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HIGHER SECONDARY SECOND YEAR Example 1.14

03
L a St m i nu t e Stu dy q u est i ons Reduce the matrix | -1 5| to a row-echelon form.

MATHS |

Example 1.5
7 7 -1
Find a matrix 4 if adj(4)=|-1 11 7 |.

1 s 7
Solution

7 7
First. we find [adj(4)|=|~1 11 7 |=7(77-35)~7(-7-77)~7(-5-121) =1764 > 0.
15 7

So, we get
+17-35) ~1-77) H=5-12)] e i
e ). ol 5 Q {38
adi ‘1dj(ad_| )= /l #9433 H{B=T0) =(B5=71) Show that the matrix 0 1| is non-singular and reduce it to the identity matrix by
4 HA9+7T) —(49-7)  +(T7+7)

5.9 ]

2 84 -126] 2 3 clementary row transformations.

%784 126 42 3 1. Solution

126 42 84 3 2|

1 4]

Letd=[2 0 -1 ‘.Il;m |4=30+2)-12+5)+4(4-0)=6-7+16=15#0. So. 4 is
S, 1

Example 1.11 i . N . . . .

non-singular. Keeping the identity matrix as our goal. we perform the row operations sequentially on

cos —sinf | RN
is orthogonal. 4: ;

Prove that |
|sinf  cosd

Solution

cos) —sinf ; |cosf —sinf " [cosf sind
Let A=| | .Then, A" =| | =g ’
sinf  cos6 | sinf  cosf —sinf cos |

So. we get "
;  |cosO —sin@ || cosO sinf > ‘ >
A4 = . ; RR—R, Ro>R— Ro| =] R-R+R R >R-1R P
sin  cos || -sinf cos oA 3 L1s)” i 2

01 0|
00 1]

B [ cos’ 0 +sin’ 0 cos 0 sinf) —sin ()cn\'()-l_

sin 6 cosf —cos O sin @ sin” 0 +cos” 0

_ - ; A Example 1.24
Similarly, we get 4”4 =1, Hence A4" = A'A=1,= 4 is orthogonal. e

Example 1.9

5 34

-4 4 4 1 -1 1
=-7 1 3 andB'rl -2 -2|, find the products AB and BA and hence solve the

21 3

-4 A %
Verify (4B)" =B 4 with A:FI) 4 ’.B:‘ 0“ 'ﬂ‘ system of equations x—y+z=4,x-2y-2z=92x+y+3z=1.

Solution
Solution 4 2

—4+4+8 4-8+4 —4-8+12
) 0 -3|(-2 =3| [ 040 043 0 3 We find AB =| -7 3 =1 7+146 7-2+3 -7-2+9|=[0 § =81,
We get AB = = = SR - !
2 1 4]0 -1j |-240 -3-4] |2 7 % 5-3-2 S5+6-1 5+6-3 ¢

) 1 4"| -4+7+5 4-1-3 4-3-1
(4B)' = — =3 A=Y -3 andB; -7 =|-4+14-10 4-2+6 4-6+2
3 —9 8+3-3

0 6/2 0 -3 1| | -8-7+15 8+

A

% (4 3] 1[4 3 So. we get AB = BA =8/, Thatis, | Ly .|B B L4 i I, Hence, B' =1
A= =_ & \8") 8
3

0] 3[-1 0

Writing the given system of equations in matrix form, we get

x 4 x| [4]

Bl= y|=19| . Thatis, B|y|=|9].

I 2 1 [z] |1}
B = el 3 2, so.|y| =8"[o]=(14)o]-1|-7
2 2]3|-1 0] 6/ 2 0 \& ) °l

As the matrices in (1) and (2) are same, (4B)" = B4 1s verified.

Hence, the solutionis (x=3,y =-2,z=-1).
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Example 1.27 ) ) s Example 1.40
Solve the following system of linear equations, by Gaussian elimination method : If the system of equations px+by+cz=0, ax+qy+cz =0, ax+by+rz=0has a non-trivial

4x+3y+62=25 x+5y+7z=13, 2x+9y+z=1. 2 -
) solution and p =a.g=h.r =c. prove that L 9 . =2,
Solution p-a g-b c
Transforming the augmented matrix to echelon form. we get Solution

Assume that the system px+by+cz=0,ax+qy+cz=0,ax+by+rz=0 has a non-trivial
13| kot |4 5 solution.
1 2 < )5 P b ¢

So. we have | 4 q c|= 0.Applying R, » R, - R and R, - R, — R, in the above equation.

a b r

4 36( 25 1
1 7
2 1

) 1.5 7
—EoRelh 410 17 22| 27 (—EEE L1017 22

we get
01 13| 25 0 0 199 | 398 p b . p b
The equivalent system is written by using the echelon form: a-p q-b =0.Thatis, |-(p—a) g-b
x+5y+7z = 13, a-p 0 r-c —(p-a) 0
17y+22z = 27,
: P

199z = 398. p-a

From (3). we get z=—=2. Since p=a.g=b.r=c,we get (p—a)g-b)(r-c)| -1

398
199
=1

-nx2 -7 b e

o
Substituting z =2 in (2). we get y Sl o LR

17 17 P q-b r-c
Substituting z =2,y =—1in (1). we get x=13-5x(-1)-7x2=4. So. wehave | _ 1 0 =0
So. the solution is (x =4, y=-1z=2). [u] 0 1
Note. The above method of going from the last equation to the first equation is called the method p

of back substitution. Expanding the determinant, we get Y=
—a

4, Aboy s walking along the path y = ax + bx + ¢ through the points (~6,8),(-2,-12)..and (3,8) . He
wants to meet his friend at P(7,60). Will he meet his friend? (Use Gaussian elimination

method.) Example 2.2

Find the value of the real numbers x and y, if the complex number (2+)x+(1-i)y+2i-3

Example 131 and x+ (=142i)y +1+iare equal
Test for consistency of the following system of linear equations and if possible solve:
x-y+z=-9, 2x-2y+2z=-18, 3x-3y+3z+27=0. Solution
Solution Let Q+i+(1-i)y+2i-3=(2x+y-3)+i(x-p+2)and
Here the number of unknowns is 3.
o i ' x+(=142i)y+1+i=(x-y+1)+i(2p+1).
The matrix form of the system is AX = B. where (14 20)y +1+i (Y y l) l( ) l)
x =9 Giventhat 2 = z,.

4=2 L X=|y| B=|-18].

oy Therefore (2x+y-3)+i(x-y+2)=(x-y+1)+i(2y+1).

Applying elementary row operations on the augmented matrix[4 | B], we get Equating real and imaginary parts separately, gives

-11
[4B)=|2 2 2| -18
-33 |27 0000
So.p(4)=p([4|B))=1<3. Solving the above equations. gives

9| 2oR-2r [1-11[9 Qx+y=3=x-y+l = x+2y=4.
EoR3R o000 ) '
i x-y+2 =2y+l = x-3y=-I.

From the echelon form. we get the equivalent equationsx - y+z=-9, 0=0, 0=0. x=2 and y=1.

The equivalent system has one non-trivial equation and three uaknowns.
Taking y =s5.z =t arbitrarily. we get x—s+¢=-9; orx=-9+s-1.
So, the solution is (x=-9+s—t,y =s.2=t), where s and 7 are parameters. Emmple 25
The above solution set is a two-parameter family of solutions. i
Here. the given system of equations is consistent and has infinitely many solutions which form a I 743 144 fnd | b - t e
——=——, IInd th¢ complex numoer 2 1n the rectangular rorm
TR =

two parameter family of solutions.
z=Jl L

Example 1.36
Solve the system: x+3y-2z=0, 2x-y+4z=0,x-11y+14z=0. Solution 743
Solution We have i
z=J

Here the number of unknowns is 3.

Transforming into echelon form (Gaussian elimination method). the augmented matrix becomes ) ‘ e
2 2(z+3) = (1+4i)(z-5i)

3 1:3:=20
2 R-R-R
48] il = 2246 = (144i)z+20-5i

2| 0] ror-2R, [1 3 2| 0] RoRx-1),
R-R-R R R +(2)

00 0]0

1
2 -1 4|0]————0 -7 8|0
1 -1114(0 0-1416| 0

= =2<3=N ' ; : <
So. p(A4) = p([4]|0]) =2 <3=Number of unknowns. > (2_1_41): =20-5i-6

Hence. the system has a one parameter family of solutions. ) )
14-5i (14-5i)(1+4i) 34451

Writing the equations using the echelon form. we get ;
gihe cquaions usiy g = = =243i.

x43y-2z=0, Ty-8z=0, 0=0. -4 (1-di)(1+4i) 17

Taking z=¢. where ¢ is an arbitrary real number. we get by back substitution.
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Example 2.7

Example 2.23
Findz™, if z=(2+43i)(1-i).

Represent the complex number (1)-1—-i (i) 1+iV3 in polar form.
Solution Solution
Wehave z =

(1) Let —1—-i = r(cosf+isinf)

. We have r \.\':+_\':=\/l:+ P=l+1=\2
Multiplying the numerator and denonunarm bx the conjugate of the denominator. we get

y T
a =tan”'|H=tan'1==.
5 (5-1) 5<i 5 .1 4 d

(5+1)(5-1) S+F 26 26

Since the complex number —1-7 lies in the third quadrant. it has the principal value

T 3
0 =g-g=—-g=-—

4 4
3 \ 1)
Therefore, -1-i = I[LO\[—TK +15m( Ll
Example 2.12

1))

If 7, z,. and z; are complex numbers such that |z |—| |—| |~| +2,+5|=1

find the value of LL + 1. + 1 .

3 3 )
=\/§[cosﬂ—isin;
4 4 )

3n 3 )
“1-i= 2 Lm( 7A}T lsint—”+2kzr I
4 4 )
Solution

Example 2.24

o
Find the principal argument Arg 7. whenz =

l+i\/§‘

Solution

argz = arg

vf

= arg( l)nllg(lw\/}) ('-'ﬂf‘:'[i—[}WTE:] -argz,)

Example 2.16

Show that the equation 2°
Solution

— . . . 2m
This implies that one of the values of argz is —.
We have, 3

2
Since —hes between —7 and 7, the principal argument Arg z is —
3

Example 2.26

’(Los)—ﬂxm)—ﬂ
4 4) . .
Sn)) 1n rectangular form.
4[&0\[—”+mn{ 4 J
> 2=l 2) 2)

Find the quotient

s 3 1
Given z° =7 = " =—

It has 3 non-zero solutions. Hence including zero solution. there are four solutions.

( 0
’(m\)—ﬂ\m)—ﬂ
4 )
Example 2.17

Find the square root of 6-8i.

Solution

Solution

r—
We compute |()—8i’ = ‘()'+(—8)' =10

and applying the formula for square root, we get

: 5 \
08| — | isin| — u)s[-ilrf—\ﬂxln{“frf{\w'
“M ) = . ) Y
6—8i = | \" g J (b is negative, = =-1)

4))
o
= t(\[—i\/:)

[ I ‘)zr\
w\T-H\ll]T
- o
294y =3 RN S S A
264 mEmE
4| cos| — [+isin
V2) (2
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Example 2.34
Solve the equationz’+8i =0, wherez e C.
Solution

Let z'+8i=0 . Then we get

2 =8

O Neuwnd %
= 8(—1)=8| cos| ——+2kn i—ism" —+2k
| | 2 ) )

Therefore, z = 8| cos| +isin|
| e | |

[ [—m+dkn) [—m+4kn )
\ 6

Taking £=0,1,2. we get.

(=%
Pl

U 6))
o g st S8 AN e

—I.sm'i||:2i—L—l—‘:-\"_—I
/) 2 2

16

~ . > [ .
The values of z are 3 -4, 2i, and -3 —i.

Example 2.35

Find all cube roots of 3 +1.

Solution
We have to find [\33+z]'L, Let z =N§+l’)‘ .Then, 2 = B+i= r(cos+isind).
T

Then, r =y3+1=2, andax=0=—

p (- \/: +i lies in the first quadrant)
D

2 . ... il
Therefore, 2° = 3 +i=2 cox—ﬂsm—)
6 6)

2% 2%
= = {co.\s[—’wl"lmhisin[—’”llx“l‘”1

| k=012
s ) }}n/\-().l.-.

Taking k=0,1,2, we get

k=0, : cos‘—;(-#i.s'inL ]

257 . 5% iz .7
COS——+18In 27| —Cos——ism—|.
18 18 18

Example 3.5
Find the condition that the roots of cubic equation X' +ax’ +bx+c =0 are in the ratio p:q:r .
Solution

Since roots are in the ratio p:q:r, we can assume the roots as pA.gA and ri.

Then, we get
L =phtghtri=-a.

T, =(pA)gA)+(gA)rA)+(rh)(ph) =b.
T = (pANgh)rh) = .

Now., we get

Substituting (4) in (5). we get ,
a | ¢ ; ;
- | =——=pgra’ =c(p+q+r).
ptq+r)  pgr
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Example 3.20
Find the condition that the roots of ax” +bx”+cx+d =0 are in geometric progression. Assume

a,b,c,d=0

Solution
Let the roots be in G.P.

. L a
Then. we can assume them in the form 7.(1.(1), :

Applying the Vieta’s formula, we get

= a[l+l+).J = B
A a
a:[l+l+}.) =L
A a
L3

Dividing (2) by (1). we get

5w s ) G
Substituting (4) in (3). we get [—%J ol L dp.
a

Example 3.24

Solve the equation  (2x—3)(6x—1)3x—2)(x—2)-5 =
Solution

The given equation is same as

(2x=3)3x=2)(6x=1)(x—=2)-5

After a computation, the above equation becomes

(6x* —13x+6)(6x* —13x+2)—5 =

By taking y = 6x" —13x, the above equation becomes,
(y+6)(y+2)-5
which is same as
A‘,: +8y+7
Solving this equation, we get y=—1land y=-7.
Substituting the values of y in y=6x*—13x, we get
63" —13x+1

6x* —13x+47
Solving these two equations. we get

1344145 13—
12

x=lx=—,x and x=—

6

Example 3.10
Form a polynomial equation with integer coefficients with \J‘T asa root.
3

Solution

Since

_ _

% E. .

T 15 a root. ,\'—VT 15 a factor. TO remove the outermost square root, we [ﬂke
3 3

|
|
|
\V
X+ JT; as another factor and find their product

{ m[ @), é

,\‘+\‘\\/—;) \‘—V'ﬁj X —z‘

., 2
Still we didn’t achieve our goal. So we include another factor x* +T and get the product
3

a0 4]
) )

So. 3x* =2=0 is a required polynomial equation with the integer coefficients. | |

Now we identify the nature of roots of the given equation without solving the equation. The idea

comes from the negativity. equal to 0 and positivity of A=b*-4ac.
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Example 4.4 Example 4.1

Find the domain of sin l(2—3,\':) 559 X
Prove that lan(sm .1'): —, -l<x<l.
Solution ) yl-x
Solution

We know that the domain of sin” (x) is [-1,1]. I x=0. then both sd 00
x =0, then both sides are cqua to .

is leads to~1 < 2-3x <1, which implies -3<-3x*<-1.
This leads to-1 x~ <1. which implies I <-1 Asenie fhat Q<xiel.
Now, -3<-3¥, gives x* <1 and w T .. . Yo
| Let 0 =sin” x. Then ( < § < —, Now, sinf == gives tanfl =
x? <1, gives X' 2= . (2) 2 | l-x
3 X

Wi-r

i 5 ’ ’ s i y S ce. tan(sin”x)=
Combining the equations (1) and (2). we get ?Lv\"‘;]‘ThaI 1s, $1},\"Ll.\\'hlch gives Hence ldn(“n ‘)

. I
Assume that-1 < x <0, Then, § = sin™" y gives - T <0<0, Now sinf)= T aves tanf) =

xe{—l. —%}u{%. [}A sinee a <[ <b implies .\’E[—b.—a]u[m h]‘ 2
In this case also, lan(sin ',\‘)= \/‘_

Example 4.6

i " T Equations (1), (2) and (3) establish that ldn(sm \) i,
Find (1) cos‘[——jj (i1) cos {ws(—gj (1) cos"[cos[(—)} \Jl«‘\'
Z D

Solution
Tt is known that cos™ ,\':[-l. I]—)[(L n] is given by Example 4.13 £\
213
cos” x=y ifand only if x=cosy for ~1<x<1and 0<y<7. Find the value of sec ‘L '\;' ’

Thus, we have

. 3 T)_

. 3 ( v
) cos =_, since 3—” € [(). n] and cos—}r = costx -—|= —cnsE = —L. Solution
4 4 4) 4 N2

[

23] b) )
Let scc"[—"\/; 0. Then, secf = -— where (Je[l) rr] {—] Thus, cos 0=~
3 A 2

AR

23)

g ( Iy
)\ 5t . n T 5t B St o n\ V3 4l 23
iy . sinee cos| — |=cos| T+— =008 aucl [0 n] Now, cos‘—=c08| 7 -—|=-cos| —|=-—. Hence, sec” | -
6 6 6 6 a f ()} b

ll] cos —_
6 \ 0

3
oo
f

2
i T T
u)s[ =08 [LUS( 1)}_ ; since fge:[().ﬂ].but Ee[().n].

Eaawge 53 . Example 4.15
: . o af2+sinx )
Find the domain of cos T .

Solution

Show that cot [

—CL,\H)
F

By definition. the domain of y=cos™ x is ~1<x<1 or |\| <1, This leads to

e Solution
2+4sinx N .
-1< & <1 whichis same as —3<2+sinx<3.

| | A
S ; o Let ot | —— |=¢. Then, ot =—— and ot s acute,
So, =5<sinx <1 reducesto —1<sinx<1,which gives \/1 - ol ’

e | . < ain-l . ~ s . . . .
—sin” ()< x<sin”(1) or XS We construct a right manglc\\'nthrlw given data.

3

2 45i ’
Thus. the domain of cos (— is oo From the triangle. snca~ I =x, Thus, @ =sec’x.

|
Hence, cot ’[— =secx, ‘\| >1.
V-l J

Example 4.10
; o 1 s 1
Find the value of tan (—1)+cos I(-_,—}Jrsm '[~ ~

Solution Example 4.16

n
Let tan”'(=1)=y. Then, tany=—1=—tan—= lan[ K i 1 n
4 Prove that S <sin” x+2c¢08” x< S

b4 54 T V) y
,— . tan ' (=1)=——. - ‘
2 4 Solution

s B PO S DU, SRPowC: TN Pt T
$in” x+2€08” x=$in" X+C0S” X+C08 ¥ =—+C0S X

As ie[()Jz']. cos! -
3 . E n A n
We know that 0<cos™ x<x . Thus, —+0<cos™ x+—<m+— .
0) 2

L L

5 ; 1 5omn g 1
Now. sin™' L——\= y implies siny=——
2 =

: 3n
Thus, Z<gin™ x+2c0s” x< =

L

. 1 ;
Therefore, tan'(=1)+cos™ [; \ +sin-

)
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Example 4.20

Evaluate sin{sin'[[ }ﬂec'l[ }:‘

Solution
5
Let sec’ ==0.Then, sec== y and hence, cosf =

Also. sinf = \/I —cos’

Since — < . we have 2 sin™

V2
4 2
Hence. sin|sin™ 1«wx = sin| sin”' ﬁ . since ie[—l.l]A
} 25 25

Example 4.25 Solve sin™ x> cos™ x
Solution
Giventhat sin” x>cos™ x. Note that ~1<x<1.

Adding both sides by sin™ x, we get

. T I e et sapiaen PPTI
$in” x+sin” x>cos” x+sin” x. which reduces to 2sin x>

N g . T . |
As sine function increases in the interval oo | have x> sz orx>—

5

; o 1
Thus. the solution set is the interval [— 1

Example 4.28
x-1
Solve tan '[ X
¥=0

Solution

Now,

Example 5.2
Find the equation of the circle described on the chord 3x+ y+5=0 of the circle x*+* =16 as
diameter.
Solution
Equation of the circle passing through the points of intersection of the chord and circle by
Theorem 5.1is x*+y* =16+ A (3x+y+5)=0.
The chord 3x+ y+5=0 is a diameter of this circle if the centre # %} lies on the chord.

So, we have B[ﬁ)—iﬁ =0.
2 2

=
i——+5 =0,

2 2
= -5A+5=0,
= A=1

Therefore, the equation of the required circle is x*+y* +3x+y-11=0. ]
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Example 5.20
Find the equation of the ellipse with foci (+2,0), vertices (£3,0).
Solution
From Fig. 5.36, we get
$S" =2cand 2c=4 : AA=2a=6

( :‘:m) ) I[wll)
X

= c¢=2ada=3.

> b =a'-c’=9-4=5.
Major axis is along x -axis, since a>b.
Centre is (0, 0) and Foci are (+2,0).

2 2

Therefore. equation of the ellipse is%+¥: L.

Example 5.20
Find the equations of tangent and normal to the parabolax® +6x <4y +5=0at (1,-3).

Solution
Equation of parabola is x* + 6x +4y+5=0.

¥ +6x+9-9+4y+5= 0
(x+3)* = ~4(y-1)
Let X
Equation (1) takes the standard form
X
Equation of tangent is X
At (1,-3) X, = 143=
Therefore. the equation of tangent at (1,-3) is
(x+3)4 = 2(y-1-4)
x+6 = -y+5
2x+y+1= 0.
Slope of tangent af(1,-3)is-2. so slope of normal at (1,-3)is
Therefore. the equation of normal at (1,-3) is given by

y+3 = 11.\’—1)
2

=x-1

7=0.

Example 6.3
By vector method, prove that cos(az+ ) =cosacos f—sinasin .

Solution

Let 4=04 and b= 0B be the unit vectors and which make angles & and f3, respectively, with
positive x-axis, where 4 and B are as in the Fig. 6.8. Draw 4L and BM perpendicular to the
x -axis. Then | OL |=| OA | cosa = cosa, | LA|=| O4|sina =sina .

So. OL=0L|i = cosai, LA=sina(-j)_

Therefore, a= O_A:a+azcosaf—smai, .

Similarly, b =cos Bi +sin 8]

The angle between d and b is &+ /8 and so
a-b=|a |b cos(ar+ ff) =cos(ar+ )
Fig 6.8
On the other hand, from (1) and (2)

ab = (cosati —sinaJ)-(cos i +sin 8]) = cosezcos B—sinasin f . . (4)
From (3) and (4), we get cos(a+ ) =cosacos f—sinasin .

Example 6.10 " .
A particle 15 acted upon by the forces 37 —2j+2k and 2i + j—k 1s displaced from the point

(1,3,-1) to the point (4,~1, 4) . If the work done by the forces is 16 units, find the value of 4.
Solution

Resultant of the given forces is 7 = (3 —2] +2£)+(2i + —F) =51 - j +k

The displacement of the particle is given by

d=(4-j+Ak)-( +3]-k)= (31 -4]+(A+DF).
As the work done by the forces 15 16 units, we have
F.d=16.
Thatis, (57— j+£)-Gi = 4]+ (A+ 1)k =16= 1+20=16.
So, A=—4.
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Example 6.16 m
Show that the four pomnts (6,-7,0), (16,-19,—4), (0,3,-6), (2,-5,10) lie on a same plane.

Solution
Let 4=(6,-7,0), B=(16,-19,—4), C =(0,3,-6), D =(2,-5,10) . To show that the four points

A4,B,C,D lie on a plane, we have to prove that the three vectors 4B, AC, D are coplanar.
Now, 4B = OB-04=(16] -19] - 4k)—(61 7)) =10i -12] — 4k

AC = 0C-04=-6i +10j -6k and AD=0D—0A=—4 +2j+10k

10 -12 4
Wehave [4B,AC,AD]=|-6 10 —6|=0.
4 2 10

Therefore, the three vectors 4B, AC, AD are coplanar and hence the four points 4,B,C, and

D lie on a plane.
|
Example 6.17
If the vectors @,b, are coplanar, then prove that the vectors @ +b,b+¢,¢+@ arealso coplanar.
Solution
Since the vectors @,b, are coplanar, we have [4, b, &]=0. Using the properties of the scalar

triple product, we get

b,c,a]

=[a,b,c]+[a,b,c]=2a,b,c]=0.

Hence the vectors a+b, b+¢, ¢ +a are coplanar.

Example 6.19 B ~

Prove that [axb, bx¢, cxa]=[a,b,c] .
Solution

Using the definition of the scalar triple product, we get

[axb, bx,exa]= (axb) [(bXE)XEXa))-

By treating (b x¢)as the first vector in the vector triple product, we find

(BxE)X(Exa) = (bxE)- @) -(bx?)-O)a=[a,b,ck.

Using this value in (1), we get

[axb,bxé.exa) = @xb)-(@,b,cl6)=[a,b.c)@xb) ¢ =[a,b.cf

Example 6.22
If G=-21+3j-2k b=3-j+3k,@=2i-5j+k find (axb)xé and ax(bxc). State
whether they are equal.

Solution

By definition, axb

@xb)xé =|7 0 —7|=-351-21j-35k.
=51

k

3|=141 43 -13F .
=51

ijok
Next, ax(bxc) = [-2 3 -2 |=-33-54j-48k.
143 213

Therefore, equations (1) and (2) lead to (a xl;)xr' £ax (I; XC).
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Example 6.32

ox-1
Show that the lines !

Solution

Xzl 2=y 2-4: T —
We observe that the straight line YT = T‘ = N is parallel to the vector 4/ —6;+12k and

S . x=3_y-3 S R
the straight line s T = i 15 paralle] to the vector 21 +3; -6k .

Since 4i - 6}' +12k=-2(221 +3 ] - 6kl) , the two vectors are parallel, and hence the two straight

lines are parallel. |

Example 6.36
Findthe shortest distance between the two given straight lines 7 = (2i+3 ] + 41\:) (-2 + ] - 2]5)

x-3_y
and —=—=——r.
2 - 2

Solution
The parametric form of vector equations of the given straight lines are
7= (2 +3]+4k)+1(=20 + ] 22k)
and 7= (31 —2k)+1Qi=j+2k)

Comparing the given two equations with 7 =a+tb, 7 =C+sd

wehave a=21 +3]+4F, b=—2i + -2k, ¢ =31 -2k, d =2i - j+2k.
Clearly, b isa scalar multiple of d , and hence the two straight lines are parallel. We know that
y ; i-a)xb
the shortest distance between two parallel straight lines is given by d = %
i jk
Now, G-@xb=|1 -3 —6|=12i+14j-5k
=2 1 2
21 +14j-5k| _ 365
Therefore, d = m:—6
|2i+j-2k| 3
Example 6.47

Find the acute angle between the planes f-(lf +2j'+2]§) =11 and 4x-2y+2:=15 .

Solution
The normal vectors of the two given planes F-(Zf +2]+ Zk) =11 and 4x-2y+2z=15 are
mn= 2+ 2}' +2kand f,= 4i-2j+ o respectively.

If 8 1s the acute angle between the planes, then we have

) (21?+2j+21€)‘(4f—2}+2}5) &
0=cosl[ L :]=cos“ ! =cosl[ ']
‘2i+2j+2k‘4i—2j+2k‘

il

Example 6.48
Find the angle between the straight line 7 = (21 +3}+I«:) +r(f —j+k) and the plane
2x-y+z=5.
Solution
- (B
The angle between a line 7 =a+b and a plane 7 -7 = p with normal 7 is §=sin" m i
b |

Here, I;:f—]"ﬁ:aud ﬁ:zf—}'+k:.

=smn™

]zsm_l ‘(i—j‘+1§)<(zf—j+1€)‘

So,we get 9=sin" [
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Example 6.51
Find the distance between the parallel planes x+2y-2z+1=0 and 2x+4y-4z+5=0.
Solution

We know that the formula for the distance between two parallel planesax+by+cz+d, =0 and

. . 5
ax+by+cz+d,=0 is d= . Rewrite the second equation as x+2y-2:z s 0.

Comparing the given equations with the general equations, we get a=1b=2,c=-2,d,=1d,=

Substituting these values in the formula, we get the distance

5

|d1_d: _E 1
== == units.
Vo b7+ ‘/1:+23+(—1:) 2

Example 6.55
Find the image of the point whose position vector is i+2 j +3k inthe plane 7 (1 +2j+41\:):38 ¢
Solution
Here, ii =1 +2}A'+31§A =i+ 2}'+41\: , P =38 . Then the position vector of the image ¥ of
s e 2| p—(u-n
@ =1+2j+3k is given by F:H+Mﬁ ]
il
2(38—((7 +2]+3k) (7 +2] +4k ]
[38-((F+2j+3) (F+2j+ 48|

\":(f+l}'+31§); (f+27+4k).

[z’+1j+4£)»(i+2}+4k’)

SR A S =17
Thans.\'=(1‘l}-)—3k)+2387—1l

(f+27+4k) =31 +6]+11k .
Therefore, the image of the point with position vector i+2 j +3k is 3+ 6}' +11k .

Note
The foot of the perpendicular from the point with position vector i+ 2}' +3F inthe given plane is

(+2]+3k)+(i +6]+11k) _
2

2% +4j+7k.

Example 7.9

Salt is poured from a conveyer belt at a rate of 30 cubic metre per minute forming a conical pile
with a circular base whose height and diameter of base are always equal. How fast is the height of the
pile increasing when the pile is 10 metre high?

Solution

Let h and r be the height and the base radius. Therefore /=2r . Let I/ be the volume of the salt

cone,

1 . 1 5 dV Bl
V==nrh=—nlh, (—=3() m'/min .
3 12 dt

Hence. d—l = %TIZZ ﬂ

dt dt

Therefore, % = 4d_;L
t dt mh

That is, ﬁ = 4><3()><L

dt 100

m/ min,
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Example 7.17 o

If the curves ax’+hy* =1 and cx’ +dy® =1 intersect each other orthogonally then,

show that 11 l-l
ab cd

Solution

Let the two curves intersect at a point (x,, y,) . This leads to (a—c)x; +(b—d)y; =0.

Let us now find the slope of the curves at the point of intersection (x,,y,). The slopes of the
curves are as follows :
b =
dc by
dy  ex

For the curve cx’ +dy”* =1, —=—-— .
! dx dy

For the curve ax® +hy* =1,

Now. if two curves cut orthogonally. then the product of their slopes. at the point of intersection

(X, ¥) - is —1. Hence, if the above two curves cut orthogonally at (x,, »,) then

That is. acx; —hdy,f =0.
together with (a—c)x; +(h—d)y; = 0

A a-c
gives, —— =——

Remark

Example 7.18

Prove that the ellipse " +4y* =8 and the hyperbola x*~2y* =4 intersect orthogonally.
Solution

Let the point of intersection of the two curves be (a,b). Hence,

a+4b' =8 and a*-2b*=4 -4
It is enough to show that the product of the slopes of the two curves evaluated at (a,b) is -1
Differentiation of x* +4y* =8 with respect x, gives

2x+ Xyi =
dx

Therefore LA
d

Then, ‘/'lul(a.h)
dx

Differentiation of x* —2y* =4 with respectto x. gives

2.wr—4_\*ﬁ =0

dx
Therefore, @
&

Then ‘l'lul (a,b) = my =
dx )

\ (

(
Therefore, mxm, = | _%JXIKV
\ 2

a)

Applying the ratio of proportions in (4). we get
(N
-16-16 -8+4 -2-4
) &
Therefore :—;=f=s Substituting in (5). we get m xm,=-1. Hence. the curves cut
orthogonally. [ ]

Example 7.29
A thermometer was taken from a freezer and placed in a boiling water. It took 22 seconds for the
thermometer to raise from —10°C to 100°C. Show that the rate of change of temperature at some
time tis 5°C per second.
Solution
Let f(f) be the temperature at time . By the mean value theorem, we have
f(b)-f(a)
fl)=————
b-a
_ 100-(-10)
T2
110
=5
=5°C per second.
Hence the instantaneous rate of change of temperature at some time 7is 5°C per second. W
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Example 7.36
. . (sinx
Evaluate the limit Ilm(—,] .
=0 x
Solution

0 g s
If we directly substitute x =0 we get an indeterminate form T and hence we apply the I'Hépital’s

. [sinx . [cosx
lim|—| = lim| — |=w
el g =0 2x

. (sinx . (cosx

lim| —— | = lim =—o
-0\ x° =0\ 2x

As the left limit and the right limit are not the same we conclude that the limit does not exist. W

rule to evaluate the limit as,

Remark

A . (cosx
One may be tempted to use the I'Hopital’s rule once again in lim [—] to conclude
20 3

2x
; (cns.\'] i “m(—sm.\'):o.
2x =0\ 2

which is not true because it was not an indeterminate form.

Example 7.38

Evaluate Iiln[k)g(l—_”],
=1

cot(mx)

Solution
e o0 P 3
This 1s an indeterminate form — and hence we use the I"'H6pital’s Rule to evaluate the limit.
oo

sudl -
Thus, lim log-x) _ lim( — ] [7 form]
-1 cot(mx) x=1"\ —Tecosec™ (Tx) o

On simplication, we get P
. [ sin*(wx) 0
= lun] —. — form
o\ 7(l-x) 0

again applying the I'Hépital Rule, we get

= lim

x-l

(Zn sin(nx)-cos(ﬂx)]

-

= lim (<2sin(7x)-cos(7x))
x5l

=0

Example 7.42

. [ )
Evaluate : lim| — |, meN .
X=0) X"’

Solution

- . . o0
This 15 an indeterminate of the form (—] .
-

To evaluate this limit, we apply I"'Hopital Rule m times

R
Thus, we have lim— = lim—

]

=0 o)

= 0.

Example 7.54

Find the intervals of monotonicity and local extrema of the function f(x) = xlogx+3x.
Solution

The given function 1s defined and 1s differentiable at all x & (0,c0).

f(x) = xlogx+3x.
Therefore f'(x) = logx+1+3=4+logx.
The stationary numbers are given by 4+logx = 0.
Thatis x = ¢”.

Hence the intervals of monotonicity are ((Le" ) and (¢” ).

At x=¢’e(0,¢" ).f "(¢*)=-1<0 and hence in the interval (0,¢™) the function is strictly
decreasing.

Atx=e¢ (e, @), f"(¢”)=1> 0 and hence strictly increasing in the interval (¢ *,00). Since
1'(x) changes from negative to positive when passing through x =™ the first derivative test tells

us there is a local minimum at x = ¢™* and it is f(e*) =—¢. | |

Subscribe: https://www.youtube.com/@Marutham acadamy

Example 7.61
Find the local maximum and minimum of the function x’y* on the line x+y=10.

Solution

Let the given function be written as f(x)=x*(10-x)*. Now,

f(x) = ¥(100-20x+x")=x"-20x" +100x*
Therefore, f'(x) = 45" =60x" +200x = 4x(x* =151+ 50)
7(x) = 4x(x* =157+ 50)=0= x=0,5,10
and f"(x) = 12x'=120x+200
The stationary numbers of /(x) are x=0, 5, 10 at these points the values of f"(x) are respectively

200,-100 and 200. At x=0, it has local minimum and its value is £(0)=0. At x=35, it has local
maximum and 1ts value 1s f(5)=625. At x=10, it has local minimum and its value 1s £(10)=0. W

Example 8.10
: Wy 4 - )
Consider g(x,y)=——= 1f (x,y)=(0,0) and g(0,0)=0. Show that g is continuous on R".
Xty

Solution
Observe that the function g 1s defined for all (.Y,.\‘)ERI. It 1s easy to check, as in the above
examples, that ¢ 15 continuous at all point (X, ) = (0,0). Next we shall check the continuity of g at
(0,0). For that we see if ¢ has almit I at (0,0) and if L=g(0,0)=0. So we consider
2. et 2
Ix’y 45) 2.\3”.\|£(.\ +) )M

R e
’.\"H" .\"+'r" r+y:  xEy

|g( \..\')—g(lul)' = <M .9

Note that in the final step above we have used 3|.(|" <x'+y" (which follows by considering

0<(x=y)")forall x,y e R. Note that (x, ) = (0,0) mmplies M — 0. Then from (9) 1t follows that

)

&y : ;
lim T 0=g(0,0); which proves that gis continuous at (0,0). So g 1s continuous at
(x,)=40f N.l" + "'

every point of R, |

Example 8.14

e, o5 &w ow
Let w(x,y)=xp+—— l forall (x,y) e R". Calculate — and
y+

Cyéx Oxdy
)
2 B
0[ ] l ]
O(xy Y+
y) Ty _

A

=
ox ox

Solution

. ow
First we calculate —(x, y)=
ox

"

ow ow
—(x,y)=y+0 and hence ——(x,y)=1. On the other hand,
ox oyox

i
M,y O T F

¥y

This gives

(Y +1e’ —e"2y
oAl il i
( +1)

)

)
ow

Hence —(x,y)=1.
A
0Oxoy
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Example 8.19 . Example 9.11
Let g(x,y)=x" —yx+sin(x+y), x(f)=¢”, y(f)=£, te R Find LT“ N i
; @ Evaluate : L
Solution 5 (1+sin@)(2+sin0)
We shall follow the tree diagram to calculate.
dg dr dy
=, —and =
dy di

Solution

So first we need to find Tg

d 2. T
dt Letl = $d(). Put u =1+sin6 . Then. du =cosOd0 .
R 2 (1+sin0)(2+sin0)
dg e .5 dy
+cos(x+y), ===-x+cos(x+y), —=3¢" and —=2r.
& dt dr When 6 = 0, u=1. When 0—7. u=2.
dg dgdx dgdy . X )
dt  oxd dydt SIS J oy = J—‘H")ﬂ’du = [{LLLM=[logu—log(l+u)]:
fu(l+u) { u(l+u) 5 L

u l+u)

= (2x—y+cos(x+ }’)L"‘e:" +(—x+cos(x+y))(2¢)

4
= (2" —1 +cos(e” +1°))3e” +(~€" +cos(e” +1°))(2t) 0g2-log3)~(log1-log2) =2Iog2-log3 = log;

= 6" ~3t¢" +3¢" cos(e” +17)-2e" + 2 cos(e” +1) . [ |
Also. some times our ¥ (x, y) will be such that x=x(s.r).and y = y(s.f) where 5.t € . Then Example 9.13
¥ can be considered as a function that depends on s and ¢. If x. y both have partial derivatives with &
respect to 5.t and 77" has partial derivatives with respect to xand y . then we can calculate the partial Evaluate : j( Vianx ++/eotx )d\' :
derivatives of 7 with respect to s and ¢ using the following theorem. =

Solution

ES:’HI][)[E‘ 93 ; :[(\/lan.\' ++/cot .\')(l\' . Then, we get
0

Evaluate f x'dx, s the limit of a sum.

L A \/sin.\ [cos x % “rsinx+cos x K \/;:[ Sinx+cosx 5
c . = — X = ax =~Ns< L
Solution cosx  \sinx J\sinxcos x J\2sinxcosx

Here f(x)=x, a=0and h=1. Hence, we get

=z

P (sin x + cos x)dx
= \3 e S/ el

JI=(sinx—cosx)*

b
‘ fx)de = hm_Z fl= ’ JY dr= llm_z_ Put u = sinx—cosx . Then, du=(cosx+sinx)dx.
. no 4 ” 3 mepisn

When x = 0, u=-1. When x = % u=1.

b s 1 1) sl N s
Iim—’_l’+2'+---+n ]-lu —4”(% “"ﬁfl‘/—, o =2 sin ) =sin ()] =72

n—o n" - =0

l+—) =

lim—
|

n

1 l: | Example 9.16
)5

(= dv 1
Show that J > 4+;\' :;lug‘ 2.
ad Asmx 3

Example 9.4

Solution
Example 9.7

1

R ; : s Pu =t .\'m i /,l G 1)1 S o
Evaluate : I [2x]dxwhere [] is the greatest integer function. it u = tan—-. Then, sinx = z Todu=see —dv= de = Tvat:
. & 24 - - +u
o " &=
~

A

u 2du

Solution
1

i
3 ) z 1 ; oy PPy, U e
“"]Ll‘ I [2x]dx+ "[z“v]d\.:/‘(h/p /'m‘:(“_hjl‘:l_l:l When x = O,u=tan0=0. When x= ufun“ =1.
/ 1 O 7 2\

2du
"5 dx ' 1+ u i du 1 du

Example 9.8 —— = -
¥ o G+5sinx " "211’+3u+l 2% 5, O
v +-u+l
2
dx .

secx tan x 1 +u’
Evaluate : J‘—‘

1+sec™ x

1
Solution . tlll |4 1 I ( 3 +_
= 3 < og

3

secxtan x s 4
Letl = Ji,; X Put secx =# . Then, secxtanx dx = du . +_ uts
i 14sec’ x M

When x =0, u=secO0=1. When x = ; u=seer = 2 =
3 3 Note
To evaluate anti-derivatives of the type Jl d . we use the substitution method by
acosx+bsinx+c¢

T d - =y »
= J‘i.z[tun "u)f = tan”'(2)—tan” 1 = tan ‘(2)71.
P1+u” 4

: x 1-u
putting u = tan = so that cosx= I
Z +u
Example 9.9
9
1
Evaluate : J— dx.

0 ,\’+\/;

Solution

2
Letyx =u. Then x=u". and so dv = 2udu.

When x =0, u=0.When x=9, u=3.

3

/—d"z.( 2

31 =
2 (2u)du =2 [—du = 2[ g ] =2[log4-0]=logl6.
SX+VX au J+u 0

+u
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Example 9.19
.2 1
Evaluate J e dx

0 sinx+cosx

Solution
e 1 1
I= J 4 — dx dx
0 sinx+cosx o 1
—=sin x+—=cosx
V2

V2

J. 1 dx =

0

TJ'I_
4

T e G .
COS—COS X +SIm—sIinx
4 4

dx. ~1m.e| /(\)d\—J ' fla—x)dx

I,
0 cosx

X 1 x
J“* secx dy = ﬁ[logls::c.»(+ tan x)]7
'Vlm_(\/_-ﬂ lug(l+())]

1
—log(\/2
N log(v2+1).

Example 9.23 )

If f(x) = f(a+x). then .I("'J_f( x)dv =2 ‘ flx)dx
Solution ) .

We write ! ’;;Jﬂ.\')d.\' = ’: f .\')([H-. ’J‘ f(x)dx

Consider "-Jf(x)d\'

Substituting x = a+u ., wehave dc =du; when x =a,u=0and when x=2a,u=a.

a+\)

J.J'uf(.\')d\' = J:»/'((Hu)a'u J flu)du since f(x)=

= [ feo

Substituting (2) in (1), we get

‘I;]:Jf(.\’)dr = "’ flx)dx.

Example 9.26

’ [ J&)
Evaluate : J“ —,/‘(-\')ﬁ/'(ll—X) 2
Solution X
[“ : .r(.f) &
0 fx)+fla-x)

Let I =
Applying the formula J“ f(x)dx =J“ fla=x)dx in equation (1), we get

. fla-x
I =j .Ld\'
0 f(a-x)+ fla=(a-x))

j“ fla-x) N
% £l

0 f(x)+ fla-x)
Adding equations (1) and (2), we get

f(x) sl

- fla-x)
= f)+ fla-x)

W@+ fa-n"

J a f(x)+fla— \)

" f()+f(a- \)
= [dziv=41.

“0

Hence, weget I =

Subscribe: https://www.youtube.com/@Marutham acadamy

Example 9.30 : ]
Evaluate | L;"'\—'A"zt\'
T 1+a

Solution

[ €os” X

Let I = dx

e 1+a

Using _IV/L\M\ f_/(u—/»—x)(l\' we get,
B ' cos’ (T-m—x) ,

1+a"**

_ J~ cos” (—x) de

l+a™

t o[ cos’x
a'| ——

\a*+1

dx

Adding (1) and (2) we get

o - "l- cos’ x

(a +1) de = | cos’ x dx
= Zj cos® x dx (since cos” X is an even function)

(11 6080%
2 ,l (1 L:)h_.\) ol

Example 9.33
(2R,
Evaluate : J“ x'sinnxdx  where n is a positive integer.
Solution

y ) : ‘ sl
Taking # =x"andv =sinnx . and applying the Bernoulli’s formula, we get
cosnx | ( sin nmx ]

=)o 5ol

|(47r )[——}—()H’)[ )] {() 0+(2 )[L,” since cos 2nr =1and sin2nz =0

o e

Example 9.34

1 By
Evaluate : LC’““ -x")dx,

Solution

. and applying the Bernoulli’s formula, we get

fge]

Taking u =1-x"andv=¢"

1, .
Le '(I—x')d\':[(]_\ )[

n\l
_—-
-)

(23
e
L

Example 9.42

! 3
Evaluate JU x(l-x )441\' .

Solution
m! X n!

J.(: ¥ (1-x)'dx =

ﬂ.\'1 (1

3!x4! ?‘X4'
(\+4+|)' 8!

Ix2xIx4x3x2xl 1

T 8xTx6x5xdx3x2x1 280

—.\')J(i\ = = i
280
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Example 9.46

©
X . i A
Evaluate J‘—ldr . where nis a positive integer>2.
n
0

Solution

bg, n

Using the formula n = ™", we get
o o o . o
I= J'—‘dv = jn"x"dr = j(e’“-”") X'dx = je"“’-"”x”dx.
on 0 0 0
du

Using the substitution u = xlogn, we get dv = ,
logn

When x =0, we get u=0.When x=00, we get u=c0.

A \
1= j" ,,[ u_| du

J logn | logn

- — J’e 0y 0 gy = =
(logn)"™ § (logn)

F(n+l) _ n!

- (lug n)n»l $

Example 9.57

. B B ecacgcas .
The region enclosed by the circlex” + y"=a" is divided into two segments by the line x=h.

Find the area of the smaller segment.

Solution

The smaller segment is sketched in Fig. 9.29. Here 0 < 7 <a. By symmetry about the x -axis,

the area of the smaller segment is given by

N wa -1 & a3l
4=2 Va'-x di=2| o +-sin” (—]
) 2 2 7

) 2 a

= Z{O«Lisin ‘(n]-z{w"%/"#’_‘sin i{’_’)}
: : Fig, .29
= a:[g}fh\,alh: ~a’sin '[’—'J

a

=d [Evsin'[ [m}h\/m.
2

a)

= d*oos ’(ﬁ}-h&’—-ﬁ

a

Example 10.4
Find the differential equation of the family of circles passing through the potits (a,0) and (~a,0).

Solution
Acircle passing through the points (a,0) and (~a,0) has its centre ony - axis.
Let (().b) be the centre of the circle. So. the radius of the circle i \c‘u: +h
Therefore the equation of the family of circles passing through the poiits(a,0) and (-a,0)is
4y —h)z =a’+b, b is an arbitrary constant, (1)
Differentiating both sides of (1) with respect fo x. we get
X X

sh=—+y.

7 T Y ey (L\'= )
2+2(y h)dr 0=>y-b= @ 3"

dx dx

Substituting the value of b in equation (1), we get

-4 o]

i & i G i
= (x' -y'-d ] T— 2xy =0, which s the required differential equation.
dx

Subscribe: https://www.youtube.com/@Marutham acadamy

Example 10.10

Show that y=acos(logx)+bsin(logx),x>0 is a solution of the differential equation

Xy 4 +y=0.

Solution
The given function is y = acos(log x) + bsin (log x) (1)

where a.b are two arbitrary constants. In order to eliminate the two arbitrary constants, we have to
differentiate the given function two times successively.
Differentiating equation (1) with respect to x., we get

y'= —asin(log,vx)'l+/wo.s'(lugx)~l = xy'=-asin(logx)+beos(logx).
X x

Again differentiating this with respect to x, we get

n'+y= ~acus(logx)‘i~hsin( lugx)<l— =17y +n'+y=0.
x X

Therefore, y=acos(logx)+bsin(logx)is a solution of the given differential equation.

Example 10.12
Find the particular solution of (l +x )u{\‘ x"ydx =0 satisfying the condition y(1)=2.

Solution . A _
Given that (14 x")dy—x"ydx = 0.

3 : d.'« \2 3
The above equation 1s writien as —- 1 S ax
y +X

: i | ; w5
Integrating both sides gives log y —;lng(]+ x') = C,. which implies,

3logy-log(l+x%) = logC.
Thus. 3logy = log(1+x) +logC.
which reduces to logy* = logC(1+x?).
Hence. 1’ =C(1+x") gives the general solution of the given differential equation. It is given
that when x=1,y=2. Then2’=C(14]) = C=4 and hence the particular solution is

y =4(1+x"). [ |

Example 10.17
Sol\'e(x' =3y )d\' +2xydy =0.
Solution
We know that the given equation is homogeneous.

. . . ’ dy 3
Now. we rewrite the given equation as T =2
dv

; dv
Taking y=vx, we have v+x— =
de

; 3 . Dudv
Separating the variables, we obtain — =
Ve
On integration, we get logly? -1] = log]x|+log|C].
Hence ‘\"—l‘ = |('.\'|.\\'here C 1s an arbitrary constant.
: Y : ;
Now. replace v by =to get |—-1 ’(x|,
X

5 ..
Thus, we have tl " |(.r3‘ :

Hence, y-x" = +(x’ (or) " =x" = kv’ givesthe general solution.
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Example 10.21 : 5. A commuter train arrives punctually at a station every half hour. Each morning, a student
y xly X : : : £ : c
Solve(1+2¢"” )dv +2e [ 1-= de =0. leaves his house to the train station. Let X' denote the amount of time, in minutes, that the
3
student waits for the train from the time he reaches the train station. It is known that the pdf of
Xis

Solution

: ; . I x
The given equation can be written as(l—\ = = o . {—0 0<x<30
ly "

f(x)
10 elsewhere

X.. . . I
The appearance of — in equation (1), suggests that the appropriate substitution is x=vy .
Y Obtain and interpret the expected value of the random variable X' .

T

Put x =vy. Then, we have \iz— N +T ,
dy  142¢ Example 12.19
" Using the equivalence property. show that p¢> g =(p Aq)Vv(-pA—q).
By separating the variables. we have +;‘\ dv=——. Solution
v+2e
It can be obtained by using examples 12.15 and 12.16 that

On integration, we obtain PEg=(pvg)al=gvp)

gle‘ﬂ"t g|y|+log|C|orlog|2ye” +vy|=log|C| or2ye’ +vy=1C.

= (pVg)A(pV~q) (by Commutative Law

Replace v by iro get, 2ye™” +x =k . where k=*C which gives the required solution. B = (A (pv ) Vg v 4P DistribullVe Law)

Y = (-pA p)V(=pa—q)viga p)v(g A—g) (by Distributive Law)

=Fv(-pAr—q)v(gAp)v F; (by Complement Law)
Example 10.24 ¥

= (pa—q)v(gAp): (by Identity Law)
o B - ;
Solve : 7+.'\'C0[.\' =3xcosec’x = (pAg)V(pA~q): (by Commutative Law)
a

L Finally (1) becomes p—q = (pAg)V(-pA-g).
Solution

; oy -
Grven that the equation 1s =+ 2ycot.x =3x"cosec’x . .
& Subscribe:

This is a linear differential equation. Here, P=2cotx: ('=3x’cosec’s.

e o =i = i < ' https://www.youtube.com/

Ths, 1F= (’j =% =ginly,

@Marutham acadamy

Hence, the solution is.,l'e"‘ JQ«J dr+C.
Thatis, ysin’ x = j_’w.\'lcoscc:min: v+ (= J}rﬂ/\' +C=r' 40

Hence, ysin’ x = '+ isthe required solution

Example 10.26
Solve ye'dx = (y‘ +2xe’ )d\ A

Solution
dx
The given equation can be written as ———x = y’¢”

a y

This is a linear differential equation. Here P=-—;

“N)' = J-L/}f—?.lou y|=logly : :lug[l,). w
: y y) DE{DZUEE@M

o _ 51

Thus, LE.= ¢’ " =e¢ —. QESHHHB"HQ
.V>

Hence the solution is .\'e"’“‘ = JQ(’JP‘AJ,HC

That s, \(‘l—} = J.\':e” {%Jd)w(f JU"!{H(‘: - +C

\/

S 3 ;
or x=-ye’ +Cy" is the required solution.
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