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TNPSC-CTSE

ombined Technical Services Examination (Non - Interview Post -
N pUETElmanhE OB HLU uafise 856y ‘S RIMAAN

MATHEMATICS

UNIT-2: CALCULUS
Introduction : Differential Calculus: nth derivative

Successive Differentiation 1s the process of differentiating a given function successively
n times and the results of such differentiation are called successive derivatives. The
higher order differential coefficients are of utmost importance in scientific and
engineering applications.

S RIM.E.H.

Let f(x) be a differentiable function and let its successive derivatives be denoted by

f'GO " (x), e, ()

Common notations of higher order Derivatives of y = f(x)

. . dy
1°" Derivative: f'(x) ory'ory, or —or Dy
d . . d%y 2
2"% Derivative: f''(x) ory" ory, or -z oY

d”y
n' Derivative: fM™(x) or or y, or ——-.or D"y

Calculation of n'" derivative

i. n'" Derivative of e™*P
Let y = eadx+b
y, = azeax+b
Vo = aneax+b
=

ii. n" Derivative of+y = log(ax + b)
Let y =log(ax+ b)

a

N (ax+b)
D ;2
Y2.= (ax+b)?
2!a3
Y3 = (ax+b)3
—1 (n—1)!a™
Yn = (_1))1

(ax+b)™

iii. n'" Derivative of (ax + b)™
Case 1: When m is a positive integeri.e., whenm >0, m=n

Lety=(ax +b)™
v, = ma(ax +b)y" 1
¥, = m(m — 1)a?(ax + b)™ 2

|
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y; =a’m(m—1)(m—-2)(ax+b) "

o= m(m—1)..(m—n+ 1)a™(ax +b)y™ "

m! _
Vn = (I"((IX + b)m n

(m—n)!
Case 2: When m is a negative integer i.e.,whenm > 0,m < nPutm = —p
where p is a positive integer in the above result.
D*(ax+b) =a"m(m-—1)(m-2).. (m —(n- 1))(ax + bh)m "
D™(ax +b) =a*(-p)(-p—1D(-p—2)..(-p— (n—1))(ax + b)™P~" D"
(ax + b) =a"(-D"P)p+ D@ +2)..p+n—1)(ax + b)P"
Multiply and divide by 1.2 .3.... (p — 1) to the rhs of above equation

Then D"(ax +b) P = (~1)"EE an(ax +b) 77"

Change p to m we get

n -m _ (_q\ynm-n+tD! — -m-n
D" (ax+b)™ = (-1) o @ (ax+ b)

iv. n'" Derivative of y = sin(ax + b)
Let y = sin(ax + l;)
y; = acos(ax + b) ='a sin (ax +b +§)
y, = a®cos (ax ) +§) = a?sin (ax +b +27n)

Yo = ¥ (ax +Db+ ?)
Similarly if y'= cos(ax + b)

giN—" a" CoS (ax +b +%)

v. n'™ Derivative of y = e®sin(ax + b)

Let y =esin(bx +c)
y; = ae™sin(bx + c) + e™b cos(bx + c)
= e™ [asin(bx + ¢) + b cos(bx + ¢)]
= e™ [ r cosa sin(bx + ¢) + r sina cos(bx + ¢)]
Putting @ = r cosa, b =r sina
=e? r sin(bx+c+a)

Similarly  y, = e r? sin(bx + ¢ + 2a)

Yo =e®™ r" sin(bx + ¢ + na)
b
where r? = a? + b? and tana = -
a
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Similarly if y = e™cos (ax + b)
Yo =™ r™ cos (bx + c + na)

n
=e™ (a? + b?)z cos (bx +c+n tan_lg)

Summary of Results

Function n'" derivative
eax+b aneax+b
1 (n—1)!'a™
ostax + ) o
La” (ax + b)nl_n
(m—n)! when m > 0and m >n
(ax + b)™
0 when 0.<m<n
(m—-n+1)!
(ax +b)™™ (D))" ————— a™(ax+h) ™™™
(m-1)!
sin(ax + b) a™ sin (aﬂ b+ %
]
cos(ax + b) a” cos ((Uf + b # %)
™
e“sin(ax + b) e™ (a? +bMz %in (bx +c+ntan! %)
n
e™cos (ax + b) e™ (a®+ b?)z cos (bx +c+ntan! %)

Example 1 Find the n®"* derivative of —————
1-5x+6x2
. 1
Solution: Let y = ——
1-5x+#6x
Resolving inte partial fractions
1 1 _ 3
1-Sxd6%%  (1-3a)(1-2x) 1-3x
3 (=3)"(=1D)"n! 2(-2)"(-1)"n!

(1-3x)n*1 (1-2x)n+1
)n+1]

= I = (_l),H'l n! [( )”+l _(
Example 2 Find the n™" derivative of sin6x cos4x

2

1-2a

y:

Q. yll =

2
1~—2%

1-3x

P=N

Solution: Lety = sinbx cos4x

1 1
==(sml0 x + cos2 x)
2

nmw

Y= ; [10“ sin(le +%) + 2" gos (Zx =

)

Example 3 Find n®" derivative of sin®xcos®x
Lety

Solution: sin?xcos3x

TET/PG-TRB/COM.INS/TRB-POLY ./JUG-TRB & SGT/BEO/DEO/TN-MAWS/TNPSC-CTS/'SCERT/DIET/TNEB AVAILABLE.


https://www.padasalai.net/
https://www.padasalai.net/

SRIMAAN COACHING CENTRE-TRICHY-TNPSC-CTSE-MATHEMATICS STUDY MATERIAL-TO CONTACT-8072230063.

= SiIIZXCOSZX coSsx

Il

z 1
sin?2x cosx = - (1 — cos4x)cosx

EFle 0l 0l &1k

1
coSX — Ecos4x cosx

cosx — 1—16 (cos3x + cos5x)
e (2cosx — cos3x — cos5x)

"I = 1_16 [ZCOS (x + %) —3"eos (3X ! %) — 5™cos (5x - n")]

Example 4 Find the n™ derivative of sin®*x
Solution: Let y = sin*x = (sin%x)?

) 2
= (32 sinzx)
. 2
- %((1 — cos 2x)?
1 — L 2
=2 [1 2cos2x + > (2cos Zx)]
— %[1 — 2cos2x +~ (1 + cos4x)]

=-- —cost +
1
“Yn = —;2”(.'05' (Zx + E) + = 4” (4x +.—

Example 5 Find the n"* derivative of e3*cosx sin®2x
Solution: Let y = e®**cosx sin?2x

. 1!
Now cos x sin?2x = = (cos x'= cos'x cos 4x)
. 1
=52y = ~ (1 - cos 4x)
1 1
= (cos 75 (cos 5x + cos 3x)
. 4 1 - 1 5 1 .
= y = e**cosx siZ28= ;e”cos X -—Ze3"cos 5x — Ze&‘cos 3x
1 3x = -11 1 3x - -15
“Yn = € (9 + 1)z ©os{ ¥+ ntan = (9 + 25)2 cos(5x + ntan -
. L _13
-e3* (9% 9)z. cos (3x + ntan 1;)

L a0 b, 1 ; QL 15
~e>* 102 cos (x+n.tan ;)—Ze Y342 cos (5x+n tan ;)

n
—%93"' 182 cos(3x + ntan"'1)

1
Example 6 Ify = sinax + cos ax . prove that y, = a"[1+ (—1)"sin2ax ]z
Solution: y = sinax + cosax

“Yp=a [Sill (ax + ) + cos (ax + "2")]

1
=q" [{sill (ax + ) + cos (ax + %)}2]2
1

a" [Sill2 (ax - ) + cos (ax + %) + 2sin (ax + %).Cos (ax + "")]

=a"[1 + sin(2ax + nn)]i
1
= a"[1 + sin 2ax cos nm + cos 2ax sin nr |2

1
=a"[1+ (—1D)"sin2ax ]z ~cosnm=(—1)"andsinnm =0

|
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th ' i

Example 7 Find the n*"* derivative of tan™

—1X
a
1

a a

x2+a?

- (x+ai)(x—ai) (

e )
x—ai x+ai

Differentiating above (n — 1) times w.r.t. x, we get

x2

Solution: Let y = tan
145)

a(a

x2—(ai)?

a

2ai
1

1 1

x+ai

)

x—ai

2i

R [ D e O LN G Vi V1

]

n —

2i (x—ai)n (x+ai)?
. . X L
Substituting x = r cos@, a = r sinf such that = tan™' =
(—1)" 1 (n-1)! 1 1
ﬂ.)",H: : I:vn —7 of 'n— -n ief n]
2i r*(cos 8—1i sinf) r(cos 8+isind)

_ (=" 1(n-1)! i n
= [(cos @ — i sinf)

Using De Moivre’s theorem, we get
- (n-1) .
= ()21+ [cosn6 + n nf — ¢osnf + i sinnb|
_ ()" (n-1)!
=
_ (="~ 1(11—1)‘
a

(sin 6)

_ (=" (n-1)!

— (cos @+ ising)™"]

sin n@

sinn@ 2 av=r sinf

. . 1 a
sinn®@ sin" 6 where 6 = tan™!-—

aﬂ
Example 8 Find the n*" derivative of A&
. 1 i
Solution: Lety = ——
1+ 242 . .
—1+i\"‘3 ] | l'\,‘"3
=————— wherew=———and w? =
(x=w)fx—w?2) 2 2

Reseolving into partial fractions

_ 1 ( 1 1 )
= w-w2 \ x-w  x—w?
1 ( 1 1 ) i ( 1 1 )
T Ve \x-w o x-w2) T V3 \x-w x-w?
Differentiating n times w.r.t. , we get
_ [ (—=1)™n! (—1)™n! ]
In = V3 L(x—-w)n+1 (x—w2)n+1
_ —i(=1)"n! [ 1 1 ]
- V3 (x—w)n+1 (x—w2)n+1
i)™ 1 1
= = 1 i1
V3 1_iy3\" e
‘ 2z 2 ) ('H'z 2 )
_ I2n+1( 1)""’111' [ 1 ]
= N3
(2x+1- n") (2.\'+1+n@

TET/PG-TRB/COM.INS/TRB-POLY ./JUG-TRB & SGT/BEO/DEO/TN-MAWS/TNPSC-CTS/'SCERT/DIET/TNEB AVAILABLE.



https://www.padasalai.net/
https://www.padasalai.net/

SRIMAAN COACHING CENTRE-TRICHY-TNPSC-CTSE-MATHEMATICS STUDY MATERIAL-TO CONTACT-8072230063.

e , -1 V3
Substituting 2x + 1 = r cos@, V3 = r sin@ such that & = tan i 8

2x+1
sontl (_q4\n+1,
Py = %[(cos@ — isin@)~("*Y — (cosO + ising)~("+1)]
T
Using De Moivre’s theorem, we get
__i2ntl (—pntiy o o
o = T [cos(n+1)0 +isin(n+ 1) — cos(n +1)0 + isin(n + 1)6]
V3 (sine

3 =rsinf
i2n+1 (_1)n+1n!

— T 2i sin(n+ 1)@ sin™*16

_2 % - n+l .
=7 sin(n + 1)0 sin®*'@ where 6 = tan =

2
Example 9 If y = x + tanx. show that cos? x% —2y+28=0
X

Solution: y =x+tanx

d
> L=1+sec’x |:|
dx
d’y _ P A
T = 2secx (secxtanx) = 2 sec” Xtanx
2 &y _ 2 2
cos xdx2—2y+ZX— 2cos® x seesatanx = 2(x + tanx) + 2x

= 2tana.=2x — 2tanx + 2x
=0

2
Example 10 If y = log(x + Va2 +1)7 show that (1 + xz)% + X% =0
Solution: y = log(x + V2.1
Loy UTEEY _w

dx x+VAtam. V1taxZ
d
=T+ =1
X
Differentiating both sides w.r.t. x , we get

VIFDEE 4 2 &

dx Vi+x? dx
d2 d

>(1+x)—24xZ=0
dx? dx

Leibnitz’'s theorem and its applications
LEIBNITZ'S THEOREM

If u and v are functions of x such that their n®*derivatives exist, then the n*derivative
of their product 1s given by

(Uv), = UV + Ne Uy V1 + N Uy o Vp + o+ g Uy U + oo+ U,

where u,- and v, represent r*derivatives of u and v respectively.
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Examplell Find the n®" derivative of x log x
Solution: Letu =logx and v = x

Then u,, = (—1)"‘1(";:)! andu,_; = (—1)" 2(" )
b 4

By Leibnitz’s theorem, we have
(uv), = upv+ ng Uy vy + N,y oV + o F g Uy, v+ F Uy,

= (xlogx )y = (D" + n(-1)" 252+ 0

( l)n 1(" + '( 1)11 2(" 2)

= (—1)*2 (" [ (n—1) +n]

= (-1 2(" Z)'

3x

Example 12 Find the n*" denvatwe of x?e3*sin 4x

3 2

Solution: Letu = e**sin4x and v = x

L 14
Then u,, = e** 252 sin (4x +n tﬂ 1 ;)
= ¢¥* 5" 5in (4-X + ntan %)

By Leibnitz’s theorem, we have
(U V)p = UpV + N Up_q V) + N U + - F g, Uy U + -+ Uy

3x . 3 : 4
= (xze ¥ sin 4x )n = x%e  5"sin (4)( +n tan"lg) +
AT & o
2nxe®® 5" sin (4)( + (n—1) tan 1;) +

nni— 1)e** 5" 2 sin (4x +(n—2)tan™! s) +0
X*5% [x sin (4)( +n tan_lg) +
ZTnx sin (4x + (7)) tan g) + "('215 1 sin (4x + (n—2)tan™ g)]
Example 13 Ify = acos(logx) + b sin(log x), show that
X2yne2 ¥ 2n+ Dxyp +n(n+ 1)y, =0
Solution: Here y = acos(logx) + b sin (log x)
Dy = _x—asin (logx) + %cos (logx)
= xy; = —asin(logx) + b cos(logx)
Differentiating both sides w.r.t. x , we get
Xy, +y; = —% cos(logx) + _x—b sin(logx)
= x%y, + xy; = —{acos(logx) + b sin(logx)}
==K

|
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22y, txy+y=0
Using Leibnitz's theorem, we get
Vn+2x? + ng Yne12X + 0, Yn-2) + (y,Hlx + Ng Yy 1) +y, =0
= Yne2X? + Ype120X + (0 — )Yy + Vet X +0Y + 3, = 0
= x%y + 2n 4 Dxyp + (2 + 1)y, =0
Example 14 Ify = log (x + V1 + x2)
Prove that (1 + %)y, + 2n + Dxy,q + 0%y, =0

Solution: y =log (x + V1 + x?

e (1) =
N = x+V1+x? 2V1+x2 )= Vi+x2

> 1+x)y%=1
Differentiating both sides w.r.t. x, we get

(1 +x3)2y,y, + 2xy,2 =0
> +x)y, +xy,=0 |:|

Using Leibnitz’s theorem
[yn+2(1 £ x2) + ”Clyn+12x £ ) Ne,Vn- 2] W (yn+1x T e, Yn-: 1) =)

= Yns2(1 + x2) + Ypa12nx + n(n — 1)Ypit Yyt 4 0y, = 0
= (1 T Xz)yn+2 = 5 (2" + 1)-Xyn+1 G 3 nzyn ~ 0

Example 15 If y = sin (m sin™ *x)¥show that
(1 = x®)ypsr 220 + Dxynsq + (n? — m?)y,. Also find y, (0)

Solution:  Here y = sih(msin 1x) sk
2 Vo J—%cos(rrl sin"lx) ... ®

= (1 — x3)y,2 = m?cos?(m sin"1x)

> (12— x?)y,%2 = m?[1 — sin?(m sin"x)]
=1 - x)y,2=m?*(1 - y?)...... €)
> A-x)y,2 + m?y? =m
Differentiating w.r.t. x, we get

(1 = x2)2y,y;, + y12(=2x) + m*2yy; = 0

SA-xD)y, —xy; +m?y =0
Using Leibnitz's theorem, we get

[yn+2(1 = XZ) + "Clyn+1(_zx) - "Czyn(_z)] - (yn+1X 5 nClynl) + mzyn =0

|
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Dns2 (1 = 6%) + 0, (-22) + 16,3 (=2)] = (Fmaax + ng,nl) + my, =0
= Yuso(1 = x2) — ypi12nx — n(n — Dy, — (Ype1x + ny,) + m?y, =0
2 (1= x)yns2 = 2n + Dxypsg + 02 —m?)y,...... @
Putting x = 0in @, @and @
y(0) = 0,y,(0) = mand y,(0) =0
Putting x = 0 in @
Yn+2(0) = (0% — m?)y, (0)

Puttingn = 1,2,3 ... ... mn the above equation, we get

y3(0) = (1% - "12))’1(0)

=(12-=m»)m v y,(0)=m
y4(0) = (22 = m2)y,(0) |:|
=0 v y2(0) =0

ys(0) = (3° = m?) y,(0)

=m(1? — m?») (3% - m?)

. 0) = { 0, if niseven
It = m(12 — m?)(32 — m?) .. [(n="2)%) — m?],if nis odd

Example 16 If y = ™™ ¥ show that
(1 - x%)Ypeo = @0 + Dxypsy — % + m?)y, = 0. Also find  y,(0).

Solution: Here y “emsin 'x (D)

m e
_ msin”"lx
=N = V1-x2
- e
Vi—xz T

= (1 — xy,2 =m?y?
Differentiating above equation w.r.t. x , we get
(1 = x*)2y1y, + 31 %(=2x) = m*2yy,

>0 -xDy,—xy,—-m?ly=0 ... @

Differentiating above equation n times w.r.t. x using Leibnitz’s theorem, we get
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Dns2(1 = x2) + ng,Yne1(=2%) + ng,yn (=2)] = (Y+1X + 0, Ynl) — m?y, =0
= Yna2(L = x%) = ype12nx — n(n = 1)y, — Vs1X + 1) —m?y, =0
(1= x)ype — Cn+ Dxypey — (% + m?)y, =0...... @

Tofind ,(0): Puttingx = 0in D, @and @

y(0) = 1, y;(0) = m and y,(0) = m?

Also putting x = 0 in, we get

Yn+2(0) = (0% + m?)y, (0)

Putting n = 1,2,3 ... in the above equation, we get

y3(0) = (12 + m?)y,(0)

=(12 + m®)m v y,(0) =m
¥4(0) = (22 + m?)y,(0)
= m?(22 + m?) * ¥,(0) = m?

ys(0) = (32 + )712)y3(0) |:|

=m(1%2 + m?)(3%2 + m?)

m?2(22 + m?) ...[(n — 2)? + m?T}, if niseven

0)=
> (0 {m(l2 +m?)(3% + m?) .. l=2)? + m?], if nis odd

Example 17 If y = tan lx . show thaf

(1 = x¥)ypsz + 20 + Dxy,fy +n(n + 1)y, = 0. Also find y,(0)

Solution: Herey = tan x.....(D

1
o= @
_ —2x
Y2 = 1+x2

Differentiating equation (3) n times w.r.t. x using Leibnitz’s theorem
D2 (1 +x%) + g, Y e1(2%) + 16,00 (2)] + 2(Yns1x + 15,0, 1) = 0
= Vs (1 + x2) + ypai2nx + n(n — 1)y, + 2(Vps1X + ny,) = 0
= (1+x)ypes + 20+ Daxypyq +nn+ 1y, =0...... @
Tofind y,(0): Puttingx = 0in D), @and @), we get

y(0) = 0,y,(0) = 1and y,(0) = 0
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Also putting x = 0 in 4), we get
yn+2(0) = —n(n + I)Yn(o)

Putting n = 1,2,3 ... in the above equation, we get

y3(0) = =1(2)y,(0)

-2 2 ,(0) = 1
¥4(0) = =2(3)y,(0)
= i@ v y2(0) =0
¥5(0) = —3(4)y;(0)
=—3(4)(-2) = 4!

V6(0) = —4(5)y4(0) = 0
y7(0) = =5(6)ys5(0) = —5(6)4! = —(6)

= Yone1(0) = (—1)*(2n)! and yz,lﬂ =10

Examplel8 If y = (sin"1x)?, show that
(1 = x2)Ypsz — 20 + 1)xyps1 — 2YN="0.Also find y,(0)

Solution: Herey = (sin"x)%....(D
o
=y, = 2sin IX.W ...... 9

Squaring both the sides,we get
(1 — x2)y,2 =4 (s 1x)?
= (1-xPm’ 34()?
Differentiatingithe above equation w.r.t. x, we get
(1= x3)2y1y, + y12(=2x) —4y; = 0
>A-xDy,+p=x)-2=0 ... @
Differentiating the above equation n times w.r.t. x using Leibnitz’s theorem, we get
ns2(1 = X2) + g, Yns1(=2%) + 1,y (=2)] = (Yps1X + n¢,yp1) = 0
= Yns2(1 = x%) = Ype12nx — n(n = Dy — Gpeax +ny,) =0
> (1 —x¥)ype — Cn+ Dxypey —yn?=0...... @

Tofind y,(0): Puttingx = 0in D, @and @), we get
y(0) = 0,y,(0) = 0and y,(0) =2
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Also putting x = 0 in @), we get

Yn+2 (O) B nz.yrz (O)

Putting n = 1,2,3 ... in the above equation, we get
y3(0) = 1%y, (0)
=0 +y,(0)=0
¥4(0) = 22y,(0)
= 222 v y,(0) =2

ys(0) = 32)’3(0):0
y6(0) = 42y,(0) = 42222

0) { 0, if nis
= —
In 2.22.42 ... ......(n — 2)?,if nid even
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CURVATURE -RADIUS OF CURVATURE IN CARTESIAN COORDINATES
Introduction

To characterize a curve completely we have seen various aspects of the curve such as increasing and decreasing
nature, maximum and minimum points, concavity and convexity, symmetry and special points such as points
of inflexion etc.Another aspect to characterize the shape of a curve is the degree of its bending or curvature.
In many practical problems we are concerned with the bending of a curve at different points or the
bending of two curves such as rail tracks. The concept of curvature is considered while laying rail tracks and
designing highways. The curvature at a point is a numerical measure of the rate of bending of a curve.

Measure of Curvature

Definition Let I" be a curve that does not intersect itself and having tangents at each point. Let A be a
fixed point on the curve from which arc length is mea

sured. Let P and Q be neighbouring points on the curve so

that AP =5 and AQ =5 + As.

.. length of arc PQ = As

Let the tangents at P and Q make angles Us and'jit A respectively with the positive direction of x-axis.
.. A is the angle between the tangents at P a
P isely, A is the angle through which the tangent turns from P to Q as P moves along the arc through
the aiswance As.

1. The angle Ays is called the angle of contigence of the arc PQ or the total curvature of the arc PQ.

2. The ratio 2% As is called the average curvature of the arc PQ.
A

. d ..
3. The curvature of the curve at P is defined as ilrr%) A = d—lb and it is denoted by the greek letter

s
k (kappa). Thus, k = d—d;
ds

Definition Radius of Curvature:If the curvature at a point P on a curve is &, then Ly
is called the radius of curvature at P (if k # 0)'Radius of curvature is denoted by Greek letter p.
_1_ds
k d
Radius of Curvature for Cartesian Equation of a Given Curve

dy .
Let y = f{x) be the equation of a curve, then we know that at the point (x, y), T tans, where Us is the

angle made by the tangent at (x, y) with the positive direction of the x-axis.

d’y dls
T
ds
= (1+ tan ) -5
( an") ds dx
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But we know that

(ds)’ = (dv)” +(dy)’

2 2
12
dx dx

r 2—1/2
= @—: 1 + (@—)
dx | dx) |
r 2"3/2 D
1+ (dy)
p=t dx) |
d’ y
dx’
1+ )"
= =%
2
dy d’y
where y, = —and y, = —5-
¢ dx & dx’
Note
1. When calculating p only positive value should be taken i.e., numerical value of p is taken as
radius of curvature, since it cannot be negative. If y, >0, the curve is concave up and if y, <0
then it is concave down or convex up at the point.
2. Atapoint of inflexion i.e., when y, = 0, the curvature is defined as zero.
3/2
dx \
I+ dv 232
3. If the equation of curve is x = f(y), then p = d+ = Arx) ifx, #0
ax X
dy’
d d’
where X, = ™ and X, = —)21
y dy
4. If at a point ?—:oo formula cannot be used. i.e., if the tangent is parallel to y-axis,
x
then @—z 0.
dy

|
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Radius of Curvature for Parametric Equations
If the equation of curve is given by parametric equations x  f'(¢), y = g(¢), then we find @- b

_ di’ dr
Let @_: x’, @_: v
dt dt
dy
dy _dr _ Y
dx  dx  x'
dt

dzy__i(dy_)_ i(y_'). dt
dx* dx\dx) dt\x’) dx

14

_xly”_yx l_xl'))lf_y{x/l

(X 1)2 xl (X ,)3
[ N\2 3/2
Y
I+ —r) :| ) 1273/2
the radius of curvature p = =—; ’x = = (X7 +27)
Yylpqrx xy” —y'x”
("

EXAMPLE 1
Find the radius of curvature at the point (i ) i) on vx + \/; =1.

Solution.

The given curve is \/; + \/)7 VS|
Differentiating w.r.to x, we get

1 1
2\/; 2\/; dx

dx \/;
EENLINS NS
X
Ly _(_1. ): !
dx? 2 2x?
11 1
At the point(—,—), d—y—:l——:l—Z:—l
4’4 dx N
2 3/2
and i')i: :4 :4_..2—:
2
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y=-1and y,=4

(I+y))" A+ 2\/2 ~
Y, Y, 4

the radius of curvature p =

1
V2

EXAMPLE 2
Find the radius of curvature at the point (3?“, 32_a) on the curve x* + y’=3axy.

Solution.
The given curve is x° +y° = 3axy.
Differentiating w.r.to x, we get
dy dy
3x*+3y° 2= 3a|:x — -1:|
e &0
dy ay- )iz

d
= Lyt —a]=ay-x* =P —

dx x Yy —ax
Differentiating (2) w.r.to x, we get

&y _ o’ _“x)( %— ZXJ—(ay—xz)(Zy Z)yc— a)

dx’ (7 —ax)’
Lo
At the point(3—a,3—a), a’_y_:—z 4 _
272 & 9 3a
4 2
9a’ 3a) (302 9a2)
- .7__3 = _-- _3_
and fy:(4 az(a 9) 2 4(aa)
4 2
3’ 3a2) 34*
—4q)| — - -— _44.0.1 2%
:( a)[4 ( 1 ]: 4a2(4 =:8a=_¥
3¢\ 322\ ﬁ 3a
4 4 4
¥, =-1 and yzz—g—
3a
. (422 _(+)"7 _2J2x3a_ 3a
the radius of curvaturep—T _2 % » \/5
3a 3a

Since p is positive, =

P e
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EXAMPLE 3

Find the radius of curvature of the curve xy =@ —x’ at(a,0).

Solution.
The given curve is xy° = a’ — x°
Differentiating w.r.to x, we get

(2.2 2
x.2y@—+y2.1=_3x2 = d_‘)}_zw
dx dx 2xy
At the pOint (a, 0), d_y—: oo . d_x—: 0 = X = 0
dx dy
(1+x7)"
So, we use the formula, = .
2
Now, ﬁ_: - Zxy
dy 3’ +y° TO BE CONTINUED......
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