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1) 5 3
IfA= [_1 s ] ,show that A2-3A - 71, = 0,. Hence find A™.

5 3
iven A=
Given PR

, 5 3 5 3 25-3 15-6
A= =

1 2|1 2| T |-s+2 -3+4
[ 22 9]

-2 1
= A2-3A-T1,

(Rt ]
i

r22-15-7 9-9+0 0 0
-3+3+0 1+6-7 0 o|™

Hence proved.

~ A2-3A-71,=0

Post;- multiplying by A! we get,
A2-A1-3AAL-TI,AT=0.A

= A(AAD)-3(AAY)-T(A)=0

[+ LA=A1 and | (0)A*=0]

= Al-3I-7A-1=0 [+ AAl=I]

= Al-3|=7A!

= A1 =2 [A3I] [-AI=A

2) 8 —4
IfA= [ ] , verify that A(adj A) = |A|l,.
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) 8§ —4
Given A= 5 3

) 3 4
adJA—Ii5 8]

[Interchange the elements in the leading diagonal and change the sign of the elements in the off diagonal]
|A|=24-20=4

s -4 4
"A(adJA)_[s 3][5 8]
[24-20 32-3 40
_[—15+15 —2o+24]_[0 4] (1)
347 18 4
e} 1% 3]

24-20 —12+12 4 0
“l40-40 -20+24| |0 4 ~(2)

_ 1 0 4 0
T Y

From (1), (2) and (3), it is proved that
A (adj A) = (adj A) A= IAll,

2 -4 2
fadjd)= -3 12 -7 findA.
2 0 2
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2 -4 2
GivenadjA=[—-3 12 -7
-2 0 2
1
We know that A=+ adj(adjA) 1
W j (adj A) (1)
12 =7 -3 -7 -3 12
Al = + +
|adj A| =2 0 2 4 0 5 2 5 0
[Expanded along R,]
=2(24-0)+4(-6-14)+2(0+24)
=2(24)+4(-20)+2(24)=48-80+48
=96-80=16
Now, adj (adj A)
12 =7 -3 -7 -3 12
+ - +
0 2 -2 2 -2 0 T
-4 2 2 2 2 -4
= +
0 2 -2 2 -2 0
-4 2 2 2 2 -4
+ - +
12 -7 -3 -7 -3 12

+(24-0)—(6—14)+(0+24) 1r
= —(-8-0)+@E+4)—(0-8)
| +(28-24)— (— 14+ 6) + (24— 12)

F24 20 247r 24 8 4
8 8 8 =[20 8 8
4 8 12

6 2

24 8 12

1
=45 2 2
6 2 3

Substituting (2) and (3) in (1) we get,

www.TrbTnpsc.com
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0 -2 0
Givenadj(A)=[ 6 2 —6
-3 0 6
1
We know that A=+ — (adjA)
|adjA |
_ 6 —6
|adj A|=0+2 3 6 +0
[Expanded along R,]
=2(36-18)=2(18)=36
0 -2 0
~Al=t—| 6 2 -6
- 6
0o -2 0
=+-| 6 2 -6
-3 0 6

5) [ 1 tanx

—tanx 1

] ,show that ATAl = [

cos2x

sin2x

www.TrbTnpsc.com
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1 tanx
Given A=
—tanx 1

|A| =1+tanx

1
s A= 7 adjA

1 1 —tanx
"1 +tan? | tanx 1

[Interchange the elements in the leading diagonal and change the sign of elementsin the off diagonal]

. 1 —tanx
A=
tanx 1

- ATAL

1 —tanx 1 1 —tanx
| tanx 1 1+tan’x | tanx 1

1 1 —tanx 1 —tanx
" 1+tan’x | tanx 1 tanx 1

1 [ 1 —tan®>c  —tanx — tanx]

- 2
Vttan’ | tanx + tanx  —tan®c + 1

1—tan*c —2tanx
1+tan®*c  1+tan’x

2tanx 1—tan*x

I+tan®>c  1+tan’x

cos2x  —sin2x
ATA=
sin2x  cos2x
. 2tanx 1—tan*c
[+ sin2x= 2 and cos2x= > 1
1+tan“x 1 +tan“x

-1 -1
Decrypt the received encoded message [2 —3][20 4] with the encryption matrix [ 5 ]

and the decryption matrix as its inverse, where the system of codes are described by the numbers 1 - 26 to the letters A -

Z respectively, and the number 0 to a blank space.
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-1 -1
Let the encryption matrix be A=[ s 1 ]

|Al=-1+2=1-0
] 11 1 1 1
W Al=—adid = - =
A= -2 -1

1 1
Hence the decryption matrix is [ 1 ]

-2
Coded row matrixDecoding matrixDecoded row matrix|
1 1
[2-3] =[2+6 2+3]=[8 5]
-2 -1
1 1
[20 4] [ ) | ] =[20-8 20-4] =[12 16]

So, the sequence of decoded row matrices is
[85],[12 16]
Now the 8% English alphabet is H.
5% English alphabet is E.
12th English alphabet is L.
and the 16™. English alphabet is P.

Thus the receiver reads the message as "HELP".

Solve the following system of linear equations by matrix inversion method:

2x+5y=-2,x+2y=-3
2x+5y=-2, x+2y=-3

The matrix form of the system is
2 5\ /(x -2

()0 ()

= AX =B where

S
)

==A"1B
25
Al= =4-5=-1-
a2 s
SASTAS T

100
- X=A1B= [_12 —52 ] [:i ]
L]

~ Solution set is {-11,4}

www.TrbTnpsc.com
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-5 1 3

1 1 2
IfA=| 7 1 —5|andB=|3 2 1], findthe products AB and BA and hence solve the system of equations x +y
2 1 3

-1 1

+2z=1,3x+2y+z=7,2x+y+3z=2.

-5 1 3 1 1 2
GivenA=[ 7 1 =5|,B=[3 2 1
21 3

1 -1 1

-5 1 3 1 1 2
AB=| 7 I =513 2 1
I -1 1 1 3

F—5+3+6 —-5+2+3 —-10+1+9
=|7+3-10 7+2-3 14+1-15
1-3+2 1-2+1 2-1+3

[\S)

4 0 0
4 0|=4.1
0 4

1
S

(=]

1 1 23r-5 1 3
BA=|3 2 1 7 1 =5
2 1 3 1 -1 1
F —5+7+2 1+1-2 3-5+2

-15+14+1 3+2-1 9-10+1
-10+7+3 2+1-3 6-5+3

[4 0 0
=0 4 0f=a,
0 0 4

So, we get AB=BA=4. |3

- (2a)-a() -

1
=Bl=;=1

Writing the given set of equations in matrix form we get,

X 2”5_]1_ ]

W =

1 1
=|y|=8717 _I:iA] 7
2 2

www.TrbTnpsc.com
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-5 1 3771
Y A
4

1 -1 1|2

=5+ 746 8 2
RS TN Y i
4 4

1-7+2 —4| |1
“x=2,y=1,z=-1

Hence, the solution setis {2, 1, - 1}.

9) Ifax2+bx+cisdivided by x+3,x-5,and x - 1, the remainders are 21,61 and 9 respectively. Find a,b and c. (Use

Gaussian elimination method.)
Let P(x) = ax*+bx+c

Given P(-3) =21

[ P(x) +x+3, the remainder is 21]

= a(-3)2+b(-3)+c=21

= 9a-3b+c=21

Also, P(5)=61

= a(5)2+b(5)+c=61

[using remainder theorem]

= 25x+5b+C=61  .......... @)

and P(1)=9

= a(1)2+b(1)+c=9

= atb+c=9 ... (3)

www.TrbTnpsc.com

Reducing the augment matrix to an equivalent row-echelon form using elementary row operations, we get

9 = 127 el 1 19
25 5 1161 — [25 5 16l
-1 1 19 9 -3 1 21

Ry—Ry~9R\Ry—Ry-25R,[1 1 1 9
— 0 —20 -24|-164
0 —-12 -8 -60

11109
- 0 -5 —6|—41
0 -3 -2 -15

- \
88
0 0 5 s
Ry—se, [ 119
— |0 -5 -6|-41
0 0 8 48

Writing the equivalent equations from the row-echelon matrix we get,
a+tb+c=9 ...(1)
-5b-6c=-41.....(2)
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8c=48
B8
=7 =
Substituting c=6 in (2) we get,
= -5b-6(6)=-41
= -5b=-41+36=-5
= -5b=-41+36=-5

= b——5 =
-5
Substitutingb=1,c=6in (1) we get,
a+1+6=9
= a+7=9
= a=9-7
= a=2

~a=2,b=1, and c=6

www.TrbTnpsc.com

By using Gaussian elimination method, balance the chemical reaction equation:

C2 H5+02 i H20+ COZ

The number of carbon atoms on the LHS of (1) should be equal to the number of carbon atoms on the RHS of (1)

Given C,Hg+0, — H,0+CO,
We have to find positive integers x; X,, X3 and x, such that
X1CoHet X206 — X3H,0+x,CO, ... (1)
< 2X=1X,
= 2%-%=0 ... (2)
Considering hydrogen atoms we get,
6X;=2X3
= 6X;-2X3=0
= 3x;-X3=0 ...(3)

Also, considering oxygen atoms we get,
2X%,=1X3+2X,

= 2%,-X3-22,=0 ... (4)

Equations (2), (3) and (4) forni a homogeneous system of linear equations in 4 unknowns

- The augmented matrix [A|0] is

200 -1 0
30-10 |0
02-12 0
-1
Ry R 2| 100 5 0
— 30-1 4 0
02-1_, 0
Zt
Ry, 3r, | 100 2 0
= 001 3|0
02-1 2% 0
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o n
!
2
Ry—R;—R, 100 0
— 00-1 5|0
020 _, 0
2
] =
. [
)
2
Ryeory| 100 70
— 020 =0
00—1é 0
2
_ =
R, —2R,R,—2R, 200-10
— Ry—2k |04 0 =70
00-23 0

Here p (A)=, the number of unknowns

~ The system is consistent with one parameter family of solutions, so let x, =t
Writing the equations, from the row-echelon form we get

2X;-X4=0

= 2X,=Xy

= 2x=t

t
= X7

4x,-TX4=0

= 4x,=Tt
I

= X=7

-2x3+3%,=0

= 2X3=3X,
3t

=X

Since x,X,,X3 and x, are positive integers, let us choose t=4

"_ XIZE =
e
R o S
1 A
3649
"X, = ~—— =6 andx,=t=4
3 4
? 2z

So, the balanced equation is
ZCZHG + 702 — 6H20 + 4(:02

11) Find the values of the real numbers x and vy, if the complex numbers (3-i)x—(2-i)y+2i +5 and 2x+(-1+2i)y+3+ 2i are equal.
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Given (3-i)x-(2-i)y+2i+5
=2x+(-1+2i)y+3+2i
= 3X-ix-2y+iy+2i+5=2x-y+2iy+3+2i
choosing the real and imaginary parts
(3x-2y +5) +i(-x+y+2)=2x-y+3+i(2y+2)
Equating the real and imaginary parts both sides, we get
3X-2y+5=2x-y+3
=3x-2y+5-2x+y-3=0
2xy=-2 . (1)
-XHy+2 = 2y+2
= -X+ty+2-2y-2=0
2 x-y=0=2x+ty=0 ..(2)
(1)-(2) we get,

X-y =-2

y=1
Substitutingy =11in (2) we get.

x+1=0= x=-1

~x=-landy=1
12) 11 1
The complex numbers u,v, and w are related by — = - + — If v=3-4i and w=4+3i, find u in rectangular form.
u v w
111
Given v=3-4i,w=4+3iand - = - + —
u 4 w
11 1
Tu 3-4i 0 4+3i
B 3+4i 4-3i
T(3-4i) (3+4i)  (4+3i) (4-30)
3+4 4-3i 3+4i 4-3i
= =+ = +
9-(4i)2 16— (3i)2 9+16  16+9
34 4T3 3vdinddi
25 25 25
1 7+i
u 25
25 - 25(7-i
u_7+i 7-i 72— (i%)
25(7-i)  25(7-i) 1 _ .
w1 T s 2T
1
L u=3 (7-)
13) 21t

For any two complex number z; and z, such that |z;|=|z,|=1 and z1z2 # , then show that is real number.

1+zyz,
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Given |,1]|=|z,=1

=2z,z=1
1
=Z;==
2
andz,z,--1
Also z,z, =1
1
=Z,==
Z
zl+z2
Consider
1+zz,
1 5tz
—-+= —
1tz EIR 2172
. = 1 1 = —
+z17 l+=.— 21z, +1
zl zy
2172
zy+z; z11,
T N 1+zz,
z1z,+1
zily
B 1+zz,
1 5tz
—-—+= —
Zl+22 z; oz, 217, _ .
“ T3 = — = —— isreal [+ z=z =isreal]
R
zl zy -
2172
14) If |z|= 3, show that 7 < |z + 6 — 8i| < 13.
Given |z|=3
Show that 7 <|z+6-8i| <13
|z+6-8i| < |z|+|6-8i]

[Triangle law of inequality]
<362+ (-8)2 <3+36+ 64 < +[Tw
|z+6-8i| <3+10< 13

Also ||z+6-8i| > |x|-|6-8i > | 3 — /6% + ( — 8)?
>[3-136+84| >[3-10[>]-7|27  ........ (2)
From (1) and (2) we get,

7<|z+6-8i| < 13.

15) Find the square roots of 4+3i
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let Z=|4+3]]

=42 +32 =416 +9 =25
Giih= a|lfte b |l2l7a
atib=E=A T T2
[Here |z|=5, a=4, b=3]

\A+3i 5i‘+— ;4
1= l|3\

o 3 1
=4[z +iz4lz
2 '3\2

ENER
RN
16) z—4i
If z=x+iy is a complex number such that = 1 show that the locus of z is real axis.
z+4i
Given z=x+iy
id 2*41 _ xtiy—4i|
Consider | =7 x+iy+tai |
x+i(y—4)
x+i(y+4)

¥t (y-4)?
=5 —=1

A (4
SR+ (-4 =2+ +4)
Squaring both sides we get,

X2+(y-4)2=x2+(y+4)?
= X+ )/ -8y+ 16 X+ ¥ +8y+ 16
= 8y+8y=0
= 16y=0
=y=0 [+ 16-0]
y =0 is the equation of real axis Locus of z is the real axis.

17

—

If coso. + cosf + cosy = sina. + sinf + siny = 0 then show that
(i) cos3a + cos3f + cos3y = 3cos(a+ B +y)
(ii) sin3a + sin3p + sin3y + sin3y = 3sin(a + f + y)
Given cosa+cosf+cosy =sina+sinB+siny
+~ (cosa+cosB+cosy )+i(sina+sinB+siny )=0
= (cosati sina) + (cosP+i sinf)+(cosy +i siny )=0
= a+b+c=0 where a=cosa+i sina, b=cosf+i sinf, c=cosy +i siny
If a+b+c=0, then a3+b3+c3=3abc
~ (cosor+i sina)® + (cosp+i sinP) + (cosy +i siny )3 = 3[ (cosa+i sina) + (cosP+i sinP) + (cosy +i siny)
=3[(cos(ot++y) +isin(at+B+y)]
= (cos3a+cosf+cosy ) +i[sin3a+sin3p+sin3y )]
=3(cos(a+p+y ) +isin(o+p+y)

Equating the real and imaginary parts, we get cosa+cosf+cosy = 3sin(a+p+y ) And sina+sinf+siny =sin(a+p+y ).

18)
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4 m
1 +sin— +icos— 10
10 10
Find the value of
T T
1 + sin— —icos—
10 10
T e
1+sin— +icos— 10
10 10
LHS =
s s
1+ sin— —icos—
10 10
Let + il
et z= Sl}’llO lCOSlO
1 . . T
. 7sm10 lcoslo
1+z l+z
~LHS= —210
1+—
T 4 3
= Sll’l 10 icos T 10

;10 10
COSB - lSlI’l 10

=i10|:00310% —isinl0 7;] [By De Moivers theorum]

=i%[cosn-i sinmt]=-1(-1-i(0))=1

19) If o # 1 is a cube root of unity, show that (1 -+ w2)6 + (1 +w- w2)6 =128

(1-0+w?)® + (1+0-w?)¢ =128
LHS =(1-0+®m?)6 + (1+w-w?)°
=(1+0*n)8 +(-0™+v?)

[ 1+o+®*=0

= 1+o=-w?

= 1+o*=-0

=(-0-0)® +(-2®?)®
=(-20)%+(-20?)°
=26.05+26,w™?
=207 +{0)]
=26[1+1] [+ @3=1]
26x 21 =27=128 =RHS

20) Simplify the following

10 .n+50
PIRET AR
n=1
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jL+504j2+504  4jl0+50
=P L iSO

Taking i® common we get,

P90 [i+i24+3+i%) + (iS+i5+i7+i8) +i%+i10]
:i50[0+(i4+1+i4+2+i4+3+i4+4) + (i8+1+i8+2)]
=i50 [0+0+i+i?] [ i+i%+i3+i*=0]

=50 [j-1] =i48*2(j-1)

=i2(i-1) [~ i8=1]

=-1(i-1) =-i+1=1-i

21) Construct a cubic equation with roots 1,2, and 3

Given roots are 1,2 and 3
Herea=1,=2and ¥ =3
A cubic polynomial equation whose roots are
a,B,¥ is
X3-(or+B+8)+x%(af+BE+¥ ) x-ocfE=0
= x3-(1+1+2)x?(2+6+3)x-6=0

= x3-6x%+11x-6=0

22) Solve the equation 3x2-16x%+23x-6=0 if the product of two roots is 1.
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Given cubic equation 3x2-16x>+23x-6=0
1
Let o~ and ¥ be the roots of the equation
[ product of two roots is 1]
5 16 5 23
(1)—>x—?x +?—2=0 ..

comparing (1) with

3 atp+y l l
X ( " + aa+a.y+ya

—a=.y=0 ...(2

at-+y=7 ...03)

a.;,y:2=>y:2 )]

Substituting ¥=2in (3)
16

1
f-42=—
@ a 2 3
S P (R 1
= _—— ) = —_—— = —
“TeT 3 3 3

a?+1 10

« 3

/N

10 i

l_q 1

3 3
Ba+10) Ba—1)=0
3x%+3 = 10a
3¢2-100+3=0

_ 1w _1
o= 3 or 0!—3
Ba+10)Ba—-1)=0

o= is not possible = a =

W —

3
-10
[v“a= = will not satisfy(5)]

3
~ The roots are 3,5 ,2.

23) Solve the equation x3-9x2+14x+24=0 if it is given that two of its roots are in the
ratio 3:2.
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Let «,B,¥ be the roots of the equation
«_3
B2

3
Eﬁ’ p, v are the roots of the given equation

3
Given =>2a=3/3=>a=5ﬁ

Then by vieta's formula,

b —(9)
BBty = == =9
1
L —g_2
2ﬁ+y—9=>y—9—2
18-58
=y=" ...(2)
3 3 14
Also SB(8) + fy + (;ﬂ) LT

3 5.5 (18-58 )
= Eﬂ + Eﬁ 3 =14 [using (2)]
2
3 2826
2 4 4
Multiplying by 4, 652 + 908 — 254% = 56
1982~ 908 + 56 = 0
= (B-4)(198-14)=0
=2p=4
14

19
3 18-5
When f =4, the other roots are 5@), 4, ——(4)

14

= 6,4, — 1
106 4
=76 -14
—76 —14
19 19
—i4
19
14 3 18-54
When g = Ty the other roots are EW”TWQ)]

2\ 19

=
19’ 2 197197 19

14
1875(6)
3(14) 14 21 14 136

24) Ifa, B,y and 6 are the roots of the polynomial equation 2x*+5x3-7x2+8=0 , find a quadratic equation with integer
coefficients whose roots area+ 3 +y+J and af¥o .
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Given polynomial equation is
2xH5x3-Tx2+8=0

Here a=2, b=5,c=-7,d=0,e=8
By vieta's formula,

st _ S
a+tp+y+to= P

aff +ay+oad+py+po+yo = 2 =

d
afy+apot+oyd+pyo=— =

a

Given roots of quadratic equation are
x+p+¥+0 and XBYo
~ sum of the roots=(oc+B+¥+5 ) (<B¥J )

B ;5+4 _*5+8_
= 3 = =

=(atp+y+0)apyd)

AP
=(2)(4)= —=-10

N1 W

~ The sum required quadrate equation is x2-x

(sum of the roots)+product of the roots=0

> 3
=x>-x(5]-10=0

=2x2-3x-20=0
25

-

www.TrbTnpsc.com

Find a polynomial equation of minimum degree with rational coefficients, having 2+\/§i as a root.

Since 2 + z\/§ is a root of the polynomial equation, its conjugate 2—i\/§ is also a root of the equation:

=~ Sum of theroots =2 + i\/§ +2- i\/g =4

Product of the roots = (2 + i\E)(2 - i\/g)
=22+ (\3)?

[ = (a+ib)(a—ib) = a®+ b?]

=4+3=7

Hence, the polynomial equation of minimum degree with rational co-efficients is

x% - x (sum of the roots) + product of the roots =0

=x2—x(4)+7=0
=x2—4x+7=0

26) Solve: (2x-1)(x+3)(x-2)(2x+3)+20=0
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Rearrange the terms as
(2x-1)(2x+3) (x +3) (x-2) +20=0
= (4x2+6X - 2x- 3)(x2-2x+3x-6) +20=0
= (4x2+4x-3) (x2+X-6)+20=0
put x*x=y
=(4y-3)(y-6)+20=0
=4y?-24y-3y+18+20=0
= 4y2-27y+38=0
=(y-2)(4y-19)=0
_, 19
y =24 4
152

'.”:l—l.;"

19 -8
-19 —R

4 4
19

Case (i)
When y=2

X2+x =2

bl

X*+x-2.=0
= (x+2)(x-1)=0
= x=-2,1

Case (ii)

19
2.

PN

YTy

heny = =
Wheny = PERS
=42 +4x=19
=42 —4x-19=0

—4++[16-4(4) (- 19)

=2x= 3
—4++/T6+304
SDx=—T-—""
8
—4++/320
=> =
* 8
4845
= x =
* 8
—4(~1£24)5)
e

8
=x= —1:|:2\/g

Hencetherootsare—2,1, — 1+ 2\/5

27) Solve the equation 9x-36x2+44x-16=0 if the roots form an arithmetic progression.
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Here,a=9,b=-36,c=44,d=-16
Since the rootsform an arithmetic progression,
Let therootsbea-d,aanda+d

-b
Sum of the roots = -

—(=36)
=@ dr@+@rd=—5— =4

4
= 3a=4=:>a=§

-d
and product of the roots = -
_ (719 16
9 9

S @-d@atd =5
(2~ )@= >

o H)\[(4)_1¢ oA
N3 [+a=3]

—
N

16 d2 16 3 4
_ _ - — x> -
9 9 4 3
16 4 B 16 3 4
———=d¢f=—x-=-
9 3 9 4 3
E_i:aﬂ
9 3
d2 16—12 4
=> = = -
9 9
d= 4 4 2
=d= -= -
9 3

4 244 2 24

28) Solve the following equations,

sin?x-5sinx+4=0
sin?x-5sinx+4=0

put y=sin x

= y2-5y+4=0

= (y-4)(y-1)=0

=vy=4,1

Case(i)

When y=4, sin x=4 and no solution for sin x = 4 since the range thesine function is [-1, 1]
Case (ii)

When

y=1,sinx=1

. . 2 . T 1
= —einZ T s cint =
sinx=sin> [ sin3 ]

T
=>x:2n7r+5,n6 VA
[+wsin x=sin oa=x=2nw+n€”Z.

29) Find all real numbers satisfying 4%3(2:+2)+25=0



30

=
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32
A12\

-8 -4
44-3(22)+25=0

= (22)x —30902)+25=0

(2X)2 - 3(2X)(22) =0
(2X)2 - 12(2") +32-0

Put2* =y
Y2 =12p+32=0

(y-8)(y-4)=0

y=8,4

Case () wheny =8,2=8=2=23=x=3
Case (i)wheny =4,2* =4 = 2" = 22 = +2.
~ Therootsare 2,3, -2.

If o, B and y are the roots of the cubic equation x3+2x*+3x+4=0, form a cubic equation whose roots are
111

©Fy

The roots of x3+2x2+3x+4=0 are o,3,¥

~ oc+B+¥=-co-efficient of x¥?=-2 ...(1)
xB+p¥+¥x=co-effficient of x=3 ...(2)
-fY=+4= xf¥=-4 ...(3)

From the cubic equation whose roots are

s po

1 1 1 +yoto 3 -3
-4 -4 - = /fyy—/f _—_— = —
a oy afy —4 4
1 1 1 ytatp 21
af Py ya afy -4 2

~ The required cubic equation is

s (L 1, ) (L, L 1) (1
S P ap o e p

U N
X 4x 2)C 1

)

< | =

Multiplying by 4 we get,

4x3+3x2+2x+1=0
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1)
8§ -6 2
IfA=|—6 7 4], verifythatA(adj A)=(adj A)A=|A| 5.
2 -4 3
8 —6 2
Wefindthat |[A|=|=6 7 4| =8(21-16)+6(-18+8)+2(24-14)=40-60+20=0
2 -4 3

By the definition of adjoint, we get

(21 -16) —(—18+8) (24-14) 1r 5 10 10
adjA=|—(—-18+8) 24-4) -(32+12)| =10 20 20

24-14) —(—32+12) (56-36) 10 20 20
So, we get

10 10
A(adjA)= | =6 ”10 20 20
-4

10 20 20
40 - 60 +20 —-120+40 80—120+40 0 00
=[-30+70-40 —60+140—-80 —60+140—-80|=|0 0 O =0l=|All,
10—40+ 30 20— 80 + 60 20— 80+ 60 000
Similarly, we get
2
(adjA)A=]10 20 20 -4
10 20 20 3
40-60+20 -30+70-40 10-40+30 00
=[80-120+40 -60+140-80 20-80+60 [=[0 O 0| =0l,=|All.
80— 120+40 —60+140-80 20— 80+ 60 00

Hence, A(adj A) = (adj A)A = |A|l.

2) 4 3
IfA= [2 5 ] , find x and y such that A2+ xA + yl, = 0,. Hence, find AL,
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RV R | 2 27

SinceA=1, s ll2 5|7 |1s 31|

] 2 27 4 3 10 0 0
+ + = + + =

AEXAYL=0:2 e 5 T2 5|70 1 00
Wtdcty  27+3x 00

2 18+2c 31+sc+y| |0 o

So,weget22+4x+y=0,31+5x+y=0,27+3x=0and 18 + 2x=0.

Hencex=-9andy =14.Then, we get A2+ xA +yl, = 0,.
Post-multiplying this equation by A1, we get A- 91 + 14A"t = O,.Hence, we get

L] 1 1 0 4 3 s -3
T i i B

3) Solve the following system of equations, using matrix inversion method:
2X; + 3%, +3X3=5, X1 - 2%, + X3 = -4, 3X; - X5 - 2X3 = 3.

The matrix form of the system is AX = B, where

2 3 3 X1 5
A=11 -2 1 ’X: Xy ,B= -4 .
3 -1 =2 x5 3

2 3 3
Wefind|A|=[1 =2 1 |=2(4+1)-3(-2-3)+3(-1+6)=10+15+15=40-0.
3 -1 -2

So,A? exists and

+@+1) —(-2-3) H(—1+6)Tr [5 3 9
Al_m(adJA) ~(~6+3) +(~4-9) ~(-2-9)| =[5 ~13 1
36 —(2-3) +(-4-3) 511 7

Then, applying X = A"1B, we get

X 25-12+27 40 1

X, =i 5 -13 ~Llos+s2+3 |21 g0 2
40 40 40

%3 5 25— 44-21 —40| |-1

So, the solutioniis (x; =1, X, =2, X3 =-1).

4) Determine the values of A for which the following system of equations (3L - 8)x + 3y + 3z=0, 3x + (3A - 8)y + 3z2=0, 3x +

3y + (3L - 8)z=0. has a non-trivial solution.
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Here the number of unknowns is 3. So, if the system is consistent and has a non-trivial solution, then the rank of the
coefficient matrix is equal to the rank of the augmented matrix and is less than 3.
So the determinant of the coefficient matrix should be 0.

Hence we get

3-8 3 3 3A-2 31-2 31-2
3 3-8 3 |=0or| 3 3-8 3 | =0(byapplyingR, = Ry +R, +R;)
3 3 3-8 3 3 3-8
1 1 1
or(3x-2) |3 34-8 3 =0 (by taking out (31— 2) from R;)

1 1 1

or(3x-2) |3 34-11 3 =0 (by applying R, = R, - 3Ry, R; = R; - 3Ry)
3 3 3111

2 11
or (3A-2)(3L-11)20.So A= 3 and A= 3
We now give an application of system of linear homogeneous equations to chemistry. You are already aware of balancing
chemical reaction equations by inspecting the number of atoms present on both sides. A direct method is explained in the

following example.

By using Gaussian elimination method, balance the chemical reaction equation: CsHg + O, — CO, + H,0. (The above is

the reaction that is taking place in the burning of organic compound called isoprene.)



www.Padasalai.Net www.TrbTnpsc.com

We are searching for positive integers xy, X,, X3 and x, such that
X;CsHg + X,0, — x3CO, + x,H,0. ... (1)
The number of carbon atoms on the left-hand side of (1) should be equal to the number of carbon atoms on the right-hand
side of (1). So we get a linear homogenous equation
5%,=X3=5x;-x;=0. ... (2)
Similarly, considering hydrogen and oxygen atoms, we get respectively,
8X;=2X, 2 4%, -%,=0. (3)
2%, = 2X3 + Xa 22X, - 2%, =0. ... (4)

Equations (2), (3), and (4) constitute a homogeneous system of linear equations in four unknowns.

50-1 0 O
The augmented matrixis[A|B]=|4 0 0 —1]0
02-2-1 0

By Gaussian elimination method, we get

Rior,[40 0 1 07 o T40 0 =1 07 _4p 5[40 0 —1 0
A|B] — [50-10 0| — |02-2-1]0 - 02-2-110
02-2-1 0 50-10 0 00-45 0

Therefore, p(A) = p([A | B]) =3 <4 = Number of unknowns.
The system is consistent and has infinite number of solutions.
Writing the equations using the echelon form, we get 4x; - X, =0, 2X; - 2X3 - X4 = 0, -4X3 + 5%, = 0.

So, one of the unknowns should be chosen arbitrarily as a non-zero real number.

5t Tt t
Let us choose x,=t, t - 0.Then, by back substitution, we get x; = 7%= Xy

Since Xy, Xy, X3 and x, are positive integers, let us choose t = 4.
Then,we getx; =1,x,=7,x3=5and x, = 4.
So, the balanced equation is CsHg + 70, — 5CO, + 4H,0.

If the system of equations px + by + cz=0, ax + qy + cz=0, ax + by + rz= 0 has a non-trivial solution and p - a,q - b,r -

p q r
¢, provethat — +— +— =2,
p—a q-b r-c
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Assume that the system px + by + cz=0, ax+ qy + cz=0, ax + by + rz=0 has a non-trivial solution.

p b ¢
So,wehave |@ ¢ c| =0,ApplyingR, = R,-R; and R; = R; - R; in the above equation,
a b r
p b c D b c
weget|la—p q—b ¢ |=0.Thatis, |-p—a@ g—-b ¢ |=0.
a—p b r—c —(p—a) b r—c
P b c
p—a gq-b r—c

Sincep-a,q-b,r-c,weget(p-a)(q-b)(r-c)| _; 1 o | =0.

-1 0 1
L b e
p—a gq-b r—c
So, we have | _ 1 o | =0
-1 0 1
ding the d ; Lo b e
Expanding the etermlnant,wegetpia +q*b+r7c =0.
— 7[7 — — b
That is, —— + 2 (g-b)  r=(r=c) B
p—a q—b r—c p—a q—b r—c
4403
Find,the rank of the matrix math | =23 —15
1487
4403
LetA=]—23-15
1487
Ry Ry 1483
A —> [-23-15
4407
Ry— R, +2R Ry — Ry~ 4R, 14 8 7
— 011 15 19
0-12-32-25

Aisin row - echelon form and it has 3 non-zero rows.
~p(A)=3

-2 -3
Verify that (A1)T= (AT)? forA=[ 5 —6]'



www.Padasalai.Net www.TrbTnpsc.com

-2 -3
|A|= =12+15=27

5 -6
.A—I—L dAfL _6 3
ANRPTE RNVl [ !
(Al)T=i[_6 _5] (1
Ty | e

. -2 5
AT =
-3 -6
. -2 5
ATl = =12+15=27
Wl=_5 ¢ 5

N B B
(A7) —‘AT‘ad](A)—N DY — ()

From (1) and (2), (A1)T =(AT)

9) L+iyg  sl-iys
Simplify (—) —(—)
1-i 1+i
L+i (+D(+i)  1+20 2

Wefindthat — = ————=—"—=—=
1-i (1-pa+i) 1+1 2

1—i 1+i2\-1 1
and — = =-=—j
1+i 1-i 1

1+ing  /1=iy\g
Therefore,(—) - (—) =i3-(-i)?=-i-i=-2i

1-i 1-i

10) Find 2% if z=(2+3i)(1-1).
We find that z = (2+3i)(1-i)=(2+3)+(3-2)i=5+i

1 1
= ;oo —
===

z S5+i

Multiplying the numerator and denominator by the conjugate of the denominator, we get

G-1) 5—i 5 1
Z_ = —_— :—71'—
G+is-iy SE+* 26 26
5 1
o .l —
z = 1
26 26

11) Find the fourth roots of unity.
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~i

Fourth roots of unity

Let z*=1
In polar form, the equation z=1can be written as
z = cos(0 + 2kx) + isin(0 + 2kx) = 27 k=0,1,2,...

1 2k 2kn 2hr
Therefore,(z)s = COS(T ) + isin(T) =e", ,k=0,1,2,3.
Taking k=0,1,2,3, we get

k=0, z=cos0+isin0=1

T T
k=1,z= cos(-) + isin(- =1
2 2

k=2,z = cosm + isint = — 1
3z 3z T T
k=3, z = cos— +isin— = —cos— —isin— =1
2 2 2 2

2
Fourth roots of unity are 1,i,-1,-i = l,w, w? and w? wherew = ¢'7 =i

12) Find the cube roots of unity.
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14)
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2 2

Cube

Letz3=1.

roots of unity

In polar form, the equation z =1 can be written as
z = cos(0 + 2kn) + isin(0 + 2kx) = ' 27 k=0,1,2.
Takingk=0,1,2, we get,

k=0, z=cosO+isino=1.

2r 2 T
k=1,z = cos— +isin— = cos|m— — | + isin
3 3 3
T T 1 \/5
=—cos~ tisin— =~ +i—
3 3 2 2

4 4 T
k=2,z = cos— +isin— = COS(7T+ - ) + isin(

3 3 3
T T 1 \/3
=—cos~ —isin— = —~ —i—
3 3 2 2

Therefore, the cube roots of unity are

—i+i3 —1-i3

T
T— -
3

17 5 =1 and wz wheree'?:
2 2
1+ cos20 + isin20 \ 3
Simplify
1 + cos26 — isin260
Letz = cos26 + isin26
1
As |z|=|z|*=zz =1, we getZz = - = c0s20 — isin20
V4
1 + cos20 + isin26 1+z (1+2)z
Therefore, =—=———=z
1 + cos26 — isin20 1 z+1
1+-

Therefore,(

1 + cos20 + isin26

1+ cos260 — isin20

= cos600 + isin600

If z = (cos@ + isinf) , show that z" + — = 2cosnf and z" — — = 2isinnd

1

ZVI

T
T+ -
3

)

)

30
) =230 = (cos20 + isin20)>°

www.TrbTnpsc.com
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Letz = (cosO + isinb)
By de Moivre’s theorem,
zn = (cosO + isinf)" = cosn@ + isinn6

1

— =z " = cosnl — isinnd

N

1

Therefore,z” + — = (cosn@ + isinnf) + (cosn — isinnb)
Z”
1
"+ — = 2cosnf
ZV’
Similarly,
1
2" — — = (cosn@ + isinn0) — (cosn6 — isinnl)
Zn
1
z" — — = 2isinn0

P

15

Rt

Find the locus of Zif |3z - 5| = 3 |z + 1| where z=x+iy.
Given |3z-5|=3z+1

= |3(x+iy)-5| = 3|x+iy+1|

= |(3x-5)+3y| = 3| (x+1)+iy|

=/Gx-5)2+32= 3[\/(x+ )2 +y2]
Squaring both sides we get,
(3x-5)2+9=9[(x+1)*+y’]

= 9x2-30x+25+9=9 [x2+2x + 1 +y?]
=48x-16=0

=3x-1=0

16) z+1
Find the locus of z if Re(: ) =0.

Let z=x+iy =z =x+iy
z+1 z—iy+1 (x+1)iy
: - x—iy—i = x—i(y+1)
(x+D)—iy  xti(y+1)
Tami(A) ()
Choosing the real part alone we get,
x(x+1)+y(y+1) _
P
= x(x+1) +y(y+1) =0

= x>+x+y?+y=0 which is the locus of z.

17) If . and P are the roots of the quadratic equation 17x2+43x-73 =0, construct a quadratic equation whose roots are o + 2
and B +2.
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-43 -73
Since a and P are the roots of 17x2+43x-73=0, we have a + B:1—7 and u[}zv .

We wish to construct a quadratic equation with roots are a +2 and B +2 .Thus, to construct such a quadratic equation,
calculate,

4 25
the sum of the roots = a + B+4:F +4 = T and

-73 -43 -91
the product of the roots =ap+2(a+f)+4=—7- + 2(7 ) +4=—

25 91
Hence a quadratic equation with required roots is xz—ﬁx —1;70
Multiplying this equation by 17, gives 17x2-25x-91=0

which is also a quadratic equation having roots a+2 and § + 2

18

=

Find the condition that the roots of x3+ax?+bx+c = 0 are in the ratio p:q:r.

Since two roots are in the ratio p:q:r, we can assume the roots as pA,gi and rA .
Then, we get
Ti=pAMghtri=-a e, (1)
%, = (PA) (M) +(gM) () +(rA) (pA) e (2)
= (PAEM()=C e, 3)
Now, we get

qr
Substituting (4) in (5), we get

a 3 _ < 3- 3
vigir| T g T PAra’=clpratr).

19

=

If p is real, discuss the nature of the roots of the equation 4x>+4px+p+2=0 in terms of p.
The discriminant A =((4p)? - 4(4)(p+2) = 16(p*-p-2) = 16(p+1)(p-2). So we get

A<0if-1<p<2

A=0 if p=-1 or p=2

A>0if -°<p<-lor2<p<®

Thus the given polynomial has

imaginary roots if -1< p< 2;

equal real roots if p=—1 or p=2;

distinct real roots if -°< p<-102<p<®.
20) Solve the equation 2x3+11x2-9x-18=0.
We observe that the sum of the coefficients of the odd powers and that of the even powers are equal. Hence -1 is a root of

3
the equation. To find other roots, we divide 2x3+11x2-9x-18 by x+1 and get 2x?+9x-18 as the quotient. Solving this we get 3
3
and -6 as roots. Thus —6,—1,5 are the roots or solutions of the given equation.

21) Obtain the condition that the roots of x3+px%+gx+r=0 are in A.P.

Let the roots be in A.P. Then, we can assume them in the form a-d, a, o+d

Applying the Vieta’s formula (o-d)+a+(a+d) = % =p=23a=-p= a=-§ .

But, we note that ais a root of the given equation. Therefore, we get

3 3 3
(%)) +p(§) +q(§) +r=0=9 pq =2p3+27r.

22) If the roots of x3+px2+qx+r=0 are in H.P. prove that 9pqr = 27r3+2p.
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Let the roots be in H.P. Then, their reciprocals are in A.P. and roots of the equation

1\3 1)2 1
T telz) talz +r=0 © nNS+X2+px+1=0 . (1)

Since the roots of (1) are in A.P., we can assume them as a-d,a,a+d.

Applying the Vieta’s formula, we get

z,=(odproH{ord)=- =30=-2 So=1 .

But, we note that a is a root of (1). Therefore, we get
q\2 q \? q
-3 ) tal -3 ) te| 5 |HE0= 3+3q3-9pqr+27r2 =0 = 2g3+27r2.

23) Find the roots of 2x3+3x2+2x+3

According to our notations, a,=2 and a,=3. Ifs is a root of the polynomial, then as (p,q)=1, p must divide 3 and q must divide
2. Clearly, the possible values of p are 1,-1,3,-3 and the possible values of q are 1,-1,2,-2. Using these p and q we can form

1 1 303 -3
only the fractions+—, + 5> E5 7. Among these eight possibilities, after verifying by substitution, we get 5 is the only

rational root. To find other roots, we divide the given polynomial 2x3+3x2+2x+3 by 2x+3 and get x*+1 as the quotient with zero

-3
remainder. Solving x>+1=0, we get i and i as roots. Thus — ,-i,i are the roots of the given polynomial equation.

24) Find solution, if any, of the equation 2cos2x-9cosx+4=0

The left hand side of this equation is not a polynomialin x . But it looks like a polynomial. In fact, we can say that this is a

polynomial in cos x . However, we can solve the equation (1) by using our knowledge on polynomial equations. If we replace

1
cos x by y, then we get the polynomial equation 2y?-9y+4=0 for which 4 and 5 are solutions.

1 1
From this we conclude that x must satisfy cos x =4 or cos X=3 . But cosx=4 is never possible, if we take cosx=7, in fact, for all

neE z x:2nni§ are solutions for the given equation (1).

If we repeat the steps by taking the equation cos?x-9cosx+20=0, we observe that this equation has no solution.

25) Solve:(x-1)*+(x-5)*=82
x—1+x-5 -~

B -3

Puty=
= x=y+3
o (X-1)*+(x-5)4=82
= (y+3-1)4+(y+3-5)4=82
= (y+2)*+(y-2)*=82
= 2(y*+24y?+16)=82
= y24y+16=41
= y*+24y2-25=0
= (y*+25)(y*-1)=0
=y=15i,y=11
~x=315i,4,2.



