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12" Maths Applications of Matrices and Determinants Way to Success<
1. Applications of Matrices and Determinants
EXERCISE 1.1
3 4 2 3 1 J2z 2 1
1. Find the adjoint of the following: (i) [ 6 2] @gi|3 4 1 (iii)g -2 1 2
3 7 2 1 -2 2
. -3 4 2 3 1
(1) Let A = [ 6 2] (i) LetA = [3 4 1]
A, = co-factorof =3 = 2 3 7 2
A;, = co-factor of 4 = —6 [ |4 1 |3 1 |3 4 ]T
A,; = co-factor of 6 = —4 7 2 3 2 3 7
ad'A=—|3 1 |2 1 _|2 3|I
Ay, = co-factor of 2 = -3 J 7 21 I3 2 3 7 |
12 -6 3 1 121 2 3
ad]A—[_4 _3] -|4 1| |3 113 4l
-[2 (8-7) —-(6-3) @1-12)]
-6 -3 =[-6-7) (4-3) -(14-9)
Note: | B3-4) -(2-3) (B-9
02 =1 1 -5
Y
ch . -1 1 -1
ange sign nterchange
ge sig Interchang 1 1 _1]T
12 —4 cadjA=[-3 1 1
adjA = [—6 _3] 5 5
L 2 2 1 6 -6 3
(i) Let B =2|-2 1 2 adjA=|6 3 -6
1 =2 2 3 6 6
2 2 1 1
Letus considerA=|-2 1 2 adj B = adj (§A)
TR () e
| B ] P —2|| 3 /
. 2 1 2 1 2 6 -6 3
=|- 1
adjA | —2 2 |1 2 —2| =6 3 —6]
[ |2 1 _| 2 1 2 J 3 6 6
1 2 -2 2 -2 1 2 =2 1
L =§>< 3[2 1 —2]
2+4) —-(-4-2) G-1 1 2 2
=|-4+2) (“-1) —(-4-2) . 1[2 -2 1
“4-1 -(4+2) @2+ cadjB=z12 1 -2
1 2 2
6 6 31" _ _
=|l—6 3 &6 [If A is a matrix of order n,
3 -6 6 then adj(14) = 1" tadjA]
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_2 5 1 1 2 3 1
2. Find the inverse (if it exists) of the following (i)[ 1 3] @1 5 1|3 4 1
1 1

5 3 7 2
. -2 4
(1)LetA—[1 _3]
[Al=6—4=2+0. .~ A lexists
. _[-3 —4
ad]A—[ _y
A‘1=—ad]A
=35 5
5 1 1 2 3 1
(i)let A=|1 5 1 (i) LetA=|3 4 1
1 15 3 7 2
=5(24) — 1(4) + 1(—4) =2(1) -33) +1(9)
=120—-4—4=112#0 =2-9+9
~ A1 exists. =2+0
re 1 |t 1 1 57 ~ A™1 exists
| 11 5 1 50 11 1l r
N R 5 1 5 11 H41_|31|34]
ad]A—|—|1 5 |1 5| —|1 1|| 2 3 2 3 7
I I ' a 1 2 1 2 3|l
l11_51 51J ad]A|| |2_| |I
5 1 11l 11 s | : 3 7
[| _|2 11 |2 3J
3 11 13 4
(25-1) —(5-1) (1-5)
=|-5-1) (@5-1) —-(-1) i T
(1-5 —-G6-1 @25-1) 8-7) —(6-3) (21-12)
i =|-6-7 4-3) -14-9)
24 —4 —4]"
S, _4] | 3-49 -2-3) (8-9)
-4 —4 24
24 —4 —4 1 -3 97
adj A= |-4 24 —4] =1 1 =5
—4 —4 24 —1py -1
24 =4 —a
-1 — o .
A —lAlad]A —|-4 24 -4 . 1 1 -1
—4 —4 24 adj A 3 1 1
9 -5 -1
) 6 —1 —1]
Al=—x4|-1 6 -1
ol 216 A7V = Zadj 4
L .6 -t Jr o1 -1
A =2_8_1 6 -1 A_1=E—3 1 1
-1 -1 6 9 -5 -1
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cosa 0 sina
3. If Fla) = [ 0 1 0 ],showthat [F(e)]! = F(~a).
—sina 0 cosa
cosa 0 sina
F(a) = \ 0 1 0 ]
—sina 0 cosa

F(—a) = 0 1 0

[ cos(—a) O sin(—a)]

[—sin(—a) 0 cos(—a) [+ sin(—a) = —sina, cos(—a) = cosa]

F(—a)=| 0 1 0
| sina 0 cosa
To find [F(a)] 1

|F(a)| = cosa[cosa — 0] — 0 + sina[0 + sin ]

[cosaa 0 —sina]

= cos? a +sin* a

=1+#0
o [F(a)]™! exists.
T
(10 cosel ~sing cosal |—sine ol |
I 0 cosa —sina cosa —sina 0 I
. _ 1 |0 sina cosa sina _|cosa O
adjlF ()] = |O cosa —sina cos a| |— sina 0
|0 +sina| _|cosa +sina| |cosa 0
1 0 0 0 0 1
[(cosa — 0) —(0-0) (0 + sina) T
=| —(0-0) (cos?a+sin?a) —(0—0)
| (0 — sina) —(0-0) (cosa —0)
_ . T
_ co(;“a (1) 51(1)16!] [ sin? x + cos?x = 1]
—sina 0 cosa
cosa 0 —sina
adj[F(a)]=| 0 1 0
sinek 0 cosa
1
[F(e)]™" = adj [F(a)]
F@)] Y
cosa 0 -—sina
==10 1 0
sine 0 cosa
cosa 0 —sina
~[F@]™t=]1 0 1 (0 R [ 2
sinek 0 cosa
From (1) and (2), we get
[F(a)]™ = F(-a)
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4. 1a=[> ] showthat4? —34—7I, = 0, Hence find 4.

4% = —51 —32] [—51 —32]
_[25-3 15-6
542 —3+4
oo
34=3 [—51 —32] - E53 —96]

ATTA2=(A"14A)A=1A=A
A~134 = 3(471A) = 31
A_llz - A_l

R O N A
712_7[0 1 _[0 7]
2 aa_ e+ _[22 91 _[15 971 _[7 0
A7 =34 712_.—3 1] [—3 —6] [0 7
='22—15—7 9—-9—-0
| —-34+3—-0 1+6-—-7
_[0 0
0 0
~A2—34—-71,=0
To find A~ 1:
A2-34-7L,=0
Post - multiplying by A1, we get
A=31-7471=0
7A71 = A - 3]
1_[5 371_.[1 O
74 _[—1 —2] 3[0 1
4 _[5 31,3 O
74 _[_1 _2]+[o —3]
1. [2 3
74 _[_1 _5]
_1_1 2 3
4 _7[—1 —5]
-8 1 4
5. fA=-|4 4 7| provethatA™1=AT.
1 -8 4
-8 1 4
A== 4 4 7
1 -8 4
1—8 4 1
AT=211 4 =8l (1)
4 7 4
13

4] = (5) [—8(16 + 56) — 1(16 — 7) + 4(—32 — 4)]
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[ KAl = K™|A]]

= 1 [-8(72) — 1(9) + 4(-36)]

—729[ 576 —9 — 144] = —9(—729)

[Al=—-1%0
. A™1 exists.
XS
adj A = (9) |_|—82 |1 4| 1 —18||
| 5 4 |81 |
I P |

[+ adj(A4) = A" 1(adj A)]
[(16+56) —(16—7) (-32-4)
Ll-4+32) (-32-4) —(64-1)
| (7-16) —(=56-16) (—32—4)

(72 -9 -3617
=—|-36 -36 —63
|9 72 36
1[72 -36 -9 1 [8 —4 —1] 1 [8 —4 —1]
adjA=—|-9 -36 +72|==x9[-1 4 8|==x|-1 4 8
81 36 —63 -36] 81 |4 —7 —4l 9 o4 —7 4
1
A‘lzﬁade
. .[8 —4 -1
=_—1; —1 4 8
—4 -7 —4
-8 4 1
AT =211 =4 =B (2)
4 7 4

From (1) and (2), we get A™1 = AT

6. ta=[5

A:[_85 _34]

3 4
5 8
A(ade)=[8 4][

24 —20 2—32
[ 15+ 15 —20+24]

| verify that A(adja) = (adjA)A = |AlL,.

adez[

Afadj A) = |* 2 ...................... )
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(adj A)A = [g ] [_85 2
_ [24 —-20 —-12+12
40—-40 —-20+24
(adj ) =[] ]
|Al =24 —-20=4

|A|12=4[(1) (1’][3 2] ......................

From (1), (2) and (3), we get A(adj A) = (adjA)A = |A|L,.

_[3 2 -3 ~1 _ p-14-1
7. IfA= [7 5] and B = [ 5 ] verify that (AB)~ A
13 21[-1 -3 L _1[5 -2
AB =7 5”5 2] _1[—7 3]
='—3+10 —94+4 B_[_l _3]
-7+ 25 —-21+4+10 ~Ls 2
[ 7 =5 IB] = —2 + 15
4B =418 —11] —13 %0
|AB| = =77 + 90 i
— 1320 ~ B ex1stzs .
(AB)! exists. adj B = [_5 _1]
. —-11 5
= 1
adj (AB) =|_1g 7 B! = rmadj B
-1 _
(AB)~ = Tap| Y (4AB) B_lzi[z 3]
13L-5 -1
_[ 11 5] )
—18 7 ............. B_lA_lzi[z 3][5 _2]
A= 7 13 ~l-7 3
7 5 1110-21 —-4+49
|Al=15-14=1#0 ~13l-25+7 10-3
A~ exists 11 5
wian 5 £1 IS [e— 2)
J From (1) and (2), we get (4B)™1 = B~1471
At="1qdjA
|A|
2 -4 2
8. Ifadj(A) = |-3 12 -7/ find A.
-2 0 2
ladj A| = 2[24 — 0] + 4[—6 — 14] + 2[0 + 24] =48 — 80 + 48 = 16
|12 - | _| —7| |—3 12| ]T
— 2 — I
o 2 2 2 2 —4
adj(adjA) = —| 0 | | | — |_2 0
—4 | _| 2 2 | 2 —4
12 -— -7 -3 12
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12" Maths Applications of Matrices and Determinants Way to Success<

[ (24—-0) —(—6-14) (0+24)]
—|-(-8-0) (“+4 —(0-8)
| (28-24) —(-14+6) (24—12)

24 20 24]T

=18 8 8
L4 8 12
24 8 4
20 8 8
124 8 12

adj (adj A)

A=+

w/Iad Al

24 8 4
=120 8 8
24 8 12

El
l

0O -2 0
2 —6/|findA L.
-3 0 6
0 -2 0
2 -6
-3 0 6
ladjAl = 0 + 2[36 — 18] + 0 = 36

ﬁIH

Il
[+
-PI»—l

o
Il
-+

5 2
6

N

N
w

9. Ifadj(A) =

adj(A) =

1
A"l =+———adj (adj A)

Vladj Al
. 0 -2 0
=i§ 6 2 -6
—E B0 6
1[0 -2 0
At=tol6 2 -6
-3 0 6
1 0 1
10. Find adj(adj(A)ifadjA=|0 2 O
-1 0 1
1 0 1
adjA=(0 2 0
-1 0 1
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12" Maths Applications of Matrices and Determinants Way to Success<
-|2 0 _| 0 0 0 2| ]T
0 1 -1 1 -1 0 I
oo ooy 11 10
adj(adjA) = |0 1 |—1 1| 1 ol
0 1 _|1 1| |1 0| J
L 12 0 0 0 0 2
((2-0) —-(+0) (©0+2)]
=|-(0-0) @+1) -(0+0
| (0—-2) —(0-0) (2-0)
2 0 21"
=0 2 O
-2 0 2
2 0 -2
~adj (adjA)=(0 2 O
2 0 2
. 1 tanx T-1_ [cos2x —sin2x
1. 4= [— tanx 1 ],showthatA S [sin2x cos 2x
:[ 1 tanx]
—tanx 1
T _ 1 —tanx
4 tan x 1 ]
|A] = 1+ tan® x = sec? x
.1 1 —tanx
adj A = [tanx 1 ]
-1 _ i B
A —IAIad]A
11 1 —tanx
A " secZx tan x 1 ]
rio1_[ 1 —tanx] 1 1 —tanx
AT = tan x 1 ]seczx tan x 1 ]
_ 1 M—tan?x —2tanx ]
sec2xl 2tanx 1 — tan®x!
sin?x 2sinx |
— cos? x cos? x Ccos x
sinx sinx
COS X cos? x
cos?x — sin? x 5 —2sinx cos? x
> cos? x _
_ cos? x CoS x
2sinx cos? x —sin®x 5
cos? x > cos? x
COS X cos? x
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_ [cos2 x —sin?x —2sinxcosx ] [ cos? x — sin® x = cos2x ]
2sinxcosx  cos®x —sin?x 2sinx cos x = sin 2x

_ [cos 2x —sian]
sin2x cos2x
Hence proved

12. Find the matrix A for which 4 [_51 _32] = 174 ;]

5 3 14 7

-1 -2 7 7

Then AB =C

Post multiplying by B~1, we get A(BB™1) = CB1!
Al = CB™1

LB =[5 3 Janac=|

Bl =—10+3=—-7#0

~ B~ 1 exists

adjB = [—12 —53]

B_1=i di B
18] Y

=Z[¥ =N
(1)=>A=[174 ;]%[_21 _35]
=70 A% 2

a=[21 3T5=0 2

11

2 2],find amatrix X suchthat AX B =C

13. Given 4 = [; _01],3 = [31, _12]andC = [
4=l

|JA|=0+2=2+#0

- A1 exists
70 -1
adjA = [_2 1 ]
-1 _ 1 .
A" = a adj A
-1 _1 0 1
4= [—2 1
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3 -2
B_[1 1]
|[Bl=3+2=5+#0
. B71 exists

adj B = _11 g]

B~1 = ! dj B
|B|‘”

5 =3 [—1 g]
Given: AXB =C

Pre - multiplying by A™1. On both sides, we get (A™14) x B = A™1C

(IX)B=A4"c
XB =A'C
Post - multiplying by B~! on both sides, we get X(BB™1) = A~
Xl =A"'cB™?
X=A"1(CB™)

1 11

x=31% 16 A5l

_lro+2 o042

X=Tol-2+2 —2+2”

t=55l5 a2y 3

1m2-2 4+6

Uy

X=70lo+o 0+o0
_i[o 10]
10l
v _J0 1
..X_[O 0]
0 1 1 1
14. IfA=(1 0 1| showthatA™ =-(4%-3D.
1 1 0
0 1 1
A=|1 0 1
1 1 0
|Al=0—-1[0—1] + 1[1 — 0]
=1+1=2+0
~ A™1 exists
| i
b, o t
adj A = 1 1 |
BT
1 1 1 0
wtsteam100@gmail.com -10 - WWW.Waytosuccess.org
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((0-1) —0-1) @a-0]
=|-0-1) ((0-1) —-0-1)
| (1-0) —(0-1) (0-1)
-1 1 17
=1 -1 1
L 1 1 -1l
-1 1 1]
adjA=1 -1 1
1 1 -1
A7l = iade
|A]
-1 1 1
Al=-1 -1 1 ] .................. (1D
1 1 -1
[0 1 1][0 1 1
A2=(1 0 1] [1 0 1‘
1 1 0olt1 1 O

0+1+1 0+0+1 0+1+0
=10+0+1 1+0+1 1+0+0
0+1+0 1+0+0 1+1+0

2 1 1
A2 =1 2 1]
1 1 2
1.0 0 3 00
31=3[0 1 0]— 0 3 0]
0 o 11 lo o 3
2 111 [-3 0 0
A2—31=[1 2 1|+|0 -3 0]
1 1 2. 0 0 -3
-1 1 1
=[1 -1 1]
1 1 -1
. J-1 1 1
E(A2_3I)=E 1 =1 1 | (2)
1 1 -1

From (1) & (2), we get
1
ATl = E(A2 —3I)

15. Decrypt the received encoded message [2 — 3][20 4] with the encryption matrix [_21 _1]

1

and the decryption matrix as its inverse, where the system of codes are described by the
numbers 1-26 to the letters A — Z respectively, and the number 0 to a blank space.

Let the encoding matrix be A = [

[Al=—-14+2=1+#0
A~1 exists
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adj A = [_12 _11]
A1 = ﬁadj/l =%[_12 _11]
=[]
~ Decoding matrix = A™1 = [_12 _11]
Coded row matrix  decoding matrix decoded row matrix
[2 - 3] [; ﬂ —[2+6 2+3]=[8 5]
[20 4] 2 = [20 — 8 20 — 4] = [12 16]

So, the sequence of decoded row matrix = [8 5][12 16]
The message received = HELP
Thus, the message received is “HELP.”

EXCERSICE 1.2
1. Find the rank of the following matrices by minor method.

-1 3 f 1 -2 3 012 1
olf Fo[s ol % 5 el 1+ oz

. (2 —4 1 -2 3
(i) Let 4 = [—1 2 ] (iv)Let A=|2 4 —6]
Order of the matrix Ais 2 X 2 5 1 -1
s p(A) < min{2,2} = 2 order of the matrix Ais 3 X 3
Al=4—-4=0 «~ p(A) < min{3,3} = 3
~p(A) #2 There is only one third order minor of A
Thus p(4) =1 |A] = 1(—4 + 6) + 2(—=2 + 30) + 3(2 — 20)
-1 3 — —
(i) Let A = [ 4 _7l =1(2) + 2(28) + 3(-18)
3 _a =2+56—54=4%0.
order of the matrix A is 3 X 2 ~p(4)=3
We find that the second order minor (MLlet A=|0 2 4 3]
|—41 37|=7—12=—5¢0. 8 1 0 2
. order of the matrix A is 3 X 4
s~ p(4) = 2. : : =
1 =2 -1 0 . p(A) < min{3,4} = 3
(iii) Let A = [3 6 -3 1 We find that the third order minor

order of the matrix Ais 2 X 4 8 ; ; —0-04+8(3-2)
~ p(A) < minf2,4} =2 g 1 2
Vzelfin(c)i that the second order minor =8(1) =8 %0
|_3 1|=_1+0=—1¢O. ~p(4) =3
~p(A) =2
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12" Maths Applications of Matrices and Determinants Way to Success<
2. Find the rank of the following matrices by row reduction method:
1 1 13 ; 21 _21 3 -8 5 2
|2 -1 3 4 (ii) B )2 -5 1 4
5 —1 -2 3 1 2
1 1 1 3 1 2 -1
5 -1 7 11 ) 1 -2 3
1 1 1 3] 1 -1 1
~10 =3 1 -2 RZ - RZ - 2R1 -1 2 —17
:0 —6 2 —4: R3 4 R3 — 5R1 0 —7 5 RZ N RZ _ 3R1
~(1) —13 11 —32R—>R ~ 2R |0 Tt | R R-Ry
-0 O 0 0_ 3 3 2 -0 _3 2'R4_—>R4_R1
The last equivalent matrix is in row- 18 2 X1
echelon form. It has two non-zero rows. 0 %7 75
o p(A) = 2 0 0 8 R3 i 7R3 - 4‘R2
'0 0 —4‘- R4 - 4R4 - 3R3
3 -8 5 2
(ifLetA=|2 -5 1 4 12 -1
-1 2 3 -2 ~10 =7 5
3 -8 5 2 Oy 0 8
~lo 1 -7 8|R,—>3R,—2R, 0 0 O-1Ry—-2R,+R;3
;0 —2 14 -4l R3 > 3R3— R, The last equivalent matrix is in row-echelon
3 -8 5 2 form. It has three non-zero row.
~10 1 -7 8
10 0 0 12 R3 - R3 — ZRZ < p(A) =3
The last equivalent matrix is in row -
echelon form. It has three non-zero rows.
~pA) =3

3. Find the inverse of each of the following by Gauss-Jordan method:

s _1 1 -1 0 1 2 3
(i)[5 5 aft o -1 G|z s 3
6 -2 -3 1 0 8
. 2 -1
(1)LetA—[5 =l
Applying Gauss - Jordan method, we get
12 -11 0
Al =15 _lo 1]
[ 1] 1 1
NI ol}el—»ER1
5 =210 1
1 -1 0
_)0 l _E 1R2_)R2—5R1
2 2
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0 -—

_>[é

1 0
—>[1

2
-5

S
N
I

(ii) Let 4 =

[Al1] =

0 0
1 0
0 1
-2 -3
“Al=[-3 -3
-2 —4
1 2 3
(ii)Let A={2 5 3
1 0 8

OCOCOR OCOR OOR OOR ORROERM
|
—_

[Al1] =

S U1 N

COR OOR OCOR RNR

OrRLr N OFRrDN

1 0
0 -1/j0 1
0 0

1 —-1|1-1 1 O
4 =-31-6 0 1

1 —-1|1-1 1 O

1 0
0 1

-3(-2 1 0
-11-5 2 1

-3|-2 1 0

1
1

Ry >R, +R,

2
21R, - 2R,

1

0 —1]applying Gauss - Jordan method, we get

_ o O
_—

R, >R, — Ry
R; - R; — 6R;

0|1 0 O

0100]

1 1-2
1 0 0

—3 -3 1|R, > R, +Rs
—2 -4 1

R, > R, + R,

—4 1lR; > R; — 4R,

—2 —3% 1
-3 -3 1
-2 -4 1

1
1
1

] applying Gauss - Jordan method, we get

R; > Rs + 2R,
1 0 0
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12" Maths Applications of Matrices and Determinants Way to Success<
[1 2 0|-14 6 3] 1R~ Ry —3R;
-0 1 0|13 -5 -=3|R; > R;+3R;
o 0 115 -2 -1l
[1 0 0|-40 16 9 1R; - Ry —2R,
-0 1 013 -5 -3
o 0 115 -2 -1l
—40 16 9
~At=[13 -5 -3
5 =2 -1
EXERCISE 1.3
1. Solve the following system of linear equations by matrix inversion method.
(i 2x+5y=-2,x+2y=-3 (ii)2x—y=83x+2y=—

(ii)2x+3y—-y=9x+y+z=93x—-y—z=-1
(ivyx+y+z—-2=0,6x—4y+5z—31=0,5x+2y+2z =13

(2x+5y=-2,x+2y=-3 ({i)2x—y=83x+2y=-2
The matrix form of the system is The matrix form of the system is
AX :ZB, v;/here i} , AX = B where
T L= I A
JAl=4-5=-1#0 3 2 y —2
~ A7 exists |A| =4+3 =70 . A1 exists
a_[2 =5 a2 1
adjA = [_1 2 ] adjA = [_3 5
1
A"t = —adjA 4 1r2 1
|;1| A —lAlad]A—7[_3 2]
_ 2 -5
AT =— ] [ ] AX=B=>X=A"'B
s =1[2 )15
=>X=A"'B 7—3 211=2
2 16 — 2 14 2
[J’] [ 1 —2] [ ] [y] 71-24 —41 = 71281~ [—4]
[ ] [ 4+ 15] [—11] N .
y 246 So the solutionis (x = 2,y = —4)
So the solutionis (x = —11,y = 4)
(iii) 2x+3y—-z=9,x+y+z=93x—-y—z=-1
2 3 -1 x 9
The matrix form of the system is AX = Bwhere A =1 1 11,X= [yl,B =|9
3 -1 -1 z -1
|A| = 2[-1+1] = 3[-1-3] —1[-1 - 3]
=0+12+4 =16 #0.
~ A exists
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_ 1 _T
| _1| _|3 _1| |3 _1|
g3 -1 2 —1 12
adjA = | _1 | 3 _1|
|3 —1| _|2 —1| |2 3|
[ (-1+1) —(-1-3) (-1-3]"
=({-(-3-1) (-2+43) —-(-2-9)
B+1) —-2+1 2-3) |
0 4 -4
=14 1 11
4 -3 -1
0 4 4
adjA=14 1 -3
4 11 -1
A7l = ! djA ! [2 Lll 43]
—adjA = — =
|4 1 -4 11 -1

AX=B=>X=A"'B

) [0 4 4]1[9
=>M=E 4 1 -3||9
z -4 11 -1ll-1

[ 0+36-4
==| 36+9+3
—36+99 + 1

[32] 2
=—|48| =3
64l 14

~ The solutionis (x = 2,y = 3,z = 4)
(ivix+y+z=2,6x—4y+5z—-31=0,5x+2y+2z=13

1 1 1
The matrix form of the system is AX = B, whereA=|6 —4 5|, X
5 2 2

|A| = 1(—=8 —10) — 1(12 — 25) + 1(12 + 20)
=-18+13+32=27+#0

. A7 exists.
(-8—10) —(12-25) (12+20)]"
adjd=|-(2-2) (@2-5  —(2-5)
(5+4) —(5 —-6) (—4 - 6)
18 13 ] \ ]
- 1 —10 —10

1
A"l =—adjA = [ 13 —3 1 ]
4] 27032 3 _10

-

2
31
13
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12" Maths Applications of Matrices and Determinants Way to Success<
-18 0 9 2
AX=B:>X=A‘1B=E 13 -3 1 31
32 3 —104113
lx 1 [-36+0+117 1[81]
yl=— 26—93+13 | =-z|-54
2l 27lea+93-130]1 %7127

b1

=~ The solutionis (x =3,y =-2,z=1)

-5 1 3 1 1 2
2. IfA=1]7 1 —-5/andB=(3 2 1],ﬂndthe products AB and BA and hence solve the
1 -1 1 2 1 3
system of equationsx + y+2z=1,3x+2y+z=7,2x+y+ 3z = 2.
-5 1 3711 1 2
AB =17 1 -=5||3 2 1]
1 -1 1112 1 3
[-5+3+6 —-54+24+3 -—-104+14+9
=|74+3-10 74+2-5 14+1-15
[ 1-3+2 1-2+1 2—14+3
4 0 O 1 0 O
=10 4 O]=4[0 1 0]
0 0 4 0 0 1
~ AB =4I,
1 1 2][-5 1 3
BA=13 2 1|7 1 —5]
2 1 31l1 -1 1
[ 5+7+2 14+41-2 3-5+2
=|-15+14+1 3+2—-1 9-10+1
| -10+74+3 24+41-3 6-—5+3
4 0 O 1 0 O
=10 4 O]=4[0 1 0]
0 0 4 0 0 1
~ BA = 413 [ AB=BA=[=>B1= A(OT)A_l = B]
So, we get AB = BA = 415

<1A)B B <1A) I
= (= =B|-A4)=

4 4 3
Hence B~1 = iA

Matrix form of the given system of equations:

1 1 27]px 1
2 1 31tz 2
x1 1]
:B[yl= 7
z 2]
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12" Maths Applications of Matrices and Determinants Way to Success<
X ] 1 1 1]
=>|y|=B"1|7|==A4]|7
v 2l 4 L2
rX 1 -5 1 3]
=1y ==z[ 7 1 -5 [ ]
-Z- 1 -1 1.
-5+7+6
1-7+2

~ The solutionis (x =2,y =1,z = —

3. A manis appointed in a job with a monthly salary of certain amount and a fixed amount of annual
increment. If his salary was 319,800 per month at the end of the first month after 3 years of
service and ¥23,400 per month at the end of the first month after 9 years of service, find his
starting salary and his annual increment. (Use matrix inversion method to solve the problem.)

Let the monthly salary =X x

Annual increment =Ry
From the given information, we have
x + 3y = 19800

x + 9y = 23400

19800

agll B = [23400

The matrix form is AX = B where A = [1 3] X = [x]
1 9V y

|A| =9 -3 =6 %0 .. A texists
. _T9 =3
adjA = [ 1 1 ]

A"l = Ijllad]A_ [9 _3]

—3] [19800]

AX=B=>X=A1B== [ B 00

178200 —70200
1—19800 +23400

108000

L 3600

[x] _ [18000

y L 600

The solution is x = 18000,y = 600

-~ Monthly salary=%18,000

Annual increment = %600

X =

X =

| = O =
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12" Maths Applications of Matrices and Determinants Way to Success<

4. 4 men and 4 women can finish a piece of work jointly in 3 days while 2 men and 5 women can
finish the same work jointly in 4 days. Find the time taken by one man alone and that of one
woman alone to finish the same work by using matrix inversion method.

Let

The number of days taken by a man to complete the work =X
The number of days taken by a woman to complete the work =1y
From the given information, we have
4 4 1
4 =-==
x y 3
2,5_1
x y 4
The matrix form is AX = B where
[1] L
|x| _|3
a=[; ox= 115 = |1
y 4
|A] =20 -8 =12 # 0 . A™! exists
1 5 —4
A7l = djA =
14177 T 12 [ ]

AX=B=>X=A"'B

1
_ 115 -4|3
X==| ]1
4
5 2
Lo1l3 TH_Af3
12| 2 1 121
3 3
M [L,.2 (2
x| _ 1127 3[_[18
H 1 1|7 |1
yl li2731 136
! 18
—_—— —
X 8 x
1 1 26
—_—— —
y 36 7

~ Number of days taken by a man to complete the work = 18 days

Number of days taken by a woman to complete the work = 36 days
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5. The prices of three commodities A, B and C are % x, y and z per units respectively. A person P
purchases 4 units of B and sells two units of 4 and 5 units of C. Person Q purchases 2 units of C
and sells 3 units of A and one unit of B. Person R purchases one unit of 4 and sells 3 units of B
and one unit of C. In the process, P,Q and R earn % 15,000, % 1,000 and X 4,000 respectively. Find
the prices per unit of 4, B and C. (Use matrix inversion method to solve the problem.)

Let the price per unit of

Commodity A =%x, Commodity B =%y, Commodity C =%z

Note: 1. The amount separate on purchasing the commodity is negative
2. The amount earned by selling the commodity is positive.

From the given information, we get
2x —4y + 5z = 15000

3x+y—2z=1000
—x + 3y +2z =4000

The matrix from is AX = B where

2 -4 5 x 15000
A=13 1 -2 ,X=Iyl,B= 1000
-1 3 1 z 4000

|Al=2(1+46)+4(3—-2)+509+1)
=144+4+50=68+0

~ A1 exists
(1+6) —3-2) @+
adjA = |—(—4 — 15) (2+45) —(6—14)
(8-15) —(—4-15) (2+12)
7 —1 1077 7 19 3
adjA=119 7 =2 =|-1 7 19
(3 19 14 10 -2 14
1 7 19 3]
Al=—adjA=—|-1 7 19
4] 6810 —2 14

AX=B>X=A"'B
17 19 3][15000]

X=§ -1 7 19{] 1000
10 -2 14114000
1 [105000 + 19000 + 12000
X = a8 —15000 + 7000 + 76000
[ 150000 — 2000 + 56000
1 '136000]
X =—168000
681204000
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12" Maths Applications of Matrices and Determinants
X 2000
lyl = 11000
z 3000

-~ The solution is x = 2000,y = 1000,z = 3000
Price per unit of A =32000
Price per unit of B =31000
Price per unit of C =33000

EXERCISE 1.4
1. Solve the following systems of linear equations by Cramer’s rule:

((H5x—2y+16=0,x+3y—-7=0
(iii)3x+3y—-z=11,2x—y+2z2=9,4x+ 3y + 2z =25

()2 +2y =12, + 3y = 13

Wi-2-2_1-014241 2-02-2_211-9
x y z x y z Z2_J 4
() 5x—2y=-16,x+3y =7
5 —2
A= 13 2
|1 3| A‘E ﬂ
=15+2 =9_4
_|-16 -2
Al_| ; 3| A= |12 2
7113 3
=—-48 + 14 =36 —26
= —34 =10
15 —16
AZ_|1 ; | A= 3 12
2 13
=35+ 16 =39 —24
=51 = 15
By Cramer’s rule, we get 1 A, 10
x=—1=——=—2 x A >
A 17 A, 15
A 17
=~ The solution is (x = =2,y = 3).

(i) 2+ 2y = 12, + 3y = 13

1

A B 1
~ The solution is (x =2y = 3)

(i)3x+3y—-z=11,2x—-y+2z=9,4x+ 3y + 2z =25

3 3 -1
A=|2 -1 2
4 3 2
=3[-2—6] —3[4—8] —1[6 + 4]
=—-24+12-10=-22
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A= =22
11 3 -1
A=19 -1 2
25 3 2

=11(-2 - 6) — 3(18 — 50) — 1(27 + 25)
= 11(—8) — 3(—32) — 1(52)
= —88+496— 52 = —44

A= —44
3 11 -1
A=12 9 2
4 25 2

=3(18 — 50) — 11(4 — 8) — 1(50 — 36)
= 3(—-32) — 11(—4) — 1(14)
= —96 + 44 — 14 = —66

A,= —66
3 3 11
A=12 -1 9
4 3 25

=3(—25-27)—3(50—-36) + 11(6 + 4)
= 3(=52) — 3(14) + 11(10)
=—-156—-42+ 110 = —88
A= —88
By Cramer’s Rule, we get
Ay —44
ity b
A, —66
V=R
A, —88
TN T T2
= The solutionis (x = 2,y =3,z =4)

3
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=3(—8+5)+4(—4—-2)—-2(-5—-4)
= 3(-3) +4(—6) — 2(-9)
=-9-24+18=-15

A= —15
1 -4 -2
M=|2 2 1
~1 -5 —4

=1(—8+4+5)+4(—-8+1)—2(-10+2)
=1(-3)+4(-7) — 2(-8)
=-3-28+16=-15

A1= _15
3 1 =2
A=11 2 1
2 -1 —4

=3(-8+1)—1(—4—2) —2(-1—4)
=3(=7) —1(-6) — 2(-5)
=—21+6+10= -5

AZZ _5
3 -4 1
Ai=1 2 2
2 -5 -1

=3(—2+10) +4(-1—-4)+1(-5-4)
=3(8) + 4(-5) + 1(—9)
=24-20—-9=-5

A3=_5

1 A -15
ct=d="cl1a3x=1
x A -15

1 A 5 1
—:—2:——:—:)y:3
y A -15 3

1 A 5 1
c=2=——=-52=3
z A -15

3
= The solutionis (x =1,y =3,z = 3)

2. Ina competitive examination, one mark is awarded for every correct answer while " marKks is

deducted for every wrong answer. A student answered 100 questions and got 80 marks. How
many questions did he answer correctly? (Use Cramer’s rule to solve the problem).
Let the number of question Answered correctly = x

The number of question Answered wrongly =y
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Marks awarded for one

Correct answer = 1

1
Wrong answer = — "

(1><x)+<—%><y)=80

Multiplying by 4, we get 4x —y = 320............ (2)
x+y =100
4x —y = 320

a=], 1|=-1-4=-5

A= -5
8=y | =-100-320 = —420
Ay= —420
A,= |411 égg| — 320 — 400 = —80
A,= —80
A, —420

X 227; ==—tr§—i= 84

A, -80
y=a- 51

-~ The student answered 84 questions correctly.

3. A chemist has one solution which is 50% acid and another which is 25% acid. How much each
should be mixed to make 10 litres of a 40% acid solution? (Use Cramer’s rule to solve the
problem).

Let x and y be the amount of solution containing 50% and 25% acid respectively.

From the given data,

50% of x +25% of y = 40% of 10

50 25 40
100X T 1007 = 100 (10)

50x + 25y = 400 ............ 2)

A= |510 215|
=25-50 = —25
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10 1
400 25

= 250 — 400 = —150

A= |

11 100
BAy= |50 400|
= 400 — 500 = —100

A, —150
T

A, —100
V=25

6 litres of solution containing 50% acid and 4 litres of solution containing 25% acid must be
mixed to make 40% acid solution

4. A fish tank can be filled in 10 minutes using both pumps A and B simultaneously. However,
pump B can pump water in or out at the same rate. If pump B is inadvertently run in reverse,
then the tank will be filled in 30 minutes. How long would it take each pump to fill the tank by
itself? (use Cramer’s rule to solve the problem).

Let

The time taken by pump A to fill the tank by itself = x minutes

The time taken by pump B to fill the tank by itself =~ = y minutes
So, the part of the tank filled by pump A in 1 minute = i
The part of the tank filled by pump B in 1 minute = i

The part of the tank filled by both pumps A & B in 1 minute = 110
1 1 1

Tx oy ~ 10
If pump B runs in reverse, then the tank will be filled by both pumps in 30 minutes.
In this case, the part of the tank filled by both pumps A & B in 1 minute = 3—10

1 1 1

“X' y:%

Leta=landb=l
x y

1
a+b—1—0:>10a+10b—1

1
a—b=—>=30a—-30b=1

30
|10 10
A=130 30
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= —300 — 300 = —600
A= H —1300
=-30—-10=—-40
2=l
=10-30=-20
A, —40 1
“=A T 2600 15
A, =20 1
P=2 " T600" T30
1 1
X1
=>x =15
1 1
= 5 =23
=y = 30.

Pump A will take 15 minutes to fill the tank by itself.
Pump B will take 30 minutes to fill the tank by itself.

5. A family of 3 people went out for dinner in a restaurant. The cost of two dosai, three idlies and
two vadais is ¥150. The cost of the two dosai, two idlies and four vadais is ¥200. The cost of five
dosai, four idlies and two vadais is ¥250. The family has 350 in hand and they ate 3 dosai and
six idlies and six vadais. Will they be able to manage to pay the bill within the amount they had?

Let

The cost of one dosai  =%x
The cost of one idly =y
The cost of onevadai =3z

According to the given information, we get
2x +3y + 2z =150
2x + 2y + 4z =200
5x +4y + 2z =250

2 3 2
A=1[2 2 4
5 4 2
=2(4—-16) —3(4 —20) +2(8 —10)
=2(—12) —3(—16) + 2(-2)
=—24+48 -4 =20
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A= 20

150 3 2
200 2 4
250 4 2

= 150(4 — 16) — 3(400 — 1000) + 2(800 — 500)
= 150(—12) — 3(—600) + 2(300)
= —1800 + 1800 + 600 = 600

A1=

A= 600
2 150 2
A,=1[2 200 4
5 250 2

= 2(400 — 1000) — 150(4 — 20) + 2(500 — 1000)
= 2(—600) — 150(—16) + 2(—500)
= —1200 + 2400 — 1000 = 200

« Ay= 200
2 3 150
As=1[2 2 200
5 4 250

= 2(500 — 800) — 3(500 — 1000) + 150(8 — 10)
= 2(—300) — 3(—500) + 150(—-2)
= —600 + 1500 — 300 = 600

A;= 600

By Cramer’s Rule, we get
A, 600

X = X = E = 30
A, 200

Y=32 =201

A3 600
Z = K = E =30

~ The cost of one dosai =230
The cost of one idly =310

The cost of one vadai =330
The cost of 3 dosai and six idly and six vadai = 3(30) + 6(10) + 6(30)

=90 + 60 + 180 =%330
Since the family has ¥350 in hand, they able to manage to pay the bill.
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EXERCISE 1.5
1. Solve the following systems of linear equations by Gaussian elimination method.
(2x—-2y+3z=2,x+2y—z=3, (i) 2x — 4y + 6z = 22,
3x—y+2z=1 3x+8y—-5z=27,—x+y+2z=2
The augmented matrix is The augmented matrix is
2 —2 312 2 4 6|22
[AIB]=]1 2 -1]3 [A|IB]=|3 8 5|27
3 -1 211 -1 1 212
1 2 -1]3 1 2311R1—>1R1
—>[2 —2 3 [2|R o R, —>[3 8 5|27 2
3 -1 211 -1 1 212
_)F) _26 _51 _34 R, > R, — 2R, 1 2 3 |11
0 —7 5 |—g R3—>R3—3R1 =10 2 —4|-6 R2_>R2_3R1
1 of 211 3 0 3 5 1131 R3 > R3+Ry
1 2 3 |11]
~ [8 _06 _55 __240] Rs = 6Rs —7R; >0 1 —2|-3|R > 3R,
r. . 0 3 5 113
Writing the equivalent system of ] ]
equation from the row-echelon ) (1) i _32 ilg
matrix, we get 0 0 11l221R, >R, 3R,
X+ 2y =27 =3 (D Writing the equivalent system of
—6y + 5z =—4....cconn. (2) equations from the row - echelon
—52 = =20t 3 matrix, we get
20 x+2y+3z=11......... (D
Glgz=;=4>%=1 Y —2X = =3 (2)
Substituting z = 4 in 2, we get 11z = 22, 3)
—6y +5(4) = —4 (3)=>z=2=2
—6y = —4—20=-24 ;= 11
= __—264 = Substituting z = 2 in (2), we get
y =4 y—22)=-3
- : y—4=-3
Substituting y = 4and z = 4 in (1), we get y=-3+4=1
x+2(4)—-4=3 y =1
x+4=3 Substitutingy = 1&z = 2in 1, we get
y=3B 4 FE x+2(1)+32)=11
_ x+24+46=11=>x=11-8=3
x=-1 ‘=3
~ The solution is (X = —1,y =4,z = 4) ~ The solution is (x — 3’y =1,z= 2)

2. Ifax? + bx + cis divided by x + 3,x — 5,and x — 1, the remainders are 21, 61 and 9
respectively. Find a, b and c. (Use Gaussian elimination method.)
Let P(x) = ax? + bx + ¢

Given: P(x) + (x + 3) and leaves the remainder 21
~P(=3)=a(-3)2+b(-3)+c=21
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9a—-3b+c=21

Given: P(x) <+ (x —5) and leaves the remainder 61
~P(5)=a(5)?+b(B)+c=61

25a+5b+c =61
Given: P(x) = (x — 1) and leave the remainder 9
~P(+1) =a(+1)?+b(+1)+c=9
a+b+c=9
~ The system of linear equations:
9a —3b+c =21
25a+5b +c =61

a+b+c=9
9 -3 1]21
The augmented matrix is [A|B] = |25 5 1|(61
1 1 1lo9
1 1 1]971R, < Rs
125 5 1|61
9 -3 1121
1 1 1 9
-0 —-20 —24|-164|R, » R, —25R,;
0 —12 -8 1—-601 R; > R; —9R,
1 1 119, LR
-0 -5 —6|-41["? "4
0 -3 —2I[-15] R;
R -
g = 4
1 1 119
-0 -5 —6|-41
0 0 8 1481R;>5R;—3R,

Writing the equivalent equation from the row - echelon matrix, we get
a+b+c=9. . (D

—5b — 6¢ = —41.............. 2)
T (3)
3)>c=—=6

C=

Substituting ¢ = 6 in (2), we get
—5b — 6(6) = —41

—5b — 36 = —41
—5b=-41+36=-5
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b=§=1
b=1
Substituting b = 1,c = 6in 1, we get
a+1+6=9
a=9-7=2
a=2

= The solutionis (a = 2,b = 1,c = 6)

3. Anamountof%65,000 is invested in three bonds at the rates of 6%, 8% and 10% per respectively.
The total annual income is ¥5000. The income from the third bond is 800 more than that from
the second bond. Determine the price of each bond. (Use Gaussian elimination method.)

Let

The price of the first bond =%x

The price of the second bond =y

The price of the third bond =%z

According to the given information, we get

x+y+z=65000

(6% of x) + (8% of y)+ (10% of z) = 5000
6x + 8y + 10z

100
= 6x + 8y + 10z = 500000

+by2 = 3x+4y+5z=250000

(10% of z) — (8% of y) = 800
- 10z—-8y
100

= —8y + 10z = 8000
+ by 2 = —4y + 5z = 40000

= 5000

=800

Tl 1 |
The augmented matrixis [A|B] =3 4 5
0 —4 5

250000
40000
65000

55000
40000

65000
1 2 |55000
[0 0 131260000/R; - R; + 4R,

Writing the equivalent equations from the row-echelon matrix, we get

65000 ]

1 1 1
-»lo 1 2 R, - R, — 3R,
0
1
0

-4 5
1 1
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x+y+z=65000........ (D
y + 22 = 55000 ....cooeouenn, (2)
13z = 260000 ............... 3)

(3) = z = =22 = 20000

z = 20000
Substituting z = 20000 in (2), we get
y + 2(20000) = 55000

y = 55000 — 40000 = 15000
y = 15000

Substituting y = 15000,z = 20000 in (1), we get

x + 15000 + 20000 = 65000

x = 65000 — 35000 = 30000

x = 30000

-~ The price of the first bond =% 30,000
The price of the second bond =% 15,000
The price of the third bond =%20,000

4. A boy is walking along the path y = ax? + bx + c through the points (-6, 8), (—2,12), and
(3,8). He wants to meet his friend at P(7,60). Will he meet his friend? (Use Gaussian
elimination method.)

The path y = ax? + bx + c passes through the points (—6,8), (—2,12) and (3,8)

So, we get the system of equations
8=a(—6)’+b(—6)+c=>36a—6b+c=38
—12=a(-2)?2+b(-2)+c>4a—-2b+c=—-12
8=a(3)?+b(3)+c=>9a+3b+c=38

The augmented matrix is

36 -6 1| 8
[AIB]=]4 -2 1|-12
9 3 118
36 —6 1| 8]
-0 -12 8|116|R, » 9R, — R,
0 18 3124IR;>4R;—R,
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36 —6 1| 8 ] 1
Slo =3 2|-20|f2 73R
1
o6 1lsld, 1o
3
(36 —6 1| 8 ]
=10 -3 2]|-29
[0 0 5I[-501R3 > R3+ 2R,

Writing the equivalent equations from the row-echelon matrix, we get

36a—6b+c=8....ccceruns (D
~3b +2€ = =29 erresrrr )

5¢ = =50, 3)
) =c=—2=-10

(2) = —3b + 2(—10) = —29
—3h=-29+420=—9

b===3
b=73

(1) > 36a—-6(3)—10=28

36a—28=38

36a =8+ 28 = 36
36

CI,Z%:].

a=1

= Equation of the pathis y = x? + 3x — 10
Substituting x = 7, we get
y=7%2+3(7)—-10
=49 +21-10 =60
Thus, the path passes through the point P(7,60).

Hence, the boy will meet his friend.

EXERCISE 1.6

1. Test for consistency and if possible, solve the following systems of equations by rank method.
Dx—-y+2z=22x+y+4z=74x—-y+z=4

The matrix form of the system is AX = B, where

1 —1 2
ool 3 e flo-
4 —1 1

The augmented matrix is
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[1 -1 2]2]
[A|IB]=|2 1 4|7
4 —1 1141
1 -1 2|2
-0 3 0]|3|R;,>R,—2R,
0 3 —71—-41R; > R; —4R,
1 -1 2|27
=10 3 013
0 0 —71-71R3 > R;—R,
The last equivalent matrix is in row-echelon form and has three non-zero rows.
plA|B] =3
1 -1 2
AlsoA=|0 3 0 ]
o o0 -7

[tis also in the echelon form and it has also three non-zero rows.

p(4) =3

Since p(A) = p[A|B] = 3 =no.of unknowns, the given system is consistent and has a

unique solution.
The equivalent system of equations:

X—=YV+2Z=2 i (D
3Y = 3 (2)
ot A 3)
3)=>-7z=-7
z="2=1
-7
z=1
(2)=>3y=3
3
y:;: 1
y=1
Substituting, y = 1,z = 1in (1), we get
x—1+2=2

x+1=2=>x=2-1=1=>x=1
~ The solutionis (x =1,y =1,z=1)

(i)3x+y+z=2,x—-3y+2z=17x—y+4z=5

The matrix form of the system is AX = B, where

3
A=|1 —3 2 ll
7 =1 4

The augmented matrix is
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3 1 1|2]
[A,B] =1 -3 2]1
7 —1 415l
3 —3 2|11R1 © R,
-3 1 1)2
7 —1 415l
1 -3 2 |1
-0 10 -5 |-1|R; > R;—3R;
0 20 —-101-21R3 > R;—7R,
1 -3 21
-0 10 -5 —1]
0 0 O0I101JR3—>R3—2R,
The last equivalent matrix is in row-echelon form and has three non-zero rows.
~ plA|B] =2
1 -3 2
AlsoA=1|0 10 —5]
0 0 O
It has two non-zero rows
~p(A) =2

Since p(A) = p[A|B] = 2 < Number of unknowns, the given system is consistent and has
infinitely many solutions.

The equivalent system of equations:

X—=3y+2Z= 1l (D

10y =5z = =1 e (2)

Letz=tt€eR
(2):>~10y—5t=—1:>10y=51:—1:>y:5tl;1

1
(1):x—3<5t—ﬁ)+2t—1

—15¢+3+20t _

X 1
+ 10

5t+3

- = 1

+ 10

10-5t-3 7-5t

X = e
10 10

o L7 _ _ 1 _ _
. The solution is (x =5 (7—-5¢t), y= m (5t—1),z= t) ,tER

(iii)2x+2y+z=5x—-y+z=1,3x+y+2z=4

The matrix form of the system is AX = B, where

2 2 1 x 5

A=[1 -1 1,X=M,B=1

3 1 2 z 4
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The augmented matrix is
2 2 1]5
[A4,B] = [1 -1 11
3 1 214
1 —1 1|11R; <R,
-2 2 1|5
3 1 214
1 -1 1|1
->10 4 -1 3]R2—>R2—2R1
0 4 —1111R3 > R3 — 3R,
1 -1 1|1
-0 4 -1]|3
0 0 O I1-2IR3>R;3—Ry
The last equivalent matrix is in row-echelon form and it has three non-zero rows.
~ p[AIB] =3
1 -1 1
AlsoA=(0 4 —1]
0 0 O
It is in row - echelon form and it has two non-zero rows
~p(A) =2

Since p(A) # p[A|B] the given system is inconsistent and has no solutions.

(iv2x—y+z=2,6x—3y+3z2=64x—-2y+2z=4

The matrix form of the system is AX = B, where

2 -1 1 x 2
A=1|6 =3 3|, X= yl,B=6
4 =2 2 -z 4
The augmented matrix is
2 -1 1|2]
[A|IB]=16 -3 3|6
4 -2 214l
2 -1 1]2
-0 0 O0|0fR; > R;—3R,y
0 0 O0I0JR; » R3 — 2R,
The last equivalent matrix is in row-echelon form and has one non-zero rows.
=~ plAlB] =1
2 -1 1
AlsoA=|0 0 O
0 0 O
Aisin row - echelon form and it has two non-zero row.

Since p(A) = p[A|B] = 1 <No.of unknowns, the given system is consistent and it has
infinitely many solutions.
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The equivalent system of equations:
2x—y+z=2
Lety = sand z = t where s,t € R
2x—s+t=2
2x =2+s—t

1
x=§(2+s—t)

-~ The solution is (x =%(2 +s—t)y=s,2z= t)s,t €R

2. Find the value of k for which the equations kx — 2y +z =1,x — 2ky +z = -2,
x — 2y + kz = 1 have
(i) no solution (ii) unique solution (iii) infinitely many solution
kx —2y+z=1,x—-2ky+z=-2,x—-2y+kz=1
The matrix form of the system is AX = B, where
k -2 1 X 1
A=11 =2k 1 ,X=M,B= —0
1 -2 k z 1
The augmented matrix is
k -2 1]1
[A|IB]=11 -2k 1]|-2
1 -2 kl1
(1 -2 k|1]1Ri©R;
-1 -2k 1|-2
Kk -2 111
1 —2 k 1
-0 2—-2k 1—-k| -3 |R;>R;—Ry
0 2k—2 1—k?11—klIR; > R; — kR,
1 -2 k 1
-0 2-2k 1-k -3
L0 0 2—k—k?1-2—klR; > R; + R,
1 -2 k 1
-0 2(1—-k) 1—-k -3
10 0 QC+kHA-kI-(2+k)
Case (i)
If k = 1, then p[A|B] = 3 andp(4) =1
Since p(A) # p[A|B], the given system of equations is inconsistent and has no solution.
Case (ii)
Ifk # 1,k #+ 2,then p[A|B] = 3 and p[A] = 3
Since p[A] = p[A|B] = 3 = no.of unknowns, the given system is consistent and has a
unique solution
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Case (iii)

If k = —2,then p[A|B] = 2 and p[A] = 2

Since p[A|B] = p(4) = 2 < number of unknowns, the given system of equations is

consistent and has infinitely many solution.
The given system has

(i) no solution when k = 1

(ii) unique solution when k # 1,k # —2

(iii) infinitely many solution when k = —2

3. Investigate the values of 4 and u the system of linear equations 2x + 3y + 5z = 9,

7x+3y—5z=8,2x+ 3y + Az = u, have

(i) no solution (ii) a unique solution (iii) an infinite number of solutions.

2x+3y+52=9,7x+3y—-52=82x+3y+Az=pu

The matrix form of the system is AX = B, where

2 3 5 X 9
A=17 3 —5,X=yl,B=8
2 3 2 L7 U
The augmented matrix is
2 3 5|9
[A|B] = [7 3 —5(8
2 3 A lul
2 3 5 9
- [0 —15 —45 | —47 ] R, - 2R, — 7R,
0 0 A-5lu—91 Rz—>R3—R;
Case (i)

IfA=5and u # 9,then p(4) = 2 and p[A|B] = 3

Since p(A) # p[A|B], the given system of equations is inconsistent and has no solution.

Case (ii)
If A # 5and u € R, then

Since p(A) = p[A|B] = 3 = no. of. unknowns, the given system of equations is consistent and

has a unique solution.

Case (iii)

IfA=5and u = 9 then p(4) = 2 and p[A|B] = 2 < No. of unknowns the given system of

equations is consistent and has infinitely many solutions.
The given system has

(i) no solution when A = 5and u # 9

(ii) unique solution when A # 5and u € R

(iii) infinitely many solution when A = 5and u = 9.
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EXERCISE 1.7
1. Solve the following system of homogenous equations.
(3x+2y+72=0,4x—-3y—2z=0,5x+9y+23z=0
The matrix form of the system is AX = O, where

3 2 7 X 0
A=14 -3 —2,X=yl,0=0
5 9 23 Lz 0
The augmented matrix is
3 2 7 |0]
[Al0]=14 -3 =20
5 9 2310l
3 2 7 0]
-0 —17 —-34|0|R; — 3R, — 4R,
0 17 34 10/R; » 3R; — 5R,
3 2 7 0]
-0 —-17 -34]0
0 0 0 I0JR3 > R3+R,
(3 2 710 1
-10 1 2(0|R, > —-——=R,
0 0 olo ¥

~ p(A) = p([A|0]) = 2 <number of unknowns.

=~ The system is consistent and has infinite number of non-trivial solution.

The equivalent system of equation

Letz=t,t€ER

2)=>y+2t=0=>y=-2t

(DH)=23x+2(-2)t+7(t)=0
3x—4t+7t=0

3x+3t=0
x+t=0
x=-—t

=~ The solution is (x = —t,y = —2t,z = t) wheret € R

(iD)2x+3y—z=0,x—-y—2z=0,3x+y+3z=0

The matrix form of the system is AX = O, where

2 3 -1 X 0
A=[1 -1 -2 ,X=M,0= 0
3 1 3 z 0
The augmented matrix is
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2 3 -=1]0
[Al0]=[1 -1 =2 0]

3 1 310
1 —1 —2]01R, < R,

=12 3 -1]0
13 1 3 10l
[1 —1 —2]0]

-10 5 3 |0|R,>R,—2R;
0 4 9 10JR; > Ry —3R,;
[1 —1 —2]0]

-0 5 3 |0
0 0 33l0JR; > 5R;—4R,

p(A) = p([A]|0]) = 3 =number of unknowns.
=~ The given system is consistent and has a trivial solution.

=~ The trivial solutionis (x =0,y =0,z = 0)
2.  Determine the values of 4 for which the following system of equations x +y + 3z = 0,
4x+3y+4z=0,2x+y + 2z = 0has
(i) a unique solution (ii) a non-trivial solution.
x+y+3z=04x+3y+1z=0,2x+y+2z=0

The matrix form of the system is AX = O, where

1 1 3 B 0
A=14 3 /1,X=)’l,0=[0
2 1 2 Lz 0
The augmented matrix is
1 1 3]0]
[AlO] =14 3 4]0
2 1 210l
1 1 3 0]
-0 -1 A—-12|0|R;, » R, — 4R,
0 -1 —4 10J/R3 » R3 — 2R,
1 1 3 0]
-0 -1 A-12(0
0 0 8—-2110lR3 >R;3—R,
Case (i)

If 2 # 8, then p(4) = p([A|0]) = 3 = number of unknowns

=~ The given system of equations is consistent and has a unique solution or trivial solution.
Case (ii)

If A = 8,then p(4) = p([A|0]) = 2 < number of unknowns

= The given system is consistent and has a non-trival solution.

The given system has
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(i) aunique solution when 4 # 8

(ii) a non-trivial solution when A = 8
3. By using Gaussian elimination method, balance the chemical reaction equation:
C2H6 + 02 - Hzo + COZ
We are searching for positive integers x4, x,, x3 and x, such that
x1CoHg + x,0, = x3H,0 + x4CO,.........ce..... (1)

Equating carbon, Hydrogen and Oxygen atoms on the left-hand side of (1) to the respective
carbon, Hydrogen and Oxygen atoms on the right-hand side of (1), we get the system of linear
equations.

2X1 =X4 22X, — x4, =0
6x1 =2x3 > 3x; —x3=0

2xZ:x3+ZX4:>2x2_X3_2x4:O

2 0 0 -1 r, 0
The matrix formis AX = 0,whered=1|3 0 -1 0|,X= xi ,0=[0‘
0 2 -1 -2 X, 0
The augmented matrix is
2 0 0 -1
[A]I0]=13 0 -1 0 ]
0 2 -1 =2
2 0 0 —1 |0]
-0 0 -2 3 |0|R; > 2R, — 3R,
0 2 -1 =210l
(2 0 0 —1 |0]
=10 2 -1 —-2|0|lR; <R3
0 0 -2 310

p(A) = p([A]0]) = 3 < no. of unknowns

~ The system is consistent and has infinite number of solutions. The equivalent system of

equations:

2X1 = X4 = Oevreeie (D
2xy — X3 — 2X4 = Oreervirceieee (2)
—2%3+3%4 = 0 3)

Letx, =t, t € R — {0}
t
(1)=>2x1—t=0=>x1=§

3t
(3)$—2.X3+3t=0$X3=?

(2)=> -2, -2 —2t=0

_2x2_7:0
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20, =L, =2
27 27 4

Let us choose t = 4

x1=§=2, x2=%=7, x3—_ 6, X4_:4‘
So, the balanced equation is
2C,Hg + 70, - 6H,0 + 4C0,

EXERCISE 1.8
Choose the correct answer:
1. If|adj(adjA)| = |A|°, then the order of the square matrix 4 is

13 (2) 4 (3)2 (4)5
We know that |adj(adjA)| = |A|(”‘1)2 where A is a non-singular matrix of order n.
Soo(m—1)2?=9=n-1=3
“n=4
-~ order of the square matrix A is 4

2. If Ais a3 X 3 non-singular matrix such that AA” = ATAand B = A71A”, then BBT =

(DA (2) B 3)I (4) BT
BBT — [A—lAT] [A—lAT]T
= [ATTAT][(AT)T(A~D)T] [ (AB)T = BTAT]
= (AT @AUN ™) [+ (4T) = 4, (A7) = (41)7]
= AT1(ATA)(AT)
=A"1(44T)(4AT)? [Given that AAT = ATA]
= (A71TA)[AT(AT)1]
=M
~BBT =1
3. IfA = E g],B = adjA and € = 34, then 1“2 =
Ok @5 33 #1
ladj B _ |adj(adja)]
lcl 134l
_ laje? TP I B S B
= Tl [+ |adj(adjA)| = |A| ,here n = 2]
|A] n _
=ﬁ=% [IKA| = K™|A|Here n = 2]
1 =21 _16 O
4. lfA[1 ] -1 6],thenA -

4
o} 7 ) e I ) T B 1 MY

AL A5 T=el5 ¢

Ay F=rn
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Comparing with AA™1 = I, we get
1 1 2
=il — _— A — —
A ] adjA cli 4 ]
1 =2
= adjA ; 1 : 4 ]
oo A = [_1 1
_[7 3 A=
5. IfA = [4 2],then91 A=
-1
(1) A1 (2) = (3) 341 (4) 241
17 3
= [4 2]

Al =14 —-12 =2
adj A = [_24 _3]

7
1 1 _

A‘1=made=§[_24 73]

2471 = [_24 ‘73] ................. )

1 0 7 3
or-a=9; 1|15 3
7 0-3o12 3
0—4 9-2 -4 7
From (1) & (2),91 —A =241

6. IfAz[i g]ande[; g]thenladj(AB)Iz
(1) 40 (2)-80 (3) 60 (4)-20

|A] =10—0 =10
|B| =0—-8= -8
ladj(AB| = |(adj B)(adjA)| [ adj(AB) = (adjB)(adjA)]
= |adj B||adj A| [ |AB| = |A||B]]
= |B|>71Al*! [ladj A] = |A|"']
= |B||A|
= (—8)(10)
= —80
1 x 0
7. IfP=11 3 0 ]is the adjoint of 3 X 3 matrix Aand |A| = 4, then x is
2 4 =2
(1) 15 (2) 12 (3) 14 4) 11
1 x O ]
adjA=P=|1 3 0
2 4 =2
We know that |adj A| = |A|"? (Here n = 3)
= 1(-6—-0)—x(—-2—-0)+0=(4)31?
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-6+ 2x =16
2x = 16 +6 =22
x=—=11
31 -1 a11 A2 Q13
8. IfA= —2 0 |and A7 =|a21 a2 Q3| then the value of a,; is
1 2 -1 azp a3z d4zs
(1O (2)-2 (3) -3 (4)-1
Al =3(2-0)—-1(-2-0)—1(4 +2)
=6+2—6=2
Co-factor of 2in A is = — |§ _1| =—(0+2)=-2
The value of a,3 in A1 = ﬁ(co-facor of 2in a3, in A)
1
=2(-2)=-

9. IfA, B and C are invertible matrices of some order, then which one of the following is not

true?
(1) adjA = |A|A71 (2) adj(AB) = (adjA)(adjB)
(3) detA™! = (detA)™? (4)(ABC)™ ' =Cc~1B71471

We know that adj(AB) = (adjB)(adjA)
Thus option (2) is not true.

0. w@p =12 " Vandat =1 Tl thenpt =
w[% 3 @[5 3] @[ 1] @[5 7
@Byt =ptat=[12 ]
Bt =12 _17],4
B~ = [ —17] (A 1) 1 [(A—l)—l = |Ai1| adj(A‘l)]
i,
36 34 12— 17
57454 —19 427
12 -5
B [_3 8 ]
11.If ATA™! is symmetric, then A% =
(A (2) (A")? (3) AT (4) (A~1H)?

Given that ATA™! is symmetric
(ATA—I)T = ATA—l
(A—I)T(AT)T — ATA—l
(A™H7(4) = ATA™!
(A1) "1 (A)(A) = AT(A714)
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(AT)—lAZ — AT(I) — AT
(AN (A7) 1A% = (AT)(AT)
142 = (AT)?
AZ — (AT)Z

12. If Ais a non-singular matrix such that A™1 = [_52 _31], then (47)"1 =

m[7 3] @[>, 2 o T e 2

—1
A= [_52 _31]

(AT)—l — (A—l)T — [g :ﬂ

13. IfA= and AT = A7, then the value of x is

K ulw
urlw o[ »

@) -3 (3)3 (4):

25 1[ 3 —4
~ 90-20x X 5l—5x 3 ]
5 3 —4
Al ———
90 — 20xL-5x 3 ]

Al = A7 = > 3 _4]

27 —75 = 60x
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60

=X

12x4
12X5

X = —

0
tan—
2

1

14. IfA=

—tan-
2

(D (cos —)A

and AB = I,then B =
1

2 (cos2 g) AT

(3) (cos?0)I (4) (sm )A

1
AB=I=>B=A1=—adjA
4l
—tang
2

sin 6 . [k
g and A(adjA) = [0

(2) sin@ (3) cos b

cos O

15 —sin@

IfA = [
(1o

2], then k =

1

sin @

[ cos 8 o

o8O ] [cos 6

sin @
[ cos? 6 + sin?6
—sin@ cos 6 + sinfcos 6

A(adjA) = [’5

—sin O]

—sinBcos 8 + sin Ocos 6]
sin?0 + cos?6

cos O |

oOx ox ©X
x~ o
s, S TS

16. IfA = [g _32] be such that 14~! = 4, then 11is

(1) 17 (2) 14

(3) 19 (4)21

A T=4
A(AA™Y) = (A)A

Al = A2
’1[(1) (1)=[§ _32”§ _32]
| ]=[4+15 6—6
A~ l10-10 15+4
A=4+15=19

wtsteam100@gmail.com -45 -

WWW.Waytosuccess.org

Send Your Question Papers & Answer Keys to Our E-mail ID: Padasalai.Net@gmail.com



mailto:way2s100@gmail.com
http://www.waytosuccess.org/
https://www.Padasalai.Net/
https://www.padasalai.net/

www.Padasalai.Net www.TrbTnpsc.Com

12" Maths Applications of Matrices and Determinants Way to Success<
17. Ifadj A = [i _31] and adj B = [_13 _12]then adj(AB) is
-7 -1 —6 5 =7 7 -6 =2
o7 Sl @ 5 @5 ol @5 Tl

adj (AB) = (adjB)(adjA)
_ [ 1 —2] [2 3 ]
-3 1114 -1
2—8 3+2 ] [

—-6+4 —-9-1 —10-

1 2 3 4 ]
18. The rank of the matrix | 2 4 6 8 |[is
-1 -2 -3 —4i

1 (2)2 (3) 4 (4)3
1 2 3 4
A=|2 4 ¢ s
1 -2 -3 —4
1 2 3 4
~lo 0 0 o|R,—R,—2R,
0 0 0 0l Rs—>Rs+R,
p(4) =1
19. Ifx%yP = e™ x‘y% =™ A= Trrll b| A,= |a m| Az= | Z|,then the values of x and y
are respectively.
3 G
(1) e/, e (2) log(A1/A3),log (A2/A3)
&) &)
(3) log(A;/A;),log (A3/Aq) (4) e\s/,e\s
xayb =em

log(x%y?) = loge™
alogx + blogy = mloge
alogx +blogy = M., @Y
xcyd = eh
log(xy®) = loge™
c logx +.d.lofly =g 8. B. B 4% ... (2)
By Crammer’s rule, we get
b b a m
=13 gha=ly gl Az—l |

But, it is given that A;= |

A= A3
A1
So, logy = % =Ll x= e(As)
3
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Az
_ A _ A _
loge —X—E=>Y—8(A3)

20. Which of the following is / are correct?
(i) Adjoint of a symmetric matrix is also a symmetric matrix.
(ii) Adjoint of a diagonal matrix is also a diagonal matrix.
(iii) If A is a square matrix of order n and A is a scalar, then adj(14) = 1"adj(A).
(iv) A(adjA) = (adjA)A = |A|l
(1) Only (i) (2) (ii) and (iii) (3) (iii) and (iv) (4) (i), (if)and (iv)

adj (AA) = 1 adj (A) Butgiven that adj(14) = 1"adj (A)
So, (iii) only a wrong statement.

21. If p(A) = p([A|B]), then the system AX = B of linear equations is
(1) consistent and has a unique solution (2) consistent
(3) consistent and has infinitely many solution (4) inconsistent

22. If0 < 6 < m and the system of equations x + (sinf)y — (cos8)z = 0,

(cos@)x —y +z=0,(sinf)x +y — z = 0 has a non-trivial solution then 8 is
T

OES @ ©F OF

The system has a non-trivial solution.
1 sin@ —cosf@
~A=|cos -1 1 =0
sin @ 1 -1
= 1(1 —1) — sinf(—cos 6 — sinf) — cosB(cos 8 + sinB) =0
= sinfcosh + sin?0 — cos* —sin B cos O =0
sin%6 — cos?6 =0

sin’0  cos?0

=0

cos?20  cos?0

il .2 7 3
23. The augmented matrix of a system of linear equationsis [0 1 4 6 . The system
0 0 A—=7 u+5
has infinitely many solutions if
(DA=7,u# -5 2Q)A=-7,u=5 @B)A#7,u+-5 @AA=7,u=-5
1 2 7 3
LetA=1]0 1 4 6
0 0 A—-7 u+5
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IfA=7,u=—-5then p(4) =2,p[(A|B)] =2
~ p(A) = p([A|B]) = 2 < no.of unknowns

Thus, the given system is consistent and has infinitely many solutionsif A = 7,y = =5

3 1 -1
1 3 x ] If B is the inverse of 4, then the value of x is
-1 1 3
33

2 -1 1
-1 2 —1] and 4B =
1 -1 2

(2) 4

24, LetA =

(1)2 )1

A=|[-1 2 -1
1 -1 2

Al=2(4 -1 +1(-2+ 1) +1(1-2)
=6-1-1=4%0

[ 4+1) —(-2+1)
—(-2+1) (4-1) —(-2+1)
| -2 —(-2+1) ©“4-1

'3 1 -11F 31 T
11 =11 3 1
3 -1 1 3

=11 3
3 1§ 1
1
3

-1 1
Z 1 3
3 1 -1
1 3 x|=B=
1

-1 1
=1 3

2 =1 1]

a-2) 1

adj A =

A_1=i dj A =
4] Y

Given: 4B =

Y

3 -3 4
2 —3 4], thenadj(adjA)is

0 -1 1
3 -3 4 6 —6 8 -3 3 -4 3 -3 4
€)) [2 -3 4 (2) [4 -6 8] (3) [—2 3 —4] (4) [0 ~1 1]

0 —2 2 0 1 -1 2 -3 4

0 -1 1

25. IfA=

A=12 -3 4
0 -1 1

|A| =3[-3+4]+3[2-0]+4[-2-0] =3(1)+3(2) +4(-2)=3+6-8=1

3 -3 4]

3
adj(adjA) = |A|"2A = (1)372 [2
0
~adj(adjA) =2 -3 4
0 -1 1

3 =3 4]

-3 4
-3 4

-1 1
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