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Important hints:

VECTOR ALGEBRA
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e d-b= |?i||3|cos@

e WorkdoneW =F-d
e TorqueT=7xF

o dxb=|dl|blsinon

v =|[a5e

e a,bareparallelvectors @ dx b =0

e a, b are perpendicular vectors d-b =0

—

e Volume of parallelepiped with coterminous vectors

|ffi = ali‘l‘ a2j+ a3i€ and E s b1i+ b2j+ b3k

A

% Scalar product (or) dot product G - b = a,b; + a,b, + asbs

. i j k
% The vector product (or) cross productd X b = |a, a, as
by b, bs

% If 6 is the acute angle between two straight lines 7 = a + sband# = & + td, then

0 = cos~?! (LB'&J)
|b||d]

X/
L X4

X/
L X4

6 = sin™! ('?ﬂ)
|p|17]

% Let C_i = ali + azj +

a3i€, l_;: bli+b2j+b3i%,

The acute angle 8 between the two planes 7 - 71, = p, and 7 - 1, = p, is O = cos™! (llfl—r?l

i ||7i5]

If 6 is the acute angle between the line # = @ + tb and the plane 7 - 7§ = p, then

)

a; 4a; as
< d,b,carecoplanar & [d,b,é] =0 |b1 by bs3|=0
G €2 (3
“ If two lines Z2=YX20_Z%  gnq T2 _Z%  jyersect, then
b1 b2 b3 dl dZ 3
X2 =X1 Y2—=V1 Z2—Z1
b; b, bs =0
dy d; d3
Parametric Vector Equation Non Parametric Vector Equation Cartiesan Equation
7=d+sb+t¢ F-ad) (bxc)=0 roX Yo 274
( ) bl bz b3 = 0
C1 C2 C3
7= (1-s)d+sb+tc G-d) [(b-d)x¢|=0 X=X Y=y Z77h
X2 —X1 Y2—YV1 22— 21|=0
€1 C2 C3
Ff=(1-s—td+sb+t¢c |F-d)  [(b-d)x(E-a)]=0 r—=*f Yy=y1 Z=n
[( )] X2 —X1 Y2—YV1 22— 21|=0
X3—X1 Y3—YV1 23— 73
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5 MARKS
1. By vector method, prove that cos(a — B) = cosacosp + sinasinf
Soln:
Let @ and b are two unit vectors d 4
a = cosat + sinaj &‘3 i 1B
b = cospi + sinBj a‘}ﬁ
b-a=cos(a—pB)———— () ¢ Ly
b-a = (cospi+ sinB}) - (cosai + sinaj)

= cosacosf + sinasinff — — — —— (2)

From (1)&(2) cos(a — ) = cosacosf + sinasinf

2. By vector method, prove that cos(a + B) = cosacosp — sinasinf

Soln: N )
Let @ and b are two unit vectors

a = cosai + sinaj

b = cospi — sinBj — Sy
b-a= cos(a+pB)————>(1) g ~,
b-a = (cospi—sinBj) - (cosai + sinaj)

= cosacosf — sinasinff — — ——- (2)

From (1)&(2) cos(a + B) = cosacosf — sinasinf

3. By vector method, prove that sin(a — ) = sinacosf — cosasinf

Soln:
Let@ and b are two unit vectors y 4
a = cosal + sinaj 5
- 3
b = cosBi + sinBj i-b
~ A o )P
bxa=sin(a—p)(k)——— (1) 5 P
A 0 j ok
bxa=|cosp sinf 0
cosa sina 0
= (sinacosf — cosasinﬁ)(fc) ————(2)
From (1) & (2) sin(a — f) = sinacosp — cosasinf
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4. By vector method, prove that sin(a + B) = sinacosp + cosasinf
Soln:

Let @ and b are two unit vectors (& p

a = cosal + sinaj a

b = cosfi — sinf] . 4 )ﬂ; L.
bxa=sin(e+pk ———— (1)

Iy
X ik :
bxa= |cosp —sinf 0
cosa sina 0

= (sinacosp + cosasinﬁ)k ———>(2)
From (1)&(2) sin(a + ) = sinacosf + cosasinf

5. Prove by vector method that the perpendiculars (attitudes) from the vertices to the opposite
sides of a triangle are concurrent.

Soln: 0Ad=d ,06=0b, OC =
AD1BC ; BE LCA To prove CFLBA
Case:1 ADLBC Case:2 BE L CA
04-BC = OB-CA=0
04 - (0C - 0B) = 0B - (04 - 0C) =
da-¢—d-b b

b=0-— (1) | brd—b-é=0-——(2)
From (1) + (2= d -é—b ¢=0
(G-b)-2=0
(0A-0B)-0C =0
BA-0C=0= BA-CF =0= CFLBA

Hence, the perpendiculars (attitudes) from the vertices to the opposite sides of a triangle
are concurrent.

6. fd=i—j b=1i—j— 4k, ¢=3j—kandd = 2i + 5j + k verify that
(@xb) x (¢ xd) = [d,b,d]c [ai;z]a
Soln:
R i j ok
X b 1 —1 0|=4i+4)
1 -1 —4
Lotk
cxd= 1|0 3 —1|=81—2j—6k
2 5 1
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B, R j ok .
(@xb)x(éxd)= 4 0|=-240424-40k—————————— - (1)
8 —2 —6
1 -1 0 1 -1 0
[6,b,d]=[1 -1 —4|=28,[dbd=|1 -1 -4|=12
2 5 1 0 3 -1

[d,b,d]¢ —[d,b,é]d = 28(3f — k) — 12(2i + 5] + k) = —241 + 24] — 40k — —— (2)
From (1), (2)

(@xb) x (¢ xd) = [a,b,d|¢ - [d,b,c]d

Try Yourself:(d x b) x (¢ x d) = [d,¢,d|b — [b,¢,d]d
7. 1fd=2i+3j—k b=3i+5j+2kand¢ = —i— 2j + 3k verify that
adx(bx¢)=(d )b (d-b)¢

Soln
B, toj k .
bxc=|[3 5 2(=191-11j-k
-1 -2 3
. R
ix(bxé)=|2 3 -1
19 -11 -1
=-14i—-17j-79% ————————— — > (1)
a-¢=(20+3j—k)-(-i—2j+3k)=-11
a 5=(2i+3“ k)-(3i+5) +2k) =19

(@- &b — (- b)é = —11(31 + 5] + 2k) — 19(—1 — 2 + 3k)

(@ &b—(d-b)é=—-141—17)—79%k ———————— > (2)
From (1),(2)

@x(bx¢) =@ Ob—(d b

Try yourself :(d x b) x¢= (d- )b — (b-¢)d

TYPE- |
8. Find the non-parametric form of Vector Equation, and Cartesian equation of the plane
passing through the point (0,1,-5) and parallel to the straight lines
F=(1+2j— 4k)+s(2l+3]+6k) and 7 = (i —3j+5k) + t(i+j— k).
Soln: 4=0{+j—5k b=20+3j+6k ¢Z=i+j—k

Vector Equation: 7 = @ + sb + t¢
7= (004+j—5k)+s(2t+37+6k)+e(i+j—k)

X—=X1 Y=V Z— 7
Cartiesian Equation: | by b, b; |=0
€1 C2 C3
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x—0 y—1 z+5
= 2 3 6 |=0

1 1 -1
x=0)(-3-6)—-(@—-1D(=2-6)+(z+5)(2-3)=0

—-9x+8y—-z—-13=009%—-8y+z+13 =0
Non Parametirc Vector Equation: (7 —d) - (b x &) = 0
7-(9i—-8j+k)+13=0

9. Find the non-parametric form of Vector Equation, and Cartesian equation of the plane

passing through the point (2,3,6) and parallel to the straight lines %1 = %1 = ? and
3 _y3 _z+1

2 -5 -3
Soln:d =2{+3j+6k b=20+3j+k ¢&=20—5/—3k

Vector Equation: 7 = d + sb + &¢

7= (20+37+6k)+s(20+3j+k)+t(20 — 5] — 3k)

X=X1 Y=V Z2—24
Cartiesian Equation: | by b, b; [=0
1 C, Cs
x—2 y—3 z—6
=] 2 3 1 [=0
2 -5 -3

x=2)(-9+5) - —-3)(-6-2)+(z-6)(-10—-6)=0
—4x+8y—16z2+80=0 (or) x—2y+4z—-20=0
Non Parametirc.Vector Equation: (7 —a)- (b x &) =0
= 7-(1—-2j+4k)-20=0

10. Find the non-parametric form of Vector Equation and Cartesian equation of the plane

passing through  the point (1,-2,4) and perpendicular to the plane x + 2y — 3z = 11 and
parallel to the line =7 = 22 =2 |

Soln:d=i—2j+4k b=1+2j—-3k ¢é=31—j+k

Vector Equation : 7 = @ + sb + £¢

F=(—-2j+4k)+s(+2/—3k)+t(3i—j+k)

X=X1 Y=V Z—2
Cartiesian Equation: | by b, b; [=0
€1 C2 C3
x—1 y+2 z-4
= 1 2 -31=0
3 —1 1

x-1DR2-3)-@+2)A+9)+(z—-4)(-1-6)=0
—x—10y—=7z4+9=0 (or) x+10y+7z—9=0

Non Parametirc.Vector Equation: (7 —a)- (b x¢) =0
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= 7-(i+10j+7k)-9=0

11. Find the parametric form of Vector Equation, & Cartesian equations of the
plane containing the line # = (i — j + 3k) + t(2i — j + 4k) and perpendicular to
plane 7. (i + 2j + k) = 8.
Solnid=1—j+3k b=20—j+4k Z=1+2

a

+k
Vector Equation : # = @ + sb + t¢

f=(—-j+3k)+s(2t—j+3k)+c(i+2j+k)

X—=X1 Y=V Z— 24
Cartiesian Equation: b, b, b; |=0
1 Cy C3
x—1 y+1 z-3
2 -1 4 [=0
1 2 1

x-D1-8)-@+1D)2R-4)+(=-3)4+1)=0
—9x+2y+5z—4=0 (or) 9x—2y—5z4+4=0
Non Parametirc.Vector Equation: (7 —a)- (b x¢) =0
=7-(91-2j—-5k)+4=0
12. Find the non-parametric form of vector egn, and Cartesian eqns of the
plane ¥ = (61— j + k) + s(—i + 2j + k) + ¢t(—5i — 4f — 5k).
Soln: d=6i—j+k b=-i+2j+k ¢é=-51—4j—5k
Vector Equation : 7 =@ + sb + t¢

F=(60—j+k)+s(—i+2j+k)+¢t(-5— 4 —5k)

X=X1 Y=V Z2—24
Cartiesian Equation: | b; b, b; | =0
€1 G2 C3
x—6 y+1 z-1
-1 2 1 |=0
5  —4 -5

(x—6)(=10+4) = (y+ DG +5)+ (z—-1)(4+10) =0
—6x—10y +14z+12 =0 (or) 3x+5y—7z—6=0
Non Parametirc.Vector Equation: (7 —a)- (b x¢) =0
= 7-(3i+5/-7k)-6=0
MODEL-II

13. Find the non-parametric and Cartesian form of the eqn of the plane passing through the
points (-1,2,0), (2,2,-1) and parallel to the straight line %1 =zl

2 -1
Soln:d =—{+2j+0k b=20+2j—-k <c=i+j—k
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Vector Equation: 7 = (1 — s)d + sb + ¢
F=1-s)(—t+2)+s(2t+2f—k)+t(i+j—k)

X—=X1 Y—=—V1 Z—Z
Cartiesian Equation: [X2 = X1 Y2 —Y1 Z2 —Z1| =0
Cq cy C3
x+1 y—-2 z-0
=1 3 0 -11]=0
1 1 -1

x+1DO+1D)-@-2)(-3+1)+(z—-0)(3-0)=0
x+2y+3z—-3=0
Non Parametirc Vector Equation: (#—a)-[(b—d)x¢] =0
=7 (i+2j+3k)=3

14. Find the non-parametric form of vector eqn, Cartesian eqns of the plane passing through
the points (2,2,1), (9,3,6) and perpendicular to the plane 2x + 6y + 6z = 9.

Soln:d =2{+2j+k b=91+3j+6k ¢&=20+6]+6k
Vector Equation: ¥ = (1 — s)d + sb + t¢
F=(1-s)(20+2+k)+s(98+ 3]+ 6k) + t(21 + 6] + 6k)

X=X Y= Z-Z

Cartiesian Equation: (X2 =X1 Y2 —Y1 Z2 —Z;1| =0
Cq Cy C3
x—2 y—2 z-—1
= 7 1 5 |=0
2 6 6

(x—2)(6-30)—(y—2)42-10)+(z—1)(42-2)=0

—24x — 32y +40z+72=0 (or) 3x+4y—-5z—-9=0
Non Parametirc Vector Equation: (7 —a)-[(b—d)x¢] =0

= 7-(3i+4j-5k)-9=0
15. Find parametric form of Vector Equation and Cartesian equations of the
plane passing through the points (2, 2,1), (1,-2,3) and parallel to the straight
line passing through the points (2, 1, —3) and (—1.5, —8).
oln:d=2i+2j+k b=:i-2j+3k ¢&=-30+4j—5k
Vector Equation: 7 = (1 — s)d + sb + £¢
F=(1-s)(20+2]+k)+s(i—2f +3k) + t(-3t + 4 — 5k)

X—=X1 Y=V Z—Z
Cartiesian Equation: (X2 = X1 Y2 = Y1 Z2 —Z1[ =0
1 C2 C3
x—2 y—2 z-1
-1 —4 2 |=0
-3 4 -5
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(x—2)(20—8) — (¥ —2)(5+6) + (z — 1)(—4 — 12) = 0
12x — 11y —16z+14 =0
Non Parametirc Vector Equation: (F—a)-[(b—a)x¢] =0
=7-(12i - 11j - 16k) + 14 =0

MODEL-I1I

16. Find the parametric vector, non-parametric vector and Cartesian form of the equations of
the plane passing through the three non-Collinear points (3,6, —2),

(-1,-2,6) ,and (6, 4, -2).
Soln:d =3i{+6j—2k b=-i{—-2j+6k Z=6i+4j—2k
Vector Equation: ¥ = (1 — s — t)d + sb + t¢
7= (1—s—t)31+ 6] — 2k) + s(—1 — 2 + 6k) + t(6i — 4] — 2k)

X—X1 Y—=Y1 Z—2Z
Xo—=X1 Yo2—=Y1 22— 2
X3 —X1 Ys—Y1 Z3— 2

Cartiesian Equation: =0

x—3 y—6 z+2
=>| —4 -8 8 |=0
3 -2 0

(x—3)(0+16) — (y — 6)(0 — 24) + (z + 2)(8 + 24) = 0
16x — 48 + 24y — 144 + 322+ 64 =0 (or) 16x+24y+32z—-128=0
2x+3y+4z—-16=0
Non Parametirc Vector Equation: (7 — @)« [(b—d) x (¢ —d)] = 0
=7-(20+3j+8k)—-16=10

17. Derive the equation of the plane in the intercept form.
Soln: A(a,0,0),B(0,b,0),€(0,0,¢)

G =al+0j+0k,b=0i+bj+ 0k ¢ =01+ 0] + ck,
Vector Equation: 7 = (1 — s — t)d + sb + t¢
7= (1—s—t)ai+shj+ tck

X—Xp Y—YV1 Z—Z;
Xo—=X1 Y2—=V1 Z—Z;
X3—X1 Y3— Y1 Z3—Z;

Cartiesian Equation: =0

xX—a y z
—a b 0[=0

—-a 0 c

Xy z
4+ 4+-_=1

a+b+c
x—4 y-1

18. Show that the lines x;—l =Y Z_ ? and
of intersection.

— =5 =z intersect and hence find the point

X2 —=X1 Y2—=)V1 Z2— 2 3 -1 -3
Soln: Condition for intersecting lines | {1 my n; [=0=> (2 3 4(=0
lz m, n, 5 2 1
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Let ’%1:3’_ ?:g = (x,y,2z)=2s+13s+ 2,45+ 3)
xe

3
T4=y7’1= z=t = (xy,2) = Gt+42t+1,0)
At the point of intersection (2s + 1,35+ 2,4s+3) = (5t + 4,2t + 1,t)
~wegets=-1, t =-1
The point of intersection (x,y,z)=(—1,—-1,—-1)

Try yourself.

y—3 z—1

v Show that the lines % =>—,z—1=0and ’%6 =2,y —2 = 0 intersect and hence

- 3
find the point of intersection. Hint: "3;3 = = & —

-1 2

y-3 z-1 x—6 _z-1 _y-2

v Find the parametric form of a vector equation of a straight line passing through the point
of intersection of the straight lines # = i + 3j — k + t(21 + 3] + 2k) and ?

$, and perpendicular to both straight lines. Hint: > . : .
v If the two Iines";—1 oyl ?and? _y

of m.

ANALYTICAL GEOMETRY

5 Marks
Hints:

2
> Elipse ¢? = a*m? + b?, point of contact (_aT’T)
2 2
> Hyperbola c? = a?m? — b?, point of contact (— —, - b—)

c

S

x—1 -3 z+1 x—2 -4
Ty _ e X2 _YR

_Tm = z intersect at a point, find the value

1. Find the equation of the circle passing through the points (1,1),(2,—1), and (3,2)

Soln:A(1,1),B(2,-1),C(3,2)
M; = Slope of AB = =N

Xo—X1 2-1

M, = Slope of AC =§%=%

=

my Xm, =—1 « 24 =90° N4

End points of diameter B, C
(x—x)(x—x2) + =y —y2) =0
x=2)x-3)+(+DHy-2)=0
x2+y>-5x—y+4=0

2. Find the equation of the circle through the points (C5Y)
(1,0),(—1,0),and (0,1).
Soln : End point of diameter of (1,0), (—1,0)

Centre(0,0), radius=1

(-1,0)

Equation of circle x + y? =1
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3. Show that the line x —y + 4 = 0 is a tangent to the ellipse x? + 3y? = 12.Also find the

coordinates of the point of contact.

x2 2

Soln:x—-y+4=0 x? +3y? =12 hint:y =mx+c¢,5+%=1
- 2,y
y=x+4 zt7=1
m=1c=4 a’?=12,b*> =4

Condition:c? = a?m? + b?
16 =16
x—y+4=0isatangentto x2 + 3y? = 12

2 2
Point of contact: (— %b?) =(-3,1)
4. Show that the line 5x + 12y = 9 is a tangent to the hyperbola x* — 9y% = 9,also find point
of contact?

Soln:5x+12y=9:>y=—%x+% ,mz—%,czz

2 2
x?-9y?=9=5-2=9 a*=9,b* =1

Condition ¢? = a*m? — b?,
2_2
16 16
5x + 12y = 9 isatangentto the x? —9y2? =9

2 2
Point of contact is (—% —b?) = (5, —g)

5. A bridge has a parabolic arch that is 10m high in the centre and 30m wide at the bottom.
Find the height of the arch 6m from the centre, on either sides.
Soln: x? = —4ay — ——— (1)

At (15,-10)

225

(1) = (15)? = —4a(-10) = a = o

W= =-4(F)y-—— @
At (6, —y1)
(2) = (6)? = —4 x %(_)’1) (1540

B

36X40
axzzs Y

Required heightis 10—y; =10-1.6 = 8.4 m
6. At a water fountain, water attains a maximum height of 4m at horizontal distance of 0.5

m from its origin. If the path of water is a parabola, find the height of water at a
horizontal distance of 0.75 m from the point of origin.

Soln: x? = —4ay — ——— (1)

1=y, =16
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At (—0.5,—4)
1

(1) = (—3)% = —4a(-4) = a=—

e pe TR

0.5

At (025 ) _yl) 54 08 15 (054)

1\2 1 64
@=() ==4x=(-y) ===y =y =1

4X16
Required distanceis 4 —y; =4—-1=3m

7. An engineer designs a satellite dish with a parabolic cross section. The dish is 5m wide at
the opening, and the focus is placed 1.2 m from the vertex

(a) Position a coordinate system with the origin at the vertex and the x -axis
on the parabola’s axis of symmetry and find an equation of the parabola.
(b) Find the depth of the satellite dish at the vertex.

Soln: y? = 4ax—— (1) pY

Givena = 1.2

()equation of parabola y? = 4 X 1.2 X x = 4.8x

T
y? =4.8x — ——— (2) \5.

Q= (25)2=48x; = —=x; ~ x,=13m

(i)At (xy, 2.5)

8. Parabolic cable of a 60m portion of the roadbed of a suspension bridge are

positioned as shown below. Vertical Cables are to be spaced every 6m along this portion of
the roadbed. Calculate the lengths of first two of these vertical cables from the vertex.
Soln: x2 = 4ay — ——— (1)
900

At (30,13) = 302 = 4a(13) = a =="

Equation of parabola x2 = 4 x 0y = x2 =2y — ——— (2) ? fm s
52 13 i
(DAt (6, 1) /

5 900 36x13 I Ve -
(2)$6 =EY1 ﬁmzylz)q:OSZ - ;:& B.
Height of the first cable is 3 +y;, =3 + 0.52 = 3.52 (0:16 Itm ’ (016
(DAL (12,7)

2 _ 900 144x13 _

(2)=12° = 3 V2 500~ Y2 =y2 =208

Height of the second cableis 3 +y, =342.08=5.08m

9. Assume that water issuing from the end of a horizontal pipe, 7.5 m above the ground,
describes a parabolic path. The vertex of the parabolic path is at the end of the pipe. At a
position 2.5 m below the line of the pipe, the flow of water has curved outward 3m beyond
the vertical line through the end of the pipe. How far beyond this vertical line will the water
strike the ground?

Soln: x? = —4ay — ——— (1)

Kindly send me your answer keys to us - padasalai.net@gmail.com


https://www.whatsapp.com/channel/0029VaAqUqk9Bb672tBn033m
https://www.padasalai.net/

www.Padasalai.Net www. TrbTnpsc.com

At (3,-2.5), (1)= (3)% = —4a(—2.5) = a = 1;’0
— _,,}\_",L\O.\li,fw iy

L“ NP3, -2.5)

75|

W= x*=-4(Z)y--———2)

At (x1,~7.5) () = (1)% = ~4 X 15 (=7.5) e

A

3

= (x)?=9%x3=2x;=3V3m

10. On lighting a rocket cracker it gets projected in a parabolic path and reaches a maximum
height of 4m when it is 6m away from the point of projection. Finally it reaches the ground
12m away from the starting point. Find the angle of projection
Soln: x? = —4ay — ——— (1)

At (6, —4)

(1) = (6) = —4a(—4) =a=20="

(1) = x? = —4ay =>x2=—4(z)y=>x2=

-9y ————(2) :
(2) diff.w.r.t.’x’:>2x:_9d_y / .
dx / o
A

. 4y _ 2x A(-6,-4) 8(6, —4)

T odx -9
At (—6,—4) = 2 =29
dx -9
dy f
3

— = tanf =
dx

~ 0 =tan™?! (g)

11. A tunnel through a mountain for a four lane highway is to have a elliptical opening. The
total width of the highway (not the opening) is to be 16m, and the height at the edge of
the road must be sufficient for a truck 4m high to clear if the highest point of the opening
IS to be 5m approximately. How wide must the opening be?

Soln: S +2 =1 - ——— (1) .

Givenb =5 (D) =5 +L =1-———(2) T2

At (8,4) A 5 N
@=S+5=1 8 B |
Lei-peEo2o()
o) tmant

Required opening is 2a = 83—0 =26.66m
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The maximum and minimum distances of the Earth from the Sun respectively are
152 x 10° km and 94.5 x 10° km. The Sun is at one focus of the elliptical orbit. Find the
distance from the Sun to the other focus.

Soln. Farth
AS =94.5x10°km,SA’ = 152 x 10° km Sun
a+c =152x10° 5 s
a—c =94.5x10°

Subtracting 2c = 57.5 x 10® = 575 x 10° km
Distance from the Sun to the other focus is SS’ = 575 x 105 km.

A semielliptical archway over a one-way road has a height of 3 m and a width of 12 m.
The truck has a width of 3 m and a height of 2. 7 m. Will the truck clear the opening of the
archway?

Soln.From the diagrama =6and b = 3

2 2
St =1-—— 1)

Equation of ellipse as —

Substituting x = 1.5 = %

2

G L2
2 — _2
y _9(1 144)
135 V135 _
—? —T—290m

The truck will clear the archway.

A rod of length 1.2 m moves with its ends always touching the coordinate axes. The locus
of the point P on the rod 0.3 m from the end in contact with x-axis is an ellipse. Find the
eccentricity.

Soln: Right angle triangle PAC

y12

sing = 22 = sin20 =
03 0.09

— ==
Right angle triangle BPD

x12
i@

0.81

2+y12

0.09

X
cosf = —= cos?6 =

(1) +(2)? =

— 2 20 —
081 = cos“O+sin“0 =1

The locus of (x,y,)is —— + -2 = 1.This is ellipse

0.81  0.09
0.72 8 22
= —_— -_= — m
0.81 9 3

.. 2_p2 0.81-0.09
Eccentricity e = /a . =\/
a 0.81
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15. Points A and B are 10km apart and it is determined from the sound of an explosion heard
at those points at different times that the location of the explosion is 6 km closer to A than
B . Show that the location of the explosion is restricted to a particular curve and find an
equation of it.

Soln: 2ae =10 == ae=5; 2a=6 =a=3 P
3e=5 = e= g > 1, ~ The curve is an hyperbola. /i/\

b2=a2(e2—1)=>b2=9(%5—1)=>b2=9(257‘9)=>b2=16

2 2 ﬁ::l
16

Equation of hyperbola is r_r_ 1=>=—
aZz b2 9
xZ
2 W -
& = 1 The tower is 150m tall and the distance from the top of the tower to the centre of
the hyperbola is half the distance from the base of the tower to the centre of the hyperbola.

Find the diameter of the top and base of the tower.

. Lo X2 YR
Soln: Given Equation ——-—=1—-—-——— (1)

302 4472

16. Cross section of a Nuclear cooling tower is in the shape of a hyperbola with equation

At (x4,50)

(x1)*  (50)* _ (x1)* _ (50)?
1= 302 442 1= 302 1+ 442

X, = 2\/442 ¥ 502 = 45.41
~ the diameter of the top is 2x; = 2(45.41) = 90.82

At (x,,100)
(x2)> _ (100)* _ (x2)* _ (100)*
D= 302 442 1= 302 1 442

x, = 2 VA4Z + 1007 = 74.49
=~ the diameter of the top is 2x, = 2(74.49) = 148.98 m
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COMPLEX NUMBERS

Important Hints:
=V-1,i?=-1,3=—,i*=1,i""=1
Rectangular form of a complex number is x + iy real part is x, Imaginary part is y.
The conjugate of the complex number z = x + iy is x —iy and is denoted by Z
If z = x + iy then modulus of z is |z| = /x% + y2
Triangle inequality: For any two complex number z; and z,, |z; + z,| < |z,| + |z, |

[1z1] = |z2]| < |21 + 22| < |21 + |2,]

, |z| +a . [lz| —a
Jatib=+ +i

2 2

Additive inverse of z is —z , Multiplicative inverse of z |s ==

zisreal ifanyonly if z = z and z is purely imaginary ifand only if z = —Z
Distance between two complex numbers, z; and z, is |z; — z,|

|z — zy| = r is the complex form of the equation of a circle. Centre is z, and radius is r.

5 Marks
1. Ifz = x + iy is a complex number such that | 4’| =1, S.T. the locus of z is real axis.
Soln:
z=x+1iy
z —4i

— | = 1=z =4l = |z + 4]

|x + iy — 4i| = |x + iy + 4i|

Ix + iy = DI* = Ix + iy + DI
2+ (y—4)?2=x%+ (y +4)?
y=0

~zisreal

2z+1
iz+1

2. If z=x+ iy isacomplex number such that Im (
2x2 +2y* +x—2y=0.

Soln: Given Im (2 +11) 0 putz =x+iy

(2(x+ly)+1)

i(x+iy)+1

(2x+12y+1)
ix+i2y+1

) = 0, show that the locus of z is

a+ib bc—ad
Im( ) =

c+id c2+d?

((2x+1)+12y)

(A-y)+ix

(2y(1 y)— x(2x+1))
(1-y)2+x2

2y —2x2 -2y —x=0 (or) 2x2+2y*+x—-2y=0
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3. Ifz=x+ iy isacomplex number such that Re( 1) =0, S.T the locus of zis x% + y? = 1.

Soln: Given Re( +1) =0 putz =x+iy
x+iy—1\ _
Re (x+iy+1) =0
(x=1D)+iy\ _ ﬂ __ac+bd
Re ((x+1)+iy) =0 Re (c+id) T c2+4d?
(x—D(x+1)+y?\ _
( (x+1)2+y2 ) =0
x2-1+y*=0 = x*+y%2=1
4. If z= x+ iy isacomplex number such that arg (Z 1) = —, S.T the locus of z is x* + y% = 1.
-1
Soln: Given arg( 1) = E putz =x+iy
x+iy _
(x+1y+ ) -
(x—1)+iy\ _ a+ib\ _ -1 (bc—ad
((x+1)+ty) o arg (c+id) K ac+bd)
yE+D-y(x-1)\ _
tan- ((x 1) (x+1)+y2 ) -

(Y(x+1)—JI(x—1)
(x—1)(x+1)+y?

)= tmg ==t
x-Dx+1D)+y*=0
x> -1+y*=0 = x*+y?2=1
5. If z = x + iy is a complex number such that arg (%) = %, show that the locus of z is
x*+y*+3x—-3y+2=0.
Soln: Given arg (%) =

x+iy—i
arg (22=) =
x+iy+2
x+i(y—-1 T a+ib _1 (bc—ad
arg((—y,))=— arg( ,)=tan1( )
(x+2)+iy 4 c+id ac+bd

-1 ((x+2)(y—1)—xy) _r
x(x+2)+y(y-1)

4
(x+2)(y—1)—xy\ _ T _
(x(x+2)+y(y—1)) - tan4 =1

putz =x + iy

SR

tan
x+2) =D -—xy=x(x+2)+y(y—-1)
x2+y2+3x—-3y+2=0
Try yourself

v If z = x + iy is a complex number such that arg (:—1) = g show that the locus
of zis V3x% ++/3y? -2y —-3=0.
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6. If z= 3+ 2i, represent the complex numbers z, iz, and z + iz in one Argand plane. S.t.

www. TrbTnpsc.com

these complex numbers form the vertices of an isosceles right triangle.

Soln: Given, z = 3 + 2i
Then iz=i(3+2i)=3i—2=-2+3i;
z+iz=1+5i
Let zy =z=3+4+2i, z,=iz=-2+3i,
Z3=z+iz=1+05i
AB =|z; — z,| = |(3 4 2i)— (=2 + 3i)|

= 5—il =)+ (-1)2 =26

BC = |z, — z3| = (=2 + 3i) — (1 + 5i)|

=|-3 = 2i| =/(-3)2 + (-2)2 = V13

=|-2+3i| =,/(-2)2 + 3)2 = V13

BC? + CA? = AB?* = (W13)? + (V13)? = (+/26)?

= 26 =26

=~ Given complex numbers form the vertices of an isosceles right triangle.

3 3

7. Show that the points 1, _71 + i73 and % — i;are the vertices of an equilateral triangle.

V3 1 .3
- Z3= -l

Soln: Let z; =1 Zz=_71+i > >

AB = |z, — z,| = 1—(_71+i\/2—§)|=\/§
BC = |z, — z3| = (_71+i§)—(_71—i§)|=|0+i\/§| =3
ch= oy =)= (2= 1D) 1| 2= ] - 3

AB=BC=CA .. Given points are the vertices of an

equilateral triangle.

8. If z4,z, and z3 are three complex numbers S.T |z,| =1,| z,| = 2, |z3] = 3 and
|z + z, + z3| = 1, show that |92122 +4z.23 + ZyZ3| = 6.

Soln: Given |z;| =1,] z,| = 2, |zz| =3 and |z; + z, + z3| = 1

le_1=1,Z272=4 ,237329
9

1

Z4 =
1 7

’22: 1Z3::

Z

SRS
w

1 4 9
|Z1+Zz+23|= Z—_1+%+%

1= |z223+42123+921 23|
|21l 21| 23]

|z223 + 42123 + 9212, | = |24]] ;]| z3]

=1x2x3=6

v z|? =2z
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9. If z4,2z, and z3 are three complex number S.T. |z4| = | 2| = | z3| =r > 0 and
Zy + Z, + z3 # 0. Prove that |2A2222287 2% | _ 4.
zZ1+zp+z3
Soln: Given |z;| = | z,| = | z3| =71 v z|? = zzZ

Z1Z] = Zy, 23 = Z3Z3 =717

Z =1 Z =1 VA ==
1 7 y 42 Z’ 3 7
2 2 2
r r r
|Z1+22+Z3|: :+:+:
Z1 Z2 Z3
— 2 Zy Z+Z3 Z3 4237
B 717,73

_ 2 |z1zy+2y25+24 23]
|z, + 2z, + 25| =71 B E—
_ |z125+2523+24 73]

r

Z1Z9+72273+7237Zq

=r
zZ1+zy+2z3

10. Suppose z4, z, and z3 are the vertices of an equilateral triangle inscribed in the circle
|z| = 2. If z; =1+ i+/3, then find z, and z3.
Soln: Given, |z| =r=2and z; = 1 + iV3; !

A
P Z =l+f\f§

_1 (V3
0 =a=tan 1(£)=E
1 3
. iE Z \_;_;.' X Re
~ Euler’s form of z; = rel? = 2e's
. : . . 2m ,
Clearly, z, is rotation of z;anti-clockwise by — W2 =103
iz iz i i
zZ, =z, 3 =2e3e 3 =2e"=-=-2

Clearly, z5 is rotation of z; clockwise by 2?”

2m s 2m b3
_am T 2T _ LT 1 .\/i
z3 =2z, '3 =2e3e "3 =2e '3 = (2 )

11. Find the fourth roots of unity.
Soln: Given z*=1

(z¥)?% =1
z2 =41
z? = +1
z2=1 z2 =-1
z=4V1 z=4vV-1
z=+*1 z=+i
12. Find the cube roots of unity.
Soln: Given z3=1
z3-1=0

z-1D(E*+z+1) =0
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Note :

z= (1)% = (1, w, w?)

V3

_ -1, . 2 _ -1 .3
Hereoo—2+lz,oo—2 i

2
13. Solve the equation z3 + 8i = 0, where z € C.
Soln: Given z3+8i =0
z3 = -8i
22 =023 x1
1
z=2ix(1)3

z = 2i(1,w, w?)

0 o -1, .3 (-1 .3
z=2i, 2l(7+l7), 21(7—17)
z=2i,—-i—+3, —-i++3

14. Solve the equation z3 + 27 = 0, where z € C
Soln: Givenz3+27 =0

z3=-27=-3x-3x-3=(-3)3x1

1
z=-3x%x(1)3
z=-3(1, w, w?)
Z=—3,—3w, —3w?

15. If @ # 1 is a cube root of unity, show that the roots of the equation (z — 1)3 + 8 = 0 are
-1,1-2w,1 - 2w?.
Soln: Given (z—1)3+8=0

(z—1)3 = -8=(-2)%x1
1
(z-1)=-2x (1)3
z—1=-2(1, 0, w?) = =2, 2w, —2w?

Z=—1,1 - 2w, 1 — 2w?

- (19-70\12  r20-50\12 .
16. Show that'(l) ( o1l ) +.( 7_6l_) is real
Soln =2 =2—i, 22X =24
9+i 7—-61

_ (19 - 7i>12 N (20 - 5i>12
2= To+4 7~ 6i
z=Q2-D2+ @2+

Q2+ D)2+ @2-i)t?

Z=2z ,zisreal

zZ
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.\ 15 i
17. Show that (i) (159;9;) _(%

19+4+9i . 8+i .
Soln:—==2+3i— =2-3i
5-3i 1421

19+9i\1° 8+i \1°
z= (5—3i) B (1+2i)
z=2+3)% - (2-3)"
(2-3)® - (2+3)

15
) is purely imaginary

z

NI
Il

-z
~ z is purely imaginary.
18. Find all the cube roots of /3 + i

1
Soln: Let z3 =re' = z = (re'f)s

2= (V3 +i)

r= /(\/§)2+(1)2=2, 0=a=tan‘1(%)=%

ei(%+2kn:)) k=012

.(1+12k)m

3
6 ) k=012

N
Il
N
W R
= /g\ ~~

(1+12K)m

z=23¢e" 18 k=012

T

1 .
Fork =0, z=23¢'1s

1 L1371

Fork =1, z=23e"18

1 .257

Fork =2, z7=23e"18

19. If cosa + cos B + cosy = sina + sin 8 + siny = 0, show that
()cos3a+cos3B+cos3y=3cos(a+ f+7y)and
(i)sin3a+sin3 B +sin3y =3sin(a+ B +7y).
Soln:a=cosa +isina, b=cosf +isinfl, c =cosy+isiny

ifa+b+c=0thena®+ b3+ c3 =3abc
(cosa + isina)3 + (cos f + isinB)3 + (cosy + isiny)3
= 3(cosa +isina)(cosfB + isinB)(cosy + isiny)
(cos3a + cos 38 + cos3y) + i(sin3a + sin 38 + sin 3y)
= 3[cos (a + B +y) +isin(a+ L +7)]
(i) cos3a + cos3p + cos3y =3 cos(a + B +y)
(ii) sin3a + sin 38 + sin3y = 3sin(a + f + )
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20. IfZCosa:x+§and2c‘osﬁ:
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y + % show that (i)§ +2=2cos(a—B)

(i) xy — $ =2isin(a+ f) (iii)’;—’;1 — 5—; = 2i sin(ma — np)

1 —

XMy -

. 1
Soln: Given x + - = 2cosa =

(iv)x™y™ +

x2+41

x%—2cosax+1=0
X = cosa tisina
Let x = cosa + isina,
similarly y = cosf + isinfs

2cos(ma + np)

= 2cosa

(i) g = cos(a — B) + isin(a — B)
y

= cos(a — p) —isin(a — B)

X y _ _
;+;— 2cos(a—pB)

(i) xy = cos(a + B) + isin(a + B)
= cos(a+ B) —isin(a + B)

Xy — % = 2isin(a + B)

(iii) ’;—7: = cos(ma — nB) + isin(ma — nf)

(iv)x™y™ = cos(ma + np) + isin(ma + np)

1 \ O
z—; = cos(ma — np) — isin(ma — nf) xmyn Cfs(ma +np) = isin(ma + nf)
,;_: B :_:l ~ 2isin(ma — ng) xMy" + v 2cos(ma + nf)
21 simplify (i)(1+ )18 (ii) (—v3 +3i)°
soln:
) A+ =0(1+1)?»° . 431 1 i\t
= (20)° (-3 +3)" = [2/3 (;5 "z a1
= 512i =(2V3) ¥ =(2V3) w
= (23" E+i1D
2,3 Mark
1.Evaluate

(I) (1729 =

(if) (71924 42018 = (0 + 2 =11 =0,

sy .59 1 .59 .59 _
(i) i tm =1 i»?=0

(iv) ii2i3 .....i%0

2.1fz; = 6 + 7i,

=1

Z2:3—5i

— j1+2+3++40 (

40x41)

z1+2z,=(6+3)+i(7—-5)=9+2i
2,— 2, =(6—=3)+i(7+5) =3+ 12i

712, = (6 + 7i)(3 —5i) =18 —-30i +21i —35(—1) =53 -9i

_ —17+51i
T 34

-17 51i

Zq 6+71
—_ = — + —_—
34

Zy - 3-5i

34
3.1f z=3+ 4i,thenfind z1

4i
25

4.1f z=(2+3i)(1—i),thenfind z1

-1 _ _ 1 _ 3—4i _ 3—
3+4i 32442

1
VA -
Z

3
_25+

a+ib _ (ac+bd)+i(bc—ad)
c+id c2+d?

—4i

1 (a-ib)
25

a+ib  a?+b?
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2=2-2i+3i+3i(-)=2+i—-3=—1+1i
L1 1 —“1-i -1-i -1 i
VA = — = -

z —1+i (—1)2+12 2 2 2

5. IfZ1 = 3, Zy = —7i, Z3 = 5 + 4i show that Z1(Z2+Zg) = Z1Zy + VAV A

Zy+z3 ==7i+(5+4i) =5-3i
z1(z,+23) =3(5-3))=15-9% - - ————-"—-"—-"—"———— — — — — — - (1)
2,2, + 2123 = 3(=7) +3(5 + 4i) = —21i + 15+ 12i = 15— 9i — — — — = (2)
(D.(2) = z1(z5+23) = 212, + 2123
6. Which one of the point i, —2 + i and 3 is farthest and shortest from the origin?

Soln:Letz; =i, z,=—-241i, z3=3

22| = lil =12 =1
|zl = -2 +i| =/(-2)2 +12 =5
|25 =131 =3

Farthest point is 3 and shortest point is i
7. Which one of the point 10 — 8i, 11 + 6i is closest to 1 +i.
Soln:Letz; =10—-8i, z,=11+6i, andz=1+1i

|z, — z| = |(10 = 80) — (1 + D)| = |9 = 9i| =+/9? + (=9)? = V162
|z, —z| = |(11 + 6i) — (1 +i)| = |10 + 5i] = 4/102 4+ 52 = V125

11 + 6iisclosestto 1 + i.

8. If(1+D(1+2)(1+3i).......(1L+ni) =x+ iy then show that
2.5.10....(1 + n?) = x? + y2.
|+ +2)(A +30) ... (A +nd)| = |x + iy]
[T+ DA+ 2)](A +3)] e eee . [T+ D) = |x + iy|

(V12 + 12) (V12 + 22) (V1% + 32) ........ (V12 + n2) = |/x? + y?
(V2)(V3)(VI0) ........ VIZ ¥ n2) = Jx2 + 2
Taking square on both sides
2.5.10.....(1 + n?) = x? + y?

Square root of a complex number

If z=x+iy, then Vz= xiisz_r(\/'Z'%ii\/'Z'—‘x)

2

9. Find the square root of a complex number 6 — 8i, 4 + 3i.

|6 — 8i] =/(6)2+ (—8)2 =+/100 |4+ 3i| =42 +32 =25
|z| = 10 |z| =5
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() -=(f+if)

- £(8 - /2 -+ 13)
= +(2v2 - iv2)

Try yourself :
Find the square root of a complex number —6 + 8i, —5 — 12i
10. If area of triangle formed by z, iz, z+iz is 50 sq.unit. find the value of |z|.
Soln : Area of triangle = % |z|2 = 50
|z|2 =100 = |z| = 10
11.If |z] = 2showthat8 < |z+ 6 — 8i| < 12
Soln:  ||z| — |16 — 8i|| < |z + 6 — 8i] < |z| + |6 — 8i]
2—-10|<|z+6—-8i| <2+ 10
|-8| < |z+6 —8i| <12
8<|z+6-8i| <12

12. Find the value of n such that (Hi)n =1

1-i

Soln
1+i
1—i
1+i\" _ ., . .
) S = 1 Possible values of n is 4,8,12,....
N\ 3 N 3
1 1- .
13. Show that (i) - (—') = —2i
1-i 1+i
Soln
1+i 1-i
— =1, —=-1
1—i 1+i
3 N3
m _E :.3_ _.3:_._.:_.
() -(5) =¢- 0P =-i—i=-2
14.Sim |Ify [1+c0520+isin20]30
’ P 14+cos20—isin20
Soln
1+cos260+isin26 ..
[M] = c0s20 + isin26
1+cos260—isin26

[1+00529+i5in29

30
— ] = (co0s20 + isin26)3°
1+cos260—isin26

= (cos606 + isin6086)
15. Find the locus of z If|z + i| = |z — 1]
Soln: lz+i| =|z—1]
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|x +iy +i| =[x+ iy — 1]
lx+i(y+ D =[(x—1) + iyl
X2+ @+ 1D)2=(x - 12 +y2
x>+ +1)%=(x—1)%+y?
x*+y?+2y+1=x*-2x+1+y?

2x+2y=0
x+y=0
16. write 31 + % in rectangular form.

Soln: 31+ % =3+

1 (a-ib)
5 a+ib  a2+b2

_2-14i _ 2 14i
T 5 5 s
. i(2+i)3
17.Find 142
Soln: i+03| 1(\/22+12)3 _ (x/E)3 _5V5
la+nzl T

VEP) (D) 2

18.The complex numbers u,v and w are related byi = 11] + % Ifv=3—-4iandw = 4 + 3i,
Find u in rectangular form.

Soln: £ = 1 = 3% hint:  —— = (4=
v 3—4i 25 a+ib aZ+b2
11 4-3i
w 4+3i 25
11, 1 7+
u_ v ' w 25
25 25(7-0) _ 7 i
7+ s0 2 2

19.Show that |3z — 5 + i| = 4 represents a circle, then find its centre and radius.
Soln: |3z—-(5—-i)| =4

z—(2-5| =2 centre 5,—1 radius = Hint:|z — zo| = r
| (3 3)| 3 (3 3) 3
Try yourself

)z +2—il <2,i) |z—2—i| = 3 (iii)|2z + 2 — 4i| = 2 (iv) |3z — 6 + 12i| = 8

2 2
20. If w # 1 is a cube root of unity , show that ::b“’”“’ atbwtcw

=-1
cotaw?  ctaw+bw?
at+bw+cw?  w

Soln: &2erew @ atbwtcw?  w? w(a+bwtcw?) | w?(at+bw+cw?)
"btcwtaw? T w @ ctaw+bw? T w? a+bw+cw? a+bw+cw?
=w+w?=-1
Vi iy (V30
21.Show that (7 + E) + (7 _ E) -3

) )
soln: (L +1) +(2-1) = (~iw)® + ((0?)° = ~iw? + iw
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22. Evaluate ¥8_, (cosZkT” + isin ZkT”)
Soln: ¥%_, (COSZan + isin %) =0
1+ X%, (COSZI{Tn + isin Zan) =0
o (cosZkT” + isin ZkT”) =-1
23. If w # 1 is a cube root of unity, then show that the following
NNA1l-w+w?)+(1+w-—w?)=128
(i) 1+ @)1+ o)A+ oHA+wd)....(1+w?) =1
Soln: (i) l—w+w?)?+(1+w—w?)=(w-w)®+ (—w? — w?)®
= (—2w)°® + (—2w?)"
=64+64 =128
(i) 1+ @)1+ 0?1+ 0D+ w?) ... (1 + 0?™)
= [(—w?)(—w)][(—w?)(—w)] ...upto 6 times
=1Xx1x1x1x1x1=1
24.State and prove Triangle inequality
|z1 + 25| < |z4] + | 2]
OA = |z,|,0B = |z,|,0C = |z, + z,|
In A OAC, 0C < 0A + AC
|zy + 2| <|zq| + |22] = — —— = €Y

Suppose the points are in colinear
|zy + 2| = |z1| + |22] = = — —— (2)
From (1),(2)

|21 + 25| < |z4] + |25

DISCRETE MATHEMATICS
5 MARK

Important hints:
Let * be a binary operation on S
i) Closure property : Va,b €S = a*b €S

ii) Commutative property: a* b=b*a, Va,b €S
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iii) Associative property : a* (b *c) = (a*b) xc,Va,b,c € S

iv) Existence of identity : a * e = e x a = a, e is the identity element, e € S,Va € S

1 1

v) Existence of inverse : a listheinverseofaa*a '=al*xa=e, al€S

1. Verify closure, commutative, associative, existence of identity, and existence of inverse for
m+sn=m+n—mn, mneZ
Soln:  Closure property: m,neZ, clearly m+n—mneZ

= closure property true

Associative property: (I *m) *xn=l* (m *n)

xm)sn=1I1lx(mx*n) =l+m+n—Im—-—mn—nl+Imn
- associative property true

Identity property: m*se =exm=m

m+e—me=m

e=0¢Z
=~ identity property true
Inverse property m*mt=mlsm=e=0
m~1 = % ¢z

= inverse property not true

Commutative property: m*n=n*xm=m+n—mn=n+m—nm

- commutative property true

2. Verify closure, commutative, associative, existence of identity, and existence of inverse for
x*xy=x+y—xy, V x,y€Q \ {1}.
Soln:Closure property: x,yeQ \ {1}, x# 1, y+#1
> x+y—xy+1

x *yeQ \ {1} - closure property true

Associative property: (x *y) * z=x * (y * z)

~ associative property true
Identity property: x xe =e*xx = x
e=0eQ\ {1}
= identity property true

Inverse property: x s x 1 =x"lxx=e=0
-1 _ %
x L= ZeQ\ (1)

~ inverse property true

Commutative property: m*n =m +n — mn

=n+m—mm=n*m

.. commutative property true
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3. Verify closure, commutative , associative, existence of identity, and inverse for

m={(, Her-0})

Soln:
Let xbe the matrix multiplication.

Closure property: Let, 4 = (;C ;C), B = (i i) v x,y#+0=2xy+0

AB = (ny 2xy) M
2xy 2xy

= closure property true

Commutative property :
2xy 2xy 2yx  2yx
AB = (ny 2xy> BA = <2yx Zyx)
AB = BA
.. commutative property true
Associative property:
Matrix multiplication always satisfies associative property

Existence of identity property: AxE =E*A=A

G DE =G %)

2ex = x
11
e:l E = 2 2 eM
2 11
2 2
- identity property true
11
; : . 1 _ 41 o _ |2 2
Existence of inverse property: A* A~ = A "' *A=F = 11
2 2
1 1
(x x)(a a)_ 2 2
x x/\a a/ |1 1
2 2
1 1
2ax =- = a=—
2 4x
1 &
. -1 __ 4x 4x
AT = A\ eM
4x 4x

-~ inverse property true

4. Verify closure property, commutative property, associative property ,existence of identity,

and existence of inverse for the operation xXq; on a subset A = {1,3,4,59}of the set of

remainders {0,1,2,3,4,5,6,7,8,9,10}.
Soln:Closure property:

From the table closure property true. X

Commutative property:
From the table commutative property true.

Associative property:

X4, always satisfies associative property .
Identity property:

_ | ND | | e
b | Lh | O | O

—_—
W | O | & |w | wkh

Identity element 1eA

[

=~ identity property true

O | || =
Ol | B = | =
| B

L | O | A
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Inverse property:
Inverse element of 1,3,4,5and 9 are 1,4,3,9 and 5 respectively.
=~ inverse property true

5. Verify closure property, commutative property, associative property,existence of identity,
and existence of inverse for the operation +5 on Z5 using table corresponding to addition
modulo 5.

Soln: Z5 ={0,1,2,3,4}

Closure property:
From the table closure property true
Commutative property:
From the table commutative property true
Associative property:
+5 always satisfies associative property.
Identity property:
identity element OeZx
- identity property true.
Inverse property:
Inverse element of 0,1,2,3 and 4 are 0,4,3,2 and 1
respectively.
= inverse property true
6. Verify closure, commutative, associative, identity, and inverse property

fora*bzaziv a,beQ

Soln:
Closure property:
a+b

Clearlya,be Q = — € Q =~ closure property true

ol

— S ||

Rl=|o|lalw|w
W |~ &

Blw o~
S| | b — —

Bl — SO

Associative property:
a+b+2c

(axb)*c= "
2a+b+c

ax(bxc)= ’
(axb)*xc+ax*(bxc) =~ Associative property is not true
Identity property:axe=exa =a
axe=a

ate

2
e=a
Uniqueness of identity is not preserved -~ identity property is not true
Inverse property:
=~ inverse property is not true
Commutative property:

axb=bxa= aTJ’b ~.commutative property true
2,3 Marks
1.In an algebraic structure the identity element must be unique

Soln:
Let e; and e, be the identity element of S

axe, =e *xa=a Va€eSsS
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a*xe,=e*xa=a Va€eS
a*xe =ax*e,
.'.elzez

2.1n an algebraic structure the inverse element must be unique
Soln:

Let a; and a, be the inverse element of a in S
a*xa;=a,*xa=e Va€eS
a*a, =a,*a=e Va €S

a*xa; =ax*a,

a1 == az
0 1 1 1 . .
3. LetAd = [1 1] and B = [0 1] be any two Boolean matrices of the same type. Find AVB
and A A B.
Soln:

_ [0 171,,71 13_M1 1
AVB_[1 1]V[0 1 _[1 1
_[0 1 1 17_10 1
A’\B_[1 1]’\[0 1]_[0 1
1 01 0 01 0 1 1 1 0 1
Try Yourself: LetA=<0 10 1>,B=<1 0 1 0>,C=<0 1 1 0) be any three Boolean

1 0 0 1 1 0 0 1 1 1 1 1
matrices of the same type. Find i) AvB (ii)AAB (iii)(AvB)AC (iv) (AAB)VC.

4.Showthat poqgq=pP->q9A(q->Dp)
Plq|peq | poq | gop P9 A(QG=p)
T T T T T T
TIF| F F T F
F|T F T F F
F|F T T T T

peq=@-9A(@G-Dp)

5. Show thatp & q = (p A @)V (=g A =p)
PlA|peqg|ap|oq|pAqg | 2gAap (p A@V(=q = =p)
T(T|] T F | F T F T
T|IF| F F | T F F F
FIT| F T|F F F F
FIF] T TI| T F T T
peq=@AqQV(-qA-p)
6. Show that p~- (—|qu) = —|pV(—| V‘I‘)
Plq|r|=p|—aq|-qVr| p— (aqVr) -pV(=qVr)
T|T|T|F | F T T T
T|T|F| F | F F F F
TIFIT|F|T T T T
TIFIF|F | T T T T
FIT|T| T | F T T T
FIT|IF| T | F F T T
FIE|[T| T | T T T T
FIF|F| T| T T T T

p = (2qVr) = =pV(~qVr)
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7.Showthat p—> (q->1r)=(pAq)—>r

Plgjr|g-r |[po>(@-1)|pAq| (pPAQ—>T
TIT[T] T T T T
TITI|F F F T F
TIF[T] T T F T
TIF|F T T F T
FIT|T|] T T F T
FIT|F F T F T
FIF|T|] T T F T
FIF[F T T F T

p>@-1r)=E@AqQ T
8.Using truth table whether the statements —=(pVq)V(=p A q) and —p are logically
equivalent.

Pla|=p|pVqg | =V | pAq| =@VOV(=pAg)
TITIF| T F F F
TIFIF| T F F F
FIT| T T F T T
FIF| T | F T F T
-(pVq@)V(—p A q) and —p are logically equivalent.
9.Show that —=(p & q) = p < —q
Plg|lpeq| a(peq [1q| pe g
T[T T F F F
T|F F T T T
F| T F T F T
F| F T F T F

“peg=pe g
10. Show that p - q and q — p are not equivalent

Plalp—qlgq—p
T|T T T
T|F F T
FIT] T F
FIF] T T | p - q and q - p are not equivalent
11. Show thatq—p = =-p =
P g qQ=p -p -q —p = q
T T T F F T
T F T F T T
FI T F T F F
FLF T T T T
g p=-p—q
12.Prove that =(pAq) = —pVq
Pl a | pAg | =(pAg) —p —q -pV—q
T[T T F F F =
T F F T F T T
FIT F T T F T
FI1F F T T T T
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13.Verify whether the compound propositions are tautology or contradiction or contingency.
(V@) A=p) > q

P | q pVq —p (pVq) A —p (V@) A—-p) > g
T | T T F F T
T | F T F F T
F T T T T T
F|F F T F T

((pVq) A=p) — q is a tautology.
14. show that without using truth table p - (g > 1) = (pAq) > T
Soln: p—>(@->1)=-pV(@—>r71)
= —pV(—qVr)
= (-pV-q)Vr
=-(pAq)Vr
=Aq) >
p=@-r)=@Arq) >
15.Construct the truth table for (pVq) A (pV-q)

P | q pVq —q pV—q (pVa) A ®V-q)
T | 7T F F T F
T | F T T F =
F | T T F F F
F | F F T T F

16.Show that without using truth table p & q = (p A @)V (=g A —p)
Solnt peogq=@->9A(q@—Dp)

= (=pV) A (pV=9q)

= (—p A (V-9 gV(g A (pPV-9q))

= (p ADIV(EP A=V APV A =q)
FV(=p A=q)V(q ANp)VF
(@ AP)V(=p A—=9q)

peq=@EAqQV(=gA-p)

17. check whether the p — (q — p)is tautology or contradiction without using truth table.
Soln: p—(q—p)=-pV(Q~—p)
—pV(=qVp)
-pV(pV-q)
(=pVp)V-q

=TV—q
=T - p- (q— p)istautology

DIFFERENTIALS AND PARTIAL DERIVATIVES
Important hints:
linear approximation : L(x) = f(xq) + f'(x9)(x — x¢)

i}
Euler theorem : xa + y% =nf

Degree =n = N.degree — D.degree
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5 MARKS
1. Find the linear approximation for f(x) =V1+x,x > —1,at
xo = 3.Use the linear approximation to estimate f(3.2)

Soln
f(x)=+V1+x, x, =3,Ax =0.2and hence f(3) =v1+3 =2.
1 1 1
F =i =0

L(x) = f(xo) + f'(x0)(x — x0)

2+1( 3) = +5
= x RAK!

32 5
f(3.2) = V4. EM&D:HI+Z=ZO%
2. Use linear approximation to find an approximate value of v/9. 2 without using a calculator
Soln f(x) =vVx,xy=9,Ax = 0.2

1 f(g) =13, 1 1
ff=52 . f® RENAalerrial

L(x) = f(xo) + f'(x0) (x = Xo)

V 2=f+f (9)(x —-9)

=34= @2—9)_3+7;_30%3

3. Ifu=sin! ( xy ) showthatx +y———tanu

Va+\y)’
u = sin~ ( Xty )
VX +.[y

mnu=(ﬁsz>=f@ )
Vx + .y Y

Degree =n = N.degree — D.degree

11
n=ITT3

1
~ f(x,y)is a homgeneous function of degreeisn = 5

of L O _
By Euler theorem, Xty 3y nf

4] d
x—(sm u) +ya—(sm u) = —smu

6u ou 1
6x+y6y =Etan u
4. Ifu(x,y) = \/_,prove thatx—+ya = ;u.
Soln u(x,y) = %
Degree =n = N.degree — D.degree
1 3
n=2-5=3
~ u(x,y)is a homgeneous function of degree isn = ;
By Euler theorem, xi +y— of =nf
0x dy
du Jdu 3
X~ + y@ =su
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2 2
If v(xy) =log (2
Soln v(x,y) = log (
x2 + 2
f =eV = Y
xX+y
Degree =n = N.degree — D.degree
n=2-1=1
~ f(x,y)is a homgeneous function of degreeis n =1

dv v
. ),prove that x—+ ya—y =1

x2+y2)
x+y

of L ,Of _
By Euler theorem, x—+y 3y nf

deV N de? — (De?
v v _

Xomt+t Y- =
O0x y ady
_ 5x3y4+7y2xz4—75y324) . ow ow ow
If w(x,y,z) = log ( e ,flndxax+yay+zaz
_ 5x3y4+7y2xz4—75y3z4)
Soln w(x,y,z) = 108( Zty?

S5x3y* + 7y?xz* — 75y3z*
- < x% +y2 > @254

Degree =n = N.degree — D.degree
n=7-2=5
~ f(x,y,2)is a homgeneous function of degree is n =5
By Euler th 6f+ 6f+ of
y Euler theorem, X~ y(’)y zaZ—nf
aew+ aew+ de" £ oW
xax yay Z(’)Z = (Je

ow ow ow

XE-F}/@-FZE:

Prove that g(x,y) = xlog (i—’) is homogeneous, verify Euler's theorem for g

Soln g(x,y) = xlog (%)
Degree = n = N.degree — D.degree
n=2-1=1
~ f(x,y)is a homgeneous function of degreeis n =1

dg dg
By Euler theorem, x — + y@ =1g

0x
= 229409 0 (0 ) 4y 2 (o
_xax+y6y_x6x(XI0g x)+yay(XIOg x)
=xlog%=g
ag

99 , %9 _
Hencexax+yay— 1g

1

5
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DIFFERENTIAL EQUATIONS

5 MARKS
1. The rate of increase in the number of bacteria in a certain bacteria culture is proportional to
the number present. Given that the number triples in 5 hours, find how many bacteria will be
present after 10 hours?
Soln: Let A be the no.of bacteria at present

dA

prl t [A
A=Celt ———— (1) 0 |4
t=0A=4, (1) = A,=C 5 |34,
WA= Aoekt N (2) 10 ?

t=5A4=34, (2= 34,=A4,e* = 3=¢5

t=10, A=? (2) > A=A4,e'% = A=14,(e°%)? = A=A4,(3)*=94,
2. Find the population of a city at any time t, given that the rate of increase of population is
proportional to the population at that instant and that in a period of 40 years the population

increased from 3,00,000 to 4,00,000.
Soln: Let A be the population of a city at present

oA t [A
A=Ceft ———— (1) 0 | 300000
t=0,A=30000 (1) = 3,00,000=C 40 | 400000
~ A =3,00000ek — ——— (2) t "

t=40 ,A=4,00,000 (2 = 4,00,000 = 3,00,000e40k
1 4
= k= 4_0l0g (E)

1 t t
t=t,A=2(2) = A=300000exC) = 4=3,00, 000(;)%

3.The engine of a motor boat moving at 10 m / s is shut off. Given that the retardation at any
subsequent time (after shutting off the engine) equal to the velocity at that time. Find the
velocity after 2 seconds of switching off the engine.

Soln:
Z—f«A t A
=2 =4 = A=Cet———— (1) 0 10
t=0A=10 (1)>10=C 2 ?

s A=10e ' ———> (2)
t=2A=? (2) > A= 106_2 =4 = 10/32
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4.Suppose a person deposits 10,000 Indian rupees in a bank account at the rate of 5% per
annum compounded continuously. How much money will be in his bank account 18 months
later?

Soln:
K=0.05
A d= Y =-0054
dt dt t X
= A=Ce%t———— (1) 0 10,000
t=0,4=10000 (1) = 10,000 = C 1.5 ?

# A=10,000e%05 — ——— (2)
3
t=2=15A=? (2)= 4 =10,000e""%
= A =10,000e%°75

5.Assume that the rate at which radioactive nuclei decay is proportional to the number of such nuclei
that are present in a given sample. In a certain sample 10% of the original number of radioactive
nuclei have undergone disintegration in a period of 100 years. What percentage of the original
radioactive nuclei will remain after 1000 years?

Soln:
Uxa= Y=_j4 L A
at ar 0 A
= A=Ce M —-——— (1) 160 52
t=0A=A4, (1)=> 4,=C 75 4o
v A=Age M ———— (2) 1000 ?

9 9 —
t=100A=_A4A; (2) = —Ag =A%

= = 100k — = —L]gg (i)
10 100 10

t=1000,A=? (2) = A = Age —100% = 4 = 4,¢~0%l5109(55)]
— A gotoa(y) (i)“’
Ag 10
A A A A 9 10 910
Percentage of radioactive nuclei — x 100 = (—) x 100 (or) —%
Ag 10 10
6.Water at temperature 100°C cools in 10 minutes to 80°C in a room temperature of 25°C .Find(i) The

temperature of water after 20 minutes (ii) The time when the temperature is 40°C.
|log == = —0.3101; log5 = 1.6094|.

Soln: t [T [ 5
i—?ocT—Tm=>T—Tm=Cekt 0 | 100
=T —25=Cel ———— (1) 10 | 80 | %

t=0,T=100 (1)=C =75 TR
(1) = T —25=75er - ——— (2) > 20

t=10,T = 80 (2) = 80-25 =75e'%
11

1
t=20,T=?(2)=>T—25=75e*% =T =65.33
t=?,T=40

15

_ kt 15 kt 15\ _
(2) = 40 — 25 = 75e" = L = ¢ = log (£) = kt
1
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7. At 10.00 A.M. a woman took a cup of hot instant coffee from her microwave oven and placed it
on a nearby Kitchen counter to cool. At this instant the temperature of the coffee was 180°F, and 10
minutes later it was 160°F . Assume that constant temperature of the kitchen was 70°F . (i) What was
the temperature of the coffee at 10.15A.M.? (ii) The woman likes to drink coffee when its temperature
is between 130°F and 140°F.between what times should she have drunk the coffee?

Soln: t | 1T S
dT
—OCT—Tm————>(1) 0 180
dt 10 | 160
=TT, =Ce*
=T —70=Cekt — ——— (2) 15 | ?
t=0T=180 (2) = C =110 35 70
(2) = T —70 = 110ek — —— (3) '

9\15 ? | 140

t=10,T = 1600 (3) = 160 — 70 = 110e'% = ¢* = (2)

11

t=15,T=? (3) =T —70 = 110e"* = T = 151.33

10log(i)
T=130,t=?(3)=130—-70 = 110e* =t = l (;)1 = t = 30.20 min
ogl\—
1010g(l) "
t=?T=140140—70 = 110e* =t = , (91)1 =t = 22.52 min
og H

She drunk coffee between 10.22 min to 10.30 min
8.A pot of boiling water at 100°C is removed from a stove at time t =0 and left to cool in the kitchen.
After 5 minutes, the water temperature has decreased to 80°C , and another 5 minutes later it has
dropped to 65°C. Determine the temperature of the kitchen.

Soln:
T—T,=Ce"———— (1) C T S
t=0,T=100(1) = 100-T,, =C 0 1100
()= T-T, =(00-T,)e ———— (2) = T80
t=5T=80 (2)>80—T, = (100 —T,)e>*
sk _ 80T 10 | 65
100—Ty,
t=10,T =65 (2) = 65—T,, = (100 — T,,)e'%
_ 10k — 65 — Ty,
100 — T,
65-Tp, 80~Ty, \2
100—-Ty, - (eSk)Z - (100—Tm)
=T, =20

9.A tank initially contains 50 litres of pure water. Starting at time t = 0 a brine containing with 2
grams of dissolved salt per litre flows into the tank at the rate of 3 litres per minute. The mixture is
kept uniform by stirring and the well-stirred mixture simultaneously flows out of the tank at the same

rate. Find the amount of salt present in the tank at any time t >0 .
Soln: ¥ =N — oUT

at

4 _ 50— 0.014
dt

" t A
22 = —0.01(4 — 50000)

dt 0 100
= A—5000=Ce 00t — ——— (1)

t=0A4A=100 (1)= 100-5000=C = C =—4900
~A—5000 = —4900e 001t
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10. A tank contains 1000 litres of water in which 100 grams of salt is dissolved. Brine (Brine is a
high-concentration solution of salt usually sodium chloride) in water runs in a rate of 10 litres per
minute, and each litre contains 5grams of dissolved salt. The mixture of the tank is kept uniform by

stirring. Brine runs out at 10 litres per minute. Find the amount of salt at any time t .
dA

Soln: —=IN-0UT
A _ o _ 3 4 _300-34 n A
dt 50 50
dA -3 _—3t 0 0
—=—(A—-100) = A-100=Ceso ———— (1)
dt 50

t=04=0 ()= -100=C

-3
A—100 = —100e50"

11.The growth of a population is proportional to the number present. If the population of a colony
doubles in 50 years, in how many years will the population become triple.

Soln:
ﬁocA = A=Ceft———— (D
@ t A
t=0A=4) = A, =C y.
W A=Ageft — ——— (2) 0 0
t=50,4A=24y (2) = 24, = Aye®% = 2 = ¢k 50 | 24,
1 ? 34,
= k =—1log2
k 5()log

t=?,A=34, (2)=34,=4,e" =t= 50%.
12. A radioactive isotope has an initial mass 200mg, which two years later is 50mg . Find the
expression for the amount of the isotope remaining at any time. What is its half-life? (half-life means
the time taken for the radioactivity of a specified isotope to fall to half its original value).

Soln:

l
™~
|
o
®
%

|

|

|
!
N\
\

>

t=0A4A=200 (1) = 200=C

o A= zooe—kt - (2) 0 200
t=2A=150 (2) = 150 = 200e 2k 2 150
3 _ -2k £ LAY

1
t=?,A =100 (2)= 100 = 200e¥* =t =2 ;:5((3))
4
13. In a murder investigation, a corpse was found by a detective at exactly 8 p.m. Being alert, the
detective also measured the body temperature and found it to be 70°F. Two hours later, the detective
measured the body temperature again and found it to be 60°F. If the room temperature is 50°F, and
assuming that the body temperature of the person before death was 98.6°F, at what time did the
murder occur? [log(2.43) = 0.88789;10g(0.5) = —0.69315].
Soln
T —T, = Ce*t
=T —50=Cekt — ——— (1)
t=0T=70 (1)=C =20 (1)= T —50=20e" ———— (2)
t=2T=60 6(2)= 0-50=20e%*

2k _ 1 _1 1 t T 5
= et =~ =>k—zlog(2)
t=?,T=98.6 (2)=98.6—50=20ekt 0 | 70
2 | 60 | o
ty 98.6
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THEORY OF EQUATION

Important hints :
> ax3+bx?+cx+d=0

» Sum of co-efficients=0 = x =1 is aroot

» Sum of co-efficients a+c=b+d = x = —1is aroot

» Otherwise try x = 2 or 3 is a root
5 MARKS

1. Solve 6x* — 5x3 — 38x2 — 5x + 6 = 0 whose one of the roots is % then find the other roots

Soln: 6x* —5x3 —38x%2 — 5x + 6 = 0 given
equation is reciprocal type
Given root is % then another root is 3

6x%2+15x+6 =0
-12 -3 -1
=—,— = —2’_
6 6 2
The solution are % 3,-2, _%
2. Solve 6x* —35x3 + 62x* —35x +6 =10

Soln:

Reduced equation

6x>—5x+1=0

(+=3)(-3)
*T3)\* 73
The solutionsarex =2, 3,

3. Solvex*+3x3-3x—1=0
Soln

Il
o

N =
W

)

x243x+1=0
_—-3+V5  -3-45
-T2 YT
-34+4/5 -3-5
2 2

X

The solutionsarex = —-1,1,

Solve x* —10x% +26x%2 —10x+1=0
Soln: Given x*—10x3+26x2—10x+1=0
2 1 1 _
(x +x—2)—10(x+;)+26—0
y2 —2—-10y4+26 =0
y2—10y +24=0
-6)ry—-4)=0
y=6 y=4

g 6 -5 -38 5 6
0 2 -1 13 -6
3(6 -3 -39  -18 B
0 18 45 18
6 15 6 0
2|16 -35 62 -35 6
0 12 -46 32 -6
3/6 -23 16 -3 |0
0 18 -15 3 —
6 -5 10 Jo
111 3 0 3 -1
0 1 4 4 1
11 4 4 1 0
0 -1 3 1 —
I 3 I 0
Case(i) Case(ii)
Xx+-=6 x+=
x X
241 —6 xZ41 _ 4
X x
x?24+1=6x x241=4x
x2—6x+1=0|x2—4x+1=0
x=3+2V2 | x=2+43

5. If 2 + i and 3 —+/2 are the roots of the equation x® — 13x> + 62x* — 126x> + 65x2 +

127x — 140 = 0 find all roots.
Soln: Given roots 24+i ,3—-42
then other roots 2—i ,3+2
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Let assume missing roots a and b.

Sumofroots2+i +3—vV2 +2—i +3+vV2+a+b =13
10+a+b =13

a+b=3
Product of roots (2 + i)( 2 — i)(3 — V2)(3 + V2) ab = —140
5(7)ab = —140
_ -140 _
ab = = 4
Required roots of the equation x2=(s.M)x+pr=0

x2—3x—4=0
x—-4)x+1)=0
x=4 x=-1
6. If 1+ 2iand +/3 are the roots of the equation
x% — 3x° — 5x* + 22x3 — 39x% — 39x + 135 = 0 find all roots.
Soln: Given roots 1+2i ,v3

then other roots 1-2i —V/3
Let assume missing roots a and b.

Sumofroots1+2i +vV3 +1—2i +(—V3)+a+b=3

2+a+b=3
a+b=1
Product of roots (1 + 2i)( 1 — 2i)(v/3)(—V3) ab = 135
5(=3) ab = 135
b=2=_9

Required roots of the equation x? — (s.7)x + p.7 =0
x2—x—9=0
_ —btVb?-4ac _ 1+V12-4x1x-9 _ 1+V1+36 _ 1+V37

o 2a 2x1 2 2

7. Solve(x—2)(x—7)(x—3)(x+2)+19=0
Soln: x—=2)x=-3)x=-7)(x+2)+19=0
(x2—=5x+6)(x2—5x—14)+19=0
Putx? —5x =1y (y+6)(y—14)+19=0

y2—8y—84+19=0
y2—8y—65=0

y =13, y=-=5
Case(i) y=13 Case(ii) y=-5
x*>—5x =13 x?>—5x=-5
x2—-5x—13=0 x2—-5x+5=0
X = —-b+Vb2-4ac _ 5477 x = -b+Vb2%-4ac _ 545
2a 2

2a 2
p 5—vV5 5+V5 5-v77 5+V77
The solutions are x = T, T

8. Solve 2x—-3)(6x—1)3x—2)(x—12)—-7=0

Soln: (2x —3)(3x — 2)(6x — 1) (x —12) =7 = 0
(6x2 — 13x + 6)(6x2 — 13x +12) =7 = 0
Put6x? —13x =y y+6)(y+12)—-7=0

y2+18y+72—-7=0
y2+18y+65=0
y =-—13, y=-5
Case(i) y=-13 Case(ii) y=-5
6x? —13x = —13 6x2 —13x = =5
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6x2 —13x + 13 = 0 6x* —13x +5=0
_ —b+Vb?—4ac _ 13+iV143 _103_51
X = a I X =32

13-iv143 13+iv143
)

. 15
The solutions are x = -, >, — 12

9. Solve 2x—1)(x+3)(x—2)2x+3)+20=0
Soln: Rx—1DR2x+3)(x+3)(x—2)4+20=0
(4x*>+4x—3)(x2+x—6)+20=0
(4(x?>+x)—3)(x>+x—6)+20=0
put x2+x=y (4y—3)(y—6)+20=0
4y? — 27y +18 + 20 = 0
4y?2 — 27y +38=0

19 8
y:zl y=Z=2
)

Case(i) y = % Case(ii =2
x2+x= % IES
4x% + 4x —19 = 0 220
x=_1i22\/§ x=-2,x=1
The solutions are x = -2,1, —1—22\/3, —1+22\/§

10. Find the sum of squares of roots of the equation 2x* — 8x3 + 6x> — 3 =0
Soln
ax*+ bx®+ x>+ dx+e=0
a=2, b=-8 c=6,d=0,e=-3
Leta, B, y,6 Dbe the roots
—-b -8

5:— = — =4
a+ f+y+ a >

c 6
af+ ay+ ad+ Py + LS+ y6 = 2=3 =3
a? + B2+ y 4+ 82 =@+ p+y+ 6> -20@B+ay+ as+ By +B5+ yd)
=(-4)2-23B3)=16 —6=10
a’> + % +y* + 8% =10
2,3 Marks
1.Find the polynomial equation of minimum degree with rational co-efficient, having roots (i)

2+iV3 (ii)2i+3 (iii)V5—-+3 (iv)\/%

Soln: (i) x=2+iV3 (ii) x=2i+3
x—2=i/3 x—3=2i

(x—2)? = (iV3)° (x — 3)% = (20)?
x*—4x+4=-3 x*—6x+9=-4
x> —4x+7=0. x> —6x+13=0.
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B : _ [z
(iii) x=vV5-+3 (iv) x= |7
2 2
x? = (V5 -+3) x2=\/—§
2 _ 2\2 Ez
x2=5+3-2V15 (x?) _(ﬁ)
x? —8=-2V15 x4=§
(x? —8) = (—2v15) 3x% =2
x* —16x?% + 64 = 60. 3x*—2=0

x*—16x2+4=0
2.Discuss the nature of the roots of equation
(i) 9x°+2x°—x*—=7x2+2=0

fun Signs No.of changes | No.of Real roots
fG |+ + - -+ 2 2 *Ve
f(=x)| - - - - + 1 1 -Ve

No. of Imaginary roots = 9-3=6

(i) x°+9x7 +7x5+5x3+3x =0 = x(x®8 +9x® + 7x* + 5x2 +3) = 0
x = 0 is aroot with multiplicity one

fun Signs No.of changes | No.of Real roots
fx) |+ + + + +10 0 +Ve
f(=x)|- - - - - |0 0 -Ve

No. of Imaginary roots= 8-0=38

(iii) x° —5x8 —14x" =0 = x" (x> —5x — 14) =0
x = 0 is a root with multiplicity seven

Fun Signs No.of changes | No.of Real roots
f(x) + - - 1 1 +Ve
f(=x) |- - 4+ 1 1 -Ve

No. of Imaginary roots = 2-2=0
3. If the sides of a cubic box are increased by 1, 2, 3 units respectively to form a cuboid, then
the volume is increased by 52 cubic units. Find the volume of the cuboid.
Soln: (x + D (x + 2)(x + 3) —x3 =52
x3+6x2+11x+6 —x3 =52
6x%2+11x + 6 =52
6x2+11x—46 =0
12 —_23

X ==,x =
6 6

=~ The volume of the cuboid (x + 1)(x + 2)(x +3) =3 X4 X 5 =60
4. Construct a cubic equation with roots

(1 1,2,and 3

x-1Dx-2)x-3)=0 =2x3—-6x2+11x—6=0

(i1) 1,1, and -2

x—-Dx-1Dx+2)=0 =2x3-0x2-3x+2=0

(i) 2 5, and 1.

(x—Z)(x—%)(x—l) =0 =>x3—§x2+%x—1=0

2x3—7x*4+7x—-2=0

= x=2, x= _723(1101: possible)
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5.1f o, B and y are the roots of the cubic equation x> + 2x? + 3x + 4 = 0,
11

form a cubic equation whose roots are (i) 2a, 2p , 2y (ii) 5 gy

. a B vy
(i) —a,=B,—y (V)5 .53
Soln: (i) 2a, 2B, 2y
20x3 +212x2 +223x + 234 =0
x3+4x%>+12x+32=0

..y 1 1 1
(”) ; !E ;;

4x3 +3x%+2x +1 =0 (reverse the co eff)
@iii) —a, =B, —y

—x3 4+ 2x% —3x + 4 = 0 (sign change only in odd deg)

x3—2x>+3x—-4=0

(V)5 .2t

1\° 5 1\, o, (1)? 1\,

(3) +() = +(2‘3) 3xj(;) 4=
Bttt ox+ =0
8x3+8x2+6x+4=0

6. Solve the eqn 3x3 — 16x2 + 23x — 6 = 0 if the product of two roots is 1.

Soln: Let the roots are a,b,c
Givenab=1 21 3 -16 23 -6
3x3 —16x2+23x —6=10 0 6 -20 6
w2 -2x?+ 2y -2 =0 3 10 3]0

3
Product of roots abc = 33 =2=c=2
Reduced equation 3x%2 —10x +3 =0
9 1 1
X = 3—,3— = X = 3,3—
7. Solve the equation x3 — 9x? + 14x + 24 = 0 if it is given that two of its roots are in the

ratio 3:2 .

Soln: Given x3—9x2+14x+24=0
Sum of odd deg= 15 Sum of even deg= 15 111 -9 14 24
~ —1 is one of the root 0 -1 10 -24
Reduced equation x% —10x + 24 =0 1-10 24 | 0
= 6 i

Do it yourself 2x3 +11x> - 9x—-18 =0

7x3 —43x%* =439x -7
8.Ifa, B,y and J are the roots of polynomial eqn 2x* + 5x3 — 7x%? + 8 = 0,
find a quadratic equation whose rootsarea +  +y + & and afyé .

Soln: Given 2x* +5x* - 7x*+8=0 = x4+§x3—gx2+0x+§=0
Sum of roots S=a+,8+y+5=_75

Product of roots p = afys = g
Required quadratic equation is x* — (S.R)x + (P.R) = 0
xz—(_?s+§)x+(_75xg) =0
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9. If pand q are roots of egn lx2+nx+n=0,showthat\f§+\/g+\/%=0.
Soln: Given, x> +nx+n=0 = x2+%x+%=0

Sum of roots p +q = —% Product of roots pq = % = /pq = \/%

n

ptq _ 1

VPq JE

l
P B
Vpq VP4 l

e oo
q p l

10. If the equations x* + px + g = 0 and x? + p’x + q’' = 0 have a common
root, show that it must be equal to ’";'__:f" or Z:Z:.

Soln: Let us assume ‘a’ be the common root

a? a 1 a

2 a 1

4

[ I I T T e

a’+pa+q=0

a?+pa+q' =0
2

a _a a 1
pa'-ap’  q-q a-q'  p'-p
a® _ par—qp q =17
*  pa—apr py
a=——— (or)
q-q

11.Discuss the nature of roots of 4x? + 4px + p + 2 = 0 in terms of p.
Soln: A= b? —4ac = (4p)?> —4(4)(p + 2)

=16(p*> —p —2)
=16(p+D(p—2)
Interval p+1 [ p—-2 | A Nature of roots
p=-1 0 0 Real and Equal
p=2 0 0 Real and Equal
—o<p<-—1 - - + Real and Unequal
2<p<o + + + Real and Unequal
-1<p<2 + - - Imaginary

12.1f a, B are the roots of x> — 5x + 6 = 0 then find a? — B2
Soln: a4+ =5 af=6
(@—p)?=(a+p)—4af =5>-4(6) =1
a—f=1
a’? = p*=(a+p)a—-p)=5-1)=-5
13.1f a, B are the roots of x? + 5x + 6 = 0 then find a? + B2
Soln: a+pB=-5 af=6
a?+ p? =(a+ L) —2apf = (-5)? —2(6) =13
14.Solve 2x3 —9x? + 10x = 3

Soln: 2x3—9x24+10x—3=0 112 -9 10 -3
Sum of co-efficients = 0 0 2 -7 3
~ 1 is one of the root 2 -7 3 0

Reduced equationis 2x2—7x+3 =0
6 1 1
X==-, x=- x=3 x==
2 2 2
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Do it your self x3 —3x%2 —33x+35=0

15.Solve (i) x* —3x2 -4 =0 (i) x*—14x2+45=0
Soln:
(x*—3x2—4=0 (i) x* —14x24+45=0
x2=-1 xZ =4 x2=09 x2=5
x=4+V-1=4+i x=42 x =43 x = +5

Do it yourself x* —9x% +20 =0
16.Find the condition of the eqn x3 + px? + qx + r = 0 whose roots are in A. P.
Soln: Letrootsarea —d,a,a+d
sumofrootsa—d+a+a+d=—p
3a=-p
-p

a=—
3

3 2
(&) +r(E) +a(F)+r=0
—p3+3p>—-9pqg+r=0
2p3 +7r =9pq
Do it yourself: If the roots of x3 + px?* + gx + r = 0 whose roots are in H.P.prove that
9pqr = 27r3 + 2q3 (hint: reciprocal of AP is HP)
17.1f a, B, and 7y are the roots of the equation x> + px? + gx + r = 0 find the value of }’ ﬁ—ly in

terms of the coefficients.
Soln: a+B+y=-p; aBfy=-r
g L@ty _op_p
By aBy -r T
18.If a and P are the roots of the quadratic equation 2x? — 7x + 13 = 0 construct a quadratic

equation whose roots are a?and B2 .
Soln: putx? =y 2y =7y +13=0
2y +13=17,[y
2
(2y +13)* = (7./y)
4y? + 52y + 169 = 49y
4y2 + 3y +169 = 0

19.If o and P are the roots of the quadratic equation17x? + 43x — 73 = 0 construct a

quadratic equation whose roots are a+2and p+2 .
Soln:  roots increase by 2 then equation diminish by

17 43 -73
2210 -34 -18
17 9 |-91

0 -34

17 |-25

Required equation is 17x% —25x —91 =0
20.Find the sum of squares of roots of ax* + bx3 + cx? +dx+e =0

Soln: Let a, B,y and & be the roots of x* +§x3 +§x2 + %x + 2 =0
a+f+y+5=-2

c
af +ay + a6+ﬁy+ﬁ6+y6=a

a’+p%2+y2+82=(@+pB+y+ 8)*—2(@f+ay+ ad+ By + BS +yd)
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(32

__ b%-2ac

aZ
21.solve the equation 2x3 — x? — 18x + 9 = 0 if sum of two of its roots vanishes.

Soln: Let a, B,y be the roots of x3 —%xz _12_sx +§ =0 Givena+p=0

a+ﬁ+y=% - y:% 1 2 -1 -18 9

o 20010 9

Reduced equationis 2x2—18 =10 5 0 -18 | o
x=3, x=-3

22.solve the equation 9x3 — 36x2 + 44x — 16 = 0 if the roots form an A.P.

Soln: Let a — b, a, a + b be the roots of x3—3;6x2+%x—%= 0

a—b+a+a+b=4 = a=<

4|9 -36 44  -16
3 =

Reduced ionis 9x2—24x+12=0 B
educed equationis 9x“ — 24x + 12 = 2 7

Iy ; | 9 .24 12 0

X=— Xx==
9 9 )
X=2 x==

3
23.solve the equation 3x3 — 26x2 + 52x — 24 = 0 if the roots form an G.P.

26 52 24
Soln: Let ar, a,% be the roots of x3 — = x2

x“+—=x——=0
3 3 3
@ =8 = a=2 2|3 26 52 24
Reduced equation is  3x% —20x + 12 =0 0 6 -40 24
| e 2 B '3 20 12 [0
=2 x=1

2,
X=6 x=-
3

24.Determine k and solve the equation 2x3 — 6x? + 3x + k = 0 if one root is twice the sum of
the other two roots.

Soln: Let a, b, ¢ be the roots of x3 — gxz +§x + g =0 Given a =2(b +¢)

a+b+c=3 — 3q=3 = a=2
2 2603k
clearly k—2=0 = k=2 0 4 -4 2
|2 2041 | k2
Reduced equationis 2x2—2x—1=0

1+4/3
X =——
2
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1.A six sided die is marked ‘1’ on one face, ‘2’ on two of its faces, and ‘3’ + 122333
on remaining three faces. The die is rolled twice. If X denotes N ERERE
the total score in two throws. Find (i) The probability mass function. (ii) |2 |3 |4 |4 |5|5|5
The cumulative distribution function.(iii) P(3 < X < 6) (iv) P(X = 4). 23455
Soln: The random variable X takes the value 2,3,4,5 and 6. Il I S e R
(iii)P(3SX<6)—P(x=3)+P(x=4)+P(x=5) il Il Il I I I I
4 10 26 3 4 5 5 6 6 6
. B E 36 36 36 X 2 3 4 5 [
(iviPX=24)=P(x=4) +P(x=5)+P(x=06) PMF | T | & [ 10 1Z | 9
_lo 12 9 _31 36 | 36 | 36 | 36 | 36
T 36 36 36 36 . CDF | 1 | 5 | 15 | 27 | 36
2. A six sided die is marked ‘1’ on one face, ‘3’ on two of its faces 36 | 36 | 36 | 36 | 38
,and ‘5’ on remaining three faces. The die is rolled twice. If X
denotes the total score in two throws. Find (i) The probability mass | *|*[* %% |5 |
function (i) The cumulative distribution function.(iii) P(4 < X < 10) | L[ 2|*[*]¢ | ¢ | ¢
. J | 4|6 |6 |8 8 8
(iv) P(X = 6). ;
Soln: The random variable X takes the value 2,4,6,8 and 10. i : : : ’:“ ?n -
(i) P(4 <X < 10) _
S| 6 (8 8|10 10|10
=P(x=4)+P(x=6) +P(x=18) s(6|8|8|10|10] 10
4,10, 12 26 X 2 |4 [6 [8 [10
~36 3% 3 3 PWF L[ 410z 9
) 36 | 36 | 36 | 36 | 36
(iv)P(X =26) =P(x=6) + P(x=8) +P(x =10) CDF | T | 5 [ 15 [ 27 | 36
10,12, 9 _ 31 36 | 36 | 36 | 36 | 36
=3T3 136" 3
3.A random variable X has the following probability mass function.
X 1 2 3 4 5 6
Foo) | k| 2k | 6k | 5k | 6k | 10k
Find (i) PR <X <6) (i) P2<X<5) (i P(X<4)(ivVP(3<X)
Soln: Given f is P.M.F X 112137 als5]6
“Lf0=1 fool 1265|610
k + 2k + 6k + 5k + 6k + 10k = 1 301301301301 30130
0k=1 = k=—
30
)P2<X<6)=P(x=3)+P(x=4) +P(x=5)= =+~ +—=—
(1) P( )= Pl = X = X=9) =553 "3 30
(i) PR<X<5)=P(x=2)+P(x=3)+ P(x = 4) =i+i+i=§
iii) P(X <4) =P(x=1)+Px=2)+P(x=3)+ P(x=4) = -+ =+ =+ ==
30

_ 21

(MPB<X)=Px=4) +P(x=5+Px=6=—+o+=2
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4. A random variable X has the following probability mass function.
X 1] 2 3 1415

FOo | k% | 2k? [ 3Kk% | 2k | 3Kk

Find(i() P2 <X <5) (i) P(3<X)
Soln: Given f iIsPMF =Y f(x) =1

k% 4+ 2k% 4+ 3k%+ 2k + 3k =1 x Pl 213 4 5
flxy | L2 |3 | 2_12 |3 18
6k?+5k—1=0 36 | 36 | 36 | & 36 | & 36
k=-1 , k=1
6

() P2<X<5)=Px=2)+P(x=3) +P(x=4)=32—6+%+£=£

18 _ 30

(i) PB<X)=Px=4)+P(x=5)=—+2 =2

3

5.The cumulative distribution function of a discrete random variable is given by
find 0 ;—ee<x<0

(1) The Probability mass function f(x) § 0=x<1
(i) PX<3) . 2 j1<x<2
—_— a. X)) = .
(i) (i) P(X = 2) 9 =1 : i2<x<3
Soln. = ;3<x<4
The values of the discrete random variable X U j4<x<e
are 0,1,2,3,4.
x 0 1 2 3 4
F(x) 1 3 4 g 1
(1) The Probability mass function f(x) : z H 5 10
f(x) 1 5 1 2 1 1 1
2710 5710 10 | 10 10

. 5 1 2 8 4
MPX<3N=PX=0+PX=D+PX=2)=+ -+ -=;=¢
(i)PX22)=P(X=2)+PX=3)+P(X =4 =—+—+—-==="
6.The cumulative distribution function of a discrete random variable is given by F(x) =
(0 ;—oo<x < -1
|0.15 ;-1<x<0

035 ;0<x<1

060 ;1<x<?2

085 ;2<x<3

1 13<x <
Find (i)the probability mass function (ii )p(X < 1) and(iii) P(X = 2)

The values of the discrete random variable X are —1,0,1,2,3.

(i)The Probability mass function f(x) : x -1 0 1 2 3
F(x) 0.15 0.35 0.60 0.85 1
J105) 0.15 0.20 0.25 0.25 0.15
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() P(X<1)=P(X=-1)+P(X=0)=0.15+0.20 = 0.35
(i) P(X =2) = P(X =2) + P(X = 3) = 0.25 + 0.15 = 0.40

INVERSE TRIGONOMETRY

5 Marks
Important Hints:
tan~'x + tan~'y = tan™! (—x+y) , tan™lx — tan~'y = tan™?! (x_y)
1-xy 1+xy

cos'x +cos™ly = cos ' (xy — (1 —x2) J1—y2)

1) If a4, a3, a3 ...a, is an arithmetic progression with common difference d, prove that

- _ d _ d a,—a
tan[tanl( )+tan1( )+---+tan1( )]: n=a1
1+aqay 1+azas3 1+a,an-1 1+aqa,
soln
a—a _ _
tan~ 1( ) = tan~ (#) = tan 1a2 — tan 1a1
1+aia; 1+aqa;
az—a _ _
tan~ 1( ) =tan~! (#) =tan"ta; — tan"'a,
1+a2a3 1+a2a3
—1( an—an— _ A
tan~ 1( ) = tan~! (n—nl) = tan 1an — tan 1an—1
1+anan—_q 1+an_q1an

_ d _ d _ d _ _
tan™?! (—) + tan™?! (—) + -+ tan™t (—) = tan"'a, — tan"'a,
1+a1a2 1+a2a3 1+anan_1

d d d
tan [tan‘1 ( ) + tan™?! ( ) + -+ tan?t (—)]
1+aia, 1+ajas 1+anan—1

= tan| tan"ta, — tan"1a,]

= tan [tcm‘1 (M)]
1+a1an

_ Qnp—aq

1+aqan

_+3
2) prove that: tan x + tan™1 (132) = tan™! (3x = ) lx] < 1/4/3

1-3x2
soln
2X
_ _ 2x _ X+t—>
tan~'x + tan 1(—2) = tan™! | —F~
)
1—x2
_ 1 x—x3+2x)
tan (1—x2—2x2

3x—x3
= tan~! ( )
1-3x2

3) Showthat tan ! x + tan 'y + tan ™'z = tan™! (M)
1-xy—-yz—zx
Soln:

tan'x+tan"ly +tan 1z = tan™?! (1’:’;) + tan™! (2)

<t ()

1-(5)7
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[x+y+z(1-xy)]/(1-xy) )
1-xy—(xz+yz)]/(1-xy)
x+y+z—xyz )
1-xy-yz—zx

=tan! ([

=tan! (

4) IF tan"'x +tan 'y + tan 1z = wthenshowthat x +y +z = xyz
Soln:
x+y

tanlx+tan"ly + tan 1z = tan™?! (1_—xy) + tan™1 (2)

(£2)4s
_ -1 [ \1-xy
- tan ((—)

[x+y+z(1-xy)]/(1-xy) )
[1-xy-(xz+yz)]/(1-xy)

=tan™! (

x+y+z—xyz ) _

tan"lx + tan"'y + tan"'z = tan™! (
1-xy—-yz—zx

x+y+z—xyz
1-xy-yz—zx

x+y+z—xyz=0
X+y+z=xyz

5) Find the number of solutions of the equation
tan™! (x — 1) + tan 1(x) + tan! (x + 1) = tan! (3x)

Soln: tan"! (x — 1)+ tan™! (x + 1) = tan™! (3x) — tan™! (x)

-1 (=D +(x+1)\ -1 3x—x
tan (1—(x—1)(x+1)) & tan (1+3x(x))

2x . 2x
1-(x2-1) 1+3x2

2x(1 +3x2) = 2x(x% + 2)

2x + 6x3 = 2x3 + 4x

4x3 —2x =0 -~ Given equation has 3 solutions
-1 (*z1 -1 (x) _ =
6) Solve tan (x—Z) + tan (x+2) =5
Soln: Given tan™! (x;l) + tan~? (x—ﬂ) =z
x—2 x+2 4
x—1 n x+1
tan-1 x—2  x+2 _r
1_(x—l )(x+1) 4
xX—2 x4+ 2
(-1 (x+2)+ (x+1)(x—2) _ tan L3
(x-2)(x+2)- (x—1)(x+1) 4

X% —x+2x—2+x%+x-2x-2 _ 1
x2—4—(x2-1)
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2x%-4  _
xX2—4-x2+1

2_
X1 oS2x2 = 344

1
2x?% = 1:>x2:5

1
2

x =t

6) Ifcoslx+cos™'y+cos'z=mand 0 < x,y,z < 1, then show that

x2+y?+ 2% +2xyz = 1.
Soln

Letcos™'x = a,cos™ly =p Then x = cos a,y = cos 8

1

Given, cos™'x+cos 'y +cosTlz=m

1

ly=mr—cos™ 1z

cos x4 cos~

cos ™ (xy — V1 —x2/1 — y2) = cos~1(—2)

—z=xy—V1—x%/1—y2
x%+y?+z%+ 2xyz = 1.

7) Draw the curve sin x in the domain [—g,g] and sin~1x in [-1,1]

¥ A

bt | H

&

SN X 1N

[ ]
4 | H

1

r,_;l =

Bk |

Domain :[- %, 5] > [1,1] Domain: [~1,1] - [~ 2, 7]

8) Draw the curve cosx in the domain [0.7] and cos™'x in [—1,1]

COsY m |l|_ = \-\ 3} cos 'y
+ - ;
¢ - g \

¥
g

[N |
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Domain:[0, ] —» [—1,1] Domain :[-1,1] - [0, ]
9) Draw the curve tan x in the domain (2,7 and tan"'x in R

Fd

A
b

Domain: (—%,E) >R Domain: R —» (—gg)
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