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8 -6 2
IfA|—-6 7 4,|verify that A(adj A) = (adj A)A =|A|I3
2b -4 3
a . - ) _1
If [c d]lS non-singular, find A™".
2 -1 3]
Find the inverse of the matrix |[-5 3 1
-3 2 3l
If A is a non-singular matrix of odd order, prove that |adj 4| is positive.
7 7 =7
Find amatrixA ifadj(4) = [-1 11 7
11 5 71
-1 2 2
IfadjA =1 1 2| findAd™™
2 21
If A is symmetric, prove that adj A is also symmetric.
Verify the property (A7) = (A1) Twith A = i 3 :
. -1 _ -1 -1 . _ 0 —3 _ _2 _3
Verify (AB)"! = B~1 4 w1thA—[1 h | B=] A W
IfA :[g g], find x and y such that A% + xA + yI, = 0,.Hence, find A™1
cosf —sinf].
Prove that [sin 6 coso S orthogonal.
. 6 —3 a
IfA = = b —2 6]isorthogonal, find a,b and c and hence A™?.
2 ¢ 3

EXERCISE 1.1
Find the adjoint of the following:

www.Trb Tnpsc.com
CHAPTER 1 - APPLICATIONS OF MATRICES AND DETERMINANTS

2 3 1] 2 2 1
(i)[_63 ‘ZL] {3 4 1 (iii) £ [—2 1 2
3 7 2l 1 -2 2
Find the inverse (if it exists) of the following:
9 5 1 1] 2 3 1
| ) _3] )1 5 1 (iii)[B 4 1]
1 1 5l 3 7 2
cosx 0 sin«
If F(x) :[ 0 1 0 ], show that [F(x)] ! = F(—)
—sinx 0 cos
4= 3 ]showthatA? — 34 - 71; = 0z. Hence find 4™
8 1 4
IfA =% 4 4 7] prove that A=t = AT
1 -8 4
A= _85 _34]Verify that A(adj A) =(adj A)A = |A|I
If A= [3 é] and 13:[_51 _23] , verify that (AB)~! = B~1 A1
2 —4 2
Ifadj(4) = [—3 12 —7] Jfind A.
—2 0 2
0 -2 0
Ifadj(A) = [ 6 2 —6|findA™"
-3 0 6
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1 0 1]
10. Find adj(adj(A))ifadjA = |0 2 0}
-1 0 1J
11. A:[ 1 tanx] show that AT A-1 [cost —stx].
—tanx 1 sin2x  cos2x
12.  Find the matrix A for which A[ > 3 ]z 14 ]
-1 3 20 =01
13. Given 4 = [2 0 ] ,B= ll J and C = [2 ZJ find a matrix X such that AXB = C.
0 1 1 .
14. IfA=|1 0 1| showthatA™ = E(A2 —3I)
1 1 0
15. Decrypt the received encoded message with the encryption matrix [2 —3][20 4] and
the decryption matrix as its inverse, where the system of codes are described by the numbers
1-26 to the letters AZ - respectively, and the number 0 to a blank space.
(3 -1 2
1.13 Reduce the matrix [—6 2 4] to a row-echelon form.
-3 1 2
0 3 1 6
1.14 Reducethematrix|—1 0 2 5 |toarow-echelon form.
4 2 0 O
1.15 Find the rank of each of the following matrices:
3 2 5 (4 3 1 -2
@M 1 2 (i)[-3 -1 -2 4
3 3 6 L6 7 -1 2
1.16 Find the rank of the following matrices which are in row-echelon form :
2 0 -7 —2 2 -1 82‘09
@jo 3 1 @Jro 5 1 (iii)
0 0 1 0 0 0 000
) \ 0 0 O
1 2 3
1.17 Find the rank ofthe matrix |2 1 4|byreducing it to a row-echelon form.
3 0 5
(2 =2 4 3
1.18 Find the rank of the matrix |-3 4 -2 —1] by reducing it to an echelon form.
6 2 -1 7
3 1 4
1.19 Show that the matrix{2 0 —1]isnon-singular and reduce it to the identity matrix by
5 2 1
elementary row transformations.
1.20 Find the inverse of the non-singular matrix A = [_01 2], by Gauss-Jordan method.
2 1 1
1.21 Find theinverseof A = |3 2 1|by Gauss-Jordan method.
2 1 2
EXERCISE 1.2
1. Find the rank of the following matrices by minor method:
—1 3
~[2 —4 . .1 =2 =1 0
O] I i | 4 ZZ] al; Z¢ T3 )
1 -2 3 0 1 2 1
(iv)I2 4 -6 v)[o 2 4 3
5 1 -1 8 1 0 2
2. Find the rank of the following matrices by row reduction method:
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1 2 -1

1 1 1 3 [3 -8 5 2
(i) [z -1 3 4] (ii) i :; § Gi)| 2 =5 1 4]
5 -1 7 11 {1 -1 1| -1 2 3 =2
3. Find the inverse of each of the following by Gauss-Jordan method:
5 _1 1 —1 0] 1 2 3
(i)[s s @t o -1 (ii)|2 5 3
6 —2 —3I 1 0 8
1.22 Solve the following system of linear equations, using matrix inversion method:

5x +2y = 33x+2y =5
1.23 Solve the following system of equations, using matrix inversion method:
2x1 +3X2 +3X3 =5, X1 -2X2 +X3 =-4, 3X1 -X2-2X3 =3,

1.24 IfA=

-4 4 4 1 -1 1
-7 1 3 ]and B= [1 -2 —2] , find the products AB and BA and hence solve the
5 -3 -1 2 1 3

system of equationsx —y+z=4,x—2y—2z =92x+y+3z=1

EXERCISE 1.3

1. Solve the following system of linear equations by matrix inversion method:
(i) 2x +5y = —2,x+2y=-3
(ii)2x —y=83x+2y = -2
(ii)2x+3y+-z=9x+y+z=93x—-y—z=-1
(ivy x+y+z—-2=06x—4y+5z=-315x+ 2y + 2z =13

-5 1 3 1 1 2
2. IfA=]7 1 —-5landB :[3 2 1], find the products AB and BA and hence solve the
1 -1 1 2 1 3
system of equationsx + y+2z=13x+2y+z=72x+y + 3z =2
3. A man is appointed in a job with a monthly salary of certain amount and a fixed amount of

annual increment. If his salary was RS. 19,800 per month at the end of the first month after 3
years of service and RS.23,400 per month at the end of the first month after 9 years of service,
find his starting salary and his annual increment. (Use matrix inversion method to solve the
problem.)

4, Four men and 4 women can finish a piece of work jointly in 3 days while 2 men and 5 women
can finish the same work jointly in 4 days. Find the time taken by one man alone and that of
one woman alone to finish the same work by using matrix inversion method.

5. The prices of three commodities A B, and C are RS. x y, and z per units respectively. A person P
purchases 4 units of B and sells two units of A and 5 units of C. Person Q purchases 2 units of C
and sells 3 units of A and one unit of B .. Person R purchases one unit of A and sells 3 unit of B
and one unit of C . In the process, P Q, and R earn RS. 15,000, RS. 1,000 and RS. 4,000
respectively. Find the prices per unit of A B, and C . (Use matrix inversion method to solve the
problem.)

1.25 Solve, by Cramer’s rule, the system of equations x1 -x2 =3, 2x1 +3x2 +4x3 =17, X2 +2x3 =7.

1.26 In a T20 match, Chennai Super Kings needed just 6 runs to win with 1 ball left to go in the last
over. The last ball was bowled and the batsman at the crease hit it high up. The ball traversed
along a path in a vertical plane and the equation of the path isy = ax? +bx+c with respect to a
Xy -coordinate system in the vertical plane and the ball traversed through the points ( 10,8 ),(
20,16),(40,22) ,can you conclude that Chennai Super Kings won the match? Justify your
answer. (All distances are measured in metres and the meeting point of the plane of the path
with the farthest boundary line is ( 70,0).
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EXERCISE 1.4

Solve the following systems of linear equations by Cramer’s rule:
(i) 5x—2y+16=0,x+3y—7=0
(i) +2y =12, > +3y =13
(ii))3x+3y—z=112x—y +2z=94x+ 3y + 2z = 25
(iv) 3——3—2— 1= o,xi+§+§—2 = 0,3—§—§+1 =0

X X

In a competitive examination, one mark is awarded for every correct answer while " mark is

deducted for every wrong answer. A student answered 100 questions and got 80 marks. How
many questions did he answer correctly ? (Use Cramer’s rule to solve the problem).
A chemist has one solution which is 50% acid and another solution which is 25% acid. How
much each should be mixed to make 10 litres of a 40% acid solution ? (Use Cramer’s rule to
solve the problem).
A fish tank can be filled in 10 minutes using both pumps A and B simultaneously. However,
pump B can pump water in or out at the same rate. If pump B is inadvertently run in reverse,
then the tank will be filled in 30 minutes. How long would it take each pump to fill the tank by
itself 7 (Use Cramer’s rule to solve the problem).
A family of 3 people went out for dinner in a restaurant. The cost of two dosai, three idlies and
two vadais is RS.150. The cost of the two dosai, two idlies and four vadais is RS. 200. The cost of
five dosai, four idlies and two vadais is RS. 250. The family has RS. 350 in hand and they ate 3
dosai and six idlies and six vadais. Will they be able to manage to pay the bill within the amount
they had ?
Solve the following system of linear equations, by Gaussian elimination method:
x+3y+6z=25x+5y+7z2=132x+9y +z=1.
The upward speed v (t ) of a rocket at time t is approximated by v(t) = at? + bt + ¢,
0 <t < 100 where a, b and c are constants. It has been found that the speed at times
t = 3,t=6andt = 9 seconds are respectively, 64, 133, and 208 miles per second
respectively. Find the speed at time t = 15 seconds. (Use Gaussian elimination method.)
EXERCISE 1.5
Solve the following systems of linear equations by Gaussian elimination method:
(i 2x—3y+3z=2x+2y—z=33x—y+2z=1
(i) 2x+4y + 62 =22,3x+ 8y + 52 =27, -x+y +2z =2
If axZ + bx + cis divided by x + 3, x - 5 and x - 1, the remainders are 21,61 and 9 respectively.
Find a,b and c.(Use Gaussian elimination method)
An amount of Rs. 65000 is invested in three bonds at the rates of 6%, 8% and 9% per annum
respectively. The total annual income is Rs. 4800. The income from the third bond is Rs. 600
more than that from the second bond. Determine the price of each bond.(Use Gaussian
elimination method)
A boy is walking along the pathy = ax? + bx + c through the points (—6,8), (—2,—12) and
(3,8). He wants to meet his friend at P(7,60). Will he meet his friend? (Use Gaussian
elimination method).
Test the consistency of the following system of linear equations and if possible solve:

x+2y—z=33x—y+2z=1,x—-2y+3z=3,x—y+z+1=0.

Test the consistency of the following system of linear equations and if possible solve:
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4x —2y+6z=8x+y—3z=-1,15x — 3y + 9z = 21.

1.31 Test the consistency of the following system of linear equations and if possible solve
xX—y+z=-92x—-2y+2z2=-18,3x -3y +3z+ 27 =0.

1.32 Test the consistency of the following system of linear equations x —y + z = =9,
2x—y+z=43x—y+z=64x—-y+2z=7.

1.33 Find the condition on a, b and c so that the following system of linear equations has one
parameter family of solutions: x +y+z=a,x+2y +3z=b,3x+5y+ 7z =c.

1.34 Investigate for what values of 1 and p the system of linear equations x + 2y + z = 7,
x+y+Az=pu,x+ 3y —5z =5 has (i) no solution (ii) a unique solution (iii) an infinite
number of solutions.

EXERCISE 1.6
1. Test for consistency and if possible ,Solve the following systems of equations by rank method.
(i) xX—y+2z=2 2x+y+4z=7, 4dx—y+z=4
(ii) 3x+y+z=2, x—3y+2z=1, 7x—y+4z=5
(i) 2x+2y+z=5 x-y+z=1, 3Ix+y+2z=4
(iv) 2x—-y+2z+2, 6x —3y + 3z =6, 4x -2y +2z=4
2. Find the value of k for which the equation kx — 2y +z=1,x — 2ky +z = -2,
x — 2y + kz = 1 have (i) no solution (ii) unique solution (iii) infinitely many solution

3. Investigate the value of A and yu the system of linear equations 2x + 3y + 5z = 9,
7x + 3y — 5z = 8,2x + 3y + Az = p have (i) no solution (ii) unique solution
(iii) infinitely many solution

1.35 Solve the system: x + 2y +3z=0,3x +4y+4z=0,7x + 10y + 12z = 0.

1.36 Solvethesystem:x +3y—2z=0,2x—y+4z=0,x— 11y + 14z = 0.

1.37 Solvethesystem:x+y—2z=0,2x—3y+2z=0,3x -7y + 10z =0,6x — 9y + 10z = 0.

1.38 Determine the values of A for which the following system of equations
BA1-8)x+3y+3z=0,3x+(31-8)y+32z2=0,3x + 3y + (31 —8)z =0 has a non-trival
solution.

1.39 By using Gaussian Elimination method, balance the chemical reaction equation:

CsHg + 0, = CO, + H,O0.

1.40 If the system of equations px + by + cz = 0,ax + qy + cz = 0,ax + by + rz = 0 has a non-

trivial solution and p # a,q # b,r # c. Prove that p%a + # + i = 2.
EXERCISE 1.7

1. Solve the following system of homogenuous equations.

(i) 3x+2y+7z=0, 4x —3y—22=0, 5x+9y+23z=0
(i) 2x+3y—z=0, x—y—2z=0, 3x+y+3z=0

2. Determine the value of 4 for which the following system of equations x + y + 3z = 0,
4x + 3y + 1z =0,2x + y + 2z = 0 has (i) a unique solution (ii) a non-trivial soltion.

3. By using Gaussian elimination method, balance the chemical reaction equation
C,Hg + 0, = H,0 + CO,.
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CHAPTER 2 COMPLEX NUMBERS

2.1  Simplify the following:

(1) i7 (ii)i1729 (111) l'—1924- + i2018
(iv) Yoz in (v) iiti?i3i* ... i%0
EXERCISE 2.1
Simplify the following:
1. i1947 +1i1950 2. i194-8 _ i_1869 3. Z}l2=1 l-n
4.1+ 5 5.ii%i3...{2000 6. Y10 in+50

2.2  Find the value of the real numbers x and y, if the complex number (2 + i)x + (1 — i)y + 2i — 3
and x + (=1 + 2i)y + 1 + i are equal.
EXERCISE 2.2

1. Evaluate the following ifz =5 —2i andw = -1+ 31
Dz+w i)z — iw (iii) 2z + 3w (iv) zw
(v) z% + 2zw + w? (vi) (z + w)2.

2. Given the complex number = 2 + 3 i, represent the complex numbers in Argand diagram.
(i)z ,zi,and z + zi (ii)z ,—zi,andz — zi.

3. Find the values of the real numbers x and y, if the complex numbers

B-Dx—2-y+2i+5and 2x + (=1 + 2i)y + 3 + 2i equal.
EXERCISE 2.3

1. Ifzy =1-3i,z, = —4iand z3 = 5, show that
(1) (z1 + 25) + 23 = 21 + (22 + 23) (i) (z122)23 = z1(2223).
2. Ifzy =3,z, = —=7iand z; = 5 + 4i, show that
(1) 21(22 + 23) = 2123 + 2123 (D) (z1 + 22)23 = 2123 + 2,23
3. Ifzy =2+ 5i,z, = —3 — 4iand z3 = 1 + i, find the additive and multiplicative inverse of
Z1,2Z,,and zs.
2.3  Write ;:Zi inthe x + iy form, hence find its real and imaginary parts.
2.4  Simplify (1—1)3 = (1—:)3 into rectangular form.
25 If ZZ_L; = %, find the complex number z in the rectangular form.

2.6 Ifz; =3-2iandz, =6+ 4i, find z—l in the rectangular for
2
2.7 Findz™?,ifz = (2+3i)(1-0).
15 15
2.8  Show that (i) (2 + i\/§)10 +(2- i\/§)wis real and (ii) (19+9l) — (ﬂ) is purely imaginary.

5-3i 1+42i
EXERCISE 2.4

1. Write the following in the rectangular form:

M) G +9) + (2 -4 (i) = (iif) 31 + 5=
2. If z= x + iy, find the following in rectangular form.

M Re(3) (i) Re (i) (iii) Im(3z + 42 — 4i)
3. If zy = 2 —iand z; = —4 + 3i, find the inverse of z;z, and i—:
4, The complex numbers u, v, and w are related by% = % + % Ifv =3—4iandw =4+ 3i, find u

in rectangular form.

5. Prove the following properties: (i) z is real if and only if z = Z (ii) Re(z) = %Z_ and Im(z) = Zz;lz_

Find the least value of the positive integer n for which (\/§ + i)n(i) real (ii) purely imaginary.
10 10
Show that (i) (2 + L\/§) - (2 — l\/§) is purely imaginary and

_on12 _en12
(ii) (19 71) — (20 5_1) is real.
9+i 7-6i
29 Ifz;=3+4i,z, =5—12iand z3 = 6 + 8i, find | z1|,| z2|,| z3|,|21+22|,|22-23|,|Z1+23]|.
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2.10 Find the following (i) | 1+21| (i) |(1 + 1) (2 + 3i)(4i — 3)| (iii) |l((12:il))23
2.11 Which one of the points i, — 2 + i and 3 is farthest from the origin?
2.12 Ifz1, 72 and z3 are complex numbers such that | z1|=| z2|=| z3|=| z1+z2+2z3|=1.
2.13 If|z| —Zshowthat3<|z+3+4i| <7
2.14 Show that the points 1,— + l£ nd— — l£ are the vertices of an equilateral triangle.
2.15 Letzi, z2 and z3 are complex numbers such that | z1| = | z3| = | z3] =7 > 0and
Z1Zy+ZyZ3+232Z1
7z, + 2z, + z3 # 0.Prove that =r
Z1+Zy+24
2.16 Show that the equation z2 = Z has four solutions.
2.17 Find the square rootof 6 — 8i.
EXERCISE 2.5
1. Find the modulus of the following complex numbers
M) (i) == + = 2 (i) (1 —0)° (iv) 2i(3 — 4i)(4 — 30).

2. For any two complex numbers z; and Zz, such that| z;| = | z;] = 1and z;z, # —1, then

show that 2222 is a real number.

+2122

3. Which one of the points 10 — 8i, 11 + i6isclosestto1 + i.
4, If|z] = 3,showthat7 < |z+ 6 —8i| <13.
5. If|z]| =1,showthat2 < |z2—3| < 4..
6. lflz — gl = 2, show that the greatest and least value of | z | are /3 + 1 and v/3 — 1 respectively.
7. If 1, z2 and z3 are three complex numbers such that | z;| = 1,| z;| = 2,| z3] = 3 and

|z, + z, + z3| = 1, show that|9z;z, + 42,25 + z,25].
8. If the area of the triangle formed by the vertices i, ,and z + iz is 50 square units, find the

value of |z] .
9. Show that the equation z3 + 2z = 0 has five solutions.

10.  Find the square roots of (i) 4 + 3i (ii) — 6 + 8i (iii) =5 — 12i.

2.18 Given the complex number z = 3 + 2i , represent the complex numbers z, iz and z + iz in
one Argand diagram. Show that these complex numbers form the vertices of an isosceles right
triangle.

2.19 Showthat |3z — 5 + i| = 4 represents a circle, and, find its centre and radius.

2.20 Showthat |z + 2 — i|] < 2 represents interior points of a circle. Find its centre and radius.

2.21 Obtain the Cartesian form of the locus of z in each of the following cases.

@) |z| = |z — il (ii)|2z—3 —i]| =3
EXERCISE 2.6
1. Ifz = x + iyisacomplex number such that |Z;—:: = 1 ,show that the locus of z is real axis.

2. Ifz = x + iyisacomplex number such that Im (ZZZ:;) = 0, show that the locus of z is
2x2+ 2y +x—=2y=0.

3. Obtain the Cartesian form of the locus of z x = + iy in each of the following cases:
(i) [Re (iz)]* =3 (i) Im[(1-iz+1] =0
(ii)|z+i| =z —1] (ivyz=z"1.

4, Show that the following equations represent a circle, and, find its centre and radius.
A)0z—2—-i|=3 (ii)|2z+2—4i| =2 (iii)|3z — 6 + 12i| = 8.

5. Obtain the Cartesian equation for the locus of z x = + iy in each of the following cases:

(i) |z—4| =16 (ii) |z — 4|?> — |z — 1]% = 16.
2.22 Find the modulus and principal argument of the following complex numbers.
V3 + i (i) —V3 + i (iii) —V3 — i (iv) V3 - i.
2.23 Represent the complex number (i) —1 —i (ii) 1 + +/3i in polar form.
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2.24 Find the principal argument Arg z, when Z = %f/g
2.25 Find the product 2 (cos Z+isin E) 6 (cos T 4 sin 5—”)1n rectangular from.
2 3 3 6 6
2(cos ¥+sin 9—")

2.26 Find the quotient 4(COS(_37,,)H Sin(‘*_3_n))in rectangular form.

227 Ifz = x + iyandarg (g) = g, show that x? + y? = 1.
EXERCISE 2.7

1. Write in polar form of the following complex numbers
()2 +i2v3 (i) 3 —iv3
. i—1
(iif) —2 — 2i (iv) ———
(COS§+I. Slng)

2. Find the rectangular form of complex numbers

) (Cos % + isin %) (cos % + isin %)

cosn isinn
6 6

(i)

2 (cos% + isin%)
3. If (x; +iy)(xy +iy) (x5 + iy3) ... (x, +iy,) = a + ib, show that
(D) (1% + y12) (02 + y2.2) (5% + ¥37) o (% + 3, %) = a® + b?

n
b
(i) Z tan™?! (&) =tan™?! (—) + 2km, kE€Z
L X, a
1+z

4., If; = c0s20 + isin260, show that z = i tanf

5. If cosa+ cos f + cosy = sin < +sin § + siny = 0, show that
(i) cos 3a + cos 3B + cos 3y = 3cos(a + B + y) and
(ii) sin 3a + sin 3B + sin 3y = 3sin(a + B + )
6. Ifz=x+ iyandarg(g) = %,showthaltx2 +y2+3x—3y+2=0.
2.28 Ifz = (cosO + isin@), Show that z" + zin = 2cosnf and z™ — zin = 2isinné.
18
2.29 Simplify (sin% + icos %) i

1+00529+isin29)30
1+cos260—isin26

2.30  Simplify
231 Simplify (i) (1+ )8 (i) (—V3 +3i)°
2.32 Find the cube roots of unity.

2.33 Find the fourth roots of unity.

2.34 Solve the equation z3 + 8i = 0, where z € C.

2.35 Find all cube roots of V3 + i.

2.36 Suppose z;,z, and z5 are the vertices of an equilateral triangle inscribed in the circle |z| = 2. If

z;, = 1+ i3, then find z, and z;.

AMIZH ACADEMY-DPI-94888 13340 CLASS XII BOOKBACK QUESTION 8
kindly send me your key Answers to our email id - padasalai.net@gmail.com


https://www.whatsapp.com/channel/0029VaAqUqk9Bb672tBn033m
https://www.padasalai.net/

www.Padasalai.Net www.Trb Tnpsc.com
EXERCISE 2.8

a+bw+cw? | at+bw+cw?

If w # 11is a cube root of unity, show that >+ = —1.
b+cw+aw c+aw+bw?

Show that (g n %)5 n (g _ %)5 — —\/3.
10
10

+sin—i cos—
10 10

1+sin1—7z+i cos—
Find the value of

If 2cosa = x + i and 2sinff =y + %, show that
Xy
— —-=2 —
() " + 7 cos(a — B)

1
. o
(ii) xy pov i sin(a + B)
m n
(iii) y_" —m = 2i sin(ma — nf)

(iv) x™y™ + L= cos(ma + np).

xMyn -

Solve the equation z3 + 27 = 0.
If w# 1 is a cube root of unity, show that the roots of the equation (z—1)3+8 =0 are
-1,1-2w,1 - 2w?.
Find the value of ¥5_, (cos KT 4§ sin Zk—n)
9 9

If w # 1is a cube root of unity, show that

DA -w+w)+(1+w—w?) =128

DA+ )1+ w1+ 0N +0?)...(1+w?) =1

If z = 2 — 2j, find the rotation of z by 6 radians in the counter clockwise direction about the
31

origin when (i) 6 == (ii) 6 = 2?" (i) 0 = =

CHAPTER 3 THEORY OF EQUATIONS

“It seems that if one is working from the point of view of getting beauty in one’s equation, and if one

has really a sound insight, one is on a sure line of progress.” - Paul Dirac

3.1 Ifaand p are the roots of the quadratic equation17x? + 43x — 73 = 0, construct a quadratic
equation whose rootsare a + 2andf + 2.

3.2 Ifaand p are the roots of the quadratic equation 2x? — 7x + 13 = 0, construct a quadratic
equation whose roots are a? and 2.

3.3 Ifa,f andy are the roots of the equation x3 + px? + gx + r = 0, find the value of Y B—ly in terms
of the coefficients.

3.4  Find the sum of the squares of the roots ofax* + bx3 + cx? +dx+e=0,a # 0

3.5 Find the condition that the roots of cubic equation x3 + ax? + bx + ¢ = 0 are in the ratio
p:q:r.

3.6 Form the equation whose roots are the squares of the roots of the cubic equation
x3+ax?+bx+c=0.
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3.7 Ifpisreal, discuss the nature of the roots of the equation4x? + 4px +p + 2 = 0, interms of p .
EXERCISE 3.1
1. If the sides of a cubic box are increased by 1, 2, 3 units respectively to form a cuboid, then the
volume is increased by 52 cubic units. Find the volume of the cuboid.
Construct a cubic equation with roots (i) 1,2 and 3 (ii) 1,1 and — 2 (iii) 2 ,% and 1.
If a, B and y are the roots of the cubic equationx® + 2x? + 3x + 4 = 0, form a cubic equation

whose roots are (i) 2a, 2, 2y (ii) % ,l ,iy (iii) —a,—p ,—y

B

4, Solve the equation 3x3 — 16x? + 23x — 6 = 0if the product of two roots is1.

5. Find the sum of squares of roots of the equation2x* — 8x3 + 6x? — 3 = 0.

6. Solve the equation x> — 9x? + 14x + 24 = 0if it is given that two of its roots are in the ratio3: 2

7. If a, B and y are the roots of the polynomial equation ax3 + bx? + cx + d = 0, find the value of
D % in terms of the coefficients.

8. Ifa,B,y and § are the roots of the polynomial equation2x* + 5x3 — 7x2 + 8 = 0, find a

quadratic equation with integer coefficients whose rootsarea + f + y + 6 and Syé.
9. If p and q are the roots of the equationix? + nx + n = 0, show that\/% B \/% e \/% = 0.

10.  Ifthe equations x% + px + g = 0and x2 + p’x + q' = Ohave a common root, show that it must

r_ 0 !
be equal to PA7PA a1

a-q’ p'-p’
11.  Formulate into a mathematical problem to find a number such that when its cube root is added
to it, the resultis 6.
12. A 12 metre tall tree was broken into two parts. It was found that the height of the part which
was left standing was the cube root of the length of the part that was cut away. Formulate this

into a mathematical problem to find the height of the part which was cut away.

3.8  Find the monic polynomial equation of minimum degree with real coefficients having 2 — /3 i
as aroot.

3.9 Find a polynomial equation of minimum degree with rational coefficients, having2 —+/ 3 asa
root.

3.10 Form a polynomial equation with integer coefficients with / % as aroot.

3.11 Show that the equation 2x? — 6x + 7 = 0 cannot be satisfied by any real values of x.
3.12 Ifx% + 2(k + 2)x + 9k = Ohas equal roots, findk.
3.13 Show that, if p,q,r are rational, the roots of the equationx? — 2px + p? — q? + 2qr —r> =0
are rational.
3.14 Prove thata line cannot intersect a circle at more than two points.
EXERCISE 3.2

1. If k is real, discuss the nature of the roots of the polynomial equation 2x°> 4+ kx+k=0,in
terms of k .

2. Find a polynomial equation of minimum degree with rational coefficients, having 2 ++/3iasa
root.

3. Find a polynomial equation of minimum degree with rational coefficients, having2i + 3 asa
root.

4, Find a polynomial equation of minimum degree with rational coefficients, havingv5 — /3 asa
root.

5. Prove that a straight line and parabola cannot intersect at more than two points.

3.15 If2+iand 3 — /2 are roots of the equation

x® — 13x° + 62x* — 126x3 + 65x% + 127x — 140 = 0, find all roots.
3.16 Solve the equation x* — 9x2 + 20 = 0.
3.17 Solve the equationx® — 3x% — 33x + 35 = 0.
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3.18 Solve the equation2x® + 11x? —9x — 18 = 0.
3.19 Obtain the condition that the roots of x3 + px? + gx + r = Oare inA. P.
3.20 Find the condition that the roots ofax® + bx? + c¢x + d = 0 are in geometric progression.
Assumea,b,c,,d # 0.
3.21 Iftheroots of x> + px? + gx + r = 0 are in H. P., prove that9pqr = 27r3 + 2p. Assume
p,q,r *0.
3.22 Itis known that the roots of the equation x® — 6x? — 4x + 24 = 0 are in arithmetic
progression. Find its roots.
EXERCISE 3.3
1. Solve the cubic equation : 2x3 — x? — 18x + 9 = 0 if sum of two of its roots vanishes.
2. Solve the equation 9x3 — 36x? + 44x — 16 = 0if the roots form an arithmetic progression.
3. Solve the equation 3x3 — 26x? + 52x — 24 = 0if its roots form a geometric progression.
4, Determine k and solve the equation 2x® — 6x? + 3x + k = 0if one of its roots is twice the sum
of the other two roots.
5. Find all zeros of the polynomialx® — 3x> — 5x* + 22x3 — 39x2 — 39x + 135, if it is known that
1 + 2i and 3 are two of its zeros.
6. Solve the cubic equations: (i)2x3 — 9x2 + 10x = 3, (ii)8x® — 2x> = 7x +3 = 0.
7. Solve the equation x* — 14x2 + 45 = 0.
3.23 Solve the equation(x — 2)(x — 7)(x — 3)(x + 2) + 19 = 0.
3.24 Solve the equation (2x —3)(6x — 1)(3x — 2)(x — 12) — 7 = 0.
EXERCISE 3.4
1. Solve: () (x —5)(x—7)(x+6)(x+4) =505 (i)x—Hx-7Nx-2)(x+1)=16
2. Solve(2x — 1)(x + 3)(2x + 3)(x — 2) + 20 = 0.
3.25 Solve the equationx3® — 5x? — 4x + 20 = 0.
3.26 Find the roots of2x3 + 3x% + 2x + 3 = 0.
3.27 Solve the equation7x3 — 43x? = 43x — 7.
3.28 Solve the following equationx* — 10x3 + 26x% — 10x + 1 = 0.
3.29 Find solution, if any, of the equation2cos?x — 9 cosx + 4 = 0.
EXERCISE 3.5
1. Solve the following equations (i) sin?x — 5sinx + 4 = 0(ii) 12x3 + 8x = 29x2? — 4
2. Examine for the rational rootsof (i) 2x3 —x2—1=0 (ii)x®—-3x+1=0.
3. Solve8x2n — 8x2n = 63.
4. SolveZI + 3[
5. Solve the equations (1) 6x —35x34+62x2—-35x+6=0 (i)x*+3x3—3x—1=0.
6. Find all real numbers satisfying4* — 3(2**2) + 25 = 0.
7. Solve the equation 6x* — 5x3 — 38x% — 5x + 6 = 0if it is known that% is a solution.
3.30 Show that the polynomial 9x° + 2x° — x* — 7x2 + 2 has at least six imaginary roots.
3.31 Discuss the nature of the roots of the following polynomials:
(i) 22018 + 1947x195% + 15x8 + 26x° + 2019
(i) x5 — 19x* + 2x3 + 5x2 + 11.
EXERCISE 3.6
1. Discuss the maximum possible number of positive and negative roots of the polynomial
equation 9x° — 4x® + 4x7 — 3x® + 2x> +x3 + 7x2 + 7x + 2 = 0.
2. Discuss the maximum possible number of positive and negative zeros of the polynomials
x%2 — 5x + 6 and x2 — 5x + 16. Also draw rough skech of the graphs.
3. Show that the equation x° — 5x° + 4x* + 2x? + 1 = 0 has atleast 6 imaginary solutions.
4. Determine the number of positive and negative roots of the equationx® — 5x8 — 14x” = 0.
5. Find the exact number of real zeros and imaginary of the polynomial
x% +9x7 + 7x° + 5x3 + 3x.
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CHAPTER 4 INVERSE TRIGONOMETRIC FUNCTIONS
“The power of Mathematics is often to change one thing into another, to change geometry into
language” - Marcus du Sautoy

4.1  Find the principal value of sin™! (— %) (in radians and degrees).

4.2  Find the principal value of sin™1(2), if it exists.

4.3  Find the principal value of (i) sin™?! (%) (i) sin™?! (sin (— g)) (iii) sin™1 (sin (5?”))
4.4  Find the domain of sin™ (2 — 3x2).

EXERCISE 4.1
1. Find all the values of x suchthat (i)—10m < x < 10mandsinx = 0
(i) —8m < x < 8mandsinx = —1.

2 Find the period and amplitude of (i) y = sin 7 x (ii) y = —sin G x) (iii) y = 4 sin(—2x).
3 Sketch the graph of y = sin G x) for0 < x < 6m.

4, Find the value of (i) sin™?! (sin (2?”)) (i) sin™?! (sin (%n))

5 For what value of x does sinx = sin~1x ?

6

Find the domain of the following (i) f(x) = sin™! (%) (i) g(x) = 2sin71(2x — 1) — %.

7. Find the value of sin™?!

. 5w T 5m . w
(sm— COS— + CcosS—sSIn —).
9 9 9 9
\/5)
> )

4.6  Find (i) cos™? (%) (ii)cos~1 (C o8 (_ g)) il cos - (COS (7?”))
4.7  Find the domain of cos™* (2+Sinx)

4.5  Find the principal value of cos ™! (

EXERCISE 4.2
1. Find all values of x such that ()—6nr< x<6mandcosx = 0
(ii) = 5m< x< S5mandcosx = 1.
State the reason for cos ™! (cos (— %)) F %-
If cos™1(—x) = m — cos~1(x) true? Justify your answer.

Find the principal value of cos™* G) .
. . _1 1 . _1 1
Find the value of (i) 2cos (E) + sin (5>
. 1 (1 .
(i) cos™* (E) + sin~1(—1)
1

SARE- S

(iii) cos™ (cos g cos % — sin g sin %)
6. Find the domain of (i) f(x) = sin™? (IxIT—Z) + cos™?! (1_T|x|)
(i) g(x) = sin™*x + cos ' x.
7. For what value of , the inequalityg < cos}(3x — 1) < m holds?

8. Find the value of = (i) cos (cos‘1 (g) + sin™?! (g))
(ii) cos™t (cos (4?”)) + cos™?! (cos (%n))
4.8  Find the principal value of tan=*(+/3).
4.9  Find (i) tan~*(—V/3) (ii) tan™! (tan 3?”) (iii) tan(tan~1 (2019))
4,10 Find the value of tan™*(—1) + cos™! G) + sin™?! (— %)
4.11 Prove that tan(sin™'x) = —, -1 < x < 1.

V1i—-x
EXERCISE 4.3
1. Find the domain of the following functions : (i) tan™1(V9 — x2) (ii) %tan‘l(l —x2) — %.
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. . _ 5 . _
2. Find the value of (i) tan™?! (tan T”) (i) tan™?! (tan (— g))
3. Find the value of (i) tan (tan‘1 (%n)) (ii) tan(tan™! (1947)) (iii) tan(tan™! (—0.2021)).
. . a1\ o1 1
4, Find the value of (i) tan (cos (E) sin ( 2))
o 1 (1 _q (4
(ii) sin (tan (E) — cos (E))
1 (4 1 (3
(iii) cos (sm (E) — tan (Z))'
4.12 Find the principal value of (i) cosec™1(—1) (ii) sec™1(-2).
4.13 Find the value of sec™?! (— ?)
414 Ifcot™t (;), find the value ofcos 6.
-1 1 _ -1
4.15 Show thatcot (m) =sec”'x,|x > 1]|.
EXERCISE 4.4
1. Find the principal value of (i) sec™? (%) (ii) cot~1(V3) (iii) cosec™1(—/2)
2. Find the value of (i) tan™*(V/3) — sec™(-2)
(i) sin"1(—=1)cos ™1t G) + cot™1(2)
(iii) cot™1(1) + sin™?! (— g) + sec”1(—V/2).
4.16 Prove that% < sin"lx+ 2cos lx < 37”
o . _ 13 . [ 3
417 Simplify (i) cos™t (cos ({)) (ii) tan™?! (tan (f))
_ 5 ~dWPA
(iii) sec™?! (sec (?n)) (iv) sin~1(sin 10).
. . . T -1 1
4.18 Find the value of (i) sin [E — sin (— 5)]
. 1 (1
(ii) cos [E cos (g)] 2
l Pp— 2a 1 -1 1-a
(1ii) tanx[z % (1+a2) + 2 €08 <1+a2)]'
=1 —
4.19 Prove that tan(sin™'x) = mfor lx| < 1.
L o E -1(5
4.20 Evaluate sin [sm (5) + sec (4)].
. -1 1 -1 1 _ E
4.21 Provethat (i)tan (5) + tan (5) =3
(ii) 2tan™?! G) + tan™! (%) = tan™! (%)
4.22 Ifcos lx+cos 'y +cosTlz=mand0 < x,y,z < 1,showthatx? + y? + z2 + 2xyz = 1.
4.23 1Ifa,,a,,as,...a, isanarithmetic progression with common difference d, prove that
-1 -1 -1 . -1 a __ Qnraq
tan [tan (1+a1a2) plan (1+a2a3) + tan (1+a3a4) t et tan (1+anan_1)] " 1+asa,
4,24 Solve tan™! (ﬂ) = Ltan=1(x)forx > 0.
1+x 2
4.25 Solve sin™lx > cos™x.
4,26 Show that cot(sin™1x) = 1;x2,—1 <x <1landx # 0.
4.27 Solvetan™12x + tan™13x = %, if6x% < 1.
4.28 Solve tan™?! (x—_l) + tan™?! (ﬂ) =Z
X—2 x+2 4
P X s -1 E
4.29 Solve cos (sm (W)) = sin (cot (4)).
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EXERCISE 4.5
Find the value, if it exists. If not, give the reason for non-existence.

(i) sin~(cos m) (i) tan™?! (sin (— 5?71)) (i) sin~1(sin 5).
Find the value of the expression in terms of , with the help of a reference triangle.
(i) sin(cos™1(1 — x)) (i) cos(tan™1(3x — 1)) (iii) tan (sin‘1 (x + %))

Find the value of (i) sin™?t (COS <5i"_1 (?)))

(ii) cot (sin‘1 % + sin™?! g)

(iii) tan (sin_1 Z + cot™! z)

11

: 12 17 _ .
Prove that (i) tan™ — + tan™" - = tan™" - (i) sin™1

3 112 . _116
~+cosTt==sin"1=
5 13
- - - _ X+y+z+xyz
Prove thattan™lx + tan ™'y + tan 1z = tan™? [#]
1-xy—-yz—zx

Iftan™'x + tan™ 'y + tan™'z = m, show thatx + y + z

= xyz.
43
Prove that tan™'x + tan™! ( 2x ) =tan™?! (3x—x), x| < —=.
1-x2 1—3x2 V3

Simplify tan™1= — tan~1 =2
y x+y
N 15, .o
Solve (i) sin 1; +sin 12 = g

. 1. _ -1 (1 a? _ -1 1-b?
(ii) 2tan™"x = cos (1+a ) cos (1+b2),a >0,b>0
(iii) 2tan™1(cos x) = tan"1(2cosec x)
(iv) cot™Ix—cot ™ (x + 2) = 1—"2,x > 0.
Find the number of solution of the equation
tan '(x — 1) + tan™! (x) + tan"*(x + 1) = tan"1(3x).

CHAPTER 5- TWO DIMENSIONAL ANALYTICAL GEOMETRY-II

"Divide each difficulty into as many parts as is feasible and necessary to resolve it" René Descartes

5.1 Find the general equation of a circle with centre (—3, — 4) and radius 3 units.

5.2  Find the equation of the circle described on the chord 3 x + y + 5 = 0 of the circle
x% + y? = 16 as diameter.

5.3 Determine whether x + y — 1 = 0 is the equation of a diameter of the circle
x% + y? — 6x + 4y + ¢ = 0 for all possible values of c.

5.4  Find the general equation of the circle whose diameter is the line segment joining the points
(—4,-2),and (1,1).

5.5 Examine the position of the point (2, 3) with respect to the circle x? + y? — 6x — 8y + 12 = 0.

5.6 Theline3x +4y— 12 = 0 meets the coordinate axes at A and B . Find the equation of the
circle drawn on AB as diameter.

5.7 Aline3x +4y+ 10 = 0 cuts a chord of length 6 units on a circle with centre of the circle
(2,1).Find the equation of the circle in general form.

5.8  Acircle of radius 3 units touches both the axes. Find the equations of all possible circles formed
in the general form.

5.9  Find the centre and radius of the circle 3x2 + (a + 1)y? + 6x — 9y +a + 4 = 0.

5.10 Find the equation of the circle passing through the points(1 ,1),(2,—1)and ( 3,2).

5.11 Find the equations of the tangent and normal to the circle x? + y? = 25 at (—=3,4).

512 Ify = 4x + cisatangentto the circlex? + y? =9, findc.

5.13 Aroad bridge over an irrigation canal have two semi circular vents each with a span of 20m
and the supporting pillars of width 2m . Use Fig.5.16 to write the equations that represent the
semi-verticular vents.
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Fig.5.16

EXERCISE 5.1

1. Obtain the equation of the circles with radius 5 cm and touching x-axis at the origin in general
form.
2. Find the equation of the circle with centre (2, —1) and passing through the point (3,6) in
standard form.
3. Find the equation of circles that touch both the axes and pass through (—4, —2) in general
form.
4. Find the equation of the circle with centre (2,3) and passing through the intersection of the
lines3x—2y—1=0and4x+2y—7 =0.
5. Obtain the equation of the circle for which (3,4) and ( 2, —7) are the ends of a diameter.
6. Find the equation of the circle through the points (1,0 ),(—=1,0)and (0,1) .
7. A circle of area 9m square units has two of its diameters along the lines x + y = 5 and
x —y = 1. Find the equation of the circle.
8. Ify = 2v2x + cisatangent to the circle x> + y? = 16, find the value of c.
9. Find the equation of the tangent and normal to the circle x? + y? — 6x + 6y — 8 = 0 at (2,2).
10. Determine whether the points(—2,1), (0,0) and (— 4, —3) lie outside, on or inside the circle
x2+y?—5x+2y—-5=0.
11.  Find centre and radius of the following circles.
Dx2+(@y+2)?%2=0
(ii)x?+y*+6x—4y+4=0
(ii)x2+y?—x+2y—3=0(iv) 2x2 +2y> —6x+4y+2=0
12.  Ifthe equation3x? + (3 — p)xy + qy? — 2px = 8pq represents a circle, find p and q . Also
determine the centre and radius of the circle.
5.14 Find the length of Latus rectum of the parabolay? = 4ax .
5.15 Find the length of Latus rectum of the ellipse Z—z + Z—z =1.
5.16 Find the equation of the parabola with focus (—/2, 0) and directrix x = /2.
5.17 Find the equation of the parabola whose vertex is (5, —2) and focus (2, —2).
5.18 Find the equation of the parabola with vertex (—1, —2), axis parallel to y -axis and passing
through (3,6).
5.19 Find the vertex, focus, directrix, and length of the latus rectum of the parabola
x?2—4x—-5y—1=0.
5.20 Find the equation of the ellipse with foci (+2,0) , vertices (3,0) .
5.21 Find the equation of the ellipse whose eccentricity is %, one of the foci is(2,3) and a directrix is
x = 7. Also find the length of the major and minor axes of the ellipse.
5.22 Find the foci, vertices and length of major and minor axis of the conic
4x% + 36y% + 40x — 288y + 532 = 0.
5.23 For the ellipse 4x2 + y2 + 24x — 2y + 21 = 0, find the centre, vertices, and the foci. Also prove
that the length of latus rectum is 2.
5.24 Find the equation of the hyperbola with vertices (0, +4) and foci(0, +6) .
5.25 Find the vertices, foci for the hyperbola9x? — 16y? = 144,
5.26 Find the centre, foci, and eccentricity of the hyperbolal1x? — 25y? — 44x + 50y — 256 = 0.
5.27 The orbit of Halley’s Comet (Fig. 5.51) is an ellipse 36.18 astronomical units long and by 9.12
astronomical units wide. Find its eccentricity.
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The elliptical arbit of Halley s Comset
Fig. 5.51

EXERCISE 5.2
1. Find the equation of the parabola in each of the cases given below:
(i) focus (4,0) and directrix x = —4.
(ii) passes through (2, —3) and symmetric about y -axis.
(iii) vertex (1, —2) and focus (4, —2).
(iv) end points of latus rectum (4, —8) and (4,8) .
2. Find the equation of the ellipse in each of the cases given below:

(i) foci(£3,0) ,e = 23
(ii) foci (0, = 4) and end points of major axis are(0, £5).
(iii)length of latus rectum 8, eccentricity = 3; and major axis on x -axis.
(iv) length of latus rectum 4, distance between foci 4v/ 2 and major axis as y - axis.
3. Find the equation of the hyperbola in each of the cases given below:
(i) foci(£2,0), eccentricity= %
(ii) Centre (2,1), one of the foci (8,1) and corresponding directrix = 4.
(iii) passing through(5,-2) and length of the transverse axis along x axis and of length 8

units.

4. Find the vertex, focus, equation of directrix and length of the latus rectum of the following:
(i) y% = 16x (i) x? = 24y (iii) y? = —8x
(iv)x2—2x=8y+17=0 (V)y?—4y—8x+12=0

5. Identify the type of conic and find centre, foci, vertices, and directrices of each of the following:

N X2 y? L4 X2 y? P2 y2 .~y x?
(I)E-I_?:l (11)?'1'5:1 (lll)g—@:;l (IVZE—?:l
Prove that the length of the latus rectum of the hyperbola Z—Z - % = lis %.
7. Show that the absolute value of difference of the focal distances of any point P on the hyperbola
is the length of its transverse axis.
8. Identify the type of conic and find centre, foci, vertices, and directrices of each of the following:
~ (x=3)%  (y-4)? .y (412 (y-2)2
() 225 2+ 289 2: ! (i) 100 2+ 64 2: 1
(iii) a+3)® -7 _ 1 (iv) -2  +D)° 1
225 64 25 16

(v) 18x%2 + 12y% — 144x + 48y + 120 =0
(vi)9x% — y? = 36x — 6y + 18 = 0.

5.26 Identify the type of the conic for the following equations:
(1) 16y% = —4x2 + 64 2Q)x*+y*’=—4x—y+4
(B)x2—2y+x—-y=0 (4) 4x% — 9y? —16x + 18y — 29 = 0.

EXERCISE 5.3

L. Identify the type of conic section for each of the equations.
(1) 2x2—-y%2=0 (2)3x2+3y?—4x+3y+10=0
(3)3x% + 2y? = 14 (4) x> +y>—y+x=0.

(5) 11x2 + 25y% — 44x + 50y — 256 =0 (6) y*+4x+3y+4=0.
5.27 Find the equations of tangent and normal to the parabolax? + 6 + 4y + 5 = 0 at (1, —3).
5.28 Find the equations of tangent and normal to the ellipse x? + 4y? = 32,when § = %.

EXERCISE 5.4

1. Find the equations of the two tangents that can be drawn from (5,2) to the ellipse
2x% +7y* =14.
AMIZH ACADEMY-DPI-94888 13340 CLASS XII BOOKBACK QUESTION 16

kindly send me your key Answers to our email id - padasalai.net@gmail.com


https://www.whatsapp.com/channel/0029VaAqUqk9Bb672tBn033m
https://www.padasalai.net/

5.30

5.31

5.32

5.33

5.34

5.35

5.36

5.37

5.38

5.39

5.40

www.Padasalai.Net www.Trb Tnpsc.com

2 2
Find the equations of tangents to the hyperbola % — 36]—4 = 1 which are parallel to

10x—-3y+ 9 = 0.

Show that the line x — y + 4 = 0 is a tangent to the ellipse x? + 3y2 = 12 .Also find the
coordinates of the point of contact.

Find the equation of the tangent to the parabola y? = 16x perpendicular to2x + 2y + 3 = 0.
Find the equation of the tangent at t = 2 to the parabolay? = 8x. (Hint: use parametric form)

Find the equations of the tangent and normal to hyperbola 12x? — 9y? = 108 at = g . (Hint:

use parametric form)

Prove that the point of intersection of the tangents at ‘t;” and ‘t,’on the parabola y? = 4ax is at
lat,t;, a(t, + t5)].

If the normal at the point ‘t;’on the parabola y? = 4ax meets the parabola again at the point

‘ 2
t,, then provethatt, = — (t1 + t—) .
1

A semi-elliptical archway over a one-way road has a height of 3m and a width of 12m. The
truck has a width of 3m and a height of 2.7m . Will the truck clear the opening of the archway?
The maximum and minimum distances of the Earth from the Sun respectively are

152 X 10°% km and 94.5 X 10°. km. The Sun is at one focus of the elliptical orbit. Find the
distance from the Sun to the other focus.

A concrete bridge is designed as a parabolic arch. The road over bridge is 40m long and the
maximum height of the arch is 15m . Write the equation of the parabolic arch.

The parabolic communication antenna has a focus at 2m distance from the vertex of the
antenna. Find the width of the antenna 3m from the vertex.

. 1 . Y
The equation y = Exz models cross sections of parabolic mirrors that are used for solar

energy. There is a heating tube located at the focus of each parabola; how high is this tube
located above the vertex of the parabola?

A search light has a parabolic reflector (has a cross section that forms a ‘bowl’). The parabolic
bowl is 40cm wide from rim to rim and 30cm deep. The bulb is located at the focus . (1) What
is the equation of the parabola used for reflector? (2) How far from the vertex is the bulb to be
placed so that the maximum distance covered?

2 2
An equation of the elliptical part of an optical lens system is ’1(—6 + y? = 1. The parabolic part of

the system has a focus in common with the right focus of the ellipse .The vertex of the parabola
is at the origin and the parabola opens to the right. Determine the equation of the parabola.

A room 34m long is constructed to be a whispering gallery. The room has an elliptical ceiling,
as shown in Fig. 5.64. If the maximum height of the ceiling is 8m , determine where the foci are
located.

_ 2 2
[f the equation of the ellipse is 11y + @
484 64

the nearest centimeter, should the patient’s kidney stone be placed so that the reflected sound
hits the kidney stone?

Two coast guard stations are located 600 km apart at points A(0,0) and B(0,600). A distress
signal from a ship at P is received at slightly different times by two stations. It is determined
that the ship is 200 km farther from station A than it is from station B . Determine the equation
of hyperbola that passes through the location of the ship.

Certain telescopes contain both parabolic mirror and a hyperbolic mirror. In the telescope
shown in figure 5.68 the parabola and hyperbola share focus F; which is 14m above the
vertex of the parabola. The hyperbola’s second focus F, is 2m above the parabola’s vertex. The
vertex of the hyperbolic mirror is 1m below F;. Position a coordinate system with the origin at
the centre of the hyperbola and with the foci on the y — axis. Then find the equation of the
hyperbola.

= 1(x and y are measured in centimeters) where to
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EXERCISE 5.5

1. A bridge has a parabolic arch that is 10m high in the centre and 30m wide at the bottom. Find
the height of the arch 6m from the centre, on either sides.
2. A tunnel through a mountain for a four lane highway is to have a elliptical opening. The total

width of the highway (not the opening) is to be 16m, and the height at the edge of the road
must be sufficient for a truck 4m high to clear if the highest point of the opening is to
be 5m approximately . How wide must the opening be?

3. At a water fountain, water attains a maximum height of 4m at horizontal distance of 0.5m from
its origin. If the path of water is a parabola, find the height of water at a horizontal distance of
0.75m from the point of origin.

4, An engineer designs a satellite dish with a parabolic cross section. The dish is 5m wide at the
opening, and the focus is placed 1.2m from the vertex (a) Position a coordinate system with the
origin at the vertex and the x —axis on the parabola’s axis of symmetry and find an equation of
the parabola. (b) Find the depth of the satellite dish at the vertex.

5. Parabolic cable of a 60m portion of the roadbed of a suspension bridge are positioned as
shown below. Vertical Cables are to be spaced every 6m along this portion of the roadbed.
Calculate the lengths of first two of these vertical cables from the vertex.

Fig. 5.69
6. Cross section of a Nuclear cooling tower is in the shape of a hyperbola with equation
2 2
:? — 37 = 1. The tower is150m tall and the distance from the top of the tower to the centre of

the hyperbola is half the distance from the base of the tower to the centre of the hyperbola.
Find the diameter of the top and base of the tower.

Fig. 5.70
7. A rod of length 1.2m moves with its ends always touching the coordinate axes. The locus of a
point P on the rod, which is 0.3m from the end in contact with x -axis is an ellipse. Find the
eccentricity.
8. Assume that water issuing from the end of a horizontal pipe, 7.5m above the ground, describes

a parabolic path.The vertex of the parabolic path is at the end of the pipe. At a position 2.5m
below the line of the pipe, the flow of water has curved outward 3m beyond the vertical line
through the end of the pipe. How far beyond this vertical line will the water strike the ground?
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9. On lighting a rocket cracker it gets projected in a parabolic path and reaches a maximum height
of 4m when it is 6m away from the point of projection. Finally it reaches the ground 12m away
from the starting point.Find the angle of projection.

10.  Points A and B are 10km apart and it is determined from the sound of an explosion heard at
those points at different times that the location of the explosion is 6 km closer to A than B .
Show that the location of the explosion is restricted to a particular curve and find an equation
of it.

CHAPTER 6- APPLICATIONS OF VECTOR ALGEBRA
6.1 (Cosine formulae) With usual notations, in any triangle ABC, prove the following by vector
method.
(i) a? = b? + ¢ — 2bccos A
(ii) b* = ¢ + a® — 2cacos B
(iii) ¢? = a® + b* — 2ab cos C
6.2  With usual notations, in any triangle ABC, proves the following by vector method.
()a = bcosC +ccosB
(ii)b = ccosA +acosC
(iii)c = acosB+bcos A
6.3 By vector method, prove that cos(a + ) = cosa cos f — sina sin f3.
6.4  With usual notations, in any triangle ABC, prove by vector method that
a b c
SinA _ sinB _ sinC’

6.5 Prove by vector method that sin (@ — ) = sin a cosff — cos asin 5.

6.6 (Apollonius's theorem) If D is the midpoint of the side BC of a triangle ABC, show by vector
method that [4B|” + |[4¢|" = 2(|4D|" + |BD]).

6.7  Prove by vector method that the perpendiculars (attitudes) from the vertices to the opposite
sides of a triangle are concurrent.

6.8 In triangle ABC, the points D, E, F are the midpoints of the sides BC, CA and AB respectively.
Using vector method, show that the area of ADEF is equal to % (area of AABC)

6.9 A particle acted upon by constant forces 21 + 5 + 6k and —i — 2j — k is displaced from the
point (4, —3, —2) to the point (6,1, — 3). Find the total work done by the forces.

6.10 A particle is acted upon by the forces 3t — 2j + 2k and 2i + j — k is displaced from the point
(1,3,—1) to the point (4,—1,4) . If the work done by the forces is 16 units, find the value of 1.

6.11 Find the magnitude and the direction cosines of the torque about the point (2,0, —1) of a force
21 + j — k ,whose line of action passes through the origin.

EXERCISE 6.1

1. Prove by vector method that if a line is drawn from the centre of a circle to the midpoint of a
chord, then the line is perpendicular to the chord.

2. Prove by vector method that the median to the base of an isosceles triangle is perpendicular to
the base.

3. Prove by vector method that an angle in a semi-circle is a right angle.

4. Prove by vector method that the diagonals of a rhombus bisect each other at right angles.

5. Using vector method, prove that if the diagonals of a parallelogram are equal, then itis a
rectangle.

6. Prove by vector method that the area of the quadrilateral ABCD having diagonals AC and BD is
~|4C x BD|.

7. Prove by vector method that the parallelograms on the same base and between the same
parallels are equa in area.

8. If G is the centroid of a AABC, prove that (area of AGAB) = (area of AGBC) = (area of AGCA) =
é(area of DABC).
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9. Using vector method, prove that cos (@« — 8) = cosa cos f + sina sinf3.

10.  Prove by vector method that sin(a + ) = sin a cosp + cos a sin B.

11. A particle acted on by constant forces 8i + 2j — 6k and 6 + 2j — 2k is displaced from the point
(1,2,3) to the point (5, 4,1) . Find the total work done by the forces.

12.  Forces of magnitudes 5 v2 and 10 /2 units acting in the directions 37 + 4j + 5k and
107 + 6j — 8k, respectively, act on a particle which is displaced from the point with position
vector 41 — 3] — 2k to the point with position vector 41 + j — 3k.Find the work done by the
forces.

13.  Find the magnitude and direction cosines of the torque of a force represented by
31 + 4] — 5kabout the point with position vector 21 — 3j + 4k acting through a point whose
position vector is 41 + 2j — 3k.

14.  Find the torque of the resultant of the three forces represented by—3i + 6 — 3k,
41 — 10§ + 12k and 4i + 7] acting at the point with position vector 8f — 6j — 4k about the
point with position vector 18 + 3j — 9k.

6.12 Ifd=-3i—j+5k,b=1-2j+k é=4—5kfindd-(bx¢) .

6.13 Find the volume of the parallelepiped whose co-terminus edges are given by the vectors
21— 3j + 4k, 1+ 2j — kand 31 — j + 2k.

6.14 Show that the vectors i + 2j — 3k, 2{ — j + 2k and 31 + j — kare coplanar.

6.15 If2i —j+ 3k, 3i+ 2]+ k, i + mj + 4k are coplanar, find the value of m .

6.16 Show that the four points (6, —7,0), (16, —19, —4), (0,3, —6), (2, —5,10) lie on a same plane.

6.17 Ifthe vectors d, b, C are coplanar, then prove that the vectors a + b,b+ ¢ &+ darealso
coplanar.

6.18 Ifd,b,c are three vectors, prove that [Ei +¢,d+b,d+b+ E] = —[Ei, b, E].

EXERCISE 6.2
1. Ifd=1—-2j+3k,b=20+j—2k ¢=31+2j+kfindd-(bx¢c).
2. Find the volume of the parallelepiped whose coterminous edges are represented by the vectors
—61 + 14j + 10k, 141 — 10j — 6k and 21 + 4] — 2k.
3. The volume of the parallelepiped whose coterminus edges are 7i + Aj — 3k, i + 2j — k,
—31 + 7j + 5k is 90 cubic units. Find the value of .
4, Ifd, b, are three non-coplanar vectors represented by concurrent edges of a parallelepiped of
volume 4 cubic units, find the value of (d + B) - (I; X E) + (I; +6)-(@xad)+ (C+ad)- (& X B)
5. Find the altitude of a parallelepiped determined by the vectors @ = —21 + 5] + 3k,
b =1+ 3j — 2k and & = =3 + ] + 4k if the base is taken as the parallelogram determined by b

and C.
6. Determine whether the three vectors 2i + 3f + k, i — 2j + 2k and 31 + j + 30k are coplanar.
7. Letd=t{+j+kb=1andé=ci+c,j+csk.lfc; =1landc, = 2, find cs such thata
d, b and Care coplanar.
8. Ifad=1—k b=xi +j7+ (1 —=x)ké= yi+xj+ (1+x—y)k show that [&, b, E]depends on
neither x nor y.

9. If the vectors ai + aj + ck, i + k and ci + cj + bk are coplanar, prove that c is the geometric
meanofaandb .

10.  Letd, b, C be three non-zero vectors such that & is a unit vector perpendicular to both @ and b .

5 o .2 )
If the angle between d and b is %, show that [&, b, E] = % |d|? |b| )

SN — 2
6.19 Prove that [&xb,b XE,EX&] = [&,b,c?] )

6.20 Prove that (d- (b x ¢))d = (d@x b) x (d x ©).
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6.21 For any four vectorsd, b, d we have
(@x b) x x (€ x d) = [ab,d]|¢ - [a, B,a]&: [
6.22 Ifd = —2i+3j— 2k, b—3l—]+3k ¢
whether they are equal.

6.23 Ifa=1i-7, b—l—]—
(1)(a><b) (cx

,¢,d]b — [b, ¢ d]a.
a ¢ d&x(ch) State

||
N
~
U'l
—~>
+

4k,
d) =

EXERCISE 6.3

1. Ifd=1—2j+3k,b=20+j—2k,é=301+2]+kfind (i) (dx b) x & (ii) d@ x (b x ).
2. For any vector d prove that i x (d X 1) +j x (d x j) + k x (51 X IG) = 2d.
3.  Provethatfd—b,b—¢&,é—d] = 0.
4, Ifd=20+3j—k,b=30+5]+2k,é = —i — 2j + 3k , verify that

(i) (axE)X(?:(a-a)B—(b-a)a (i)dx(bx&)=(@-&)b—(b-¢)d.
5. G=20+3j—k,b=—-1+2j—4k ,c=1+j+k thenfmdthevalueof(axb) (@ax?7).
6 If d, b, ¢, d are coplanar vectors, show that (@ x b) x (¢ x d) = 0.

7. Ifa = i+2j+3l€,l§= 20—j+k,¢=31+2j+k andd x (ch) ld + mb + né, find the
values of [, m,n .
8. Ifa,b,care three unit vectors such that b and ¢ are non-parallel and @ X (b x ¢) = %E, find the

angle between @ and €.

6.24 A straight line passes through the point (1,2, —3) and parallel to 4 + 5j — 7k. Find (i) vector
equation in parametric form (ii) vector equation in non-parametric form (iii) Cartesian
equations of the straight line.

6.25 The vector equation in parametric form of a line is 7 = (32 - 2]+ 612) + t(Zi —j+ SE) . Find
(i) the direction cosines of the straight line (ii) vector equation in non-parametric form of the
line (iii) Cartesian equations of the line.

6.26 Find the vector equation in parametric form and Cartesian equations of the line passing

-x—2 _ y+3 2z—-6

through (—4, 2, —3) and is parallel to the line — == =3

6.27 Find the vector equation in parametric form and Cartesian equations of a straight passing
through the points (—5,7, —4) and (13, =5, 2) . Find the point where the straight line crosses
the xy -plane.

6.28 Find the angles between the straight line xT+3 = yT_l = —z with coordinate axes.

6.29 Find the acute angle between the lines 7 = (£ + 2j + 4k) + t(2¢ + 2j + k) and the straight line
passing through the points (5,1,4) and (9, 2,12) .

y 11 d x_—l y+1 z—-2

6.30 Find the acute angle between the straight lines 962;4 =7=and——="="— and state

whether they are parallel or perpendicular.
6.31 Show that the straight line passing through the points A(6,7,5) and B(8,10,6) is perpendicular
to the straight line passing through the points €(10, 2, —5) and D(8,3, —4).

6.32 Show that the lines =2 = 222 = 22 qpd 22 = Y23 = 3% 51 parallel.
4 6 12 -2 3 6
EXERCISE 6.4
1. Find the non-parametric form of vector equation and Cartesian equations of the straight line

passing through the point with position vector 41 + 3j — 7k and parallel to the vector
21— 6 + 7k .

2. Find the parametric form of vector equation and Cartesian equations of the straight line
passing through the point (—2,3,4) and parallel to the straight line — 2 yTH = % )
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3. Find the points where the straight line passes through (6,7, 4) and (8,4,9) cuts the xz and yz
planes.

4, Find the direction cosines of the straight line passing through the points (5,6,7) and (7,9,13) .
Also, find the parametric form of vector equation and Cartesian equations of the straight line
passing through two given points.

5. Find the acute angle between the following lines.

()7 =@—)+e(i+2f—2k) ,7#= (40— 2] + 4k) + t(-1 — 2j + 2k)
()2 =27 =22 2 = 4k 4+ ¢(20 + ] + k).

3 4 5
(iii) 2x = 3y = —zand 6x = —y = —4z.

6. The vertices of AABC are A (7,2,1),B (6,0,3) and C(4, 2,4). Find £ABC .

7. If the straight line joining the points (2,1,4) and (a — 1,4, —1) is parallel to the line joining the
point (0,2,b — 1) and (5,3, —2) . find the values of aand b .

8. If the straight lines XS 2 I ondx = 2 = I gre perpendicular to each other, find

5m+2 5 -1 4m -3
the value of m.

9. Show that the points (2,3, 4), (—1,4,5) and (8,1, 2) are collinear.

6.33 Find the point of intersection of the lines xT_l = yT_Z = ? and 365;4 = yT_l =zZ.

6.34 Find the parametric form of vector equation of a straight line passing through the point of
intersection of the straight lines # = (i + 3f — k) + t(2¢ + 3j + 2k) and xT_Z = yT_‘L = ?, d
perpendicular to both straight lines.

6.35 Determine whether the pair of straight lines 7 = (Zi + 6] + 3lAc) + t(Zi + 3] + 412) ,
7= (Zj — 312) + t(i + 2] + 3]:7)are parallel. Find the shortest distance between them.

6.36 Find the shortest distance between the two given straight lines
7= (204 3] +4k) + t(—20+] - 2k) and 2 = Z =22

6.37 Find the coordinates of the foot of the perpendicular drawn from the point (—1, 2,3) to the
straight line # = (1 — 47 + 3k) + t(2i + 3] + k) . Also, find the shortest distance from the given
point to the straight line.

EXERCISE 6.5

1. Find the parametric form of vector equation and Cartesian equations of a straight line passing
through (5, 2,8) and is perpendicular to the straightlines 7 = (i + j — k) + t(2¢ — 2j + k) and
# = (20— j—3k) + t(i+ 2 + 2k).

2. Show that the lines 7 = (61 +j + 2k) + t(i + 2f — 3k) and
7 = (31 + 2j — 2k) + (21 + 4] — 5k) are skew lines and hence find the shortest distance
between them.

If the two lines x2;1 = yTH = % and ? = % = z intersect at a point, find the value of m.

4. Show that the lines x3;3 = __—313/ =z—1=0 and %6 =y—2= 23;1 = 0 intersect. Also find the
point of intersection.

5. Show that the straightlinesx + 1 = 2y = 12zand x = y + 2 = 6z — 6 are skew and hence find
the Shortest distance between them.

6. Find the parametric form of vector equation of the straight line passing through (—1,2,1) and
parallel to the straightline 7 = (Zi + 3] — 12) + t(i - 2]+ 12) and hence find the shortest
distance between the lines.

7. Find the foot of the perpendicular drawn from the point (5, 4, 2) to the line x7+1 = yT—3 = %
Also, find the equation of the perpendicular.

6.38 Find the vector and Cartesian form of the equations of a plane which is at a distance of 12 units
from the origin and perpendicular to 61 + 2j — 3k.
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6.39 If the Cartesian equation of a plane is 3x — 4y + 3z = —8, find the vector equation of the plane
in the standard form.

6.40 Find the direction cosines of the normal to the plane and length of the perpendicular from the
origin to the plane 7 - (3t — 4j + 12k) = 5.

6.41 Find the vector and Cartesian equations of the plane passing through the point with position
vector 4i + 2j — 3k and normal to vector 2i — j + k.

6.42 Avariable plane moves in such a way that the sum of the reciprocals of its intercepts on the
coordinate axes is a constant. Show that the plane passes through a fixed point.

EXERCISE 6.6
1. Find a parametric form of vector equation of a plane which is at a distance of 7 units from the
origin having 3, —4,5 as direction ratios of a normal to it.
2. Find the direction cosines of the normal to the plane1l2x + 3y — 4z = 65 . Also, find the non-

parametric form of vector equation of a plane and the length of the perpendicular to the plane
from the origin.

3. Find the vector and Cartesian equations of the plane passing through the point with position
vector 2i + 6§ + 3k and normal to the vector i + 3j + 5k.

4, A plane passes through the point (—1,1, 2) and the normal to the plane of magnitude 3v/3
makes equal acute angles with the coordinate axes. Find the equation of the plane.

5. Find the intercepts cut off by the plane 7 - (6i + 4] — 312) = 12 on the coordinate axes.

6. If a plane meets the coordinate axes at 4, B, C, such that the centriod of the triangle ABC is the
point (u, v, w). find the equation of the plane.

6.43 Find the non-parametric form of vector equation, and Cartesian equation of the plane passing
through the point (0,1, —5) and parallel to the straight lines
7= (i+2f—4k)+t(2i +3j+ 6k) and 7 = (i — 3f + 5k) + t(i + ] — k).

6.44 Find the vector parametric, vector non-parametric and Cartesian form of the equation of the
plane passing through the points (1,2,0), (2,2, —1) and parallel to the straight line

x—1 1 2y+1 z+1
1 2 -1

EXERCISE 6.7
1. Find the non-parametric form of vector equation, and Cartesian equation of the plane passing
. . . x—1 y+1 z-3 3 x+3 _ y-3 z+1
through the point (2,3,6) and parallel to the straight lines -~ =75 = and — = == ==
2. Find the parametric form of vector equation, and Cartesian equations ofthe plane passing
through the points (2,2,1), (9,3,6) and perpendicular to the plane 2x + 6y + 6z = 9.
3. Find parametric form of vector equation and Cartesian equations of the plane passing through

the points (2, 2,1), (1, —2,3) and parallel to the straight line passing through the point
(2,1,—-3) and (—1,5,-8).

4, Find the non-parametric form of vector equation and cartesian equation of the plane passing
through the point (1, —2, 4) and perpendicular to the plane x + 2y — 3z = 11and parallel to

x+7 y+3 z

the line — ==—=-.
3 -1 1
5. Find the parametric form of vector equation, and Cartesian equations of the plane containing
the line # = ({ — j + 3k) + t(2f — j + 4k) and perpendicular to plane # - (i + 2j + k) = 8.
6. Find the parametric vector, non-parametric vector and Cartesian form of the equations of the
plane passing through the three non-collinear points (3,6, —2), (=1, —2,6) and (6,4, —2).
7. Find the non-parametric form of vector equation, and Cartesian equations of the plane

#=(61—j+k)+s(—t+2f+k)+t(—5t—4f — 5k).

6.45 Verify whether the line —3 = y—_:

6.46 Show that the lines 7 = (—l -3 - Sk) + t(3l + 5] + 7k) and
7= (21 +4j + 6k) + t(l +4j + 7k)are coplanar. Also,find the non-parametric form of vector
equation of the plane containing these lines.

—Z—hes in the plane 5x —y +z = 8.
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EXERCISE 6.8

1. Show that the straightlines  # = (5{ + 7j — 3k) + t(4{ + 4f — 5k)and
7= (Si + 4] + 5]2) + t(7i +7+ SE) are coplanar. Find the vector equation of the plane in
which they lie.

2. Show that the lines xl;z = y—f = ? and x_—_; = yT_LL = ? are coplanar. Also, find the plane
containing these lines.

3. If the straight lines oz @ and X3 - y—+21 =21 are coplanar, find the distinct real

1 2 m 1 m 2
values of m.
. . x—1 y+1 z x+1 y+1 z . .

4, If the straight lines 5 =5 =5 and — ==, =jare coplanar, find 4 and equations of the
planes containing these two lines.

6.47 Find the acute angle between the planes 7* - (Zi + 2] + ZlAc) =11and 4x — 2y + 2z =15.

6.48 Find the angle between the straight line # = (2i + 3j + k) + t(i — j + k) and the plane
2x—y+z=>5.

6.49 Find the distance of a point (2,5, —3) from the plane 7 - (6i -3+ ZlAc) =5.

6.50 Find the distance of the point (5, —5, —10) from the point of intersection of a straight line
passing through the points A(4,1, 2) and B(7,5,4) with the planex —y + z = 5.

6.51 Find the distance between the parallel planes x + 2y —2z+ 1 =0and 2x + 4y —4z+5 = 0.

6.52 Find the distance between the planes 7 - (2i — j — 2k) = 6 and # - (61 — 3j — 6k) = 27.

6.53 Find the equation of the plane passing through the intersection of the planes
7-(i+j+k)+1=0 and#-(2{— 3f + 5k) = 2 and the point (-1,2,1) .

6.54 Find the equation of the plane passing through the intersection of the planes
2x+3y—z+7=0andx +y— 2z + 5 = 0 and is perpendicular to the plane
x+y—3z—-5=0.

6.55 Find the image of the point whose position vector is i + 2j + 3k in the plane
7-(1+2]+4k)=38.

6.56 Find the coordinates of the point where the straight line
7= (Zi —J+ ZlAc) i t(3i +4j + ZE) intersects the planex —y +z —5 = 0.

EXERCISE 6.9

1. Find the equation of the plane passing through the line of intersection of the planes
7#-(2i = 7j + 4k) = 3and 3x — 5y + 4z + 11 = 0 and the point (-2,1,3).

2. Find the equation of the plane passing through the line of intersection of the planes
x+2y+3z=2and x —y+z+ 11 = 3, and at a distance \/2—5 from the point (3,1, — 1).

3. Find the angle between the line 7 = (22 —J+ IE) + t(i +2j— ZE) and the plane
7-(61+ 3]+ 2k) =8.

4. Find the angle between the planes 7 - (i +]— ZE) =3and2x -2y +z=2.

5. Find the equation of the plane which passes through the point (3,4, —1) and is parallel to the
plane 2x —3y +5z+ 7 = 0. Also, find the distance between the two planes.

6. Find the length of the perpendicular from the point (1, —2,3) to the planex —y +z = 5.

7. Find the point of intersection of the linex — 1 = % = z + 1 with the plane2x — y + 2z = 2. Also,
find the angle between the line and the plane.

8. Find the coordinates of the foot of the perpendicular and length of the perpendicular from the
point (4,3,2) to the plane x + 2y + 3z = 2.

CHAPTER 7 APPLICATIONS OF DIFFERENTIAL CALCULUS

7.1  For the function f(x) = x?,x € [0,2] compute the average rate of changes in the subintervals
[0,0.5],[0.5,1],[1,1.5],[1.5,2] and the instantaneous rate of changes at the points
x = 0.5,1,1.5,2.
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The temperature T in celcius in a long rod of length 10 m, insulated at both ends,is a function of
length x given by T = x(10 — x). Prove that the rate of change of temperature at the midpoint
of the rod is zero.

A person learnt 100 words for an English test. The number of words the person remembers in t
days after learning is given by W(t) = 100 X (1 — 0.1t)%,0 < t < 10. What is the rate at
which the person forgets the words 2 days after learning?

3
A particle moves so that the distance moved is according to the lawS(t) = % —t? 4+ 3 At what

time the velocity and acceleration are zero.

A particle is fired straight up from the ground to reach a height of s feet in t seconds, where
s(t) = 128t - 16 t2. (i) Compute the maximum height of the particle reached. (ii) What is the
velocity when the particle hits the ground?

A particle moves along a horizontal line such that its position at any time ¢ > 0 is given by
S(t) = t3 — 6t% + 9t + 1, where s is measured in metres and t in seconds? (i) At what time the
particle is at rest? (ii) At what time the particle changes its direction ? (iii) Find the total
distance travelled by the particle in the first 2 seconds.

If we blow air into a balloon of spherical shape at a rate of 1000 cm3 per second, at what rate
the radius of the balloon changes when the radius is 7 cm? Also compute the rate at which the
surface area changes.

The price of a product is related to the number of units available (supply) by the equation
Px + 3P — 16x = 234, where P is the price of the product per unit in Rupees and x is the
number of units. Find the rate at which the price is changing with respect to time when 90
units are available and the supply is increasing at a rate of 15 units/week.

Salt is poured from a conveyer belt at a rate of 30 cubic metre per minute forming a conical pile
with a circular base whose height and diameter of base are always equal. How fast is the height
of the pile increasing when the pile is 10 metre high?

A road running north to south crosses a road going east to west at the point P. Car A is driving
north along the first road, and car B is driving east along the second road. At a particular time
car A is 10 kilometres to the north of P and travelling at 80 km/hr, while car B is 15 kilometres
to the east of P and travelling at 100 km/hr. How fast is the distance between the two cars
changing?

EXERCISE 7.1
A particle moves along a straight line in such a way that after t seconds its distance from the

origin is s(t) = 2t% + 3t metres. (i) Find the average velocity betweent = 3andt = 6
seconds. (ii) Find the instantaneous velocitiesatt = 3 andt = 6 seconds.

A camera is accidentally knocked off an edge of a cliff 400 ft high. The camera falls a distance of

s(t) = 16t2 in t seconds. (i) How long does the camera fall before it hits the ground? (ii) What
is the average velocity with which the camera falls during the last 2 seconds? (iii) What is the
instantaneous velocity of the camera when it hits the ground?

A particle moves along a line according to the law (t) = 2t3 — 9t? + 12t — 4, wheret > 0. (i)
At what times the particle changes direction? (ii) Find the total distance travelled by the
particle in the first 4 seconds. (iii) Find the particle’s acceleration each time the velocity is zero.

If the volume of a cube of side length x is v = x3. Find the rate of change of the volume with
respect to x when x = 5 units.

If the mass m(x) (in kilograms) of a thin rod of length x (in metres) is given by, m(x) = v3x then
what is the rate of change of mass with respect to the length when itis x = 3 and x = 27 metres.
A stone is dropped into a pond causing ripples in the form of concentric circles. The radius r of
the outer ripple is increasing at a constant rate at 2 cm per second. When the radius is 5 cm
find the rate of changing of the total area of the disturbed water?

A beacon makes one revolution every 10 seconds. It is located on a ship which is anchored
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5 km from a straight shore line. How fast is the beam moving along the shore line when it
makes an angle of 45° with the shore?

A conical water tank with vertex down of 12 metres height has a radius of 5 metres at the top.
If water flows into the tank at a rate 10 cubic m/min, how fast is the depth of the water
increases when the water is 8 metres deep?

Aladder 17 metre long is leaning against the wall. The base of the ladder is pulled away from
the wall at a rate of 5 m/s. When the base of the ladder is 8 metres from the wall, (i) how fast is
the top of the ladder moving down the wall? (ii) at what rate, the area of the triangle formed by
the ladder, wall, and the floor, is changing?

A police jeep, approaching an orthogonal intersection from the northern direction, is chasing a
speeding car that has turned and moving straight east. When the jeep is 0.6 km north of the
intersection and the car is 0.8 km to the east. The police determine with a radar that the
distance between them and the car is increasing at 20 km/hr. If the jeep is moving at 60 km/hr
at the instant of measurement, what is the speed of the car?

Find the equations of tangent and normal to the curve y = x? + 3x — 2 at the point (1,2).

Find the points on the curve y = x3 - 3x? + x - 2 at which the tangent is parallel to the line
y = X.

Find the equation of the tangent and normal at any point to the Lissajous curve given by

x = 2cos3tand y = 3sin2t,t € R.

Find the angle betweeny = x?andy = (x — 3)%

Find the angle between the curves y = x%? andx = y? at their points of intersection (0,0) and
(1,1).

If the curves ax? + by? = 1and cx? + dy? = 1 intersect each other orthogonally then, show

1 1 1 1
that - ——=-—-,
a b c d

Prove that the ellipse x? + 4 y? = 8 and the hyperbola x> — 2 y? = 4 intersect
orthogonally.

EXERCISE 7.2
Find the slope of the tangent to the following curves at the respective given points.

()y = x*+ 2x?- xatx = 1. (i)x = acos®t,y = bsin®tatt = g

Find the point on the curve y = x?- 5x + 4 at which the tangent is parallel to the
line3x +y = 7.

Find the points on the curve y = x® — 6x? + x + 3 where the normal is parallel to the line

x +y = 17209.
Find the points on the curve y?- 4xy = x2 + 5 for which the tangent is horizontal.
Find the tangent and normal to the following curves at the given points on the curve.
)y = x*- x*at (1,0). i)y = x* + 2e*at (0,2).
g,g) (iv)x = cost,y = 2sin*tatt =

Find the equations of the tangents to the curve y = 1 + x3 for which the tangent is
orthogonal with the line x + 12y = 12.

(ii)y = xsinxat(

Find the equations of the tangents to the curve y = i—: which are parallel to the line

x + 2y = 6.

Find the equation of the tangent and normal to the curve given by

x = 7costandy = 2sint,te R atany point on the curve.

Find the angle between the rectangular hyperbola xy = 2 and the parabola x? + 4y = 0.
Show that the two curvesx? - y2 = r?2and xy = c?,where c, r are constants, cut orthogonally.
Compute the value of ‘c’ satisfied by Rolle’s theorem for the function f(x) = x%(1 — x)?,

x € [0,1].
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7.20  Find the value in the interval G, 2) satisfied by the Rolle’s theorem for the function
1 1
fo =x+3,x € [2,2]
7.21  Compute the value of ‘¢’ satisfied by Rolle’s theorem for the function f(x) = log (%) in the
interval [2,3].
7.22  Without actually solving show that the equation x* + 2x3 — 2 = 0 has only one real root in the
interval (0,1).
7.23  Prove using the Rolle’s theorem that between any two distinct real zeros of the polynomial
apx™ + ay_1x" 1+ -+ a;x + a, there is a zero of the polynomial
na,x" P+ (n—Dap_x"" 2+ -+ a;.

7.24 Prove that there is a zero of the polynomial , 2x3 — 9x2? — 11x + 12 in the interval (2,7) given
that 2 and 7 are the zeros of the polynomial x* — 6x3 — 11x2 + 24x + 28.

7.25 Find the values in the interval (1,2) of the mean value theorem satisfied by the function
f(x) = x—x%forl < x < 2.

7.26 Atrucktravels on a toll road with a speed limit of 80 km/hr. The truck completes a 164 km
journey in 2 hours. At the end of the toll road the trucker is issued with a speed violation
notice. Justify this using the mean value theorem.

7.27 Suppose f(x) is a differentiable function for all x with f’(x) < 29and f(2) = 17. What s the
maximum value of f(7)?

7.28 Prove, using mean value theorem, that [sin @ — sinf| < |a — B8], a, Be R.

7.29 Athermometer was taken from a freezer and placed in a boiling water. It took 22 seconds for
the thermometer to raise from —10°C to 100°C. Show that the rate of change of temperature at
some time t is 5°C per second.

EXERCISE 7.3

1. Explain why Rolle’s theorem is not applicable to the following functions in the respective
intervals. (i) f(x) = |§| x € [-1,1].

(i) f(x) = tanx,x € [0,m].
(iii) f(x) = x - 2logx,x € [2,7].
2. Using Rolle’s theorem , determine the values of x at which the tangent is parallel to the x-axis
for the following functions:
() f(x) = x*=x,x € [0,1].
.. x%=2x
(i) f(x) = —x € [-16].
(i) f(x) = Vx — g x € [0,9].

3. Explain why Lagrange’s mean value theorem is not applicable to the following functions in the

respective intervals:
Mf() = == x € [-1.2].
(i) f(x) = |13x+1],x € [-1,3].

4. Using Lagrange’s mean value theorem determine the values of x at which the tangent is parallel
to the secant line at the end points of the given interval:

() f(x) = x3=3x+2,x € [-2,2]
() f(x) = x=2)(x—=7),x € [3,11].
5. Show that the value in the conclusion of the mean value theorem for
D flx) = %on a closed interval of positive numbers [a, b] is Vab.
(i) f(x) = Ax? + Bx + C on any interval [a, b] is aTer.
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6. A race car driver is kilometer stone 20. If his speed never exceeds 150 km/hr, what is the
maximum kilometre he can reach in the next two hours.
Suppose that for a function f(x),f'(x) < 1foralll < x < 4.Showthatf(4)- f(1) < 3.
8. Does there exist a differentiable function f(x) such that f(0) = —1,f(2) = 4andf(x) < 2
for all x. Justify your answer.

~

9. Show that there lies a point on the curve f(x) = x(x + 3)8_7, —3 < x < 0 where tangent
drawn is parallel to the x- axis.
10.  Using mean value theorem prove that for,a > 0,b > 0,|le"* —e™?| < |a — b|.

7.30 Expand log (1 + x) as a Maclaurin’s series upto 4 non-zero terms for -1 < x < 1.
7.31 Expand tan x in ascending powers of X upto 5th power for —g <x< g

7.32 Write the Taylor series expansion ofi about x = 2 by finding the first three non-zero terms.
x2—3x+2)

7.33 Evaluate: lim,_,4 (m

7.34 Compute the limit lim,_, (xn_an).

Xx—a

7.35 Evaluate the limit lim,,_,, (

sin mx)

7.36 Evaluate the limit lim,._, (Sinx).

x2

7.37 Iflimg_, (m) =1, then prove that m = +n.

1-cosnf

7.38 Evaluate lim,_,- (‘°g(1‘x)).

cot(mx)

7.39 Evaluate lim,_,o- (ﬁ— L )

e*—1

7.40 Evaluate lim,_,+(x logx).

2

7.41 Evaluate lim,_,., (”1x7++29)
X

7.42 Evaluate lim,_, (;—m) , € N.

1
7.43 Using 'Hopital Rule, prove that lim,,_,,+(1 + x)x = e.

EXERCISE 7.4
1. Write the Maclaurin series expansion of the following functions:
(i)e*
(ii) sin x
(iii) cos x
(iv) log (1-x); -1<x<1
(VJtanl(x);-1<x<1

(vi) cos? x
2. Write down the Taylor series expansion, of the function log x about x = 1 upto three non-
zero terms for x > 0.
3. Expand sin x in ascending powers x — % upto three non-zero terms.

4. Expand the polynomial f(x) = x? — 3x + 2 in powers of x — 1.
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1
Evaluate : lim,_,o, (1 + 2x)2logx,

7.44
()
7.45 Evaluate: lim,_; x\1-x/,
EXERCISE 7.5
1. Evaluate: lim,_,, (1_;#)
. 2x2-3
2. Evaluate: lim,._, (X2_5x+3).
. X
3. Evaluate: lim,._, (@)
4. Evaluate: lim_ »- (Secx).
X—>T tanx
5. Evaluate: lim,_, o, (e ™*Vx).
. 1 1
6. Evaluate: lim,_,, (m - ;).
. 2 X
7. Evaluate: hmx_)1+ (E - E)
8. Evaluate: lim,_ o+ x*.
1 X
9. Evaluate : lim,._, o, (1 + ;) .
10.  Evaluate:lim _=(sinx)*"™,
2
1
11.  Evaluate : lim,_y+(cosx)*2.
12. Ifaninitial amount 4, of money is invested at an interest rate r compounded n times a year,
nt
the value of the investment after t yearsis A= A4, (1 + %) . If the interest is compounded
continuously (that is as n — ), show that the amount after t yearsis A= 4, e™.
7.46 Prove that the function f(x) = x2 + 2 is strictly increasing in the interval (2,7) and strictly
decreasing in the interval (—2,0).
7.47 Prove that the function f(x) = x? — 2x — 3 is strictly increasing in (2, ).
7.48 Find the absolute maximum and absolute minimum values of the function
f(x) = 2x3 + 3x2- 12x on [—3,2].
7.49 Find the absolute extrema of the function f(x) = 3cosx on the closed interval [0,27].
7.50 Find the intervals of monotonicity and hence find the local extrema for the function
f(x) = x? — 4x + 4.
2
7.51 Find the intervals of monotonicity and hence find the local extrema for the function f(x) = xs.
7.52 Prove that the function f(x) = x - sin x is increasing on the real line. Also discuss for the
existence of local extrema.
7.53 Discuss the monotonicity and local extrema of the function
f(x) = log(1+x) — % ,X > —1 and hence find the domain where, log(1 + x) > %
7.54 Find the intervals of monotonicity and local extrema of the function f(x) = xlogx + 3x.
7.55 Find the intervals of monotonicity and local extrema of the function f(x) = 1+1x2.
7.56 Find the intervals of monotonicity and local extrema of the function f(x) = 1:;2.
EXERCISE 7.6
1. Find the absolute extrema of the following functions on the given closed interval.
(i) f(x) = x? —12x + 10; [1,2]
(i) f(x) = 3x* —4x3;[-1,2]
4 1
(iii) f(x) = 6x3 —3x3; [—1,1]
(iv) f(x) = 2cosx + sin2x; [0, g]
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2. Find the intervals of monotonicities and hence find the local extremum for the following
functions () f(x) = 2x3 4+ 3x? — 12x

(i) f(x) = =
(i) f(¥) = T

(iv) f(x) = =~ logx
(V) f(x) = sinxcosx + 5x € (0,2m).
7.57 Determine the intervals of concavity of the curve f(x) = (x —1)3.(x — 5),x € R and points
of inflection if any.
7.58 Determine the intervals of concavity of the curve y = 3 + sinx.
7.59 Find the local extrema of the function f(x) = x* + 32x.
7.60 Find the local extrema of the function f(x) = 4x° — 6x*.
7.61 Find the local maximum and minimum of the function x?y? on thelinex + y = 10.
EXERCISE 7.7

1. Find the intervals of concavity and points of inflection for the following functions :

M) f(x) = x(x—4)°

(i) f(x) = sinx + cosx,0< x < 2w

(i) f(x) = 5 (¥ —e™)
2. Find the local extrema for the following functions using second derivative test:

() f(x) = —3x>+ 5x3

(i) f(x) = xlogx

(iii) f(x) = x%e™ %,
3. For the function f(x) = 4x3 + 3x? — 6x + 1 find the intervals of monotonicity , local extrema,

intervals of concavity and points of inflection.

7.62 We have a 12 unit square piece of thin material and want to make an open box by cutting small

squares from the corners of our material and folding the sides up. The question is, which cut

produces the box of maximum volume?
7.63 Find the points on the unit circle x? + y? = 1 nearest and farthest from (1,1).
7.64 A steel plant is capable of producing x tonnes per day of a low grade steel and y tonnes per day
40-5x
10-x

of high grade steel, then what should be optimal productions in low grade steel and high grade

of a high grade steel , where y = [f the fixed market price of low grade steel is half that

steel in order to have maximum receipts.
7.65 Prove that among all the rectangles of the given area square has the least perimeter.

EXERCISE 7.8

Find the two positive numbers whose sum is 12 and their product is maximum.

Find the two positive numbers whose product is 20 and their sum is minimum.

Find the smallest possible value of x? + y? given thatx +y = 10.

A garden is to be laid out in a rectangular area and protected by wire fence. What is the largest

possible area of the fenced garden with 40 metres of wire.

5. A rectangular page is to contain 24 cm? of print. The margins at the top and bottom of the page
are 1.5 cm and the margins at other sides of the page is 1 cm. What should be the dimensions of
the page so that the area of the paper used is minimum.

6. A farmer plans to fence a rectangular pasture adjacent to a river. The pasture must contain
1,80,000 sq.mtrs in order to provide enough grass for herds. No fencing is needed along the
river. What is the length of the minimum needed fencing material?

BN

7. Find the dimensions of the rectangle with maximum area that can be inscribed in a circle of
radius 10 cm.

8. Prove that among all the rectangles of the given perimeter, the square has the maximum area.
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9. Find the dimensions of the largest rectangle that can be inscribed in a semi-circle of
radius r cm.

10. A manufacturer wants to design an open box having a square base and a surface area of
108 sq.cm. Determine the dimensions of the box for the maximum volume.

11.  The volume of a cylinder is given by the formula V = rr2h. Find the greatest and least values of
Vifr+h=6.

12. A hollow cone with base radius a cm and height b cm is placed on a table. Show that the volume

of the largest cylinder that can be hidden underneath is g times volume of the cone.

7.66 Find the asymptotes of the function f(x) = i

2_
7.67 Find the slant (oblique) asymptote for the function f(x) = = xiﬁ”.
7.68 Find the asymptotes of the curve f(x) = if:i
7.69 Sketchthecurvey = f (x) = x2—x—6.
7.70 Sketch the curvey = f(x) = x3 —6x — 9.
2_
7.71 Sketch the curvey = = >
(x-1)
7.72 Sketch the graph of the functiony = x?—cf
EXERCISE 7.9
1. Find the asymptotes of the following curves:
. x?
OUORE-=
i - *
(i £0) = 7
_ X
(i) f(x) = @
. x“—6x—1
) F6) = =55
W) ) = ===
2. Sketch the graphs of the following functions:
My=—3(—3x+2)
(i)y= xv4—x
_ x%41
(iii) y = .
(ivyy = e
CHAPTER 8 Differentials and Partial Derivatives
8.1 Find the linear approximationfor f (x) =V 1+ x,x = —1,atx, = 3. Use the linear

approximation to estimate f (3.2) .

8.2  Use linear approximation to find an approximate value ofy 9.2 . without using a calculator.

8.3  Letus assume that the shape of a soap bubble is a sphere. Use linear approximation to
approximate the increase in the surface area of a soap bubble as its radius increases from 5 cm
to 5.2 cm. Also,calculate the percentage error.

8.4  Arightcircular cylinder has radius r =10 cm. and height h = 20 cm. Suppose that the radius of
the cylinder is increased from 10 cm to 10 1. cm and the height does not change. Estimate the
change in the volume of the cylinder. Also, calculate the relative error and percentage error.

EXERCISE 8.1

1. Let f (x) = Vx.Find the linear approximation at = 27 . Use the linear approximation to
approximate /27.2.

2. Use the linear approximation to find approximate values of
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(i) (123)5 (i) V15 (iii) ¥26.

3. Find a linear approximation for the following functions at the indicated points.
() f(x) = x®>=5x+12,x5 =2
(i) g(x) = Va2 +9,x, = —4
ee X
(iii)) h(x) = —7 %=1

4, The radius of a circular plate is measured as 12 65. cm instead of the actual length 12 5. cm.
find the following in calculating the area of the circular plate: (i) Absolute error (ii) Relative
error (iii) Percentage error.

5. A sphere is made of ice having radius 10 cm. Its radius decreases from 10 cm to 9 8. cm. Find
approximations for the following: (i) change in the volume (ii) change in the surface area.

6. The time T, taken for a complete oscillation of a single pendulum with length 1, is given by the
equation T = 2m \/g, where g is a constant. Find the approximate percentage error in the
calculated value of T corresponding to an error of 2 percent in the value ofl.

7. Show that the percentage error in the n th root of a number is approximately 1; times the
percentage error in the number.

85 Letf,g: (a,b) - Rbedifferentiable functions. Show thatd (f g) = fdg + gdf .

8.6 Let (x) = x%+ sinx.Calculate the differential dg.

8.7 Ifthe radius of a sphere, with radius 10 cm, has to decrease by 0 1. cm, approximately how
much will its volume decrease?

EXERCISE 8.2

1. Find differential dy for each of the following functions :

My=%2"  ()y=@+sin@)) (i) y = e cos(x? — 1)
2. Find df for f(x) = x? + 3x and evaluate it for
(i)x = 2anddx = 0.1 (ii) x = 3anddx = 0.02.

3. Find Af and df for the function f for the indicated values of x, Ax and compare
() f(x)=x3—2x%;x=2,A,=dx =05
(i) f(x) =x*>+2x+3;x = -0.5,A,=dx = 0.1

4, Assuming log,, e = 04343, find an approximate value of log,, 1003.

5. The trunk of a tree has diameter 30 cm. During the following year, the circumference grew
6 cm. (i) Approximately, how much did the tree’s diameter grow? (ii) What is the percentage
increase in area of the tree’s cross-section?

6. An egg of a particular bird is very nearly spherical. If the radius to the inside of the shell is

5 mm and radius to the outside ofthe shell is 5.3 mm, find the volume ofthe shell
approximately.

7. Assume that the cross section of the artery of human is circular. A drug is given to a patient to
dilate his arteries. If the radius of an artery is increased from 2 mm to 2.1 mm, how much is
cross- sectional area increased approximately?

8. In a newly developed city, it is estimated that the voting population (in thousands) will
increase accordingto V (t) = 30 + 12t? — t3 , 0 <t < 8 where t is the time in years. Find the
approximate change in voters for the time change from 4 to 4% year.

9. The relation between the number of words y a person learns in x hours is given by
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y = 524/x,0 < x < 9.What is the approximate number of words learned when x changes
from (i) 1 to 1.1 hour? (ii) 4 to 4.1 hour?

10.  Acircular plate expands uniformly under the influence of heat. If it's radius increases from
10.5 cm to 10.75 cm, then find an approximate change in the area and the approximate
percentage change in the area.

11. A coat of paint of thickness 0 2. cm is applied to the faces of a cube whose edge is 10 cm. Use
the differentials to find approximately how many cubic centi-meters of paint is used to paint
this cube. Also calculate the exact amount of paint used to paint this cube.

8.8 letf(x,y) =22 53:1 for all (x,y) € R%show that f is continuous on R?.

8.9 Consider f(x, y) = 2+ = if (x,y) # (0,0) and £(0,0) = 0. Show that f is not continuousat (0,0)
and continuous at all other point of RZ.

8.10 Consider g(x,y) = 1f (x,y) # (0,0) and g(0,0) = 0. Show that g is continuousat on R?.

EXERCISE 8.3
2_

1. Evaluate:lim, yy-,(1,2) 9(x, y), if the limit exists , where g(x,y) = ;’iyzxi.

1 1 x2+y? fthe limi .
2. Evaluate:limy ), 0,0y COS (x+y+2). If the limits exists.

_ ¥y-xy . ]
3. Let f(x,y) = NE for (x,y) # (0,0).show that (x,yl)lir%o,o)f(x’ y)=0.
4, Evaluate: lim cos (ex 8 y),if the limits exists.
(x, J')—>(0 0) y

5. Let g(x,y) = for (x,y) # (0,0) andf (0,0) = 0.

(1) Show that lim g(x,y) = 0alongeveryliney = mx,m € R.
(x,y)-(0,0)
(ii) Show that( lim g(x, y) =

6. Show that f(x y) X y is continuous at every (x,y) € R2.

7. Letg(x,y) = sinx , for x # 0 and g(0,0) = 1.show that g is continuous at(0,0).

8.11 Letf(x,y) = 0,1fxy # 0and f(x,y) = Lifxy = 0.

- O 00y
(i) Calculate: o (0,0), 3y (0,0).
(ii) Show that f is continuous at (0,0).
8.12 LetF(x,y) = x3y + y%x+7 forall (x,y) € R Calculate—( 1,3) nd—( 2,1).
2 X +5y 2 af af azf f
8.13 Let f(x,y) = sin(xy ) +e forall (x,y) € R Calculate '3y ayaxand_axay'
azw
8.14 Letw(x,y) =xy Calculate -y ndaxay
8.15 Letu(x,y) = e‘zy cos 2x for all (x, y) € R2.Prove that uis a harmonic function in R?.
EXERCISE 8.4
1. Find the partical derivatives of the following functions at the indicated points.
() f(x,y) = 3x% — 2xy + y%2 + 5x + 2,(2,—5).
(i) g(x,y) = 3x% + y2 + 5x + 2,(—1,2).
(iii) h(x,y,2) = x sin(xy) + z2x, (2,%, 1).
(iv) G(x,y) = e**3¥ log(x? + y?), (—1,1).
2. For each of the following functions find the f,, f,, and show that f;, = f, ..
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() f(xy) =0

(i) (e, = tan™* ()
(iii) f(x y) = cos(x? — 3xy).

3. If U(x, y,z)— +32 y,Fmd—U — d—
IfU(x,y,z) = log(x + y? + z2%), F1nd—+ — + Z—Z
5. For each of the following functions flnd the gxy, xxr Gyyr Gyx-
(i) g(x,y) = xe¥ + 3x2y
(ii) g(x,¥) = log(5x + 3y)
(iii) g(x,y) = x2 + 3xy — 7y + cos 5x
62
6. Letw(x,y,z) = m ,(x,v,2z) # (0,0,0), Showthat + a—w t—5=0.
7. IfV(x,y) = e*(xcosy — ysiny), then prove that — + — = 0.
6 w
8. Ifw(x,y) = xy + sin(xy), then prove that 2 ayax = 5xay
2y %v
9. Ifv(x,y z) =x3+y3 + z3 + 3xyz,show thata 23y = 9y97
10. A firm produces two types of calculators each week, x number of type A and y number of type
B.The weekly revenue and cost functions (in rupees) R(x,y) = 80x + 90y + 0.004xy — 0.05y?
and C(x,y) = 8x + 6y + 2000 respectively. (i) Find the profit function P(x, y), (ii) Find
Z—z (1200,1800) and Z—; (1200,1800) and interpret these results.
8.16 If w(x,vy,z) = x>y +y%z+ z%x ,x,y,z € R, Find the differential dw.
8.17 LetU(x,y,z) =x? —xy +3sinz,x,y, z € R. Find the linear approximation for U at (2, —1,0).
EXERCISE 8.5
1. Ifw(x,y) = x® —3xy + 2y%,x,y € RFind the linear approximation for w at (1, —1).
2. If z(x,y) = x%y + 3xy* x,y € R. Find the linear approximation for z at (2, —1).
3. Ifv(x,y) =x*—xy+ iyz + 7,x,y € R.Find the differential dv.
4, Ifv(x,y,z) = xy +yz+ zx,x,y,z € R.Find the differential dv.
8.18 Verify the above theorem for F(x,y) = x* — 2y% + 2xy and x(t) = cost,
y(t) =sint,t €[0,2x].
8.19 Letg(x,y) =x%—yx +sin(x+y), x(t) =e3, y(t) =t? ,t € R.Find %.
820 Letg(x,y)=2y+x%x=2r—s,y=r%+2s, rsEIR{Flndag g‘z
EXERCISE 8.6
1. Ifu(x,y) = x?y + 3xy*, x = e’ and y = sint,Find Z—Z and evaluate itat t = 0.
2. Ifu(x,y,z) = xy?z3,x =sint, y=cost ,z=1+ eZt.Find%.
3. Ifw(x,y,z) =x2+y?+z% x=e'y= e'sint, z=e'cost.Find Z—V:.
4, IfU(x,y,z) =xyz, x=e %, y= e tcost, z=sint,t € R.Find Z—Z.
5. Ifw(x,y) = 6x3 —3xy +2y2, x=e5 y=coss, s € RFind Z—V:,and evaluate at s = 0.
6. If z(x,y) = xtan™1(xy),x = t?, y = sel,s,t € R.Find%and%ats =t=1.
7. Let U(x,y) = e* sin y,where x = stz,y = s?t, s,t € R.Find Z—ISJ and Z—Z and evaluate them at
s=t=1.
8. Let z(x,y) = x3 — 3x?y3, where x = se!, y =se™!, s,t€ R.Find%and %.
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9, W, y,z) =xy+yz+zx, x=u—v,y=uv, Zz=u+v ,u,v € R.Findi—fandi—fatvaluate
1
them at (E’ 1)
8.21 Showthat F(x,y) =

x2+5xy—10y? , .
T isa homogeneous function and degree 1.

3x+7y
= sin~1 (XX gu o _1
8.22 Ifu=sin (\/Ehﬁ)’ show that x o + yay =3 tan u.
EXERCISE 8.7
1. In each of the following cases, determine whether the following function is homogeneous or

not. If it is so, find the degree.
i) fxy =x*y+6x3+7

2,3 _ a5 4
(i) h(x,y) = 22—

2020x242019y2
_ \/3x245y2+2z2
(1“) g(x;y; Z) - 4x+7y
. . (y%-2z2
(iv) Ulx,y,z) =xy + sm( > )
2. Prove that f(x,y) = x® — 2x2?y + 3xy? + y3 is homogeneous; what is the degree Euler’s
theorem for f.
3. Prove that g(x,y) = x log G) is homogeneous; Evaluate: Verify Euler’s theorem for g.

x%+y?
Vaty’

2 2
5. Ifv(x,y) = log(x iy

x+y
6. Ifw(x,y,z) = log (

4, Ifu(x,y) =

Ju ou 3
prove thatxa + Yoy =%

ov ov
), prove thatxa + Yoy = 1.

5x3y4+7y2xz4—75y3x=z4) . ow ow ow
Find x — b zZ .
x2+y2 ’ ox Ty oy * 0z

CHAPTER 9 APPLICATION OF INTEGRATION

. 0.5 . . : :
9.1 Estimate the value of | 0 x? dx using the Riemann sums corresponding to 5 subintervals of

equal width and applying (i) left-end rule (ii) right-end rule (iii) the mid-point rule.
EXERCISE 9.1

1. Find an approximate value of [ 11'5 x dx by applying the left-end rule with the partition
{1.1,1.2,1.3,1.4,1.5}.

2. Find an approximate value of | 11'5 x? dx by applying the left-end rule with the partition
{1.1,1.2,13,1.4,1.5}.

3. Find an approximate value of [ 11'5(2 — x) dx by applying the left-end rule with the partition

(1.1,1.2,1.3, 1.4, 1.5 ).
9.2  Evaluate fol x dx as the limit of a sum.
9.3  Evaluate fol x3 dx as the limit of a sum.

9.4  Evaluate ff(sz + 3) dx as the limit of a sum.

EXERCISE 9.2
1. Evaluate the following integrals as the limits of sums:

(i) f, (5x + 4) dx (i) J(4x% — 1) dx
9.5 Evaluate f03(3x2 —4x +5)dx

1 2x47
9.6  Evaluate [ —— dx
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9.7  Evaluate [ 01[2x] dx where[ .] is the greatest integer function.

T
—secxtanx

9.8 Evaluate |3

09 1-1|-sec2x
9.9 Evaluate [ pr A
2 X
9,10 Evaluate fl m
z cosx

911 Evaluate ¢ oriios
1

— . _1
9.12 Evaluate [\*~—"— dx
(1-x2)2
9.13 Evaluate [2(vVtanx + vcotx) dx
9.14 Evaluate fol's[xz] dx where| x] is the greatest integer function.

9.15 Evaluate f_44|x + 3|dx

VA
= 1
2 — =
9.16 Evaluate f0n4+55inx dx =3 log,2.
2 sin2x _T
9.17 Evaluate fg o dx =7
- 1 _ 1 -1 (a)
4 - — o
9.18 Evaluate J; FEsinabicostx dx = —tan™" |, ) ,wherea,b > 0.

9.19 Evaluate [*

0 sin x+cos x

9.20 Evaluate fong(sin x) dx
9.21 Evaluatef: ol

1+sinx

9.22 Evaluate fozng(cos x) dx
9.23 Evaluatelf (x) = f(a+ x),then [J* f(x)dx = 2 [ f(x) dx

T

9.24 Evaluate [ x cos x dx
2

9.25 Evaluate f_l(;(‘)quz e ¥l dx

a fx)
9.26 Evaluate fO m

T

9.27 Evaluate fozlog(l +tant) dt
9.28 Evaluate fol[tan‘l(x) + tan (1 —x)] dx

3 Vx
9.29 Evaluate [ NN
2
9.30 Evaluate [~ 222 dx
-7 14+a*
EXERCISE 9.3
1. Evaluate the following definite integrals:
N 4 dx .y (1 dx 1 [1-x
(1) f3 x2_4 (.ll)f_l x2+2x+5 (111) f() E dx
. z 1+sinx z . ol 1-x?
(iv) 2 e* (1+Cosx) dx (v)JZ Vcos 6 sin*6d6 (vi) J, G dx
2. Evaluate the following integrals using properties of integration:
x_ s
(i)f_s5 X cos (:x+1) dx (ii) f%(x® + x cos x + tan® x + 1) dx
2
% ) . 21 3+cosx
(iii) f_g(sm x) dx (iv) J, xlog (3—cosx)
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(v) fmsin4 x cos® x dx (vi) f01|5x — 3| dx
2
(v1)fsm ¥sin1 (Vt)dt + fOCOS xcos_l(\/f)dt
11 (1 )
(i) fy =5 (0 1] o

(xi) fonx [sin? (sinx) + cos? (cos x)] dx

(%) fn
9.31 Evaluate: fo x? cos nx dx, where n is a positive integer.

9.32 Evaluate:fo1 e (1 + x — 2x3) dx.

tan X

2 . . e
9.33 Evaluate: fo " x% sinnx dx, where n is a positive integer.

9.34 Evaluate:f_l1 e (1 — x?) dx.

EXERCISE 9.4
L. Evaluate the following:
1 3 _oy 1sin(3tan~t x)tan™! x
(1) f, xe™ dx 2 J, e dx
sin 1x it
(3) f‘r% (4) f02 x?2 cos 2x dx.
1
9.35 Evaluate:fb — = dx,a>0bER
9.36 Evaluate: 0 %
4sin“ x+5cos “x
EXERCISE 9.5
1. Evaluate the following:
o~ [ dx
(l)foz 1+5cos 2x (1 )f02 4$1n2 X+5
9.37 Evaluate: F[sinzx + cos*x]dx
9.38 Evaluate: COS X 7| dx
0 sin®x 3
9.39 Evaluate:
(i) JZ sin®x cos*x dx
s E . 4 6
(i) J2 sin*x cos®x dx
9.40 Evaluate: fzaxzv 2ax — x2 dx
9.41 Evaluate: f x°(1 — x?)° dx.
9.42 Evaluate: f x3(1—x) *dx
EXERCISE 9.6
1. Evaluate the following:
i) [2sin'%dx ii) [2 cos”dx iii) [*sin®2x dx
0 0 0
. £ . g5 2 ) 4 . 2t . 7 (x
(iv)J sin®3x dx (v) JZ sin®xcos* dx (vi) J, sin (Z) dx
(vii) [Z sin*6cos°0 db (Viii)folxz(l —x)3.
9.43 Evaluate: fooo e *x™ dx = n!, where n is a positive integer.
9.44 Evaluate:f0 e~ %x™ dx, where a > 0.
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9.45 Show thatTn = 2 fooo e * 21 gy,
9.46 Evaluate: f 000 i—: dx, where n is a positive integer> 2.
EXERCISE 9.7
1. Evaluate the following:
(i) fOOOxSe_3x dx
T ,—-tanx
(ii) . dx
(iii) foooxg’e_o"‘2 dx,a > 0,find a.
9.47 Find the area of the region bounded by the line 6 x + 5y = 30,x — axis and the lines
x = —landx = 3.
9.48 Find the area of the region bounded by theline 7x —5y = 35,x — axis and the lines
x = —2andx = 3.
9.49 Find the area of the region bounded by the ellipse Z—z + Z—j = 1.
9.50 Find the area of the region bounded between the parabola y? = 4ax and its latus rectum.
9.51 Find the area of the region bounded by the y -axis and the parabolax = 5 — 4y — y2.
9.52 Find the area of the region bounded by x - axis, the sine curve = sin x, the linesx = 0and
x = 2m.
9.53 Find the area of the region bounded by x - axis, the curve y = |cos x|, thelinesx = 0 and
X =T.
9.54 Find the area of the region bounded between the parabolas y? = 4x andx? = 4y.
9.55 Find the area of the region bounded between the parabola x? = y and the curve y = |x|.
9.56 Find the area of the region bounded by = cos x,y = sin x, the linesx = %and X = %ﬂ .
9.57 The region enclosed by the circle x? + y? = a? is divided into two segments by the linex = h .
Find the area of the smaller segment.
9.58 Find the area of the region in the first quadrant bounded by the parabolay? = 4x, the line
x +y = 3 and y -axis.
9.59 Find, by integration, the area of the region bounded by the lines 5x — 2y = 15,
x +y + 4 = 0 and the x-axis.
9.60 Using integration find the area of the region bounded by triangle ABC, whose vertices A, B, and
Care (—1,1),(3,2) and (0,5) respectively.
9.61 Using integration, find the area of the region which is bounded by x-axis, the tangent and
normal to the circle x? + y? = 4 drawn at (1, \/§)
EXERCISE 9.8
1 Find the area of the region boundedby3x —2y + 6 = 0,x = —3, x = 1andx — axis.
2. Find the area of the region bounded by 2x-y+1=0,y = —1, y = 3andy — axis.
3. Find the area of the region bounded by the curve 2 + x —x? + y = 0,
x —axis,x = —3andx = 3.
4. Find the area of the region bounded by the line y = 2x + 5 and the parabolay = x? — 2x.
5. Find the area of the region bounded between the curves y = sinxandy = cos x and the
linesx = 0Oandx = m.
6. Find the area of the region bounded by y = tanx,y = cot x and thelines = 0,x = %,
y = 0.
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7. Find the area of the region bounded by the parabola y? = x and the line = x — 2.

8. Father of a family wishes to divide his square field bounded by x = 0,x = 4,y = 4and
y = 0 along the curve y? = 4x andx? = 4y into three equal parts for his wife, daughter and
son. Is it possible to divide? If so, find the area to be divided among them.

9. The curvey = (x — 2)? + 1 has a minimum point at P. A point Q on the curve is such that the
slope of PQ is 2. Find the area bounded by the curve and the chord PQ.

10.  Find the area of the region common to the circle x? + y? = 16 and the parabolay? = 6x.

9.62 Find the volume of a sphere of radius a

9.63 Find the volume of a right-circular cone of base radius r and height h.

9.64 Find the volume of the spherical cap of height h cut of from a sphere of radius r.

9.65 Find the volume of the solid formed by revolving the region bounded by the parabola = x? , x-
axis, ordinates x = 0 and x = 1 about the x-axis.

9.66 Find the volume of the solid formed by revolving the region bounded by the ellipse
Z—z + Z—z = 1,a > b about the major axis.

9.67 Find, by integration, the volume of the solid generated by revolving about y-axis the region
bounded between the parabolax = y? + 1, the y-axis, and the linesy = landy = —1.

9.68 Find, by integration, the volume of the solid generated by revolving about y-axis the region
bounded between the curve y = Z\/xz — 16, x = 4,the y-axis, and the linesy = 1 and
y = 6.

9.69 Find, by integration, the volume of the solid generated by revolving about y-axis the region
bounded by the curvesy = logx,y = 0,x = Oand = 2.

EXERCISE 9.9

1. Find, by integration, the volume of the solid generated by revolving about the x-axis, the region
enclosed byy = 2x2,y = Oandx = 1.

2. Find, by integration, the volume of the solid generated by revolving about the x-axis, the region
enclosed by y = e,y = 0,x = 0andx = 1.

3. Find, by integration, the volume of the solid generated by revolving about the y-axis, the region
enclosed byx? =1+ yandy = 3.

4, The region enclosed between the graphs of y = x and y = x? is denoted by R, Find the volume
generated when R is rotated through 360° about x-axis.

5. Find, by integration, the volume of the container which is in the shape of a right circular conical
frustum as shown in the Fig 9.46.

6. A watermelon has an ellipsoid shape which can be obtained by revolving an ellipse with major-
axis 20 cm and minor-axis 10 cm about its major-axis. Find its volume using integration.
CHAPTER 10 - ORDINARY DIFFERENTIAL EQUATIONS

10.1 Determine the order and degree (if exists) of the following differential equations:
(i)%=x+y+5 (ii)(;i%)g+4(3—z)7+6y:5c053x
3
2 2 2 2 272
(i) T3 +3 () =x%log(53) ()3(53) = [4 +(2) ]2
(v) dy + (xy — cosx)dx = 0.
EXERCISE 10.1
1. For each of the following differential equations, determinezits order, degree (if exists).
(i)z—z+xy=cotx (ii)(%)3—3(22732’)+52—z+4=0
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o (A2 dy\2 . (d? .\ a d
(111)(d—x)2/) +5 (ﬁ) = x sin (d_szl) (iv) d—z - 4% —-7x=0
1
dy\ _ x . d’y ay\%]z .
V) y (E) - @y (vi) x? 22+ [1 + (E) ] =0
2,73 2
(Vii)(ZTZ) = [1+ (Z—z) (viii) ZTJZ/ = Xxy + cos (%)
(ix)j%+53—z+fydx=x2 (X)x=exy(%)

EXERCISE 10.2

1. Express each of the following physical statements in the form of differential equation.
(i) Radium decays at a rate proportional to the amount Q present.
(ii) The population P of a city increases at a rate proportional to the product of
population and to the difference between 5,00,000 and the population.
(iii) For a certain substance, the rate of change of vapor pressure P with respect to
temperature T is proportional to the vapor pressure and inversely proportional to the
square of the temperature.
(iv) A saving amount pays 8% interest per year, compounded continuously. In addition,
the income from another investment is credited to the amount continuously at the rate
of 400 per year.
2. Assume that a spherical rain drop evaporates at a rate proportional to its surface area. Form a
differential equation involving the rate of change of the radius of the rain drop.
10.2 Find the differential equation for the family of all straight lines passing through the origin.
10.3 Form the differential equation by eliminating the arbitrary constants A and B from
y = Acosx + Bsinx.
10.4 Find the differential equation of the family of circles passing through the points (a,0) and
(—a,0).2
10.5 Find the differential equation of the family of parabolas y? = 4ax, where a is an arbitrary
constant.
10.6 Find the differential equation of the family of all ellipses having foci on the x -axis and centre at
the origin.
EXERCISE 10.3
1. Find the differential equation of the family of (i) all non-vertical lines in a plane (ii) all non-
horizontal lines in a plane.
2. Form the differential equation of all straight lines touching the circle x2 + y? = r2,
3. Find the differential equation of the family of circles passing through the origin and having
their centres on the x -axis.
4, Find the differential equation of the family of all the parabolas with latus rectum 4a and whose
axes are parallel to the x -axis.
5. Find the differential equation of the family of parabolas with vertex at ( 0, —1 ) and having axis
along the y -axis.
6. Find the differential equations of the family of all the ellipses having foci on the y -axis and
centre at the origin.
7. Find the differential equation corresponding to the family of curves represented by the
equation y = Ae® + Be™8% where A and B are arbitrary constants.
8. Find the differential equation of the curve represented by xy = ae* + be* + x2.
10.7 Show that x? + y? = r2,where r is a constant, is a solution of the differential equation% =-Z
10.8 Showthaty = mx + %, m # 0, is a solution of the differential equation xy’ + 7% -y=0.
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10.9 Showthaty =2(x?—1) + Ce™*is a solution of the differential equation Z—z + 2xy — 4x3 = 0.

10.10 Show thaty = a cos(log x ) + bsin (log x) x > 0, is a solution of the differential equation
x2y" +xy'+y=0.
EXERCISE 10.4
1. Show that each of the following expression is a solution of the corresponding given differential
equation.
MDy=2x* ;xy' =2y
(i)y=ae*+be™ ;y"—y=0

2. Find value of m so that the function y = e™* is a solution of the given differential equation.
@y +2y=0 (ii) y" =5y + 6y =0
3. The slope of the tangent to the curve at any point is the reciprocal of four times the ordinate at
that point. The curve passes through (2,5). Find the equation of the curve .
2
4. Show that y = e™ + mx + n is a solution of the differential equation e* (2732/) —-1=0.
5. Show thaty = ax + S, x # 0 is a solution of the differential equation x2y" + xy' —y = 0.

—-3x+b

6. Show that y = ae , where a and b are arbitrary constants, is a solution of the differential

. d?y dy
equation— + 3—=0.
q dx? T dx

2
7. Show that the differential equation representing the family of curves, y% = 2a (x + ai), where
3 5
ais a positive parameter is (y2 — 2xy %) =8 (y Z—z) .
2
8. Show that y = a cos bx is a solution of the differential equation % + b%2y = 0.

10.11 Solve (1 + xz)% =1+y2
10.12 Find the particular solution of (1 + x3)dy — x2ydx = 0 satisfying the condition y(1) = 2.
10.13 Solve y' = sin?(x — y + 1).

10.14 Solve = = \[4x + 2y — 1.

10.15 Solve & = X¥*5
dx 2(x—y)+7

10.16 Solve % = (3x +y + 4)

EXERCISE 10.5
1. If F is the constant force generated by the motor of an automobile of mass V, its velocity V is

given by M Z—Z = F — kV,Where k is constant. Express V in terms of t given thatV = 0

whent = 0.
2

2. The velocity v, of a parachute falling vertically satisfies the equation v Z—z =g (1 — ),where g

v
K2

and k are constants. If v and x are both initially zero, find v in terms of x.

Find the equation of the curve whose slope is ;’2;1)( and which passes through the point (1,0).
4. Solve the following differential equations :
(i) Z—z = /% (i) ydx + (1 + x)tan xdy =0
oy AV _ s x4y 3,y
(iii) sin—= = a ,y(0) =1 (iv) = =e*™ +x%e

(V) (e¥ +1)cosxdx+eYsinxdy =0  (vi) (y dx —x dy) cot (g) = ny2dx
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(vii) % —xV25—x2=0 (viii) x cosy dy = e*(xlogx + 1)dx
(ix) tany Z—z =cos (x+y)+cos (x—y) (x) Z—z = tan®(x + ).
10.17 Solve (x? — 3y?)dx + 2xydy = 0.
10.18 Solve (y +/x2 + y2)dx — xdy = 0,y(1) = 0.
10.19 Solve (2x + 3y)dx + (y — x)dy = 0.

24,2 _ W
10.20 Solve y~ + x = XY
10.21 Solve (1 + 2e§) dx + 2e¥ (1 - f) dy = 0.

EXERCISE 10.6
Solve the following differential equations :

1. [x + y cos (%)] dx = x cos (%) dy 2. (x3® +y3)dy — x%ydx.

3. yevdx = (xe§ + y) dy 4., 2xydx + (x* + 2y?)dy = 0
2 — (42 ay _ 2 (¥

5. (y* — 2xy)dx = (x* — 2xy)dy 6. X—— =y —XxC0S (;)

y y y _
7. (1 + 3ex) dy + 3ex (1 — ;) dx = 0,giventhaty = Owhenx =1
8. (x? + y?)dy = xydx.Itis given that y(1) = 1 and y(x,) = e . Find the value of x,.
10.22 Solve = + 2y = e™*.
10.23 Solve [y(1 — xtanx) + x? cos x]dx — x dy = 0.
10.24 Solve Z—z + 2y cotx = 3x%cosec?x.
10.25 Solve (1 + x3)3—z + 6x%y =1 + x2.

10.26 Solve ye¥dx = (y3 + 2xe¥)dy.
EXERCISE 10.7
Solve the following Linear differential equations :

1. cosxz—z+ysinx=1 2. (1—x2)2—z—xy=1

3. Z—z+%=sinx 4, (x2+1)2—i+2xy=\/m

5. (2x —10y®)dy + ydx = 0 6. x sinx Z—z+ (xcosx + sinx) y = sinx
7.y )T 4VT R =0 8.  ZHt==1-x

9. (1+x +xy2)2—3;+ (y+y3=0 10. Z—i+x1:gx = Sl:lgz;

1. (x+ a)z—z— 2y = (x + a)* 12. Z—z = Sllr;: — 13+x:3y

13. xZ—z+y=xlogx 14. x%+2y—x210gx=0

15. Z—z+37y = xiz, given thaty = 2whenx =1

10.27 The growth of a population is proportional to the number present. If the population of a colony
doubles in 50 years, in how many years will the population become triple?

10.28 Aradioactive isotope has an initial mass 200mg, which two years later is 50mg . Find the
expression for the amount of the isotope remaining at any time. What is its half-life? (half-life
means the time taken for the radioactivity of a specified isotope to fall to half its original value).
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10.29 In a murder investigation, a corpse was found by a detective at exactly 8 p.m. Being alert, the

detective also measured the body temperature and found it to be 70 ° F. Two hours later, the
detective measured the body temperature again and found it to be 60 ° F. If the room
temperature is 500 F, and assuming that the body temperature of the person before death was
98.6 ° F, at what time did the murder occur? log (2.43) = 0.88789 ;log (0.5) = —0.69315

10.30 A tank contains 1000 litres of water in which 100 grams of salt is dissolved. Brine (Brine is a

10.

high-concentration solution of salt (usually sodium chloride) in water) runs in a rate of 10
litres per minute, and each litre contains 5grams of dissolved salt. The mixture of the tank is
kept uniform by stirring. Brine runs out at 10 litres per minute. Find the amount of salt at any
time t.

EXERCISE 10.8
The rate of increase in the number of bacteria in a certain bacteria culture is proportional to

the number present. Given that the number triples in 5 hours, find how many bacteria will be
present after 10 hours?

Find the population of a city at any time t, given that the rate of increase of population is
proportional to the population at that instant and that in a period of 40 years the population
increased from 3,00,000 to 4,00,000.

The equation of electromotive force for an electric circuit containing resistance and self-

. . ) di . . O\, L
inductanceis E = Ri + L d—;, where E is the electromotive force is given to the circuit, R the

resistance and L, the coefficient of induction. Find the current i at time t when E = 0.

The engine of a motor boat moving at 10 m /s is shut off. Given that the retardation at any
subsequent time (after shutting off the engine) equal to the velocity at that time. Find the
velocity after 2 seconds of switching off the engine.

Suppose a person deposits 10,000 Indian rupees in a bank account at the rate of 5% per annum
compounded continuously. How much money will be in his bank account 18 months later?
Assume that the rate at which radioactive nuclei decay is proportional to the number of such
nuclei that are present in a given sample. In a certain sample 10% of the original number of
radioactive nuclei have undergone disintegration in a period of 100 years. What percentage of
the original radioactive nuclei will remain after 1000 years?

Water at temperature 100°C cools in 10 minutes to 80°C in a room temperature of 25 C. Find
(i) The temperature of water after 20 minutes (ii) The time when the temperature is 40°C
[log. == = —0.3101 ; log, 5 = 1.6094|

At 10.00 A.M. a woman took a cup of hot instant coffee from her microwave oven and placed it
on a nearby Kitchen counter to cool. At this instant the temperature of the coffee was 180°F,
and 10 minutes later it was 160°F. Assume that constant temperature of the kitchen was 70°F .
(i) What was the temperature of the coffee at 10.15 A.M.? (ii) The woman likes to drink coffee
when its temperature is between 130°F and 140°F . between what times should she have
drunk the coffee?

A pot of boiling water at 100°C is removed from a stove at time t = 0 and left to cool in the
kitchen .After 5 minutes, the water temperature has decreased to 80°C, and another 5 minutes
later it has dropped to 65°C. Determine the temperature of the kitchen.

A tank initially contains 50 litres of pure water. Starting at time t = 0 a brine containing with 2
grams of dissolved salt per litre flows into the tank at the rate of 3 litres per minute. The
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mixture is kept uniform by stirring and the well-stirred mixture simultaneously flows out of
the tank at the same rate. Find the amount of salt present in the tank at any time t > 0.

CHAPTER 11 - PROBABILITY DISTRIBUTIONS
Suppose two coins are tossed once. If X denotes the number of tails, (i) write down the sample
space (ii) find the inverse image of 1 (iii) the values of the random variable and number of
elements in its inverse images.
Suppose a pair of unbiased dice is rolled once. If X denotes the total score of two dice, write
down (i) the sample space (ii) the values taken by the random variable X, (iii) the inverse
image of 10, and (iv) the number of elements in inverse image of X.
An urn contains 2 white balls and 3 red balls. A sample of 3 balls are chosen at random from
the urn. If X denotes the number of red balls chosen, find the values taken by the random
variable X and its number of inverse images.
Two balls are chosen randomly from an urn containing 6 white and 4 black balls. Suppose that
we win Rs 30 for each black ball selected and we lose Rs 20 for each white ball selected. If X
denotes the winning amount, then find the values of X and number of points in its inverse
images.

EXERCISE 11.1

Suppose X is the number of tails occurred when three fair coins are tossed once
simultaneously. Find the values of the random variable X and number of points in its inverse
images.
In a pack of 52 playing cards, two cards are drawn at random simultaneously. If the number of
black cards drawn is a random variable, find the values of the random variable and number of
points in its inverse images.
An urn contains 5 mangoes and 4 apples. Three fruits are taken at random. If the number of
apples taken is a random variable, then find the values of the random variable and number of
points in its inverse images.
Two balls are chosen randomly from an urn containing 6 red and 8 black balls. Suppose that we
win Rs 15 for each red ball selected and we lose Rs 10 for each black ball selected. X denotes
the winning amount, then find the values of X and number of points in its inverse images.
A six sided die is marked ‘2’ on one face, ‘3’ on two of its faces, and ‘4’ on remaining three faces.
The die is thrown twice. If X denotes the total score in two throws, find the values of the
random variable and number of points in its inverse images.
Two fair coins are tossed simultaneously (equivalent to a fair coin is tossed twice). Find the
probability mass function for number of heads occurred.
A pair of fair dice is rolled once. Find the probability mass function to get the number of fours.
[f the probability mass function f (x) of a random variable X is

X 1 2 3 4
F(x) 1 5 5 1
12 12 12 12

A six sided die is marked ‘1’ on one face, ‘2’ on two of its faces, and ‘3’ on remaining three faces.
The die is rolled twice. If X denotes the total score in two throws. (i) Find the probability mass
function. (ii) Find the cumulative distribution function. (iii) Find P (3 <X <6 ) (iv) Find
P(X=4).

Find the probability mass function f (x) of the discrete random variable X whose cumulative
distribution function F (x ) is given by

(0 ,—co<x< =2

1020 ,—2<x<-1
f(x)=4 060 ,-1<x<0
LO.90 0<x<1

1 1<x<o
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Alsofind (i) P (X < 0)and (i) P (X =-1).
11.10 A random variable X has the following probability mass function

x |1 234576
F(x)| k | 2k | 6k | 5k | 6k | 10k

Find (i) p(2 < X < 6) (i)p(2<X<5) (D)pX <4 (iv)p(3<X).
EXERCISE 11.2
1. Three fair coins are tossed simultaneously. Find the probability mass function for number of
heads occurred.
2. A six sided die is marked ‘1’ on one face, ‘3’ on two of its faces, and ‘5’ on remaining three faces.

The die is thrown twice. If X denotes the total score in two throws, find (i) the probability mass
function (ii) the cumulative distribution function (iii) P (4 < X < 10) (iv) P (X = 6)

3. Find the probability mass function and cumulative distribution function of number of girl child
in families with 4 children, assuming equal probabilities for boys and girls.

4, Suppose a discrete random variable can only take the values 0, 1, and 2. The probability mass

2 =0,1,2
function is defined by f(x) = { kX T 0L

0 , otherwise
distribution function (iii) P (X > 1).
5. The cumulative distribution function of a discrete random variable is given by
0 ,—oo < x < —1
[015, —1<x<0
035, 0<=x<1
F(")‘{o.éo, 1<x<2
loss, 2<x<3
k 1 , 3<x<o
Find (i) the probability mass function ((i)PX <1 (iii)P(X = 2)
6. A random variable X has the following probability mass function.
x 1 2 3 4 5
F(x)| k* | 2k? | 3k? | 2k | 3k
Find (i) the value of k (ii) P(2 < X <'5) (iii) P(3 > X)
7. The cumulative distribution function of a discrete random variable is given by
(0 for —oo <x <0

%for 0<x<1

Find (i) the value of k (ii) cumulative

%for 1<x<?2

f(x) =

%for 2<x<3

%for 3<x<4

\1 for 4<x<o
Find (i) the probability mass function (ii) P(X < 3) and (iii) P(X = 2).

11.11 Find the constant C such that the function f(x) = f(x) = {sz 1<x<4 is a densityfunction
0 ,otherwise
,and compute (i) P(1.5 < X < 3.5) (i) PX <£2) (iii)) P(3 < X).

11.12 If X is the random variable with probability density function f(x) given by,
x—1, 1<x<?2
f(x) ={—x+ 3, 2 <x < 3.Find (i) the distribution function F(x)  (ii) (1.5 < X < 2.5).
0 , otherwise
11.13 If X is the random variable with distribution function F(x) given by,
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0, x <0
F(x) = {x, 0 < x < 1 then find (i) the probability density function f(x)
1, x<1

(i) P(0.2<X<0.7).
11.14 The probability density function of random variable X is given by (x) = {
Distribution function (i) P(X < 3) (iii) P(2 < X < 4) (iv) P(3 < X).
11.15 Let X be a random variable denoting the life time of an electrical equipment having probability

ke™?* ,forx >0
0 ,forx <0

k, 0<x<1

0, otherwise’ Find (i)

density function (x) = { . Find (i) the value of k (ii) Distribution function

(iii) P(X < 2) (iv) calculate the probility that X is at least for four unit of time (v) P(X = 3).
EXERCISE 11.3
kxe?*, for x > 0

0 forx<0 Find the value of k.

1. The probability density function of X is given by f (x) = {

X 0<x<1
2. The probability density function of X is f(x) = {2 —x 1<x<2.Find (i) P(0.2 <X <0.6)

0 Otherwise
(i) P(1.2<X<18) (iii) P(0.5 <X < 1.5).
3. Suppose the amount of milk sold daily at a milk booth is distributed with a minimum of 200

litres and a maximum of 600 litres with probability density function

_(k 200<x<600 . . \ gy 9 wé P
fx) = { 0 therwise Find (i) the value of k (ii) the distribution function (iii) the
probability that daily sales will fall between 300 litres and 500 litres?

4, The probability density function of X is given by (x) = {ke_E forx>0 ging (i) the value of k

0 forx<O
(ii) the distribution function (iii) P (X < 3) (iV)P(5<X) (V)P (X < 4).
5. If X is the random variable with probability density function f (x ) given by,
x+1,-1<x<0
f(x) =4—x+1 0=<x<1 thenfind (i) the distribution function F (x)
0 , otherwise
(i) P(-0.5<X <0.5).
6. If X is the random variable with distribution function F (x) given by,
0 —oo<x<0
(x) = %(x2 +x) 0<x<1 .thenfind (i) the probability density function f (x)
1 1<x<o

(i) P(0.3 =X < 0.6)
11.16 Suppose that f (x) given below represents a probability mass function,
x 1 2 3 4 5 6
f(x)| C* | 2¢? | 3c? | 4c? | ¢ | 2c
Find (i) the value of c (ii) Mean and variance.

11.17 Two balls are chosen randomly from an urn containing 8 white and 4 black balls. Suppose that
we win Rs 20 for each black ball selected and we lose Rs10 for each white ball selected. Find
the expected winning amount and variance.

11.18 Find the mean and variance of a random variable X, whose probability density function is

F(x) = {ge‘lx, x>0

, otherwise
EXERCISE 11.4
1. For the random variable X with the given probability mass function as below, find the mean
and variance.
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1
—, x=2,5 Ay

() f(x) = 12' o134 (i) £(x) :{T' x =123
5! - Vs g )

1 X
(i) fo) = {2E D =X < ) f) = { es x>0
! 0 , otherwise
Two balls are drawn in succession without replacement from an urn containing four red balls
and three black balls. Let X be the possible outcomes drawing red balls. Find the probability
mass function and mean for X.
If u and o2are the mean and variance of the discrete random variable X ,and E (X + 3) = 10
and E(X + 3)? = 116, find u and 2.
Four fair coins are tossed once. Find the probability mass function, mean and variance for
number of heads occurred.
A commuter train arrives punctually at a station every half hour. Each morning, a student
leaves his house to the train station. Let X denote the amount of time, in minutes, that the
student waits for the train from the time he reaches the train station. It is known that the pdf of
Xis

1
0 , elsewhere

Obtain and interpret the expected value of the random variable X .
The time to failure in thousands of hours of an electronic equipment used in a manufactured
373 x>0

0 . elsowliore Find the expected life of this

computer has the density function f(x) = {

electronic equipment.
Th . . \ \ . _(16xe™*, x>0

e probability density function of the random variable X is given by (x) = { 0 <0
find the mean and variance of X .
Alottery with 600 tickets gives one prize of Rs 200, four prizes of Rs100, and six prizes of Rs
50. If the ticket costs is Rs 2, find the expected winning amount of a ticket.
Find the binomial distribution function for each of the following. (i) Five fair coins are tossed
once and X denotes the number of heads. (ii) A fair die is rolled 10 times and X denotes the
number of times 4 appeared.
A multiple choice examination has ten questions, each question has four distractors with
exactly one correct answer. Suppose a student answers by guessing and if X denotes the
number of correct answers, find (i) binomial distribution (ii) probability that the student will
get seven correct answers (iii) the probability of getting at least one correct answer.
The mean and variance of a binomial variate X are respectively 2 and 1.5. Find (i) P(X = 0)
(MPX =D (i)PX=1)
On the average, 20% of the products manufactured by ABC Company are found to be defective.
If we select 6 of these products at random and X denote the number of defective products find
the probability that (i) two products are defective (ii) at most one product is defective (iii) at
least two products are defective.

EXERCISE 11.5

Compute P (X = k) for the binomial distribution, B (n, p) where

(n=6,p =
The probability that Mr.Q hits a target at any trial is % . Suppose he tries at the target 10 times.

1
5;

1

k = 3. (ii)n=10p=§ k=4 ii)n=9p=- k=71

Find the probability that he hits the target (i) exactly 4 times (ii) at least one time.
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3. Using binomial distribution find the mean and variance of X for the following experiments (i) A
fair coin is tossed 100 times, and X denote the number of heads. (ii) A fair die is tossed 240
times, and X denote the number of times that four appeared.

4, The probability that a certain kind of component will survive a electrical test is Z. Find the

probability that exactly 3 of the 5 components tested survive.

5. A retailer purchases a certain kind of electronic device from a manufacturer. The manufacturer
indicates that the defective rate of the device is5%. The inspector of the retailer randomly
picks 10 items from a shipment. What is the probability that there will be (i) at least one
defective item (ii) exactly two defective items.

6. If the probability that a fluorescent light has a useful life of at least 600 hours is 0.9, find the
probabilities that among 12 such lights (i) exactly 10 will have a useful life of at least 600
hours; (ii) at least 11 will have a useful life of at least 600 hours; (iii) at least 2 will not have a
useful life of at least 600 hours.

7. The mean and standard deviation of a binomial variate X are respectively 6 and 2. Find (i) the
probability mass function (ii) P (X = 3) (iii) P (= 2).

8. IfX~B(n,p)suchthat P(X = 4) = P(X = 2)andn = 6.Find the distribution, mean and
standard deviation.

0. In a binomial distribution consisting of 5 independent trials, the probability of 1 and 2
successes are 0.4096 and 0.2048 respectively. Find the mean and variance of the distribution.

CHAPTER - 12 DISCRETE MATHEMATICS

12.1 Examine the binary operation (closure property) of the following operations on the respective
sets (if it is not, make it binary): (i) a * b = a + 3ab — 5b?; Va,b € Z (ii)
axb = (Z—:i) ,Va,b €

12.2 Verify the (i) closure property, (ii) commutative property, (iii) associative property (iv)
existence of identity and (v) existence of inverse for the arithmetic operation + on Z.

12.3 Verify the (i) closure property, (ii) commutative property, (iii) associative property (iv)
existence of identity and (v) existence of inverse for the arithmetic operation —on Z.

12.4 Verify the (i) closure property, (ii) commutative property, (iii) associative property (iv)
existence of identity and (v) existence of inverse for the arithmetic operation + on Z,the set
of all even integers .

12.5 Verify the (i) closure property, (ii) commutative property, (iii) associative property (iv)
existence of identity and (v) existence of inverse for the arithmetic operation + on Z,the set of
all odd integers.

12.6 Verify (i) closure property (ii) commutative property, and (iii) associative property of the
following operation on the given set. (a * b) = a”,Va,b € N; (exponentiation property)

12.7 Verify (i) closure property, (ii) commutative property, (iii) associative property, (iv) existence
of identity, and (v) existence of inverse for following operation on the given set.
mxn=m+n—mn;mneiz.

12.8 Letd = [g ﬂ,B = [(1) ﬂ be any two Boolean matrices of the same type. Find A v B and

A AB.

12.9 Verify (i) closure property, (ii) commutative property, (iii) associative property, (iv) existence
of identity, and (v) existence of inverse for the operation +5 on Zz using table corresponding to
addition modulo 5.

12.10 Verify (i) closure property, (ii) commutative property, (iii) associative property, (iv) existence
of identity, and (v) existence of inverse for the operation x11 on a subset A = {1,3,4,5,9} of
the set of remainders {0,1,2,3,4,5,6,7,8,9,10} .

EXERCISE 12.1
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Determine whether * is a binary operation on the sets given below. (i)a* b = a.|blon R
(i)a*x b= min (a,b)onA = {1,2,3,4,5} (iii) (@ * b) = avbis binaryonR.
OnZ define @by (m @ n) =m" + n™:,vm,n € Z.Is @ binaryon Z?

Let * be definedon R by (a* b) = a+ b + ab — 7.Is+*binaryon R?Ifso, find 3 * (;—;)

Let A = { a +/5h:a, b € Z}. Check whether the usual multiplication is a binary operation on A .

a+b
2

commutative, and associative properties satisfied by * on Q.

(i) Define an operation* on Q as follows: a * b = ( ); a,b € Q. Examine the closure,
(ii) Define an operation* on Q as follows: a * b = (aTer) ;a,b € Q. Examine the existence of

identity and the existence of inverse for the operation * on Q.
Fill in the following table so that the binary operation *on A = {a, b, ¢} is commutative.

*la|lb]|c
alb
blc|b|a
cla C
Consider the binary operation * defined on the set A = {a,b,c,d} by the following table:
* a b C d
a a C b d
b | d]|]a|b C
C C d a a
d d | b a C

Is it commutative and associative?

1 0 10 0 1 11 1 1 01

Let=|(0 1 01(,B =11 0 10|C =0 1 1 0|beanythreeboolean matrices of
1 0 0 1. 1 0 01 1 1 11

the same type. Find (i)A VB (ii)A AB (iii)(4A v B)AC (ivJ(AAN B) VC.

(i) LetM = {(i i) X ER — {O}} and let * be the matrix multiplication. Determine whether M

is closed under *.  If so, examine the commutative and associative properties satisfied by *
on M.

(i) Let M = {(i i) X ER— {O}} and let * be the matrix multiplication. Determine whether M

is closed under *.  If so, examine the existence of identity, existence of inverse properties for
the operation * on M.

(i) Let Abe Q\ {1} . Define xonAbyx* y = x4+ y — xy.Isx*binaryon A ? If so, examine
the commutative and associative properties satisfied by * on A .

(ii) Let Abe Q\ {1}. Define xonAbyx* y = x+ y — xy.Is*binary on A ? If so, examine
the existence of identity, existence of inverse properties for the operation * on A

12.11 Identify the valid statements from the following sentences. Solution:

(1) Mount Everest is the highest mountain of the world.
2)3+4 =8.

(3)7+5 > 10.

(4) Give me that book.

5)(10 —x ) = 7.

(6) How beautiful this flower is!

(7) Where are you going?

(8) Wish you all success.

(9) This is the beginning of the end.

12.12 Write the statements in words correspondingto —=p, p Aq ,p Vq and q V —p, where p is ‘It

is cold’ and q is ‘It is raining.’
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12.13 How many rows are needed for following statement formulae?
DpVatApV-s)
(pAqg V(Arvas)) A (atAv).
12.14 Consider p — q :If today is Monday, then 4 + 4 = 8.
Here the component statements p and q are given by,
p: Today is Monday; q: 4 + 4 = 8. The truth value of p — q is T because the conclusion q
isT.
12.15 Write down the (i) conditional statement (ii) converse statement (iii) inverse statement,and
(iv) contrapositive statement for the two statements p and q given below.
p : The number of primes is infinite. q: Ooty is in Kerala.
12.16 Construct the truth table for (p Vq) A (p V = q).
12.17 Establish the equivalence property:p > q = —=p V q.
12.18 Establish the equivalence property connecting the bi-conditional with conditional:
peqg=@- q)A @~ D)
12.19 Using the equivalence property, showthat p & q = (p Aq) V (=p A =q).
EXERCISE 12.2
1. Let p : Jupiter is a planet and q : India is an island be any two simple statements. Give verbal
sentence describing each of the following statements.
(A)-p (()p Ang (ii)=pVvg (i(V)Jp > 2qV)pegq.
2. Write each of the following sentences in symbolic form using statement variables p and q.
(i) 19 is not a prime number and all the angles of a triangle are equal.
(ii) 19 is a prime number or all the angles of a triangle are not equal
(iii) 19 is a prime number and all the angles of a triangle are equal
(iv) 19 is not a prime number.
3. Determine the truth value of each of the following statements
(i)If6+ 2 = 5, then the milk is white.
(ii) China is in Europe or 3 is an integer
(iii) Itis not true that5 + 5 = 9 or Earth is a planet
(iv) 11 is a prime number and all the sides of a rectangle are equal .

4, Which one of the following sentences is a proposition?

H4+7 =12 (i) What are you doing? (iii)3"81 < ne N

(iv) Peacock is our national bird (v) How tall this mountain is !
5. Write the converse, inverse, and contrapositive of each of the following implication.

(i) If x and y are numbers such that x = y,thenx ? = y?
(ii) If a quadrilateral is a square then it is a rectangle .

6. Construct the truth table for the following statements.
D=p A=aq (=@ A -q) ()@Y @ Vaqg (@WV)(Ep->1mAP@eq).
7. Verify whether the following compound propositions are tautologies or contradictions or
contingency
D PArg)A=(PVa) (i) ((pV @) A =p) > q
(i) (p =g < (=p = q) (V) A@=71)) - (@-1).
8. Show that (i) = (pAg) = —-p V—q i)=-(p—>q =p Aq.
9. Provethat - p = =p—- —q.

10. Showthatp — g and g = p are notequivalent.
11. Showthat—=(p © q) =pe q.

12.  Check whether the statementp — (q = p ) is a tautology or a contradiction without using the
truth table.

13.  Using truth table check whether the statements = (pV q) V (= p A q) and —p are logically
equivalent.

14.  Provep —» (q— 7r) = (p A q) = r without using truth table.
15.  Provethatp — (= qV r) =-pV (—qV r) using truth table.
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