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REAL ANALYSIS
CARDINAL NUMBE (»
Def: Two sets A and B are called Similar, or equinum s, and we write A ~ B,
iff there exists a one-to-one function Fﬁ omain is the set A and whose

range is the set B.
Def: A set S is called finite and is said‘%?tain elements if S ~ {1, 2, 3,...., n} the

integer n is called the Cardinald er of S ie., no. of elements in the set. The
Cardinal No. of a finite se efined. The empty set is also considered
finite Its Cardinal no. is d tebe 0.

Ea: A={1,2, 3,5} TheCardi 0.of theset Alis 4 ie., n(A) = 4.

COUNTABLE (Enumeralgle jor Denumerable) AND UNCOUNTABLE SETS

( Non-Denumerabl

Def: AsetS is% countably infinite if it is equinumerous with the set of all
e

—

positive { sie, ifS~{1,2,3,........ }
ed Countable if it is either finite or countably infinite. A set
which“s not countable is called uncountable.
Eq: ( e set of all integers (Z) is Countable.
N A={1,2,3,............ , 100} is Countable
(@H) ery subset of a countable set is Countable. (P.G.05-06)
(2) The set of all real numbers (R) is uncountable. (P.G.2001) (P.G.05-06)

(3) Let Z" denote the set of all positive integers, the Cartesian product Z* x Z" is
Countable.
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(4)* If Ay, Ay, ..... are countable sets, then UAn is countable (In words, the countable
n=1
Union of Countable set is countable).
(5)  The set of all rational numbers (Q) is a countable set. [P.G.02-03., 03-04]
(6) The set S of intervals with rational end points is a countable set. ’
(7)  Let F be acollection of Sets. Then for any set B, we have

B-|JA=[)(B-A) and B- A= J(B-A)

AcF AcF AcF AcF \
Results: ‘
* 1.The set of all natural numbers (N) is countable

2. The set N X N is countable D)
3. Empty set (¢) and Prime Numbers (P) are countable (\
Coro: \

1. The set of all positive rational numbers is countatﬁ( /)

2. The set of all negative rational numbers is co

3. The set of all rational numbers in [0, 1] im e. [P.G.-05-06, 06-07]

Theorem(8):The set of irrational number is unc ble. [P.G.05-06, P.G.12-13]
(9): The set [0,1] is uncountable. [P.G.Q3-04, P.G.06-07]

Results: 1. The set P, of Pol 1ak functions with integer coefficients is
countable.
2. The set Q, lyngrial functions with rational coefficients is
countable.

Def: Arreal no. is said tofge algebraic if it is the root-of some polynomial equation with

rational coefficients.
Theorem (10): S%})f algebraic no. is countable.
Def: A -real ng( is'said to be transcendental if it is not algebraic.

Theorem (11): e set of transcendental numbers is uncountable.

t of all ordered Pairs of integers is countable.

and B are countable sets, then the Cartesian product A X B is countable.
If A is countable set and B is uncountable set, then B — A is uncountable set.
Infinite subset of a countable set is countable.

5. Every infinite set contains a countably infinite subset.

6. The intervals (0,1) and [0,1] are equivalent. Also, R is equivalent to [0, 1]

7. If Alisaninfinite setan x € A, then A and A — {x} are equivalent.
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8. The set R is not equivalent to the class of all subsets of R.
Def: (Cantor set)

The cantor set K is the set of all numbers x in [0,1] which have a ternary
expansion without the digit 1.
Note (1): The ternary expansion for a real no. x uses only the digits: 0, 1 and 2,

Eg: %: 05.0222...... , %: 05.0222...... are in K but, any no. x > %<é 3Jare
not in K. Also = 0s. ol in K.
, % 03.1000... is not in K ‘l\ *J
Results: e \
1. Cantor set K is not countable, compact, closed, perfeﬂn)nwvre dense and
measure zero.
2. K c[0,1] and K is equivalent to [0,1] f

3. If f: A > B and the range of f is uncountm, thén the domain of f is
uncountable.

4. If B is a countable subset of the uncountabie s then A — B is uncountable.
5. The set of all characteristic functionson I i ountable.

Def: (Characteristic function) q {
Let G be an open subset of R. The gharacteristic function on G defined by

( )_{1ifxe G}
XWX =10ifx ¢G

Note: (1)  Every infinit @ivalent to a proper subset.
(2) IfA, set of%u ces, whose elements are the digits 0 and 1.
Then uncouritable.
Eg: 0,0,1,0,1,1,1,.... [P.G.05-06]

(3) w . Uses digits: 0,1 [P.G.12-13]
CANTOR’S DI ROCESS:
€ss.
12 ai3

e
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Let us define the height of the element aij to be i +j. Eg. Height of a;;is 1+ 1 =2 and
the height of a;, is 3 etc. There are exactly m — 1 elements of height m.

According to this scheme, the elements are to be counted as a;q, aip, a1, as1,
a3, 14, ap3, 832, d41, .... Thus all elements will be counted out through Cantor’s Diagonal
Process. Eg: NxN, Q p

p

PROPERTIES OF REAL NUMBERS:
The rational and irrational numbers together constitute the r h'\nbef‘) System.

Real Numbers satisfy the following axioms.

The Field Axioms: )

Axiom1l: Xx+ty=y+X; Xy = yx (commutati

Axiom2: x4+ (y+z) = (x+y) +z; X (yz) = (xy) z ( lat e)

Axiom 3: X (y+z) =xy + xz (distributive Ia

Axiom4:  x+(-x)=(-x) +x =0, (negative of x % iive |nverse)

Axiom5: xy=yx=1=y= % (Multipllm erse of X), (x #0)

Theorem (1): There can exist at the &one identity element for addition and
multiplication i +0=0+x=x&x.1=1.x=X)
(Additive idemti multiplicative identify 1).
(2):  Toeach xin R, there correSgonds’one and only one real no y> x+y =y+x =0
(Uniqueness of inv
(3): To each xe R, x £,0, theke carresponds one and only real no.y > xy =yx=1

orderin ongythe real numbers and which satisfies the following Axioms.

Axiem (3. ’Exactly one of the relations x =y, X <y, X >y holds.
A%: If x <y, then for every z, we have x + z<y + z
Xio

Axi If x>0andy >0, thenxy >0
Axiom 4: Ifx>yandy >z thenx>z
Theorem:  Given real numbersaandb > a<b+ eforeverye>0. Thena < b.
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Note: (1) The set C of complex numbers is an example of a field which is not
ordered.
(2) Risordered field.
(3) Ifx<y,thenxz<yzifzis+vewhereasxz>yzifzis-ve.
(4) Ifx>yandz > wwhere bothy and w are positive, then xz > yw. ¢
Def: (Inductive Set) V
A set of real numbers is called an inductive set if it has thg\(gl}nngtwo
properties. \
Q) The number 1 is in the set q .
(i)  For every x in the set, the number x+1 is also in th % )
Note that R is an Inductive set. So is the set R” é Real/No.s)
Def: Arreal no. is called a positive integer if it belongs to@V}ry ?ﬁductive set.
Note: 1. The set Z* is itself an inductive set. (Principle of Iduction)
2. Z"isthe smallest inductive set. &
3. The set of integers Z is the Union , nd 0.

The Unique Factorization theorem for jdtegers
(The fundamental theorem of Ak iC
Every integer e represented as a product of Prime factors,
and this factorization car *’ob done”in only one way, apart from the order of the

factors.
Theorem (1): Every intege%lgis either a prime or a product of Primes. [P.G.06-07]

Theorem (2): Every pair of gers a and b has a common divisor d of the form
= by where x and y are integers. Moreover, every common
IViSOr 0

faand b divides this d.
Note: (1 -d=a(-x) + b (-y)
GCD is non negative. It is denoted by gcd (a,b) or (a,b). If
(a,b) = 1, then a and b are relatively prime.
Théorem (3): (Euclid’s Lemma)

If a/ bc and (a,b) =1, thena/c
Theorem:  If a prime p divides ab, then p/a or p/b. More generally , if a prime p
divides a product a, ....... , a, then p divides at least one of the factors.
RATIONAL NUMBER:
Quotient of integers a/ b (where b # 0) Eg. ¥4, -7/5, 6 etc.

7
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The set of Rational Nos is denoted by Q, contains z as a subset.

Q (set of rational Nos) satisfies all the field Axioms and order Axioms.
IRRATIONAL NUMBERS:

Real Nos that are not rational are called irrational. Eg. J2, e, m, e”etc.
Theorem (1): {'
If n is a positive integer which is not a perfect square, then +/n is i@naI)

),

2

Theorem (2): If e*= 1+ ﬁ + ;—+ ....., then the number e is irrational. {
Note: (1)  Between any two rational numbers there are ipfinitely )atfonal
nos.

(2)  Another Rational No. between a and b (g-

b
2
UPPER BOUNDS, MAXIMUM ELEMENT, LEASTW% BOUNDS

Def: (Bounded Above): V

Let S be a set of real nos. If there isare 5> x <bforevery xins§, thenb is
called an upperbound for S and we say that.S is bounded above by b (Every no greater
than b will be an upper bound).
Def: (Max. elt.)
If an upper bound b is also a m
maximum elt of S. There can
Def: Least Upper Bounds,(l.u.b

Let the subset S of & ba.bpurided above the no. b is called the Least Upper Bound

, then b is called the largest element or
ne such b we write b = max. S.

(l.u.b) for S if.
Q) bis rbgund for S, and
(i) N er smaller than b is an upper bound for S.
LOWER BOU , MINIMUM ELEMENT, GREATEST LOWER BOUND
Def: (Lo d)
L e)a set of real nos. Ifthereisarealnoa > x> aforevery x € S, thenais

than ™ a”jwill also be an lower bound).
Def: “(Min. element)
If a lower bound “a” is also a member of S, then “a” is called the lowest member
or the minimum element of S. If it exists we write a = min.S.
Def: (Greatest Lower Bound) : g.l.b

ca@ an{lower bound for S and we say that S is bounded below by a (Every no. less
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Let the subset S of R be bounded below. Then “a” called the Greatest lower
bound (g.l.b) for S if
()  Aisalower bound for S and
(i) No number less than a is a lower bound for S.
Theorem (1): The greatest lower bound of a given set x bounded below is ginique.
Similarly, l.u.b. is unique. V
(2).1f A'is a non — empty subset of R that is bounded below, then A ha gh@ F(
Examples: 9{
1. The set R* = (0, o) is unbounded above. It has no u bouhds and no
maximum element. It is bounded below by 0 but has n u—% element.
2. The closed interval S=[0,1] is bounded above by 1@’ bounded below by 0.
In fact, max S= 1 and min S=0. Also, lLub=1
3. The half open interval [0,1) is bounded abovw yt it has no max. elt. Its
min.elt. is 0.

4. B={1/5, %, ...... TR . .b=1%and Lub.=1(g.l.b. for B
is an element of B but that l.ud. for B is not an elt. of B)

5. 1=(3,4). ThenlLu.b. =4, g,k ut both 3 and 4 are not in I.

6. S={1/n,n e N}. Then .=JeS;glb.=0¢S.

7. S={2,3,5}. Thel.w ; =

8. InN={123,.

9.

A=1{1,3,5, 9 g.lb.=1 & lL.u.b. =20.

10. g.l.b. & I. fr Is 0. (.~. for singleton set, l.u.b. =g.l.b.)

11.9={ } ded (6 < [a, b]) Every No. NeR is an upper bound for ¢ and
S0 ¢ have a l.u.b.

+1/2, ...... } lub =n+l, glb.=n [P.G.11-12]
/2 1/3,....}; Lu.b. =1, g.l.b. = 0.
he example of a countable bounded subset S of R whose g.l.b. and l.u.b. are
both inR—Ais (0,1) (ie., all open intervals form)
16. If A is non-empty bounded subset R, and B is the set of all upper bounds for A.
l.b Lub
Then‘}gleB y = v ed X
Note:

— ¥=7/ KARAKUDI VIDYA SRI SAMPLE MATERIALS
447 PASSED TILL DATE ® 8015513365 PG TRB /TET PAPERI &Il /TNPSC/PSYCHOLOGY
www.vidyasriacdaemy.com

Kindly Send me your Answer Keys to email id - Padasalai.net@gmail.com



http://www.vidyasriacdaemy.com/
https://www.Padasalai.Net/

www.Padasalai.Net

www. Trbtnpsc.Com

VIDYA SRI COACHING CENTRE - 9442738785

1. There is only one l.u.b. and g.l.b.

STUDY MATERIALS PG - TRB

2. The l.u.b. and g.l.b. of a set may or may not belong to the set.

TNPSC 20 % 20,

GSebil - 4 & VAO

PGTRB TAMIL, ENGLISH

MATHS, PHYSICS

TNTET/ psycHoLoGY
PGTRB

CLASS

ENGLISH
UGTRB yateriaL+ TEST BATCH

a(é E‘w‘ e
X/ )

G U GERON I Re v cxi s
© 8015513365 | 9442738785

INCOME TAX

KARAIKUDI VIDYASRI COACHING CENTER, 4 MAHARISHI SCHOOL NEAR

STOP,KARAIKUDI -01

10

’L -7/ KARAKUDI VIDYA SRI SAMPLE MATERIALS

447 PASSED TILLDATE ' 8015513365 PG TRB /TET PAPERI &Il /TNPSC/PSYCHOLOGY
www.vidyasriacdaemy.com

Kindly Send me your Answer Keys to email id - Padasalai.net@gmail.com



http://www.vidyasriacdaemy.com/
https://www.Padasalai.Net/

www.Padasalai.Net www. Trbtnpsc.Com

VIDYA SRI COACHING CENTRE - 9442738785 STUDY MATERIALS PG - TRB

Def: (Supremum)

A non-empty subset S of a R when bounded above has least upper bound known
as Supremum.
Def:  (Infimum)

A non-empty subset S of a R when bounded below has greatest lower bound

known as infimum.
Q. /
A

The Completeness Axiom: [Poly.05-06]
A non-empty subset S of a real number which is bounded abo@as a Supremum;
ie., thereisarealno.b>b=supS. (\ D
Theorem (1): (Approximation property) (\d \
m

Let S be a non-empty set of real nos with a supre sayb = sup S. Then
foreverya<bthereissomex € S 5 a<x<b (ie. %tﬂ{ supremum contains nos
arbitrarily close to its supremum).

(2): (Additive property) q

Given non-empty subsets A and B of R, Jét C denote the set C ={x+y; xe A, yeB}. It
each of A and B has a supremum, the as\ supremumand  sup C =sup A + sup B.
(3): (Comparision property)

Given non-empty subset R 5> s<tforeverysinSandtinT. IfT

has asupremum then S has p. and, sup.S < sup. T.
(4):  Theset Z* of +ve i s\,2,3,...... is unbounded above.
Theorem:  For eve ere is a positive integern > n> Xx. [P.G.06-07]
The Archimedea of the Real Number system:
Ifx>0 %s n arbitrary real numbers, there is a positive integer n such that

nx >y.

Ttéo?em E;) For every real x > 0 and every integer n > O there is one and only one

positive real y such that y* = x.
(2) Assume x > 0. Then for every integer n > 1 there is a finite decimal r,, = ay,

al, 3.2, ceees ana rn§X<rn + 10n

(3) If a> 0, then we have the inequality | X |<a iff-a<x <a.

11
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(4) For arbitrary real x and y, we have | x +y | <| x|+ |y | (the triangle

inequality)
The Cauchy — Schwarz Inequality:
Ifag,...... ,a,and by, ....., b, are arbitrary real numbers, we have

(Ero) = () (£%) of

Moreover, if some a; # 0 equality holds iff there is a real x > g, X +'tfk\: g'jﬁrJeach
k=1,2,....n ' \

. Y
The Extended Real No. System: (R ):-

: (\
R [-o0, w0] where as R (-0, 0) m \
X

I |erR,thenx+(+oo)=+oo,x+(-oo)=-§€= X —o.
— o0

I If x > 0, x (+00) = 400, X(-00) = -00 v

i, Ifx <0, x(+0) = -00, X(-00) =+ 0 v

1\ If X € R, then we have - o« < o0
V. R* does not form a field. Q‘\
Def: Every open interval (a, +o) ig’ca eighborhood of +oo or a ball with centre
+00. Every open interval (-oo, a) i a/meighbourhood of -co or a ball with centre -co.
Sup E = +o0, inf E:-QR .
ELEMENTS OF POINT, TOPOLOTY:
Euclidean Space R":
The set of all
Space or simply
Def: (neighborio
As i said to be a neighborhood of a point x € R if there exists an

open intekval ) containing x and contained in S.
Eg; i?’f he open interval (a, b) is a neighborhood of each of its points.
9% he closed interval [a, b] is a neighbourhood of each point of (a, b) but is not a

neighborhood of the end points a and b.

tonal points is called a n-dimensional Euclidean
d is denoted by R" (n-dim Pt. x = (x4, x3, ..., X;,)

Def: (Open balls)

12
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Let “a” be a given point in R" and let r be a given positive no. then set of all points
xinR"> ||x-all <r, is called an open n-ball of radius r and centre a. We write this
ballasB (a;r)

Def: (Interior points)

Let S be a subset of R", and assume that a € S. then a is called an interiorgdoint of
S if there is an open n — ball with centre at a, all of whose points belong to E~ ig,yery
interior points a of S can be surrounded by n-ball. +

The set of all interior point of S is called the interior of S and is hot by int. S.
Note: Any set containing a ball with centre a is called a neighborhooek D) -

Def: (openset) [P.G.03-04] fb
A set in R" is called open if all its points are intﬁ paints (or) if it is a

neighborhood of each of its points. m
Note: 1. In R, B (a ; r) is an open interval with centre& /ﬁ R? it is a Circular disk
and in IR?, itis a spherical solid with centre at a and fadiug’r.
Theorem:  Such open sphere is a open set in ace.
Eg: L Every open interval (a, b) is a gpe
2. R is an open set
3. Theset(1,2) U (3,4)i
4. The closed interval @t an open set.
5. The set Q of ratio s, the set R — Q, of irrational nos, the set Z of

integers are not-an opeprset.
Empty set ¢ en)(as well as closed)

A finiteqon — ty set is not open set.
Eve i et is not open.

Vi
: n (a, ©) & (-0, a) are open sets
10. hi ed rays [a, »], [-o0, a] are not open sets.
: he'interval (-1/n, 1/n) where n=1, 2, 3, .... is open.
1 e set z of integers is not a neighborhood of any of its points.

If M and N are neighborhoods of a point, then M ~ N is also a
neighborhood of that point.
14.  The empty set is a neighborhood of each of its points.
15. A non-empty finite set is not a neighborhood of each of its points.
Theorem (1) Arbitrary Union of open sets is open set.
(2) Finite Union of Open sets is open.
13
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(3) Finite intersection of open sets is open.
(4) Arbitrary intersection of open sets is not open. [P.G.12-13]
Eg:  1.The intersection of two open sets is open.
2.Let I, =(-1/n, 1/n) be open set.
Then (1, ={0}, which is notan openset. [P.G.04-05] s
neN
3. Any set with only one point a € Ry is open in Ry. On the other haadjif a gRl
then {a} is not open in R! l\ ‘t)
4. Every subset of Ry is open.
Def: (Metric space) ’

contained in [0, o) ie., p :M XM = [0, «0) (this may be R that
Q) p(X,x)=0(x e M)
i) pxy=>0,
(ii) p(xy)=p(y,X)
(iv) px,y)s p(X2)+ p(zY)

=
Let M be any set. A metric for M is a function & with o@l}M‘; M and range
' °\

X,y e M, x=Y)

X, S M’ (triangle inequality)

Def: (Discrete Metric)

Defined: RxR 2> [0,0) b

If p isametric for M, then the or% pair (M, p) is called a metric space.

) d(x,x)=0, xe NV)=1, X, YyeR, x#y.
The metric d is called the rete metric. Denote the metric space
<R, d> by Rg.

(Usual Metric)
LetM =R

Definep:QwR by d(X,y)=|x-y|,X,yeM
) H

1+d(x,y)
C13.; d

x2—y?|, | x—2y| are not metric
Resu

1. Any open ball in a metric space (M, d) is an open set.
2. Every open ball is a bounded set ( A is bounded if there exists a +ve real no.
kod(x,y)<kVXYyeA)

Def:

Jd , nd are Metric

(x y) = 2

1+[x—y|

IS metric.
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3. Inany metric space (M, d) both M and the empty set ¢ are open sets.
Def: (Component Interval)
Let S be an open subset of R*. An open interval | (which may be finite or infinite )
is called a component interval of S if | — S and if there is no open interval

J#1> IcJcsS. S’
Theorem (1): Every point of a non — empty open set S belongs to one eﬂd nIyJone
component interval of S. l\ 't)
|

(2): (Representation theorem for open sets on the real line).

Every non — empty open set S in R' is the Union of a cou Bcbllection of
disjoint component intervals of S. 5

Note: 1.Int. ¢ =¢, ItM=M 2. Int. (AnB (l\?qt¥ Int. B
3. Int. (AUB) o Int. AU Int. B 4.Ac dt.A_lnt.B
CLOSED SETS: /
Def: AsetSin IR"is called closed if its complem — S is open. (ie., a closed set

was defined to be the complement of an open se%@ 1
Eg: [a b]inIRYisclosed ( [a, b]°is (-0, @) U (B, bo) which is open)
Def: (Adherent Points)

Iso, x

Let S be a subset of IR" and x& . is not necessarily in S. Then x is
said to be adherent to S if every q (¥) contains atleast one point of S.
Eg. L If X € S, then x adhekgs to S (every ball B (x) contains x)

2. If Sis asubs R which is bounded above, then sup. S is adherent to S.
Def: (Accumulation Poi

IfScIR"an IR),’then x is called an accumulation point of S if every n-ball
ne Point of S distinct from x. (ie., X is an accumulation point of S

)

{I/n},n=1, 2,3, ..... has 0 as an accumulation point.
set of rational no. (Q) has every real no. as an accumulation point.

%very point of the closed interval [a,b] is an accu. Point of the set of no.s in
% the open interval (a, b)
Theo

(1) If x is an accumulation point of S, then every n — ball B(x) contains
Infinitely many points of S.

(2) Aset SinR"is closed iff it contains all its adherent points.

(3) Each closed sphere is a closed set in a metric space.

15
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Examples (Closed sets):
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1. Every closed interval [a, b] is closed.
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The Empty set ¢ is both open and closed.

In Metric Space M, both M and ¢ are open as well as closed.

The set of integers (z) is closed . [P.G. 03-04]

The set [1, 2] U [3, 4] is a closed set.

The closed ray (-, a], [a, ) are closed. [P.G.03-04] {'
Every Singleton and finite sets are closed. C J
Set of Real Nos IR is closed (As well as open) +)

The set of Rational Nos (Q). Irrational Nos (IR-Q) and I?ﬁ{ﬁte ets are not
closed. L, >

10. Open rays (-, a) and (a, o) are not closed. (\

©oOoN kWD

11.Intervals (a, b) , [a, b), (a, b] are not closed.
Theorem (1) Finite Union of closed sets is closed. m
(2) Arbitrary Intersection of closed sets is clo /
(3) Finite Intersection of closed sets is clo%

(4) Arbitrary Union of closed sets is
(5) If Aisopen and B is closed, then

snot closed in R™. [P.G.12-13]

open and B — A is closed.

Eg: 1. If In =[1/n, 1-1/n], then

Theorem (6) If A and B are open s of R', then A x B is an open subset of R.
(7) If Aand B are clo bsets of R, then A x B is a closed subset of RZ.

Eg: 1 In M =R with7Gisual ric, A=10, 1] is closed.
2. InM=IR w’@l Metric, A = (0, 1) is not closed.
3. If M = R& infinit€ lines are closed subsets of IR
4, If 3 Blanes are closed in R®,
Theorem (8) | a » are closed subsets of the Metric space M, the F; U F, is also a

osed set in M.
9) be an open subsets of the metric space M then M — G is closed. 111",
Yﬁ iIf F is closed subset of M, then M — F is open.
R% 1. Every subset of a discrete metric space is closed.
2. In any metric space every closed ball is a closed set.
3. A set E is open iff its complement is closed.

4. A set F is closed iff its complement is open.
Def: (Closure)

17
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The set of all adherent points of a set S is called the closure of S and is denoted by
S orcls.
Note: A < M. Ais the intersection of all closed sets which contains A.

Def: (Derived set)
The set of all limit points (or a cluster point or an accumulation pgi t)coD\ is
called the derived set of A and is denoted by D(A). %
Note: If x is a limit point of A iff there exists an open ball B (x,r) > (\
Bx,Nn(A-{x})#¢. V r>0. %

i. Let A=[0,1]. Then A =A=]

Examples: (Closure) (»«
Eg: 1. Consider R with usual Metric. u

2. In adiscrete metric space (M, ¢ any subset A of M is closed and hence

ii. LetA=(0,1). Then A =
iii.  For Open ray (-, O)a’%re 18 (-o0, 0]
A=A

Results: Q
i A is closed iff A =

il 0=¢, M=

18
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iii. Let A, B = M. then
@@ AcB=AcB
(b) AUB=AUB c) ANBcC AN B
Examples (Derived set and closure)
1. Let A=[0, 1] then D [0, 1] =[O, 1]
c.A=AuUD(A)=[0,1]uU [0,1] =[0,1]
2. LetA={1,1/2,1/3,........ I/n, ...}, D(A)={0}
c. A=AuUD(A) =AU {0} ¢
- _ \
D(z)=¢ butz=: ie.,clz=zuD@)=zud=Z C )
D (Q) =R, c. Q=R (ie., closure of Q is R) YA b
D(QxQ) =R x R \
Any subset of a discrete metric space has no limit point.
Consider C with usual metric. Let A={z/|z|<1} ths»lg(\Aﬁ{z Izl<1}

8. [0,1] contains all its limit points (ie., All closed intg*alls)\ 4

N o gk~ ow

Results: o))
Let A, B be two subsets of a metric space. Then\()¢A'c B = D(A) < D (B)
i) D (AUB)=D(A) U D(B) T&
i)  D(AnB) < D(A) n D(B) C\
Theorem (1) Ais closed iff A= A (iel, cl. A=A)
(2) AsetSisclosed iffitc all its limit points.
(3) The derived set of any,set 1S closed set.

(4) If S be any subse??, Sorcls=SuSorS =SuD(S)
il S =S

(5) AsetSisopeni :
(6) Let (M, d)é}metric space. Let A < M. Then x is a limit point of A
? Qﬁen ball with centre x contains an infinite no. of points

nyadinite subset of a Metric Space has no limit points.

) NA£d V>0,
ints — Examples)
very point of [0,1] is a limit point of the open interval (0,1)
Every real no. (R) is a limit point of the set Q of all rational no.s.
%3. The set Z of integers has no limit point.

4, The set S ={1/n, n €2’} has only one limit point namely , 0.
5. A finite set has no limit points
6.

A sub set of Ry has no limit point. [P.G.05-06]
Note: If E is any subset of the metric space M, then E c E

(7_):

DENSE SETS:
Def: A subset A of a metric space M is said to be dense in M or everywhere dense if
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K:M_

Def: A metric space M is said to be separable if there exists a countable dense subsets in

M

Examples: (Dense & separable)
1. Let M be a metric space then M is dense in M. Also, any countable Metric

space is separable. (.
2. In R with usual metric, Q is dense in IR. Also, Q is countable andﬁe);ce‘a S
separable. [P.G.03-04] [P.G.11-12] ¢ -

3. Subset of a discrete metric space is not dense in M. Also,\ ahx uhcountable
discrete metric space is not separable. G

In R X R with usual metric, Q x Q is a dense set. AIS%{‘RB separable.

Both Q and Q° (Irrational) are dense in R
R" with usual metric is separable. Lﬁ /
If Aisdensein M and A < B, then B is alsov

Rgqhas no dense subsets.

© N o gk~

Perfect set:-

The set E is perfect if E is cl i every point of E is a limit point of E.

Result: (1) A non - empty per, @Rk is uncountable.

Bounded sets in a Metri ace:

Def: Let (M, d) be a metgC space. We say that a subset A of M is bounded if there
exists a +ve numberk >d (X,y)<k VX, ye A

Eg: 1 inite subset A of a metric space (M, d) is bounded.
, 1] is a bounded subset of IR with usual metric.
(0, 0) is an unbounded subset of R. [P.G.03-04]
%4 In discrete metric Ry, (0, ) is bounded (Any subset of a discrete metric
space M is a bounded subset of M since d(x, y) < 1)
5. In €,lete; =(1,0,.), e,=(0,1,...)etc. Let A {e;,€p, .....n, ..... }.
Then A is a bounded subset of €.,.
6. Let (M, d) be a metric space. Define dy(x,y) = M. Then (M,
1+d(x,y)
d,) is a bounded Metric space.

ey
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7. In a Metric Space, any subset of a bounded set is bounded.
Diameter of the subset A, d (A):
Def: Let (M, d) be a metric space. Let A — M then the diameter of A, denoted by
d(A), is defined by d(A) = L.u.b. {d(x,y) / X,y € A}
Note: 1. A non-empty set A is a bounded set iff d(A) is finite.
2 Let A, Bc M. Then Ac B = d(A)<d(B)
Eg: 1. The diameter of any non-empty subset in a discrete metric space is 1.¢
2. In R, the diameter of any interval is the length of the interval. ie. ((&) ‘}

1.
3. In any metric space, d (¢) = - "\( \
4. A={13,57 9}, dA)=8 h b
5. dN)=o0, d(Q)= (C}
Open Ball (Open Sphere) in a Metric Space: ﬁ

Def: The open ball or the open sphere with centre a ‘n{d{raﬁs r denoted by By (a,
r) is the subset of M given by Bq (a, r) = {X € W a, X)<r} Bg(a r) can be
writtenas B (a, r). 4

Note: 1. B (a, r) is non-empty since itsontaing atleast its centre a.
2. B (a, r) is a bounded set.

Eg: 1 In IR with usual metric,
B(arn={xeR - Xh<A}=(a—r,a+r)isan Interval.

2. C with usal metric B(ar)={ZeC/|z-al<r}. Thisis
interior of gf with/centre a and radius r.
3. In R? with usWal metric, B (a, r) is the interior of circle with centre a
and r.
4. e the discrete metricon M. ThenB (a,r) = | M ifr>1
{a} ifr<1

usual metric, find B (1/2, 1)
?’B (1/2,1) = (12-1, 1+%) = (-1/2, 312)
% ) = (@a-ra+n)
ACE:
Def: Let (M, d) be a metric space. Let M; be a non-empty subset of M. Then My is
also a metric space with same metric d. We say that (Mg, d) is a subspace of
M, d)
Note: If M is a subspace of M, a set which is open in M; need not be open in M.
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If M = R with usual M, = [0, 1] then [0, %2) is open in M, but

Rt

Eg (1):

not open in M

Theorem: Let M be a metr’%:e nd M, a subspace of M. Let A; < M;. Then

A, is open in My iff there/exists an’open set A in M such that A; = A n My (It is true

for closed set. Change as Glosed instead of open)

M; =11, 2] U [3, 4] Then [1,2] is open in M, and also,

inM;  [P.G.: 2011 -12]

hen A;=[1,2]=(1- %, 2+%) nM; = (+1/2,5/2) n M,
isopeninM; 1Y [3, 4] is open in M;)

COM METRIC SPACE:

er. metric space M is complete if every Cauchy sequence of points in M
onverges to a point in M. [P.G.2002-03]

Eg: 1. IRYIR% IRy R", Z are compelte
2 Q is not complete
3. C with usual metric is complete
4. I, is complete.
5. Space of all convergent sequences is a complete metric space.

Result: A subspace of a complete metric space need not be complete.
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Theorem: A subset A of a complete metric space M is complete iff A is closed.
[Poly: 06-07]

Sub set (0, 1] of R is not complete.

[0, 1] with usual metric is complete.

Let A, B be subsets of R. Then AxB= A X B

If A and B are closed subsets of R, then A x B is a closed subsetin R X
R.

Cp is complete metric space foranyp>1 (ie., €4, £y, .... £ )(l

The set {0, 1, 2, 1/3, . ..} 1s complete

[0, 1] U[][2,3]is complete subsets of R.

Set of all rationals with absolute value metric is no@@

Eg:

> w D

© o N oG

(0, 1) with metric Ry is a complete metric space
10.  Every finite metric space is complete
11. If T: X —> X isdefinedas Tx = X 1/3]
then T is a contraction on [0, 1/3]. EA
Generalization of the nested interval theorem:
Let (M, d) be a complete metric space @ ne | let F, be a closed bounded

subsetof M>F; o F,o. Fosr o joeees and
i) DiamF,—> 0 a then ﬂ F, contains precisely one point
Def: Let (M, d) be a metric s : M > M we say that T is a contraction on

M if there exists o € IR h0<a<13d(Tx Ty)< ad(x,y),X,y € M.
Theorem (1) Every contfaction Mapping is continuous
*(2) (Picard Fi oint Theorem): [P.G.2002-03]
If T is a coptragtion)on the complete metric space M, then T has precisely one
fixed point (e nd only one pointx in M > Ty = X)

Baire’s eorem:
Def: ubSgt A of a metric space M is said to be nowhere dense in M if int A= ¢
I% subset A of a metric space M is said to be of first category in M if A can be

xpressed as a countable union of nowhere dense sets.

Def: A set which is not of first category is said to be of second category.

Note: If A is of first category then A = OEn , Where E,, is nowhere dense subsets in

n=1
M.

Eg: 1 In R with usual metric
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A={1,%,1/3, ...... ,1/m, ...... } is nowhere dense.
2. In any discrete metric space M, any non-empty subset A is not nowhere

dense ( Int. A #¢)

In R with usual metric any finite subset A is nowhere desne.

In R with usual metric, any singleton set {x} is nowhere dense.

Any countable subset of R being a countable union of singleton sets

is of first category. In particular Q is of first category.

2. If A and B are sets of first category in a metric space M, thec‘i 'u‘.ais
also of first category. (‘\ D)

|
A
ﬁ;)b
Baire’s category Theorem: (\

Any complete metric space is of second category. h
Eg: 1. R is of second category. N /
2. Any discrete Metric space Ry is of seﬁq ategory.
3. [a, b], [a, b),(a, b],(a, b) In IR ar nd category.
Note: A metric space which is of second gategC ) eed not be complete.
*Eg: IR —Q (Irrational No.) is of sec tegory (but it is not a closed subspace of
IR and hence it is not complete) &.06-07]

Totally Bounded sets:
The subset A of M is to%t()o ded iff, for every € > 0, A can be covered by
M

a finite number of subs f ose diameters are all less than €.
Eg: (1) (0,1) [0,1] are totally bounded
(2) R and any infigite setwith Rd are not totally bounded.
(3) bounde efSNE={e;, ey .....en .....}. of £7is not totally bounded
where €, =%l1, 0,0...,0, ....) etc.
: be a subset of a metric space M. If A is totally bounded then A is
bounded.
N e:?eﬁbnverse of the above theorem is not true in general. But, both are one
in R and R?.
(2) A metric Space (M) is totally bounded iff every sequence in M has a
Cauchy sequence.
(3) A non- empty subset of a totally bounded set is totally bounded.
Results:
1. Any totally bounded metric space is separable
2. Any bounded sequence in R has a convergent sub sequence.
3. The closure of a totally bounded set is totally bounded.

&
Y-
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Closure of a totally bounded subset of R is compact.

Any Cauchy sequence in a metric space is totally bounded.
Any bounded infinite subset of R has a limit point.

Every finite subset of a metric space is totally bounded.

N o ok

Def: (continuous)

Let f: M; — M, be a function. Leta eM;and | € M,. Then xli:na f(x(— ,

(fis said to have limitlas x — a) (l «
AL

Def: f: My — M, is continuous at a if Lim f(x) = f(a). \
X —a

~N  \
A
O
Results: {
1. Letf: M; > M, be a constant function. Then cons fu\“ti n is continuous.

2. Let My be a discrete metric space and M, be any,metric space.

-

Then f: M; — M, is continuous.
3. Afunction f: M; — M, is continuous i nbf,a = (f (X)) — (@)
% Theorem: f:M;—> M,is continuou& (G) is open in M, whenever G is
open in M,. ]
(f is continuous iff inverse image ofgvery open set is open) [P.G. 06-07]
% Theorem: f:M; > M, iscontihuous iff f*(F) is closed in M; whenever F is
closed in M.
(ie., T is continuous Jff inverse image of every closed set is closed) [P.G.06-
07]
Note: 1. Under)gt) s map, the image of an open set need not be an
e

op
2. nder a continuous map, the image of an closed set need not be closed

3. f”is a continuous bijection, f' need not be continuous. (If f is
mpact, then f* is continuous) [P.G.03-04]
re: ~ f:M; — M, is continuous iff f(A) c f(A) VA cC M,
%:1. Let f be a continuous real valued fn. Defined on a metric space M.
Let A={x e M/f(x)>0}. Then A is closed.
*2.  f:IR — IR defined by

fx) = 0 if x is irrational
1 if x is rational, is not continuous. [P.G.05-06]
3. Iff: My —> M, andg : M, — Mj are continuous functions,
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then gof : M; — Mg is also continuous (composition of two continuous
function is conti.)
ie., If f is continuous at P and it g is continuous at f(P), then h =g o f is continuous at
P.
4. Let f, g be conti. Real valved fn. On a metric space M. Let
A={x/x e Mandf(x)<g (x)}. Then A is open.
5. Let f be a function from IR?on to IR defined by f(x, y) = x V (£_y)
IR?. Then f is continuous in IR, “S
6. Letf: M — Randg: M — R be any two continuous fun?tfsns D\flne
1) (fg) x = f(x) g(x) i) (ch) x=cf(x), C@R

i) (f/g) X = E;Ifg(x);éﬂ VxeM. ﬂ)

Then fg, cf, f/g & f-g, |f|are also contanﬁ

T b‘/

*1. The function g defined by

gx) = | . x#0

1 , Xx=0, %ntmuous at x=0 [Poly:05-06]
*2. Letfbedefinedon IR by

g = { smx
: IS not continuous at x = 0.
lim
Xx—>0 f( ) o it is Removable Discontinuous.
= #0
=0 , thenfisnotcontinuous at x = 0. [P.G.03-04]

4. i (1/x) . x#0

* 3.

0 , x=0 , is continuous at x =0
% :{cos (1/x) : xZ£0
0 : x=0 , IS not continuous at x = 0
6. f(x) =<xcos (1/x) Xx#0
0 : x=0 , is continuous at x =0
7. f:Rd — Rd' by f(x) = x, -0 <x < oo, then fis continuous, but f* is not

continuous.
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8. If g(x) = Vx, (0 < x <o), then g is continuous at each point of (0, )
9. The fn . f(x) = 1/x, 0 <x <1 is continuous on(0, 1]. [P.G.11-12]

10.  Every constant fn; exponential fn. Every polynomial fn. of deg. n are also
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