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SUCCESSIVE DIFFERENTIATION 

Introduction

1.2 Calculation of n
th

 derivative 

Let         

        
               .      .     . 

        
       

  

  Case 1: When   is a positive integer i.e., when         
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Case 2: When   is a negative integer i.e.,when        Put    

where   is a positive integer in the above result. 

  (    )     (   )(   ) (  (   ))(    )    

  (    )    (  )(    )(    ) (   (   ))(    )        

(    )    (  ) ( )(   )(   ) (     )(    )      

Multiply and divide by        (   ) to the rhs of above equation 

Then   (    )   (  ) 
(     ) 

(   ) 
  (    )     

Change   to   we get 

    (    )   (  ) 
(     ) 

(   ) 
  (    )     
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Summary of Results 

Function nth derivative 

              

(    )  
when           

 
  0                                                        when        

(    )   (  ) 
(     ) 

(   ) 
  (    )     
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The angle of intersection between two curves = The angle of intersection between the 

tangents to these curves. Therefore If  is the acute angle of intersection between two curves, 

then         |
     

      
| 
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CURVATURE -RADIUS OF CURVATURE IN CARTESIAN COORDINATES

 Introduction

To characterize a curve completely we have seen various aspects of the curve such as increasing and decreasing 

nature, maximum and minimum points, concavity and convexity, symmetry and special points such as points 

of inflexion etc.Another aspect to characterize the shape of a curve is the degree of its bending or curvature.

In many practical problems we are concerned with the bending of a curve at different points or the 

bending of two curves such as rail tracks. The concept of curvature is considered while laying rail tracks and 

designing highways. The curvature at a point is a numerical measure of the rate of bending of a curve.

Measure of Curvature

Definition 4.1 Let Γ be a curve that does not intersect itself and having tangents at each point. Let A be a 

fixed point on the curve from which arc length is mea

sured. Let P and Q be neighbouring points on the curve so 

that AP = s and AQ = s + Δs.

∴ length of arc PQ = Δs

Let the tangents at P and Q make angles c and c + Δc respectively with the positive direction of x-axis.

∴ Δc is the angle between the tangents at P and Q.

Precisely, Δc is the angle through which the tangent turns from P to Q as P moves along the arc through 

the distance Δs.

1.  The angle Δc is called the angle of contigence of the arc PQ or the total curvature of the arc PQ.

2. The ratio Δc Δs is called the average curvature of the arc PQ.

3.  The curvature of the curve at P is defined as lim
Δ

Δ
Δs s

d

ds→0

c c
=  and it is denoted by the greek letter   

k (kappa). Thus, k
c

=
d

ds
.

lOMoARcPSD|44778310

Definition 4.2 Radius of Curvature:If the curvature at a point P on a curve is k, then 1 k

is called the radius of curvature at P (if k ≠ 0). Radius of curvature is denoted by Greek letter r. 

= =
1

k

ds

d
.

Radius of Curvature for Cartesian Equation of a Given Curve

Let y = f(x) be the equation of a curve, then we know that at the point (x, y), 
dy

dx
= tanc, where c is the 

angle made by the tangent at (x, y) with the positive direction of the x-axis.

∴  
d y

dx

d

dx

d

ds

ds

dx

2

2

2

21

=

= +

sec

( tan )

c
c

c
c

US O
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∴

= + ⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ ⋅

=
+ ⎛

⎝⎜
⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

⋅

1
1

1

2

2

2

2

dy

dx

ds

dx

dy

dx

d y

dx

ds

d

r

r
xxx

But we know that

∴ 

( ) ( ) ( )ds dx dy

ds

dx

dy

dx

2 2 2

2 2

1

= +

⎛
⎝⎜

⎞
⎠⎟ = + ⎛

⎝⎜
⎞
⎠⎟

⇒ ds

dx

dy

dx
= + ⎛

⎝⎜
⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥1

2
1 2/

∴ r =
+ ⎛

⎝⎜
⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥1

2
3 2

2

2

dy

dx

d y

dx

/

⇒ r =
+( ) /1

1

2 3 2

2

where andy
dy

dx
y

d y

dx
1 2

2

2
= =

Note 

1.   When calculating r only positive value should be taken i.e., numerical value of r is taken as 

radius of curvature, since it cannot be negative. If y
2

0> , the curve is concave up and if y
2

0<  

then it is concave down or convex up at the point.

 2. At a point of inflexion i.e., when y
2

0= , the curvature is defined as zero.

3. If the equation of curve is x = f(y), then r =
+ ⎛

⎝⎜
⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥1

2
3 2

2

2

dx

dy

d x

dy

/

=
+

≠
( ) /1

01

2 3 2

2

2

x

x
xif  (2)

where x
dx

dy
x

d x

dy
1 2

2

2
= =and

4.  If at a point 
dy

dx
= ∞  formula (1) cannot be used. i.e., if the tangent is parallel to y-axis,   

then 
dx

dy
= 0. So, we use formula (2) in such cases.
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Radius of Curvature for Parametric Equations

If the equation of curve is given by parametric equations x f t y g t

=
=( ), ( ), then we find 

dx

dt

dy

dt
,

∴  

Let
dx

dt
x

dy

dt
y

dy

dx

dy

dt
dx

dt

y

x

= ′ = ′

= =
′
′

,

∴ d y

dx

d

dx

dy

dx

d

dt

y

x

dt

dx

x y y x

x

2

2

2

1

= ⎛
⎝⎜

⎞
⎠⎟ =

′
′

⎛
⎝⎜

⎞
⎠⎟ ⋅

=
′ ′′ − ′ ′′

′
⋅

( ) ′′′
=

′ ′′ − ′ ′′
′x

x y y x

x( )3

∴ 
the radius of curvature r =

+
′
′

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

′ ′′ − ′ ′′

1

2
3 2

y

x

x y y x

/

((( )′x 3

=
′ + ′
′ ′′ − ′ ′′

( )
[ ]

/x y

x y y x

2 2 3 2

in magnitude

EXAMPLE 1

Find the radius of curvature at the point 
1

4

1

4
1, .

⎛
⎝⎜

⎞
⎠⎟   on x y1 5

Solution.

The given curve is     x y+ = 1  (1)

Differentiating w.r.to x, we get

⇒ 

1

2

1

2
0

x y

dy

dx

dy

dx

y

x

+ ⋅ =

= − =
−

= −

= − = − −

x

x
y x
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EXAMPLE 2

Find the radius of curvature at the point 
3
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 on the curve x y axy

3 3
31 5 .  

Solution.

The given curve is x y axy3 3 3+ = .  (1)

Differentiating w.r.to x, we get
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EXAMPLE 3

Find the radius of curvature of the curve  xy a x a
2 3 3

05 2 at ( , .)

Solution.

The given curve is xy a x2 3 3= −
Differentiating w.r.to x, we get
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EXAMPLE 4

In an ellipse 
x

a

y

b

2

2

2

2
11 5 , show that the radius of curvature at an end of the major axis is equal 

to the semi-latus rectum of the ellipse.

Solution.

The given curve is 
x
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2
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An end of the major axis is (a, 0)

Differentiating (1) w.r.to x, we get 1
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