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1. APPLICATION OF
MATRICES AND
DETERMINANTS

1.2 MARK
-1 2 2
1ifadjA=]1 1 2{, findA?
2 2 1
Solution:
-1 2 2
Adj(A) = 1 1 2
2 2 1
1= 1 .
A im adj(A)
-1 2 2
Therefore ladjAl=[1 1 2
2 92 A

= -1[1-4] -2[1-4]+2[2-2]
= -1[-3] -2[-3] +2[0]
=3+6 =9

~1 2 2
[1 1 2]

2 2 1

1—122
215112

2 21

Al= +

O | =

8

2,11 A=[

—4 .
3 ] verify that
A(adjA) = (adj A)A =|A]| |2
Solution:

A= [_85 _34] ; adj A= [3 4]

5 8
=|A| = 24-20 =4 £ 0
Aadj A) = [_85 ‘34] [g g]

_[24—20 32—32]

—15+15 -20+24
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[ 4
|A|I2:4[(1) 2]

Therefore A(adj A) = (adj A) A=|A| I2
Is verified.

3. Find the rank of the following
matrices by the row reduction method
3 -8 5 2
2 -5 1 4
-1 2 3 -2

Solution:

3 -85 2
A=|2 -5 1 4
NL A3
—1\. 232
~l2 -5 1 4|R <->R,
3 -8 5 2]
— 2 3 -2
~l2 5 1 4|R—>(R)
3 -8 5 2]

1 -2 -3 2] R, > R,-2R,

0 —2 —14 —4l| Ry > Ry3R,
I 2 38 2
~ 0 _1 7 0 R3 4 R3‘2R2
0 O 0 -4
P(A) = 3

4. Solve the following system of linear
equations by matrix inversion method
2X+5y = -2, x+2y = -3.

Solution:

2X+5y = -2, x+2y = -3
YR
Ax =B

Xx=A"1B
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https://www.Padasalai.Net/
https://www.padasalai.net/

www.PadpiglaDen sty collectionsontt. blogsp atvehyese-Com

=11,
adia=2 ]
Al=4-5=-1

-1 -1
At =L adi(a)

:%[?11 _25 :[_12 —52]
:[_12 _52] [:;

S _615

L=

5. Solve the following systems of linear
equation by Cramer’s rulez +2y =12,

2

“+ 3y =13

Solution:

24+2y=12,24 3y =13

x Y= " x y= k

Leta:i,3a+2y:12
2a+3y=13

_ 13 2|_q _,_

A—|2 2|=9-4=5=0

12 2. A
Aa—|13 2| =36-26=10

Ay = |§ 1§|: 39 24 =15

.. The solution is (x,y) = (%, 3)

pg. 2 MATHS/12™ /CEO TIRUVALLUR/EM

I1. 3 MARKS.
1. Find a matrix A if adj
7 7 =7
A)=]-1 11 7]
11 5 7
Sol.
7 7 =7
adj(A)=|[-1 11 7]
11 5 7
7 7 =7
ladj (A)|=]-1 11 7
11 5 7

= 7(77 -35) -7 (-7 -77) -7(-5 -121)
=7 (42) -7 (-84) -7(-126)
= 294 + 588 + 882 = 1764

A 1 . .
A= s adj (ad (A)

1
T V1764
+(77 —=35) —7(=7 —77) (=5 —121)
—(49+35)  +(49+77) —(35-77)
+(49+77) —(49-7)  +(77+7)

+

N

T

I
[+
Sl

-84 126 42

[ 42 84 —126
AT
126 —42 84

1 -2 3
A=+t1]2 3 -1
3 1 2
) -8 1 4
2. IfA= o4 4 7|prove that
1 -8 4
LT
Sol.
. -8 1 4
AZ; -4 4 7
1 -8 4
. -8 1 4
AT==1 4 -8
4 7 4
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L1 -8 1 4 L -8 4 1
AA = -4 4 7 5 1 4 -8
1 -8 4 4 7 4

64+1+16 —-32+4+28 —-8-8+16
-32+4+28 16+16+49 4-—-32+28
—-8-8+16 4-32+28 1+64+16

L

=210 81 0
“lo 0 81

1 0 O
=0 1 o0]=I

0 0 1
AAT=] We get
T ATI=AT

3). Find the inverse of the non singular

matrix A = [_01 2] by the gauss Jordan
method.

Sol:

_ [0 5

A= [_1 6]

A, _ O 511 O

[12] ‘[—1 610 1

R1<—>R2~[_O1 g (1) (1)
Sl

R>E~f P ‘1(/)5 o]

1 0 ‘6/5 —1]

-1
0

|

=Y

|
ulr o
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1. 5 MARKS.

22 4o
x y z

2y 1-2=0,
y z

2 5 4

-—==—-+1=0, Solve

x y z

Cramer’s rule.

Solution:
let==a,~=b,-=c
x y z

3a-4b-2c =1
a+2b+c =2
2a-5b-4c = -1
3 —4 =2
A=11 2 1
2 -5 —4

= 3[-8+5] +4[-4-2] -2[-5-4]

= 3[-3] +4[-6] -2[-9]

=-0-24+18
=-15#0
1 -4 =2
Aa =12 2 1
-1 -5 —4
= 1[-8+5] +[-8+1] -2[-10+2]
= -3-28+16
=-15
3 1 =2
Ab =11 2 1
2 -1 -4
= 3[-8+1] -1[-4-2] -2[-1-4]
=-21+6+10
=5
3 -4 1
Ac =1 2 2
2 -5 -1

= 3[-2+10] +4[-1-4] +1[-5-4]

using
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=24-20-9

=5

Aa -15
a=—= —=1

A —15
Ab -5 1
b=—= — ==
A —15 3
C_Ac_ -5 1
A -15 3

=>x=1,y=3,2=3

2. Solve the following equations by using
Gauss Elimination method,
4x+3y+62=25, x+y+7z=13, 2x+9y+z=1.

Solution:
4 3 6]rx7 25
A=|(1 5 7 [y =113
2 9 11tz 1
4 3 6][25
[A/B]=11 5 7]||13
2 9 1111
1 5 7 13
Ri—-R2[|4 3 6 25
2 9 1 1
R2-» R2-4R1
R3- R3-2R:
1 5 7 13
0 —-17 =22 — 27
0 -1 -13 — 25
R2— R2 —(-1)
R3— R3 - (-1)
1 5 7 13
0 17 22 27
0 1 13 25
R3;— 17R3 - R2
1 5 7 13
0 17 22 27
0 0 199 398

pg. 4 MATHS/12™ /CEO TIRUVALLUR/EM

X+5y+72=13 - D
17y+22z =27 — )
1992 =398 — (3)
Z =1398/199 =2

) => 17y+22(2) = 27

= 17y =27 -44
= =-17
= y=-1

@O=> x=5(-1)+7(2) =13

x-5+14 =13
X+9 =13
x =13-9
=4
Therefore the solution is x=4, =-1,
z=2.

44330

3) Investigate for what values of A and u the
system of linear equations, X+2y+z
=7, Xx+y+ Az= pu x+3y-5z = 5 has i) no solution
il) a unique solution iii) an infinite number of
solutions.

Soln:
Number of unknowns = 3
X+2y+z = 7 X+y+ Az= u X+3y-52 =5

i3

1 2 1
1 1 2
1 858 g5

18 74 1l 7
[A/ Bl=|1 1 2 \u
1 3 515
R2—>R2-R1
R3—>R3-R1
1 2 1 7
1 1 A-1 u—-7
1 3 -5 5
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R3 —>R2-R3

7
u—17
u—9

1 2 1
1 1 2-1
1 3 1-7

Case i) If =7 , u — 9 P(A) =P(A/B) =2<3.

Hence the given system is consistent and
has an infinite number of solutions.

Caseii) IfA #7,u #9P(A) =P(A/B) =3

The given system is consistent and has
only one solutions.

Case iii) If 1 = 7,1 # 9 P(A) =2 P(A/B)
=3

. P(A) #P(A/B)

The given system is inconsistent and has
no solution.

4) Find the value of k for which the
equations kx-2y+z = 1,x-2ky+z = -2,

x-2y+kz=1 have i) no solution ii) unique
solution iii) infinitely many solutions.

Soln:

No of unknown =3

k =2 1]x

1 -2k 1 Iyl =

1 =2 kltz
Toul”

1
—2
1

1 1

[A/ Bl=[1 -2k 1\—2

1 3 k 1
R1<—>R3
1 2 1 1
1 -2k 1 |-=-2
k 2 1 1
R2—>R2-R1

pg. 5 MATHS/12™ /CEO TIRUVALLUR/EM

R3—Rs3kR1

1 2 k 1
[0 -2k+2 1-k -3 ]

0 —2k+2 1-k?* 1-k

R3—Rs+ Rz
1 2 k 1
[0 -2(1-k) 1-k -3 ]
0 0 2—k—=k?* —k-—2
2-k-k?
-(k?*+k-2)
-(k -1)(k+2)
1 —2 k 1
0 2(1-k) 1-k -3
0 0 (k—1)(k+2) k+2
Case (i)

If K = —2, p(A) =2, p(A/B) = 2< 3,

The given system is consistent and has
infinitely many solution.

Case (i)
IfK=1,K # -2, p(A) = 2, p(A/B) =3
P(A) # p(A/B)

The given system is inconsistent and has
no solution

Case (iii)
IfK #-1, K # -2,
p(A) = p(A/B) =3 no.of unknowns

The given system is consistent and has
only on solutions.

5. Inverstigate the values of 4 and u the
system of linear equations 2x+3y+5z =9,
7x+3y-5z = 8, 2x+3y3+ Az = u have (i) no

OE 1N Gend ©duQlésibh Bdpbrd 5 Ahdiler Ké Tl GUE E il D [Peid4stl aniid@ finail donC O 1M
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solution (ii) a unique solution (iii) an
infinite number of solutions.

Solution:-

2 3 57
Number of unknowns=3|7 3 —5 [)’l

2 3 2
9
U

[A/B] =

2 3 5
7 3 =5
2 3 2

9
8]
U

9
—47]

u—9

R2— 2R2 - 7R
R3—» Rs-R1

2 3 5
0 —-15 —45
0 0 21-5
Case (i)

IfA=5,u=9,p(A) =2, p(A/B) =3,
P(A)=p(A,B)

The given system is inconsistent and has
no solution.

Case (ii)
IfA+5 u+9 p(A) =p(A/B) =3
3< (no of unknowns)

The given system is consistent and has
unique solution

Case (iii)
IfA=5u=29 p(A) =p(A/B) =2
2<3

The given system is consistent and has
infinitely many solutions.

6. By using Gaussian elimination method
balance the chemical reaction equation:

pg. 6 MATHS/12™ /CEO TIRUVALLUR/EM

CsHg+0O2 — CO2+H20
Solution:-

X1CsHs+X202 = x3CO3 + x4H20
Carbon:

5X1 = X3
5x1 - x3 =0
Hydrogen:

8X1 = 2X4

AX1 = X4

4x1-xa=0
Oxygen:

2X2 = 2X3+Xa4
2X2 — 2X3 x4 =0
The equations are

5x1 - x3 =0

4x1-x4=0

2X2 — 2X3 x4 =0
The Augmented matrix

5 0 -1 0 0
[AO]=]14 0 0 -1 0
0 2 -2 -1 0
(4 0 O -1 0]
Ri<>Rz2|5 0 -1 0 0
0 2 -2 -1 o0/
(4 0 O -1 0
Ro<> R3 0 2 -2 -1 0
5 0 -1 0 0
4 0 O = 7l 0
R3—4R3-5R1|0 2 -2 -1 0
0 0 -4 5 0

Number of unknowns = 4
P(A) =P(A/0) =3<4
The given system is consistent and has
infinitely many solution
Therefore
4x1-x4=0 — @
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2X2 —2X3 X4 =0 -2
-4x3 +5x4 = 0 - ®
Letx2=t

(3) =>-4xs +5t = 0

x3=-5t/-4
=5t/4
5t
2 2-23)-t=0

-2 _t=0
2

% 52 _
2% -2 =0
2

2X2 = A
2
X2 = ki
4
@
4x1-t=0
4xy1 =t
x1=t/4

Therefore t =4, since X1, X2, X3, X4 are
whole numbers.

X1 =t
4

— 4

el 4

X1=1

Xo =7

X3 =5

Xa_
Xa_

t
4

The required chemical reaction is

CsHs+702 — 5C02+4H20

pg. 7 MATHS/12™ /CEO TIRUVALLUR/EM
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2. COMPLEX NUMBERS
.2 MARK

1) simplify the following

1948_j1869

soln:
1948-+-4 =487 1869+4 =467 x 4 +1
— (i)4x487_(i)- (4467 +1)
— (i4)487_(i)-4x467 -1

= 1487 —i'4X467. (I)l

_ i-467 1
=1-(i% >

1%

i*i

1.
_1-_1
ANns = 1+i

2) Given the complex no Z = 2+3i represent
the complex no in argand diagram

Nz,iz and z+iz
iz = i(2 +3i)
= 2i + 3i
=2i+3(-1)
=21i-3

iz=-3+2i

pg. 8 MATHS/12™ /CEO TIRUVALLUR/EM

Z+iz = 2+3i-3+2i

Z+iz = -145i

3)ifz1=1-3i,22=-4i,23=5 S.T
N(z1t 22) + 3= 21+ (22 + 23)
i) (2122) z3 =71 (22 Z3)
soln:
L.H.S
(z1+22) =1-3i-4i
=1-7i
(z1+22) +23=1-7i+5
=6-7i
R.H.S
21+ (22 + 23)
22+ 23=-4i +5
=5-4 i
21+ (22 + z3) =1- 3i+5- 4i
=6 —7i
LH.S=RH.S
Hence verified
i) (2122) 23 =71 (22 23)

L.H.S

(z122) z3
212> =(1-3i)(- 4i)

= -4i— 12
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=-12 -4i
(z122) z3=(-12-41) 5
=-60 -20i
=-20(3 +1)
=L.HS
R.H.S
21 (22 23)
(z2z3) =-4ix5
=-20i
71 (22 z3) = (1-3i)(-20 1)
=-20i+ 60 i

-20i- 60
= -60-20i
= -20(3+i)
=R.H.S
LHS=RH.S

Hence verified

4) If zy = 3+4i , 2o = 5-12i ,z3= 6+8i find

PARPYNPAR PRI A
| 22+ 25|
Soln:
i) z1=3+4i
|z ]| =/ 32+ (#)?
=v/9+16
=25
|z1| =5
i) Z,=5-121

pg. 9 MATHS/12™ /CEO TIRUVALLUR/EM

| Z2| = V(57 + (-12)?
=25 + 144
=V169
| z2| =13
iii) z3 = 6+8i
| z3]=/(6)2 + (8)?
=36 + 64
=V100
| z|=10
V) | za+ 22 | = | (3+4i) +(5 -12i) |
= | 3+4i +5 -12i|

=8 - 8i

| 1+ 22 | =/(8)2 + (-8)?

=V64 + 64
=V128
|zl+22 |=8\/§
V) | z2- 23| =| (5 -12i) — (6+8i) |
=|5-12i- 6+8i |
= V-1+20i
=/(-1)2 + (-20)2
V1 + 400
V401

Vi) | 1+ 23| = | 3+4i+ 6 +8i |

= |9+ 12i)|
= V92 + 122
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= /81 + 144 2 +i2/3 =4 [ cos( /3 + 2k 7 )+ isin
(n/3+2k m)] kez
=/225

| 71+ 723 | =15
Il. 3 MARK.
5) write in polar form of the following
complex numbers 1) Find the values of the real numbers

of x and vy if the complex nos

)2 +i2v3
(3-)x—(2-i)y+2i+5and 2x+ (-1
soln: +21i)y+ 3+ 2iareequal
Z=x+iy Soln:

(3-)x—(@2—-i)y+2i+5=

modulus : | z|=/x% + y2
arg=tan'1(%) 2X+ (-1 +2i) y+3+2i

(Bx-2y+5) +i(-x+y +2) =

Xx=2,y=2V3
(2x —y +3) +i(2y +2)
|z|=4+4(3)
Equating real numbers on both sides :
=v4+12
3x-2y+5=2x-y+3 | Equating
=/16 Imaginary
modulus : |z|=4 3X-2X -2y +y +5-3=0 X +Y+2 = 2y +2
a=tan? () X-y+2=0 - X +y-2y+2-2 =
* 0
e 2V3
_tanl |(_2—)| X_y:-2 _>® _X—y=0___
o = tan™(v/3) @
solve:
arg: a =n/3
o =m/3
0=n/73
X—y=-2
2O =a y -@
Polar form: xy =0 —-Q
Z = 1(cosO + isin®) 2y =-2
y=1

=4[ cos /3 + isin 1/3]

subt y =1 in equation —>®

pg. 10 MATHS/12™ /CEO TIRUVALLUR/EM
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X-1=-2

Xx=-2+1

x=-1
<(xy)=(-1,1)

2 ) Find the least value of the positive

integer n for which (v3+i)" i) real
if)purely imaginary

Soln:
3+ )"

Taken=1 = (V3 + i)

Taken=2

W3+02=[ [V3]* + 2v3i +
i2 |
[: [a+b]?=a? + 2ab+b?]
=3+2V3i-1
=2+ 2V/3i
= 2(1+iV3)
Taken=3
V3+0)° = (3+i)? V3+1i)
=2(1+ivV3)[V3 +i]
{Subt: (V3 +i)°> = 2[1+iV3]
=2[V3+i+i3+((V3)2i)
=2[V3+4i-V3]
=2[4i]
=8i

W3 +i0) =8i

pg. 11 MATHS/12™ /CEO TIRUVALLUR/EM

Purely imaginary
n=3
[ (3+0° =81
(V3 +i)° =64 2
= -64 (real)
n=6 i) n=6 for real
i) n= 3 for purely imaginary
3) If| z1 | =3 state that 7<| z+ 6 -8i | <13
Soln:
| z]-122| |< | 2stza] < | 2] +] 2]

71=6 -8i

| .| =v36 + 64 =100 =10
|zl-1a] < |za < | 2] +| 2]
|3-10| < |z+6-8i| < 3+10

7 < |z+6-8i| <13

Hence proved

4) Obtain the Cartesian equation for the
locus of z = x+iy in each of the following
cases

i) |z-4| =16
soln:

put:z=x+iy

|z-4| =16
| x+iy |=16
| x+iy-4|=16
| x-4+iy [=16
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Vx-1D2+y? 1 -[J(x-1)2 + y?

1>=16
Squaring on both sides;
(x-4)? +y?= 162
(x-4)? +y?> =256
X2-8x+16 +y>-256 = 0
X2+y?-8x -240 = 0
i) |z-4|2- |z-1|2:16
put:z=x+1y
|z-4|% |z-1]|?=16
| x+iy-4]% | x+iy-1|2=16

| x-4+iy |2 | x-1+iy [?2=16
V& =02 +4/y? 13-
[V&x = D2 +/y? %16

[(x-4)*+y*] - [(x-1)+y*] = 16
X2-8X +16+y?- [x?-2x +1+y? ] =16

-8x+16+2x-1 =16

-6x-1+16 = 16
-6x-1=0
6x+1=0

5) find the value of
[ 1+sm—+l cos J 10
1+sm— —icos

Soln:

Z = sin—= +i cos —
10 10

sin—= — i cos =
1 1 10 10

- .. T . b3 . TT B T
zZ SIn— +1C0S — SIN——1CO0S —
10 10 10 10
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sml—o —1icos E

sm— +1icos E

[:. Sin?6 +cos? 0]
1 T 4 . T
— = sin—-icos—
z 10 10

1+z)10 ( 1+z )10

z+1

(370

=7%= [ sm— +i cos— ]10

[Demorire’s theorem ]

[. (cos8+isin®) " = cosn @+isin @

=210=[cos (3 — ) +isin (5 -
A

= [cos :—Z + isin ‘;_7;]10

= [cos = x 10 + isin x 10 7]*

=[cos 4m + 1 sindn]

=[cos & + i sinm]*

= [-1 +i(0)]*

=[-1]*=1

1+z ] 10

1. 5 MARKS
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1) If z1, zz2and z3 are three complex
numbers such that | z1|=1, | z2|=2,

| Z3 | =3 and | 71+ 2o+ 73 | =] state that
| 9271 70+ 42721 23+ 72 73 | =6

Soln:
| z1]|=1, | |=2, | zz|=3
| 2|2=1, | 2|%=4, | zs|%=9
n21-1 2 B=4 237-9

Z_1 2_4 2_9
1=a 2T n 3_23

|21+22+23|=1

1

[ﬁ + z2 z3] =1

| 7273+42123+9z172
717223

| =1

1 z
{ By property | Z| =12}

| 2123+47123+9z1722| _
| 71| | zz] | 23]
[ = |21 = | z1]]
| 2123+42123+9z122 | _ 1
| z1[| z2[|2z3]

| 123 + 42123 + 92122 | =| z1| | 22| | 23|
=1 @O
| 92122 + 42123 + 2123 |=6

2) If z=x+ iy is a complex numbers
such that Im(zz+1 ) state that the locus

of z is 2x? +2y2+x-2y.

Soln:

2(x+iy)+1 _
m[i(x:iy)+1] a
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Im 23.c+2iy+1] _

- ix—y+1
Im'(2x.+1)+%'(2y) _ 0

- i—y+ix

[(2x+1)+i(2y) (I-y)-ix] _
Im- i—y+ix ] [(l -y)— lx] a
Im -x(2x+1)+2y)(1-y) _ 0

y (-y)?+x?
[ Take only imaginary parts]

= —x(2x+1)+QQy)(1—-y)=0
S —2X24X +2y — 2y?=0
= 2X242y%+ X — 2y=0
3) Find all cube root of v/3 +i
Saln:

2% = /3 +i=r(cose + isine)

[By polar form]
= /(J3—)2+12 =31 =VZ =2

—tant (2
o =tan (x)

4ol L
o =tan (ﬁ)

73 = 2[cos /6 +isin /6] [..r=2
o= /6]
z= 2% cos n/6 + isin w/6]

Adding 2kn
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z = 213[ cos(2kn+ n/6)+ isin(2kn+ n/6] 3

Apply Demovire’s theorem

z =213 [cos( —(Zk“; /o)y
+sin((2k“++/6))] k=0,1,2

If K=0
z = 2] cos /18 + isin /18]
IfK=1
z= 28[ cos 137/18 + isin 137/18]
IfK=2
z= 2'B3[ cos 25n/18 + isin 257/18]
z= 2" [ cos(m + =)+ isin(m + 2= ) |
z= 2*[-cos <= - isin <= ]
4) If 2cosa=x +% ,2cosp=y +i state
that

i)§+%=2cos((x-[3)

.. 14 B
i) xy +5 =2isin (o + )

I D A i

iii) e 2isin ( mo. - nf} )

iv) xmy™ + el 2 cos (ma +nf)
soln:

1
2coso = X +;

2

X
2cosa. =

(2cosa) x=x2+ 1
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X%- (2cosa)x +1=0
[ ;. ax?+bx+c = 0]

a=1l,b=-2cosa,c=1

—b +Vb?% — 4ac
x =
2a

[ quadratic equation ]

_ 2cosa £ 4/4cos "2 a— 4(1)(1)
T 2(D)

2 cosa +2,/—(1—cos2a)
2

2 cosa +2 |1(1—cos2a)

2

2 cosa +2isina
2

2[ cosa + isina]
2

X = cosa + isina  (or)
X = cosa — isina

Let us consider x = cosa + isina

1 1 cosa - isina
x  cosa+isina *coso — isina
1 _ cosa-isina
x cos2a+sin’a
1 cosa - isina .
= — [:.i%=1]
x cosa + sin*2a
1 ..
= Ccosa — 1sInx
X

= X = coso + isina
1 ..
= — — = cosa — isina

= y = cosf + isinf}
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1 -
= - cosp - isinf

cosa + isina

) x
! y cosf + isinf
= cos(a -B )+ isin(a — PB)

% =cos(a-p ) - isin(a — B)

L.H.S

i + % = cos(a -B )+ iSiIl((‘l. - B) + cos(a -

B)- isin(a—B)
§+% =2 cos(a-B)
ii) Xy = (cosa + isina )(cosp + isinf3 )
= cos (a+p) + 1 sin(a+P)
$ = cos Qap) L i sin(atp)

L.H.S

Xy = x—ly = 2 isin (o+p).

i) x™ _ (cosa+isina)™
yn B (cosnf + isinnf)
x™m - B
y—n = c0s (ma. —nf ) + 1 sin(ma —nf )
yl'l
= = - c0s (ma —nf ) +1sin(ma —nf )
Yt o
ey +x—m = 2 isin(ma -np )
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iv) x™y™ = [ cosa +isina]™ [cosp+isinf]"
=[ cosma +isinma] [cosnB+isinnf]
xMyn =

cos(ma-+np) + isin(ma+np)— @)

v = cos(ma+nf) - isin(ma+nﬁ)_>®

® +@->

L.H.S

XMy + =2cos(ma+nf)

xm yn

5) If ®# 1 is a cube root of unity state

that
(i) (1-0+0?)® + (1+o-0?)5=128

(ii) (1+®) (1+0?) (1+o?)

d+0®)+...+(1+0?) =1
Sol:
L.H.S.
= (1-0+0%)° +(1+0-0?)®
= (1+0%-0)® +H(1+o-0?)°
=(-0-0)° +(- ©* ©?)°
= (-220)°+(-20%)°
=(-2° 0° + (-2° (0%)°
= (-2)%[0*+ ©¥]

= 2[1+1] = 25(2)
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=21=128 [:. 27=2x2x2x2x2x2x2]

i) (1+0)(1+0?)(1+o*) (1+0d)
(1+(,016)(1+(,032)(1+(,064)(1+(,0128)

(1+0™°)(1+0*?)(1+0')(1+0™®)

(1+o)(1+0?) (1+o)(1+0?) (1+0)(1+0?)...
6 terms.

L [(1+o)(1+0?)]®

[-o®(C o) =[-o*(- o)

“[0’°=(1)°=1

=1

=R.H.S.
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3. THEORY OF EQUATIONS
2 MARKS & 3 MARKS

l. Construct a cubic equation with

roots 1) 1,2,3 2)1,1,-
2 3) 2, %,1
Roots 1, 2, 3
a By

1= o + B+ y=1+2+3=6
2= af +Pytvya

= 1(2) + 2(3) +3(1)

= 2+6+3=11
X3 =a P y=1203)=6
The required equation
x3-Ty X2+ 2x—323 =0
x3-6x% +11x—-6=0

I. Find the polynomial equation

of minimum degree with

integer co-efficient
having the following roots 1) 2
-3 i 2)2-V3 3)
2+\3i4)2i+3 5) VA2
/N3 6) V5-3
1 roots : 2-\3i, 2+V3i
o p

Y1 = a + p=2-V3i+2+3
|
X1 = 4
= o B=(2-V31) (23

= 22— (V3 iy’

= 4+3 =7

The required equation is
X>-Tix+ 3= 0
X2- 4x+7=0
1. Prove that the following cannot
intersect more than two points.
1. Parabola and St.line
2. Circle and St.line
1. Parabola y?=4ax =>(1)
2. Stline y=mx+c 2>(2)
Sub.equation 2 in 1
(mx+c)? = 4ax
m?x2+2mex-+c?-4ax=0
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m?x2+(2mc-4a)x+c?=0

It is a quadratic equation.
Which cannot have more than
two solutions and hence cannot
intersect at more than two
points.

IV.  Find the Least possible number
of imaginary roots and
maximum number of positive
and negative roots.

9x3+2x5-x4-7x%+2=0

x3-19x*+2x3+5x?+11=0

X2+9X +7x5+5x3+3x=0

x2018+1947x190+15x8+26x5+1=0

Ans: 1. P(x)= 9x%+2x°-x*-7x%+2=0

Sign of co-eff.
changes

P(X W +- -
®, o

> RE

No.of.sing

+

P(-x)1 - -- - J
( Change the sign of odd power
only)

Max.+ve roots = 2
Max.-ve roots = 1

Total real roots_ 3
But total power is 9
Minimum of imaginary roots = 9-
3=6
find the solution if any
2Co0s?x - 9Cos x+4=0
Sin?x-5Sin x+4=0
2C0s?x-9 Cos x+20=0

WML

1. 2 Cos’x —9 Cos x +4 =0
PutCosx=t 2t>-9t+4=0
(t-5) (t-4) = 0

t=% t=4
Cos x=4
(Impossible)
t= 1%
Cosx=%

Cos x=Cos /3
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X = 2nw+7/3

State and prove Complex conjucate root
theorem

(Theorem 3.2 in book)
l. Find the sum of squares of the
roots of the following:

1. ax* +bx 3+cx?+dx+e =0

2. 2x%-8x3+6x2-3=0

(1) ax*+hx3+cx?+dx+e = 0
Let the roots : o, B, v, 0
Sum of the squares of roots
e (T B
2(afroaytad+PatPy+Py+potyd)
B2y %= (21)? — 2 (Z2)

= (-b/a)? — 2 (c/a)

=t -2
B2 A
=  b%2ac

a2

Solve :
x3-3x%-33x+35 = 0
2x3-9x?+10x =3
8x3-2x2-7x+3 =0
2x3+11x2-9x-18=0
x3-5x2-4x+20=0
2x3+3x%+2x+3=0
x*-9x2+20=0
x*-14x°+45=0

NG~ wWNE

Note:

* If sum of the co-eff.is Zero 1 is the
root

*Co-eff. odd power=co-eff. Even
power -1 is a root

*|f x*, x? are the only co-eff. sub. x?=t
1) x3-3x2-33x+35=0
Sum of co-eff: 1-3-33+35=0
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11 -3 -33 35
0 1 -2 -35
1 -2 35 0

Remaining factor: x?-2x-35=0
(X-7) (x+5) =0

35 X=7,-5
RN
-7 +5
.. rootsare: 1,7,-5

II. Ifar B (Or) a,B,y are the root
of the equation whose roots are
given against them. Equation 1.
X3+2x%+3x+4=0

2. X3+2x2+3x+4=0 New roots:
3. X3+2x%+3x+4=0 -a, -
B’ =Y
4. 17x%+43x-73=0 2a,
2B, 2y
5. 2x2-7x+13=0 1/a.,
1/B, 1/y
ot+2,
B+2
o,
BZ
1) x3+2x%+3x+4=0
Given roots New roots
atpty=-2 |Z1= o P —
Y
=-(a+p+y)
= (-2) =2
o B+ py+tyd=3 Xo=apt+ B
(ARC
=3
aBy=-4 23= (-a) (-B)
(-v)
=4

The required equation
X3- T1x%+ ToX — ¥3=0
x3-2x%+3x-4 =0
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V. Obtain the condition:

1. The root of x3+px?+qx+r = 0 are in
AP

2. The roots of ax®+bx?+cx+d=0 are
inG.P

3. The roots of x3+px?+qx+r=0 are in
H.P

4. Solve:9x3-36x°+44x-16=0  roots
are in A.P

5. Solve 3x3-26x2+52x-24=0 roots
are in G.P

Note: In A.P, take the roots as a —d, o,
o+d

In G.P take the roots as o/t , o, ot

In H.P reverse the co-efficient of given
equation and use A.P. roots

3. x3+px%+gx+r=0 here the roots are
in H.P Reverse the co-efficient
rx3+qx>+px+1=0 its roots are in
A.P
roots are o-d, o, o+d sum of roots
a-d+ta+atd =-q/r
3a=-g/r

SubinnE+gx? +px+1=0

() + o) 2 () #2120

3

_ 3
T+ L Pi1=0
27r2  9r?2  3r

Multiply by 27r?

-0° + 30— 9par + 27r> =0

2g® + 27r% = 9pgr
1).S.T2x*-6x+7=0

Cannot have real roots

2). X2+ 2(k+2) x + 9k =0

Has real and equal roots find k

3). Discuss the nature of the root of

2x% + kx + k=0 in terms of K
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4). Discuss the nature of the roots of
4x% +4px +p +2=0interms of P

5). S.T if P,Q,R are rational the roots of
X?-2px + p?—q®+2qr—-r?=0are
Rationals

Note

= b? - 4ac = 0 roots are real and
equal

= If b? — 4ac > 0 roots are real and
different

=> If b2 — 4ac< 0 roots are imaginary.

1).2x2 —6x+7=0

b2— 4ac = 36 — 4(2) (7)
=36-56=-20<0
:: The roots are imaginary

From the equation to find a number
such that when its cube root is added

to it, the result is 6

1
X+x3=6

1
x3=6-—x=>(x?)3%=(6-x)°

;2 X =216 — 3(6%)x + 3(6) (x?) —x3

OE 1N Gend ©duQlésibh Bdpbrd 5 Ahdiler Ké Tl GUE E il D [Peid4stl aniid@ finail donC O 1M



https://www.Padasalai.Net/
https://www.padasalai.net/

www.PadpiglaDen sty collectionsontt. blogsp atvehyese-Com

X =216 —-108 x + 18x* — x°
X3 - 18x% + 109x — 216 =0
5 Marks
1). If 2 + i, 3-v/2 are roots of

X8 — 13x° + 62x* — 1263 + 65%2 +

127x -140=0

X8 -13x° + 62x* — 126x3 + 65X% + 127X

—-140=0

roots are:

2+i0,2-10,3-V2, 3+v2, o, P

Sum of roots

2+2+3+3+a+p=13
a+p =3

Product of roots

2+D)2-D)B/2) B+/2)ap=-

140
(4+1) (9—2) of = -140

35 off = -140

—140
W=
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ap =-4

Two numbers whose product is — 4 and

sum is 3 are -1, 4

:: The roots are

+i)(2-) B3-V2)(B3+/2)-1,4

Solve :

1). (x-2) (x-7) (x-3) (x+2) +19=0

2). (2x -3) (6x -1) (3x — 2) (x-2) -7=0

3). (x-5) (X-7) (x+6) (x+4) = 504

4). (2x-1) (x+3) (x-2) (2x+3) +20 =0

5). (x-4) (x-7) (x-2) (x+1) = 16

1). (x-2) (x-7) (x-3) (x+2) +19=0

Re arrange them

[(x-2) (x-3)] [(x-7) (x+2)] +19 =0

[X2—5x + 6] [ X2 —5x—14] +19=0

X?-5x =t

(t+6) (t-14) + 19= 0
t?-8t—-84+19=0

t?-8t-65=0
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(t-13) (t+5) =0

t=13,-5

x2 —5x =13 X2 —5x=-5

X2 -5x—13=0 X2_5x +5

=0
5+ .,/25-4(-13)
2(1)

5+ /25-4(1)(5)

- 2(1)

X=

_ 5+v25+52 _ 5+v25-20
2 2

_ 5+V77 _5+V5
2 2

:> The root are The root are

3). Solve 6x* —5x° — 38x%? — 5x + 6 =0
If one root is %

6x* —5x° - 38x>—-5x+6=0isa

reciprocal equation

e 1 -
if Sisa root 3 also root

6 -5 -38-5 6

w =
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0 2 -1 -13 -6

6

3 6 -3 -39 -18

0 18 45 18

0

6 15 6
;2 remaining factor :

6x*> +15x+6=10

x (c+2) (x+
12
6

o |lw

e 2Y- -
:: Roots are 3, 3, -2, =

3 2
4).solve 6x* — 35x° + 62x% -35x + 6 = 0

Last constant term is 6

.. by verification we can find out 2 is a

root

It is reciprocal equation
1.
s also a root

6 -35 62 -35 6

210 12 -46 32 -6

0

6 -23 16 -3
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Remaining factor 6x? — 20x +6 =0

36 (3-9) (x-3)=0

;2 roots 2,1;%,3
5). X* - 10x3 + 26x2 -10x + 1 = 0 solve
+x2:x2—10x+26-§+x—12:0
(¢ +=5)—10 (X +-) +26 =0
X+==t =>x+ - =t-2
(t?-2)-10t+26=0

T t2-10t+24=0

(t-6) (t-4) =0

X+==6 X+—=4
X X

X?+1=6X X2 +1=4x

X?2-6x+1=0 x?—-4x+1=0
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6+\36—4 _4+V16-4
X= 2 =
6132 _4+\12
T2 T2
6142 44243
T2 T2
=3+2V2 =2++3

6). (1 + 2i), V3 are the roots of
X® — 3x% — 5x* + 22x3 -39x% -39x + 135
=0

Find the others roots.

Roots : (1+ 2i), (1-2i), V3, V3, a, B

Sum ofroots : 1+ 1+a+p=3
a+B=1

product of roots:

(1+2i) (1-2i) (V3), (-V3) (ap) = 135

(1+4) (-3)  ap =135
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remaining factor :
X2 —(a+PB)x+ap+0
x2-1x -9 =0

1+,/1-4 (-9)

2

X =

1++/37
X = —T‘/_ :: The roots are

(1+2i), (1-2i), V3, —V3, 257

2

7). If the one root of is twice the sum of
the other two roots, find K and solve

233 —6x2+3x+ k=0

Let the roots a, B, v

o+ +y =§ one root is twice the sum
a+% =3 of other two
0= a=2(B+)
=2 ~=B+y
aB+BY+va=§ 1=B+y
3 -k
a(Bty) + Py =3 afy =—
k_3 4
2(1) -5 =3 2(By) =~
3_R — i
2-5_4 By 4
1_k
T4
K=2
_2_1
Py=—=5

:: remaining factor:

Xyt Py =0
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X—1x-1=0
2
2x2 —2x-1=0

x=2+ /4 —4(2)(=1)/2(2)

_ 42412 _ 424243

> X=

1+ /3
2

Roots : 2,
Solve : 3x% — 16x2 + 23x — 6 =0

If the product of two roots is 1
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4. INVERSE TRIGNOMETRIC
FUNCTIONS

1. TWO MARK
1.find the value of sint  (sin(57/6))
sin  (sin(5m/6))= sin? (sin(r- i /6))
=sin? ( sinmt/ 6)
= /6 ...m/ 6.€[-m /2, ml2]
2. find the value of

sin? (sin(5 7 /9 cos 7 /9 +cos 51 /9 sin 7
/9

sol : sin! sin((5m /9+ m /9))
=sint (sin6m /9)
=sint (sin2m /3)
=sin (sin( 7 - 7 /3))
=sint (sinm /3)
=m/3
3. Find the value of cos(1/2) +sin * (-1)

Sol: cos}(1/2) +sint (-1) =m /3 -1 /2

_2m-3m

T 6

=-1/6
4. Find the value of sec * ( - %)
Sol:let, sec * ( -ZT‘/S’) =0

2
SecO—\/3

0 €0, ] \{m/2}
we have,

cos 0 =-+3/2 or sec 0 =- 2\/3

then, cos 5 /6 = -V/3/2
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now, =5 /6
sec™t (-2V3/3) =57 /6

5.Prove that tant =+ tan ' —=tan .
11 24 2

2,7
- -1 11 24
11/ 24
48+77
— -1 264
= tan 264—14
264

= tan"! (125/250)

=tan'! (1/2)

tan ! (2/11) + tan ! (7/24) = tan"* (1/2)
Hence the proved.

I.THREE MARK

Find the domain of sin( 2 - 3x?)

1. Sol : Range of sin™ (x) is [-1,1]

-1<2-3x* < 1
Add -2- -3<3x’<-1
-3<-3%%thenx* <1 (1)
-3x2 <-1thenx?>1/3_ (2)
From equations (1) and (2 )we
have get,
113 <x* <1
Then1V/3 < Ix 1 <1
Sincea< Ix1 <,
implies x €[-b,-a] U[a,b]
combining the equations (1) and
)
X € [-1,-1//3] U[13,1]

_1x2+1

2. Find the domain of f(x) =sin »

Sol : range of si"* x is [-1,1]
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Multiply by 2x I11. FIVE MARK
XX AL < 2X | X —2x+1 < 1) If a1, a.... an is an arithmetic
0 progression with common
difference d prove that,
0< X2 +1 + 2x (x-1?%<0
tan [ tan'l(ﬁ) + tant
0<(x+1)2 x-1<0 4 !
( )t o + tan
1+aqzas
0< x+1 x=1 ( d )_an—al)
1+anan—1 1+aja
_ Proof:-
X - '-1 ) _1 _ _1 az—al
solution is {-1,1} tan™(——) =tan"(—)

1. Find the domain of f(x)=sin ** x +
cos? x
Sol : range of sin * (x) is [-1,1]

Range of cos? (x) is [-1,1]

Then-1<x<1
X €[-1,1]

2. Find the domain tan*(v9 — x2)
Soln:
9-x*>0
9 >x
x2<9
X <+£3
domain[-3,3]

3. tan-x +tan-ly + tan-!z show that
X+Y+Z =Xyz
proof: tan-1 x + tan-t y+ tan-! z =
VA

1 Xtytz—xyz —
[1—xy—yz—zx ] n

tan

~tanTt=0
X+y+z—xyz

=tanm
1-xy—-yz—2zx

xX+y+z-xyz _

1-xy—-yz—zx
X+y+z-xyz =0

X +y+z = Xyz
Hence the proved.
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1+aqa, 1+aqa;

tanta-ant ar >

1 ly,

d
1+aja

tan™( ) = tant(==2)
3

1+ ai1as
tantas-tan™t ay ...
52

Continuing:-

i, a
)

- AnQn—
tant(—22=1-
1+an_1an

tan™ an- tant an-1--—
53

Adding equations 1, 2 and 3 We
get

=tanta, -tant a1

Then,
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tan [tan™ ((1 o )+
1 d
tan’ (1+a2a3-+ """" _F(1+ana _1))
= tan [tan™ a, -tan™ ai]
= tan [tan” 1(ﬂ)
n—-al
anp—al
B (1+a1a2)
Hence the proved.
2.slove tan‘l(x—:;) +
tan‘l(ﬂ) =
I1/4
A XL 258 HEL el
tan [(x—z) (x+2)/1 ( )(x+2
y=I1/4
X2+X—2X—2+X2—X+2X—2
)?22—_)?+x—1 = tan(Il/4)
1 s
2x%-4
=1
-3
2x2-4=-3
2x% =1
X% =1/2
X=+ 1//2
. inl X\ —
3. slove : cos (sin (m)
Sin{cot!3/4}
. -1 X =
Sol: we know sin Newwe
-1 1
cos 1+x2
-1 X _ -1 1
cos(sin Tz —C0S (cos N
=
e
Let us cot™ 3/4 =0
cot 6=3/4

0 is active angle then
sin {cot™1(3/4)} = 4/5 ------ 2
From equation 1and 2 equal
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1
Vi) T

V1 + x2=5/4

1+x? =25/16

x2=25/16 -1

x? =25-16 /16
=9/16

x=1 ¥

4. Prove that , tanx+ tany+ tan'z =

tan'l[lx";y;%] Proof:-

tanx+ tan™y+ tan'z =
tan 2+ tanz
1-xy

X+y

— panlp 1oxy
=tan [1_(x+y )Z]

1-Xy

X+y+z—Xxyz
= tan-l o [(1—x;:§i—zx)l

1—xy

= tan [ X+Y+Z—-XYZ ]

(1-XY-YZ-Zx)

Hence the proved

5 .slove :2 tan1 x = cos

1+a2
>0,b>
cos™ 7 b2 ,a 0,b>0
Sol:
g _1 1-%?
2 tan™ x =cos ™. —
1+x

2tant x=2tanta-2tan'b

=2[tan! a - tant b]

=2 tant(2=2)

1+ab

a-b

1+ab
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5. TWO DIMENSIONAL
ANALYTICAL GEOMENTRY-II

2 MARKS :

1) Find the equation of the circle with
centre (2,-1) and passing through the
point (3,6) in standard form.

wn

oln:

Centre : (h,k) =(2,-1)

Equation of circle (x-h)? + (y-k)?= r?
L (x-2)2+ (Y +1)2 =R
It passes through (3,6):
s (322 + (6+1)2 = 12

12477 =12
1+49 =r?

r’=50
@—(x-2)*+ (y+1)* = 50

2)Find the general equation of the circle
whose diameter is the line segment
joining the points

(-4,-2) and (1,1).

Soln:

Equation of the circle with end points
of the diameter as (x1,y1) and (X2,Y2) is,

(X-X1) (X-X2) +

(y-y1) (y-y2) =0 [Theorem 5.2]
(x+4) (x-1)
+(y+2) (y-1)=0
X2+ 4x -x
-4 +y*42y-y-2=0
XZ

+y?+3x +y -6 =0

—This is the required
equation of circle.
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3) Find the equation of the parabola
with vertex (-1,-2), axis parallel to y —
axis and passing through (3 ,6).

Soln:

Axis parallel to y-axis ,the equation
of parabola is

(x+1)% =4a (x+2)—D
It passes through (3,6)
D— (3+1)? =4a (6+2)
4? =4a (8)
16=32a

_16

a=
32

1
_)a:—
2

@D— (x+1)2=4(3) (v +2)
X2+2x+1=2y+4
XZ+2x-2y-3=0

4) Find the equation of the ellipse with
foci( +3,0), e =7 .

Saln:

As per given condition the major
axis is along x-axis

22 =1 ®
CF=ae=3 —a(=)=3
a=6
a*=36
b?=a%(1 —e?)
=36(1 - ;)

=36(2) =27 => b?=27

2 2
O-5+5 =1
36 27
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5) Find the vertices ,foci for the
hyperbola 9x2-16 y? = 144

Soln :

Reducing 9x2 —16y2 = 144
to the standard form, we have

x2_y2 _q
16 9
[ +byl44]
a°=16, b’=16 =>a=4,b=3

with the transverse axis is along x-
axis, the vertices are (-4,0) and (4 ,0) and

c’=a?+bh® =16 +9=25
= ¢=25

Hence, the faci are (-5,0)

and (5, 0).

3 MARKS

1) Find the equation of the circle
described on the chords 3x +y + 5 =0 of
the circle x* + y?=16 as diameter.

Soln:

Equation of the circle passing
through the points of intersection of the
chords and circle is

X2+y2-16+A(3x +y+5) =0
[ by Theorem5.11]

The chord 3x+y+5=0isa
diameter of this circle if the centre (_73’1,

_7’1 ) lies on the chord.

So,wehave3(_73’1 ) - % +5=0
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= =1
The required equations are ,
X?+y?%-16+1(3X +
y+5)=0
X2+y2+3x+y-
11=0
2) Find the equation of the circle passing
through the points (1,1),(2,-1) and (3,2) .
Soln:

General equation : X%+ y? + 2gx +

2y +c=0—->Q)
It passes through (1,1), (2,1) and (3,2)

(1.1) => (1)* + (1)*+ 29(1) + 2f(1) + c =
0

29+ 2f+c=-

2 -@

(2-1) => (2 + (-1)*+ 29(2) + 2f(-1) + ¢
=0

49 -2f+c= -
5 —>@
(3,2) = (3)*+ (2)° + 29(3) + 2f(2) +c = 0
6g +4f + c = -
13 -®
@-®=> -2g+4=3-0
@-3) => 29+6f=-8 ()
® +® => 0+10f=-5
f==
2
subt:
f:%lin@,weget

29-3=-8
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29 = -8+3
- g==
Subt the value of fand g in (2)
2(5)+2( 5 )e=-2
5-1+c=-2
C=4

Thus required equation of the circle is x2 +
Y+2) X +2(5 )y +4=0

X2+ y?+5x-y+4=0

3) Find centre,foci,vertices and
directrices of ellipse (;—:) +(y72) =1
Soln:

G+ =1

ae:5*§:4 =>ae=4
i)centre : (0,0)

ii)Foci : (+ae,0) = (+4,0)
iii)vertices : (+a, 0) = (£5,0)

iv)Directrices: x=  +

o |Q
1
+
|

25
= i—
4
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4) Find the equations of tangent to the
hyperbola (f—:) +(:—:) = 1 which are
parallel to 10x — 3y + 9 =0.

Soln:

(Zy+Zy=1 =>a’=16,

b?=64
Slop of the line 10x -3y +9=0.1Is
-3y =-10x -9
—10x

Y = -
-3

9

(3)
_ 10
slop m=—

Equation of tangents are

y=mx ++va2m2 — b2

=10, 4 (16022
= 2xt [16(5) — 64

_ 10 1600—-576
X

3y = 10x + 32
10x -3y +32=0

5) If the normal point ‘t1’ on the parabola
y? =4ax meets the parabola again at the

point ‘t2’then prove that t,= -(t; + é ).

w

oln:
(ati?, 2aty) equations of the normal
y+xti=at?d 2at
L y—2at;=-xt;+at;®

Y —2at;=-t1 (X — at12)
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Parabola passes through (a t?, 2at2)
2atz;-2at1 = -ti(at?, ati?)
2a( t2- t1) = -aty (t2?- t:?)
2a(t2-t1) = -aty (2 + ty) (t2- to)

2= -t (t2+ t1)

-2
+t ==
o+t ”

- 2
to=-t1- >

— | ]
to= (t1+t2).

Hence proved.

5 MARKS

1) Find the foci,vertices and length of
the major and minor axis of the conic
4x2+36 y>+40x-288y +532 = 0.

Soln:
Completing the square on X & y

4x2+36 y?+40x-288y +532 =

A(x?+10x) + 36 (y*-8y) = - 532

4(x?+ 10x + 5% — 52) + 36(y?*-
8y + 42— 4?) = -532

4] (x+5)2-25 ] + 36 [(y — 4)2-
16] = - 532

A(x+5)2 + 36 (y — 4)2= - 532+
100 + 576

= (x+5)2 + (y-4)2 -1
36 4
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a’=36,b’=4

This is an ellipse major axis is parallel to
X-axis.

Centre: x+5=0 y-4=0
x=-5 y=4
C(-5,4) = (h,k)

Vertices : (h +a,k)
=(-5+6,4),(-5-6,4)
=(14) ,(-114)

Foci: (h +ck)

=(-5-47/2 4), (-5+4V2, 4)
Where ;
C2 = 22+?
=36-4
=32
C=+32 = 14V2
Length of major axis = 2a = 2(6) = 12 units

Length of minor axis = 2b = 2(2) = 4 units

2) A semielliptical arch way over a one-
way road road has a height of 3m and a
width of 12m. Thetruck has a width of
3m and a height of 2.7m will the truck
clear the opening of the archway?

Soln:
From the diagram

a=6.,b=3
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» the equation of the ellipse is
() +(5)=1

- @

» The edge of th 3m wide truck
corresponding to x =1.5m from
centre.

D- P +EGH=1

y2 —_
) =1
_(3/326)2)
Y2 = 9( 1 -
(=-))
= 9
9(135) | _ , 135
( 144 )=( 16 )
5
=G
S ( 1262 )
=290

Thus the height of archway
1.5m from the centre is 2.90 mapprox.
So,the truck will clear the archway.

3) parabolic of a 60 m portion of the
roadbed of a suspension bridge are
positioned as shown in figure .vertical
cables are to be spaced every 6m along
this position of the roadbed .calculate
the length of first two of these vertical
cables from the vertex.

Soln :

Vertex=(h, k)
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=(0,3)
The equation of the parabola
(x —h) 2= 4a (y-k)

X? = 4a (y-3) -Q@
[subt. Point (0,3)]

It passes through (30,16)
302=4a (16 -3)
=4a (13)

30«30

&= (.5 ) -

D— 2=4(—=2)(y-3)

4x13

=, 30%30

X (=) (y-3) -®

i) If x=6 ,then

@— 36=(52) (v-3)

36+13

(V-3) = (2) = (=) =052
Y =3+0.52
Y=352m

i)lf x=12 ,then

30%30

®— 144= () (-3)

144413 _ 208 _
30+30 ) _(100) -

y-3)= (
2.08

Y =3 +2.08
Y =5.08m

The length of he cables are 5.08m and
3.52m.
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4) Cross section of a nuclear cooling
tower is in the shape of a hyperbola with

x2 2 .

a02) “JW) = 1. This
tower is 150m tall and the distance from
the top of the tower to the centre of the
hyperbola is half the distance from the
base of the tower to the center of the
hyperbola.Find the diameter of the top

and base of the tower.

the equation(

Soln:
Given :
p+2p =150
3p =150
P=50
» Distance from the top of the
tower to the centre = 50 m.
» Distance from the base of the
tower to the centre = 100m.
X2 y2 -
((30)2) +((44)2) -
1 —>®
i) if y =50, then

X2 y2 A A
®_) ((30)2) +((44)2) »1 =

_ (50)2
)=1+(02 )

x2

((30)2

X2 \ _ 2500 _
((30)2) =1 +( 1936 ) =
4436

(jﬁigr) =2.291

= x2=30%%2.291

= x=30V2.291 = 30*
(2.4839)

= x=74.51m

i) if y = 100, then
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x2 (100)2 | _ _
@_) ((30)2) *( (44)2 ) =1 =

x2 | _ 10000
((30)2 )=1+( 1936 )

2 11936

)=( 1936 )=6.17

((398)2
x?=302 *6.17
x =30v6.17 = 30 * (2.4839)
X = 74.51m
The diameter of the top = 45.41m

The diameter of the base = 74.51m.

5) point A and point B are 10 km apart
and it is determined from the sound of
the explosion heard at those points at
different times that the location of the
explosion is 6km closer to A than B
shows that the location if the explosion
is restricted to a particular curve and
find an equation of it.

Saln:
Sp—sp=6 =>2a=6
a=3
a?=9
Midpoint of ss’ is ¢ (0,0)

Then equation

"—2—%=1 NG

a2

cs=5=>ae=5
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b2 = a2(e?-1)
=9(3 1)
=9(%)
b?= 16
O poEe

This is a hyperbola.
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6. VECTOR ALGEBRA
2 MARKS

1). Find the Cartesian equation if a line
passing through the points A(2, -1, 3)
and B(4,2,1)

Sol.
X1 = 2»3’1 = _1,Z1: 3
Xz = 4‘,y2 = 2,Z2 = 1
X—Xq - Y—V1 — Z—2Z1
X2—=X1 Y2=V1 Z2—Z1

w

x=2 _y—(=1) _z-
T 2-(-1) 1-3

S
N

x—2 _y+1 _z-3
2 3 -2

2). If the plane —. (/\ + -+ —>> =7
r 2j 3k

and

—>.<—g +- - —>> =26 are
r \Ai 2j 7k

perpendicular. Find the value of A.

Sol.
—)_(—) +—>+—->) =7,
r i 2j 3k

_)

ni

—)_(—)+—>——->):26
r\A 2j 7k

_)
na

Perpendicular —. - =0
ng Nz

(+p+3) (G -7)=0
M 4-21=0

A—-17=0, =17
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3). Find the acute angle between the
ing line XX4 = ¥=7 _#+5
following line s T T 5

—>=4k+t(—>—>+—>)
r 2i+j  k

2> =5 4-54 -

b 3i 4j 5k d 2 j k
Sol.
c0S6 = va _ (3i+4j+5k) (2i+j+k)
||| V3ZHaZes? VaZiizer
6+4+5
VO+16+25vV4+1+1
15 15

T VE0VE  ¥Zve

__3  _33

Va3 3
O=cos™! (?)
0=

4). For any vector — prove that
a

—>*(—>*—>)+—)*(—>*—>) +— (—)*—)
i a i j a j k \a k

)
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5). Show that the points (2,3,4), (-1,4,5)
and (8,1,2) are collinear, can it passing
through 2 points.

X=X1 _Y=V1 _ Z7Z1

X2—Xq Y2=V1 22771

x-2 _y-3 _z-4
-1-2  4-3  5-4
X—2 _y-3 _z=4 =
= - —sub (x,y,2) = (8,1,2)
|:> E:E:ﬂ
-3 1 1
L=2=2
-3
—2 = —-2= —2=> itiscollinear
Partc

1). Prove by vector method that
sin (a+p) = sina cosP + cosa sinf

Sol.

Let o= —
a 0OA

=
b

OB

- =coso— +sina -
a i j

— =C0S f3— +sinf -
b i j

- - -
i j k

e — Qi
P cos sinf 0
cosa sSina 0

—— = - (sina cos B + cos a sinf) ---(1)
bx a k

pg. 35 MATHS/12™ /CEO TIRUVALLUR/EM

pemlzllelsne@pp —o

sum (1) and (2)
sin (o +f) = sina cosP + cosa sinf

2). Find the shortest distance between
the 2 given lines

= (—>+—>+—>)+t(——>+—>——>)

r 20 3j 4k 20 2k
x-3 z+1
and ==X =Z—
2 -1 2
e e o B e s i el
a 2i 3j 4k b 20 j 2k

- =5 =, S>=o —5+ -
c i 2k d 21 j 2k

— is parallel to —»
b a

S =E — D — D — 5 — >
c a 3i 2k 2 3j 4k
D —= -5 — >
c a i 3j 6k
wq=le2)
5
- - -
i j k
(-2)*>=11 -3 -6
-2 1 =2
=4 D -
12i 14j 5k
2| = v+ 7+ -2
=V4+1+4 =9 =3
=t T s

d=

3

_ /144+196+25 _ /365
3 3

3). Prove by vector method that the
Area of quadrilateral ABCD having

diagonal AC and BD is %2 |A—C>*B—>D|

Sol.
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Area of Quadrilateral ABCD R et e e e T s
i 2j 3k 21 4j 8k
= Area of [ A ABC + A ACD] TN
v 3i 6j 11k
=Y (ox—>) + - (—>*—>)
AB AC® 2 “AC AD Part ¢ 3 marks
=Ve(=ox0) + 7 (A_Z*Z;) 1). Find the Area of the triangle whose
vertices are A(3, -1, 2) B(Z, -1, -3) and
=V o (-t D) c(4,-3,1)
=Y —x (—> + —>) Sol.
AC
1/2(A—C>*E)>) 0_>A=;i>_7+2_k)’0_3)=_i>_7_3_k)’
Area of quadrilateral ABCD = % |—>*—>| o B
AC BD
4). Find the image of the point B oAl GTm at7T
o= — >
-+ = + = in the plane A K N
i 2j 3k

> (> +o5+-)=38 AC OoC 0A 4i 3j k 30
i 2 4k N |

Sol.

Area of A = = |—x—
S>=o+>5+>, 5=>+>5+—> p=38 214aB AcC
u i 2j 3k n i j

The vector of the image

- -
j k
-l a2 0 5
I
==>(0-10)—(2+5 +- (4-0)
i j
22ECrzt (2424 2)
vV u 2 = —
j J E 7—]>,+Z;
=1+4+12=17

el =V (102 + (=7 +(4)

2
S = ()2 +(2)2+ (4)2
|n| W7+ @7+ @ =+/100 + 49 + 16 =165

=1+4+16 =21
Area of triangle = %2 /165 sg.units

->+-o+—)+ 2| (38-17) (2+2+—
_ Gt (@817 o) 2). Let —,—, — be unit vector
21

sl

(+=2+—
l 2] k)
21

= (—>+—>+—>)+2(21)
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—» ——>= - —— =0 and the angle T 7 %
a b a c i 1
between — and — is =. Prove that S B B

b c 6 b d 2 12
> = +2(—>% o) 1 1 1
a b c 6

i 12 12 j 6 12 k

Given ».»= - > =0 =>-1-> l)

a b a ¢ a b 2
and - 1—

a c 2 3 1

DxDI=— 0 —— >+ - >
b ¢ 12§ 12 2k
=>->lrto

. —>*—>—l—>—l—>+l—>
(?and?)=> ?and?areparallel e e T a7 2%

72 [5l[7]since Cre)

_ . — (s — %, _ 1
—*>= 1*1 sing - G-+t DG2 otz
—>*—>:l—> =£+£+1—:l+1
b ¢ 2 qa 6 4 2 6
- =2(—> *>) :Z¢0 hence it is shown
a b ¢ 6
5 Marks Mo +o+ >, >—o+9)

2i 3j k i 2j 2k
1). Show that x + 1 = 2y = -12z and st T 7 t32) arecoplanar
X = y+2 = 62z-6 are show lines Sol.
Sol. S=(0+-o4+ -
a 2i 3j k
x+1 _ X+l _y _ z
T Cy=E-lz=am=r==(D) S>=(>—2+ )
2 12 b i 2j 2k
X_YtZ 426 _ vtz Wz-1 - =
1 1 1 1 1 2 ) 7_(3_L>+7+3_I-c))
S=—0 Coplanar —» (= *=) =0
a i a b c
_ 1 2 3 1
?_7+27 127) —>(;>*—>):1 -2 2
¢ 13 1 3
2j kK = 2(-6-2) -3(3-6) + 1( 1+6)
1
i S = 2(-8) -3(-3) + 1(7)
S —o= -9+ o534+ o0=>5— 54+ > =-16+9+7
c d 2j k@ i 2j Kk

=0 : Itis coplanar
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3). Find the two parameter sum of
vector can if the plane follow through

(2,3,6) and parallel to x;lzy“;_lz

-3
= and
1
2 -5 -3
Non parameter can(— — —) * (—>*—>) =
r a b ¢
0

S>=(=2+=24+-)
a 21 3j 6k

;):(—>+—>+—>

21 3j k
2GR
- - -
i Jj k
(>*2)=]2 3 1
2 -5 -3

== (=9+5) —?(-6-2) +>(=10-6)

=4+ -o——)
4i 8 16k

G-+ (32) =G Gt

6—;)) .(—Z+8—]>_—§c>) 50
7'(_Z+s_])'_§c)) -(—8+24-96)
50

-4x +8y — 16z = -80
+hy—-4=>x+2y+4z=20
X-2y+4z-20=0

4). Find the parameter forum of vector
equation and Cartesian equation the
plane following through the points (2, 2,
1), (9,3,6) and perpendicular to the
plane 2x + 6y +6z2=9

Sol.
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S>=(=2+->+-
20 2j  k

S>=(=2+-2+4+-)
b 9 3j 6k

S>=(=2+-24+-)
c 20 6] 6k

Vector equation :

>=(1-s)>+s>+t->
T a b c

?=(1—s)(;i>+2—]>,+;>)+s(;i>+3—}>,+

2)tt(=2+=2+ )

6k 21 6j 6k

Cartesian equation =

X—=X1 Y=Y Z—2

Xp—=X1 Y2—Y1 Z2—2Z1|=0
€1 C2 C3

X 2\ 21
9-2 3-2 6-1|=0

2 6 6
-2 9%W—-2 z—-1

7 1 5 | =0

2 6 6

(x-2) (6-30) — (y-2) (42-10) + (z-1) (42-2)
=0

(x-2) (-24) — (y-2) (32) + (z-1) (40) =0
-24x + 48 — 32y + 64 + 402 -40=0
+hby -8=>3x+4y-52-9=0

5). Prove by vector method that the
perpendicular form of vector to the
opposite scale of a triangle area
concurrent

Sol.
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=
oc c

- 1lrto—»= - 1r—
AD BC 04 BC

=> —)*(—)——)):O

a c b

(22)Gr)=0 ~0

- 1lrto-»>=>— 1r—
BE CA OB CA

=> —)*(—)——)):O

b a c

()~ () =0 -@

a b b ¢

W) +@=>(>:2) = (3+2) =0

b ¢

(2)-(3-7)=0

— 1rto —
oc BA

- 1lrto—
CF BA

- All the altitude are concurrent
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7. APPLICATIONS OF
DIFFERENTIALCALCULUS

TWO MARKS

1). A particle moves so that the distance
moved is according to the law

s(t) = ? — t2+3. At what time the velocity
and acceleration are zero respectively ?

sol.
S(t) = 2> - 2 +3

3t2

Vi) ==~ 2t

A: S(t) =2t 2

S (t)=0=)t?-2t=0
t(t-2) =0

t=0,t=2

: Velocity is zeroatt =0, 2
S"()=0=)2t-2=0
2t=2,t=1

Acceleration is zero att = 1

2) Find the tangent and normal to the
curve

Y =x*+2eXat (0,2

d
2 = 43 + 2¢?
dx

M = (22) (0,2), =4(0) + 2¢?
M=0+2(1)

M=2

Equation of tangent at (0,2)

y-y1 = m(X-x,)

pg. 40 MATHS/12™ /CEO TIRUVALLUR/EM

y-2 = 2 (x-0)
y-2 = 2X
=)2x-y+2=0

Equation of normal at (0,2)
1
Y-y = (X-x1)
1
y-2 = (x-0)

2(y-2)=-1(x)
2y —4 =-x
X+2y-4=0

3). Show that the value in the conclusion
of the mean value theorem for f(x) = i on
a closed interval of positive numbers a,b

isvab

F(x) is continuous in (a,b) and
differentiable in (a,b) by mean value
theorem, there exist ¢ (a,b) such that

F,(C) — f(b)_f(a) _ (1)

b—a

FO) ==

HF =29 F (0=

(1)=) _é - (E)_(E)

b—a
a N1
-E —E(llb)-(l/a)

= —(a-b/ba)

b—a

iz = ab, c=Vab

(o

4). Find the absolute extrema of the
function f(x) = 3x* — 4x3 on (-1,2)

F(x) = 12x3 - 12x?
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= 12x? (x-1)
F’(x)=0=) 12x3 (x-1) = 0
X=0, x=1
Critical numbers: x = 0,1
F(x) = 3x* — 43
F(0) =3(0) —4(0)=0
F(1) =3(1) - 4(1)=3-4=-1
F(-1) = 3(-1)* - 4(-1)° = 3(1)-4(-1)

=3+4=7
F(2) = 3(2)* 4(2)°
=3(16)-4(8)
=48 -32 =16
Absolute maximum is 16
Absolute minimum is -1

5). Find the asymptote of the curve

_ x2
f(x) Tx2-1
x?-1=0=) x?-1
x==1

. 1. x2
S

QL
= =—-——=
1-1 0
x2
lim f(x) = lim
x—»—lf( ) x->—1x2—-1
—1)2 1 1
= () - —=- =
(-1)%2-1 1-1 o0

X =1and x =-1 are vertical asymptotes

. . x? 1
lim () = lim % (1- %)

1

=lim —;
x—oo 1—x
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=1

-1
1-0'
~ y =1 is the horizontal asymptote
3 marks

1). Show that the two curves
X2-y?=r?and xy = c?

Where c,r are constant orthogonally
X2-y2 =2

Diff w.r.to x

2x—2y 2 =0

-2y Z—z = -2X

dy  -2x

dx -2y

my = (Z_z)(xL}ﬁ) :;C,_i

Let(x1,yl)be the point of intersection

Xy =¢?
2
c
Y=—
x
dy _ —c?
dx  x2

_—c* _ — .2
-z =)x1y1 =€
myMa= 1
The given curves cut orthogonally

2). Expand log (1+x) as a maclaurins
series upto 4 non zero terms for -1<x<1
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Log(1+x) Values at
And its X=0
derivatives
F(x) Log(1+x) Logl1=0
F’(x) 1 1
1+0
1+ x
F’(x) -1 = -1
a0z |
F”’(x) CD(2)_ 2 2 _
(1+x)3  (1+x)3 | (1+0)3
Fl"(X) 2(-3)_ -6 -6 __
(1+x)* (1+4)* (1+0)*

Maclaurins series
(x) = f(0) + 2P0+ (0)+..

y x x2 x3 x*
log (1+x) = 0 + Z(1)+ (- D)+ (D) +;(-

6)+..

x x?  2x3 6x*

1 1%2  1%2%3 1%2%3%4

x?  x3 x*
+ = -t — -—+
Log (1+x) = x St T T

3) Evaluation :lim (sinx)"™*
xX—-=

Let g(x) = (sinx)ten*
Log g(x) = log (sinx)tenx
=tan x. log (sin x)

log(sinx)

Log g(x) =

cotx

. _ 1. log(sinx) 0
Ll_rg logg(x)—}cl_rg e (O)form
2 2

Applying L Hospital rule

1
cosx

—1: sinx’
—11rr71t—2
X7 —cosecg

=lim(—cosx sinx)
x>
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T . T
=-C0S—sIn—
2 2

lirr%logg(X) =-(0)(1)

=0

Log [lin}T gx)

S
*73

limg(x)=e0 =1
xX—>=
2

4). Find two positive numbers whose
sum is 12 and their product is maximum

Let the numbers be x,y
Sum =12

X+y =12

Y =12-x

Product A =XY

A = x(12-x)

A(X) = 12x — x?

A’(x) = 12 -2x
A’(x)=-2

For maximum, A’(x) =0

= 12-2x=0
-2x =12
X=6

When x=6, A”’(X)=-2<0
A (X) is maximum at n=6
X=6 =>y=12-6,y=6
Required numbers = 6, 6
Maximum value = xy
= (6)(6)
=36

5) Show that there lies point on the
curves

F(X) =x(x+3) e2,3< x < 0
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e f(x) = (x2+3X) ez

P(x) = (2x+3) ez
f(x) is continuous in (-3,0)
and differentiable in (-3,0)

and f(-3) = £ (0) =0 By Rolle’s theorem
there exist ¢ € (-3,0) such that f'(c) =0

“(2c+3) ez =0

2c+3=0, e-g;éo

C=-2=-1.5€-30)

.- At x = -1.5 the tangent is parallel to the
X —axis

5 MARKS

1. If we blow air into a ballon of
spherical shape at a rate of 1000 cm3per
second,at what rate the radius of the
balloon changes when the radious is 7
cm ? also compute the rate at which the
surface area changes.

Let r be the radious of spherical
ballon

4
Volume : v = gnr3

A 1)

dt 3 dt
L = 4 (1)
dt dt

Given : r=7cm, % =1000cm

(1) => 1000 = 4z (7)2 <
dr _ 1000 _ 250
dt  4m(7)2  49m

. . 250
.. Rate of change of radius is Eem/sec

Surface area :: S = 4mr?

pg. 43 MATHS/12™ /CEO TIRUVALLUR/EM

ds dr.
— =4n(2r—)

250
=sn(7) (57)
ds _ 2000
a7

Rate of change of surface area is

2000
Tcmzlsec

2)Find the angle between y=x? and
Y= (x-3)2

Sol

Y=x* -(1)

Y = (x-3)° ~(2)

From (1) And (2)

X? = (x-3)?

X?=x%-6x +9

Y=x2=>y=(3)?=9/4
Intersection point is (3/2), (9/4)

Y =x?

) ) =22)
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m,=-3

Let
0 be the angle between the curves

ml-m2

tanb = |Tmimz

ol
1+(3)(3)

_|3+3
1-9

5
-8
3

tan© =-
4

o= tan'l(Z)

3)For the function f(x) =4x3 + 3x? — 6x +1
find the intervals of monotonicity and
local extreme

F(X) =4x3 +3x>—6x + 1
F’(x) = 12x% + 6X — 6
F'(x) = 6(2x* + X — 1)

F’ (x) =6(x+1) (2x-1)

F(x)=0
= 6(x+1) (2x-1) =0
X=-1lor 2x-1=0
2x=1
X=%

Critical numbers are x =-1, %

Intervals : (-o0, -1), (-1,1/2),(-1/2,00)

monotonicity | Strictly

increasing

Strictly
decreasing

Strictly
increasing

F(x) strictly increasing on (-0,-1),
(1/2,00), strictly decreasing on (-1,1/2)

F’(x) changes from positive to negative
when possing through x = -1

F (x) has local maximum at x = -1
Maximum value = f (-1)

=4 (-3 + 312~ 6(-1)
+1

=4+3+6+1
=6

F’(x) changes from negative to positive
thoughts x = %2

.. T (x) has local minimum at x = %
Local minimum value

= f(1/2)

=4(3)+3() () +1

4() o) 2+

g

3
==-+=--2
2 4

5) A rectangular page is to contain
24cm? of print, The margins at the top
and bottom of the page are 1.5 cm and
the margins at other sides of the page is
1cm. What should be the dimensions of

the page so that the area of the paper
Intervals (-o0,-1) (-1,1/2) (172, 0) ysed is minimum
X=-2 X=0
Sign of 6=t [ (OH=- | (D) =%
f(x)=
6(x+1)(2x-1)
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Let x and y be the length and breadth of 1. Domain : (-00,0)

the printed page
P bag 2.Intercepts :

Length of pole = x +2
Y=0=>x=3,x=-2

Breadth of paper =y + 3
pap y X=0=>y=-6

Area: A=(x+2)(y+3
ber2) v+ 3) X intercepts : (3,0) , (-2,0)

A=XY +3X+2Y +6 _
Y intercepts : = -6

By data, xy = 24
Y 4 3. (x)=2x-1

Y =24/x
F’ (x)=0=>2x-1=0

::A=24+3x+2(2x—4)+6

2x =1
A (X) =3X +=2+30 X =%
, 48 :: Critical point occurs at X = %
A(X)=3-
4 ’(x)=2>0#x
Aaa (X) — (_48)(_2) — % ( ) ;é

Zh 2 : At X = %, f(x) has a local minimum

48
? =()=>3-— =
A'(X)=0=>3-3=0 Minumum value = f(é)

3=3 L (1) g

@ \2
X?=16=>X=4

When x =4, A” (x) = 23>0

A (X) is minimum at x =4
5. Range of f(x) is

X:4:>y:ﬁ :2_4:6
X 4
y>-2
For minimum area 4
Length = x+ 2 =4+2 = 6cm 6.’ (x)=2,#x

.. f(x) is concave upward in the entire real

Breadth=y+3=6+3=9cm .
line

6)Sketch the curve 7. f(x) has no points of inflection

=f =x% _x_ 6
y=1(x) =x"-x 8. The curve has no asymptotes
f(x) =x*—x—6

=>y=(x-3) (x+2)
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8. DIFFERENTIALS AND
PARTIAL DERIVATIVES

2 MARKS

1) Find df for f(x) =x?+3x and
evaluate it for x=3 and dx = 0.02.

f(X) =x?+3x — f(x) =2x +3
df = (2%3+3) 0.02
= 9(0.02) [ f(x)= %
df =0.18

2 )Find a linear approximation for the
following function at the indicated
points

f(X) = x3-5x+12, Xo = 2.
Soln;
f(xo0) = 23-5(2)+12
=8-10+12
f(xo) =10
£(x) = 3x2-5
£(0) = £(2) = 3(2)%5
=3(4)-5=7
L(x) = f(xo) +(x0) (X-Xo)

L(X) = 10 +7(x-2) => 10+7x-14 => 7x-
4

3)Let v(X,y,z) = Xy +yz+zx X,y,Z € R.
Find the differential dv.

Soln:
V(X,Y,2) = Xy +yz + zX
v

P y+0+z = y+z
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ov
— = X+z+0 = x+z
oy

Z—Z = 0+y+x = y+Xx

_ov ov ov
dv-adx+5dy+ Edz
dv= (y+z) dx + (x+z) dy + (x+y) dz

4) An egg of a particular bird is very
nearly spherical .If the radius to the
inside of the shell is 5mm and radius to
the ouside of the shell is 5.3mm , find
the volume of the shell approximately.

Soln:

Volume of the sphere = gn r

Given r =5mm ,Ar = dr =5.3-5=0.3mm

da 4
—~="q3
dr 3

dv=4nr’dr => 4n(5*5) (0.3)

= 30rmm?

5) Evaluate lim x,y), if the
) D I Y)

3x2—xy
x2+y2+3

limit exist , where g(x,y) =

3x2—xy
x2+y2+3

Given: g(x,y) =

lim X, V)=
(xy)-(12) gx.y)

3x2—xy
x2+y2+3

liMey ) —(1,2)

_3(1%-1(2) _3-2_1

x2+y2+3 8 8
3 MARKS

1 . Find Af and df for the function f for the
indicated values of x ,Ax and compare

f(x) =x3-2x% ; x=2, Ax =dx = 0.5

df = £ (x) AX
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= (3 X -4X) AX
= [3(2)2-4(2)1 0.5
=[3(4)-810.5
=(12-8)05
= 4(0.5)
=20
AF=f(x + AX) —F (X)
= (2+0.5) f (2)
= (2.5) - f(2)
=[(25)*-2(2.5)% [ 2*- 2(2)’]
=[15.625 - 12.5] — [8 -8]
=3.125

x+y

2 . show that f (x,y) = is

continuous at every (x,y) € R2 .

Let (a,b) € R? be an arbitrary point

i)f(a,b) =
RZ
.. x2+y?
")<xy)1£r(lab)f( xy) = (x,ygir(la.m y2+1
_a’+b?% _
T ob241

Limit exist at (a ,b) € R?

iii) hm f(xy) L =f(a,b)
(xy)-
a?+b?

T op241

. f is continuous at every point on R2.

3) IfU(x,y,z) = log (x3+y*+7°)
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v _  3x3 au 3y3

ax  x3 +y3+z3 6y " X3 +y3+23

ou _  3z3
0z x3+4y3+z3

oU 0U  oU 3x3 3y3

-+

T
x"3 +y*3+z*3 x"3 +y"3+z"3

xX"3 +y*3+z"3

- 3(x2 +y+z3)
xX"3 +y*3+z"3

4)1f u(xy)= J’_ ,prove that
U4y 20 3,
ox yay 2
Soln:
u(xy) =22
26)2+ ()2
U (Ax, Ay) = LA ")Ax:(/;)

-1
22 u(xy)=2 % u(xy)

Thus U is homogenous with degree ; :

and so by Euler’s Theorem .

ou U _

— + e
Xax yay nu
au au 3
— 4 —_—= -
Xax yay 2 u

5.1fv(xy,z) = x3+y3+z3+ 3xyz,shows
0"2v _ 0"2v
that dydz  dydz

Given : v (x,y,z) = x3+y3+7%+ 3xyz

g—z =0 +0+3z%+ 3xy = 322+3xz

Z—; =0 +3y?+0 + 3xz = 3y? +3xz

0"2v

P (E) 0+ 3x = 3x—(1)
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"2v
dyoz

_ 0 v | _
=5 (5 )=0+3x=3x —(2)

From (D) &)

0"2v _ 0" 2v
dydz  dydz

5 MARKS

1) The radius of a circular plate is
measured as 12.65 cm instead of actual
length 12.5cm .find the following in
calculating the area of the circular
plate.

r=12.65 , Ar=%+0.15

Area of circle A =m r?

dA
— =27
dr

=27 * 12.65 * (+0.15)

Approximate error = 3.795r cm?
Actual error= A (125) - A (12.65)
=7(12.5) 2 - ( 12.65 )?
= 77( 156.25 — 160.0225)
= 3.7725  cm?
i) Absolute Error = Actual error —

Appropriate
error.

=3.77257 - (3.795 1 )

=0.0225 T cm?

Absolute error

ii) Relative error =
Actual error

_0.02257
3.7725
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= 0.00596
= 0.006

Iv) Percentage error = Relative error *
100

=0.6%
2)W(XY,Z)=Xy+yz +zX ; X=U-V ;
Yy =UV; Z = Utv.
Given :
W( X,y,Z) =Xy +yZ + ZX ; X=U-V ;
Y=UV;Z = Uutv.
E=y+z;3—2’=x+z;‘;—‘;’+y+x.
X=U-V Yy=Uuv Z=U+v.

ox _ ox oy oy

ou Ligp st TV Y
0z _, 0z _
ou 'av_l'

(uv+u+v)(1)+2u(v)+(uv+u-—

V)(L).

= uv + U+ v+ 2uv + uv+ u-v.

ow _ _
- 4uv +2u = 2u (2v+1)

(?9_:)(1 —1) =2 *% (2+1) =1(2+1) =3

2

ow _ dw 0x +aw dy +6w 0z

dv  dx dv 9dy v 9z v
= (uv+ v+u) (1) + (2u) (u) +
(uv+u-v )(2).

-U—U -V +2u? +uv +U -V

2u2—-2v=2(u?>-)
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§ (3_‘:)(% 1) =2 G - 1) - 2(_73)
@)
3)If u=sin 4 ( Xy ) ,shows that x‘;—:

Vx+[y

du _ 1
+y—== .
yay Ztanu

Soln:

_( x+ty \ _ .: .
f(x,y) = (\mﬁ) = sin u is homogeneous.

o= (222) = (2)
= t% f(x,y) ,V x,y,t = 0.

Thus f is homogeneous with degree %

,by Euler’s theorem.

af  _af 1
X Eyer=s f(x.y)

put, f=sinu
Xasinu + dsinu _ 1 sinu
ox y oy 2 \

xcosu@+ cosua—u-l sinu
ox y dy 2 '

Dividing bothsides by cos u

du Ju _ 1
—+y—=- )
Xax yay Ztanu

4)Letz(xy)=xy+3xy*, X, yER.
Find the linear approximation for z at
(21 -1)

Soln:
Let z (x,y) = X%y + 3xy*, X, y € R.
2(2,-1) = 22(-1) + 3(2)(-1)*
=-4+6=2

9z _ 4,
Pl 2Xy +3xy
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a

2 (2-1)= 2(2) (-1) + 3(-1)*
=-4+3=-1

0z _ o 3

3y X+ 12xy

0z

2y (2-1) = 22+12 2 (-1) 3
=4-24=-20
Linear appropriation

L(xY)=2(@1)+2 51y (x-2)

a
+£(2,—1) (y+1).

=2+ ()(x-2)+(-20) (y +1

=2-x+2-20y-20
=-x-20y+ 16
L(xy)=-(x+20y-16).

5) Show that the percentage error in
the n'" root of a number is

approximately % times the percentage
error in the number.

Soln:

1
Let the number be x its n'" root x» =y

1
y =x=n
taking log,
1
logy =log x»
1
logy = - log x.

Differntiate with respect to x
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by *100zﬂ*100:—1(E . 100)
y y n \x

1
% error ofy = -~ (% error on x).
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9. APPLICATION ON
INTEGRATION

TWO MARKS

1). Evaluate fol x dx as the limit of sum

Sol.

F(xX)=x a=0andb=1

b . T
Jo fG)dx = lim ~57, ()
Jyxdx=lim > ¥ ())

= 11m—[1+2+3+ .n]

n—oo n2

- rl;,l—)oo n? (n(n2+1))

= lim = (n+—)

n—)OO

_1 _1

2). Evaluate [

1 Z+ 2x+5

Sol.
X2+ 2x+5=x2+2x+ 1+ 4= (x+1)* +
22

I _ f dx
1224(x+1)2

:l _1i1)1
I (Ztan (2)_1

1 1+1

tan'l ﬂ}

| = {tan
_ 1. .12
= tan (2)
1. 1
= tan 1)

1m

8
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3). Evaluate f, x?cosnxdx where n is a
positive integer

Sol.

Take u =x? dv =cosnx :: integration

sinnx
w=2x v=—— [dr =

[ cosnxdx

s
| = [, cosnxdx

— {XZ (sirrllnx) _2x (—czznx) +2 (—srilr;nx)g

2 (-1)"

I= sinnwt = 0, cosnmt = (—1)"

nz
4). Evaluate [? sin'®xdx

Sol.

T

= (2 cip10
| = [2sin'®xdx

- (10—1) (10—3) (10—5) (10—7) (10—9) T
10 10-2 10—4 10-6 10-8/ 2

5). Evaluate foooxSe‘?’x dx
Sol.

— n!
f x"e”¥dx = an+i

n=5, a=3

o) 5! 5!
5,—-3x — — 2
fo x-e dx = 35+1 36
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6). Find the area of two redion bounded
by the line 6x+5y = 30, x-axis and the
line x=-1 and x=3

Sol.
Area bounded by two line 6x + 5y = 30,
X-axis

A= f‘fydx

3 30-6x
= dx

_1 3

== (30x-3x2) 2,
=(90-27) - £ (-30-3)
=2° sq.units

=2 g.

7). Find the volume of the solid
generated by revolving about two x —
axis, the region enclosed by y =2x?,y =
0and

x=1

Sol.
Y= 2x?
Y=0,=>x=0,x=1

Volume v= nf; y? dx

=7 fol 4x* dx

S ()]

—4n ()
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3 MARKS

1). Evaluate f01 x3dx as two limit of
sum

Sol.

F(x) = x a=0and b=1
b . r
Jo f@)dx = lim =32, £ ()
1 .1 73
fy ¥¥ax = lim 230, £5)

.
= lim — {13+ 2%+.. +n’}
n—-oon

n—-oo n4
(1+0)? 1
4 4

2). Find the approximate value of

fll'sx dx by applying two left end rule
with the partition{1.1, 1.2, 1.3, 1.4, 1.5}

Sol.
Ax=1.1-1=0.1
n=>5
xo=1,x;=11x,=12 x3=13,

x,=14,x:=15

[ FO0)dx = L) + 1) + f(x;) + (xs)
+ f(xa) + Ay

[ x dxc = (1) + F(L.1) + f(1.2) +
f(1.3) + f(1.4) + } 0.1
={1+1.1+1.2+13+143}0.1

=(6) (0.1)
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[P xdx=06

3). Evaluate f01 i—: dx

Sol.

1vV1—-x _ 1V1-x 4 v1-x
Iy 7= %= 6 s O
_rl 1—x _
= Jy 7= & X= sint
= [2 1250 costdt | dx = cos tdt
0 V1-sinZt '

=J21—sintdt
= (t+ cos t)™?

:(§+cos§)—(0+cosO)

4). Evaluate fol x°(1-x2)°dx
Sol.

=[] x5 (L-x2)%x, [ x =sin O]

= JZsin*B(1 — sin?6)° cos © dO

= J2sin®6 cos'O dO i [dx =
c0sOdO]

_10 8 6 4 2,1

T 16 14 12 10 8 6

[x=0,sin©6=0]

= [x=1,sin©6=1, 6

:g]

5). Find the area of the region bounded
between the parabolic y? = 4ax and its
latus rectum.
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Sol.
Equation of the parabola y? = 4ax
Y =2+avx
Equation of the latus rectum x =a
Parabola symmetrical about x —axis
Required area A = 2 {Above x — axis }
X=0, x=a

=2f0aydx

=2 foa 2 Van/x dx
= Wa {5

=2 Va(ava)
_ 8,
3

5 MARKS

1). Evaluate : ff(sz + 3) dx as the
limit of a sum.

Sol.
[} F)dx

= lim 2237 fa+ (b —a)D)
n-o N n

F(x) =2x*+3

a=1>b=4

flat(b-a) 2) =2 (=) +3

18r2 12r
+_
n2 n

=5+

4 . 3 1812
fl (ZXZ + 3)dx = 71122052121(5 + Tz +

12r

—)
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54 36
= lim{2yn_, 1+ yn 243
n—)oo{ _1 n3 r=1 n2
n
Zr=1r}
. 15 54 n(n+1)(2n+n 36 n(n+1
= lim [ 5 + 3% ROHD@AR) 36 n( )]
n-oo N n

= 1im {15 + 9(1 + 2)(2+3) +18 (1+3)}
n—oo n n n

=15+9(1) (2) +18 (1)
=15+18+18 =51

1 log(1+x)

2). Evaluate |

Sol.

1log(1+x)
I - f 1+x 2

Put x=tan t dx = sec’t dt
X=0 t=0

n

X=1 t=
4

log(1+tan t) 2
= [ — o sec’tdt

f4log(1+tan t) Czt dt

| = foglog(l +tant) dt —(1)
F(t)=log (1 +tant)

F(% — t)=log (1 + tan(% - 1))

1-tant
=log (1+ 1+t22 t)

_ 1+tan t+1—tant

= log ( 1+tant )

FG - 1) =10g (o))

[ fGdx = [ fla— x)dx

= i log( ) dt - (1)

1) +©)
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I+I—f4log(1 + tant) + log (

) dt

1+tant

21 = f4 log(1 + tant)

(1+t t)

=log 2f}dt

=log 2 (t)%

- m

=log2 ()

=1

=3 log 2
f01 l°fi1+2x) dx = Iog 2

| %esm‘lx sin~1x d

3). Evaluate [ — i ux
Sol.

t=sin"lx dt= ﬁ dx
x=0 t=0

-1 _ &
X= 7 t ”
| =freftdt

fudv=uv-[vdu

Jgtet dt={te’ -e'}2
=(e42-e0)-(0-¢)
=i {Z-1}+1

4). Find the area of the region common
to the circle x? + y? = 16 and the parabola

y? = 6X
Sol.
Equation of the circle x? + y? = 16 --- (1)

Equation of the parabola y* = 6x ----- (2)
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Solve (1) and (2) _n{ +_+ﬂ+ﬂ+25x}

X?+6x-16=0 ) v

=n{s+ 2+ + 20+ 25}
(x+8) (x-2) =0

_ 838

X=-8, x=2 15 "
X=-8 y =6(-8) =- 48 not valid
X=2 y=6(2)=12

Y =423

Area boundary by the region = 2 {Area lie
on the first quadrant}

= 27 V6 xz dx + [} VAT = x7 dx }

3

=2{{V6 T} + {VI6— a7+
2

.1 /X\14

sin”' (¥}

446 (Zr 6 —-2/12- 16(—)

=L {4n+v3}

5). Find the volume of the solid formed
by revolving the region bounded by the
parabola y = x* + 4x + 5, x- axis
ordinates x=0, and x = 1 about the x-
axis.

Sol.
Equation of the parabola
Y =x2+4x+5

The region revolved about x- axis

Limit x =0, x =1 10. ORDINARY DIFFERENTIAL
EQUATION
1
Volume V = f (X* + 4x +5)2 dx 2 MARK
=n fol(x4 +16x? + 25 + 8x> + 40x + 1. Determine the order and degree
10x2) dx of the differential equation?
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(d3_y)2/3_ 3(12_3/ + 5d_y +4=0
dx3 dx2 dx

Sol.
(d3_y)2/3 = 3‘12_3’ _ 5d_y -4

dx3 dx2 dx

A3YyN2 _ (292Y e dY _ 43
(de) - (3 dx2 5 dx 4)
Order =3
Order =2

2. Determine the order and degree

if exists?
dzy ay\o _ .2 dzy
dxz 3(dx) =x” log (de)
Sol.
Order =2

It is not a polynomial equation in
its derivatives
Degree is not defined.

3. For the certain substance, the
rate of change of vapor pressure
P with respect to temperature T
is proportional to the pressure
and inversely proportional to the
square of the temperature
express this physical statement in
the form  of differential

equation?
Sol.

dapP P

ar 12
dP _ KP
ar T2

4. Assume that a spherical rain
drop evaporates at a rate
proportional to its surface area.
From a differential equation
involving the rate of change of
the radius of the rain drop.

Sol.

Radius —r, volume —v, S A=S
Rate of change of volume a S.A
evaporates
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V=273, S.A = 42
Lo-A, Z=_kA
dt dt
2030 L = - K 4
3 dt
ar _
at
5. Show that xy’ = 2y is the solution
of the differential equation y =

2x2?

Sol.

Y = 2x2

Y = 4x

Multiply by x on both sides
Xy’ = 4x2

Xy =2(2x%)

Xy =2y (using 1)

3 MARK

1. Find the differential
equation of the family of
circles passing through the
points (a,0) and (-a,0)

Sol.

From the given information
the centre is on y axis
Centre : (0, b)

e Radius (r) =va2 + b2
e Euations of circle
X2 + (y_b)z :az + b2
d.w.r. to x
2x+2(y—b)2—z:0

y-b=-%

dx
X
b=gy+y
dx

substituting — (1)

X2 X
(H)z ax
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(2 o= (2 s e
@)

(x2—y2—a2)2—z-2xy=0

2) Find the differential equations of the
family of all the ellipses having foci on
the y — axis and centre at the origin?

Sol.
Equation of ellipse
X2 ,¥2_4

+
b2 a2

Arbitrary constants are a,b
Differentiating — (1)

2x | 2yyr _

2t 0 0

Differentiating — (2)

1wyt 0-(3)
b2 a2

From (1), (2), & (3)

x2 y2 1

x yy' 0|=0

1 yy"+y2 0
Expanding along — (3)
x(yy"+y'2) = yy'1=0
Xyy” +X(y)* = yy’ =0

3) Solve % = (3X +y+4)?
Sol.

Z=3X+y+4say

dz d
dx dx
dy _ dz

dx dx
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Substituting in % = (3x +y+4)?

—-3=22
dx
Z—i =72+3
1
fzz+\/37 dz={ dx
Liant (£) =
Ztan? () = xte
1 1 (3x+y+4 —
— tan (22 = xec

4) Find the differential equation
corresponding to the family of curves
represented by the equationy = A
e®+Be =%, Where A and B are arbitrary
constants

Sol.

Y = Ae®+Be®
27 — gpe®*. gBe ™"
dx

827 — 64 Ae®™ + 64 Be
dx2

= 64 (Ae®+ Be®)

dy

dx2 = 64y

2,24y _ dy
4 +x4 =2 —ZA
) Solve ye+X Xy

Sol
v __y2
dx xy—x2

d d
Puty=vxand = = v + x=
dx dx

dv v2x2 v2 \ x2
Vel = ()

dx x(vx)—x2 T \v-1/x2
a _ v2 _ v2—v2+v
X—=——>-V=
dx v-1 v—1
v—1 dx
[Elgv= [
v x
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(1= pw=re

V —log |v| = log |x]| + log |c|
V =log |vxc|

Fromy =vx, subinv =y/x
y/x = log |§xc|

oYX =cy

y = ke Y

5 MARK

1). A tank initially contains 501 of pure
water starting at time t=0 a brine
containing with 2 grams of dissolved salt
per litre flows into the tank at the rate of
3l per minute the mixture is kept
uniform by strings and the well stirred
mixture simultaneously flows out of the
tank at the same rate. Find the amount
of salt present in the tank at any time
t>0?

Sol.
dx .
-, =in flow rate — out flow rate

= (2*3L) — (3/50x)

= 6- 3/50x

dx _ -3 6%¥50y _ —3

E = 5( i ) = E(X-lOO)
dax _ -3

x—100 50

dx _ -3
fx—100 _Efdt

Log (x-100) = =y log c

50

x-100 _
- = p-3U50
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x-100 = ce30 -(@)
t=0, x=0
(1)» 0-100 = ce® » ¢ = - 100
(1) » x - 100 = - 100 g350
X =100 — 100 370
X =100 (1-e3U%0)
2). Solve %+ 2y cot x = 3x? cosec? X

€y
dx

py = Q , where P = 2cot X,
Q = 3x% cosec’x
|F = @sPdx = gs2cot x dx
= 2% sinx| = €'%9 |sinx|? = sin® x
Sol.
y ePX = [ qesPaxdx + ¢
y sin’x = [ 3x2cosec®x sin?x dx +c
ysin?x = [ 3x%dx +c¢
. 3
y sin’x = 353— +c
ysin?x=x3+c¢

d —y+5
3). Solve &£ = 2
dx 2(x-y)+7

LetZ=x-vy

dz _ dy _dy _ dz

dx_ -E_dx dx

dy _ x-y+5
dx 2(x-y)+7

dz _ Z+5
dx 2Z+7

dz _ Z+5

dx 2Z+7

dz _ 2Z+7-Z-5 _ Z+2
dx 27+7 27+7
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2Z+7
Z+2

dz = dx

wdz = dX
Z+2

(2 + Z%)dz =dx

Integrating

2Z +3log |Z + 2| = x+c

2(x+y) + 3log |x — y + 2| =x+c
Example 10.30

4). A tank contains 1000 liters of water
in which 100 grams of salt is dissolved.
Brine (Brine is a high concentration
solution of salt (usually sodium
chloride)) in water runs in a rate of 10
liters per minute, and each litre contains
5 gramsof dissolved salt, The mixture of
the tank is kept uniform by strring.
Brine runs out at 10 litres per minute.
Find the amount of salt at anytime t.

Sol.

Let x(t) denote the amount of salt in the
tank at time ‘t’

% = in flow rate — out flowrate
=50 —x
dt 100
=50 - 0.01 x = - 0.01(x-5000)

& = _0.01(x-5000)
dt

X —_0.01dt
x—5000

Log |[x — 5000] = - 0.01t+ log c
X-5000 = ce 00t
X = 5000 + ce %0 (1)

t=0, x=100, 100 = 5000+ ¢
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-¢ = 5000 — 100
-c = 4900
C = -4900

(1) =) x=5000 — 4900 00

5) A pot of boiling water at 100% is
removed from a stove at time t = 0 and
left to cool in the kitchen. After 5
minutes, the water temperature has
decreased to 80° and another 5 minutes
later it has dropped to 65%. Determine
the temperature of the kitchen.

Sol.

At time ‘t’

T — Temperature of water
S — Room temperature
Z—: a T-S

dT _
S =K(T-9)

AT _ ket
T-S

Log (T-S)=Kt-C

T-S=gekt*C
T-S=cek - (1)
t=0, T=100 (1)= 100-S = Ce°

c=100-S
(1)= T-S=(100-S)e --(2)
t=5,T=80

80 — S = (100 — S)e 5

5k — 80-s
~ 100-s
65 _ s = (100-5)(80—5) ,(80-5)

(100-5) 100-s
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(100-s)(65-s) = (80 — s)?

6500 — 165s + s2 = 6400 — 160s + s2
6500 — 6400 = 165s—160 s

5s =100

S =20%

Room temperature S = 20°C
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11. PROBABLITY DISTRIBUTIONS
2 MARK

1) Suppose X is the number of tails
occurred when three fair coins are
tossed once simultaneously, find the
values of the random variables X and
number of points in the inverse images?

Sol.

S = {HHH, HHT, HTH, THH, TTH,
THT, HTT, TTT}

:: Be the no of tails

2 X=0,1,23

X' ({0}) ={HHH}

X1({1}) = {HHT, HTH, THH }
X1 ({2}) ={TTH, THT, HTT }
XT{3H={TTT}

Values 011 2 3 Total
of

random
variable
No of 1 (3 3 1 8
points
inverse
image

2) An jar contains 2 white and 3 red
balls. A sample of 3 balls chosen. If X
denotes the no of red balls ,find the value
of random variables X and its no of
inverse images?

Sol.

5x4%3
n(s) = 5¢c; s

10

X be the no of red balls in 3 drawn

L w [ RrR | T |
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L 2 [ 3 [ 5 |
X =1,2,3[0is not possible here]

X =1=>X(Oneredball) =3c,* 2c,
=3*1=3

X=2=>X(2redballs) =3c,* 2c;

X=3=>X(3redballs) =3c; =1

Value il 2 3 Total
of

random
variable
No of 3 6 /- 10
points
in

inverse
images

3) Three fair coins are tossed
simultaneously, find the probability
mass function for numbers of heads
occurred?

Sol.

S ={HHH, HHT, HTH, THH, TTH,
THT,HTT, TTT}

n(s) =8

X be the r.v denotes no of heads
= X=0,1,23

f(0) = P (x=0) = 1/8

f(1) =P (x=1) = 3/8

f(2) =P ( X=2) = 3/8

f(3) = P (X=3) = 1/8

.. Probability mass function is
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1
_ )8x=03
f(x)— 3;=1,2
8

4) The probability density function of X
is given by

-2
P {0

Find the value of K
Sol.
F(x) is a pdf

= [7 fl)dx =1
= fgo kxe™?*dx = 1
7 eor= 2

= kf:xe‘zxdx:1
k=] =1

21+1

k(§)=1 => k =4

5) A fair die is rolled 10 times and X
denotes the no of times 4 appeared. Find
the binomial distribution?

Sol.

n=10

X =no of4’S APPEARING

P = Probability of getting 4 in one throw
=1/6

Q=1-P=1-1/6=5/6

F(X) = nc,p*q™™

(X)) = 10 ¢ (D)0
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3 MARK

1) A random variable X has the
following probability mass function?

X 1 2 3 4 5

FOX) | k% | 2k? | 3k% |2k |3k

(i)Find K (ii) P (2< X < 5) (iii) P(3<X)
Sol.

(1 F(x) is a pmf
=2 Y O(0) =1
K2+ 2k? + 3k? + 2k +3k = 1
6k?+5K-1=0
6k2+6k-k-1=0
6k? (k+1) -1(k+1)=0
(6k-1)(k-1) =0
K=1/6 , k=-1(not possible)
K=1/6
(i) PR< <))
= P(X=2) + P(X=3)+ P(X=4)
= 2k2+ 3k? + 2k
= 5k2 + 2k
=5(1/6) + 2(1/6)
_5+12 _ 1_7

“36 36
(i) P(3<X) = P(x>3)
= P (X=4) + P(x=5)
=2k + 3k = 5k
= 5(1/6) = 5/6

2) If X is the random variable with
distribution function f(x) given by

0 x<0
F(x) = %(x2+x) 0<x<1
1 x=>1
Then find (i) pdf f(x)
(i) P(0.3<X <0.6)
Sol.

F(x)=f (x)
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0 1<0
F=f (©={3Q0+0) 0<0<]
0 0>
= F(X)=
{§(2D+1) 0<i<1
0 RinInininy/ ninln
(i) P (0.3< 11 < 0.6)

= F (0.6) - F(0.3)

[(0.6)? + 0.6] - 2 [(0.3) + 03]

N~

[0.36 + 0.6] - g [0.09 + 0.3]

N~

[0.96] - 5 [0.39]

N~

=0.48-0.195=0.285

3) For the random variable X with the
probability mass function

F) ={ =5 x=1,2,3

Find the mean and variance

Sol.
X=1=>F(x) === 3/6
X =2=>F(x) === 2/6
X =3=>F(x)===1/6
X 1 2 3 Total

Fx) |36 |2/6 |16 |1

x. f(x) | 3/6 | 4/6 | 3/6 |10/6

2 E(X) =) 0 0(0) =%)

=5/3=1.667

Mean = 1.667

X? 1 4 9 Total

FX) |36 |2/6 |16 |1

X2F(X) | 3/6 | 8/6 |9/6 | 20/6
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E(X?) =X 7 f(x)
= 20/6 = 10/3
Variable(x) = E (x) - [E (X)]?
= 10/3 — (5/3)?
= 10/3 — 25/9

=302 _5/9=056

Variance = 0.56

4) A lottery with 600 tickets gives one
prize of Rs.200, four prizes of Rs. 100,
and six prizes of Rs. 50,, If the ticket
costs is Rs. 2 find the expected winning
amont of tickets?

Sol.
n(s) = 600, X be the amount of winning
;2 X =200, 100, 50, 0

Probability mass function is

X 200 | 100 50 0
F(X) 1 4 6 589

600 | 600 600 600
X.F( 200 | 400 300 0
X) 600 | 600 600

HEX) =X 0 0(0) =2

=3/2=15
Rate of ticket = Rs. 2
. Amount of winning = 1.5 -2
=Rs. -0.50

5) If X~ B (n,p) such that 4P (x=4) =
P(X=2) and n=6 find the distribution
mean and SD?

Sol.
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n6) PX=x)=n0l 0"~
4(p(x=4)) = p(x=2)
4l601,070 4] =6 1,070

4l601,0707  =e0,0707

4 4
4p? = ¢° =(1-p)?

=1+ p? -2p
=>4p? -1 -p*+2p=0
3p?+2p-1=0
(8p-1)(p+1) =0

ng, p = -1 (not possible)
e B 1 _2
P==>a=1-5=;3

—) — INO (2y6-0
P(X=x)=61;()" ()
Mean:np=6*§=2

D=V ] =V6*1/3*2/3

_ |4 _ 2

3 3
5 MARK

1) Suppose a pair of unbiased dice is
rolled once, If X denotes the total score
of two dice, write down (i) sample space
(ii) Values taken by the random variable
(iii) inverse image of 10, (iv) the no of
elements in inverse image of X

Sol.
(S ={(11) (1,2), (1,3), (1,4), (1,5), (1,6)

(2.1). (2,2), (2.3), (2.4), (2,9),
(2,6)
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(3,1), (3,2), (3,3), (3,4), (3,5), (3,6)

(4.1), (4.2), (4.3), (4.4), (4.5),
(4.6)

(5,1), (5,2), (5.3), (5,4), (5.5),
(5.6)

(6,1), (6,:2), (6,3), (6,4), (6,5),
(6,6)}

n(s) = 36
(if)X denotes the sum of two dice
1 X=23456,7,8,9, 10,11, 12
(iii)Inverse image of 10
X ({103) ={(4,6) (5,5) (6,4}

(iv)Number of elements in inverse image
of X'is

['Value of random variable

|2]3]4]5]6[7[8]9]10]|11] 12| Total |
No of points in inverse image

[1]2]3]4[5]6]5[4[3]2[1[36 |

2) Suppose a discrete random variable X
can taken only the values 0,1 and 2. The
pmf is defined by

x2+1
F(x) ={ Tk

0 otherwise

x=0,1,2

Find the (i) alue of K

(if) Cumulative distribution function
(ii)P (X=1)

Sol.

(DF(X) is a pmf

2
X:O:>f(0):%:é
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’+1

X:1:>F(1)ZT:é

2
X:2:>F(2):%:%

YU =1
| | |

= i:1
0

2 [1=8
(iF(X) = P(X< 1)
X=0=>f(0) = P (X< 0)

= P(X:O) :é:é

X=1=>F(1) = P(X< 1)

=P (X=0) + P (X=1)

1 2 3 3
=t —-—===-
O O O 8

X=2 => F(2) = P(X< 2)

= P(X=0) + P(X=1) + P(X=2)

(ii)P(X= 1) = 1 - P(X<1)
=1 (P(X=0))

-1 ME7
s 8

3) A six sided die is marked ‘1’ and “2’

on two faces and ‘3’ on its remaining

three faces. The die is rolled twice. If X

denotes the total on the two throws.

(i) Find probability mass function
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(i)find the cumulative distribution
function

(il)find P(3< X < 6)

(iv)find P(x= 4)

Sol.

Numbers on the dice are 1,2,2,3,3,3
X denotes the sum on two dice

Sample space

I/ |1 2 2 3 3 3
1 2 3 3 4 4 4
2 3 4 4 5 5 5
2 3 4 4 5 5 5
3 4 S 5 6 6 6
g 4 5 5 6 6 6
3 4 5 5 6 6 6

From the table

X =23456

X =2=>f(2) = p(x=2) = -
X=3=>f(3) =p (x=3) = -

X=4 => f(4) = p(x=4) = ;—i

X=5 => (5) =p(x=5) = =

X=6 => (6) = p(x=6) = -

()Probability mass function

X 2 3 4 5 6

F) | 1 | 4 | 10 | 12 | 9
36 | 36 | 36 | 36 | 36

(i)cumulative distribution function
F(2) =P(x< 2)

_ PO

=P(x=2) = %

F(3) = P(x< 3)
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= P(x=2) + p(x=3)

_ 1 4 _ 5

36 36 36
F(4) = P(x< 4)

= P(x=2) + P(x=3) + P(x=4)

T3 36 36 36

F(5) = P(x< )

36 36 36 36 36

_ 36 _
36

1

(0—o< x <2
L o<x<3
36
L
F) 3¢
36

7 5<x<6
36

\/] 6<x<o

3I<x<A4

4<x<5$5

(iiP(B< x < 6)
= P(x=3)+ P(x=4) + P(x=5)

4 .10 12 _26
e
36 36 36 36

(IV)P(x= 4)
= P(x=4) + P(x=5) + P(x=5)

10 12, 9 _31
T+ =+ ==
36 36 36 36

4) If f(x) is a pdf given by

2
F(X):{cx 1<x<4
0 otherwise
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Find the value of C. Also find
(i P(1.5<x<3.5) (ii) P(x< 2)
(iii)P(3<x)
Sol.
F(x) is a pdf
=[O f)dx =1
4
= [ cx?dx =1
X34 _
C [7] =l
43 13 N
C [? — ?] =1

CLT- 5=t

C()=1C()=1=>C=

(i)P(L.5<X<3.5)

= [T F(X)dx

35
—Jis

-C X_3] 3.5
3115

cx? dx

_1 [(3.5)3 _ (1.5)3]
Tl o3 3

=L [42.875 — 3.375]
63

395 _ 79

i ) |
s (39.5) = 630 " 126

(iP(x< 2) = [ F(x)dx
=[1f@dx = [7 f(x)dx

B} -cf-2

3 3
_1[8 1]
Tol3 3
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(iii))P(3<x) = P(x>3)
= [, f(x)dx

=[] ex?ax=c[X]?

-

=Li64—271=2%
== [64—27]1 =2

5) Find the mean and variance of a
random variable x, which has pdf

-2
F(X) — { Ae 22 X >. 0
0 otherwise

Sol.

Mean=p=E (X) = [~ xf(x)dx
= fooox(/’le‘lx)dx

= foooxe‘lxdx

= [fooox”e‘axdx = n—']

=[] =2(3) =3
E(X?) = [ x?f(x)dx
= [, (Ae~*)dx
=) [, e Mdx

_}”[/12“] }”(/13) ;f_Z

Variance

V(X) = E(X?) - [E(X))°

12
NO
_2 1_1
TR
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6) On the average 20% of the products
manufactured by ABC company are
formed to be defective. If we select 6 of
these products at random and X denotes
the numbers of defective products, find
the probability that,

(i) Two products are defective

(if) Atmost one product is defective
(iii)Atleast two products are defective

Sol.
n==6
P =Probability of defective item

20 1
= 200% = = =1
100 5

Q=1P=1-:=1

F(X) =ncyp*q™™

F(X) = 6ex()* ()™
X=0,1,2,...6

() Exactly two items are defective
P(=2) = 66,(5)° ()"

_ 6%5

4
* 1L ¥
%2 52 5%

=15 (56)
(i))Atmost one item is defective
Px=<1)=P(x=0)+P(x=1)
= 6)(9)'O° "+ 6c,()' O

=@ 5+6*I% %

4 2
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5
- % * 102
—o(Hs
=2
(iif)Atleast 2 items are defective
Px=2)=1-P(x<2)

=1-P(x< 1)
=1-(20))

5
=1-2(3)
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12. DISCRETE MATHEMATICS
2.MARKS

1. Prove that in an algebraic structure
the identity (if exists) must be unique.

Proof:

Let (s,*) be an algebraic structure.

Let e; and e, be any two identity element
of S. First treat

e, as the identity element and e, as an
arbitrary element of S.

By definition,

e,*e; = e *e, = e, 9@
Interchanging the role of e; and e,, we
get

e.*e, = e,*e; =e; >Q)

From 1 and 2,

e =e,

Hence the proof.

2. Prove that in an algebraic structure
the inverse of an element (if exists) must
be unique.

Proof:

Let (S,*) be an algebraic structure and a €
S

Suppose that a has two inverses say a; &
a,.

Treating a, as an inverse of a, we get

a*a,=a, *a=e >Q@)

Next treating a, as the inverse of a, we
get

a*a,=a,*a=e >Q)

Now,

a,=a,*e =a;, *(@*a,)
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=(a; *a) *a,
—e*a,
By @D and )

I.e, a; = a,. Hence the proof.

3. LetA= [(1) ﬂ B= [(1) ﬂ be any

two Boolean matric of the same type.
Find AVB and AAB.

Solution:
we <[ NG 1)
Ov1 1v1]
1v0 1vi1
Sy 1!
ANB =[(1) ﬂ/\[(l) ﬂ:
0al 1/\1]
1A0 1a1
o

4. Let * be defined on R by a*b =
at+b+ab-7. Is * binary on R? If so find 3*
[—7/15].

Solution:
Leta, beR. Clearly a, b, ab e R.
La*bh=atb+ab—-7€eR.

.. *is binary on R.

-7 7 -7
3* Z=3-L4+3*2
15 15 15

_ 45—-7-21-105
15
_ 45-133
15

_ -88

© 15
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5 . Fill in the following table so that the Soln :
binary operation * on A ={a,b,c}
(a*b=a?” eN;VabeN
Is communicative. _ _ )
=~ *is a binary operation on N

* a b c .
a b (ii)a*b=a?
b C b a *q —
c a c b*a =b*
puta=2b=3
Soln: a*b =23 =8
(i) Fromthe table ,b*a=c b*a= 32=9

(1) From Qi tblcpa™ B=.c a * b need not be equal to b*a

iii) c*a=a, =>a*c=a . .
(iii) - * is not commutative

(v b*c=a, =>c*b=a (i a* (b*c)=a* b = a’ - (D

(a*b)*c=ab*c=(ab)c=abc—>@

* a b C N
a b c a a*(b*c)+(a*b)*c.
b ¢ 2 = ~ *is not associate on N
C a a C
2 . Check whether the statement ( p<—
6 ) Construct the truth table for (pvqg q) N\
)A(pv—q) (p— — q) is atautology or
Soln - contraction or contingency
P la |—-q |pV|pV |(pva) Soln:
AN(pV—
"l (pv=a) pla[®[-[(=]- (o A-
T T F F T F ;q _q) Elp‘_) (p—>—’¢I)
T [F IT S s F T|T|T |F |F T T
F |T |F T |F F
F1F T F T F T (F <Pl W VKT F F
i b e e e F F
FIF|T |T|T F F

3 MARKS QUESTION AND

ANSWERS The last column is a combination of T

1) Verify (i) closure (ii) commutative and R

property (iii) Associative property of

. . ) =~ It is a contingency.
the following operation on the given set

a*b=ab:vabeN
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3. Check whether the statement ( p
—g)A(g—r)—(p—r)isa
tautology or a contradiction.

Soln:

P |q |r |P
Alg | A(dg

||| A=A
||| ||
—|=|7|=|m|n|n|H
|||

T
F
T
F
T
T
T
T

M| ||| m| [T
=== |||
—|=|n||H|4|T|H

Last column contains only T.
~ This is a tautology .

4 Prove p—>(q-nN=(pAq)-r
without using truth table.

Soln :
p->@->nN=p->(=qvr)
=—-pv(—qvr)
=(—pv—=q)vr
[ - Associative law ]
== (pAg)vr
[ De — Morgan’s Law]
=(pAq)—-r.
Hence proved.

5. Write the converse , inverse and
contrapositive of the following
implication of the x and y are numbers
such that x =y ,then x? =y?
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Soln:
I) converse :

p : x and y are numbers such that x =

q:x?*=y?
given statement : p — q
converse :
q—Pp
i) Inverse: — p — —(
If x and y are numbers such that
X #y then x2 # y? .
iif) contrapositive : — q — — p.

If x and y are numbers such that x?
y? then x #y

6 . prove the de morgan’s law using
truth table =(pAq)=—-pv—(Q.

P |a (= |—= |[pA|—=( |—
P g |d |pA|pV
q) | —
q
T [T |[F |F |T |F |F
T [F [F |T |F |T |T
F IT [T [F |[F [T [T
F IF [T [T |[F [T [T

From@®and @ ,—(pAq)=—pV
—q
5 MARK
1) Verify (i) closure property ( ii )
Commutative property ( iii ) Associate

property ( iv ) existence of identity (v )
existence of inverse for the operation Xi1
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on asubset A={1,3,45,9} of the set of
remaining { 0,1,2,3,4,5,6,7,8,9,10 }

Soln:
A={13459}
X11 1 3 4 5 9
1 1 3 4 5 9
3 3 9 1 4 5
4 4 1 5 9 3
5 5 4 9 3 1
9 9 5 3 1 4

i)Since each box has an unique element of
X11 IS a binary operation on A.

=~ Closure property is true

ii)From the table it is clear that xi1 is
commutative.

~ Commutative property is true.
iii) x11 is always associative .
~Associative property is true.
iv)1 is the identity element .
~ldentity property is true.
V) From ther table ,

inverse of 1is 1,

inverse of 3 is 4,

inverse of 4 is 3,

inverse of 5 is 9,
and inverse of 9 is 5.

~Inverse property is true.
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2) Using the equivalence property
showthatp—=q=(pAq)Vv(—=PpA
—0).

Soln:

p—q=(p —q)A(qa—p)
=(=pvg)A(=qvp)
[~p—0q =—pVvq]
=(=pvg)A(=pva)
[ by com.law]

=(=pA(pv—a))Vv(@A(pv—q

[ by distributing law ]

=(=pAp Vv(=pPA —-q))v(@A
ORACHASD))

[ by distributing law ]
= Fv(—=pA —=q)V(@Ap)VF
[ by complement law ]
=(=pA —q)Vv(aAp)
[ by identity law ]
=(@Ap)V(=pA —q)
[ by com.law ]
=(PAQ)V(=pA —q)

[ by com.law ]

p—g=(pAq)Vv(—pA—Qq).

3.Let M :{(i i) IXE R—{O}} and
let * be the matrix multiplication .

Determine whether M is closed under *
Af so ,examine i) commutative proper

OE 1N Gend ©duQlésibh Bdpbrd 5 Ahdiler Ké Tl GUE E il D [Peid4stl aniid@ finail donC O 1M



https://www.Padasalai.Net/
https://www.padasalai.net/

www.PadpiglaDen sty collectionsontt. blogsp atvehyese-Com

ty i) associative property iii) existence
of identity v) existence of inverse
properties for the operation * on M.

Soln:

M={(* *):xer-{o}

i)Closure property :

Let A =(% i),B:@ i) eM.

Where X,y €R .
a8=(; D0 )

_(2xy 2xy
_(ny 2xy> €M

[~ 2xy € R-{0}]
= *is closed on M.
il)Commutative property :
LetA,BEM
Ae=(, DG 3)
_(ny 2xy>

“\2xy 2xy

_(Zyx 2yx>
“\2yx  2yx

_(Y Y\ (x x
- (y y) (x x)
=B*A
A*B=B*A
~ * is a commutative on M .
iii)Associative property :

Matrix multiplication is always
associativeisA*(B*C)=(A*B)*
CVA,B.CeM.

iv) Existence of identity :
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Let A€ M. , E:(g 2) be the
identity element .

~AE=A

> e =G %)

(2 2v) =G )

2xe =X
2e=1
1
e:EER—{O}.
NS
2 2
11 eE M
2 2

llly EA=AVAe M
=~ * has identity element on M .

v) Existence of inverse:

-1 -1
Let Ae M,Al= (x_l x_l) be
X
the inverse of A .

AAl=E
11
(x X)(x‘1 x‘l): 2 2
x x)\x-1 x-1 Ay
2 2
11
<2xx‘1 Zxx‘l): 2 2
2xx 1 2xx71)\1 1
2 2
_ 1
2xx7 1 = =
2
1-_1 _ 1 _
XT= o= € R-{0}.
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1 1
AAT= ) e M
ax  ax

Ny ATA=EVAE M
~Inverse property is true.

4) Let Abea-{1}.Define*on Abyx*
y =x+y —xy . Is* binary on A ?. If so
examine the commutative ,associative,
identity and inverse properties
satisfied by * on A.

Soln:
i)Closure property :
Letx,yEA,x#1,y+#1
Xx-1#0,y-1+#0
(x=1)(y-1)=+0
Xy—-x-y+1 #0
1 # x+y —xy
=>x*y #1
L X*YEA
= *isclosed on A.
i) commutative property :
Letxy € A
X*y = X+y-Xy
= yHX-yX
= y*x
= * is Commutative on A.
iii) Associative property :
(X*y)*z = (x+y-xy)*z
= ( X+y-Xy) + Z — (X+y-Xxy)z
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= X+y+Z — Xy —XZ-YZ +Xyz—

®
xX*(y*z) = x* (y+z -yz)
= X+(y+z-yz) — X(y+z-yz)
= X+y+Z —Xy —XZ —yz +xyz —(2)

From &2

xy) *z=x*(y*2)
4) Identity Property:

Letx € A, e be the identity element
X*e = X
=>X+e —Xxe = X
=>e—-xe=0
=>¢(1-x) =0
=>e= % =0€eA
.. Identity elemente=0€ A
.. * has identity element on A.
5) Inverse property:
Letx € A, x* be the inverse of x .
By definition:
x*x1=¢g

is x+xtxx1=0 [~e=0]
=>x1 (1-x) = -x
=>x1= % €A
* has inverse element

VX€E A.
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