-2 —4 1
1 0 0—-2 —3 1]R, =R, +R,
U:,|A“j}=[n 1 0j-3 -3 1
0o 0o 1l-2 -4 1
2 -3 1
A"=[—3 -3 1
2 =4 1

HHBRFHFEENNFHEHFNTN
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1 2 3
(11i) Let ={2 5 3]
10 8
T 2 311 {i u
[Al L] = [2 5 310
, 1 0 8 0
1 1
~ [u 1 —3 -2 1 u‘ Rz = R; — 25'1
0 -2 —1 0 1 R3 = Ry —
1 2 1
~[0 1 —3 -5 9 n]
0 0 -1l-5 2 1] Rs>Rs+2R,
12 3 1 0 0
—-[n 1 0|13 -5 —31"1’2—“'?2—3-'?3
0 0 -1l-5 2 1
A
[1 0  0]—40 16 QIRIﬂR1—2R2+3R3
0 1 0| 13 -5 -3
0o 0 1l 5 -2 -1 Ry = (—1)R,
—40 16 9
A_l—[ 13 -5 =3
§ =2 =1

Example 1.23 Solve the following system of
equations, using matrix inversion method:
2xy + 3x; + 313 =5, X;—2x3+x3=—4,

31‘1 — X2 —21'3 =3.

Solution:

2 3 3
A=L 5 1} _F4 B_[]
3 -1 -2
|A|=2(4+1)-3(-2— 3)+3(—1+6)—4[I

5
adjd = [Ay] = adjA= [5 -13 1‘

5. 11 =7
NE 3 9
_]__
A? lA]{ade) = A =13 1
5 11 -7
5 3 91 5
X=A"1B X=_-I5 -13 1||-4
5 11 =71l 3
25 —-12 + 27
A= ry 25+52+3
25 — 44 — 21

o8]}

Hence, x;1=1, =2, x3=-1

4
HHHHNEEKEFEFNFNEREFREERREEFRERNN¥

-4 4 4
Example 1.24 If a= [—7 1 3 ]
5 -3 1

, R
li -2 wz] find the products AB and BA
2 1 3

and hence solve the system of equations

X—y+z=4, x—-2y—-2z=9, Zx+y+3z=1.

Solution:
-4 4 4 1 -1 17
A=|-7 1 3‘.5:[1 -2 -2
5 -3 -1 2 1 3]
-4 4 4711 -1 17
AB=|-7 1 31|11 -2 -2
5 -3 -1z 1 3 |
—4+44+8 4—B+4 —-4-84+12
~7+1+6 7-243 -7-2+9
5-3-2 -546-1 5+6-—3
8 0 0
=0 8 0|=8 I
0 0 8
1 -1 1714 4 4
BA = [1 2 —2] I-T i 3 ]
2 1 3 5 -3 -1
-4+7+5 4-1-3 4-3-1

~4+14-10 4-2+6 4-6+2

-8-74+15 841-9 B+3-3
8 0 0

=[u 8 n‘=ar3
0 0 8

AB=BA=BI:;
= (34)B=B(34)= 1
= B‘1=%A

The given system of equations in matrix form,

1 -1 17rx 4
[1 -2 —2“}']: 9
2 1 31z 1
ie) BX=C X=B"'C
X . 1
z 1
x —4 4 4774 -16+36+4
y]r-%:? 1 3 [';:— —28+9+3
Lz 5 -3 -—-1ll1 20-27-1
X . 24 3
EENE
LZ -8 -1
Hence, x=3, y=-2, z=-1
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EXERCISE 1.3

(i) 2x+3y—2z=9, x+y+z=9,
3x—-y—z=-1

#
*
*
*

* [2 . T | )
A=|1 1 1.X=F], B=|9
* 3 -1 -1 z -1
Al = 2(-1+1) = 3(-1-3) + (-1)(-1-13)
* 4| =16 # 0
0 4 4
* = adjdA=|4 1 —3l
~4 11 -1
A~ =—--a;A]|——- 4 1 =3
S 4l 16 4 11 1
4 4779
*}f A‘B:a}{+ﬁ[ 1 -3 g‘
4 11 —-1ll-1
0+36—4
=X=-1- 36+9+3}
36+99+1

il -l

Hence, x =2, y=3, z=4

L(ivyx+y+z—-2=0,
6x—4y+5z—-31=0, 5x+2y+2z=13

¥ ¥ ¥ ¥ ¥ ¥

X=\|y|, B=

[1 1 1 [I 2 "
A= —4 5|, 31
: 2 i 13

|4] = 1(—8 —10) — 1(12 — 25) + 1(12 + 20) = 27

k3 18 0 9
* ade=[ 13 -3 1“
32 3 —10
E'3 1 18 0 9
A = —(adj A 13 -3\ 1
E'3 "‘”{Mj 27| 35 3 —m]
W -4 =
% *- _[ 15 _3 “ ]
32 ~10
—36+0+117
—X=-=|26-93+13
7| 64 + 93 — 130

. liil= i

Hence, x =3, y=-2, z=1.

*
*
%
%
=|e
%
¥

*****###
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-5 1 3 11 2
2If A=|7 1 -5{,B=|(3 2 1| find
1 -1 1 2 1 3

the products AB and BA and hence solve the
system of equations x + y + 2z =1,
3x+2y+z=7, 2x+y+3z=2

Solution:
-5 1 37111 1 2
AB=\| 7 1 =5||13 2 1
1 -1 1112 1 3
-54+34+6 -5+24+3 -1041+9
=|74+3-10 74+2-5 14+1-15
1-3+2 1-2+1 2—1+3
4 0 0
=l0 4 o|l=41;3
0 0 4
1 1 21[-5 1 3
BA =13 2 1]| 7 1 -5
2 1 31l1 -1 1
-54+7+2 1+41-2 3-5+2
=|-154+14+1 3+2-1 9-10+1
-10+7+3 241-3 6-5+4+3

4 0 0
=10 4 0|=41;
0 0 4
AB=BA=4 Iy
1 1
(3a)B=8B(;4)= 15
Bl=:4
The given system of equations in matrix form, we get

1 1 2|x 1
3 - f]
2 1 3liz 2

i) BX=C - X=B"1C= E] - (;a}li‘

=

=

NN NHFENENENHNNNNHFNNNNNNNNNN

X1 q[-5 1 311
y =Z 7 1 -5||7
-Z- 1 -1 1112
X 1'—5+'.'r'+6'
Y|=3 7+7—-10
-Z- 1 1-7+2 .
r X 1'8 2"
¥1=3 4 |=1]1
Lz - -1
Hence, x=2, y=1, z=-1.
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5. The prices of three commodities A, B and C Example 1.25 Solve, by Cramer’s rule, the
* are Rs.x, y and z per units respectively. A system of equations x; — x; = 3,
person P purchases 4 units of B and sells two
* units of A and 5 units of C. Person 0 2%, +3x, +4x3 =17, X +2x3=7.
* purchases 2 units of C and sells 3 units of A -
and one unit of B. Person R purchases one Solution:
* unit of A and sells 3 unit of B and one unit of 1 -1 0
* C. In the process, P, 0 and R earn Rs. 15,000, A= 3 4
Rs. 1,000 and Rs. 4,000 respectively. Find the
* prices per unit of A, B and C. (Use matrix B 1 4
* invcr-sion method to solve the problem.) A= 1(6 3 4) 3 (_1) (4 B u) 0=
Solution:
* Let the prices of one unit of A, B and C are 3 -1 0
. . NEL A, =117 3 4
Rs.x, y and z respectively. Xy 3

l From the given data,

By, =3(6—4)—(-1)(34—-28)+0=12
2x — 4y + 5z = 15000 — (1) = 36—8)— (i )

HHHHNKEHNENNEEFNNNNNN

3x + y — 2z = 1000 — (2) 1 3 0
* Ay,=|2 17 4
—x + 3y + z = 4000 —(3) 0O 7 2
* 2 —-4 5 15000
3 1 _g] y] :\10[}[] AX =B By,=1(34-28)—-3(4-0)+0=-6
* -1 3 11tz 14000
R T I
*A= -2|, J:'=Hr B=[lﬂ{]{]] % 0 ‘1 7
* -1 3 1. z 4000
Al =2(1+6)—4(3+2)+509+1)=68%0 A,,=1(21-17) - (—1)(14—-0) +3(2-0) = 24
* adji = [A--]T _ [“?1 1?9 193] B Cramer’s rule, we get
Ly
* 10 -2 14
* 7 19 3 A A A
1 X1 _ Sxp X3
_ e xl —_ - Xog = —= x3=_
* A1 Ml{a dj A) &8 {j; ?2 19‘ A A A
& 7 19 15000 L I R R
X=AB =$X=é[—1 7 ”1{1{10] 6 6 6
* 10 -2 4000
7 19  3][15 -,
__ looo So, the solutionis (x; =2, 2, ==1, x3 =4
* Xx===|-1 7 19”1 (2, 2 3=14) *
10 -2 141l4 o ————————————— —
* i 105419 + 12
* =—|-15+7+76
150—-2 + 56

136
1000 ‘ Zﬂﬂl}]

X =— 1000 of o
iy, 0 wition
Hence, x = 2000, y = 1000, z=3000.

The price of one unit of A, B and C are Rs.2000,

* 1000 and 3000 respectively. 9 1 2
%* p kl
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Example 1.26 In a T20 match, Chennai Super A;=2000(-10 + 84 — 64) = 20000.

Kings needed just 6 runs to win with 1 ball . X
By Cramer’s rule, we get

left to go in the last over. The last ball was Ag 100 -1
bowled and the batsman at the crease hit it &= A -6000 60
high up. The ball traversed along a path in a b= Ay 7800 13
rtical plane and tl tion of the path i S
vertical plane and the equation of the path is
P 4 P A, 20000 -—10
¥ = ax® + bx + ¢ with respect toan x y - CEIE —6000 3

coordinate system in the vertical plane and So, the equation of the path is
the ball traversed through the

1.5 , 13
points (10,8), (20,16), (40,22), can you y=axdtbxtc = y=gxttixt—-

conclude that Chennai Super Kings won the i

-1 - 13
_ x=70 = y=—(700  +—=(70) + —
match? Justify your answer. (All distances are G A a

measured in metres and the meeting point of s e ;_: (4900) + 951_';: + -Tw L
the plane of the path with the farthest

boundary line is(70,0).) When x = 70 we get y=6

Solution:

The path y = ax? + bx + ¢ passes through the EXERCISE 1.4

*

*

%

%

%

%

*

*

*

*

*

%

*

%

points (10,8),(20,16), (40,22). So, we get the 1. Solve the systems of linear equations by *
L ((i:iri?';f:-s;; If:z —11, 2x-y+22=9, |
100a + 10b + ¢ = 8, 4x + 3y + 2z = 25 %
Sreboniiiiey o *
*

%

*

*

*

*

%

%

%

*

%

*

*

1 1 1
4 2 1
16 4 1

3 3 -1
2 —L. 2
4 3 Z
11 3 -1
9 -1 2|=-44
25 3 2
3 11 -1
2 9 2|=-66
4 25 2

3 3 1
Z -1 9
4 3 25

By Cramer’s rule, we get

A= =-22+0

100 10 1
400 20 1
1600 40 1

A= = 1000

A=

A= 1000(-2 + 12 — 16) = —6000 = 0

Ay=

4 1 1
8 2 1
11 4 1

8 10 1
16 20 1
22 40 1

Ag= =20

A= = —88

Ag= 20(—8 + 3 + 10) = 100

1 4 1
4 8 1
16 11 1

100 8 1
400 16 1
1600 22 1

N . _ Ay -66 _
x"a"—zz"z Y=%= 3

A, —88
F=—=——=
A 22

So, the solutionis (x =2, v=3, z=4)

Ap= =200 A -22°

4
Ap=200(-3 + 48 — 84) = —7800

1 1 4
4 2 8
16 4 11

100 10 B
400 20 16
1600 40 22

A= = 2000

HHHHFFFFFFFFFFFFFFEEEERRRNHHHN
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x ¥ =z
* Z+24i2=0,
*
2 3-Z41=0
x ¥

Solution:

leta = h=

2 2
x ¥
3a—4b—-2c=1
a+2b+c=2

2a—5b—4c =-1

3 -4 -2
1 2 1
2 —-h -4

A= =3(-3) +

1 -4 =2
A=]2 2 1

L
|
o=
s

A= |
2 -5 -1

—
B2
(%]

By Cramer’s rule, we get

==

So, the solution is (x = 1,

HHHFHFHNNFEFFFNFFEEEEENNNNN

*

4(-6)-2(—9) =-15%0

=1(-3)+ 4(-7) - 2(-8) = -15

=3(-7)-1(-6) - 2(-5) = -5

= 3(8) + 4(-5)+ 1{-9) =-5

—15_1
-15
-5 1
-15 3
-5 1
-15 3
1
3;z=-=3
[
y=3 z=13)

5. A family of 3 people went out for dinner in
a restaurant. The cost of two dosai, three
idlies and two vadais is Rs. 150. The cost of
the two dosai, two idlies and four vadais is Rs.
200. The cost of five dosai, four idlies and two
vadais is Rs. 250. The family has Rs. 350 in
hand and they ate 3 dosai and six idlies and
six vadais. Will they be able to manage to pay
the bill within the amount they had ?

Solution:
Let Rs.x, ¥ and z be the cost of I dosa, 1 idly

and I vadai respectively. From the given data,

2x+3y+2z=150...... .. eee cee oo (1)
2x + 2y + 4z =200
(+2)=x+y+22=100 .. oo veecer 0. (2)
5%+ 4y + 22 = 250 c.. cee cre cee oo . (3)
2 3 2
A=11 1 2(=2(-6)-3(-H)+2(-1)=10=0
5 4 2
150N 2 3 3 2
A=[100 1 2|=502 1 2
250 4 2 5 4 2

= 50[3(—6) — 3(—6) + 2(3)] = 50(6) = 300

2 150 2 2 3 2
Ay=11 100 2|=50(1 2 2
5 250 2 b5 2

= 50[2(-6) — 3(—8) + 2(-5)] = 50(2) = 100

2 3 150 2 3 3
A=11 1 100|=50|1 1 2
5 4 250 5 4 5

= 50[2(—3) — 3(-5) + 3(-1)] = 50(6) = 300

By Cramer’s rule, we get

A, 300
X_E=H=3ﬂ'
y:%:%?:ﬂ
A, 300
ZZE:W::M)

So, the solution is (x = 30, y =10, z=30)
The cost of 3 dosai , 6 1dlies and 6 vadais
= 3x + 6y + 6z
= 3(30) + 6(10) + 6(30)
= 90 + 60 + 180 = 330 < 350

Hence they can manage to pay the bill.
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Example 1.27 Solve the following system of
linear equations, by Gaussian elimination
method : 4x 4+ 3y + 6z = 25,

x+5y+7z=13, 2x+9y+z=1.

Solution:

The matrix form of the system is AX=B, where
4 3 6 X 25
A=|1 5 7|, }'}, B= 113
X 1

2 91
Transforming the augmented matrix to echelon form,

X =

we get
3 6125
=1 5 7|13
9 11 1
15 13] R, = R,
~l4 3 25
2 9 1
1 5 7 | 13
~lo -17 -22 —2?] Rz = Ry — 4R,
0 -1 -13 | —25] Rs 2R3 —2R,
[1 5 7 | 13
~lo =17 —22 | —27
0 0 199 | 398] Rz —17Rs+ R,

The equivalent system is written by using the echelon
form:

x+5y+7z=13.. ... (1)

=17y =22z = =27 ... v .. (2)

199z = 398 ............(3)

***********{****#******

* From(3) z=2

* From (2) =17y —44 = =27

—27 + 44
:y:—:—

—=17

¥

*me{lj x—54+14=13 =x=13-9=4

* So, the solutionis (x =4, y=-=1, z=2)

ES
%
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Example 1.28

Lk X Lk

The upward speed v(t)of a

approximated by

v(t) = at* + bt + ¢,
0<t<100 ,wherea, b and
¢ are constants. It has
been found that the speed
at times =3, f=6band =9
seconds are respectively,
64, 133 and 208 miles per
second respectively. Find
the speed at time ¢ =15
seconds. (Use Gaussian
elimination method.)

rocket at time / is

" -.:

Solution:

Since v(3) = 64, v(6) = 133 and v(9) = 208, we

get the following system of linear equations
9a+3b+c =64

36a+6b+c=133
8la +9b+ ¢ = 208

o=t #-

133}

208
b4

_123] Ry, = Ry — 4R,

—368 Ry = R; — 9R,

9
A= [56 6 1 133
a1 9 1 208

9 3 1
36 6 1
g1 9 1

9 3 1
-0 -6 -3
0 -18 -8B
[9 3 1 ]
~lo -6 -3 | —123
00 1 1 | R R;—3R,

The equivalent system is written by using the echelon

[4,B] =

64

form:

9a 4+ 3b + € = 64 v v ver e (1)
—6b -3¢ = =123 ...cce ... (2)

I DY ¢ )

—-1234+3
From (2) = ——6 = 20
64—1—-60 1
FITJITI{I} = ——— -
9 3

So, the solution is (a = ,1, b=20, c= 1)
3

Ez
v(t}:nt2+br+c=—3u+2[lt+1

t=15 v(15) =75+ 300+ 1 = 376.
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EXERCISE 1.5

1. Solve the following systems of linear
equations by Gaussian elimination method:

(i)2x — 2y + 3z = 2, x+2y—z=3,
3x—y+2z=1
Solution:
2 -2 3 X 2
A=|1 2 —l.XZ{}", B=\|3
3 -1 2 4 1
Transforming the augmented matrix to echelon
form, we get
| 2 -2 3|2
3 =1 2 1
1 2 -1 31 Ry <R,
~|12 =2 3 2
3 -1 2 1
1 2 -1 3
~lo -6 5 |—4| Re*R2—2R,
0 =7 5 | -8l Ra—>Rs—3R
1 2 =1 3
~10 -6 & -~4]
6R; — 0 —42 30| —40
—7R, = 0 42 =35 28
6R; —=7R; = 0 0 -5 1-=20
x+2y—z2=3...cnei{1)
—6y+5z=—4.......(2)
—5z=—20......(3)
From (3) z=4
From (2) y = _4'__&20 =4
From(l) x=3+4—-8=—
So, the solutionis (x = =1, y=4, z=4)

10

(ii) 2x + 4y + 6z =22, 3x + 8y + 5z = 27,
—-x+y+2z=2

Solution:

MR P

22
- ||
-1 1 2 z

2

Transforming the augmented matrix to echelon

form, we get
2 4 622
|A,B]=]3 8 & 2'?]
-1 1 212
1 2 3|11 LB
1 -
~|3 B 5 27] 2
-1 1 212
1 2 3 117
0 3 5 |13] Rs—=> R+ Ry
1 3 |11 4
~l0 1 -2 -3 Re=F
0 5 131
(1 2 3 117
~10 1 =2 | =3
0 0 11 | 22] Rs—=Ry—3R,
x+2y+3z=11.........(1)
V—22=—=3 ... (2)
11z=22...........(3)
From (3) z=2
From(2) y=-3+4=1
From(l) x=11-6—-2=3

So, the solutionis (x =3, v=1, z2=2)

*
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2.If ax® + bx + cis dividedby x + 3, x — 5
and x — 1, the remainders are 21, 61 and 9

respectively. Find a, b and ¢ (Use Gaussian

elimination method.),

Solution:

x+3=0, x—5=0 |x—-1=0,

x=-—3 x=" x=1
p(-3)=21 [p(5)=61| p(1)=9

= x=-=3,51

p(x) =ax*+bx +c

= p(-3)=a(-3)2+b(-3)+¢c
9a—-3b+c=21........(1)

p( 5)=aB)*+b(5) +¢c
25a+5b+c=61.......(2)

x=-3 = p(=a(1)*+b(1)+c

x=—3

x=5 .

a+b+c=9........(3)
The matrix form of the system is AX=B, where
9 -3 1 a 21
A=|25 5 1|, X=|b|, B= |61
1 1 c 9
-3 21
61‘
9
l 1 9 RIHR3
~ 125 1|61
9 -3 1121
1 1 1 9
~l0 -20 -24 |-164| Rz~ Ra—25R
0 -12 -8 | —60] Ba—Ra—9R,
1 1 1|9 Rzﬁﬁ
~10 5 6|41 'R”
3
0 3 2l15] Ry=2
1 1 1 9
~10 5 6 41
0 0 —8l—4g] fis = 5R3—3R;
a+b+c=9........{1)
Sb+6¢c=41........(2)
—Bc=-—48.........(3)
From (3) c=6
From (2) b=”_3ﬁ=1

5
From(l) a=9—6-1=2

So.the solutionis(a=2, b=1, c=6).

“
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* 1 9 1
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%

*

*
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*

*

%
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%

%
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3. An amount of Rs. 65,000 is invested in three
bonds at the rates of 6%, 8% and 9% per
annum respectively. The total annual income is
Rs. 4,800, The income from the third bond is
Rs. 600 more than that from the second bond.
Determine the price of each bond. (Use
Gaussian elimination method.)

Solution;

Let the price of three bond be x, y and z
respectively.
x+v+z=65000........(1)

6% of x + 8% of y + 9% of z = 4800
= 6x + 8y + 9z = 480000 .....(2)

Income from third bond = Income from second
bond + Rs.600
9% of z=8%of y + 600

= 9z = 8y + 60000
—8y + 9z = 60000 ... ... ..... ....(3)

The matrix form of the system is AX=B, where

i R | X 65000
A= [6 8 ‘3], X= \y. B = [433{]00]

0D -8 9 z 60000
Transforming the augmented matrix to echelon
form, we get

1 1 1] 65000
[A,B]=|6 8 9480000
0 -8 91 60000
1 1 1 |65000
~lo 2 3 |[90000| Rz~ Rz—6R,
L0 -8 9160000
1 1 1 | 65000
~(0 2 3 | 90000
[0 0 211420000] Rs = Rs+4R,
x+vy+z=65000........(1)
2 y+3z=90000..........(2)
21z = 420000...........(3)
From (3) z = 20000
‘ 90000-60000
From (2) ¥ = > = 15000

From (1) x = 65000 — 20000 — 15000 = 30000
So, the solution is

(x = 30000, y = 15000, z=20000)

The price of 6%, 8% and 9% are Rs.30000,
Rs.15000 and Rs.20000 respectively.
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4. A boy is walking along the path
y=ax*+bx+c through the points
(—6,8),(—2,—12) and (3,8). He wants to
meet his friend at P(7,60). Will he meet his
friend? (Use Gaussian elimination method.)

Solution;
y=ax*+bx+c

The points (—6,8)
* = 8=a(—6)2+ b(—6) +c
= 36a—6b+c=8.......(1)
* The points (—2,—-12)
= -12 =a(-2)? + b(-2) +¢

= 4a—-2b+c=-12.....(2)
* The points (3,8)
= 8=a( 3)2+b(3)+c

=  9a+4+3b4+c=8.0u..(3)

The matrix form of the system is AX=B, where

¥¥¥¥¥

¥ ¥ ¥

¥ ¥

36 -6 1 a 8
A=|4 =2 1| X= [b], B = [—12}
9 3 1 c 8

Transforming the augmented matrix to echelon

form, we get

¥ ¥ ¥ ¥ ¥

36

36 -6 1 a8
[ABl=|4 -2 1]|-12
9 3 1 ]
* 36 —6 1 8
~lo -12 8|-116| B2 =2 — R,
* 0 18 3| 24| Rsi4R3—Ry
* 36 —6 1 8 RZ_;E
~10 3 -=-2129 ;4
g 0 6 tle Ry =}
36 —6 1 8
* ~lo 3 =229
36a—6b+c=8... (1)
i 3b—2c=29 ... 2)
* 5¢ = —50........(3)
* From (3) c=-10
* From (2) b=29;2u=3
* From (1) a = itk i SRR

3

So, the solutionis (a =1, b=3, ¢=-10) *

y=ax*+bx+c = y
=x%+4+3x—10

x=7 = y=49+21—-10=60

The point (7,60) satisfies the equation

y = x%+ 3x — 10, hence the boy will meet
friend at (7, 60).
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EXERCISE 2.4

7. Show that

(i) (19—?:)‘2 (20—5[)11 is real
G - :

Example 2.15 Let Z,, Z;and Z5; be complex

(i) (2+iv3)" = (2—iv3)""is purely imaginary

Solution:

(i) z is purely imaginary if and only if z = -2

Let z=(2 +iv"§)m—(2—hf§)ln

7=(2+u0/3) -(2-w3)"

=(2+un3)" -(2-w3)"

=(2-i3)"-(2+w3)"
(2 is purely Imaginary)

(ii) z is real imaginary if and only if 2 = Z

12 12
19-7i 20-5i
Lm‘{_(an) +(?-—b|‘)

(19—?1 9—1)12 (zn—sf ?+6f)”
= — + [ — o —
9+i " 9-i =61 7+6i

_({1-;1_-;}“{-53-1-;;)'2 2 (1’”04-30%:’(12[:—35])'2

B2 B85

_(164--82.‘)12 4+ (1?04-551)15
“\ 82 85

2={(2 — )" + (2 +l)’"

Z=2-02+(2+0)1*

=2-02 4+ 2+ )12

HHHHNHNNNNFNNFNFFNNENEENNN

=2+D2+(2-0)1

* -
*
*
Fex

(z is purely real) .

HHHNEN

numbers such that |z;| = |2;| = |z3]| = r > 0 and
Z1Zp+ZzZzt+E12Z3
Zy + 23 + 23 # 0 prove that =r
Z1tEtiEg
Solution:
lzy| = |zz] = |z3|l =7
2 S = =T
7 %] ]
= gz = re T r
L R Z3 =—
1'.'2 (.:3
2 2 g2
71+?2+?3=-—-+ +—
Zy Iz I3
_ ]'2 (/"1 32 + /32 1:3 -+ /1 ?3)
A

|22z + 2725 + 2,23

|2y + 2, + 23| =717

lezzd
7 |2125 + 2223 + 2423

|21] |22] |23l
o 12123 + 2525 + 2125

=T

T'3
|zy25 + 7223 + 2123

Zy + 2+ 2o =
|24 7 3] P

Z123+2223+2:123|

Zl+ZZ +'ZH-

EXERCISE 2.5

7.1f 24,2z, and z3 be three complex numbers such
that |z4| =1, | 2;] = 2,]| 23] = 3, and
|2y + 25 + 24| = 1 show that

|9;€1 Zz + 424 23+2223| = 6.

HHHHHNNNNNNNNNNNNN
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Solution:

zl=1 |zlr=1 =z #fH=1 zl=%
(zml=2 |ul=4 5=4 zn=F
lzg| =3 | 23] =9 24 4:3—5‘ 232%

Zl+22+23=_+ +_

Z Z3
Zq 52+4zzzj + 9z, Z,

212373
Z3Zy 442,21 +924 2,

|zy + 25 +25] =

Z1Z223
_ 192, 2z, +42; 23 +2; 23|
|2y |22] |23
192y 2, + 42y 23+ 2, 2,4 |
- 6

|92, z;, + 42,23+ 2, 23| =6
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EXERCISE 2.6

2.If z= x + iyis a complex number such that
T (224-1
iz+1

) = 0 show that the locuos of z is

2x* +2y*+x—2y=0.

%
%
%
*
%
*
*
*
*
*
%

Solution:
Let z=x+1iy
2(x + iy) +1
Im [—~ =0

xi—y+1
I Rx+D+i2y (A-y)—ix|
[(1—y}+ix (l—y)—ix]_

—xt—x -2yt iy

G-yt

—2x*=—x=-2y*+2y=0.

The locus of Pis 2x2 +2y* +x =2y =0

14
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Example 3.6 Form the equation whose roots are the squares of the roots of the cubic equation
*+ax*+bx+c=0.

Solution:8

Since «, B, and vy are the roots of the equation x* + ax® + bx + ¢ =0

Yi=a+pf+y=-a Z,= {r,ﬁ'+ﬁy+]!&—b La=afy=-—

We have to form the equation whose roots are a2, §2 and y?

Z =a’+p+y? =(a+f +y)* —2(ap + Py +ya)
1

=(—a)*—2b=a®*-2b

Y =@+ By + 2 = (@B + fy +ya)? — 20(@B)(BY) + Br)(ya) + () (@p))
2

= b? = 2(=c)(—a) = b* - 2ac

¥, =?f? = (afy)* = c*

Hence, the required equation is

xE _ [a?_. _|_.€2 + },Z)xz + (azﬁz +ﬁ2}’2 + },ZQZ‘}X_ azﬁz},z =t D

x*—(a? =20)x? + (b%> = 2ac)x —c* =0

EXERCISE 3.1

4. Solve the equation 3x® — 16x* + 23x — 6 = 0. If the product of two roots is 1.

Solution:

Let @, ff and y are the roots of the cubic equation

3x3 —16x2+23x—6=0 B+)= «x —-1-§x2+-—x—2—l}

3¢2—-10a+3=0

(a—3)3Ba—-1)=0

. d 3
a== and a=
3

The product of tworootsis 1. af =1 = ,{}:;:.L
Z = afly Z = ot i vl N Z - e [ 15)_15
. z—crﬁ By +ya == M B+y= 3
afy =2 v Ny =28
1 =1 p_1_
=’“(E)V=2 116 10 Wt k=g # 0™
t—=—=—-2=—
oy a 3 3
— }r:Z
“+1 10
vl Whena =3 B=-=+
o 3 li4 3

1 1
Thus the roots are 3, > and 2 (or) 7 3.2

15
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* 6. Solve the equation x*> — 9x% + 14x + 24 = 0 if it is given that two of its roots are in the ratio 3: 2 *
* Solution: ‘ | a=1 b=-9 *
Let &, # and y are the roots of the cubic equation x3 — 9x* + 14x + 24 = 0
* Two of its roots are in the ratin 3:2 @, f=3p andy =2p c=14 d =24 *
B (Zi=atbrr= Z = af + By +ya = 14 Z = afy = —24 %
* _—{—9} =49 2 3 *
* a+3p+2p=9 3pa + 6p% + 2pa = 14 afly = —24 *
* a+5p=9 6p*+5ap =14 = a(3p)(2p) = -24 *
* a=9-5p 6p* + 5(9 — 5p)p + 6p° = 14 = 6a p? = —24 *
* Whenp = 2, 6p* + 45p — 25p* = 14 *
* a=9-10=-1 —19p* +45p—14 =10 :
* 19p2 —45p + 14 =0 *
% (p-2)(19—7)=0 %
7 .
* p=2andp = E(nor possible) *
i Thus the roots are —1,6,4 *

S ———— O ————— ———— — ——— S N N S S S S —— —— — — S S SN S NS S S S —
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Example 3.151f2 4 iand 3 — V2 are roots of
the equation

x% = 1325 + 62x* — 12627 + 65x% + 127x — 140 = 0.
Find all roots.

www.TrbTnpsc.com

EXERCISE 3.3

Solution:

2 + iand 3 — /2 are roots of the given
equation.

x=2+1i

(x —=2)%2=-1 x2—4x+5=0

x=3-VI=(-(x—3)) =222 —6x+7=0

x® —13x% + 62x* — 126x% + 65x% + 127x — 140
=(x?—pr—4)(xt—4x+5) 2 —6x+7)
Comparing the coefficient of x term,

127 = =35p + (—=4)(=4)(7) + (—4)(5)(—6)
127 = —35p + 112 + 120

—35p =-105 p=3
X —px—4=0=2x*-3x—4=0
x=—1 andx=4

The roots are
2410, 2—i, 342 3—-+2,—1and 4.

4. Determine k and solve the equation
2x% — 6x% + 3x + k = 0.if one of its roots is
twice the sum of the other two roots.

Solution:

Let @, 3, ¥ be the roots of the given equation.
One of its roots is twice the sum of the other two
a=2(f+v)
Li=a+p+y=—-(-3)=3

roots.

2a+2(f+y)=6 3a=6 =2
2 2 -6 3 k
4 -4 =2
| 2 2 -1 0

The value of k is
k—2=0 k=2 2x*—=2x—1=0
s 2:+Va+8 N 2+2y3 _ 14v3
4 4 2
1443 13

I—IZ'
.

Solution of the given equation

Example 3.21 If the roots of
x? + px? 4+ gx + r = 0 are in H.P., prove that
9pqr = 27r* + 24¢°.

Solution:
Let the roots be in H.P. Then, their reciprocals are

in A.P. and roots of the equation

X rpxitgx+r=0
3 2

1 1 1
&) +7(G) +aG)+r=o
rxd+gx®+px+1=0....... (1)
Since the roots of (1) are in A.P., we can assume
them as a-d, a a+d
Applying the Vieta's formula, we get

Elza—d+a+a+d=3a:—%

a=—z=

3r
Putx=a x> +qx‘+px+1=0

) o) e r(- )+ 1-0

Ipqr = 2q° + 27r2

5. Find all zeros of the polynomial

x® = 3x° - 5x* +22x° - 392 - 39x + 135 =0, if
it is known that 1 + 2i and V3 are two of its
ZEeros.

Solution:

1 4+ 2 i and v/3 are roots of the given equation.

x=1+2i (x =1 =4(-1)
2 —=2x+5=0
x=v3 x2=3 ¥2—-3=0

x5 —3x5 — 5x% 4 22x7 — 39x% — 39x + 139

= (x* — px — 9)(x® — 2x + 5)(x* — 3)

Comparing the coefficient of x term,
-39 =15p + (—9)(-2)(-3)

—39 = 15p — 54 15p =15

x¥2—px—9=0 x*—x-9=0

_—b+VbT—4ac 1+vVI+36 1437

2a 2(1) 2

The roots are

p=1

X

14437 137
"r_and .

1428 1—2i; 3,3, >

T T It d st i i 22 2 2 8 2 0 0 4 L b b g4y
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Example 3.25 Solve the equation
x3—5x% —4x+20=0.

Solution:
L ‘ 1 5 420
) 14 =20
| 1 7 10 0

x2=7x4+10=0 (x—-5)(x—-2)=0

The roots are x = —-2,2,5

Example 3.26 Find the roots of
2x° +3x° +2x + 3.

Solution:

23 +3x% +2x+3=0

28 +2x+3x+3=0

2x(x2+ 1) +3(x2+1)=0
x+3)(x*+1)=0 2x+3=0

3
x=-=
2

¥ +1=0 x=+i

3 P
The roots are X = -—'E,—"t.l

Example 3.28 Solve the following equation:
xt—10x° +26x° —10x+1=0.

?********#*********************

Solution:

x* 41 —=10x% = 10x + 26x°% =

X [x*+1i2—1ax—ﬂ+za] —0

(x? +;—,_,)—1n(x+§)+2é=u
LJEL}-’=.X"|'i'

=:-y2=(x+32:~y2—2=x2+é

y:—2—10y+26 =0
yE—10y+24=0 (y—6)(y—4)=0

When y = 4 4=x+% X —4x+1=0

Wheny = 6 tf:=,x+1-1r xt—6x+1=0

(x—2)% = =1+ (—2)? (x—3)2 =—1+ (-3)?
x=+V3+2 x=+2V2 +3

The roots are

V342342 2WNET+3 —2Z+3.

HHHHHHNNFFNFFENNEENEENNNN
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EXERCISE 3.5
5. Solve the equations
(i) 6x* —35x% 4+ 62x2 —35x+6=0
ii)x*+3x3-3x—-1=0

Solution:
(i) 6x* — 35x° + 62x* —35x+ 6 =0
2 6 -35 62 35 6
12 46 32 -6
3| 6 23 16 3 0
18 -15 3
6 -5 1 0
6x2—5x+1=0
Bx—-12x-1)=0
11
The roots are x = 2,3, o
(i) x*+3x*—3x—1=0
I I 3 0 -3 -1
- 1 4 4 I
-1 I 4 4 1 0
-
I 3 10
¥ -3x+1=0
_ —btvbi-aae _ —(-3)H5-4 345
= 2a T z2(1) 2

The roots are x = 3_—‘@,3-}—“5,1,—1.

2 2

7. Solve the equation
6x* — 5x* — 38x% — 5x + 6 = 0 if it is known

1. 5
that 5 15 a solation.

Solution:

1
One root = 3 Other root =3
1

3 6 5 -38 56
2 -1 13 -6
3 6 3 39 18 0
18 45 18
6 15 6 0

6x2+15x+6=0

2x*+5x+2=0 Rx+D(x+2)=0

x=;—lﬂndx=—2

=

1
The roots are x = =2, 3,7, '3
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* Example 4.4 Find the domain of sin™'(2 — 3x?%) EXERCISE 4.3 *
Solution: 4. Find the value of

* E;::S;Iiil;df?j;;x =sinyfor—-1<x< 1.| (i) sin (mn (4) cos (5]) i

* 1<2-3x%<1 (iii) cos (sm 1 (E) tan~! E)) *

—1-2<-3x2<1-2 Solution:
: —335.}-311:; 2251—1 (ii) sin (tan'1 (%) —cos™? (%D *
1 teried Let x = tan™? (%) Lety = cos™? g)
* i tanx = % cosy = i :
* ‘Tgiil f sinx=% 1 5 . 35 3\ *
5 siny ==

% ce[1 2 u[21] 5 | S s 1

% % %

* EXERCISE 4.1 sin(x —y) =sinxcosy —cosxsiny *

1 4 2 3
sinx—y)=|—=x=]—-|—=%=

* 6. Find the domain of the following fﬁﬁ 5)_2 (xfg_ zjg) :

3 et o (- 3 %
Solution: (iii) cos | sin™t (<) — tan™!
. e |

* (i) f(x) = sin ( MI) Lot = sin=1 (i) Lety = tan™! (E) *
tv_= sin~lxifand onlyif x = siny for —1<x < 1) _ P 5 .

% ) sinx =1 PR %*
PR R AN A
-2x<x*4+1<2 siny =¢
* —Ex‘_:xz-lfl - xzilﬂh: 3 ms}'zgi 4 *

0<x®+2x xt—2x+1< 5
i ng(.:+1;1 (x-—l;;%_:ﬂu i
-1<x x<1 cos(x —y) = cosxcosy +sinxsiny

* The domain of f(x) = sin™ ( )15[ 1,1] 3 4 4 3y _12+12 24 *

% cost =3 = (5x5)+(5*5) =~ =3 %

% *

%* %*

: %

%*

* *

* %

: %

*

% %
%*

¥ *****#*********#***#*******t
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Example 5.2 Find the equation of the circle
described on the chord 3x 4+ ¥ + 5 = 0 of the
circle x* +y* = 16as diameter,

Solution:
Equation of the circle passing through the points of
intersection of the chord
2 +y2—16+A(3x+ y +5)=0
P +y +30x+ Ay +51—-16=0
Centre (—g,—f) = (1l 11) lies on the chord
: q, i 5 .
3 ( ) X as=0
2 2 B
=91-41
2
—-104 =-10 A=1
The equation of the circle is
¥ +y?+3x+ y—11=0.

+5=10

Example 5.13 A road bridge over an irrigation
canal have two semi-circular vents each with a
span of 20m and the supporting pillars of width
2m. Use to write the equations that model the
arches.

¥

Example 5.10 Find the equation of the circle passing

through the points (1,1), (2,-1), and (3,2 ).

%

*

%

L

*

*

*

%*

&

*

%

Solution:

Let the general equation of the circle be

%

* 22+ 92+ 2gx +2fy+c=0......(1)

* It passes through (1, 1)

124+ 124 2g(1)+2f(D+c=0

* 20+ 2f+c+2=0......(2)

* It passes through (2, -1)

* 224 (-1 +2g(2)+2f(-1)+c=0
4g—=2f+c+5=0......(3)

* It passes through (3, 2)

* 324+22429(3)+2f(2)+c=0

* 6g+4f+c+13=0.......(1

* (2)—(3) gives —2g +4f =3 =0...(5)

* (4)—(3) gives 29+ 6f +8 =10..(6)

%*

%

%

%

%*

*

%

*

&

(5) + (6) gives [ = -%

Substituting f = —i- ineqn(6) g = —%
Substituting f = "éand g= -% ineqn(2). c=4
The required equation is

¥+ yvi+2gx+2fy+ec=0

oy ea(-Prra(-resno

x2+y?—S5x—y+4=0

A i Drneleggd

W me—20m— P mE—28m—!

Solution:
Let 04, Oz be the centres of the two semi circular
vents,
First vent with centre
0,(12,0) and r=10
yields equation to [rst

Second vent with centre

0,(34,0)and r=10 yields
equation to second vent as
semicircle as (x—34°%+(y—-0y=10°
(x =122+ (y—=0)* = 107 x* — @8x + 11156 + y* = 100
¥2—24x + 144 +9y2 =100 | x*+ 2 —6Bx+1056=10
X4y —24x+44=10

EXERCISE 5.1

HHNKNNNN¥

4. Find the equation of the circle with centre (2,3)
and passing through the intersection of the lines

3x—-2y—-1=0and 4x+y—27=0.

Solution:

Given: Centre (f,h) = (2,3)

The required equation is, (x — h)* + (y — k)* =
(=274 (=32 =1

Point of intersection:

3x=-2y=-1=10 3x=2y=1=10
4x +y—27=0 8x +2y —54 =0
11x—55=10 x=5

Substitution x =5 in egn(l) 3(5)—-2y—1=0
—2y==14 y=7
Point of intersection (x,y) = (5,7)
The required equation passes through (5,7)
(5—-2)2+(7-3)2=1r2 r=5
The equation of the circle is (x —2)* + (y —3)* = 5%
2+yi—4x—6y+13=25
¥ +yrP—4dx—6y—12=0

HHHHNNNNHNNNNNNNNN
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6. Find the equation of the circle through the Example 5.19 Find the equation of the ellipse
points (1,0), (-1,0) and (0,1). whose eccentricity is %, one of the fociis (2,3) and

a directrix is x = 7 . Also find the length of the
major and minor axes of the ellipse.

Solution:

Given: centre (0,0) radiusr =1
. . Solution:
The required equation is

(x—02+(@y—02=12 xZ+y2=1 %:e FM? = PM2e?

Example 5.17 Find the vertex, focus, directrix, a2
and length of the lactus rectum of the parabola (x—ae)’ + (y—0)? =e? [(x - ;) +(0— mz]
xt—4x—-5y—1=0.

Foci (ae,0) =(2,3) e =% Directrix x = % .

Solution:

2

The parabola x —4x — 5y —1=10 (x—22+(y—-32= G—) (x — 7)%

x2=4x=5y+1 (x—-2)>=5y+1+(2)*

(x — 2)? = 5(y + 1) is open upwards. 3x —2x+4y* - 24y +3=0
XY x=X+2 NS AN S X
x2 =z - = —
y=¥Y-1 ( 3 ) o y)
Vertex (0,0) (0, 0 (2,-1) 142 1
3(x-—§) +4(y—3)2 = 3(5]+4[9}*3
Focus (0, a) (D E) (2 1)
"4 "4 ( 1)2 , 100
3(x—2) +4(y-3)2="
x 3 +4(y-3) 3
(y—3)* _
y= —a 00 T 100 -
g a1z

Il
un

Length of 4a =5 4a Therefore, the length of major axis = 2a

100 20
=2 |—==
a9 3

S T g g g g g . g g . . . .

lactus rectum

Lo is fke Riing o Bigcle
Lou Heep moving vesult in Sucuess

HHHHHHFFHNRHFFFFFNFFFFFFRFFNNN
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%
*
*
*
*
%
*
*
%
%
*
*
* Directrix 5 =] -5
* moR| R =)
%
*
*
*
¥
*
*
*
*
%
*
*
*
%
*
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Example 5.20 Find the foci, vertices and length of
major and minor axis of the conic
4x% + 36y° + 40x — 288y + 532 =0

Solution:

4x?% + 36y° + 40x — 288y + 532 = 0
Dividing by (+ 4)

249y +10x =72y +133 =0
[x% + 10x] + [9v* — 72y] = —133
[x? + 10x] + 9[y* — 8y] = —133
(x+5)°24+9y—4)*=-133+1(5)* +9(—4)*
(x+5P+9y—4)"=-133+ 25+ 144
(x+5)°+9(v—4)* =36

Example 5.21For the ellipse

4x% + y% + 24x — 2y + 21 = 0, find the centre,
vertices, and the foci. Also prove that the length of

latus rectum is 2.

Solution:

4x* +yv*P+24x-2y+21=0
4x* + 24x] + [y* = 2y] = —-21
¥y

4[x* 4 6x] + [y* —2y] = -21

Ax+37+(y—=1P7 ==21+43)+1(=1)?

Hx+3V 2+ (y—1P2=-21+36+1

4x+3)7+(y—1)2=16

(x+3)*

(y-1)" _

Xy Yt

R LY ] 2
=36 Gty (O o oy gty
a6 4 36 <
Here a*=36 | b2=4
a==6 =2
- : . _ X=x+4+5
(qg)zzc‘!:ui—b"‘:,?ﬁ—‘i = yr=X-—-5
2 o il
(ae)- =c¢* =32 Y=y—4
c=ae=h2 e
Major axis : X- axis
Referred Referred o x, ¥
ELLIPSE »
X. Y x=X-5]y=¥Y+4
Centre C(0,0) C(—=54)
Foci (4v2,0) Fi(4V2 -5, 4)
Tae, —44/2, (—4V2Z -5, 4
(+ae,0) | (-4vZ,0) Fy(-4v2 )
Vertices (6,0) A, 4)
(£e 0) M 60 A1, 8
Length of
the major 2a 12 units
axis
Length of P
the minor 2b 4 unit
axis

22
HEHEEXNEEEEEFEEF XL RN

+ 16 . + i 1 s + i 1
Here a® =16 bi.= 4
a=4 b=2
X=x+3
(ae}=ct=a>-b2=16—4 = X —
(ne)” = ¢ =12 V¥=y—-1
c=ae =123 ==l
Major axis : Y- axis
Referred Referred to x, v
ELLIPSE w >
%, ¢ |3 e
Centre c(0,0) C(-3,1)
. ,2v/3 F(-3,1+2V3
s | 023 [ A(s1+2v)
ae, 0
L 0 (0,-2v3)| F(-3,1-243)
WVertices (0, (0.4) A(=3,5)
iﬂ’) {ﬂl_4} A"(_3J _3:-]
Length of
the major 2a 8 units
axis
Lcngti‘: ot 2h 4 unit
the minor
axis
2
Length of ﬁ_ 2 units
Lactus a
rectum
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Example 5.24 Find the centre, foci, and EXERCISE 5.2

eccentricity of the hyperbola
11x% — 25y — 44x + 50y — 256 = 0

F

4. Find the vertex, focus, equation of directrix

Solution:
and length of the latus rectum of the
11x% — 25y — 44x + 50y — 256 = 0 following:
11x% — 44x — 25y% + 50y — 256 = 0 (iv)x* —2x+8y+17 =0

2— — —
11(x? — 4x) — 25(y% — 2y) — 256 = 0 (V)y*—4y—-8x+12=10

(iV)x2—2x+8y+17=0
11(x — 2)2 = 25(y — 1)% = 256 + 11(—2)? — 25(-1)? ¥

x2—2x=—-8y—17

11(x — 2)% — 25(y — 1)% = 256 + 44 — 25 -
( ) o=1 (x—1)*=-8y—-17+1

11(x — 2)? — 25(y — 1)? = 275 (x—1)%2 = —8(y+2)
(x—2)* (y—1)2_1 X? = —gy
25 11 Where o = 2 X=x-1 Y=yv+4+2
x=X+1 y=Y-—-12
Centre (2,1), c®=a?+b*=25+11=36
ae =c =16 ande=§=§
X Y x ¥y
Foci (ae,0) = (6+2, 0+1)=(8,1) Vertex: (0.0) i) =.-2)

(-ag,0)=(=6+2, 0+ 1) =(-41) Focus: (0, -a) = (0, -2) | Focus: (1, 4)

The coordinates of foci are (8,1) and (-4.1). Proctin: Ya=2 | Direetin: y=0

Lengthof LR, (4a) |4a=8

(V)y2—4y—8x+12=0
y? —dy=8x—12 (y—2)P=8x—-12+ 2%

(y—2)2=8(x-1) ¥Y’=8x

Where a = 2 X=x-1 Y=y-2
x=X+1 y=Y+2
X, Y X, ¥
Vertex: (0,0) (h, k) = (1,2)
Focus: (a, 0)=(2, ) Focus: (3,2)
Directrix: ¥ = —a = =2 | Directrix: x = -1
Lengthof LR. (4a) 4a=38

********************************:

23
T4t s d it A A A 8 b 8 L&t b gty
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t (a+b) =a'+ b+ 2ab

'**************************
8. Identify the type of conic and find centre, foci, iy & ey |, 0-27 4 ‘
* vertices, and directrices of each of the following : 100 64
* © [sz: Drza;}z =1 *
-3 -9 _ @r1f o-2¢_ ¥ v W
* 225 289 100 64 100 * 64 *
* ¥z  y2 Itis anellipse. Typel. Major axis : X-axis
* a?=100 a=10 |2 X=x+1
* It is an ellipse. Type Il. Major axis : Y- axis 2 ik o 10 *
" = = — X
* a®* =289 b* =225 E:;Un =X-1 *
ae
a=17 X=x-3 e = ﬂz—zbz :1[]{1) =T ¥ *
* a 10 —y—2 *
2 _p |ae = x=X+3 ae =06 EZS_G
* |.- —_.. (8 100 - 64 e 3| =v E
sk =17(g;) | v=v-¢ =100 =V+2 %
=8 —=y=Y+4
* _ ’289 - 225 Y 6 3 *
—J 289 e=5=¢
* |2 %
* Referred to x, y *
ELLIPSE Referred to
* S Referred Referred to x, v v * X. Y x y *
wX, Y =X-1]|=Y+2
* * x=X+3|y=Y+4 *
Centre c(0,0) £(=1,2)
* Centre €(0,0) C(3,4) *
. 6,0 Fi(5,2
% [ (0,8) F1(3,12) fi“ ; Sl e 3
e —6,0 Fp(=7,2
* (0, £ae) (0,-8) F,(3,—4) ( . ol ) *
L (10,0) A(9,2)
* Vertices (0, (0,17) X F:—rcl: Lﬁ:; *
* ta) - (-10,0) A'(-11,2) *
(0,—17) A'(3,-13)
* " - Directrices i = 50 E 1 - 47 *
¢ —50 -50 ~53 *
& Y= [x=5-1=5
% %
k_---------- ------- ---------_’-‘_------------:
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*J (iii) {;;35)2 —(}'6:}2 =1 ln}—("::} —L'l";}g - ‘
* (x+3° O—4)7°_ " r (y—2)% (x+1)? Yz  x2 *
* 225 64 225 64 25 16 1 25 16 *
* It is an Hyperbola. Type L Itis a Hyperbola. Type IL *
* Transverses axis : X-axis Transverses axis @ Y- axis *
a® =225 | b? ﬂezlﬁ(ﬂ) B 2D a* =25 |[b*=16 a1y | e__5 *
* a=15 = p4 15/ Ve 17/15 W= 5(?\/_) e a1/5 *
ae =17 a 225 @9 a 25
: 2 22 ae=VaT | Z=2= | $ja
* . ﬂ2+bz_ 225+64_£ a2 + b? 25416 a1 *
% Tl Ty 225 15 o= o QUNEES ™ E %
* X=x+4+3 =x=X-3 X=x4+1 =2x=X-1 *
* Y=y—4 =y=Y+4 Y=y—2 =y=Y+2 :
* Referred to X, y Referred to x, ¥ *
ELLIPSE Referred to M b Referred to *
* X, ¥ x=x-3|7 X, X x=X-1|"7 *
* =Y+ 4 =Y+2
* Centre C(0,0) C(—-3.4) Centre €(0,0) c(-=1,2) *
* Foci (17,0) F1(14,4) Foci (D, m) Fl(—l,m+ 2) i
(tae, 0) T
* (-17,0) Fa(—20,4) (0, *ae) (0,—a1) | F(-1,—ai+2) *
* E’t:r:ice)s (15,0 A(1z.4) Vertices (0,5) A(-1,7) *
iﬂ,ﬂ ]
* (—15,0) A'(-18,4) (0, +a) 0.5 =y *
Directrices 225 225 174
* X=—o X=——-3=—r1 Directrices 25 25 *
X=4= 17 17 17 ¥ =— Y= 2
* e V=42 Va1 Vil *
* = ;225 X = —E - 75 75
17 17 o i i T i
I 976 Y Ja ¥ VAl + 2 *
% N %
§--------------‘------------------------‘_:
x (a-b] =4+b-2ab }
¥ ************************#**
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(v) 18x2 + 12y% — 144x + 48y + 120 =0

| (vi)9x2 —y2 —36x—6y +18=10

*
%
*
%
*

:*************#************

Solution:
18x% + 12y% — 144x + 48y + 120 =0
18x? — 144x + 12y* 4+ 48y = =120
18 [x? — 8x] + 12[y? + 4y] = =120
1B(x — 4)% + 12(y + 2)* = =120 + 18(—4)% + 12(2)?
18(x —4)* +12(y + 2)* = —120 + 288 + 48

18 (x — )% + 12(y + 2)* = 216

(x=a)* | (y+2)*
12 + T

It is an ellipse. Type 1. Major axis : Y-axis.

a*=18 |p*=12] . _ 3"'5(1\;_3) o —}JE
e 1/\3

=342
a ae =6 = 3VE

X=x—4 =x=X+4

Y=y+2 =y=V-2

Referred to x, ¥
. Referred
ELLIPSE [ 0 YA E
=Y -2
Centre £(0,0) €4, —2)
Foci (GJE) A4 V6 - 2)
(+ae, 0) (0,—6) Fo(4, —v6-2)
Vertices (0.3v2) A(4,372-2)
.+.

0, £a) (0,-3v2) | A'(4-3v2-2)
Directrices: | y = 3.6 W, o= 36 -2
y=12

Y =-3v/6 y=-3v6-2

A £ L L S XL K&

Solution:
9x* —36x—y*—6y+18=0
9[x? — 4x] - [y* + 6y] = —18
9(x—2)2—(y+3)2=-18+9(-2)% - (3)*
Ix—2Y¥—(y+3)>=-18+36-9

9x—2)2—(v+3)¥ =9

x—2)% +3)2 X2 2
+(9}L ) }:1:&———:1
1 g 1 g
Transverse axis : X —axis
at=1| b*=9 ae=1{\/ﬁ) a 1
a=1 e 10
ae =10
a? + b? 1+9
= — = =410
\J a 1
X=x-2 = x=X+2
Y=y+43 =y=Y-3
Referred to x, v
Referred
HYPERBOLA
woX, Y | = ¥
=X+2 =¥-3
Centre €(0,0) C(2,—3)
Foci (v10,0) | A(V10+2,-3)
Vertices (1,0) A(3,-3)
(iar GJ [_11 D) AF(-]_J _3)
irectrices 1 1
Duct.lntjzcr- ¥ = - 42
X=1l V1o V1o
EE T
Vio| TR
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Example 5.30 A semielliptical archway over a one-
way road has a height of 3m and a width of 1Zm.
The truck has a width of 3m and a height of 27.m.
Will the truck clear the opening of the archway?

Solution:

Width of the road is 12. a=6

The height of the truck is 3. b=3

From the given data, the ellipse is % + ::—: =1

(1.5)*  ¥*

36 Tg -1

: 32

2 — AR

I (1 144)

9 135

2 = =—=

Y =5 (135) = == 12.90

Thus the height of arch way 15.m from the centre is
approximately 2.90m . Since the truck’s height 1s 2.7
m, the truck will clear the archway.

EXERCISE 5.5

2. A tunnel through a mountain for a four lane
highway is to have a elliptical opening. The total
width of the highway (not the opening) is to be 16m,
and the height at the edge of the road must be
sufficient for a truck 4m high to clear if the highest
point of the opening is to be Sm approximately ,
How wide must the opening be?

Solution:

1 ] -_
& | 4 ‘ S
(-8, o) C(0.0 (8,0) "
; . ; k. . gt
Let the equation of the ellipse be Fra= 1
bh=5
2 42 1
8. 4) lies on the ellipse.— + — =
(8, 4) lies on ipse ﬂ‘+52
64 a 16
a’ 25
228 e
gt = (64) e
Width 2a =2 (%”) :%" = 26.66m

1. A bridge has a parabolic arch that is 10m high in
the centre and 30m wide at the bottom. Find the
height of the arch 6m from the cenire, on either
sides.

3. At a water fountain, water attains a maximum

height of 4m at horizontal distance of (.5m from its
origin., If the path of water is a parabola, find the
height of water at a horizontal distance of 0.75m
from the point of origin.

*
*
*
*
*
*
*
*
*
*
*
%
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
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A 4 ¢
Sotluéon' V0.0, o
P &
;.-’ "\\\‘
/ .},ﬂfﬁ-}’ ;)

/ 10 \

! ]

é & _iTII

(~15.-10) v . (15-10)

Let the equation of the parabola be x2 = —4ay.

B(15,—10) is a point on the parabola x? = —4ay.
15? = —4a(-10) da==3
10
The parabola is x* = — izf.},r
10
(6, y4) lies on the parabola 36 = _%}’1
~360
N == -1.6

Height of the arch 6m from the centre is

CD=CE-DE=10-1.6=8.4m

27

Solution:

e

y T v(05,4)

B(0.75,y)

<

Q)

From the data the parabola is open downwards,
(x — h)? =—-4a(y—k)

Vertex (0.5, 4) (x—0.5)*=—4a(y—4)

It passes through (0,0) 4a = 923
, 025
(x=0.5)"=-— 5 (y —4)

(0.75, y) lies on the parabola
0.25
(0.75—-0.5)% = —T{y—q.)

0.25
(0.25)% = —T{y—4)
0.25 x(-4)=y—4
-1=y-4
The required height is 3mm.

=3
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4. An engineer designs a satellite dish with a
parabolic cross section. The dish is 5m wide at the
opening, and the focus is placed 1.2m from the
vertex

(a) Position a coordinate system with the origin at
the vertex and the x -axis on the parabola’s axis of
symmetry and find an equation of the parabola.
(b) Find the depth of the satellite dish at the
vertex.

TrbTnpsc.com

P*#*#****#*****#*******#***#

(ii) (12, y) lies on the parabola 122 = Ey

12x12x13 52
T 30x30 25 2.08

Cable trom the road = 3+2.08=5.08m

The height of the first two vertical cables from the

vertex are 3.52m and 2.08m.

Solution: ﬁf\
S A(x,2.5)
// 2.5
.".:-?{ X1 N
. i X
\\\ F
h 2.5
k\\\h‘b\-\_

(a) Given: a = ‘::L{Zm
Equation of the parabola y* = 4ax y*=48x
(bletVaAd =x

(%, 2.5) which lies on the parabola yz =48x

(25)2 =48x =222 213
#x1.2

The depth of the satellite dish is 1.3m

5. Parabolic cable of a 60m portion of the roadbed
of a suspension bridge are positioned as shown
below. Vertical Cables are to be spaced every 6m
along this portion of the roadbed. Calculate the
lengths of first two of these vertical cables from the

vertex.

—
lEI

6. Cross section of a Nuclear cooling tower is in

the shape of a hyperbola with equation

2
ﬁ - m = 1. The tower is 150m tall and the

distance from the top of the tower to the centre of
the hyperbola is half the distance from the base of
the tower to the cenire of the hyperbola. Find the

diameter of the top and base of the tower.

o

Solution:
From the given data, the parabola is open upwards,
x* = 4ay and it passes through (30, 13).
30°

Z2 — -2
30° = 4a(13) 4a = =

; i 30%
Equation of the parabola is x* = o

¥
(i) (6, y) lies on the parabola 36 = Ei%_
_36x13 _ 78
= 30x30 13 092

Cable from the road = 3+0.52=3.52m.

Solution: AY
A A(x,50)
150
X
L >
W B{xy, —100}
v _—
The equation of the hyperbola be ':—2 — i% =1
o }':
Given: 1—02 T
Itis given that if CP= 2y
Then £} = E}F = 150 y =100

Let S and R be the points on the hyperbola at the top

and bottom of the tower respectively.

Hence S is (x;,50) and R is (x,,—100).

- & z
oS - J 2( ‘1)
a1 A =300 145

30
X = (66.6) = 45.41m

1, 100°
302 442

=1 %% =30*(1+ :“;’2)

30
=— 25) = 74.4!
n= (109.25) 445m

Diameter of the top is 90.92m and bottom is 148.90m.

HHHNFHFHNHNHFFHFEFFFEEENNNN
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7. A rod of length 1.2 m moves with its ends always
touching the coordinate axes. The locus of a point
P on the rod, which is (.3 m from the end in contact
with x -axis is an ellipse. Find the eccentricity.

Suiulﬂn:
0.9
c Plaxy, v )
X
g 0.3
o, A S
:-'\'r D ik

Let AB be the rod.
Let P b any point on the rod which is 0.3m.

AB=12m AP =0.3m PB =0.9m
Draw PD L X — axis PC LY — axis
AAOP similarly APCB
sind = el J1
0.3 3/10
s |
cosf = ﬁ = m
We know that costf +sin’8 =1
%, ? + ¥i? -1
81/100 ' 9/100
81
100
8 =
e= |1- l = E e= 21,_-T
9 9 3

#*******************

Only
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8. Assume that water issuing from the end of a
horizontal pipe, 7.5 m above the ground, describes
a parabolic path. The vertex of the parabolic path
is at the end of the pipe. At a position 2.5 m below
the line of the pipe, the flow of water has corved
outward 3m beyond the vertical line through the
end of the pipe. How far beyond this vertical line
will the water strike the ground?

Solution: N
< V(0,0) S X
2.5
3 3,—2.5)
Xy {x 1,=7.5)
W
From the data the parabola is open downwards.
x*=—-4ay

It passes through (3, —2.5)
(3)% = —4a (-2.5)
It required equation is Xt
It passes through (xy, —7.5)

%2 === (~7.5)
x =3V3m

The water strikes the ground 3v/3 m beyond the
vertical line.

9
4'(1—-'2—"5

9. On lighting a rocket cracker it gets projected in
a parabolic path and reaches a maximum height of
dm when it is 6m away from the point of projection,
Finally it reaches the ground 12m away from the

starting point, Find the angle of projection,

9 to 12th 20

W e W X eI o I I o e o e W K N

Solution: v
< FLom ~
-

(—6,—4) )8 ¥ b e, —4)
From the data the parabola is open downwards.
x% = —4a ¥
It passes through (—6, —4)
4g=19
It required equationis x*=-—9 y
Differentiate with respect to x,

HHHEHEEFFHNFEFEFFEFEEERN

(—6)% = —4a (—4)

" dy dy _ 2x
=0 =T
dy 2(—6) 4
m=— = — =
dx {_.&...4} _g 3
tanf = 3
0 = tan! (i)
B 3

The angle of projection is tan™! G)
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Example 6.3 By vector method, prove that

cos(e + ) =cosacos ff —sinasinf.

Example 6.5 Prove by vector method that

*

HHENHEENNNNFENFNNNFEENFERNNN

%

Proof:
| P(cosa,sina)
jj
".II +ﬁ
| e
& e | N .
8] HI M > A
W

Q(cosf,—sinf)

Take the unit vectors & = OP and b = 00 which

axis,

sinfa — f) =sinacos f —cosasin f. *

Prool: *

%

I P(cosa,sina) *

(Q(cos B ,sin ) *

w %

' p .
= 0 M N 2

W

Take the unit vectors @ = OP and b = 00 which

make angles a and f respectively, with positive x —

Draw MP and QN perpendicular to the x -axis.

make angles o and § respectively, with positive x —

axis. Draw MP and ON perpendicular to the x -axis.

|XOP = a.

|X0Q =B, |POQ =a—§

|XOP =a, |X0Q =f, |[POQ =a+f

Take the unit vectors { and | along the X and Y

axes.
OP = cosa i +sina |
ﬁ=cosﬁf—sinﬁj

ﬁ—(} 0P = cosacosff —sinasinf....... (1)

By the definition,

0Q - 0P = |U_Q.] |a"|cus((x+ﬁ)
0Q - 0P = cos(a + ) e (2)

From (1) and (2),

cos(ae + ff) =cosacosf —sinasing

WHN NN KN NNNNNN

W=cusu?+sina’f
00 =cosfi+sing j

Take the unit vectors i and J along the X and Y

axes.
. i j ok
0Q X OP = [cosfp sinff 0

cosa  sing 0

0Q x 0P = I (sin @ cos f§ — cos « sin fi)
)

By the definition,

—.—.—.

@ x OP = |0@Q| |0P|sin(a — p) k

0Q x OP = ksin(a — f) I )

From (1) and (2),

sin(fe¢ — ) =sinacosf —cosasinf

30
¥ ¥ ¥ ¥
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EXERCISE 6.1

9. Using vector method, prove that

cos(a— f) =cosacosff + sinasinf

¥ X X X K ¥ B K HHHH KW KK TN NN ¥ N NN
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Proof:
i P(cose,sina)
; Q(cosf,sin )
0 M N -
i

Take the unit vectors & = OP and b = 0Q which
make angles o and 8. respectively, with positive x —

Axis.
Draw MP and ON perpendicular to the x -axis,
|[XOP =a, |X0Q =, |[POQ =a—f

OP = cosa I+ sina j

00 =cosfi+sinf j

Take the unit vectors [ and j along the X and Y axes.

_— ——a

Q-0P=cosacosfi+sinasinf.......(1)
By the definition,
0@ - OF = |0Q| |0P| cos(a — )

0Q - 0P = cos(a — ) e (2)
From (1) and (2),

f)=cosacosf +sinasinf

=]
=]
w
~—
=

|

51

10. Prove by vector method that

sin(a + p) = sin@cos f + cosa sin 8

Proofl:

']
T P(cos a,sina)
J

".Ill + ﬁ
a Y

0 ﬁl M o
N

Q(cosf,—sinff)
Take the unit vectors @ = OP and b = 0Q which
make angles e and f, respectively, with positive x —

axis.
Draw MP and QN perpendicular to the x -axis,

XOP = a, |X0Q =8, |[POQ =a+p

Take the unit vectors i and j along the X and Y axes.

—_—

OF =cosal+sing |

ﬁ{?:cusﬁi—sinﬁ,F

=

PR i j k
0@ x0P = |cosf —sinff 0
cosa sina 0

'E_]'H@' xOP =k (sinacosff + cosa sinf)........
By the definition,

=| Q| Iﬁ|sin{n+ﬁ‘)£

3|
3|

=

0Q x OP = sin(a + ) k SN ¢
From (1) and (2},

sin(a + f) = sina cos f + cos a sin

—
o
e
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Example 6.7 Prove by vector method that the

perpendlcuhrs (attitudes) from the vertices to the

* opposite sides of a {riangle are concurrent.
Solution;

* A
%+ Let ABC be a triangle. ;,i*l.' N

* < Let AD, BE are its two albtudes [

Fe | ME
* intersecting at O. ”'K‘ I'
% To prove: Third altitudes B / { \C

CF is also intersecting at O.
* #+ Itis enough to prove that 0C LBA

Now, ADLBC = OALBC =04 BC =
W -or@c-o5)=0
*:.Eq'-ﬁ—ﬁ-Wﬂ} ......... (1)
* BELCA = OBLCA =0B-CA=0
* = 0B+(0A-0C)=0
* =0A: OB=08B - 0C=0......(2)

From (1) + (2),

e

% 04 OC-0B-0C=0
% 0C(04 - 0B) = 0

OC-BA =0 OCLBA CF L AB

HHHHNHFFNFHNNNN¥

Hence altitudes of triangle are concurrent,

— — S — —— — — — — ————— T —— —
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Example 6.23 If @ = i — J, b=i-j—4k, ¢ =3j—Kkandd = 2i 4+ 5 j + k, verify that
() (dxb)x(e¢xd)=[da, b, d[¢—[d, b, ¢]d
i) (dxb)x(é¢xd)=[d ¢ db—[b ¢ da

Solution:
)(dxb)x(éxd)=|d, b, dlé¢—[d b, ¢]d
Lhs (d@xb)x(éxd) rus [d, b, d|¢—[d, b, &]d
O A -1 0
ixb=1 —1 o|=4i+4] ld b, d]=[1 -1 -4|=28
1 -1 —4 2 5 1
. 1 -1 0
i k g ;
0 ‘3; -1 ZBE—Zf—ﬁE [ﬂ-; b, C]:' 1 -1 —4|=12
. i 7k [@, b, d]¢—[a b, ¢]d
(axb)x(éxd)=[s+ a4 o0
8 -2 -6 =28(3j— k) —12(2i +5j +k)

= —241 + 24f — 40k ... ..... (1) )
= —241 + 24] — 40k ........(2)

From (1) and (2) (@xb)x(éxd)=[d b, dé-[a b, éd

(i) (@xb)x(éxd)=|[a ¢ db-[b, ¢ d]d

NN IHFHHNN

LHS (dxb)x(éxd) RHS [d4, & d]p-[b, & d]d
IR | S B 1 -1 0
axb=1 -1 o|=4+4j [@ & dl=jo 3 -1|=10
1 =1 -4 2 5§ 1
R L . 1 -1 -4
cxd=|0 3 —-1|=8i-2]—6k [EJ E,r-f]=[1 3 —1|=34
2 5 1 2 B 1
i k s | 4
(axB)x(éxd)=|s ,‘I 0 [d & dlb—[b & d]la=10(f—J—4k)—34(i—J)
8 -2 -6
= =241+ 24 — 40k ... .....(4)
= —24f + 24f — 40k ... .....(3)
From (3) and (4) (EXE:}X(EX&']:[&, c, &15—{5, £, fﬂﬁ
-----—-_---------_-_----_--_-

A 4t 2 A2 L L Lt Ly E g

HFHHHHNHNNNNNNN
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Example 6.27 Find the vector equation in
parametric form and Cartesian equations of a
7,-4) and
(13, -5, 2). Find the point where the straight line

straight passing through the points (-5

crosses the xy -plane.

Solution:
Letd=—-5i+7j—4k andb=13i-5j+2k
b-d=181—-12]+6Kk

(x1,¥1, %) = (=5,7,—4), (x5, ¥2,2;) = (13,

Parametric form of vector equation:

—5,2)

F=(-5i+7j—4k)+t(18i—-12j+6k)teR

Cartesian form of equation:

x5 _ o7zt
B _rl e (1)

From eqn (1) crosses the xy —plane, ie) 2=10

x+5 y—-7 4

18 -12 6
x+5 4
T =E = X45=12 =s=x=7
_}’-?21 = y—7=-8==y=-1
-12 G

Point of intersection: (x,y,z) = (7,-1,0)

Example 6.33 Find the point of intersection of the

Example 6.34 Find the equation of a straight line
passing through the point of intersection of the
straight lines

= {i+3j—E} + t(2i + 3j + 2k)

and =— = yT — + and perpendicular to both
strmghlllnes
Solution:

F=(1+37—-k) x-2 _y—4 z+3_

1 2
+t(21 4 3] + 2k
( 4 ) (x,y,2)

x=1 y=3 z+1

=== =(t+22t+44t-3)
S

=(2s+1,35s+3,2s — 1)

-

ines L= X2 73 gt y-1

Imesz—3—‘and5—2—z.
Solution:

x—1 y—2 -3 ¥—4 y—1 >

2 3 & ° 5§ & 2. &
(x,y.2) (x.y.2)
=(2s+1,35-+ 2,45+ 3) =(5t+4,2t+1,8)
o nar e 1) e e (2)

From (1) and (2)

(2s+1,35+3,25— 1) = (t + 2,2t + 4,4t — 3)
Comparing the corresponding terms,
2s+1=t4+2 3s+3=2t+4 2s—-1=4t-3

25— A E =L (5)
Wegett=1ands =1

Point of intersection (3,6, 1).
Leth=2i+3j+2k andd =i+2j+4k
o . |t J K ;
bxd=|2 3 2/=8i—-6]+k

1 2 4

The required straight line passing through (3.6,1).
Equation of the required straight line is
F=B1+6j+k)+m(8i—-6j+k) meR

From (1) and (2)
(25+ 1,35+ 2,45+ 3) = (5t + 4,2t + 1,t)

Comparing the corresponding terms
25+1=5t+4....(3)
4s4+3=1 i (4)

2s=5t=3 4s - 10t =6

4s—-t==3 s -t =-=3

Wegett=—1ands = -1

The point of intersection (—1,—1,—1).

Example 6.36 Find the shortest distance between
the two given btra_l_ghl lines N
¥=(2i+3j+4k)+t(-2i+j—2k)and

A N, o]

2 -1 z2"

Solution:

The parametric form of vector equations of the given
straight lines are
F=(20437+4k ) +t(-2i+j—2k) F=a +tb

# = (30 0f — 2k) + (21 — ] + 2) F=T+sd
Letd =20+ 3]+ 4k, b =-2i+] - 2k,

C=30+0j—2k,d =2i—j+2k

L~ |

and d two vectors are parallel.
d—d=1—-3f—6k
A

-3 =6
-2 1 <2

(E-a) xb= =121+14] -5k
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The shortest distance between the two parallel lines

* i |(@-a)xp|  J122+1424(-5)2 _ 36 units
5] T J2EeEi-2zE 3 :

Example 6.37 Find the coordinates of the foot of
the perpendicular drawn from the point (-1, 2, 3)
to the straight line

7= (i—4j+3k) +t(2i + 3j + k). Also, find
the shortest distance from the point to the straight
line.

Solution:

D{-1.2.3)
of | —5—
e o—>

A F B

-

****#*****

et 0D = —i + 2] + 3k,

* Let F be the foot of the perpendicular from D to the

straight line.

F=(t-4/+3k)+t(2t+3j+k) F=d+th
e
Cartesian form;: — =~—=

OF =20+ 1)+ GA—-4)j+ (A+3)k
F is of the form ((2.1 +1),(31=4), (A 3])

= OF - 0D = (2 + 20+ (=6 + 34)] + ak

b -DF=0

=i
-
3|
|

(21 +3f+k) [(2+ 201+ (-6 +32)j+ k]| =0

44+41—-18+91+4=10 144 = 14 i=1

¥HAENNENNN N

* Therefore, the coordinate of Fis (3,—1,4)

* DE=4i—3]+Fk

* Now, | DF| = /4% + (—3)% + 12 = v/26 units

*————————————————-

(a+b) (a-b) = a*- b

35
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i EXERCISE 6.5

1. Find the parametric form of vector equation
and Cartesian equations of a straight line passing
through (5, 2, 8) and is perpendicular to the
straight lines 7 = (i + j — k) + s(2i — 2j + k)
and 7 = (2i — j— 3k )+ t(i + 2j + 2k).

Solution:
Given: 7= (i+4]—k )+ s(2i —2j+ k) and
7= (20—f—-3k)+t(i+2f+2k)

Let b=2i—2f+kand d =1+2j+2k

band d are perpendicular.

DU L "

bxd=|2 -2 1|=-6i-3j+6k
1 2 2

The equation of the straight line passing through
(5,2, 8) and parallel to —6 i — 3 j+ 6 k.
Parametric form of vector equation:

F=(5i+2j+8k)+m(-6i-3j+6k),meR

. . x=5 =2 2=8
Cartesian equations: ey ==

¥ W

HHHHNHEENHNFHFHNFNNNNNNTN
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2. Show that the lines

7= (6i+j+2k)+s(i+2j—3k)and

7 = (3i+ 2j— 2k ) + t(2i + 4j — 5k)are skew
lines and hence find the shortest distance between

them.

5. Show that the straight lines
X+1=2y=-12zandx=y+ 2 = 6Z— 6 are
skew and hence find the shortest distance between
them.

Solution:

Comparing the given two equations with
F=d+sband¥F=7+td

Letd =6f+f+2k,b=1+2]-3k,
T=30+2j—2k, d =2i+4f -5k

b and d two vectors are not parallel.

D L "
bxd=|1 2 =-3|=2i—j+0k
2 4 =5

(E—éd)(bxd)=(-3i+j—4k)-(2i—j+0k)
=-6-1+0=-7

The shortest distance between the two skew lines

Solution:

x+1l=2y=-12z x=y+2=6z—6
x+1 y =z x y+2 z-1
-12 -6 1 6 6 1

a=—-i+0j+0k,

b=-12i—-6j+ k d=6i+6]+k
b and d two vectors are not parallel,
f—d=i—-2F+ k
.. EooJ k
bxd=|-12 -6 1

6 6 1

= —121+18j-36k=6(-2i+3j-6k)

|bxd| = 6/(=2)% + (3)2 + (—6)% =
(@—a)-(bxd)

=(1-27+ k) (-12i+18j-36k)
=—12 - 36— 36 = —84

6(7) = 42

The shortest distance between the two skew lines

|(é-a)(bxd)| _ |-84| _ B4

0= Bxd] 4z az

= 2 units.

_JE-@yxd) _ -7l _ 7
b= Bxd] G umnits.
4. Show that the lines *=> =2, 7 —1 =0 and
%ﬁ = E ¥ — 2 = 0 intersect, Also find the point
of intersection.
Solution:
Lelﬂ=}l—_3=.§* Lr_"la :i_rr}p_
3 -1 2 3
g—1= 2=10
(x,y,2) (x,y.2)
=(3s+3, —s+3, 1 | =(2t+6, 2, 3t+1)
------ (1) e (2)

6. Find the parametric form of vector eguation of
the straight line passing through (-1, 2, 1) and
parallel to the straight line

7= (2i+3j—k)+t(i — 2j + k) and hence find
the shortest distance between the lines.

From (1) and (2)

(3s+3, —s+3, 1)=(2t+06, 2, 3t+1)
Comparing the corresponding terms,
3s+3=2t+6

Wegett=0ands =1

—s+3=2 1=3t+1

Point of intersection is (6,2, 1).

FH¥HEEEEX XN @s#u*pﬁ#. W B W W #

Solution:

The straight line passing through (-1, 2, 1).
Let¢=—1+2]+k.

Parallel to the straight line

= (2i+3j— k) +t(i-2j+k).

da=21+3)—Fk, b=1-2]+k
d—d=-31—-j+2k

. |toJ R ]
(c—a)xb=|-3 —1 2(/=3i+5j+7k

1 =2 1
The shortest distance between the two parallel lines
d = |(é-d)xb| _ V3Z+5%472 rumts
b JEr-27 Ve

R FFFRREEEFEFERRREEEEERERREEEEREY
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7. Find the foot of the perpendicular drawn from
the point (5, 4 2} to the line
x+1 y-s

&
pEl’pElld]ﬂ]]"lI

. Also, find the eguation of the

'inIutlrm
Letd=—i+3]+k,b=2i+3f—kand
0D = 5i + 4] + 2k

Let F be the foot of the perpendicular from D to the
straight line.

x+1_y—3_z—1_ﬂ
2 3 -1
F is of the form ((24 — 1), (34 + 3), (-4 + 1))
DF = OF — 0D = (24 = 6)i + (34 = 1)] + (=4 = 1)k
b is perpendicular to DF b-DF=0

(21437 -F) (24— 6)i+ (3A—1)j+(—A—1)F)=

2(2A—-6)+3(B3A—-1)-(-A—-1)=0

—-12+41-3+94+1+4=0

144 =14 A=1

Therefore, the coordinate of Fis

((24—-1),(34+3),(-A+ 1)) = (1,6,0)

Equation of DF = —4i+2j -2k

Parametric form of vector equation:

F=(5i+4j+2k)+m(-4i+2j—2k)meR
-4

x-5 z—E
Cartesian CC[UEIFIOI‘JS —$ = —2'— 2

EXERCISE 6.6

7 (3i+3j+3k)=-3+3+6=6
Fo(i+j+k)=2
Cartesian equation of the plane x+y+z=2

Example 6.43 Find the non-parametric form of
vector equation, and Cartesian equation of the
plane passing through the point (0, 1, -5) and
parallel to the straight lines

¥ =(i+2j—4k)+s(2i+3j+6k) and
F=(i-3j+5k)+t(i+j—k).

Solution:
Givend=0i+j-5k b=2i+3j+6k and
c=1+f-k

One point and two parallel lines:

Cartesian form of equation:

X—x3 ¥—¥1 2—& x—0 y—1 z+5
by b, by |=0 yA 3 6 |=0
81 L] L3 1 1 =1
x(-3—-6)—(y—1}-2—-6)+(z+5)(2-3)=0

-9x+8y—-8-z-5=0
—9x+8y—z=13 or 9x—-8y+z+13=0
Non-parametric form of vector equation:

[F-@ b ©¢|=0 7 (-9i+8j-k)=13

Example 6.44 Find the vector parametric, vector

non-parametric and Cartesian form of the

equation of the plane passing through the points

(-1, 2, 0), (2, 2, -1) and parallel to the straight line
a-1 Zy+1 z+1

Tz 1

4. A plane passes through the point (-1, 1, 2) and
the normal to the plane of magnitude 3v/3 makes

equal acute angles with the coordinate axes. Find
the equation of the plane.

Solution:

Given d=—1+j+2k |i]|=3V/3

Let a, 8, ¥ be the acute angles made by #1 with
coordinate axes and let I, m, n be its directional
cosines.

cosa = cosfi = cosy =

F+m?*+ni=1=

l=m=n
1

=2

F—

=

=+

1 1+
+v’_§k

al

1
3
5 TR
(i+j+ k)

sl
Sy

fi=li+mj+nk =fi=
1
V3

'i:lr'f| fi = =33 xi%(i+;‘+ k)

=gk

==

"m=da-
i [3aq&j+3i¥)_(—rij|2k} (3t+3j+3Kk)
Vector equation of the plane is

87

Solution:

Givend=-1i+27+0k

and t=i+j-k

Two points and one parallel line:

Parametric form of vector equation:
T=(1-8)T+sh+tT

F=0-9)(-1i+2]+0k) +s(2i+2]-k)

b=2i+2j—Fk

+e(i4+j—k)
Cartesian form of equation:
X=X ¥Y—¥1 Z—-ZI;
X=Xy Ya—V1 Z:721|=0
L | €z €3
x+1 y—-2 z-0
2—-(-1) 2-2 -1-0|=0
1 1 -1
x+1 y—2 -0
3 0 -1|=0

1 1 -1
(x+1)(1)—(v—-2)(-2)+32z=0
x+1+2y—-4+3z2=10
x+2y+3z=3

Non-parametric form of vector equation;
[F—E b—1 E] =0
r-(i+2]+3k)=3

AR K KW NN e I W N H MM A e W KW KK
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EXERCISE 6.7

1. Find the non-parametric form of vector
equation, and Cartesian equation of the plane

passing through the point (2,3.6) and parallel to

-1 }'+1 ﬂ

3. Find parametric form of vector equation and
Cartesian equations of the plane passing through
the points (2, 2, 1), (1, -2, 3) and parallel to the
straight line passing through the points (2, 1, -3)
and (-1, 5, -8).

thestr.ajj,htlmes 3 = and
x+3 _ »=3 _ z+1

2z -5 -3
Solution:

Givend=2i+3j+6k b=2i+37+ k and
¢=2i—-5]-3k

One point and two parallel lines:

Cartesian form of equation:

Xr—x Y=V Z—2Z4
bi bz 'ﬁ3 =10
5] Cz C3
x—2 y—3 z—-6
2 3 1|=0
2 -5 -3

(x=2)(—-4)-(-3)(-8)+(z2-6)(-16)=0
—4x+84+8y—-24-1624+96=0
—4x+8B8y—16z+80=0 or

x—2y+4z—-20=0
Non-parametric form of vector equation:
[F-d b ¢]=0

7o(i—2]+4k)=20

2. Find the parametric form of vector equation, and
Cartesian equations of the plane passing through
the points (2, 2, 1), (9, 3, 6) and perpendicular to the
plane 2x + 6y + 6z =9,

Solution:

Given@d=21+2fj+k b=9i+3j+6k and

¢ =20+ 6]+ 6k

Two points and one parallel line:

Parametric form of vector equation:
FT=(1-s)@+sh+tT st€ER

T={0=-s)2i+2j+ k) + 5{9;+:};+6.f-:}
+t (21 + 6] + 6k)
Cartesian form of equation:
r—x y—y1 2
X=Xy Y2—V1 22— Z4(=0
€y C2 C3
x—2 y—2 z-1
7 1 5 |=0
2 6 6

(x—2)(—24) — (y —2)(32) + (z — 1)(40) =
—24x+48-32y + 64 +402—40=0
—=24x =32y +40z+72=10
3x+4y—-5z—9=0
Non-parametric form of vector equation:
[F-@ b-d@ €=
7-(3i+4j-5k)-9=0

***************#**************ﬁk
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Solution:
Let (I].yt,ZI) = (2,1,—3) and

(x2,¥2,22) = (—1,5,-8)
X—Xx _ yYy—n»" - Z—Z

X=Xy Y2—V1 E2— &

» required line js 2<% = 2=1 — 243

The required line 15 = 2 =
=-3i+4j-5k

d=2{+2]+ kandb=t-2]+3Fk

Two points and one parallel line:
Parametric form of vector equation:
T=(1-5)T+sb+tT st €R(OR)
T=a+s(b-a)+tc
T=(2i+2f+ R)+s(—i—4j+2k)+e(-3i+4j—5k)
Cartesian form of equation:
X=x3 Y=V ZI—z

Xz —Xy Yze—V1 Zz—2Z1|=0
Cy 5] C3

x—2 y—-2 z-1

-1 —4 2 |=0

-3 g -5

(x-2)(12)-(y-2)(11)+ (z—1)(—-16) =0
12x—-24-11y+22-16z+16=0
12x—11y—16z+14=0

Non-parametric form of vector equation:

—

[f-@ b-—a ¢ =0

r(12i-11j-16k)+14=0

Solution;

4, Find the non-parametric form of vector
equation of the plane passing through the point
(1, -2, 4) and perpendicular to the plane

x+ 2y — 3z = 11 and parallel to the line

4T _ 3 _

3 -1 1

Givend=i—2j+4k b=1i+2j-3k and
c=3i-j+k
One point and two parallel lines:

Cartesian form ol equation:
xX—Xx1 Yy—¥Y1 Z—I

by b, by |=0

t'.'l Cz ﬂ'3
x—1 y+2 z-—4

1 2 -3 |=0

3 -1 1

x-DED-+2)A0)+(z-H(-7)=0
-x+1-10y-20-T7z+28=10
~x=10y-Tz4+9=0(0OR)x+ 10y +T72z-9=0
Non-parametric form of vector equation:

[F-d b ¢ =0
F-(-i-10j—7k)+9=0(OR)
ro(i+10j+7k)—-9=0
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5. Find the parametric form of vector equation,
and Cartesian equations of the plane containing
the line # = (i —j + 3k ) -+ t(2i — j + 4k) and

perpendicular to plane ¥ - (i + 2j + k) = 8.

Solution:

Givend=i—f+43k b=2i—j+4k and
c=i+2j+k
Parametric form of vector equation:
T=T+sb+tT
F=(i—j43k)+s(2i-]+ak)+c(i+2]+k)
One point and two parallel lines:
Cartesian form of equation:

X=Xy Y—F1 Z—Z,
bi bz bg =0
Cy Cy Cy

x—1 y+1 -3
2 -1 4 |=0
1

2 1
x-1)(-9)-0+1)(-2)+(z—-3)(5)=0
-9x+9+2y+2+5z-15=0
—9x+2y4+5z—4=0 or 9x—2y—5z+4=10

6. Find the parametric vector, non-parametric
vector and Cartesian form of the equations of the
plane passing through the points
(3,6,-2),(-1,-2,6), and (6,4, -2).

Solution:

Givend =314+ 6/ —2k b=-1-2}+6k and

¢ =6i+4] -2k

Parametric form of vector equation:
#=(1=s—t)d+sh+tc

#=i1—g—0) (31 6] = 2K ) + s (—1 — 2] + 6k) + ¢ (61 + 4] — 2K)

Cartesian form of equation:

X=xy Y—¥V1 Z—-i
X=Xy Y2=V1 Z2-Z1|=0
X3 —Xy Yz— V1 Z3— 2
x—3 y—6 z+2

—4 -8 g8 |=0

3 -2 0

(x—3)(16) — (y — 6)(—24) + (z + 2)(32) = O
l6x— 48+ 24y - 144+ 642+ 64 =0
16x + 24y +32z—-128=0
Zx+3y+4z—-16=0

Non-parametric form of vector equation:

[r-@ b-d
3

%l
~—
(L%
+
LY
+
N
R—
—
|
ek
o
1l
=

7. Find the non-parametric form of vector
equation, and Cartesian equations of the plane
F=(60—j+k)+s(—i+2f+k)+t(—5i— 4 — 5k).
Solution:

Parametric form of vector equation:
T=Ta+sb+t¢
r=(6f—f+k)+s(—i+2f
Givend =6f -+ k
¢ = —51— 4] — 5k
Cartesian form of equation:

k) + t(—51— 4j —5k)

+
b=-i+2j+k and

X=X Y=»1 Z—Z
b, b, by |=0
cy Cz C3
x—-6 y+1 z-1
-1 2 1 |=0
-5 —d -5

(x—6)(—6)—(y+1)10) +(z—-1)(14) =0
—-6x+36—10y—-10+14z—-14=0
—6x—10y+14z+12 =0
3x+5y—-—7z—-6=10

Non-parametric form of vector equation:
['“r' —-a b E] =0
F-(3t1+5j—-7k)-6=0

89

EXERCISE 6.8
. . -1 _y-2 _z-3

3. If the straight lines IT = yT = zm—, and

-3 -2 =1 . L
IT = };n—z - ZT are coplanar, find the distinet real
values of m.
Solution:
x=1  y=2 z=3 -3  y-2  z-1
—_— = —ind— = _——

1 z m? 1 m? 2

Letd=1+2f+3k b=1+2j+m?k,
E=3014+24+k andd=i+m?j+2k

c—a=2i+0f-2%k

20 -2
(T:-t_ﬂ'(bxtf]=‘1 2 m?
1 m? 2

=(4~-m*) (2) - (2-m?) (0) + (m*-2) (-2)
(@-a)-(bxd)=0

(4—m*2-2-mB) 0+ (m*-2)(-2)=0
(4—-m*)2=(m?*-2)2

4—mt=m?-2
mt+m?-6=0 (m*+3)(m*=2)=0

m = +2 and m = =3 (not possible)

* * * * *l*ﬁﬁ*lﬁrﬁeﬁe*oﬁ #ﬂ#a#n@*aﬂo* * * * *

%
%
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x—1 y+1 z—-0
2 2 2 |=0

5 2 2
(x—1D4-4D-(r+1D)4-10)+z4-10)=0

6(y+1)—6z=0

4. If the straight lines == = 21 = E and Example 6.50 Find the distance of the point ig
* z (5, -5, -10) from the point of intersection of a *
* e S o S coplanar, find 2 and equations straight line passing through the points
s 2 1 A(@, 1,2) and B(7, 5, 4) with the plane E3
* of the planes containing these two lines. x—y+z=5. B - *
Solution:
* Fol_yHl_z ax_yH_z Solution: *
* - A o As o . The Cartesian equation of the straight line joining *
* Letd=i—j+0k b=2i+Aj+2k, A and Bis
f=—i—j+0k andd=5i+2j+1k X—Xy Y—Y1 _Z-Z *
*E—E=—2i+nj‘+nf€ X=Xy Y2~V Zz2— 7% E
-4  y-1 =2
.. |2 0 0 The required line is — = = = —
* Fé—ﬁ]-(ﬁxd)=|z A z| = N *
* E 2 2 x—4=y—1=z—2_ *
* = (4 — 4) (~2) — (24— 10) (0) + (4 — 51)(0) 3 4 2
| ) J‘ = [ 't }2 BEE BEE B
- ExD=0 (x,9,2) = (3t + 4,4t + 1,2t + 2) NN
- =5 3t +4—4t—1+2t+2=5
*(—2){,12—4;1:0 2=4 A=+2 FEFRE= T N Tkt E 3
=t=10
* Cartesian equation: *
Point of intersection of the straight line is (4, 1, 2).
* x—1 y+1 z-0
2 A 2 |=0 Now, the distance between the two points *
* . . 4 (4,1, 2)and(5, =5, —10)is *
* When 1 = —2 > 5 .
Bl Pl E=0 d=(5-4)2+(-5-1)2+(-10-2) *
* 2 -2 2 |=0 =1+ 36 + 144 = /181 units.
* (x=1)(4—4) = (y + 1)(—4 — 10) + z(4 + 10) = 0
* 14(y+1)+14z=0
= (14) ¥y+1+4z=0
* When 1 =2

+(6) ytil-z=0

"
o ? e 12
e
* Sun Hmtwn/ Centern
E 3
%

40
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Example 7.1 For the function f(x) = x?,

x € [0, 2] compute the average rate of
changes in the subintervals [0, 0.5],[0.5, 1],
[1, 1.5], [1.5, 2] and the instantaneous rate
of changes at the points x = 0.5, 1, 1.5, 2.

Solution:
The average rate of change in an interval [a, b] is

(b)—f(a) ;
% whereas, the instantaneous rate of
change at a point X is ['(x) for the given
function. They are respectively, b + a and 2x.

Rate of changes

Example 7.6 A particle moves along a
horizontal line such that its position at any
time t = 0 is given by

s(t)=t® — 6t +9t+ 1, wheres is
measured in metres and t in seconds?

(1) At what time the particle is at rest?

(2) At what time the particle changes
direction?

(3) Find the total distance travelled by the
particle in the first 2 seconds.

Average rate is Instantaneous
rafe is

a | b | x

f(h)=f(a) =%

—_— =i .

b-a Fiix) = 2x

f |65 |65 0.5 1
05| 1 I 1.5 2
1 |1L5|15 235 3
L5 | 2 2 1.5 4

Example 7.5 A particle is fired straight up
from the ground to reach a height of s feet in t
seconds, where s(t) = 128t — 16¢2.

(1) Compute the maximum height of the
particle reached.

(2) What is the velocity when the particle hits
the ground?

Solution:

s(t) =6 —6t* +9t+1 | S(0)=0+1=]
v(t) = 3t — 12t* +9 | S(1) = 1-6+9+1=5

a(t) = 6t — 24 S(2) = 8-24+18+1=3
() whenv=0, 3t2-12t* +9=0
t=1, t=3

(2) The particle changes direction when v(r)
changes its sign. Now.
If 0 <t < 1 then both
(t —3) < 0and (t — 1) < 0 and hence v(t) > 0.
Hl<t<3then (t—3)<0and(t—1)>0.
and hence v(t) < 0.
Ift>3thenboth (t—=3)>0and(t—1) >0
and hence v(t) > 0.
Therefore, the particle changes direction
when =1 and¢#=3.
(3) The total distance travelled by the particle
from time ¢ = 0 to t = 2 is given by,
|s(0) = s(1)] + |s(1) — 5(2)]

=|1-75| + |5 — 3| = 6 metres.

Solution:
(1) At the maximum height, the velocity v(r) of
the particle is zero.

V(t) = % =128 — 32t

v(t) =0
128 =32t =0 t = 4,
Att=4is

s(4) = 128(4) — 16(4)? = 512 — 256 = 256ft.
(2) When the particle hits the ground then s =0 .
s(t) =128t —16t2 =0

t = 0,8 seconds.

The particle hits the ground at t =8 seconds.

The velocity when it hits the ground 1s

v(8) =128 —32(8) = 128 — 256 =-128 ft/s.

HHNHHNENFHENFFNNFFEEENNNNN

*
*
*

41
o S o o o o RIS OIS S SISO

Example 7.7 If we blow air into a balloon of
spherical shape at a rate of 1000 cm? per
second. At what rate the radius of the baloon
changes when the radius is 7em? Also
compute the rate at which the surface area
changes.

Solution:
. av
Given: — = 1000, r=7
dt

The volume of the baloon of radius r is

4
V= 5?1’1‘3.

dV dr

— = 4mr* x —

dt dt

dr _ 1000 1000 _ 250
dt  4m?  4wx49 497
The surface area S of the baloon is § = 4mr?

ds dr 250 _ 2000
E—Bﬂxrxa—ﬂnx?’x—wn-— %

L cm/sec and & = AN cm? [sec
dt 497 dr 7 :

HHHHNKNKENNNNENNNNNHNNNEFENENNNN
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Example 7.8 The price of a product is related
to the number of units available (supply) by
the equation Px + 3P — 16x = 234 , where
P is the price of the product per unit in
Rupees and x is the number of units. Find the
rate at which the price is changing with
respect to time when 90 units are available
and the supply is increasing at a rate of 15
units/week.

Solution:
Px+ 3P —16x = 234
Px+3P =234 + 16x
P(x+3) =234+ 16x
234 +16x 16x+48+ 186
T x+3 x+3
16(x + 3) + 186 186
= ] -
x+3 ¥+ 3
fiP (=186
=0+ x
dt (x+3)2  dt
I..i.-
When x = 90, d—i =15 we get
dP —186 15 10 0.32
— T — = — 2 =)
dt  (93)2 31

The price is changing, in fact decreasing at the
rate of Rs. 0.32 per unit.

Example 7.10 (Two variable related rate
problem) A road running north to south
crosses a road going east to west at the point
P. Car A is driving north along the first road,
and car B is driving east along the second
road. At a particular time car A is 10
kilometres to the north of P and traveling at
80 km/hr, while car B is 15 kilometres to the
east of P and traveling at 100 km/hr. How fast
is the distance between the two cars
changing?

Example 7.9 Salt is poured from a conveyer
belt at a rate of 30 cubic metre per minute
forming a conical pile with a circular base
whose height and diameter of base are always
equal. How fast is the height of the pile
increasing when the pile is 10 metre high?

Solution:

Let a(t) be the distance of car A north of P at
time ¢, and b(t) the distance of car B east of P
at time ¢ , and ¢(t) be the distance from car A to
car B at time t.

By the Pythagorean Theorem,

¢? = a? + b?

c =+ a* + b*?
2ce’ = 2aa’ + 265’
y _ aa'+bb'  aa'+bb’

2 ,||ﬂ2+.52

lﬂ[BD] +15(100) 460
=73

10% + 15°
= 127.6 km/hr

EXERCISE 7.1

Solution:

o av
Give Sreie 30 mtr® /min and

h* = 100 metre
Let i and r be the height and the base radius.
Therefore h = 2r, r= % e = “Tz
Let V be the volume of the salt cone.

1 1 h?
V—Enrzh—gn( )h
1 -
Vz—?rhj
dV dl
—_— (3 Jrh) :
dh
( mh )cit
dh_ 120 o
dt 1007 Sgonw/min

1. A point moves along a straight line in such
a way that after t seconds its distance from
the origin is s = 2¢% + 3t metres.

(i) Find the average velocity of the points
betweent = 3 and ¢ = 6 seconds.

(ii) Find the instantaneous velocitiesat t = 3

and t = 6 seconds.

Solution:

(i) Average velocity = 5(5;:;{3) B 90;2?
= ? =21 m/s

(i) v=4t+3

v(3) = 15 m/s {5} = 27 nils
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2. A camera is accidentally knocked off an
edge of a cliff 400 ft high. The camera falls a
distance of s = 16t2 in t seconds.

(i) How long does the camera fall before it hits
the ground?

(ii) What is the average velocity with which
the camera falls during the last 2 seconds?

(iii) What is the instantaneous velocity of the
camera when it hits the ground?

7. A beacon makes one revolution every 10
seconds. It is located on a ship which is
anchored 5 km from a straight shore line.
How fast is the beam moving along the shore
line when it makes an angle of 45" with the
shore?

Solution:
(i) when s = 400
16t =400 t% =25 t =5 sec

s(5)—s(3) __ 400-144
5-3 2

(ii) Average velocity =

= ? = 128 ft/sec.

(iii) velocity v = 32t

When t = 5, we get v = 160 ft/sec

i 3

%

%

%

oo %
Given: === *

dx

de
— = 5sec?f—
dt dt

dx m\
—| =5 (secz —)— =
dtlg=" 4/ 5

&

T
== rad/sec
¥ =05tan#

2
V2) ' = 21 km/sec

8. A conical water tank with vertex down of
12 metres height has a radius of 5 metres at

the top. If water flows into the tank at a rate
10 cubic m/min, how fast is the depth of the

water increases when the water is 8§ metres

3. A particle moves along a line according to
the law s(t) = 263 — 962 + 12t —4 , where t= 0.
(i) At what times the particle changes
direction?

(ii) Find the total distance travelled by the particle
in the first 4 seconds.

(iii) Find the particle’s acceleration each time
the velocity is zero.

Solution;

SO =2t -9 +12t — 4
v(t) = 612 — 18t + 12
a(t)=12t— 18

S0)=0-4=-4
S(1)=2-9+12-4=1
5(2) =16 —36 + 24 - 4=0
S(4) = 128-144+48-4=28

HHHHNFHNFHFFHFFFFFFEENENNEENNNFN

(1) Whenv(t) =0
6(t—1D{t—-2)=0 t=1,2
(11) The total distance travelled by the particle in
the first 4 seconds is
|s(0) = s(1)] + |s(1) — s(2)] + |s(2) — s(4)|
=541+ 28 = 34 metres.
(i11) The particle’s acceleration each time the
velocity 1s zero.
a(t) =12t —18
a(1) = —6 m/s? and
a(2) = 6 m/s*

deep?

Solution:

Given: — = 10 and h =8
dt

12r=5 r=22

12

Volume of the cone V = %m'zh

V=§ﬂ'(ﬂ)2h =2 _1p3

12 T 3x144

dv 25 dh

dt 3 x 144 dt
dh _ 144x10 _ 9
dt  25Xmwx64 107

*
*
%
%
%
%
%
%
v *
%
%*
%
%
%
%
*

Only Maths
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*
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9. A ladder 17 metre long is leaning against
the wall. The base of the ladder is pulled away
from the wall at a rate of 5 m/s. When the
base of the ladder is 8 metres from the wall.
(i) How fast is the top of the ladder moving
down the wall?

(ii) At what rate, the area of the triangle
formed by the ladder, wall, and the floor, is
changing?

Example 7.13 Find the equation of the tangent
and normal to the Lissajous curve given by
x =2cos3tand y = 3sin 2t,t € K.

Solution:

Let x be the distance between the wall and the
base, y be the distance between top of the ladder
and bottom of the wall.

. x
Given : = = 5
x? +y? =17? 2x—+2ym 0
dy _ _x ax ay _ _5x
dt y dt dt y
When x = 8,
yt =172 -8 =225 y=15
d 5(8 8
When x = 8, —y=—2=—-
dt 15 3
m/s.
(ii) A =2 xy

dA 1 dy dx\ 1 -8
E_E(l dr) E(BX?-I-ISXS)

1 161 p
= E(—ﬁfi + 225) = s = 26.83 m?/s

Solution;

y =3sin 2t x = 2cos3t
A 6 2t i 6sin 3t
— = 6 cos — = —6sin
dt dt
dy dy/dt 6cos2t —cosit
“dx  dx/dt —6sin3t sin3t
The tangent at any point is y -y, =mlx—Xq)
3sin 2t = — s e 9ensar)
—3sin2t = x — 2 cos
X sin 3t

ysin 3t — 3 sin 3t sin 2t = —x cos 2t + 2 cos 2t cos 3t
xcos2t +ysin3t =3sin3tsin2t + 2cos 2t cos 3t
Hence, the equation of the normal 15

y=Y Z%l(x“xl)

3 sin Fhe sinBt( 9 3t)
¥y sin2t = — X cos

ycos2f — 3cos 2t sin 26 = x5in 3t — 2sin 3t cos 3t
xsin3t — veos 2t = 2sin 3t cos 3t — 3 cos 2¢ sin 2t

3
xsin3t —ycos2t = sinﬁt—Esinttt

Example 7.14 Find the acute angle between

y=xand y = (x — 3)%

10, A police jeep, approaching an orthogonal
intersection from the northern direction, is
chasing a speeding car that has turned and
moving straight east. When the jeep is 0.6 km
north of the intersection and the car is 0.8 km
to the east. The police determine with a radar
that the distance between them and the car is
increasing at 20 km/hr. If the jeep is moving
at 60 km/hr at the instant of measurement,
what is the speed of the car?

SEEEERRRRRERREEEEEERRRREREFEEE* ]

Solution:

Let x and y be the positions of the car ad jeep, z
be the distance between them at any time t.

R dz _
Given: —-=—60, —= 20 and
x=08andy=06,z=1
dx dy daz
x? +y? = 7% 2x——+2y— _ZZE
dx dy _ :riz H — r!7
T + at  Zdt T =% y u'L

dx
(u.g)-&ft‘- = (1)(20) — (0.6)(—60)

d 20436
220 90k
dt 0.8

44
* * * * *fﬁlﬁe#n#yﬁrﬁs#r*y*o* %*aﬁﬁ@ﬁnﬁ# * * * *

Solution:

Given: y=2*...(Dandy=(x-3)?..(2)
From (1) and (2) x% = (x —3)?
x*=x*—6x+9

—6x+9=0 x==,

2
Substitute inegn (1) y = (E) =T

The point of intersection is (x,y) = (3 a)

2'a
y=x° y=(x—3)
dy dy
a-——zx E——E{I—3]

dy 3 d:-'
— = M| —— e —=3]=
dx } 2(2) R ( }
>
tan @ = | =3 5= tan‘l(z)
1+3( 3} 4 4

w****************#*#*******#***i
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Example 7.15 Find the acute angle between
the curves y = x% and x = y* at their points
of intersection (0,0),(1,1).

Solution:
Let £ and #: be the acute angles at (0,0) and (1,1)
respectively.
y=x" x=y
dy dy 1
ml=E=2x m.z=a=§
AL(0,0) my=0 At(0,0) m; =
Ar(l, 1) m1—2 ; _1
At(l. 1) my = 2
tan 8 tan 8,
: lim my —m; lim my —ms;
3) = 0.0 [t +mumal | = (x,9) > (1,1) T+ mym,
tan 0 | ST 2-3
ané, = [—— — 5 2
Y711+ 0(e0) tan 6, = g =%
1+2(5
6, =tan"'o =
b 2 ] —tan‘l(g)
i 4

Example 7.16 Find the angle of intersection of
the curve y = sin x with the positive x -axis.

Solution:

The curve y = sinx intersects the positive

x -axis. When y = 0 which gives
x=nm,n=123,......

cos(nm) = (—-1)"

The required angle of intersection is

i dy
Yy = sinx d_ =C0s5X

T
7 when n is even
tan~(-1)" = 3

2 when n is odd

Example 7.17 If the curves ax® + by* = 1

and ¢ x* + d y* = 1 intersect each other

1 1 1 1
orthogonally ths:-n,;—.E =—

-

Solution:
The two curves intersect at a point (xg, Vo) if

(a—c)xg” + (b—d)y,” =0....(1)
ax* +by* =1 cxl+dy*=1
2ax+2byd—y=ﬂ 2c’x+2dyd—y=ﬂ
dx dx
dy _ —ax dy _—cx
dx by dx dy

Now, two curves cut orthogonally,
(—{IID) (—cxu) =%
by, dy,

ac xg2 + bd y42 =0.....(2)

a—c b=-d
From (1) and (2), — = —
ac bd

1 1 1 1 1 1 1 1

= ———=—-—- = Ry

c il d b i] b c d

Example 7.18 Prove that the ellipse
x% + 4y? = 8 and the hyperbola x* — 2y* = 4
intersect orthogonally.

Solution:
The two curves intersect at a point (a, b),
¥ +4yt=8 2 -2y =4
a’+4b* =8...(1) a?—-2b =4....
dy dy
2x+ 8y o 0 e
dy -—x o x
dx 4y dx 2y
] _-a  |At@b 2] =
At(a,b) deligy) 4b @, b) dxligb)
From(1)-(2) 6b* =4 b2 =§

Substitute inegn (1) a*=8- 4@) — 3-%: lﬂE
—a, s a —a* —-16/3
momz = (35) (35) = 55 = Te/3 =
Hence, the curves cut orthogonally.

EXERCISE 7.2

6. Find the equations of the tangents to the
curve y =1+ x* for which the tangent is
orthogonal with the line x + 12y = 12.

Solution:

y=1+2° x+12y =12
m1=%=3x2 1+12%=n
_dy -1
T x T 12
The tangent is orthogonal mym, = —1
3x3(“—1)=—1
12
3x* =12 x2 =4 x =2
Whenx =2 y=1+8=9
When x = -2 y=1-8=-7

Equation of tangent at (2, 9) is
y—9=12(x-2) = 12x—y—15=0
Equation of normal at (—2,—7) is
y+7=12(x+2) = 12x—y+17=0

40
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7. Find the equations of the tangents to the
curve y = E which are parallel to the line
x+2y =6.

Solution:
x+1 x—I—Zy =6
YT x-1
1+ 2% _ ¢
dy (x-1)-(x+1) "*"f
dx  (x-1)° dy -1
=9 dx 2
" (- 1)2
The tangent is parallel my =m,
2 = 1)2 =4
x-1)2 2 S i
x=1=42 x=3and -1
_3_
When x = 3 —3_1—2
When x = —1 y=:t:—ﬂ

The points are (—1,0) and (3,2 )

The equation of tangent at (—1,0) is
y-uﬂ:_?{{x-i-l) = x+2y+1=0
The equation of normal at (3, 2) is

y—2="t(x—3) = x+2y-7=0

8. Find the equation of tangent and normal to
the curve given by x = 7cost and

y = 2sint, t € R at any point on the curve.

Solution:

x =7cost y=2sint
dx ) dy
Ez—?smt Ezh:m:t
dy dy/dt 2cost -2
dx dx/dt —'?sintz_?'w”

The pointis ( 7cost,2sint).

The equation of tangent at ( 7cost,2sint) is

2cost

y—2sint =—— (x—?cmt)

—7ysint + 14 sin®t = 2xcost — 14 cos? t
2xcost+ 7ysint = 14

The equation of normal at ( 7 cost,2sint) is

sint

y— 251nt=-—{x—?-:ost}

2yvcost—4costsint = 7xsint —49sintcost

7xsint —2ycost =45sintcost

W X NN W e M K B K e NN

9. Find the angle between the rectangular

hyperbola xy = 2 and the parabola *
x*+4y =0 *
Solution:
x2+4y =0..(1) = B (2) *
From (1) y= -sz *
Substitute in egn (2) x* = —8 x=-2 *
WhenX = —2 y=-1
The point of mtersection *
xy =2 ¥ +4y =0 *
xd—y+y[1]20 dj—:-ﬂ=_—x
dx x4z W
o ay _1
dx x dxl_z-1)
dy ==
dxlo-y 2
tan § = 1‘(7)‘ _ |32
(@)~ I
6 = tan~'(3)

Example 7.44 Evaluate :

lim (9 ¢ 2x)7iex
X = oo

1

46

Solution:
1

lim (1 + 2x)2loex 00%form

Taking the logarithm, we get
) 1
lim TIowF
log (x e (14 2x)=logx )

o

lim log(1+2) (3)
Tx-ow 2logx Farm

By Using I'Hépital Rule

. 1
log (x‘:’"m (1 + 2x)7To8x )

£) o

By Using I'Hopital Rule
( lim

lim <
x — oo (1+2x)

log (l + 2:::)2'"::) =

Hence by exponentiating,

we get lim
x—

lim 1 _ 1
X =002 2

i e 2x)21nar = g!/?

=+e.
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EXERCISE 7.5

12. If an initial amount A, of money is
invested at an interest rate r compounded n
times a year, the value of the investment after

r nit
tyearsis A=Aq(1+2) .If the interest is

compounded continuously, (that is as n — o ),
show that the amount after t years is
A= A.ﬂ E”

Example 7.53 Discuss the monotonicity and

local extrema of the function
f(x) =log(1+x) —ﬁ. x > —1, and hence

find the domain where, log(1 + x) > ﬁ

Selution:
Lety= (1+;—')“
logy = n.tlug(l + E)
log(1+7)
Yot

lim _ lim IOE(HE} o .
n— Wlogy b n—ao lfnr [E) form

logy =

1 -

fa 4 Th\ne

lop,( lim },): fim “_-{_Mzﬂ
"\n = oo n— oo —'].‘llu' z-t
n

Hence by exponentiating, we get ” h_'mmy =e".
. . T nt
lim A= lim Ao (1+_) = Ay ert
n=— o n-—c n

A=ﬂnf3r!

Solution:

X
flx)=log(l+x)— T
l+x)—1

= log{l +x) — T

fix)=log(l+x)—1+

1+x
i I PEr 1
f@ =10 (1+x)°
Feo=a+ap
") =0 ——=0 x=0 and -1
(1+x)2

Intervals are (—1, 0) and (0, o0).

Example 7.48 Find the absolute maximum
and absolute minimum values of the function

f(x) =2x%+3x* —12x0n [-3,2].

Intervals | Sign of f'(x) | Monotonicity
(—1,0) - Strictly decreasing
(0, o) A+ Strictly increasing

Solution:
f(x) =2x% + 3x% —12x
f'(x) = 6x% +6x—12
F1(2) = 6(x +2)(x - 1)
fl(x)=0 x=-2and 1.
When x =-3
f(=3)=2(-3)*+3(-3)*-12(-3) =9
Whenx =2
f(2)=2(2)*+3(12)*-12(2) =4
When x =-2
f(—=2)=2(-2)* +3(-2)2—-12(-2) =20
When x =1
f) =212 +3(1)*=-12(1) = =7
Absolute maximum 18 20 which occurs at x = =2,

Absolute minimum 15 =7 which occurs at x =1.

47
W I N e Moy W o o e 0 9 I N

The local minimum at x = 0 which is f{0)=0.

x>0  f(x)>f(0) log(14+x)=—=>0
X
log(1+x) > T3z " (0, 0)

The domain is (0, w).

Example 7.54 Find the intervals of
monotonicity and local extrema of the
function f(x) = xlog x + 3x.

Solution:

The given function 1s defined and is
differentiable at allx € (0, c0).
f(x)=xlogx+3x f'(x)=logx+1+3

ff(x)=0 logx+4=0 Y=gt

Intervals are (0, e™*) and (e™*, ).

Intervals | Sign of f'(x) | Monotonicity
(0,e™) - Strictly decreasing
(e *, ) - Strictly increasing

The local minimum at x = e~* which is
fle™) =e*log(e™) +3e™* = —4e™* + 371,
fle) = —e*

KW N KN K
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Example 7.55 Find the intervals of
monotonicity and local extrema of the

function f(x) =

1422 °
Solution:
D=0 =
1+x2 (1+x2)2
F(X)=0 - 0
= —— x ==
(1+22)°
Intervals are (—o0,0) and (0, o).
Intervals | Sign of f'(x) | Monotonicity
(—o0,0) + Strictly increasing
(0, 0) - Strictly decreasing

www.TrbTnpsc.com
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5inx=% x = EE [DE]
sinx =-—1 x=3??re [0.%]

Whenx=0 f(0) = 2cos(0) +sin2(0) =2

E f(%)=2ms(g)+sin2(%)=ﬂ

'W"hcnx:% f(%)zEccrs(g)-i—sinZ(g):%E
3v3

Absolute maximum is T .

T
When x =

Absolute minimum is 0 .

The local minimum at x = 0 which is
(0) = 1 =
f(0) = 1+0 L

Example 7.56 Find the intervals of
monotonicity and local extrema of the

function f(x) = —

2. Find the intervals of monotonicities and
hence find the local extremum for the
following funetions:

() f(x) = 22 +3x% = 12x (i) f(x) = =
X

(i) fO) == (v) f@) =% —logx
(v) f(x) =sinx cosx+ 5, x € |0,2n]

1422 Solution:
el [() FO0) = 2x% + 32 — 12 |
() =1 f(x) = 6x* + 6x — 12
o A+xB)1)—x(2x) 1-AF fllx)=0 6(x*+x—-2)=0
f@=—r® ~aroe (x+2)(x—1)=0

fX=021-x=0=3x*=1=>x=+1 x=—=2and 1.

Intervals are (—o0,—1),(—1,1) and (1, o). Intervals are (—o0,—2),(—=2,1) and (1, )
Intervals | Sign of f'(x) | Monotonicity Intervals Sign of f'(x) | Monotonicity
(—o0,—1) - Strictly decreasing (—o0,—2) + Strictly increasing

(-1,1) + Strictly increasing (-2,1) - Strictly decreasing
(1,o) — Strictly decreasing (1,e0) + Strictly increasing
The local maximum at x = 1 whichis f(1) = % The local maximum at x = —2 which is
The local minimum at x = —1 which is f(=2)=-16+12+24=20.
-1 The local minimum at x = 1 which is
FED == fF)=2+3—12=—7

EXERCISE 7.6

(iv) f(x) = § —logx

L (iv) f(x) =2 cosx + sin2x; [u,’z—’]

e

Solution:
f(x) = 2cosx + sin2x
f'(x) =—=2sinx + 2 cos 2x
f'(x) = 2(cos 2x — sinx)
2(cos2x —sinx) =0
cos 2x = sinx

fl(x)=0
cos2x —sinx =0
1 —2sin’x =sinx
2sin?x+sinx—1=0
(2sinx —1)(sinx+ 1) =0

1
i = 2 =
fl(x)==x =
Flx)=0 x¥=1 x=1,
Intervals are (0,1) and (1,00)

Intervals | Sign of f'(x) Monotonicity
(0,1) - Strictly decreasing
(1, 0) + Strictly increasing

The local minimum at x = 1 whichis f(1) = %

48
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(v) f(x) =sinx cosx+ 5, x € [0,2m]

f'(x) = cos x (cos x) + sinx (—sinx)

= cos®x — sin®x = cos 2x

fi(x)=10 cos2x =0
9 m 3w 5w
X = =y = 5w s am e

2" 27 2

T 3m 5 Tnm
x—4, R TR
am 5 7

x=2,222Z T e0,2n]

4’ 4" 4 4

Intervals are

(0).(.25). (2 5). (28 ana (220

Intervals | Sign of f'(x) | Monotonicity
(U%} + Strictly increasing
m3m - Strictly decreasing
4" 4

(%‘,?) + Strictly increasing
(ETH %J - Strictly decreasing
(:‘:’Ilgﬁ) + Strictly increasing

- " S . .
The local maximum at x = & and 4 which 1s

i0)-1()-%

. amw FEanin
The local minimum at x = B and e which is

/()= -3

Example 7.57 Determine the intervals of
concavity of the curve

f(x)=(x —1)® - (x — 5),x € Rand,
points of inflection if any.

Solution:
f(x)=(x -1 -(x - 5)

= (x —1)® [(x—1)— 4]

=(x —1)*—4(x — 1)}
Fx)=4(x -1)2-12(x —1)?

['(x)=12(x —1)2 - 24(x— 1)
ffix)=12(x—1)(x — 1—-2)
f'(x) =12(x—1)(x —3)

f'(x)=0 x=1and 3.
Intervals are (—eo, 1), (1, 3) and (3, o).

Intervals Sign of f"(x) Concavity
(—oo,1) + Up ward
(1,3) - Down ward
(3,0) + Up ward
Points of inflection:;
Whenx =1 f(1)=0

49

When x = 3 f(3)=8x-2=-16 i

Inflection point is (1, 0) and (3, —16).

Example 7.58 Determine the intervals of
concavity of the curve y = 3 4+ sin x.

Solution:
y=f(x)=3+sinx
y' = f'(x) =cosx
y'=f"(x) =—sinx
ffix)=0 -—sinx=0 x=
0,m2m,..........nmt,neEZ
x=0¢€(-mnmr)
Intervals are (—m, 0) and (0, )

Intervals | Sign of f"(x) | Concavity
(—m, 0) + Up ward
(0,m) - Down ward

Points of inflection;

When x =0 f(0)=3+sin0=3
Inflection point is (0, 3).

In general intervals [nm, (n + 1m)], n € Z.
The point of inflection is (nm, 3).
EXTREMA USING SECOND
DERIVATIVE TEST:

Theorem 7.13 (The Second Derivative Test)
Suppose that ¢ is a critical point at which

f' () = 0, that f "(x) exists in a neighborhood *
of ¢, and that f '(c) exists. Then f has a relative *
maximum value at ¢ if f*' (¢) < 0 and a relative
minimum value at ¢ if f" (¢) > 0.If

HHHNNENNNNNNNNNF

f" (¢) = 0, the test is not informative.

Example 7.59 Find the local extremum of the
function f(x) = x*+ 32x.

Solution:

flx) =x"+32x
ffix)=4x*+32 f'(x)=0
4(x3-8)=0 x=-2
f'(x) = 12x*
f"(=2)=12(-2)2 > 0.

Local minimum at x = =2,

f(=2) = (-2)* +32(-2) = —48

The local minimum value is -48.

HHNENNNNHNN

The extreme point ( - 2, - 48) .
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Example 7.60 Find the local extrema of the
function f(x) = 4x° — 6x*.

FHEREEEERFFEEERRREERRRFEERRREEERR

Solution:
f(x) = 4x° — 6x*

f'(x) = 24x° — 24x°3 f(x)=
24x*(x*-1)=0 x=0 andx = +1
f'(x) = 120x* — 72x*

Whenx =0 F'(x) = 120(0)* = 72(0)* =0

Does not give any information about local
extremaatx=0.
Whenx =1
Whenx = —1 f'(x) =120(-1)* - 72(-1)* >0
The intervals are

(=00,-1),(=1,0),(0,1), (1, ).

f(x) =120(1)* - 72(1)* > 0

Whenx=0 f(0) = 0%(10 - 0)? = 100
When x =5 f£(5) = 5%(10 — 5) = 625
When x = 10 f(10) = 10%(10 - 10)* = 0
Local minimum value is 0.

Local maximum value is 625.

EXERCISE 7.7

1. Find intervals of concavity and points of
inflexion for the following functions:

(i) f(x) =x(x—4)°
(ii) f(x) =sinx+cosx, 0 <x <2m

(iti) £ (x) =3 (e* — e77)

Solution:
i) fx)=x(x—4)>=(x-4+4)(x—4)

*
*
*
*
*
*
3
&
Intervals Sign of f'(x) | Monotonicity flx) = (x— )%+ 4(x—4)3 *
(—oo,—1) - Strictly decreasing F(x)= 4(x— 4)3 +12(x — 4)2 *

(—1,0) + Strictly increasing F'(x) = 12(x — 4)2 + 24(x — 4) *

(0,1) - Strictly decreasing F'(x) =12(x —4)(x — 4+ 2)

(1,0) + Strictly increasing flix)= 12(x—4)(x—2) *
When x =0 f(0) =4x° —6x* =0 ['(x)=0 x=4 and?2. *
When x = -1 f(—1) = 4x6 — 6x* = -2 Intervals are (—, 2), (2,4) and (4, ).

When % =1 f(1) = 4x5 — 6x* = -2 Intervals Sign of f"'(x) Concavity *
Local minimum value is -2. (—,2) + Up ward *
Local maximum value is 0. (2,4) - Down ward
Example 7.61 Find the local maximum and (4, o0) n Up ward *
minimum of the function x*y* on the line ——r =22 —4° =16 *
X+ y =10 When x = 4 f5)=4(4—4)3=0
sSolution: — Inflection points (2, —16) and (4, 0). *
Let flx) =y sk y=al | (ii) f(x) = sinx + cosx, 0 <x<2m I*
¥=20c% f'(x) =cosx —sinx
f(x) = x%(10 — x)* = x¥*(100 — 20x + %) f(x) = —sinx — cos x *
f(x) = 100x* — 20x° + x* f'(x)=0 sinx=—-cosx tanx=-1 *
f'(x) = 200x — 60x* + 4x3 PRp— 3“ ?”E(ﬂ 2m).
f'(x) = 4x(x? — 15x + 50) T e B ot o *
f'(x) = 4x(x — 10)(x - 5) Intervals are (0,57). (T-T) and (3, 2r). %
fix)=0 x=0,10 and 5 Intervals Signof f"(x) Concavity
f'(x) =200 — 120x + 12x* (0'3_“') - Down ward *
When x = 0 f"(x) =200>0 N : *
Whenx =5  f(x) = 12(5)? — 120(5) + 200 < 0 (?TE?TH) b i
When x = 10  f"(x) = 12(10)* — 120(10) + 200 > 0 T — T ——— *
The intervals are (—eo,0),(0,5), (5, 10), (10, e0). (T'znj
Intervals | Signof f'(x) | Monotonicity 3m *
(—e2,0) - Strictly decreasing Wheo s :T ’F( ) = sin 4 cns~ =9 *
05) T Strictly increasing Whenx=—r £ (28) = sin 2+ cosZ = 0
(5,10) - Strictly decreasing 4 37 ¢ *
(10, ) n Strictly increasing Inflection points (T .{J) and (T ,0). *
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. 3

(iif) f(x) =5 (e* — ™)

[ =3 - fx)=3E+e™)
1
Fi(x) =5 (e"—e™)
Fiix)=0 %(e.'I - ) =0 e*=¢*

xX=-—x 2x=10 x=0
Intervals are (—o0,0) and (0, o).

3. For the function f(x) = 4x® + 3x2 —6x + 1
find the intervals of monotonicity, local
extrema, intervals of concavity and points of
inflection.

Solution:

flx)=4x3+3x2 —6x+1
fl(x) =12x* + 6x — 6
f(x)=0 6(x*+x-1)=0
(x+1)2x-1)=0

Intervals are (ﬂ:,—lj,(—l, -;—) and (—:;, m).

x=—1and =
2

Intervals | Sign of f"(x) Concavity
(—c0, 0) - Down ward
(0, o0) + Up ward
When x = 0 fO)=5(—e®=0

Inflection points (0,0) .

Intervals | Sign of f'(x) | Monotonicity

(oo, —1) + Strictly increasing

2. Find the local extrema for the following
functions using second derivative test :

(i) f(x) = =3x° + 523
(iii) f(x) = x%e™

Strictly decreasing

()]

Strictly increasing

Solution:

(i) f(x) = —3x° + 523

f(x) = —15x* + 15x*

ff(x)=0 —15x*(x*-1)=0
x=0and + 1.

f'(x) = —60x° + 30x

When x =0, f”(0)=-60(0)%+30(0)=0

Whenx =1, f'(1)=-60(12+30(1)=-30<0

When x = —1, f'(—1) = -60(—1)*+30(-1) =30 > 0

The local minimum at x = —1

which is f(-1)=-2

The local maximum at x = 1 which is f(1) = 2.

f"(x) does not give any information about
local extrema at x = 0.

G=)| °

?he. local maximum at x = —1 which is
f(=1) =4(-1)*+3(-1)?*-6(-1) +1
= —44+3+6+1=6.

= 1 3 :
The local minimum at x = 3 which is

1= 2@ -6+ 1-3-3

Example 7.62 We have a 12 square unit piece
of thin material and want to make an open
box by cutting small squares from the corners
of our material and folding the sides up. The
question is, which cut roduces the box of
maximum volume?

(ii) f(x) = x%e 2%

fl(x) = —-2x%"% + 2xe * =2xe (1 —x)
flix)=0 2xe**(1—x)=0 x=0and1.
f'(x) = 2xe”2*(—1) + (1 - x)(2e"%* — 4xe~%*)
f(x) =27 (—x+ (1 —x)(1 - 2x))

f'(x) =2e 2 (=x+1—2x —x + 2x%)

f'(x) =2e 2 (2x* —4x + 1)
Whenx=0, F(0)=2(1)(0-0+1)=2>0
Whenx=1, f"i1)=2e%2-44+1)=-22<0
The local maximum at x = 1 which is

1
f(1) = (1)%e 2 =e%(or) =
The local minimum at x = 0 which is
F(0)=(0)*e " =0.

Solution:

Let x=length of the cut on each side of the
little squares. V = the volume of the folded box.
Length of the base = 12 — 2x

Depth of the box = x
Volume of box =1 % b X h= (12 — 22)(12 — 2x)(x)
V(x) =x(12 — 2x)?
Vi(x) = —4x(12 — 2x) + (12 — 2x)*(1)
Viix) = (12 = 2x)(—4x + 12 — 2x)
Vix)=(12—-2x)(12 — 6x)
Vi(x)=0 x=2€(0,6)andx =6 ¢& (0,6).
V7'(x) = (12 = 2x)(—6) + (12 — 6x)(—2)
=—-72+4+12x—24 + 12x
=24x—96
Whenx = 2 V'(2)=24(2)—-96 <0
Maximum volume at x = 2.
Volume of box = x(12 — 2x)? = 2(12 — 4)?
= 2(64) = 128 cu. Units
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* Example 7.63 Find the points on the unit
circle x* + y* = 1 nearest and farthest from

(1,1).

Solution:

Let P(x, y) be any point on the circle.
Distance from the two points ¢ = /G =207+ 0 - y0°

D=d*=(x-17+ (-1
D=d*=x+y*—2x—2y+2

*D ?=3-2x-2
* =d*=3—2x—-2y

dD dy
S T
F 2-ao)-eal)
*%zn -2+2(%) =0
®o. .o,

B %

HN =

—_—

e

[E]

‘*du +

A

[

o
I
ra

;wl-

e

d*D
E} ( 11 > D and
VEYZ

When (_%v%

¥HNXN¥¥N¥¥

X+yr=1
dy

2 2y—=

x4+ ydx 0
dy —x

dx y

r+xt=1
2xi=1

S

The points are

d*p
F] 3et) <0
VIVvz

* p=at=(%-1) +(5-1) =(2-1) d=vZ-1

When CT; ; :T;)

¥ ¥ ¥

p=at=(3-1) +(5-1) = (F+1)' d=V2+1
The nearest and farthest distance are V2 — 1 and Z + 1

S S S S — — — — M:mimumat:-::l{]—.?.v'g

Example 7.64 A steel plant is capable of
producing x tonnes per day of a low-grade
steel and y tonnes per day of a high-grade

price of low-grade steel is half that of high-
grade steel, then what should be optimal
productions in low-grade steel and high-grade
steel in order to have maximum receipts.

%
steel, where y = 4;—.:%:. If the fixed market i
%*
%

Solution:
Let the price of low-grade steel be Rs.p per
tonne. Then the price of high-grade steel is Rs.
2p per tonne.
The total receipt per day R = px + 2py
_ 40 -5x
T "

R=px+2p (41‘]“:5:) =p (x + E?ﬂ_nlzr)

80 — 10x + 20 —IU)

=p(1‘+ 10 —x

10 —=x=

RGx) = p (x \ 10(10 - x) - zu)

=p(x+10-—)

10 —x

H'{I:l i (1 + I:wz—n:-}i)

R'(x) =0 p(l-!— = )=i}

(10-x)*

x—10 =425 x=10+ 25

R =p (Gry) = (o)

Atx=10—-2V5 R(10-2V5) <0

Only Maths
Juition

9'te 19

FHFENNE

L

When x = 10 — 24/5

40 - 5(10—2+/5
_40-510-25) -
10— (10— 2v5)

The steel plant must produce low-grade

x = 10— 24F.

High grade y=5-15

%

%

%

%

%

*

%

%

%

%

%

%

z 2 %*
(10 -x)*+20=0 (x—10) =20 *
%

%

%

E 3

%

%

%

%

%

%*

52 %*
2
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Example 7.65 Prove that among all the
rectangles of the given area square has the
least perimeter.

2. Find two positive numbers whose product
is 20 and their sum is minimum.

Solution:
Let x, v be the sides of the rectangle.

Area of the rectangle A = [ X b

k
xy =k y:;

Perimeter of the rectangle
P=201+b)=2(x+y)=2(x+5)
P'( =
x) =2 (1 + x_z)
P (x) = 2 (&) i
x3 g

xi
P)=0 2(1+3)=0 Z=-1
xt =k x=vVk>0
Atx =k P"(x) = k}d‘:»ﬂ

Perimeter is minimum at x = vk

When x = vk y———\/_
x=y=vk It is square.

EXERCISE 7.8

Solution:

Let x and y be the two positive integers.
Given: xy = 20 y = EIE
Let A be the sum of the numbers.

20 ' 4 %0
A=x+y A=x+—- A=1-3

A(x)=0 x*=20 x =425
" 40
AT(x) =3
Atx = 2~J_ A"(2V5) = -
{zﬂ
Minimum value at x = 2v/5  y = ﬂ =2V5

Sum of the maximum = 25 + E\F = 44/5,

3. Find the smallest possible value of
x% + y® given that x +y = 10,

1. Find two positive numbers whose sum is 12

and their product is maximum.

Solution:

Let x and y be the two positive integers.

Given: x +y = 12 y=12—x
Let A be the product of the numbers.
A=xy A=x(12-%) = 12x — x?
A'=12-2x

A(x)=0 12—2x=0 x=6
A'(x)=-—

Atx =6 A'(6) =-2<0

Maximum value at x = 6 y=12—-6=6
Product of the maximum = 6 X 6 = 36.

Solution:

Given: x+y =10 y=10—x

Let f(x) =x*+¥y*  flx)=2%+(10—x)?
f'(x) =2x+2(10—-x)(—1)

=2(x—10+x)
fl(x) =2(2x—10) =4(x—5)
fi(x)=0 x—=5=0 x=25
f00) = 4(1) = 4
Atx=5 f"(5)=4=>0

Smallest values at x = 5 y=10—5=5
Value of x2 +y* =25+ 25 = 50.
The smallest possible value is 50.

4. A garden is to be laid out in a rectangular
area and protected by wire fence. What is the
largest possible area of the fenced garden with
40 metres of wire.

Solution;

Let x and y be the length and breadth of the
rectangle.

Total length of the fencing is 40m.

Perimeter of the rectangle = 40m
2x+y)=40 x+y=20 y=20—x
Area of the rectangle

A(x) = x(20 — x) = 20x — x?

A'(x) =20-2x Alx)=0 x=10
A'(x) = -

Atx =10 A'(10)=-2<0.
Area of maximum at x = 10 y=20-10=10
The largest possible area = xy = 100m?2,

¥ ¥ ¥ ¥ *,ﬁﬂérﬁmﬁrﬁ*nﬁﬁtﬁsﬁﬂaﬁaﬂ%ﬁw ' XL T
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5. A rectangular page is to contain 24 cm? of
print. The margins at the top and bettom of
the page are 1.5 cm and the margins at other
sides of the page is 1 cm. What should be the
dimensions of the page so that the area of the
paper used is minimum.

7. Find the dimensions of the rectangle with
maximum area that can be inscribed in a
circle of radius 10 cm.

Solution:

Let x and y be the length and breadth of the
rectangle paper in printed area.

Area 4 = xy = 24 y:2x—4
Dimensions of the paper length and breadth is
x+ 2andy+ 3.

Area of the paper

AX)=(x+2)(y+3)=xy+3x+2y+6
24 48
A(:r)=24+6+3x+2(?)=30+3x+?

A'(x)=3— ;—*’z A"(x) =

Ax)=0 3x2 =48 x =14
Atx = 4 A”(4):§§:=ﬂ.

Area minimum at x = 4,
When x = 4 y==—=6

Dimensions of the paper Iengtl and breadth are
4+2=6 and 6+3=9.

6. A farmer plans to fence a rectangular
pasture adjacent to a river. The pasture must
contain 1,80,000 sq.mtrs in order to provide
enough grass for herds. No fencing is needed
along the river. What is the length of the
minimum needed fencing material?

Solution:
et 2x and 2y be the length and breadth of the
rectangle.
Let & be made by OP in x-axis.
X ; ¥
cosfl = — sintl ==
T r
x=rcosf y=rsin#
Whenr = 10 When r = 10
x = 10cosH y = 10sin@

Area of the rectangle
A=2xxX2y=2(10cosf) X 2(10sin9)

A(B) =400cosfsin@ = 200sin 28

A'(8) = 400 cos 26

' _ R - %
A@) =0 cos26=0 am4e(n,2)
A"(8) = —800sin 26

e n Ty _ _ . s
Ao =% 4 (:)_ BDDst(Ja‘iU
Area is maximum at 8 = E
Length 2x = 2 (lﬂcus%) =20 X .,T% = 10v2Z cm
Breadth 2y = 2 (1{] sin%) =20 x ».:_E = 10v2 cm

8. Prove that among all the rectangles of the
given perimeter, the square has the maximum
area.

HHNHHEFFHNFHENENNNN

Solution:

Let x and y be thee length and breadth of the
rectangular pasture.

Given: Total area = 180000 sq.m

Area = xy = 180000 ¥ = .l_‘fﬂfﬂ’.
Length of the perimeter (or) fencing

Lx)=x+2y=x+2 (130?09) =x+ 36[:_3“

360000

L) =1-—0273
L'(x)=0 x% = 360000 x = +600

' ?ZDDDD

L"(x) =

U " __ 720000
Atx =600 L"(600) = s
Minimum length at x = 600.
When x = 600 =20% _ 300

600

Minimum length of the fencing
x+ 2y = 600+ 600 = 1200m

******************************#

%*
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Solution:
Let x and y be the length and breadth of the *
rectangl
Let L be the perimeter of the rectangle. *
L-2
Perimeter L(x) = 2x + 2y y = ad *
Let A be the area of the rectangle. A = xy
L—2x\ xL-—2x? xL
. — 2
Alx) = x( 5 ) = 5 —-_X *
L
AF(I) = E’ — 2X *
L L
Ax)=0 =-—-2x=0 x=- *
2 i *
L
A'(x)=-2 Atx=- A" (%) =-2<0
.' 4x—-2x *
Area is maximum at X = > ¥=s—==%
It is square. *
The rectangle is square has the maximum area. *
¥ ¥
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9. Find the dimensions of the largest rectangle
that can be inscribed in a semi-circle of radius
r cm.

Solution:

Let 2x and vy be the length and breadth of the
rectangle.

Let @ be the angle made up OP with x-axis.
Semicircle radius is r.

x ;
cosf =— sinf =
T

el

x=rcosf

y =rsind

Area of the rectangle
A=2xy=2r%cos@sinf = r?sin20
A(8) = r?sin 28 A'(8) = 2r?cos 26

A(B)=0 2rfcos20=0 6= -T-:- € (U,g)
A"(8) = —4r?sin 28
ag =2 A" (%) =-4rsin2(%) <0

| =

Area maximum at 8 = —.

w T r
thnﬁ-—-: X =T1Cos (:)Hv_'i
s T ‘r_
y=rsiny =
Length 2x = /2r and

Areaof the rectangle ={ X b =2xy =r

e

Breadth y = -\%

2

Given: r+h =06 h=6-r

Volume of the cylinder

V=nr*h =nr?(6 —r) =n(6r? —r3)
V(r) = n(6r? —r3)

V'(r) = r(12r — 31%)

Vi(ir)=0 12r-3r*=0 3r(4-1r)=0
r = 0and 4.

V'"(r) =n(12 — 6r)

Atr=0 V'"(0) = 12 > 0

volume is minimum atr = 0

Atr=4 V'"(4)=n(12-24)=-12r <0
Volume is maximum at r = 4,

When r = 4 h=6-4=2

Whenr =0 h=6—-0=6

Whenr =4and h =2

Maximum Volume V =nr?h = n(4)*(2) = 32n
Whenr=0and h=6

Minimum Volume V = nr?h = m(0)%(2) = 0

10. A manufacturer wants to design an open
box having a square base and a surface area
of 108 sq.cm. Determine the dimensions of the
box for the maximum volume.

12. A hollow cone with base radius a cm and
height b em is placed on a table. Show that the
volume of the largest cylinder that can be

hidden underneath isg times volume of the
cone.

Solution:

Let x, x and y be the length, breadth and height
of the box.

Area of the base, one side and 4 side are x2,

x % y and 4xy respectively.

Given: surface area = 108

x% + 4xy = 108
4xy = 108 — x? = mi;x
Volume of thebox =V(x) =l XxXbx h
= x%y= x* 108N -ZTx—x—3
Bk ax ) 4
vV =27-2  v@=0

27 —3%2 =0 —-3x%=-108
x2 =136 x =16
V') =—22 Atx=6 V'(6)=-=<0
Maximum volume at x = 6 =183 _ 3

24
Dimension of the box are length = 6¢m and

breadth =3 cm.

11. The volume of a cylinder is given by the
formula V = m r?h. Find the greatest and
least valuesof Vifr +h = 6.

HHHNHNEFHNNNHFNFNENFEENNNNNN

%

Solution:

)
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Solution:

Let a and b be the radius and height of the cone.
Let x and y be the radius and distance from the
top of the cone to the inscribed the cylinder,

Cone Cylinder
Radius = a Radius = x
Height = b Height h= b-y

Volume of the cylinder V = mr*h = nx*(b — y)
y b _xb

X a b 4
Vix) = mx?® (b - x—) =rh (x2 —L)
a (4

V'(x) =mnb (Zx —3%:) V'(x) =0

2y — 3% = 3x? = 2ax x =2
a 3

V'"(x) =nb (2—%)

ax=2 v (¥)=m(2-F)<0

s 2i1
Maximum volume at x = Py

2 (29
Volume of cylinder V(x) = b ((EE) —_ (Sa) )

3

Y L 12a% —8a?\ L[4
=™\ T2r) T\ 2 )T\

4,1

4
— — 2 —_—
5 (3 Ta b) 5 [volume of conel.
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**‘

* (i) Approximately, how much did the tree’s diameter grow?

5. The trunk of a tree has diameter 30 cm. During the following vear, the circumference grew 6 cm.

* (ii) What is the percentage increase in area of the tree’s cross-section?
Solution:
Given: r=15cm and D = 30cm
Circumference of the circle 5(r) = 2mr
= 2n(15) = 30w cm
Differentiating = 6 cm
* 2@r, — 21, = 6 dr=712—711=

(1)

Approximate error Area of the circle

* A@) = mrd

=A(r + Ar) + A(r)

* = A'(r)dr

3
* = 90 em?(increasing) dA = 30n (E) =90

5w

dA = 2nr dr

(11) Percentage increasing:
Actual value (Area) = nr? = 2257

* Approximate value
Acmal error = =22 X 100 = i 100 = — %
Actual value

HEKKHFHNFHENNN

Concencive i

8.8,8.9 810
8.15,8.14
8.2

br: 88 -8
on : 8.4 -26). (), (i), 6,7,8
b 8.6 :-4,6,7.89
br:8.7-86
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xample 9.10 Evaluate : [ o

Solution:
x A B

(x+ 1)(x+2)=x+1+x+2

x=Ax+2)+B(x+1)
When x = -1 A=-1
Whenx=-2 B=2

x _ ~1 i 2
(x+1D(x+2) x+1 x+2

2

!(x+1){x+2} j[x+1 .t+2
=[-log(x+ 1)+ 2 lug[x + 2)]2

o e ey (9
~[on 22 ()2

x+1
16 2 32
= log (? % a) = logﬁ

Example 9.11 Evaluate : J'2 i

Solution:
z 1
0 (1+sin:;sl[zﬂ+ sim‘.‘il]nﬂr :ji u(u+1) du
u=1+sinf When x =0 u=1
u+1=24sinf x=§ u=2
du = cos 8 d@

J’l:L;-ul—i- ll;d
.[ [E'_(uﬂ—l}

[log|u| — inghi +1|)%

s 1]
o 5) 108 (3) = s 52

Il

= log

L] o=

%
ES
%*
%
%k
%*
%
%
%
*
E 3
ES
3
* 0 (145in#)(2+sin @)
%
*
%
%
%*
%
%
%
%
£ 3
%
%
%
E3
%*
%*
%
X ¥

o7
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Example 9.12 Evaluate : —[uﬁ{s“la_;ﬂ dx

Solution:

u=sin"tx 3

1—=x

=1-sin‘u i_

= cos*u V2

x =sinu V1 —x2

2 x=0 u=0

T T

i F

J- > = j usectu du
cos u

0 0

m
I

[u tan u) "“ f tan u du
0

= [u tan u]#’” — [log |cos ul]"”
=T rtog==2"Z1og2

AT e T2~
Example 9.13

Evaluate : fu;_r{\ftanx + vcot x)dx.

Solution:
w

I= [ (Vtanx + veotx)dx
sin x [cos x
cosx sin x
H w
J‘E (w’sm x +/cos .x)
= + dx
o \Weosx sinx
w
2 (Sinx + cos x
o [t
0 sinxcosx

‘V’_J SIHI+COSI
= dx

VZ2sinxcosx
&J’i( sinx 4 cosx )d
= x
0 \/1—(sinx — cos x)?
1
= ‘-J'Ef = v"f[sin“ u]l_l
1

—v’—[—— rr——)l 2

*
R L LI ST LTI EL AT EATAL L L L L

3
*
%
*
*
*
*
*
*
*
*
*
*
*
%
*
*
*
*
*
*
*
*
*
%
*
*
*
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sinZx dx T
Example 9.16 show that J'u s lnge Example 9.17 Prove that In e, il
Solution: Solution:
o 1 X a?+ b% = (a+ b)?* —2ab
.. du = —sec® = dx ( )
1+ mn‘% 2 2 sin* x + cos® x = (sin®x + cos®x)?
. 2du — 25in® x cos® x
u = tanz dx = 2 1
. sec? sin*x +costx=1- E{Z sin x cos x)*
sinx =
14u? dx = 2 du 4 4 2 — (sin 2x)?
=0 =0 I—t—tanz% sin™ x + cos Fo——
x=f u=1 2 dit u = cos 2x du = —2sin2x dx
2 dx 1+ u2 —du = 2sin 2x dx
Whenx=0 u=1 andx:; u=~0

sin2x dx

Ot

=iy

2sin2xdx

2 — (sin 2x)*

2sin2xdx

St——ay e

du
14+ ul

2 — (1 —cos?2x)

4
%3

1
=—x
2 2

****#*****************

E
2

2)

=3 [I"‘g 12"

1
= Elngcz

*********

¢

ios (5],
-fon ()1 (3]

¥ ¥ ¥ * *lad#y’s%% your answ eﬁe)?t(ﬁs*p’a?sa*l

0 a2 sin? x4+ b2 cos® x

where a.b>0,

1 "
= —tan™!

1 +u* sint x + cost x
1 o
1 + y? '
41,, +10u+4) _ (2sin2xdx
SN B3 BT B 2 —sin’2x
0
1
“j 2 du 3
Tl 22w+ 5u+2) J‘ 2 sin2x dx
(1]
1+ cos?2x
1 0
_j du 1
l,2(1:?-~|h~25-1£+1) =f du=f
1+ u?
" i 1 0
j = 1j . ru _ § Example 9.18 Prove that
F3 2 z ]
D2 -§+1 n(u+E) —(EJ = d
16 4 4 3 =

ab

)

Solution:

L 4
q &
jﬂ‘ smz.'ri- b* cos?x j cos® x az tan3x+ b*
o 1]

u=tanx
x=0 u=~0

u=1

m
4

du = sec? x dx

HHHHNFHNHHFNNFENENNENNNN

sec’x dx

1

du

X
m
T

f 2 tan®x + b2

i

1
1
7[5
(4]

1 ; x
=—tan"
ab

u2+

@

|

0

W N ¥ K KN KN

net@gmail.com

atu® 4+ b2

Sl (3],

SN ¥ ¥ ¥ ¥ ¥¥
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LExample 9.19 Evaluate : f';*

1
sin x+cosx

Solution:

L

=%

dx

"
I ¥
/ a=
J sinx + cos x 3 ﬁ 5[nx+ﬁm£x]

ﬂ'

I
1
1[ = dx dx
=— - -
\ED cos (E—x) \ﬁ“ cos X
i
1[ d
— [ secx dx
=5
0
1
F[ag [secx+tanx]]
Efag(v’_+1} Iay(l+ﬂ)]=ﬁlug[v2+1]

Example 923 If f(x) =
4 f(x) dx = 2 [ f(x) dx

f(a + x), then

Example 9.21 Evaluate : [

0 1+4sinx

Solution:

(/]

[xf@) dx=3 [ fodxif fa-2 = Fx)
D

0

1
fx) = 1+ sinx’

1 1
fl[ﬂux):]«i—%in(n x}=]+sinx=f(x)
A 1
f +smx J:, 1+.=;inxdx

[n 1+';|n

m
ff
1+ ws:.

j 2(:05-‘-'—

n

z .
=J- sect —dx
0 2

n
=[2tan;];=2[1—0]:2

Solution:

fﬂ,’{x) dx = Lﬂf[x} dx + J:Ef(x} dx

Take f:a flx)dx
letx=a+u dx=du

whenx =g, u=0andx=2a u=a

J:uf{x} dx = J:f[.r) dx + J:f(a +u) du

J:uf(xj dx = Laf{x) dx + J:f(x) dx

= 2[ f(x)dx (= given f(x) = f(a+ x))
0

Hence proved.

Example 9.25 Evaluate : f—mi:z e dx

Solution:
Let f(x) = e ¥
f(=x) = e P = e~ = f(x)

f(x) = e " is an even function.

log2 log2
f el dx=2f e 1" dx
> 0

|
|
[
Ly
o
=
=]
B
|
Ly ]
=
|
|
<
Fr—
B o=
|
[
—
Il
|
]
|
e S
Il

Example 9.27

Prove that [Flog(1 + tanx) dx = glogz.

Solution:

I= quug{l +tanx)dx..........(1)
0

T

I= J:log(1+tan(gﬂxj) dx

W W N W e Weick e ol e o e B e ol ol e o o o0 o O

e
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=8

l—tanx)
1+tanx

g

log (

L
4

1
0 ng ‘l+tanx

n

f [log2 —log (1 + tanx)]dx.......(2)
0

oy
I

From (1) + (2)

21 = f‘log[l +tanx) + log 2 —log (1 + tan x) dx
1}

i
=f log 2 dx=EIo,gZ
u 4

I=Z10g2
_Bpg

Example 9.28 Show that

_[ﬂl (tan™'x + tan™'(1 - x)) dx = 7 — log, 2.

www.TrbTnpsc.com

=2 [H ! I 2] i log 2
B T s
Example 9.29 Evaluate : i

Solution:

3 Wx

J3B+2)—x

3
h T

1= d
J; V5-(3+2-x)+(3+2—x) *

J’3 V5 — x 3
= | ————dx
2 Yyx++vV5—x

From (1) + (2),

2w [ A5 TR =[x =

, VEtvE—z

ia (D)

f_l
T2

B-2]=1

*&

Solution:

1
I= f (tan™!x + tan~1(1 — x)) dx
0

1 1
J- ta n”‘xdx+f tan (1 - x) dx
0 0

1 1
f tan~ ! xdx + f tan '(1 - (1—x))dx
0 0

1= _I'ﬂ (tan 'x + tan"'x) dx

= Zj'ul tan~! x dx

™ (.'EISZ X

Example 9.30 Evaluate : [

~T 1+a*

u=tan 'x dv = dx
1 V=X
dag =
u 1+x3d
l -1
I=2.tan“x—f dx
* o 14+x% 7
—2- tan~1x IJA X d:r:1
i 2), 1+22
" Ip
_ .1 1
=2 xtan‘ix——-z—f.og (1+x%)
lo

]
B

L n (n L 1”
22 7 B

* * * * * ﬁ # #m# # #W#kg #us*pga* *etggmal * * * * *

Solution:
T
cos® x

1 +a*
=1

m

J’ cos?(m—m — x)

1+am " x

w m
B mszi—.r}d_ 3 . cos(x) :
_J-1+ﬂ‘Jt t_J’ﬂ i+a |

From (1) + (
J- (ﬂx +1) (cus [x)) d

1+a*

dx........(1)

dx

21= 2 [ cos® xdx

E]

Imj1+c052x _1[ sin 2x1"
N 2 =¥ 2
0
- 1{ sin 2
21" 7 2
1
I==|m—=10
Zlm=0l=5

e (2)
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EXERCISE 9.3

PR o e T R

L. (i) [

Solution:

. 1 x —-x 1-x 1 1—x
f x:j * dx:f
1+x o J1+x 1-Xx D1.l"'1—x2

i _
= —dx+— dx
J;}vi—xz 2y V1 —2x2
1 1
=[5in"‘x]é+u><2[\.n‘1-x?|

dx

fix)
dx=2f(x)+c
I

= [sin~1(1) — sin~1(0)] + [0 — 1]

T2

1. (iv) J'E e* (M) dx

1+cosx

Solution;

" ]
I'.' r{l-l-slna:)';l IT x( 1
o S \rcosx/ ™7 ), “ Uicosx "

3 1 Zsinxmsx

7 s i
=f e* %+ 2 2 dx

0 stzf

2 cnszg
J, e

sinx )

NI-"-'I

(1 2 X )d
zsec §+I:;m2 X

X
1+ cosx.

f X(F(%) + F())dx = eXf(x) + ¢

T

= [e"tan;]: = eg

1 1-x*

o) g

Solution:
1 1— xz 3
——dx
o (14 x%)2
% 1— tan*u

= m [Sec'?'u du_}

i 1-tan’u
. m(iﬂ'fﬂﬂ u)du
0
"
J’E 1 — tanu
= P EE—— ]
o (1+tan®u)

T w

3 sin 2u)¥
=J‘ casZudu=[
0

2

www.TrbTnpsc.com

2. (iv) f xlo (3+m“)dx

COS X,

Solution:
J4+cosx
x)=1lo ( )
f( } 8 3-cosx
3+ cos(Zm—x)\ Itcosxy
f{z-'l' =x)=log (3—_ cos(Zm— .I']) = (3 - l:ﬂSI) = ,IIF[J-]'

= 3+ cosx
J; *log (3 — Cos x) e

2w (2% 3 +cosx
2 log (3 — COS x) oz

Zn lug (3+cus I) dx

0 ; 3—cosx
L fdx=0 if f(2a—x)=—f(x)

flr—x) = Iug(: + cos(mw — x))

=1

—cos({m —x)
= log (Froe) =~/ ()
m 3+cosx
=m X2 J'ﬂ log (—'3-.:.:“) dx =0

(v) _]":ﬂ sin* x cos? x dx
Solution:
Let f(x) = sin* x cos® x

fr—x)= sin* xcos3 x = fix)
Let] = f:
qutrsin“xmﬁx dx
Let f(x) = 2sin* x cos® x

fir—x)=2sin*xcos?x = —f(x)

I= Efsin"’xcns:‘x dx =0

m .
sin*xcos®x dx =

0
i) [ sin 1 VEde+ [ *cos 1 VEdt
Solution:
Let t = sin? @

dt = 2sinf cosf df = sin 26 dé

1

When t =sin®?x | Whent =cos®x | Whent =0
sin x = sin® @ cos’x =sin*0 | 0 =sin?@
G=x 8= g_x =10

sin® x cos® ¥

f sin‘lﬁdt+f cos~ !\t dt
0

0
x ‘r‘

- J-sm [sin? @ (sin 20dﬂ)+] cos~! 3/ sin® @ (sin 20d8)

8 (sin 20d8) +

-

[=E]

cos ' (sin ) (sin 20d0)

"!nl-.___JI

COs™ ‘ EI'H

QL.___“H =.L____-“1 (-]

i 4
I

8 (sin 28d8) + J B] )(sin 28d8)
o
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~ I
I«

w|y ©
s

=)

[ ]

" F-x (ix) J-:I'!' sinx dx *
* =jﬂsin2ﬂ de+f (5-0) sin20 do i —
0 ] Solution: *
* [ fcos20 sin2d”®
1§ " & L : *
T xsinx
m cos 20 —
* +[_(E_H) 3 Let 1 fﬂ 1+sinx *
* (—1)sin ze]:—* *
* 3 0 f(n x) sin(m — x)
_ _Xcos2x ¥ sin 2x *
* 2 4 - 1+ sm(n' x)
T T casz(f—x} o *
% +H-g-z+0)—;
: oo (T T sinx T x sinx
% ,Eltena G ) e L R
) o 1+sinx o 1+sinx
cosl *
* _[_(Z_D)T_U] T sinx
* B xcn52x+sin2x+ X C0S 2X si112x]+1r I = T-rf 1+sillxdx_f *
B 2 4 2 4 4 0
* —E m ] *
- Sin x
4 2T = rrf —dx
* p 1+sinx *
1 log(1+x)
(viii) dx *
* Ners J’ sinx (1 +smx)
Solution:
* 1-—sinZx *
x = tanf dx = sec*0do
* When x=0; 8 =0 x=1‘.9=% n[”sinx—sinzxd *
== ————dx
* e C ” 2, cos? x *
- 7 +t
* * 0 = B nJ"’ sinx sin’x *
* z 2 ), |cos?x cos?x
;=f log(1+tan0)d0 ........... (1) *
T 1—costx
* ?_; =—J’ secx tan x — 5 ]dx *
* I= (1 +tan ——9) 2Jy cos” x
0 *
* % 1—-tan @ " 2
= | logl1 d =—f [sec x tan x —sec* x + 1] dx
* L ug( +1+£anﬂ) 2 2 Jg *
T 2 *
_ w
* I_L Iug(l+tanﬂ)d9 =E[secx-tm:x+x]§
: *
= |log2 —log (1 + tan 8)|d@ ....... (2
: J; pimve ) g[(u 1) —(0+1)+m] = —(n—z} *
From (1) + (2)
* J. mt — 21 *
log(1 + tanx) + log 2 — log (1 + tan x) dx = 2
* . %
* %*
* Iogde~—IagZ
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(x) f ) H“a"x = n‘f [sin2 (sin (— — x)) + cos?® (:ns {g - x))] dx :
Solution: I= ‘.FTJ [sin®(cos x) + cos®*(sin x)] dx (2) oy

3w 1]
k3 1 From (1) + (2), :
I= J ...... (1) .
. 1+ vtam I 2l = ﬂ:fzisinzfcus x) 4 cos®(sin x) + sin®(sin x) %*
0 %
+ cos®*{cosx)|dx %
2 7 %
) A T -n [ 2ax "
m w
" 3m  m_ *
. 1+Jtzm(ﬂ+H x) 2.f=21r)<g- *
Imr 'J'Tz *
B 1 = ? *
= j dx *
a 1++cotx *
] Example 9.49 Find the area u[‘ the region %
%—r bounded by the elllpse— + ==1, %
Solution: E 3
_ [ 1—"“"” dx .....(2) 2y b *
+ytanx —4—=11 y=- at — y
8 2 *
x = 0,x = a and x-axis. AN -
H=a *
From (1) + (2), p /’\ %
Area=4 | ydx
J < i

5—/
% J’1+ ; J‘d A=4["= w.f'az—x dx ]
=| ———dx= Y= —— — == ¥
4 1++tanx J 8§ 8 8 Wy X=0 |
] B

a

b 2 g
- *_F,faz — 22 + % gin-1 (1)]
a L2 2 a’lg

| = 2 o
" 8x2 8 _4b
i " x[sin?(si 2 22(% sin -1{(1) -0
(xi) Iu x[sin“(sinx) + cos*(cosx)] dx a \ 2
Solution:
i 4b a® n
b= J- x[sin*(sin x) + cos*(cos x)] dx = ?x?xi = mab
0

(Y — cinZ (et . 2
f(x) = sin“(sin x) + cos*(cos x) Aven =l sqmits

f(r —x) = sin®(sin(m — x)) + cos(cos(m — x)) = f(x)

m
F= J. x[sin®(sin x) + cos*(cos x)| dx
1]

= gj;n[sirF (sinx) + cos®(cos x)| dx

Fi s Z
=z X 2 I [sin®(sin x) + cos®(cos x)] dx
0

w

I= rrf?isinz(sin x) + cos*(cos x)] dx ... ... (1)
0

65
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Example 9.50 Find the area of the region

bounded between the parabola y* = 4ax and

its latus rectum.

Example 9.52 Find the area of the region

bounded by x-axis, the sine curve y = sin x,

the lines x = 0 and x = 2.

Solution:
y* = 4ax
y = 2vayx x-axis, x=0andx=a.
Area =2 _f:ydx ik J__'__
a .-/'-
—2 f A b
0 < =
a "-,\
= 4"-'@] Vx dx x=0 "“h_
0 s
y L){'=a

- vafpei] -2 w®

Ba® <
Area = =~ 5q-units

Example 9.51 Find the area of the region
bounded by the y -axis and the parabola

x=5—4y -y~

Solution:

y=sinx,x-axis x = 0 and x = 2m.

aNEA
[~

Solution:
—x=-5+4y+y*

5—x=4y+y?
5—x=4+4y+y* -4
5—-x=(y+2)?%-
9—x=(y+2)?% x=9-(y+2)?
x=5—4y—y*
y-axis, y=-5andy=1
Area:ffxdy A
= 1(9 ~(y+2)%) dy N

: 1 |
=|gy_(y—1:—32}3 5 < J,-’I
=(9—E)—(—45+E) 5

3 3

=(9—9) + (45— 9) = 36

T 2w
Area = f vdx + f (—y)dx
0 T
m Im X0 0|5
J- mxdx—f sin xdx Y|[-5(1
0 T
= [—cos x]§ — [—cos x]57
=-[-1)-D]+(1-(-1)
=24+2=1
Example 9.53 Find the area of the region
bounded by x-axis, the curve y = |cos x|, the
lines x = 0 and x = m.
Solution:
™
cosx ; iIf0<x<-—
= |cosx| = = Z
—COS X ; ifiﬂxﬂ 14
3 P g
Area= [Zydx+ I% (—y)dx e | FT
7 n < \lf —
:fcﬂs.rdx—icus.rdx 0 o 1
T <]
W
= [sin xiE — [sin x]%
Z

=[1-0]-(0-1)=2

¥¥¥¥FIEFEEEEEFEEEEEH XN RN NN
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Emp1954F nd the of the r{:g
bounded between the par hl s y? 4 and
x? = 4y,

Solution:

y:=4x | 2¥=4y (Ejz
y=2Vx _x x‘;

************************
6377

Sun
Juition

Juition

9'te 12

th

BHFNFFEREEEFEERFEEHFFFNF

%
%
x 9629216361
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Example 9.55 Find the area of the region
bounded between the parabola x* = y and

www.TrbTnpsc.com
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the curve y = |x].
Solution:
xz=}l ¥y=|x| X 11-
_(x ifxz=0
_[—x ifx<0 1
*=y 1|1

Example 9.57 The region enclosed by the
circle x* + y* = a? is divided into two

segments by the line x = h. Find the area of

the smaller segment.

x}: XE
—4?‘3
_2[1 1
2 3

b 1
Area A =f [Yy =¥ ] dx = ZJ- [x — x*] dx
a i

\\..\ J_‘J‘.:
‘\:\\ //."
0 .'\__ .l"-\ "f/_-/
1-\.‘.-. , s
< e =
X=- 1 X=1

Example 9.56 Find the area of the region
bounded by y = cos x, y = sin x , the lines

n 5m
X=—-andx =—
4 3
Solution:
y=cosx | y=sinx |cosx=sinx

5m
_..-:: oL
- 4

5

k)

L
7

= 5“[ccus x—
B

= [sin x + cos x]_

SER R

—Iv’_+\/_l

b
Area A= f [Yy — Y] dx

L
= ﬁr [sin x — cos x| dx

sin x| dx

L

*****#**************************

Va.a
R

Solution:

x a* x|
Y i 17
leyﬂ xe 4+ 25111 (“)L

a’ _
0+ ?sm'l{l}

!

h

y=vaT—2

T
Area A= Zj vaz —x? dx
ft

*E B “*%““%5”

(S @) 3R s (3]

2

h
ﬂ — hya? — h? — a® sin™? (E)

_"x‘\.
| \

< —‘ —
__./'_J;i

*
*
*
*
*
*
*
*
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Example 9.58 Find the area of the region in
the first quadrant bounded by the parabola
y* = 4x, the line x + y = 3 and y -axis.

Solution;

The line x + y = 3 meets the y -axis at (0,3) .

¥y =4x x4y X 19
(3—x)"=4x =3 y=3-x 2|6
9—6x -+t —4x ,‘P3
=0 =3-x "

108 +9=0 nyT ifo=ys=2
x=9 and1 sy yianysl

2 3

Area A :f xdy-i-[ xdy
0 2

}!yz 3
=f —d:r+f (3—y)dy
4 2

1]
_[3’_3]: G-
12 o 2x(-1) .
8 1)?
=2 e (1)
12 (-2)
_2,1
3 2
_ 4+ 3 B 7
6 6
A
(0, 3\3 _Ez 4x
-‘-Tila el
|. | '-.\. \..I'=
- 'I: \\ .
Ty '|\ \:f,x -
- ‘\f—ﬁ
W ——

Example 9.59 Find, by integ.ratiun, the area of
the region bounded by the lines
5x — 2y =15, x + y + 4 = 0 and the x-axis.

r***************#**********#***

Solution:

Sx—-2y-15=0...(1)
X+y+4=0...(2)
From (1)+2(2)
Tx=7=0 x=1
Whenx =1

5x — 2y = 15 meets
the x-axis at (3.0).

1+ v+ 4 =0 meets the
y-axis at (—=4,0) .

PE=—=p

¥HNNEXEXX

e your answeﬁe

6.

AL LR L L Lk

HHEEFRERR$ % ¥

Area A =J‘ (—y) dx +J‘j(—y} dx
-4 1

1 3 15 —5x
= (x+4)dx+j( )d:c
” : 2

1 3
=£4(x+4) dx+§£ (3—x) dx

(x +4)?]"
|

5[(3 —x)?]’
+_( X)
2[2x-1]

=-9+:@

*%

A i
= % +5 )
.-"]‘
-3 < \“ e
2 o —
q““g\ i T&.
< f7§,+
S y=
/
W ¥ J\s

R KT T RN NR

Example 9.60 Using integration find the area
of the region bounded by triangle ABC, whose
vertices A, B, and C are (—1,1),(3,2), and
(0,5)respectively.

7

¥ ¥ ¥

yS to Us -

Solution:
Equation of AB is Z: = E or y= i(x +5)
. ; . y-5 x=0
Equation of BC is ;:_5 =3, OF y=-x+ 5
; 3 A | x+1
Equation of CA 18 == or y=4x+5
5-1 041

Area of AABC =Area of DACO + Area of
OCBE — Areaof DABE

o 3 1 3
=j {4x+5)dx+J' {S—x}:ix——J- (x+5)dx
=1 1] 4 =1

- [[4x +5°7 [{5 B x)T 1 [{x + S)T
2x4 |, 2x-1] 4 2 -
25 1 [—4 25] 1764 16

~8 8 12 ?_Z[?_?]
25—1 —4+25 [64—16

~ 8 2 'I 8 I

24 21 48 24+84-48 60 15

“s'z 8 8 B Z

b

pa ail.com

YT


https://www.whatsapp.com/channel/0029VaAqUqk9Bb672tBn033m
https://www.whatsapp.com/channel/0029VaAqUqk9Bb672tBn033m

www.Padasalai.Net

www.TrbTnpsc.com

P*****#***************#******##

Example 9.61 Using integration, find the area
of the region which is bounded by x-axis, the

tangent and normal to the circle x* + y* = 4

drawn at (1, v'i)

EXERCISE 9.8

1. Find the area of the region bounded by
3x—2y+6=0,x=-3,x =1 and x-axis.

Solution:

The equation of the tangent to the circle

x2 4+ y% = 4at (x,y,) is xx; +yy, = a?.

So, the equation of the tangent to the circle
xX+yt=4 ut(l,\fi)is x+V3y=4 or

y=- ‘;—E (x — 4). The tangent meets the x-axis

at the point (4,0).

The equation of the normal 1s
y=vV3=v3(x—-1) or y=+3x andit

passes through the origin.

Area = fn1ydx + J':y dx

= Llﬁxdx—}-[‘—%(x—‘}) dx

= flﬁxdx——j (x —4) dx
]

271

(x — 4)1“
1

349
RN

6 .
=5= 2\.@ Sq.units.

HHHNHENNNFNFFFFHNEEEEEEEEREERERNNN

*

Solution: -
3x—2y+6=0 ;I
2y=3x+6 S

3
oy (x+2) 3 j

Area A= J- (—y]dx+jydx

J- ydx+f y dx

1
=EI_2 (x + 2]-dx+§j_z(x+ 2) dx

3[(x+2)%]
i 2

3 [(x + 2)2
2| 2

-2

- [1 T u]
212 2

15 "
=3 Sq. units

2. Find the area of the region bounded by
2Zx—y +1=0,y=—1,y = 3 and y-axis.

* *' *’ * * Md#s*j*é ﬁu*rﬁe*(* ﬁj* pﬁaﬁaﬁe@g*aﬁo* * *‘ * * *

Solution: M
3 |/
2x—y +1=0 /

2x=y—-1 ?./"

L

WHEHNHNHFHHFHFNNNEFEEEENENNENNN

£

1 /
x=50-1) el
/

1 3
Area A:f (—x]dy+f x dy V
=" 1

-1 3
=f xdy+jxdy
1 1

1 —1 1 3
=3 o-va+z[ o-Da

(y 1) } 1y - 1}2]3

= 5(4] = 2 sq. units.
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a

=1 -1

:J’ (:cz-x-Z}u'x-t-f (x* —x—2)dx 5
=3 2 - f [(2x + 5) — (2% — 2x)] dx
-1

3
+f (x2—x—2) dx
2

3. Find the area of the region bounded by the 4. Find the area of the region bounded by the
* curve 2 + x — x* + y = 0, x-axis, x = —3 line y = 2Zx + 5 and the parabola *
and x = 3. y=x*-2x. *
Solution: (s Solution: *
— 2 = /

* 2+x x+y—2 1\ ;I ; y=2x+5 y=x2- *
* ¥= X —x—2 -3 1\1'-~ 5 /‘2 3 2x X|-1]5 *
¥ y-croe-2 x2—2x=2x+5 v13 5] |
* X intercepts are -1, 2. v 2 —4x—-5=0 *

=1 2 3
* Area A=J- ydx+f (—y}dx+jydx (x+1)(x—5)=0 *

-3 -1 Zz

x=-1,5
_1 ..1 3 *
= dx + f dx + f dx 8

f—s ) 2 i 2 g Area A =J [Yy — Y. ]dx *

=1

3 ¥

X

5
4 =f (5 + 4x — x*) dx
- 1

w| X,
|
N{HN

%*
L 3
%*
%
%*
*
* =l -2x_3+ ?—-2--212 *
% N [seee(3)-3] *
* 3 2 ) ' ki *
o e B e Y e I O OO *
: 8 4 27 9 o EL E3
B34+ [Tg? ss i %
3 H[E_i_,;] = (25+5)+2(25-1) - ( 3+ ) %
: =—1+2?—13—B+27—5 =30+ 48 — 42 = 36 sq.units. *
N L T149-1+4-9+4 *
2 I %
* +(2-6+2+4—6+4) | =
* - 54; "B ; 240 . ____J__:f;-;f;:ir'f F#_#-_-ﬁji . i
: A =3 +2=12+3 = 15 sq. units L £
v %
* e
* *
% 69 t
2 i L AL TSI AT F S EREALEL A AL L
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5. Find the area of the region bounded
between the curves y = sinx and y = cos x

and the lines x = 0and x = 1.

Solution:

COsX =s85inx
5w

v y=sinx
=CcosXx

m
- X< —
4= T 4

b
Area A =f [Vy —Y,] dx
i

T
i T
=J- [cos x — sin x] dx-i-f [sinx — cos x] dx
0 o
I
Fis
= [sin x + cosx]} + [~ cosx — sin x]%
14
T

= [sin x + cos x]ﬁ — [cos x + sin x|
4

- %+%—ﬂ-1]-[-1-0-%—%]

4 VI

Pt I |

HHHHHNFHNFHHFFFFIENFEENENN

6. Find the area of the region bounded by
y = tanx , y = cot x and the lines

mw
xzmx:?

Solution:
y = tanx tanx = cotx
y=cotx % L
x 1 E [-:], 2]
(e,
\<
s ol Y
N _‘_______d--""' vl HM
Y=tan x 1 2 Y=cotx
W

=

L3
2

q
A"rea=J‘ ydx+J; ydx

4

=

=]

iy
Y 2

=f tan x dx-!-f cotx dx
0

T

= [logsecx]7’* + [logsin x]ﬁﬁ

1
=logV2 —log1+logl—log—
V2

= Iogﬂi—lﬂg\%
=logV2 — [logl —logw/f]
=logVv2 +logV2

= 2logV2

= log 2 sq.units.

I ———————— ——————— — — — —

: [a+b+c)2= a'+b + ¢+ 2(ab+bc+ ca)

Y= mmm
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7. Find the area of the region bounded by the
parabola y* = x and the liney = x — 2.

*

Solution:

* The line y = x-2 meets the y -axis at (0,-2) .

HHENNKEHNENNNNNNNNNNNNNNNN

2 _

y:=x
=x—2
Y X 14
x—2P =x
( ) y=x—-2|-1|2
xP—4x+4—-x=0

—5x+4=10
x=4 and 1
= [)# ifosy=<z2
y+2if2<y<3
F=x
A Y=2
.-"-/I /
< - >
.,; e~
o2 Vv TTE

dren =f Xy —Xldy= | [(v+2)—y]dy
=1 =1

2

_[+2)* ¥
3 -1
16 8 1 1
— 2 8 2 3
15 9 45-18
2 3 6
27
6
—an.umt\

8. Father of a family wishes to divide his

square field bounded by x =0 ,x =4,
y =4 and y = 0 along the curve y* = 4x
and x* = 4y into three equal parts for his
wife, daughter and son. Is it possible to
divide? If so, [ind the area to be divided

among them.

71

Solution:

The shade part is to be divided into three equal

parts.
y=d I|_ ’i\ ’_”_
l': : l,r_‘! » “, *'“‘::- !
‘g d .~ y
I-.\\— 4}’ . /_. "\:‘1 "\\,-"I
N, K
x\“-.m I.’r ’\Aw
|
Z\L\_
¥ _*\i]'x (X=
A4 o ~|_
U
Area A=A1=.|""|2=AH

4 4 4
Azfydxzf(YU+b’L}dx=fxd}f

o 0 0

4-1,3 4 II -I-.L,Z
A=| (=ldx= u’?——)d = (’—)d

[@)w=[(=-T)e= [ (5)w

4 4

x?ﬁ 4 2 y'i
A=|—| = 2 —_ = |—
l,~ | (25-%) e ]

16 [4xVz :c-"’]‘*_lﬁ
3 [3 12, 3

L_16_16_16
-3 3 3

Yes, it is possible to divide among them and the

. 16 iy
dred 1s ?Sq.umis.

F f* * * * * * % # #m.!your ns%gy tOﬁ agsaﬁ net gmﬁl gm* * * * *
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2x—4)? (x-2)3" .
=Sk o L ~(avE+an-2v3)

(4}2 (2)? = % (47 + v/3) sq.units.

4 3

8 12-8 4 .

=4 - =—= - Sq.units.
3 3

72
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* 9. The curve y = (x — 2)> + 1 has a 10. Find the area of the region common to the *
* minimum point at P. A point Q on the curve is circle x* + y* = 16 and the parabola *
* such that the slope of PQ is 2. Find the area },2 = 6X. *
bounded by the curve and the chord PQ. Solution: *
* Solution: x2+y%2 =16 *
* R L i e X +6x =16 X2+ 6x—16=0
line form: *
* o g i e izz_.4x4+ gl (x+8)(x—2)=0 x=—8and 2
* :lt[:;:fj; point (2.1). _;a i E_x -8 Whenx=2 Y= 23 :
: »— =0
e |vomre |0 | *
E y=1=2(x=2) | point Qis 4. A %
=2x —3 < =
* : ;’/z\ﬁ ‘ ‘ N
f [ !
o | AT *
* A “2;2 ull"‘-. E:\L % Ix ! *
: =(x—-2)H1 f Pa - E 3
|I .),-":, Q : *
Hx‘ _f(' ,.-I
: 5 \P:‘;’f Area A= jblxﬁ - X, | dy *
< T > 21.-'% *
* Iz 4 lm;a yZ — —I dy *
% # . %
=2 Y 16— -1 (2 Y E
* 9 E ¥+ -—'bll'l ( ) *
* Area Azf (Yy —Y,)dx
4 ‘ =3 (2—1'Erg 16 — 12 + 8sin™? (2() 24“#_) *
* L{Zx—3—(x—2)z—1]dx 2 : L *
* f (20— (x - 2)% — 4) dx =2 (‘@(2) ot (V’;) - 43_\@) *
* 24 8r 43 *
* L [(2x—4)—(x—2)2)dx _2(,.’{ __T) *
%* - *
% *
% *
% *
% *®
% kS
% %
F v-
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EXERCISE 10.5

1. If F is the constant force generated by the
motor of an automobile of mass M , its

velocity V is given by M % = F — kV where k

is a constant. Express V in terms of t given
that ¥V = 0 when t = 0.

Solution:
dV
M—=F—kV
et
M =k dV —
kF—kv

Integrating on both sides,
~2log(F —kV) =t + €. (1)

t=0andV =10
From (1) —%]ug[Fuklf') = t—-%logF

M
—clogF =c

M rosF —kv) + LiogF =t
7 log e 7 logF =

Ml F )_
k“g(an B

I ( F )_kt
B\F—wv) "M

F —
F—kV °©
kt
F=(F—kV)eH
kit

F—kV=Fe M

=

Kkt
]

www.TrbTnpsc.com

From (1), "Tllug (kz - vg) = f—zx"?l log k*

2 2 2_25":
v =k*—k"e k¥

-2

g
¢ =il (1 - EFX)

3. Find the equation of the curve whose slope
is % and which passes through the point
(1,0).

2. The velocity v, of a parachute falling
vertically satisfies the equation

2
v—=4g (1 — ;:—?5) where g and k are

constants. If v and x are both initially zero,
find v in terms of x .

Solution:
Integrating on both sides,
;log(kz - 1:2) = %x +iCaionii 5 {1)

v=0andx =0 _?ling(kz) =c

Solution:
dy y-—1
dx X2 +x
dy dx
y—1 X tx
dy dx

y—1 =x(‘1 +x)

dy 1+x-—x
y—1  x(1+x)

%:E_uln]d"'

logly — 1| = log|x| — log|1 + x| + logc

dx

cX
logly — 1] = log |m

CX cx
Vv 1—1+x y—l'f'm.......(l:l
Since this curve passes through (1, 0), we have

c=-2

2x 1-x

From (1), y—l—;_—; Y=
The required equation is ¥ = —
e required equation is ¥ = —

Kindly send me your answer keys to us - padasalai.net@gmail.com

**#***********#****#*******
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Example 10.18 Solve

(y+aT+y?)dx—xdy =0, y(1)=0

Solution:

(y+1,fr2+y2)dx—xdy={]
(}-’ +/x% + yz) dx = xdy
dy y+x*+y? +1.|'x2 + y?

dx
d
and v= E oS
X

dv vx + Va2 + vix?
rY+x —

dx X
dv vx + xV1 4+ v?

dx X

dv
X —=v+41+v—v
dx
dv
V1 + v X

Integrating on both sides,

log|v + V1 + v2| = log|x| + log]c]|

v+414+vZ=+xc

£+ '1+(%)2 = +xc

¥ +4/x2 + y? = £cx? (OR)
y+x2 +y? =Cx?
Whenx=1landy=0 then C=1

The required equation is y 4 \/x? + y? = x*

Lety = vx =v+x

— ¥V

dx

dx r..!'x

Example 10.19 Solve
(2x+3y)dx+ (y—x)dy =0

Solution:
(2x +3y)dx+(y—x)dy =0
(v—x)dy = —(2x + 3y)dx

dy 2x + 3y
dx  y—x
= dy _ dv
Put y=wvx v== —=V4x —
dv 2x+3vx 24+ 3w
v+x —=-— =
dx VX —X 1—-v
dv _2+3v
- dx  1-—v o
dv _2+3v+vi—-v _ (v+1)2+1
. dx 1—v 1—vw
(1—v)dv _ dx

(u+1}2+1 X

W K KX W KA H W NN WK KK KW
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dx

17 2v+2
2lw+1D2+1

(v+ 1]|2 + 1]

Integrating on both sides,
—%[Iﬂg[(v+ 1)*+ 1| —4tan (v + 1) ]

= log|x| + log|c|

[log|(v +1)? + 1| —4tan~ (v + 1) |

= —2log|x| — 2log|c|

[tog|(v+ 1)% + 1| + log |x*| — 4tan~ (v + 1) ]

= =2log|c|

log[ ((v+1)% +1)x?] —4tan~'(v + 1) =k

=

log| ¥* + 2xy + 2x*| — 4 tan™! (

PR 4 Té‘ﬁsﬁi"%****#*

Example 10.21 Solve
(1+2e%7 )dx + 267 (1-%)dy = 0

Solution:
(1+ 2™ )dx + 2e*/¥ (1 - ;) dy=0

2 /7 (1 - ;)

dx

—_—— w1
dy (142 ) (1
Putx=vy v=>1 2y
s T dy y dy
. dv 2e'(1-1v)
Sub (2) in (1) v+y dy TEY L
dv 2e'(1-v)
Yday~  (rze)
dv —2e" + 2ve" — v — 2ve’ N (v 4 2e")
Y dy dy (14 2e") (1+2 e¥)
(1+2 e") g fdy
(v + 2ev) i v
log(v + 2e”) = —logy + logc

c
lug( 4 Ze*”) £ lug( )

§+ 2e"Y = +- x+2ye"/Y =k

C
y

&****#*************************
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EXERCISE 10.6

2. (3 +y)dy —x*ydx =0

Solution:
(x3 + y7)dy — xzy dx =0
(x* + }—'3)5!}’ = x%y dx

dx x3+93 X y?
e b e A il
dy xty y  x?
Putx = p=% E_ d—"
utx = vy = dy +¥y
dv 1 dv 1
1:'+].-' o= 13+H—.! y [I_y=y_2
d
v dv= .
y
Integrating on both sides,
3
3= logly| + logle|
v3 x3
— = |p — ]
5 = log|yc| 35 oglyel
23 ¥3
30 30
yc = e y=ke?

| 4. 2xy dx + (22 +2y*)dy = 0

Solution:
(x* + 2 y*)dy = —2xy dx
2xy dx = —(x% + 2y¥)dy
dx (x* + 2 y%)

dy 2xy
x dx dv
Put x = vy v=; d—y=v+y o
dv (y*2+2y%) (v?+2)
1?-[-}? _—= - —
dy 2(vy)y 2v
dv (v +2)
YIy =TT Y
dv —v*—2—-2p\-3v"—12
Y dy 2v T 2w
2v dv dy
32 +2 y
1 6vdv —dy
33v2+2 y
Integrating on both sides,
E—i—.l’_(:&.g,vl.%v2 +2| = —log |y| + log |c|

3
3u2+2=(5)
y

x 2 cy3
3(;) ”:(;)

* 3xty+2y3=c

' T L4ttt A A 2 i 8 2 A kg b gt L

www.TrbTnpsc.com

5. (y* — 2xy)dx = (x* — 2xy)dy

Solution:
(v? — 2xy)dx = (x* — 2xy)dy
dx }f — 2xy
dy x? — 2xy
- ¥ 4 _ dv
Puty = vx v—r d v+x -
dv —2x(vx) _ v*—2v
v+x —= =
dx — 2x(vx) 1-2v
dv v?—2v
X —= -
dx 1-2v
dv v:*-2v—-v+2v® _ 3(v*-v)
X —_—= —
dx 1-2v 1—2v
(2v— 1)dv R de
(w2—v) X
log|v? — v| = —3 log|x| + log|c|

loglv? —v| = 1ug|—|

(1+3e:)dy+3ex(1——)dx— 0, given
that y = 0 when x = 1.

Solution:

y
1+3ex)dy+3 —3)dx=0
(1+368)ay+36¥(1-2)

& X
a.___—x o (1)
(1+3w)
Put y=wx U=§ :i_v+x = (8
Sub (2)in (1) v+Xx ﬁ—i— ST:?B::
dv_ 3e’(1-v)
*dxT Ttzen Y
dv  —3e” + 3ve” — v —3ve”
L (1+3e")
(143 e") ~ [dx
w+sen) T ) x
log(v + 3e") = —logx + loge

PP ST PPN
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-4 | = - d
lug(x + 3ex | = log (x) x x

—-1+xtanx

Lineariny. P = and Q = xcosx

¥(I.F) = J Q. Fldx+c

"
y+3xer=k.....(3)
j-—1+;1¢.' tanx

Wheny=0andx =1 wegetk =3 d
> . v I.F = elPix_ ¢ x ;
From (3), y+3xexr=3
8. (x® + y*)dy = xy dx. It is given that j(_—1+tanx)dx
X
y(1) = 1 and y(xy) = e. Find the value of x,. =€
Solution: =e —log |x|-leg |cos x|
(x% + y3)dy = xy dx o ;
:e—D X Cos X
dx_xz+y2_x+y [V
ﬂ:},!_ xy —y x XCOSX
dx dv 1 1
Putx=vy & v==> —=v+Y¥ — =J'
! Y ¥ dy T (xcusx) xcusx(xmsx)dx+c
dv 1 1
vy =g Y(reorw) = @re
dv 1 1 )_
L 4 a—v-}-; y(xcusx i

dv 1 y=x'cosx+cxcosx

Example 10.25 Solve:

%
*
*
*
*
*
*
*
*
*
*
%
E
*
(1+23)2 4 6x2y =1+ 22 *
dx i *
*
*
*
%*
*
*
*
%
*
*
*
*
*
*
e

v dv=—
¥
Integrating on both sides, Solution:
3 d
%: logly| + log|c| (1+x3)£+6x2}r= 1+ x?
ch d 2 2
» 22 ¥ bx A+
. =84 e —p =
2y? Iﬂﬂh"ﬂ yc € (1) dx 1+ x3 : 1+ IS
henx=1 v=1wegetc =+e T = 5% — 1t
When x Y e get ) Ve Lineariny. P=—— and Q=13
R 3,2
From (1), yVe = e»? 1p- el Pdx = EJ'Zde — g2 loglh+¥|
Whenx =x5, y=e . = (1 +x%)?
X0 =g . = N
From (2). E\/E Zp2ed [hfferential equation 1s
A oy y(ILLF) = [Q(I.F)dx + ¢
7 = 1+ x?
eZ = e2e y“+x3)z=f - (142 dx e
3.5 p%=3e? xy=4y3 .
2" 2e? 0= g = EVIE y(1+23)" = [(1+22) (1 +2) dx +c

a2
1423 =j1+3+'3+5d
Example 10.23 Solve y(1+x%) (1+x+x2 +x5) dx+c

2 3 4 b
SN
[y(1 —xtanx) + xZcosx|dx —xdy =0 y(A+x) =x+3+3+F+cor
ion: = S
Solution: y= W(x+ e c)

[¥(1—xtanx) + x%cosx]dx —xdy =0

[v(1 —xtanx) + x* cosx]dx = x dy

HHHHENNENNENNEENEENNENNNENNNNN
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EXERCISE 10.7 8. 2+ L _=1-Vx
r  (l-x)Wx
3. j—i + f =sinx Solution:
dy y
Solution: o A 1-+x
%_‘.% = sin Lineariny. P=g—= and Q=1- Vx
1
1 " ]
Lineariny. P=— and (@ =sinx [F= e/ Pdx = ejfl—rlﬁ &
1
[F= el Pdx = e.fidx = plogh| — . — Ej[v’f—x}dx N 1+
Differential equation is Dysktirmntiil T 1 J'g(';l’ —
ifferential equation is y(I.F) = Fdx +¢
Y(LF) = [ QU.F)dx + ¢ ey VR
. = '1 - d -
yJC:fl:SlHJC}Idx-EE y(l—ﬁ) ﬁ J:E)( —ﬁ) b

1+Vx
y(l—ﬂ)=f[1+ﬁ} dx +c

1
yx=f
\Il_xz y(1+\'§)=x+§xﬁ+c

Xy=—-Xxcosx+sinx+c 1—=vx

7.(y — e"“_'I):—;—!—vﬁ =0

‘9.(1+x+xy2)%+[y+y3)=(} ‘

Solution: Solution:

- %
S %*
% %
% %*
% %*
% %*
% E 3
3 %*
%k %*
£ S %
. *
: (y—eSE"_Lx)S—;-i- 1-x2=0 *
% (r-e )T =—VT-7 :
* %Z},—_:;E dy _ (r+y°) %
: *
% %*
% *
% %
% %*
% %*
% %
% *
% %*
% %*
% %*
% E 3
% %*
% %*

%

d
(1 +x+x}r2]d—i+(y+y3)= 0

dy
NP 3
(1+x+xy )dx r+y°)

E__(1+x+xy2)

r:f}l' y_esin'ix —y E.:,1-*.in‘1x
—— = 2 " 2
i~ i T Vion de  14x(4yH) 1 x(1+y%)
sz dy y+y3) y+y* y(1+y?)
51N X
dy L a dx 1 X

i =y = = S
dx  Vi-x%" Vi-ux? dy  y+y? y
Y sl dx x 1
i &y Ty

Lineariny,. P=—

1
Pdx — J- F0X o sinlx inear in x == =——=—=
e S e Linearinx. P=2 andQ=_—75=—""0

Differential equation is y(I.F) = [ Q(I.F)dx + ¢ ILF = ejid}' =elogy =y

Differential equation is x(I.F) = [ Q(I.F)dy + ¢

e esin'lx o
y(esm I):f( l_xz) (Esm I){f.l‘+|’.'
2 sin_]x)

(e[

dx+c¢ 1
b=l == e

-1
x(y) = fm(}')dy+ c

¥ (esin_lx)=J'E2 sin”'x d(siu_ll’)‘!‘f -1
Ezsm_jx Xy =—tan y+c
y(esin_]x)= 5 +c

(7
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14. x :—i+2y—x2]0gx={]

Solution:

d
x—y+2y—x2]ogx= 0

dx
xd—i+2y=leﬂgx
(x +) = %_}_i_y:xzfgx
%-F—y:xlogx
Linear in y. P=% and Q=xlogx

IF= elPdx = efgﬂ-f = eZloglxl — 2
Differential equation is y(I.F) = [ Q(I.F)dx + ¢
x’y = J.x logx (x%) dx + ¢

2y = fx3 logx dx +c

xt oraton
- JHE e | ] =
xy—(logx)4 ,[4(1:) dx+c

xt x3
Ty — el Wl
xy—(.!agx]4 J-4 dx+c

4 ¢

X :
y —?(Iong—ﬁ-f-c

xz

LTI AL LA LA EE TR L g

78

Example 10.27 The growth of a population is
proportional to the number present. If the
population of a colony doubles in 50 years, in
how many years will the population become
triple?

Solution:
Let A be the population at any time t.

dArx;l
dt

d}i_
dt

kA

A = ceM
Let Ay be the initial population.
Whent =0,
Whent =50, A=24,3 e°*=2

1

kED

log 2

Assume that the population is tripled in ¢,
years.

Whent=1t,, A=34, BABZAﬂgtzk
Eclk = g E—;ﬁtugz ty 3
Taking log on both sides,

:
riﬁiogz =log 3

_log3

50 t, = tog 2

=50 log 3
L= (—mg 2) years

WHHHHFFHNFHNFHNFNFHFNFNHNNNT
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Example 10.28 A radioactive isotope has an
initial mass 200mg, which two years later is
50mg . Find the expression for the amount of
the isotope remaining at any time. What is its
half-life? (half-life means the time taken for
the radioactivity ol a specified isotope to fall

to half its original value).

15\‘******************************

Solution:
Let A be the mass of the isotope remaining after ¢
years, and let —k be the constant of
proportionality, where k > 0,

dA

—c A
dt

dA
=rin —kA

A=Ce™

Whent=0, A=200= ¢=200

A =200e
Whent =2, A=150=

25 _ 200

L 150

1 31
k=3 log (3)
Let t; be the half-year.

Whent=1¢t;, A=100= 100 =200 “*

etk —

E-—%Eog(g) tq

N = N =

Taking log on both sides,

1 4 1
~3lo9 (E) G =la (5)

. 2 !ag(i) 2 log G) -
-log(3)  tog(]) "

¥ * * * *#ﬂly send me %r answeﬂ

Example 10.29
In a murder investigation, a corpse was found
by a detective at exactly 8§ p.m. Being alert,
the detective also measured the body
temperature and found it to be 70°F . Two
hours later, the detective measured the body
temperature again and found it to be 60°F. If
the room temperature is 50°F, and assuming
that the body temperature of the person
before death was 98. 6F, at what time did
the murder occur?

log(2.43) = 0.88789,

log(0.5) = —0.69315

Soluton:
dT
E o {T -5}
dr _
e k(T — %)
T-5§=Ce"
Whent=0, T=70, s=50 =% c=20
Whent=2, T=60, s=50
et =—=10.5 = log(0.5)

?JJ
1
k = (~0.69315)

Let t4 be the elapsed time afier the death,

Whent=t,, T =98.6, 20ekt = 48.6

k t, = log (%) = log(2.43)

-2 % 0.88789 _

t = T —2.561 (4 hour 30 mins)

The time of death = 10— 4. 30 = 5.30

It appears that the person was murdered at about
5.30 p.m.
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Example 10.30 A tank contains 1000 litres of
water in which 100 grams of salt is dissolved.
Brine (Brine is a high-concentration solution
of salt (usually sodium chloride) in water)
runs in a rate of 10 litres per minute, and each
litre contains Sgrams of dissolved salt. The
mixture of the tank is kept uniform by
stirring. Brine runs out at 10 litres per
minufe. Find the amount of salt at any time t .

www.TrbTnpsc.com
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EXERCISE 10.8

Solution:

Let x(t) denote the amount of salt in the tank at
time ¢ . Its rate of change is

=
=

= in flow rate — out flow rate

A

t

In flow rate = 5 x 10 = 50grams

Out flow rate = (10/1000) x x = 0.01x grams

d
d—’: =50 - 0.01x = —0.01(x — 5000)
dx
x—5000 o1t

Integrating on both sides,

log|x — 5000] = —0.01¢ + log ¢
x — 5000 = ¢ g~ 001t
x = 5000+ ce 01!

Initially, whenr = 0, x =100,

100 =5000+ ¢ ¢ =—4900

Hence, the amount of the salt in the tank at tme ¢

is

x = 5000 — 4900 ¢~ 0.01¢

1. The rate of increase in the number of
bacteria in a certain bacteria culture is
proportional to the number present. Given
that the number triples in 5 hours, find how

many bacteria will be present after 10 hours?

Solution:

Let A be the number of bacteria at any time t.
dA daA

Efx A T =
Let Ay be the initial amount of bacteria.
Whent =0,
Whent=5 A=34= e =3
Whent =10, A=? A=Age'™
= Ag(e™)’*
= Ap(3)*
4=94

ka A=ce*

Azﬂu: CZA{]

Hence after 10 hours the number of bacteria is 9

times the original number of bactena.

2. Find the population of a city at any time t,
given that the rate of increase of population is
proportional to the population at that instant
and that in a period of 40 years the population
increased from 3.00,000 to 4,00,000.

Solution:

Let A be the population of a city at any time t.

a4 a4 _ — okt
= & A = kA A =Ce" .....(1)
Whent =0, A4=300000= c=300000

When t = 40, A = 400000 =

40k _ 400000 _ 4 , (4)%:
300000 3° °

3

From (1)

9k 2 2K 2K 2k 2k 2K 2K 2K 2K 2k 2k 2K 2 A Ak A K A A e K K A A A K A A A oA R
ol 2 > 3k 5 K 2k 2 3K 5K K 2k ¢ K 5K 5k 2k k¢ 5 3K ok 2k ¢ ¢ 3K kK vk ke ok ok ok
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3. The equation of electromotive force for an

inductance is E = Ri + L% where E is the
electromotive force is given to the circuit, R
the resistance and L, the coeflicient of
induction. Find the current i at time t when
E=0

electric circuit containing resistance and self-

Solution:
E=Ri+L i
tT
di + R - E
dt L
Linear in . P= il and Q= £
L L
R R
[.F:EIP{H' = Ejfdt = eft

The solutionis i(I.LF)=[Q(.F)dt+c

26 6 3¢ 3 3 246 s A Ak A5 A A w6 26 26 ¢ K 26 e o ok sk vk ke ok ok

81

4. The engine of a motor boat moving at

10 m / s is shut off. Given that the retardation
at any subsequent time (after shutting off the
engine) equal to the velocity at that time, Find
the velocity after 2 seconds of switching off
the engine.

Solution:
Let v be the velocity of the motor boat at any

time t.
dv
—_——
dt
dv
— = —dt
v
Integrating on both sides, log|v| = —t + ¢
Whent=0, wv=10m/s= log|l0|=c
c=log 10

loglv| = =t +log 10
10
t =log10 —logv = log (?)

10
et
v
v=10e7t

Whent=2sec, weget v=10¢2

m/s

S. Suppose a person deposits 10,000 Indian
rupees in a bank account at the rate of 5%
per annum compounded continuously. How
much money will be in his bank account 18
months later?

Solution:
Let A be the principal at any time t and r be the

rate of interest compounded continuously.

dA

TI-E o A

dA

i kA
Here k =0.05 A= Ccet05t
Whent=0, A4=10000= c=10000

When t = 18months (or) t = %,

3
— A=10000¢e"%0)

A = 10000 "97°
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6. Assume that the rate at which radioactive
nuclei decay is proportional to the number of

such nuclei that are present in a given sample.

In a certain sample 10% of the original
number of radioactive nuclei have undergone
disintegration in a period of 100 years. What
percentage of the original radioactive nuclei
will remain after 1000 years?

Solution:
Let A be the amounnt of radioactive nuclei present
at any time t.

—=—kA k>0
A =Ce™™

When t = 0, A=4=2 c=4
When t = 100, A =90% 0f 4,
20 A = 4 g~ 100k
100" °°
=100k _ 1%,

Whent = 1000, A =7
A = Age~1000k

A=A, [e““’?;ﬂ
()

Hence the radioactive nuclei after 1000 years is
10

A= Au(%) (100)%

10
A=£]u(9 B)%
10

7. Water at temperature 100°C cools in 10
minutes to 80°C in a room temperature of

25%C. Find
(i) The temperature of water after 20 minutes

(ii) The time when the temperature is 40°C

[IngEIE ~0.3101; log,5=1. ﬁn94]

e

¥

*

********

*Only Madths
Juition
9 te 12

¥K¥¥¥ *n#y#r#n#yﬁr%sﬁr*&#&#s EXXEXXFFX¥¥

Solution:

Let T be the temperature of water at any time t.

dT
% T—9)

dr
=5 = k(T -5)
T—S=CeM

Whent=0, T=100, s=25 = ¢=75

Whent=10, T=80, s=25
10k _55_ 11 _1 11
€ T 757 15 k_m'!ﬂg 15)
(i) Whent = 20, T=?, s=25

T —25 =75 (el01)?

11\?

r-2s475 (11)
r=25+75 2211 _ oo,
- 15 x 15 3

=25+ 40.33 = 65.33%%

121

The temperature of water after 20 minutes is
65. 33°C (approximately)
(i) whenT =40 40— 25 =75eM

75ekt = 15

o)
p _1111!0&‘;r (11)
1.6094
—0.3101

t=-10 =~ 51.899

The time when the temperature 40°C is 51.9

minutes (approximately).
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8. At 10.00 A.M. a woman took a cup of hot
instant coffee from her microwave oven and
placed it on a nearby Kitchen counter to cool. At
this instant the temperature of the coffee was
180°F, and 10 minutes later it was 160°F.
Assume that constant temperature of the kitchen
was 70°F.

(i) What was the temperature of the coffee at
10.15A.M.?

(ii) The woman likes to drink coffee when its
temperature is between 130°F and 140°F.
between what times should she have drunk the
coffee [log = = —0.2006, log - = —0.606135]|

Solution:

Let T be the temperature of coffee at any time L
%u (T—-5) %: k(T—S) T-S=Ce
When 10 A. M as

t=0, T=180, s=70 = c= 110

Whent =10, T=160, s=70
10k 90 9
110 11
e (9) 0.02006
10 %9 \11 :
Whent=15, T=?, s=70

3
T—70=110(e'?%)z
3

g N
T=70+ 110 (———)

11
T—?[H—llﬂi
B 11 x V11
—Tﬂ+2?0~70+314~151 iF
B Vil . ’

The temperature of the coffee at 10.15A.M is
151. 4 F (approximately)
i) When T =130, ¢, =?
130 — 70 = 110 ¢ "02006 4
-0.02006 ¢ 60
e 1 — e

110
0.606135 .
L1 = otete 30.216 mins
When T = 140, t, =7
140 — 70 = 110 g 0200612

e—0.02006 ¢, _ 70

110
_ 045198

2™ pozooe
Temperature 130°F to 140°F. comes between
10.22 AM to 10.30 AM.

= 22.53 mins

www.TrbTnpsc.com

%N(T-—Sjj gzk(T—-S}

=T—-5§=Cekt

Whent=0, T=100, = c¢=100-S5

Whent =5, T=80, 80—5=(100—5)e™*
80 -5

“100-5

Whent =10, T = 65,

ESII

65— 5 = (100 — 5) (e5K)°

65 = 5 4 80—
100-5
65(100 — 5) = (100 - 5) + (80 — 5)*
§=20

The temperature of the kitchen is 20°C.

¥ ¥ ¥

10. A tank initially contains 50 litres of pure
water. Starting at time ¢ = 0 a brine containing
with 2 grams of dissolved salt per litre flows into
the tank at the rate of 3 litres per minute, The
mixture is kept uniform by stirring and the well-
stirred mixture simultaneously flows out of the
tank at the same rate. Find the amount of salt
present in the tank at any time t > 0.

9. A pot of boiling water at 100°C is removed
from a stove at time t = 0 and left to cool in
the kitchen. After 5 minutes, the water
temperature has decreased to 80°C, and
another 5 minutes later it has dropped to
65"C. Determine the temperature of the
kitchen.

Solution:
Let T be the temperature of water at any time (.

Solution:

Let x(t) denotes the amount of salt in the tank at

time t.

dx

E = in flow rate — out flow rate

In flow rate = 2 X 3 = 6 grams
Out flow rate = (3/50) X x grams

de 3 3 a0
—=f—=X= (x—ﬁx—)

de 50" 50 3
dx 3
E‘:— = "ﬁ{x - lﬂ[l}
dx 3
¥—100 50 %
Integrating on both sides,
log|lx — 100| = —% t+log c

Take exponential on both sides

3
x—100=ce 50"

3
x =100+ ce 50"

[nitially, when1=0,x=0, ¢=-100

Hence, the amount of the salt in the tank at time ¢

15
- p
x=100-100¢ 50

_3 4
leﬂﬂ(l—e 50 )

83
¥ ¥ ¥ ¥ *I&oﬁ s#d*e*uﬁnﬁe*e* tﬁs*aﬁsﬁaiﬁt&rﬁ Iﬁn* ¥ ¥ ¥ ¥

*

RHHHHNHNNNNHHNNNNNENEEHNNNNNNNNNN


https://www.whatsapp.com/channel/0029VaAqUqk9Bb672tBn033m
https://www.whatsapp.com/channel/0029VaAqUqk9Bb672tBn033m

**

E
%

www.Padasalai.Net

www.TrbTnpsc.com

HEHHFEEREEEEEEEEEEERRREERFFFH¥

Example 11.8 A six sided die is marked ‘1’ on one face, ‘2’ on two of its faces, and 3’ on

KRR FFFFFFNNFFFFFFFFEEINN

remaining three faces. The die is rolled twice. If X denotes the total score in two throws.

(i) Find the probability mass function.

(iii) Find P(3 < X < 6)

{ii) Find the cumulative distribution function.

(iv) Find (X = 4) .

Solution:

Number of Sample space n(S) = 36

.

Let X is a random variables takes the values 2, 3, 4, 5 and 6.

Let X (w) denotes the total score in two throws, this gives

r(1,1),(1,2),(1,2),(1,3),(1,3),(1, 3N
(2,1),(2,2),(2,2),(2,3),(2,3),(2,3)
(2,1),(2,2),(2,2),(2,3),(2,3),(2,3)
(3,1),(3.2),(32),(3,3),(3,3),(3,3)
(3,1),(32),(3.2),(3,3),(3,3), (3,3)

\(3,1),(3,2),(3,2),(3,3),(3,3),(3,3)/

Values of Random Variables 2 3 | 5 6 Total
Number of points in inverse image 1 4 10 |12 9 36
(1) The probability mass function is given by 12
40 10 == o
o —_— 36
x 2131 4|5 |6 1 i 36 3E
Fx) | 1| 4|10[12]9 ; 36
36 |36 |36 | 36 | 36 36
\ oy 1 2 3 4 5 6
(ii) Cumulative distribution function is . 1
7
0; —oo<x<2 36 |
1. —
v 2=x<3 15 |
=; 3<x<4 £ 36 |
Fx) =4 s 3% |
;i 4<x< 5 _1_ ;
36
g: 5 cx< 6 - | | | | | .
L1 6<x < 12 3 5 6
i
(iii) PB3<X<6)=PX=3N+PX=4)+P(X = 5)=§

(V) P(X 2 4) = P(X =4) + P(X =5) + P(X = 6) = -

HEREBHHFRFEEEREFRRFFFENEFEFH

Kindly send me your answer keys to us - padasalai.net@gmail.com

84

HHHEHENKENNNNNNNNNNFENHNNFNNNNNN


https://www.whatsapp.com/channel/0029VaAqUqk9Bb672tBn033m
https://www.whatsapp.com/channel/0029VaAqUqk9Bb672tBn033m

www.Padasalai.Net www.TrbTnpsc.com

***##*****#**********#*****ﬁ’

Example 11.10
A random variable X has the following probability mass x |12 (3 |4 |5 |6

function, '
Find (i) P(2 < X < 6) (i) P(2 < X < 5) (iii) P(X < 4) f(x) | k| 2k | 6k | 5k | 6k | 10k

(iv) P(3 < X)
Solution:
Since the given function is a probability mass function, the total probability is one. Thatis ¥, f(x) = 1

¥ ¥

NN FFFFNNEEEEEEERERERRNRNN

1
k+2k+6k+5k+06k+10k=1 = 30k =1 = k=ﬁ"

Probability mass function is

x |1 [2 |3 |4 |5 |6
fFx)| 1 [2]6|5]|6[10
30 |30 |30 |30 (3030
HPR<X<6)=fB)+fD+fE)=a+—+==2
& 6 5 13

(i) P(2< X <5) = f(2}+f(3}+f(4}=%+ﬁ+ﬁ_3u

(i) PXA) = F(D+ D+ [+ fA) =g+ =+t ===—
(WMPB<X)=f@W+fE)+fE)=c+mto==—

20 ' 30 ' 30 30 10
EXERCISE 11.2

"%
%*
%*
%
%
%*
%*
%*
%*
%
%*
%*
%*
* 2. A six sided die is marked 1’ on one face, ‘3" on two of its faces, and *5’ on remaining three faces.
3
%*
%
*
%
%*
L 3
%
%
%
%
%*
3
%*
%
%

The die is thrown twice. If X denotes the total score in two throws, find

(i) the probability mass function (ii) the cumulative distribution function
(ii) P4 =X < 10) (ivyP(X=6)

Solution:

(1,1),(1,3),(1,3),(1,5),(1,5),(1,5)
(3,1),(3,3),(3,3),(3,5),(3,5),(3,5)

o "R . ko , TE— — (311)-(3-3J-(3r3)l(3r5)-(3r5Jr(3i5j
Number of Sample space n(S) = 36 §= (5.1), (5.3). (5.3), (5.5), (5.5). (5,5)

(5,1),(5,3),(5,3),(5,5).(5,5),(5,5)
(5,1),(5.3),(5,3),(5,5),(5,5),(5,5)
Let X is a random variables takes the values 2, 3. 4. 5 and 6.
Let X (w) denotes the total score in two throws, this gives
Values of Random Variables 2 4 6 8 10
Number of points in inverse image I - 10 |12 9

(i) Probability mass function i i E E i
f(x)=P(X =x) 36 | 36 | 36 | 36 36

(ii) Cumulative distribution function i 5 15 E E
F(x)=P(X <x) 36 | 36 | 36 36 36

(i) P(A<X<10)=PX=4)+P(X=6)+P(X =8) = —+ -+ ===
L1309 3
36 36 36

10
36

(iv) P(X = 6) = P(X = 6) + P(X = 8) + P(X = 10) =

85
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4. Suppose a discrete random variable can only take the values 0, 1, and 2. The probability mass

xZ41
function is defined by f(x) = { k! forx=0,1,2
0 ;  otherwise
Find (i) the value of k (ii) cumulative distribution function (iii) P(X = 1).
Solution:
Since the given function is a probability mass function, the total probability is one. Thatis ¥, f(x) = 1
1 2 5 8
—+—-—+-—=1 —=1 k=8
PR — %k .
Values of Random Variables 0 1 2
(i) Probability mass function f(x) = P(X = x) 1 E 5
8 8 8
(i1) Cumulative distribution function F(x) = P(X < x) E E E
8 8 8

_7

G PX >1)=1—-P(X <1) =1—§

6. A random variable X has the following probability mass function.
Find (i) the value of k (ii) P(2 = X < 5) (iii) P(3 < X)

Solution:

(1) Since the given function is a probability mass function, the total probability is one. Thatis ¥, f(x) =1
k? +2k* +3k* +2k+3k=1 = 6k* + 5k =1 6k* +5k—1=0.

(6k — 1)(k+1) =0 k:—landk:ésinceﬂif(x)il, k:é
() P(2<X<5) =P(X=2)4+P(X=3)+P(X=4) =2k +3kZ +2k
(iii) P(3 < X) = P(X > 3) = P(X = 4) + P(X = 5) = 2k + 3k = 5k ==

=

2 17

6 36

2 3
36+36+

7. The cumulative distribution function of a discrete random variable is given by

HHEFFREENFFFFFFFFFHFFERENENEENN

¥ ¥

e

r0 —m=<x=<0
1
3 0=x<1
% 1<x<2 _
F(x)=13 , 3 Find (i) the probability mass function (ii) P(X < 3) and (iii) P(X = 2).
< sx<
.3 3<x<4
10
1 d<x<m
Solution:
(i) The probability mass function
X 0 1 2 3 4
F(x) = P(X< ) I3 13 6|2 8 191
Z 10 510 5 10 | 10
= 5 1 2 1 1
fix)=PX=x)= F(x) — F(x) 5 — = = | =
4 5 1 2 H] 4
() PX<3)=PX=0+PX=1)+P(x=2) =+ +—=—==
(iii) (X 22) = PX=2)+ PX=3)+P(X =4)= —+—+_-=—=2

HERHE
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Example 11.11 Find the constant C such that the function f(x) = { 0 Othrewise isa

density function, and compute (i) P(1.5 < X < 3.5) (ii) P(X < 2) (iii) P(3 < X).

Solution:
(=4
Since the given function is a probability density function, f f(x) dx = 1.

froe ax=1 c[sl=1  c-i-r ez
HPA5<X<35) [z CxPdx=C E]: = BE) _ “'35]3] =

(i) P(X < 2) [? Cx?dx =[] Cx*dx=C [3‘3:]? =12 -7
(i) PB<X)=P(X>3) [; Cx?dx= [, Cx>dx=C [%3]: =[]z

Example 11.12 If X is the random variable with probability density function f(x) given by,
x—1 ; 1=5x<2

flx)=4—x+3 ; 2<x<3 find (i) the distribution function F(x) (ii) P(1.5 < X < 2.5).

*************************

0 + Otherwise
Solution:
By the definition, F(x) = P(X <x) = [_f(u) du, —oo<u <,
When x < 1 F(x)=P(X<x)=["_0du=0
a el x _[a=121F  (x-1)?
When1 < x < 2 F(x)—P(XEx)—f_mﬂdu+f1f“—1)d“-[ 2 ]1‘ 2
When2 < x < 3 F(x}=P(X—-:x)=J’_1 l]du+f2[u—1} du+ [} (—u+3) du
F{x)—P(X{:c)-‘f[]du+j(u—1)du—j(u 3) du
@-D7F (-3 1 @-37 1_ (3 -x)?
[ ] [ 2 22*“‘—2—1‘2"1'—2_
When x > 3 Fix)=P(X<x)=[_0du+["(u—1) du+ [[3—u) du+ [0 du
-1 (u—s)”_l_(_l 3
Lz 2 |, 2 E)"
0, ) —m=x<1
(x_EIJL, lsx<2
Flx)= (3 —-x)?
1- 3 , E2Ex<3
1, Ifai<ow

(i) P(L5 < X < 2.5) = F(2.5) — F(L5) = (1 = [H's}z) (“ S-1)° ) = 0.75

2 2
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Example 11.14 The probability density function of random variable X is given by
( _{k;n£x<5
f(x) = 0 : Otherwise
Find (i) Distribution function (ii) P(X < 3) (i) P(2 <X <4) (ivP(3 = X)

Solution:
[=.9]
(i) Since the given function is a probability density function, j'_mf(x) dx = 1.
) 1 1 .
kdx:]_ kx5=1 k:—_ f:{:i:ﬂix{‘)
f_m [ ]U 4 Fx 0 ; Otherwise
By the definition, F(x) = P(X < x) = J‘_xmf(u} du, —o<u<om,
When x < 1 F)=PX<x)=["_0du=0
Whenl <x <5 Flx)=P(X<=x)= f_lml] du + ff-}f du = ;l-i{u]x = %(x -1)
When x = 3 Fix)=PX sx) = f_lmﬂ du + ff% du + f:{] du = %[u]? = %[4] =1
0, —mo=x<1
1
F(x) = E{I—l}, 1=x<5
1, h<x

(i) PX <3)=Px<3)=F@)=7B3-1=3

(i) P(2 < X <4) = F(4) ~F(2) =3(3—1) =3
1 1

fI‘J] P(? <X ): I-P(X<3)=1-—= e
2 2

Example 11.15 Let X be a random variable denoting the life time of an electrical equipment

—&X
ke forx>0 Find (i) the value of k

having probability density function f(x) = [

0 forx<0
(ii) Distribution function
(iii) P(X < 2) (iv) calculate the probability that X is at least for four unit of time
(v) P(X = 3).
Solution:

0o
(1) Since the given function is a probability density function, I—m f(x) dx = 1.

- o _ g—zx™® 3 =% gt ) _

[Pke® dx=1 k[_zluﬁl k== =1 k=2

T2 = forx>0

f(x)—{ 0 forx=0
(ii) By the definition, F(x) = P(X < x) = f:m flu) du, —oo<u<om,
When x < 0 F(x)=P(X<x)=["_0du=0
) -2x7* =2x_ 0
Whenx <0 F(x)=P(X <x)= f_umﬂ du+f;29‘2x du = 2 [E_z = = e
]
0, for x<0

—e % for x>0
(i) P(X <2)=F2)=1—¢"1

(iv) Calculate the probability that X is at least for four unit of time is
PXz4)=1-F4)=1-(1-e9)=¢"

{v) In the continuous case, f{x) at x = a is not the probability that X takes the value a, that is f(x) at

x = a is not equal to P(X = a) . If X is continuous type, P(X = @) = 0 fora € R.ie) P(X =3) =0.
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EXERCISE11.3

x < <1
2. The probability density function of Xis f(x)={2-x; 1<x<2
0 : otherwise

Find (i) P(0.2 < X < 0.6) (ii) P(1.2 < X < 1.8) (iii) P(0.5 < X < 1.5)

Solution:
x s D<x <
Given: fx)={2—x; 1=x<2
0 ; otherwise

By the definition, F(x) = P(X < x) = _fx f(u} du, —oo<u<oo,

() P02 <X <0.6)=f,, x dx =[> ] ~[(0.6)% — (0.2)?] =3 (0.32) = 0.16

(i) P(L2< X <18) = [ (2—x) dx = [{2_’:' Lj =[(0.2)* - (0.8)%] =3(0.6) = 0.3

1.0 2415
(ifi)) PO.5 < X <15) = [Mx dx + [1P(2 —x) dx = E]” + [(2_:”2]1:}

-2

= %({Lf:l)z —(0.5)% — (0.5)% + (1.0)?) = %(2 —0.5) = 0.75

3. Suppose the amount of milk sold daily at a milk booth is distributed with a minimum of 200 litres
and a maximum of 600 litres with probability density function

k ; for200<x<600
Jix)= [ 0 otherwise
(iii) the probability that daily sales will fall between 300 litres and 500 litres?

. Find (i) the value of K (ii) the distribution function

Solution:
(i) Since f(x) is a probability density function, f(x) = 0 and f_D:D f(x)dx = 1.

[ kdx=1  k[600—200] =1 k =—

(i) By the definition, F(x) = P(X <x) = [*_f(u) du, —o <u <o,

When x < 200 Fx)=PX<x)=["_ 0du=0
When x < 600 Flx)=P(X<x)=[""0 du+ f;}w}éﬂ du a}m:: [1]3,0 = 4{]0 (x — 200)
Whenx > 600  F(x)=P(X <x) = 20 du+ [io 2 du+ [, 0 du

i /|
= 700 14158 = 7551600 - 200] = 1

0, —=x <200
1
F(x) = {700 * — 200, 200 =x = 600
1, 600 <x

(ifi) P(300 < X < 500) = F(500) — F(300) = 755 [(500 — 200) — (300 — 200)] = %-g-g =

B =

¥H¥EX¥ *K*d# #d#e#t&ﬁvv#@s% # ﬁ(ﬁaﬁ ﬁ@r#l*r# ¥ ¥ ¥ ¥
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4. The probability density function of X is given by f(x) = { kes; forx>0 gg (i) the value

0 i forx<0
of k (ii) the distribution function (iii) P(X < 3) (iv) P(5 < X) (v) F(X < 4).
Solution:
(1) Since the given function is a probability density function, f_mmf(x) dx = 1.
xr 400
) _=* e 3 o 0 1
[ kesdx=1 k|5 =1 —3k[le™® —e% =1 k=-
0 -3 3
0
1 _x
0 forx<0
(ii) By the definition, F(x) = P(X <x) = [7_f(u) du, —ew<u<os,
Whenx <0 F(x}=P(X£x)=ffmﬂ du=20
X 4% X
— K "3l 4
Whenx <0 F(x)=P(X<x)=[" 0du+['5e du=%[el:l £ =1-¢73
Tl

for x=0

0,
F
b= [1—{:?% for x>0
(i) P(X <3)=F@3)=1—¢"1

(iv) P(X 2 5) = 1-F(5) = 1- (1~ e_g) —e3

W PA<H)=F@) =1—e3

5. If X is the random variable with probability density function f(x) given by,
x+1 r=1=x<0
fix) = { —x+1 ; 0=x<1 then find (i)the distribution function F(x) (ii) P(-0.5<= X < 0.5)
0 ; otherwise
Selution:
(i) By the definition, F(x) = P(X < x) = _f_xm fu) du, —oo<u<on.
When x < —1 FX)=PX<x)=[ _0du=0
- x x & .
When —1 < x < 0 F)=P(X<x)=[ 20 dut[“(x+1) dx=][" "“a] =&
When0 < x < 1 F(x)—P{X{x]—f 0 du+} (x+1) dx+f (-:r+1) dx

=1

Flx)=P(X =x)= jﬂdu+ f{r+l) dx~j{"c—1) dx

_— -_—— = . X ——

(x+1)2 - 1 (x—-12% 1 (x—-1)2% 1 x2
l l [ "2 2 2 2 2 2

Whenx = 1

=1 x

Flx)=P(X=x)= f 0 du+ f{x+1) dx+f(1~x) dr-i—j[)d*r:

1

(x+1)? (xr—l)?l_‘1+1_1
. 2 2
0, —m-::x-q: -1
+1)2
{‘xzj. —-1<=x<10
Flx) = 1 (x—-1)2
1-— 3 ; 0=x<l1
1, l<=x<w

****************#************

(i) P(—0.5 < X < 0.5) = F(0.5) — F(—0.5) = (‘“ il ) (‘:‘”-“”z) = 0.75

2 Z
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Example 12.2 Verify the (i) closure property,
(1) commutative property, (iii) associative
property (iv) existence of identity and

(v) existence of inverse for the arithmetic
operation + on Z.

Example 12.4 Verify the (i) closure property,
(ii) commutative property, (iii) associative
property (iv) existence of identity and

(v) existence of inverse for the arithmetic
operation + on Z, = the set of all even integers.

*
*
*
*

Solution:
Let G = Z = set of all integers
Binary operator = +

% Closure axiom: Vmn eG=m+nei
closure axiom is ture.
*':* Commutative axiom:
* YVmnelst m+n=n+m
commutative axiom is true.
» Associative axiom: Ymn €G
m+n+p)=(m+n)+p
Associative axiom is ture.
**3* Existence of Identity axiom:
Let e = 0 € G be the identity element.
m+0=04+m=m
med
**I* Existence of Inverse axiom:
—m € (G be the inverse element.
m+(—m)=(-m)+m=20
Inverse axiom is true.

¥

Identity axiom is true.

¥

Solution;
Let ¢ = Z, = the set of all even integers.
Binary operator = +
% Closure axiom: Ym,n € G
letm=2aand n=2b
=sm+n=2(a+b)EG
closure axiom is ture.
< Commutative axiom:
Yvmn EGletm=2aandn = 2b
m4+n=2(a+b)=2(b+a)=n+m
commutative axiom is true.
< Associative axiom: Vm,n € G.
letm=2aandn =2b andp = 2c
m+m+p)=2(a+(b+c))
(m+n)+p=2((a+b)+c)
Associative axiom is ture.
% Existence of Identity axiom: letm = 2a
Let e € G be the identity element.
m+e=m 2at+e=2a e=0
Identity axiom 1s true.
%+ Existence of Inverse axiom:

0EG

Example 12.3 Verify the (1) closure property, (ii)
commutative property, (iii) associative property
(iv) existence of identity and

(v) existence of inverse for the arithmetic

operation — on Z.

m' € G be the inverse element.

Let m = 2a 2a+m'=0

m' =-2a —2a€l
[Inverse axiom is ture.

Example 12.7 Verify (1) closure property,

(ii) commutative property, (iii) associative

%
%
%
%
Solution:
Let G = Z = set of all integers
Binary operator * -*
% Closure axiom; Ymn eG=m-—-meaG
* closure axiom is ture.
*-:- Commutative axiom; Yymn €l
m=—n+ n—m commutative axiom is not true.
%+ Associative axiom:
Yvmnet m—-—(n—p)z(m-n)—p
Associative axiom is not ture.
<+ Existence of Identity axiom:
Let e = 0 € G be the identity element.
m—0=m, 0—m=-m medsi
m—0=%0-m Identity axiom is not true.
++ Existence of Inverse axiom:
—m € G be the inverse element.
m=(=m)=(-m)—m=0 Inverse axiom
is not true.
Hence proved.

*

I H e WP O e

property, (iv) existence of identity, and
(v) existence of inverse for following operation
on the given set.

ms=n=m+n—mn, mnceck?w

Solution:

# Closure axiom; Ym,n € Z

m+n=m+n—mn, mn €L
closure axiom is ture.
% Commutative axiom: YmmneZ

m=n=m+n—mn=n-+m-—nm
Commutative axiom is true.
%+ Associative axiom: Ym,n,p € L.
ms+(n+p)=m=+(n+p-—np)
=m+m+p-—np)—-mn+p-np)
=m-+n+p—np—mn—mp+mnp..(1)
(m+n)=p=(m+n—mn)*p
=(m+n—mn)+p—-(m+n—mn)p
=m+n+p—mn—mp—np+mnp..(2)

m+n=n+m

91
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From (1) and (2)
Associative axiom is ture.

< Existence of Identity axiom: Y m,e € L

Let e be the 1dentity element.

m=+=g=mm-+e—me=m

0
o =0€el

Identity axiom is true.
++ Existence of Inverse axiom:
m' be the inverses elements.
m+m =e m+m' —mm' =0
m=——glZ
m~—1
Inverse axiom is not true,
Example 12.9
Verify (1) closure property, (i1) commutative
property, (iii) associative property,
(1v) existence of identity, and (v) existence of
inverse for the operation +5 on Zs using table
corresponding to addition modulo 5.
Solution:

Let G = Zs = {[0], [1].[2], [3], [4]}
We take reminders {0,1,2,3,4} to represent the

e =

vm,m €L

classes {[0].[11.[21.[3].[4]}.
+5|0(1]2]3|4
0 |0]1]2]|3|4
1 |1]12]|3]|4]0
2 12|3|4]0]1
3 |3]4|0]1)2
4 |4|0f1]12]3

From the table,

CLOSURE AXIOM is true. Since each box has a
unique element of G.

COMMUTATIVE AXIOM is true. Since the
entries are symmetrical about the main diagonal.
ASSOCIATIVE AXIOM is true.

Identity element is 0 € Zg . The entries of both
the row and column headed by the element 1 are

identical. IDENTITY AXIOM is true.
Inverseof 0 is 0
Inverseof 1 is 4
Inverseof 2 is 3
Inverseof 3 is 2
Inverseof 4 is 1

%+ INVERSE AXIOM is true.

*
.
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Example 12.10 Verify (i) closure property,

(11) commutative property, (iii) associative
property, (1v) existence of identity, and (v)
existence of inverse for the operation X 11 ona
subset A = {1,3,4,5,9)} of the set of remainders
{0,1,2,3.4,5,6.7,8,9,10}.

Solution:
LetG = A ={1,34,59}
1111134519

1 |1]3]|4]|5]°29

3 3|19 |UAA&| 5

4 |4]11]|5]19]3

5 51419311

9 191513 1] 4

From the table,

CLOSURE AXIOM is true. (Since each box has
an unique element of G)

COMMUTATIVE AXIOM is true. ( Since The
entries are symmetrical about the main
diagonal.)

ASSOCIATIVE AXIOM is true.

Identity element is 1€ G. (The entries of both the
row and column headed by the element 1 are
identical.) IDENTITY AXIOM is true.

Inverse of 1 is1
Inverse of 3 is4
Inverse of 4 s 3
Inverse of 5 is9
Inverse of 9 is5

INVERSE AXIOM is true.
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EXERCISE 12.1

#

5. Define an operation = on @ as follows:

a+b

a=h= (T) ;a, b € ). Examine the closure,

commutative. and associative. the existence of
identity and the existence of inverse for the

operation * on {J.

9.(i) Let M = {G D:xE [l%.—{ﬂ]] and let =

be the matrix multiplication. Determine whether
M is closed under *, If so, examine the
commutative and associative , existence of
identity, existence of inverse properties for the
operation * on M .

Solution:
Let G = @ = {All rational numbers}

a+h

Binary operater: + = a+b = (T) EG

Closure axiom: Va b €0
=S gxh= (%) =

closure axiom is ture.
Vab EG

na*b=(ﬂ)=(ﬂ)=b*a

2 2

Commutative axiom:

commutative axiom is ture.

Associative axiom: Va,b,c EG
a=(bh=*c) (a*h)=*c
(h+c) (a+h)
= * — E
a > 5 c
b+c a+b
Z‘”’( ) :( ) *e
2 2
ax(b+c) = Za-:bﬂ (@*b)+c = u+.'.;+2-::
------ (1)
)
From (1) and (2) a*(b+c) = (axb)*c

Associative axiom is ture.
Identity axiom: a*e=e*xa=a
a+ e
=% a*e:T:a =e=a€l

The identity element is unique. Therefore
Identity axiom is not true.

Inverse axiom:

If identity axiom is not satisfied we can’t discuss

mverse axiom. Inverse axiom is not true.

Solution:

LetG=M=[(i :

)jx ER- {n}}
% Closure axiom:

A= D50 3 eo

i XxeyY Yy 2xy 2xy
AB = (.r x) (y }") - (ny Exy) €6
Closure axiom is true.

% Commutative axiom:

Bea=(y )G x)=405

Commutative axiom is true.
% Associative axiom: A(BC) = (AB)C
Matrix multiplication is always associative.
Associative axiom is true.
% Identity axiom:

Let E= (z ‘:} € G be the identity elements.

aw=a=CE )=C 3
(e 200)=G ¥ Zre=x
EZ%ER—{H} E:Gfé }ﬁ)eﬁ

Identity axiom is true.

< Inverse axion:

z Z .
[et A7 = (2 z) € G be the inverrse elements.

AAY = E = (x x)(z 2)2(1;’2 1;’2)

x x/\z z 1/2 1f2
2xz 2xz\ _ (1/2 1;’2) 1
(sz 21‘2) i (1/2 1/2 SEE
etk . -1 _ (1/4x 1/4x
FgER-10} A= (I;’4x 1;’4::) -

Inverse axiom is true.,

¥ KK HHXENEEEEEIFF IR H KN ¥ X ¥ ¥

HHNNENFNNFHNFFEFFFNFNNN

el ¥ ¥ ¥ ¥ ¥ ¥


https://www.whatsapp.com/channel/0029VaAqUqk9Bb672tBn033m
https://www.whatsapp.com/channel/0029VaAqUqk9Bb672tBn033m

www.Padasalai.Net

www.TrbTnpsc.com

W H N X NN W N NN NN NN KKK KKK KKKNKKH N

WHHHHHNHHFENENNENNEENNENNNENNNN

10. (i) Let A be @\{1} . Define * on A by
x*y=x+y—xy.Is*binaryon A ? If s0,
examine the commutative and associative , the
existence of identity, existence of inverse

properties for the operation * on A .

Example 12.19 Using the equivalence property,
show that p & g = (pAq) V (~p A q).

Solution:

Let G = A = Q\{1} = {All rational numbersexpect 1}

Binary operater: + —a*b=a+b—ab

% Closure axiom: Ya,b €6

a1l b=l1= a—-1=0, b—1=%0

(a—1)(b—1)#0 a+b—ab=1

=a+b—abeG =a+*beG
closure axiom is ture.

% Commutative axiom: Ya b G

a*b=a+b—ab=b+a—ba

a*b=Db#a commutative axiom is true.

Yab,c EG

%+ Associative axiom:
a*(bscd=a+b+c—ab—bc—ac+ abc —---—- (1)
(a=b)*c=a+b+c —ab—bc—ac+ abc —-(2)
From (1) and (2) a*(bxc)=(a+b)*c
Associative axiom is ture.
%+ Identity axiom:
Let e € G be the identity element.
a*e=exa=g=a*e=at+e—ae=a
= e(l—a)=0= e=0€G
Identity axiom is true.
% Inverse axiom: Leta™! €
G be the inverse element.
a*a t=al*xa=e=0

=1

a*xal=0= a+a aal=0

ﬁl‘.’l_1=1—nEﬂ

=

= a'(1l—-a)=-a

%+ Inverse axiom 1s true.

Solution:
Method 1:

(paq)v
pla|—-pl - [phAg | phag | Peg

(—p Ag)
T|T[F| F T F T T
T|F|F T F F F B
F|T|[T| E F F F F
F|E|T| T F T T T

D d2)

Method 2:

peqE(pVaA (qVp) .. (1)
= (-p V q) A(p V—q) (by Commutative Law) ... (2)
E(-pA(@EVg) V(A Q@Y q)) by Distributive Law)
E(wAP)V(ApA-q)V(gAP) V(G A—g)
(by Distributive Law)

EFV(-pA-q)V(@Ap)VF;

(by Complement Law)
= (-p Ag) V(g Ap) ; (by Identity Law)
= (pAq)V (—pA~q); (by Commutative Law)
Finally (1) becomes, p « g = (pAg) V (-p A=g)

EXERCISE 12.2

6.V} (p=1)A(P < q)

* * * * * %irﬁy?er#ngyour answer*e* * *

ys to us - padasalal.net@gmail.com

(V) (-p=1)AQ@ < q)

pla|T|—p| P77 peq (=p—7)
Alp=q)
T T|T|F| T T T
T|T|F|F r T T
' ¥F|T| F 1 F F
T F|F|F| T F F
F|T|T|T]| T F F
F|T|F|T F F F
F|F|T|T T T T
F|F|F|T F T F
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13. Using truth table check whether the
statements =~(p VvV q) V (=p A q) and —p are
logically equivalent.
Solution: m
~(pVaq)
Plg|pvae :ES —p | PAd v Y o
Cono uition
T|T|T F F F F
TIF|T F F F F
FIT|T F T T T
F|F|F T T F T

(1) «(2)

From (1) and (2), =(pV @IV (-pAqg) = -p

15. Prove thatp = (g V1) = -pV(ag V1) 5, .
using truth table.
Solution: W
¥ Question Bank
~q

p q (r |- af v B {mg V)

|
|
|
|
i
|
[
1
|
|
|
:
LR AL L L L L L L L L L L L LT

) (2) . &WM

———— N — —— T — —— — —— — —— — — —

T T OnlyMaths §
e Juition %
sisuunnsmmmeil 4N A
%*
%*
%
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