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PREFACE

The woods are lovely, dark and deep.
But I have promises to keep, and

miles to go before I sleep
- Robert Frost

Respected Principals, Correspondents, Head Masters / Head Mistresses, Teachers, and dear
Students.

From the bottom of our heart, we at SURA Publications sincerely thank you for the support
and patronage that you have extended to us for more than a decade.

It is in our sincerest effort we take the pride of releasing SURA’S Business Mathematics and
Statistics for +2 Standard - Edition 2019. This guide has been authored and edited by qualified
teachers having teaching experience for over a decade in their respective subject fields. This Guide
has been reviewed by reputed Professors who are currently serving as Head of the Department
in esteemed Universities and Colleges.

With due respect to Teachers, I would like to mention that this guide will serve as a teaching
companion to qualified teachers. Also, this guide will be an excellent learning companion to
students with exhaustive exercises, additional problems and 1 marks as per new model in addition
to precise answers for exercise problems.

In complete cognizance of the dedicated role of Teachers, I completely believe that our students
will learn the subject effectively with this guide and prove their excellence in Board Examinations.

I once again sincerely thank the Teachers, Parents and Students for supporting and valuing
our efforts.

God Bless all. Subash Raj, B.E., M.8.
- Publisher

Sura Publications

AU the Ddest
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Chapter

APPLICATIONS OF
MATRICES AND
DETERMINANTS

y| CHAPTER SNAPSHOT  [§

Rank of a matrix :-

The rank of a matrix A is the order of the largest non-zero minor of A and is denoted by p (A).
@ p(A)20.
(ii) If A is a matrix of order m X n, then p (A) <min {m, n}.
(iii) Rank of a zero matrix is 0.
(iv) The rank of a non - singular matrix of ordern X nis “n”.
Elementary transformations :
(i) Interchange any two rows (or columns)
R < Rj (C < Cj)
(ii) Multiplication of each element of a row (or column) by any non-zero scalar .
R > kR (orC >kC)
(iii) Addition to the elements of any row (or column) the same scalar multiples of corresponding
elements of any other row (or column).

R > Ri+kRJ (orC ~» Ci+ij)
Equivalent matrices:

Two matrices A and B are said to be equivalent if one is obtained from the another by applying a
finite number of elementary transformations.

A=b
Echelon form :

A matrix A of order m x n is said to be in echelon form if
(i) Every row of a which has all its entries 0 occurs below every row which has a non - zero entry.

(ii) The number of zeros before the first non - zero element in a row is less than the number of such
rows in the next row.

Transition matrix :

The transition probabilities P, satisfy P, > 0 and % P, =1forall;

orders@surabooks.com PH: 9600175757 / 8124201000 / 8124301000
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y| FORMULAE TO REMEMBER |\

1. Linear equations can be written in matrix form AX = B, then the solution is X = A B,
provided |A| # 0.

2. Consistency of non homogeneous linear equations by rank method.
(i) Ifp([AB]) = p(A), then the equations are consistent.

(i) If p([A,B]) = p(A) = n, where n is the number of variables then the equations are consistent and have
unique solution.

(iii) If p([A,B]) = p(A) < n, then the equations are consistent and have infinitely many solutions.

(iv) If p({A,B]) # p(A), then the equations are inconsistent and has no solution.

3. Solving non-homogeneous linear equations by Cramer’s rule.

If ax+by+cz=d, ax+by+cz=d, ax+by+cz=d,
a b ¢ d b ¢
Then A = a b o IO’Ax: d, by, ¢
as by c dy by ¢
a d ¢ a b d,
Ay=la, dy c|> Dz=\|a, b, d,
a dy ¢ a, by d,
Thenx= =, y=2 andz= 22
A A A
TEXTUAL QUESTIONS * Solution:
: 1 -1
LetA = 3 6
m Order of Ais2 x 2

= p (A) <2 [Since minimum of (2, 2) is 2]

1. Find the rank of each of the following matrices.
Consider the second order minor,

o (5 6
(i) [7 8] L=l L (3
: 3 -6
Solution: ; = -6+3
LetA = > 6 = -3
7 8 # 0.
Order of Ais 22 There is a minor of order 2, which is not zero
.~ p (A) <2 [Since minimum of (2, 2) is 2] :
. ) : LpA) = 2.
Consider the second order minor, :
5 6 (i) [1 4]
7 g = 40 - 42 2 8
= 2=%0. : Solution:
: Leta = |1 4
There is a minor of order 2, which is not zero D 8
SLp(A) = 2 :
p(&) Order of A is 2 x 2 [Since minimum of (2,2) is 2]
(ii) -1 Consider the second order minor 4
3 -6 : 2 8
= 8-8
= 0.
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- p(A) <3 [Since minimum of (3, 3) is 3]

Let us transform the matrix to an echelon form.

Unit 1 = Applications of Matrices and determinants Y.ﬁSura’s Xiistd-BusinessMathematicsandStatistics 0
Since the second order minor vanishes, p(A) #2 * 1 2 _2
Consider a first order minor |1| # 0 V)| 4 -3 4
There is a minor of order 1, which is not zero -2 4 —4
sop(A) = 1 Solution:
2 -1 1 -1 2 -2
v)[3 1 -5 LetA = |4 —3 4
11 1 -2 4 4
Solution: The order of A is 3 x 3
2 -1 1 - p(A) <3 [Since minimum of (3, 3) is 3]
LetA = |3 1 =5 : Let us transform the matrix to an echelon form.
11 : Matrix A Elementary
The order of Ais 3 x 3 Transformation
= p(A) <3 [Since minimum of (3, 3) is 3] -1 2 =2
Let us transform the matrix A to an echelon form A=|4 -3 4
- : -2 4 -4
Matrix A Elementary
Transfe ti
ransformation Y,
2 -1 1
~14 -3 4 R >R (-1)
A=1[3 1 -5 2 4 _4
1 1 1
-2 2
b ~10 5 -4 R,>R -4R
~ =5 R <R, 2 4 —4
-1 1
1 -2 2
11 0 5 —4
0 o 3 R,> R, - 3R, o o o R >R, +2R,
- R, >R, - 2R, :
0 =3 -~ : The matrix is in echelon form and the number
1 1 of non-zero rows is 2.
- , ~p(A) = 2.
~10 -1 —4 R,>R =2 p(A)
0 -3 -1 g 1 2 -1 3
vi)[2 4 1 =2
s 1 36 3 -7
~10 -1 —4 R, >R -3R ?
3 3 2 : Solution: _
0 0 11 1 2 1 3
LetA = |2 4 1 =2
This matrix is in echelon from and number of non- : 36 3 -7
Zero rows is 3. The order of A is 3 x 4
z X
P(A) = 3. € order o 18
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Matrix A Elementary
Transformation
1 2 -1 3
A=(2 4 1 =2
36 3 -7
2 -1 3
~10 0 -8 R, >R, - 2R
3 6 -7
2 -1 3
~10 0 3 =8 R,>R -3R
0 6 —16
2 -1 3
~10 0 3 —I8 R, >R, -2R,
0 O 0

The matrix is in echelon form and the number of

non- zero rows is 2.

sop(A) = 2

31 -5 -1

(vii) [1 -2 1 5]

1 5 -7 2
Solution: 31 -5 _1
A=11 -2 1 -5
1 5 -7 2

The order of Ais 3 x 4
- p(A) <3 [Since minimum of (3, 4) is 3]

Let us transform the matrix A to an echelon form.

A Trlj:fsl;:)ir;:iiyon
3 1 -5 -1
A=|1 =2 1 =5
1 5 -7 2
1 5 -7 2
~|1 =2 1 =5 R &R,
31 =5 -1

orders@surabooks.com

15 -7 2

~10 =7 8 =7 R,>R -R,
301 -5 —1
15 -7 2

~10 =7 8 -7 R, >R, - 3R,
0 —14 16 -7
15 -7 2

~10 =7 & -7 R,>R,- 2R,
00 0 7

The matrix is in echelon form and the number of
non-zero matrix is 3.

~op(A) = 3.

1 -2 3 4

(viii) |2 4 -1 -3

-1 2 7 6
. Solution: 1 -2 3 4
A= -2 4 -1 =3
-1 2 7 6

The order of A is 3 x 4
2 p(A) < minimum of (3, 4)
p(A) < 3

Let us transform the matrix A to an echelon form.

Matrix A Elementar.y
Transformation
1 -2 3 4
A=|-2 4 -1 -3
-1 2 7 6
-2 3 4
~10 0 55 R >R, +2R
-1 2 7 6
1 =2 3 4
-0 0 5 5 R,>R, +R
0 0 10 10
1 =2 3 4
~10 0 55 R,>R, - 2R
0O 0 0O
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Unit 1 = Applications of Matrices and determinants ¥Sura’s - XlIStd-BusinessMathematicsandstatistics o
The matrix is in echelon form and the number of * The matrix is in echelon form and the number of
non- zero rows is 2. Non-zero rows is 2.

sop(A) = 2 - p(AB) = 2.
1 1 -1 1 -2 3 I -2 3|1 1 -1

2. IfA=|2 -3 4|andB=|-2 4 —6|,  NowBA o D

3 -2 3 5 1 -1 L
then find the rank of AB and the rank of BA. 1=4+9 1+6-6 —1-8+9

Solution: |1 -1 1 -2 3 =|-2+8—-18 —2—-12+412 2+16—18
GivenA=|2 -3 4 |andB= 2 4 —6 5+42-3 5-342 —5+4-3

3 2 3 5 1 -1 6 1 0
: = |-12 -2 0
1 1 -1(1 -2 3 4 4 4
AB=1|2 -3 4||-2 4 -6 :
3 -2 3 5 1 -1 Matrix (BA) Elementary
1245 —244-1 3-641 Transformation
= (246420 —4—12+44 6+18—4| 6 1 0
344415 —6-8+3 9+12-3 | BA=|-12 20
6 1 -2} (-6 1 -2 a "
=128 —12 20|={28 —12 20 1 6 0
22 —11 18 22 —11 18 | 122 12 o C oC,
Matrix (AB) Elementary 4 4 -4
Transformation :
6 1 - : 1 6 0
AB={28 —12 20 =000 R, >R, +2R,
22 —11 18 : 44 4
1 -6 —2 6 0
~1-12 28 20 C o, -0 0 0 R, >R, -4R
—11 22 18 0 —20 —4
| 6 5 The number of non-zero rows is 2.
" ' - p(BA) = 2.
~1 0 —44 —4 :
R, >R, + 12R, . 3. Solve the following system of equations by
s - 18 5 rank method
1 -6 -2 X+y+2=9,2x+5y+77=52,2x-y-2=-6
~|10 —44 —4 R >R +1IR Solution:
0 _44 _4 o0 ! Given non-homogeneous equations are
xX+y+z =9
1 -6 -2 2x+5y+7z = 52
: 2X-y-z = -6
-0 44 —4 R SR, -R, | s
0 0 0 o The matrix equation corresponding to the given
system is

orders@surabooks.com PH: 9600175757 / 8124201000 / 8124301000
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1 1 1 9
5 7 = |52
-1 —1)|z —6
AX =B
Augmented matrix Elementary
[A, B] Transformation
1 1 1 9
2 5 7 52
2 -1 -1 -6
1 1 1 9
~[0 3 5 34 R, >R, - 2R
2 -1 -1 -6
1 1 1 9
~10 3 5 34 R,>R, - 2R
0 -3 -3 24
111 9
~10 3 5 34 R,>R +R,
0 0 2 10

The last equivalent matrix is in echelon form and

it has three non-zero rows.

sop(A) = 3.

p ([AB])

3 =Number of unknowns.

.. The given system is consistent and has unique

solution.

To find the solution, let us rewrite the above

echelon from into the matrix form.

1 1
0 3 5|y
0 0 2z

1)(x

X+y+z
3y + 5z
2z

From (3), 2z
Substituting z
3y+5(5)
3y+25

3y

3y

4

orders@surabooks.com

9
34
10

9
34
10
10 =

5in (2) we get,
34

34

34 -25

= y
Substituting y
x+3+5

= x+38
= X
= X

4,

o [\

— O O O W

I
bl

and z = 5in (1) we get,

|
co

.. Solution set is {1, 3, 5}

Show that the equations 5x + 3y + 77 =4, 3x +
26y + 2z =9, 7x + 2y + 10z = 5 are consistent

and solve them by rank method.

Solution:

Given non-homogeneous equations are

5x+3y+7z
3x + 26y + 2z
7x + 2y + 10z

4
9
5

The matrix equation corresponding to the given

system is

5 3 T7)x

326 2|y

7 2 10)|z
AX

3 7

Augmented matrix [A,B] = |3 26 2

2 10 5

Augmented matrix
[A, B]

Elementary
Transformation

5 3 7 4
326 2 9
7 2 10 5

326 2
~15 3 7
7 2 10 5

~ O

o
SR w|o\
N W N

R >R =3

PH: 9600175757 / 8124201000 / 8124301000
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TR
33
~o 220 Iy
33
7 2 10 5
TR
303
L
33
o —70 16 46
33
%2
303
o 2L
33
0__111_1
303
NN
33
NO__Hl_l
33
0 0 0 0

R, >R, - 5R,

R, >R, -7R,

R,>R =11
R,>R, = 16

R,>R, — R,

get,

x+?

26 [3+k]
+
11

X

ke R.

Here p(A) =p(A,B) =
unknowns.

.. The system is consistent with infinitely many
solutions let us rewrite the above echelon form 5.

into matrix form.

2 < Number ofé

1 -

| 262
33
—11 1
0__ = —1
3 3|
o o of\*
26 2 X
+ — + — =
X 3y 3Z
111
L
3 7T 3%
letz = k

orders@surabooks.com

where k€ R

many solutions.

§ (2):>_—11y+5
3 3
—11
= Ty =
= -11y
= y =

1
Substituting y :ﬁ(3 +k)and z = kin (1) we

2 k=3
3
26 (3+k
3 [ 11 ]
78 — 26k 2k

= — - — +
33 3

7826k — 22k +99

- 33

2148k _ 3(7—16k)
33 33

2k
3

+3

1
= — (7-16k
11 ¢ )

1 1
.. Solution set is {ﬁ (7 - 16k), 11 (3 + k), k}

Hence, for different values of &, we get infinitely

Show that the following system of equations

have unique solution: x + y+z=3,x + 2y + 32
=4, x + 4y + 97 = 6 by rank method.

Solution:

Given non-homogeneous equations are

é X+y+z

X+2y+3z

xX+4y+9z
M

system is

11 1)(x
2 12 3y

1 4 9|z

=3
= 4
= 6

The matrix equation corresponding to the given

PH: 9600175757 / 8124201000 / 8124301000
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AX =B
Augmented matrix Elementary
[A, B] Transformation
1113
1 2 3 4
1 49 6
11 3
~lo1 21 R,>R,-R
0 3 3 R, >R, -R,
1 1 3
~ 21 R, >R, - 3R
0 20

Clearly the last equivalent matrix is in echelon :

form and it has three non-zero rows.

- p(A) =3 and p([A,B]) =3

=p(A) = p([A, B]) = 3=Numberofunknowns.

. The given system is consistent and has unique

solution.

To find the solution, let us rewrite the above :

echelon form into the matrix form.

11 1)(x 3
01 2|y = |1
00 2z 0
= xX+y+z =3 - (1)
y+2z =1 - (2)
2 =0 e 3)
3)=2z=0 :>2=g=
Q)=y+200)=1=y+0=1=y=1-0=1
(= x+1+0 = 3
= x+1 = 3
= x = 3-1
= x = 2.

.. Solution set {2, 1, 0}

For what values of the parameter A, will the
followingequationsfailtohaveuniquesolution: :
3x-y+Az=1,2x+y+2=2,x+2y-Az=-1by :

rank method.

orders@surabooks.com

* Solution:

Given non-homogeneous equations are
3x-y+Az =1
2x+y+z = 2
X+2y-Az = -1
The matrix equation corresponding to the given
system is

3 -1 A)(x 1
21 1|yl =12
1 2 Az -1
Augmented matrix Elementary
[A, B] Transformation
-1 A 1
1 1 2
|
2 =1 -1
1 2 R, < R,
3 -1 A 1
2 A -1
-3 1+2A 4 R >R -2R,
3 -1 A
2 A -l
0 -3 1+2A 4 R39R3—3R1
0 -7 4r 4
1 2 A -l
0 - +2A 4 R,>R, =3
33 R,>R =7
o -1 24
7 7
1 2 —A -1
0 1 1+2A 4
3 3 R,>R,-R,
0 0 —7-2) -16
21 21

PH: 9600175757 / 8124201000 / 8124301000
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Since
4 1+2)
73
120 =7 — 14\ —7-2)\
- 21 21
4 4 12-28
and 773 = 7
16
21

Sincethesystemisfailtohaveuniquesolutioneither
it can have infinitely many solution or it may be

inconsistent. Y
.~ This can happen only when Y
= -7-2\ = 0
= -7 = 2\
-7
= N = .
2

7. The price of three commodities X,Y and Z are
x,y and z respectively Mr. Anand Purchases 6
units of Z and sells 2 units of X and 3 units of
Y. Mr. Amar Purchases a unit of Y and sells 3
units of X and 2units of Z. Mr. Amit Purchases
a unit of X and sells 3 units of Y and a unit of
Z. In the process they earn < 5,000/-,% 2,000/-
and X 5,500/- respectively Find the prices per
unit of three commodities by rank method.

Solution:

Given that the price of commodities X, Y and Z
are x, y and z respectively.

By the given data,
Transaction [x [y z Earning
Mr. Anand +2 |+3 | -6 |Rs.5000
Mr. Amar +3 [-1 |+2 [Rs. 2000
Mr. Amit -1 |+3 |+1 |Rs.5500

Here, purchasing is taken as negative symbol and
selling is taken as positive symbol.

Thus, the non-homogeneous equations are

2x+3y -6z = 5000
3x-y+2z = 2000
-x+3y+z = 5500

The matrix equation corresponding to the given
system is

orders@surabooks.com

2 3 -6)\(«x
3 -1 2{y|=
-1 3 1)\z
AX =B
Augmented matrix Elementary
[A, B] Transformation
2 3 -6 5000
3 -1 2 2000
-1 3 1 5500
-1 3 1 5500
-3 -1 2 2000 R, KR,
3 -6 5000
I -3 -1 -5000
~13 -1 2 2000 R >R (1)
3 -6 5500
-3 -1 -5500
~lo 8 5 18500 R,>R,-3R,
0 9 —4 16000 R, >R, -2R,
I -3 -1 -=5500
o 1 2 189 R,>R,+8
8 8 R,>R, =9
0 1 —4 16000
9 9
|1 -3 -1 -5500
01 5 18500
8 8
o o ~3_5 16000-18500 R,>R -R,
9 8 9 8
1 -3 -1 =5500
o 1 5 18500
8 8
0 0 =77 38500
72 72

PH: 9600175757 / 8124201000 / 8124301000
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4 -5 32-45 -77 ? 8. An amount of I 5,000/- is to be deposited in
98 T h : three different bonds bearing 6%, 7% and 8%
; per year respectively. Total annual income is
16000 18500 _ 128000 —166500 3358/-.If the income from first two investments
9 8 72 is T 70/- more than the income from the third,
38500 then find the amount of investment in each
= —F— bond by rank method.
72 :
i Solution:
Clearly the last equivalent matrix is in echelon Let the amount of investment in each bond be
form and it has three non-zero rows. % x,% yandR z respectively.
= p(A) = p([A, B]) = 3=Numberofunknowns. Givenx+y+z = 5000 - (1)
.. The given system is consistent and has unique 6 7 g
solution. Also —~ 4 X 4 22 _35g
To find the solution, let us rewrite the above : 100 100 100
echelon form into the matrix form. : PNR — xxIx6 _ 6x
‘.- Interest = = =—
TR 00 T 100 T 100
b= X —>000 g N 6x+7y+8z 358
0 1 2 | y|=]| B0 100
8 8 =  6x+7y+82 = 35800 - )
-77 [N/ | =38500 : . ox Ty 8z
— : G that —+— =70+ —
00 % 72 Ve T 100 100 =77 100
= x-3y-z = -5500  ----- (1) - 6X+7y _ 7000+ 8z
5 18500 160 160
yt+ge = ¢ T (2)§ = 6x+7y = 700+ 8z
-77 38500 = 6x+7y-8 = 7000  ----- (3)
i T T G) The matrix equation corresponding to the given
77z —38500 . systemis.
3)= 77 = 77 1 1 1)\(«x 5000
—38500 6 7 8 |y| = 35800
= Z= T 6 7 -8)\z 7000
= = 500. :
5 - 18500 : Augmented matrix Elementary
(2) =y + 3 (500) = . [A, B] Transformation
18500 2500 St 5000
Y= g Ty [|6 7 8 35800
f@%%% l6e 7 -8 7000
g (111 5000
= y = 2000 Jfo1 2 sso0 R,>R - 6R
(1)= x - 3(2000) - 500 = —5500 0 1 14 23000 R, >R, - 6R,
= x-6000-500 = -5500
= x—-6500 = -5500 11 1 5000
= X = -5500 + 6500 T|or oz 5800 R >R,-R
= x = 1000 0 0 -16 -28800
Hence, the prices per unit of three commodities

are 31000, X 2000 and ¥ 500 respectively.
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The last equivalent matrix is in echelon form and *

p(A) = p([A, B]) = 3 = Number of unknowns.

Thus, the given system is consistent with unique
solution. To find the solution, let us rewrite the

above echelon form into the matrix form.

111 )(x 5000
01 2|yl =1 5800
0 0 -16)\z —28800
= X+y+z = 5000 - 1)
= y+2z = 5800 - Q) :
= -16z = -28800 - (3)
(3)= ~16z = -28800
= = —28800—1800
2T T 6 T

Substituting z = 1800 in (2) we get,

¥ +2(1800) = 5800
= y+3600 = 5800
= y = 5800 - 3600
= y = 2200 :
Substituting ¥ = 2200 and z = 1800 in (1) :
we get, ;
X + 2200 + 1800 = 5000
= x+4000 = 5000
= x = 5000 - 4000
= x = 1000

Hence, the amount of investment in each bond is

Rs. 1000, Rs.2200 and Rs. 1800 respectively.

WEEEEET

1. Solve the following equations by using

Cramer’s rule.

(i)2x+3y=7, 3x+5y=9
Solution: N 2 3 0 .
= =10-9=1=0.
35

Since A # 0, we can apply Cramer’s rule and the

system is consistent with unique solution.

Ax

=7(5)-9(3)

9 5
35-27=8

orders@surabooks.com

2 7
Ay = 3 9 =2(9)-3(7)
= 18-21=-3
A8
N
Ay 3
= —:—:—3
YT AT
.. Solution set is {8, —3)
: (ii) Sx + 3y =17 ; 3x+7y=31
ESquﬁon:
A = >3 =5(7) - 3(3)
7
= 35-9=26

Since A # 0, we can apply Cramer’s rule and the
system is consistent with unique solution.
17 3

31 7
= 119-93=26
5 17
3 31
= 155-51=104.
Ax

X = — =

26

A 26
4

Ay e
A 26

Ax = =17(7) - 31 (3)

=531)-17(3)

Yy
.. Solution set is {1, 4}

(iii)2x+y-z=3,x+y+z=1,x-2y-3z=4

Solution:

2 1 -1
A=1 1 1|=2
1 2 3

2 (-342) - 1 (-3 -1) -1
(-2-1)
2(-1) -1 (-4) -1 (-3)

-2+4+3=5.
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Since A # 0, we can apply Cramer’s rule and the °
system is consistent with unique solution. :

31 -1
x=(1 1 1:3‘

2 -3 4 -2
4 2 -3
=3(=3+2) -1(-3 -4) -1(-2 -4)
=3(-1)-1(-7) -1 (-6)
=-3+7+6=10.
2 3 -1
P S LA N
&y = "l 3 e -3 o4
1 4 -3

=2(-3-4)-3 (-3-1)-1 (4-1)
=2(-7)-3 (49 -10)
=_14+12-3=-5

2 1 3

Ar=l 1 1
1 2 4

+3

1
=2 -1
-2 4 1 4 1 -2

= 2(4+2)-1(4-1)+3(-2-1)
=2(6) -1(3) + 3(-3)

=12-3-9
=0 5
Ax )
CX=—— == =2
A )4
N S
A0
FTA T 57
.. Solution set is {2, -1, 0}

(iv)x+y+2=6,2x+3y-7=5,6x-2p-3z7=-7.
Solution:
I 1 1

A=2 3 -l
6 -2 -3
3 -1 2 -1 3
=1 -1 +1
-2 -3 6 -3 6 -2

=1(-9 -2) -1(=6 +6) + 1(-4 -18)

= -11-22=-33%0

Since A # 0, Cramer’s rule can be applied and the

system is consistent with unique solution.

6 1 1

Ax = |5 3 -1
-7 -2 -3
3 -1 5 -1 5 3
=6 -1 +1
-2 =3 =7 3 -7 2

=6 (-9 -2) -1(-15-7) + 1(-10 +21)
=6 (-11) -1 (=22) + 1 (11)
— 66+22+11=-33

I 6 1
Ay=12 5 -1

6 -7 -3
5 -1 2 -1 5
=1 -6 +1
7 3| |6 -3 |6 -7

=1(-15-7) -6(-6 +6) + 1(-14 -30)

=1(-22) -6(0) + 1 (-44)

= -22-44=-66
1 1 6
Az=12 3 5
6 -2 -7
3 5 25 2 3
-2 =7 |6 -7 6 -2

= 1(-21 +10) —1(~14 —30) +6 (-4 —18)
=1(=11) —1(-44) +6(-22)

= —11+44-132 = —99
O
YTA T 8T
2
S
YTA T T
o 3
z=—" = Z—=3
A 33

.. Solution set is {1, 2, 3}
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(V)x+4y+3z=2,2x-6y+67=-3,
5x-2y+3z=-5

Solution:
1 4 3
A=2 -6 6
5 -2 3
-6 6 2 6 2 -6
=1 -4 +3
-2 3 5 3 5 =2

=1(~18 + 12) - 4(6 - 30) +3 (- 4 + 30)
=1(- 6) - 4(- 24) + 3(26)

=-6+96+78=168#0.

Ao 1
YTA T ]5g2 )
Az 56 1
Z——A = 3;/—3
. . 1
Solut10nset1s{—l,2,3}

2. A commodity was produced by using 3 units of

labourand 2 units of capital, the total costis3 62.
If the commodity had been produced by using 4
units oflabourand one unit of capital, the cost is
% 56. What is the cost per unit of labour and
capital? (Use determinant method).

Since A # 0, the system is consistent with unique Solution:

solution and Cramer’s rule can be applied.

2 4 3
Ax=1-3 -6 6
-5 =2 3
-6 6 -3 6/ |-3 -6
=2 -4 +3
-2 3 =5 3 |-5 =2

=2 (— 18+ 12) — 4(— 9 +30) + 3(6 -30)
=2(= 6)—4(21) + 3(- 24)

=—12-84-72=-168
1 2 3
Ay=12 =3 621‘
5 -5 3
—1(-9+30)-2(6-30)+3( 10+15)
— 121) = 2(- 24) + 3(5)
=21+48+15=84

2 3
5 =5

-3 6 2 6
‘—2‘ +3

-5 3 53

1 4 2
Az=12 -6 =3
5 -2 -5
-6 -3 2 -3 2 -6
—1 4 12
-2 -5 5 =5 5 =2

=1(30 — 6) — 4(— 10 + 15) + 2(~ 4 + 30)
=24 — 4(5) + 2(26)

=24-20+52=156
Ax ~168 1

orders@surabooks.com

Let Rs. x represents the cost per unit of labour
and Rs. y represents the cost per unit of capital

4 1

Since A # 0, the system is consistent with unique
solution and Cramer’s rule can be applied.

Given 3x+2y = 62
4x+y = 56
3 2
A= = 3(1)-4(2)=3-8=-5

62 2
Ax = =62(1)-56(2) =62~ 112=-50
56 1
3 62
Ay 4 sg = 3(56) - 4(62)
= 168 - 248 =-80
10
Ax 50
x=— = Z—==10
A /5/
A 16
y= =2 —786=16.
A A

.. Cost per unit of labour is Rs. 10 and the cost
per unit of capital is Rs. 16.

3. A total of ¥ 8,600 was invested in two accounts.

One account earned 4 i % annual interest and
4

1
the other earned 6 > % annual interest. If the
total interest for one year was ¥ 431.25, how
much was invested in each account? (Use
determinant method).
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Solution:

Let the amount invested in the two accounts be

Rs x and Rs. y respectively

By the given data, x + y=8600 ~  ----- (1)

4§xi+6lxl = 431.25

4 100 2 100

- interest - PNR
19 13 JSo1nterest = 100
= 42X - 43105
400 200
400 7 :
19x+26y = 172500 - )
aslt 1(26) - 1(19)
19 26
= 26-19=7
8600 1
Ax = = 8600(26) - 1(172500)
172500 26
= 223600 - 172500= 51100
1 8600
Ay = = 1(172500) - 19(8600)
Yo 172500‘
= 172500 - 163400 = 9100
_ A 5100
YT AT T
Ay 9100
== = — =1300
A 7

3 :
. Investment in the interest of 42% account

is Rs. 7300 and investment in the rate of 65 %

account is Rs. 1300.

4. At marina two types of games viz., Horse
riding and Quad Bikes riding are available on :
hourly rent. Keren and Benita spent 780 and

% 560 during the month of May.

Number of Hours Total
Name Horse Quad Bike al;;zlrll?t
Riding Riding (in%)
Keren |3 4 780
Benita |2 3 560

Find the hourly charges for the two games

(rides). (Use determinant method).

orders@surabooks.com

3

* Solution:

Let the hourly charge for horse riding be Rs. x
and the hourly charge for quad bike be Rs. y from
the given data, 3x + 4y = 780

2x+3y = 560
A 3
2 3

Since A # 0, the system is consistent with unique
solution and Cramer’s rule can be applied.

= 3(3)-2(4)=9-8=1=%0

780 4
M=oy 5 = T8003)-4(560)
— 2340 2240
= 100
3 780
&= g0l = 3(560)-2(780)
= 1680 - 1560
= 120
YTAT 1 T
Ay 120
=2 o = 0
YA 1

.. Hourly charges for the two rides are Rs.100
and Rs.120 respectively.

In a market survey three commodities A,
B and C were considered. In finding out
the index number some fixed weights were
assigned to the three varieties in each of the
commodities. The table below provides the
information regarding the consumption of
three commodities according to the three
varieties and also the total weight received by
the commodity

Commodity Variety Total
Variety I |II II1 | Weight
A 1 2 3 11
B 2 4 5 21
C 3 5 6 27

Find the weights assigned to the three varieties
by using Cramer’s Rule.
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Solution: o
P2y oy oo 2 4
Let the weight assigned to the three varieties be Az=[2 4 21|=1 - +11
. : 5 27 3 27 35
Rs. x, Rs. y and Rs. z respectively. : 3 5 27
By the given data, = 1(108 = 105) — 2(54 - 63) + 11(10 - 12)
= 1(3)-2(-9) + 11(-2
x+20+3z = 11 (3)-2(9)+ 11(-2)
2x+4y+5z = 21 = 3+18-22
3x+5y+6z = 27 = -1
g Ax -2 5
1 2 2T 4T
A242145225+324; A !
3 5 6 A -1
— 1(24 - 25) —2(12 - 15) + 3(10 - 12) T < Y
A -1
=1(-1) -2 (-3) +3(-2) : Hence, the weights assigned to the three varieties
e 146-6=-1%0. are 2, 3 and 1 respectively.
. 6. Atotal of T 8,500 was invested in three interest
Since A # 0, the system is consistent with unique earning accounts. The interest rates were 2%,
solution and Cramer’s rule can be applied. 3% and 6% if the total simple interest for one
11 2 3 ‘ year was I 380 and the amount invested at
6% was equal to the sum of the amounts in
Ax=1|21 4 5 : the other two accounts, then how much was
27 5 6 invested in each account? (Use Cramer’s rule).
i Solution:
4 5 21 5 21 4 :
=11 -2 +3 Let the amount invested in the rate of 2%, 3% and
5 6 27 6 27 5 .
6% be Rs. x, Rs. y and Rs. z respectively.
= 11(24 - 25) - 2(126 - 135) + 3(105 - 108) - Bythegivendata,
_ MW . s : x+y+z = 8500  --e- (1)
- (_ ) 3 (_ ) + (_ ) : 2x 3y 6z
: T = 380
= _11+18-9 g 100 100 100
& _ 2x+3y+62
2 : = Sy = 380
1 11 3 100
Ap=]2 21 5 o _PNR  xx1x2  2x
327 6 CIEreSt= 100 T 100~ 100
N IR s =  2x+3y+6z = 38000 - )
27 6 3 6 3 27
: Also, zZ = x+y
=1(126 - 135) - 11(12 -15) + 3(54 - 63) Xty-z =0 e 3)
= -9-11(-3) + 3(-9) 11 1
= -9+33-27 A=12 3 6
I 1 -1
= -3
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3 6 2 6
=1 -1 1

+
1 -1 1 -1

2 3
1
=1(-3-6)-1(-2-6)+1(2-3)

1(=9) = 1 (=8) + 1(~1)

-9+8-1=-2=20 ,
Since A # 0, Cramer’s rule can be applied and the :
system is consistent with unique solution. :

8500 1 1
Ax=1{38000 3 6
01 -1
3 6 38000 6 38000 3
= 8500 -1 +1
I -1 1 -1 0 1

= 8500 (- 3 - 6) - 1(-38000 -0) + 1(38000 - 0)

= 8500 (-9) — 1(-38000) + 1(38000)
= - 76500 + 38000 + 38000

= -500
1 8500 1
Ay =12 38000 6
1 0 -1
38000 6 2 6 2 38000
=1 —8500 +1
0 -1 1 - 1 0

=1(-38000 - 0) - 8500 (-2 -6) + 1(0 - 38000)

= - 38000 - 8500 (-8) — 38000
= - 38000 + 68000 — 38000

=- 8000
I 1 8500
Az=12 3 38000
11 0
3 38000 2 38000 2 3
=1 -1 +8500
1 0 1 1

=1(0-38000) — 1(0 -38000) +85000 (2 - 3)

- 38000 + 38000 + 8500 (-1)

=~ 8500

250

_ 20 =+250
3

4000

—3000

>[5

=
Il

> &

= 4000

<
Il

orders@surabooks.com

4

4250

Az 8500
A

z =

Hence, the amount invested in the three accounts
are Rs. 250, Rs. 4000 and Rs. 4250 respectively.

(g

The subscription department of a magazine
sends out a letter to a large mailing list inviting
subscriptions for the magazine. Some of the
people receiving this letter already subscribe
to the magazine while others do not. From
this mailing list, 45% of those who already
subscribe will subscribe again while 30% of
those who do not now subscribe will subscribe.
On the last letter, it was found that 40% of
those receiving it ordered a subscription.
What percent of those receiving the current
letter can be expected to order a subscription?

Solution:

Transition probability matrix
A B

. A(-45 55
~ B\:30 -70
Where A represents the percentage of subscribers

and B represents the percentage of non-
subscribers.

By the given data, 40% received the order of
subscription = 60% are non-subscribers.

A = 40% =40
andB = 60% =-60

A B
A B A(45 55
~ (40 60) gl 70) T

((~40)(-45) +(-60)(-30) (-40)(.55) + (-60)(.70))

= (18418 22+-42)
=(-36 -64)

= 36 % of those receiving the current letter can
be expected to order a subscription.
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2.

A new transit system has just gone into °
operation in Chennai. Of those who use :
the transit system this year, 30% will switch :
over to using metro train next year and 70%
will continue to use the transit system. Of
those who use metro train this year, 70% will :
continue to use metro train next year and 30%
will switch over to the transit system. Suppose :
the population of Chennai city remains :
constant and that 60% of the commuters use :
the transit system and 40% of the commuters :

use metro train this year.

(i) What percent of commuters will be using

the transit system after one year?

(i) What percent of commuters will be using

the transit system in the long run?

Solution:

Transition probability matrix

A B

LA 70 30
B30 70

Where A represents the percentage of people
using transit system and B represents the :

percentage of people using metro train.

By the given data
A = 60% =-60
andB = 40% =4
70 -30
(-60 -40)
30 70

= () +(4(3)  (6)(3)+(-4)(T))

(42+-12 -18+-28)

(54 -46)

A 54% and B = 46%

(i) The percent of Commuters using the transit :
system after one year is 54% and the percent :
of commuters using the metro train after one :

year is 46%

(ii) Equilibrium will be reached in the long run.

At equilibrium we must have

(A B)T = (A B)

orders@surabooks.com

Solution:

A+B =1

73
=(A B)('3 .7) =
= (7A+3B 3A+7B) = (A B)
Equaling the entries on both sides, we get

7A+3B = A

—=JA+3(1-A) = A
[-A+B=1=B=1-A4]
= JA+3-3A = A

where

(A B)

= 3 = A-7A+ 3A
= 3 = A(1--7+-3)
= 3 = A(3+-3)
= 3 = A(-6)

-3 1
= A = g=§=-50

. The percent of commuters using the transit
system in the long run is 50%.

Two types of soaps A and B are in the market.
Their present market shares are 15% for A and
85% for B. Of those who bought A the previous
year, 65% continue to buy it again while 35%
switch over to B. Of those who bought B the
previous year, 55% buy it again and 45% switch
over to A. Find their market shares after one
year and when is the equilibrium reached?

Transition probability matrix
A B

T A(-65 -35
~ B(45 55
Where A represents the percent of people those

who bought soap A and B represents the percent
of people those who bought soap B.

By the given data,
A = 15%=-15
andB = 85%=-85

Percentage after one year is
65 35
(-15 -85)
45 .55
= ((-15)(-65)+ (-85)(-45) -15(:35)+-85(:55))
(-0975+-3825 -0525+-4675)
(-48 -52)
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Hence, market share after one year is 48% and *?

52%
At equilibrium,
(A B)T = (A B)
65 35
A B =(A B
( )(45 -55) ( )
(65A+-45B -35A+-55B) = (A B)

Equating the corresponding entries on both sides

we get,
-65A + -45B

=.65A + -45(1-A)

A
A

[Since A+B = 1= B=1-A]

=-65A + 45 - 45A= A

= 45 = A --65A +-45A
= 45 = A(1--65+-45)
= 45 = A (-35+-45)
= 45 = A(-8)
45
- A = g =-5625=5625%
B = 1-A=1--5625=4375
= 43.75%

.. Equilibrium is reached when A = 56.25% and

B=43.75%

Two products A and B currently share :
the market with shares 50% and 50% each
respectively. Each week some brand switching
takes place. Of those who bought A the :
previous week, 60% buy it again whereas 40%
switch over to B. Of those who bought B the
previous week, 80% buy it again where as :
20% switch over to A. Find their shares after :
one week and after two weeks. If the price war

continues, when is the equilibrium reached?

Solution:

Transition probability matrix

A B
A(6 -4
T =
B2 -8
By the given data
A = 50%=-5
B = 50%=-5

Shares after one week

orders@surabooks.com

593 )

= ((5)(6)+(:5)(2) -5(4)+-5(8))
(-30+-10 -20+-40)

(40 -60)

.~ Shares after one week for products A and B are
40% and 60% respectively.

Shares after two weeks

6 -4
(4 '6)(2 -8)
= ((4)(6)+(-6)(2) (4)(-4)+-6(0-8))

(24+-12 -16+-48)
= (36 -64)

.. Shares after two week for products A and B are
36% and 64% respectively.

At equilibrium, we must have

(A B)T = (A B)
where A+B =1
a5y
=(6A+2B 4A+8B)=(A B)

Equating the corresponding entries on both sides

we get,
6A+2B = A
= 6A+2(1-A) = A
= 6A+2-2A = A
= 2 = A-6A+2A
= 2 = A(1-6+-2)
= 2 = A(4+2)
= 2 = A(6)
= A = %:-33:>A=33%

andB=1-A=1-33=67=B=67%

.. Equilibrium is reached when A = 33% and
B=67%
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(R

CHOOSE THE CORRECT ANSWER
1. If A=(12 3), then the rank of AAT is

(a)0 (b)2 (©)3 @1r
[Ans: (d) 1]
Hint: 1 :
AAT=(1 2 3)|2|=(1+4+9)=14
3

.. Rank of AATis 1

2. The rank of m X n matrix whose elements are :

unity is

()0 (b) 1

(c)m (d)n

[Ans: (b) 1]
Hint:

m rows and n columns applying the elementary

transformation.
R, >R -R,R >R R >R -R we get
A =
1 1 1 ——— === 1
0 0 O -—— ——— 0
0 0 0O -—— ——— 0

A B
A(0~4 0-6

3. If T =
Bl0-2 0-8

probability matrix, then at equilibrium A is

equal to

1 1 1 1
(@) 1 (b) 3 (© 3 (d) 3

Hint: At equilibrium,
0-4 0-6

(A B)(o'z 0-8):(A B)

orders@surabooks.com

. Hint:

)is a transition :

1
[Ans: (a) 4]

Where A+B =1
(0-4A+0-2B 0-6A+0-8B) = (A B)
0-4A +02B = A

A
[since A+tB=1=B=1-A]
= 04A+0-2-02A= A

0-4A + 02 (1 - A)

= 02 = A-04A+0-2A
= 02 = A(1-04+02)
= A(0-8)
L 02 1
- T 08 4
2 0 |
4 IfA= 0 8 then p (A) is
' (2) 0 (b) 1 (c)2 (d)n
5 [Ans: (¢) 2]
. Hint: 2 0
a5 )
A 2 0
Al = |, g =16-0=16=0.

Since the second order determinant does not
vanish. p (A) =2

111

5. 'Therankof thematrix [ 2 3

1 4 9

(a) 0 (b) 1 (c) 2 (d)3

[Ans: (d) 3]

Let A

Il
—_ = =
E - SR

—_—

R,>R,-R
R, >R, -R,

(e}

1 11

0 1 2|R>R,-3R,
0 0 2

Since there are 3 non-zero rows, p (A) =3

p(A) = 3
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6. The rank of the unit matrix of order n is
(a)yn—1 d)n (c)n+1 (d) »n? :
[Ans: (b) n] :

Hint:

The rank of the unit matrix of order n '
[Since the rank of a non-singular matrix of order '
nxnisn] '
If p(A) = r then which of the following is
correct?
(a) all the minors of order r which does not :
vanish. :

(b) A has at least one minor of order r which
does not vanish.

(c) Ahas at least one (+ + 1) order minor which
vanishes. :

(d) all (» + 1) and higher order minors should
not vanish.
[Ans: (b) A has at least one minor of order r :
which does not vanish.] :

1

2 | then the rank of AAT is
3

IfA=

(a) 0 (b) 1 (c)2

(@3
[Ans: (b) 1]
Hint: :

IfA

then AT=(123)

AAT (123)=

S O =
(8]
W N =
AN B
O N W

S O N
S O W

.. Rank of AATis 1
A

0
-1
(b)2 .
(d) only real number
[Ans: (a) 1] :

-1
A
0

0
-1

is 2. :
N A

If the rank of the matrix
Then \ is

(a)l
(©)3

orders@surabooks.com

Hint:
A -1 0
Rankof | 0 A —1|=2
-1 0 A
Since the rank is 2,
A -1 0
0O A -1 =0
-1 0 A
hk —1+1 0 —1+0 0 X
%o AT 1 a1 07O
AA)+1(0-1)+0 = 0
N-1 = 0=>MN=1
A =1
1
2
: -3
. 10. The rank of the diagonal matrix 0
0
0
(@0 (b)2 (©)3 (ds
: [Ans: (¢) 3]
. Hint:
: Since there are 3 non-zero rows, rank is 3
| A B
11. IfT=A[0-7 0-3)is a transition probability
: Bl0-6 «x
matrix, then the value of x is
(a) 0.2 (b)0.3 ()04 (d)0.7
s [Ans: (c) 0-4]
. Hint: A B
: T=A

0-7 0-3
B\0-6 «x

Since this is a transition probability matrix,

: 06+x = 1=x=1-06=04

- 12. Which of the following is not an elementary
transformation?
(a) RoR (b) R—2R+2C,
(©) R—2R 4R (d) C—CH5C,

[Ans: (b) R, — 2R, +2C||

PH: 9600175757 / 8124201000 / 8124301000



Thisris. padpfataiSdetple

www.TrbTnpsc.com

for Full Book Order online and Available at all Leading Bookstores

Unit 1 = Applications of Matrices and determinants

¥Sura’s - XlIStd-BusinessMathematicsandstatistics Q

Hint:

R > 2R +2C is not an elementary transformation :

since it includes rows and columns.

13. If p(A) = p(A, B) then the system is

(a) Consistent and has infinitely many solutions
: Hint:

(b) Consistent and has a unique solution

(c) Consistent (d) inconsistent

Hint:

unique solution or infinitely many solutions.

.. The system is consistent.

[Ans: (c) Consistent]

If p(A)=p(A, B) then the system can have a

14. If p(A) = p(A, B)= the number of unknowns,

then the system is

(a) Consistent and has infinitely many solutions

(b) Consistent and has a unique solution

(c) inconsistent (d) consistent

[Ans: (b) Consistent and has a unique
solution] :

Hint:

If p(A)=p(A, B) = Number of unknowns then the

system is consistent and has a unique solution.

15. If p(A) # p(A, B), then the system is

(a) Consistent and has infinitely many solutions

(b) Consistent and has a unique solution
(c) inconsistent (d) consistent

. Hint:

[Ans: (c) inconsistent] :

Hint:

If p(A) # p(A, B), then the system is inconsistent.

16. In a transition probability matrix, all the

entries are greater than or equal to

(a)2 (b) 1 ©)0 (d)3

Hint:
[-0<p<1]

17. If the number of variables

[Ans: (c) 0]

in a non- :

homogeneous system AX = B is n, then the

system possesses a unique solution only when
(@) p(A) =p(A, B)>n
(b) p(A) = p(A, B) =n

(c) p(A)=p(A,B)<n (d) none of these

[Ans: (b) p(A) = p(A, B) = 1] |

orders@surabooks.com

18. The system of equations 4x+6y =5, 6x +9y = 7

has
(a) a unique solution (b) no solution
(c) infinitely many solutions (d) none of these

[Ans: (b) no solution]

Given 4x+6y = 5
6x+9y = 7
4 6 5
[A,B] =
6 9 7
&3
~ 4 4|R >R +4
6 9 7
;] 32
N 2 4
-1 R, >R, -6R
0 0 —
2
Here p(A) =1 and p(A,B)=2

Since p(A) # p(A, B), the system has no solution
19. For the system of equations x + 2y + 3z = 1,

2x +y+3z=2 5x+5y+9z=4

(a) there is only one solution

(b) there exists infinitely many solutions
(d) None of these
[Ans: (a) there is only one solution.]

(c) there is no solution

Givenx+2y+3z=1, 2x+y+3z=2,
5 +5y+9z=4
1 2 3 1
[A,B]=]2 1 3 2
55 9 4
23 IR sRr-2R
~10 -3 =3 0
R, >R, - 3R,
0 -5 -6 -1
1 2 3 1
~{0 -1 -1 0 .
R >R, +5
0 -5 -6 -1
1 2 3 1
~10 -1 -1 0 |R >R -5R,
0O 0 -1 -1
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Here p(A) =3 and p(A,B)=3

= p(A) = p(A, B) = 3 = Number of unknowns.
20. If|A| =0, then A is

(a) non- singular matrix  (b) singular matrix

(c) zero matrix (d) none of these

[Ans: (a) non- singular matrix|

21. The system of linear equations x +y + z = 2,
2x +y -z =3,3x + 2y + k = 4 has unique

solution, if & is not equal to

()4 (b)0 (c) 4 (d)1

Hint:

Givenx+y+z=2,2x+y—-z=3,3x+2y+k=4

111 2y (11 1 2
[A,B]=[2 1 -1 3|~|0 -1 -3 -1

32 k 4) (0 -1 k-3 2)

R,>R,-2R,

R,>R,-3R,

11 1 2 :

~[0 -1 =3 -1|R,>R -R
0 0 k -1

For unique solution p(A) = p(A,B) =3
This can happen only when £ # 0

22. Cramer’s rule is applicable only to get an :

unique solution when

(@) A #0 (b) A #0
(c)A#0 (d)Ay#O :
[Ans: () A#£0]
a b '
23. Ifﬂ+ﬁ=cl,a—2+b—2=cz,Al= b ;
X oy x y a, b,
aloala 0 Ay (x,y) i
A JA, = en (x,y) is
2 b2 C) 3 C ay Y
A, A As Ay
@@ [=2.=2 (b) ——)
A A -A, —A
(c) |L,= (d) —I—IJ
A, A, A, A,

(22}
[Ans: (d) s 1

A, A,

orders@surabooks.com

[Ans: (b) 0]

* Hint:
b b
Givenﬂ+—1=cl a—2+—2=c2
x oy Xy
a b b, c C a
andA =| A= Ma=" T
az b2 b2 CZ cz a2
= PN B [~ C < C)]
2 02 b2 1 2
¢ b
= -A, = |0
¢ b
¢ a a c
and A, = S T R
G 3 a, €
C eC
1 A 1 A
— = 2apd-—=—3
A T
= x = A, andy = A,
24. |A | =3 |adjA|=243 then the value n is
: (a)4 (®)5 (c)6 (d)7
: [Ans: (c) 6]
. Hint:
Given [A | =3, |adj A| = 243.
If A is a square matrix of order #n, then
ladj A| = |A]"!
243 = 3!
35 — 3n—1
5 = n-1
n =5+1=6
25. Rank of a null matrix is
(a)0 (b) -1 (c) (d)1

[Ans: (a) 0]
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Miscellaneous problems

1 =3 4 7)
1. Findtherankofthe matrix A = :
. 9 1 2 0):
Solution:
Given A 1 -3 4 7
iven A = 9 1 2 0
1 -3 4 0 R SR _9R
0 28 —34 —63) 277N
1 -3 4 0
~ R>R +— R
0 0 10 63| ° 2 3000
3
The last equivalent matrix is in echelon form and
there are 2 non-zero rows. :
p(A) = 2.
-2 1 3 4
2. FindtherankofthematrixA=| 0 1 1 2
Solution: 1 3 4 7
-2 1 3 4
Given A = 0 1 1 2
1 3 4 7
1 3 4 7
~[0o 1 1 2[R &R,
-2 1 3 4
1 3 4 7
~10 1 1 2R >R +2R
0 7 11 18
1 3 4 7
~10 1 1 2|R >R, -7R
0 0 4 4
The last equivalent matrix is in echelon form and
there are 3 non - zero rows. :
p(A) = 3.
4 5 2 2
3. Find the rank of the matrixA={3 2 1 6
Solution: 4 4 8 0
4 5 2 2
Given A =13 216
4 4 8 0

orders@surabooks.com

52 2
~3 2 1 6|R >R +4
1120
1 2
~13 1 6 R &R,
4 2 2
12 0) R>R-3R
~|0 -1 =5 61 R SR -4R
01 -6 2
1 1 2 0
~10 -1 =5 6| R,>R+R
0 0 -11 8

The last equivalent matrix is in echelon form and
there are 3 non-zero rows.

p(A) = 3.

. 4. Examine the consistency of the system of

equations:

X+y+7=7,x+2y+37=18,y+27=6.

Solution:

Given non homogeneous equations are x + y + z
=7,x +2y+3z=18,y+2z=6.

Augmented matrix Elementary
[A, B] Transformation
1 11 7
1 2 3 18
01 2 6
11 7
~ 1 2 11 R,>R, -R,
012 6
11 7
~10 2 11 R,>R,-R,
00 0 -5
Here p(A) =2 and p(A,B)=3

Since p(A) # p(A, B), the given system is
inconsistent and has no solution.
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5. Findkif the equations2x +3y—z=5,3x -y +
47 =2,x + 7y — 6z = k are consistent.

Solution:
Given non-homogeneous equations are
2X+3y—z=53x-y+4z=2,x+7y—-6z2=k

Augmented matrix Elementary
[A, B] Transformation
2 3 -1 5
3 -1 4 2
1 7 -6 &k
1 7 -6 k
~13 -1 4 2 R1 PN R3
2 3 -1 5
1 7 -6 k
~lo =22 22 2-3k R,>R,-3R,
0 —11 11 5-2k R,>R,-2R,
7 -6 k
~10 22 22 2-3k R,>2R,-R,
0 0 0 2(5-2k)-(2-3k)
1 7 -6 k
~10 22 22 2-3k
0 0 0 10-4k-2+3k
1 7 -6 k
~10 22 22 2-3k
0 0 0 8-k
Here p(A) =2

Since the given system is consistent, p(A, B) must

be equal to 2.

This can happen only when
8-k =0

= k=8

6. Find k if the equationsx +y +z=1,3x -y -2
=4,x + 5y + 5z = k are inconsistent.
Solution:

X+y+z=1,3x—-y—-z=4,x+5y+5z=k

Augmented matrix Elementary
[A, B] Transformation
1 1 1 1
3 -1 -1 4
1 5 5 &k

orders@surabooks.com

11 1 1

~lo -4 4 1 R, >R, -3R,
0 4 4 k-1 B> R =R,
11 1 1

~10 4 -4 1 R,>R, +R
0 0 0 &k

Here clearly p(A) = 2.

Since the given system is inconsistent, p(A) #
p(A, B)

This can happen only when £ # 0.

. k can take any value other than zero.

7. Solve the equationsx + 2y +7=7,2x —y + 27
= 4,x +y — 2z = —1 by using Cramer’s rule.
Solution:

1 2 1
A= 2 -1 2
1 -2
-1 2] P 2] P -1
=1 -2 1
1 =2 T2 11

=1(2-2)-2(-4-2)+12 + 1)
= 1(0)-2(=6) + 1(3)
= 12+3=15%0.

Since A # 0, Cramer's rule can be applied and the
system is consistent with unique solution.

7 2 1
A= |4 -1 2
-1 1 -2
-1 2 4 2] |4 -1
-7 -2 +1
1 =2 Tl =2 -1

=72-2)-2(-8+2)+1(4-1)
7 (0) - 2(-6) + 1(3)

= 12+3=15.
1 7
Ay=12 4 2
1 -1 =2
4 2 2 2 2 4
=1 -7 +1
-1 2 1 2 1 -1

=1(-8+2)-7(-4-2) + 1(-2 -4)
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=1(-6) -7 (-6) + 1 (-6)

=-6+42-6=30
1 2 7
Az=2 -1 4
1 1 -1
-1 4 2 4 2 -1
=1 -2 7
S | I RS | I S I |

=1(1-4)-2(-2-4)+72+1)
= 1(-3)-2(-6)+7(3)

= -3+12+21=30
X = A = /lé/—
2
Ay 30
y: = —:2
A B
2
Az 30
z=— = = =2
A5

.. Solution set is {1, 2, 2}

The cost of 2kg. of wheat and 1kg. of sugar is :
%100. The cost of 1kg. of wheat and 1kg. of rice '
is T80. The cost of 3kg. of wheat, 2kg. of sugar :
and 1kg of rice is 3220. Find the cost of each

per kg., Using Cramer’s rule.

Solution: :
Let the cost of 1kg of wheat be Rs. x, 1kg of sugar :

be Rs. y and 1kg of rice be Rs. z.

By the given data,
2x+y = 100
x+z = 80

3x+2y+z = 220

2 10
01 11
A=[1 0 1] = 2 -1 +0
21 31
32 1
= 2(0-2)-1(1-3)+0
= 2(=2)-1(-2)
= —4+2=22
100 1 0 0 w0 1
Ax=|80 0 1| = 100‘2 1‘—1‘220 1‘+0
220 2 1

orders@surabooks.com

100(0 - 2) — 1 (80 - 220)
= 100(-2) - 1(~ 140)

= -200 + 140 = - 60.
2 100 0

80 1 11
Ay = 80 1| = 2 -100 +0
220 1 31
3220 1
= 2(80-220) - 100 (1 - 3)
= 2 (- 140) - 100 (-2)
= 280+ 200 = - 80.
2 1 100
Az=1{1 0 80
3 2 220
0 80| |1 80 10
- x| +100
2 2200 3 220 32

=2(0 - 160) — 1(220 - 240) + 100(2 - 0)

= 2(= 160) - 1(~ 20) + 100(2)

~ 320 + 20 + 200
~ 100

—60

— =30
-2

=80 40
-

_ 100
-2
.. The cost of 1kg of wheat is<. 30

The cost of 1kg sugar is <. 40 and

zZ =

>k e =B

The cost of 1 kg of rice is <. 50.

A salesman has the following record of sales
during three months for three items A,B and
C, which have different rates of commission.

Sales of units Total
Months commission

A B C drawn (in )
January 90 | 100 | 20 800
February | 130 | 50 | 40 900
March 60 | 100 | 30 850

Find out the rate of commission on the items
A,B and C by using Cramer’s rule.
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Solution: 9(~ 70) - 80(15) + 2(565)

- 630 -1200 + 1130

Let the rate of commission on the items A, B and
C be x, y and z respectively. :

: = -700
By the given data, the non-homogeneous : 9 10 80
equations are : Az=113 5 90
90x + 100y + 20z = 800 6 10 85
= 9x+10y+2z = 80 : 5 90 13 90 13 5
= -10 +80
130x + 50y + 40z = 900 10 85 6 85 6 10
= DBx+5y+4z = 90 =9(425 - 900) — 10(1105 ~ 540) + 80(130 - 30)
60x + 100y + 30z = 850 - =9(=475) - 10(565) + 80 (100)
= 6x+10y+3z = 85 = —4275- 5650 + 8000
9 10 2 : = -~ 1925
A=[13 5 4 ; A 2
5 4 P13 4 p3 5 ' 7>
=9 -10 +2 4
10 3 6 3 6 10 Ay —700
y = — = —_— = = 4
A ~¥75
=9 (15 - 40) - 10 (39 - 24) + 2(130 - 30) /ITT
: Az —1975
=9 (-25) - 10(15) + 2(100) AT g
i B ii? - 150 +200 .. The rate of commission on the items A, B and

C are 2%, 4% and 11%

Since A # 0, Cramer's rule can be fiffed g¥the 10. The subscription department of a magazine

system is consistent with uniquelse gy, sends out a letter to a large mailing list inviting

80 10 2 : subscriptions for the magazine. Some of the
Ax=190 5 4 people receiving this letter already subscribe
85 10 3 to the magazine while others do not. From
: this mailing list, 60% of those who already
_ 80 S 4‘_10 ‘90 4‘ ) ‘90 S ‘ subscribe will subscribe again while 25% of
10 3 8 3 85 10 those who do not now subscribe will subscribe.
= 80(15 - 40) — 10(270 — 340) + 2(900 — 425) On the last letter it was found that 40% of those
: receiving it ordered a subscription. What
=80 (- 25) - 10 (- 70) + 2 (475) percent of those receiving the current letter
= -2000 + 700 + 950 can be expected to order a subscription?
= —-350 Solution:

5 Let A represents the percent of people who

9 80 2 ) .
subscribe the magazine and B represents the
Ay = I3 %0 4 percent of people who do not subscribe the

6 8 3 magazine.

_9 ‘90 4‘ _ 80 ‘13 4‘ 49 ‘13 90‘ Given 60% of people subscribe again implies 40%
8 3 6 3 6 85 ' of people do not subscribe. And 25% of people
g are going to subscribe implies 75% of people are

=9(270 - 340) - 80(39 - 24) +2(1105 - 540) not going to subscribe.
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I.

.. Transition probability matrix
A B

A( 6 4
T =
B|-025 75

! 6.

Also, it is given that 40 % of those received the

order of subscription implies 60% are not going

to receive the order.

o400 1)

= ((D(6)+(-6)(-25) (4)(4)+(-6)(-75))
= (24+15 -16+45) = (-39 -61)

. 39% of people who received the current letter

can be expected to order a subscription.

Practice Problems

CHOOSE THE CORRECT ANSWER :

If the minor of a,, = the co-factor of 4, in |a,|

then the minor of a,, is.

(@)1 (b)2 (©)0 (d)3

If AB = BA = |A| I then the matrix B is the.
(b) Transpose of A
(d) 2A

(a) inverse of A

(c) Adjoint of A

- 10.

[Ans: (¢) 0]

L

[Ans: (c) Adjoint of A]

If A is a square matrix of order 3, then |adj A|

1S.

(a) |AP (b) |A] (© AP (d) |A*

If |A| = 0, then |adj A] is.

(@0 (b) 1 (c)-1 (d=£1

[Ans: (a) 0]

By

For what value of %, the matrix A =
has no inverse?

3 10
@ 15 b) 3 ()3 (d) 10

10,
Ans: (b
[nS()3]

orders@surabooks.com

[Ans: () |AP]

=~

The rank of an n X n matrix each of whose
elements is 2 is

(a1 (b)2 (c)n (d) n?
[Ans: (a) 1]
52 5% 5t
The value of [5° 5% 5% is.
54 55 56
(a) 52 ()0 (c) 5" (d) 5°
[Ans: (b) 0]
2x 5 6 2
If 8 x =17 3 thenx =.
(a)3 (b)+3 ()£6 (do6

[Ans: (c) £ 6]
If A is a singular matrix, then Adj A is.

(a) non-singular (b) singular
(d) not defined

[Ans: (b) Singular]

(¢) symmetric

If A, B are two n X n non-singular matrices,
then.

(a) AB is non-singular
(¢)(AB)'=A"1B"
(d) (AB)! does not exit
[Ans: (a) AB is non-singular]
FILL IN THE BLANKS :

(b) AB is singular

a 0 0
IfA=|0 a 0] then the value of |adj A| is
— [0 0 a
[Ans: af]
For any 2 x 2 matrix, if A (adj A) = ‘0 10‘
then |A] is
[Ans: 10]
If A is a square matrix of order n, then
|Adj A| = [Ans: |A|"]
If A is a matrix of order 3 and |A| = 8 then
ladj A| = [Ans: 64]
If A is a square matrix such that A? = I, then
Al= [Ans: A]

The system of equation x + y + z = 2,
3x-y+2z=6and3x+y-z=-18has
solution

[Ans: unique]
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The number of solutions of the system of ° [V, (CHOOSE THE ODD ONE OUT:

7.
equations 2x + y -z =7, x -3y + 2z = 1, :
x+4y-3z=5is . 1.
[Ans: 0] :
8. The system of linear equations x + y + 7 = 2, |
2x +y -z =3, 3x + 2y + kz = 4 has a unique '
solution if k is
[Ans: Not equal to 0] :
9. Thevalue of A for which the system of equations
X+y+2=5x+2p+3z=9,x+3y+Az=pis 2
. [Ans: A #5] '
10. A set of values of the variable x, x,,....x,
satisfying all the equations simultaneously is
called of the system P 3.
[Ans: Solution]
III. MATCH THE FOLLOWING :
1. [ Rank of a matrix i 1
2. | If Aisa matrix of order | ii. NOn-zero row
m % n, then p(A) <
3. |Rank of a zero matrix | iii. |[n 4.
is
4. | Rank of a non-singular | iv. unique
matrix of order n x n is solution
5. |If A is of rank 2, then | v. inconsistent 5.
adj A is of rank
6. | A row having at least | vi. |infinitely
one non-zero element many
is solutions
7. |For the system of|vii. [<min {m, n}
equations AX = B, the
solution is X = A B
. ' V.
provided :
8. |If p(A, B) = p(A) < n|viii. [0
then the system has
9. |If p(A, B) = p(A) = n, | xi. |A|#0 1.
then the system has :
10. [If p(A, B) # p(A) then | x. >0
the system is

[Ans: 1 -, 2 - vii, 3 - viii, 4 - iii, 5 - i, 6 - ii, 7 - ix,

8-vi,9-iv,10-v]

orders@surabooks.com

The system of non-homogeneous equations
will have.

(a) unique solution
(b) Infinitely many solutions

(c) No solution (d) Trivial solution

[Ans: (d) Trivial solution]
Rank of a 2 x 2 matrix may be

()0 (b) 1 (©2 (d)3

[Ans: (d) 3]
The transition probabilities P, satisfy
@P,>0

(b) X Py =1 forall)

(©) ij <0 (d) ij >1

[Ans: (c) ij <0]
Which is one correct?
(@R, —R +R,

()R, <R,

(b)C,—C,-2C,

)R, C,
[Ans: () R, & C ]

If |A| =0, then

(a) Ais a singular matrix
(b) System has either no solution or infinitely
many solutions
(c) No solution
(d) non-singular matrix
[Ans: (d) non-singular matrix|

WHICH IS THE FOLLOWING IS
NOT CORRECT IN THE GIVEN
STATEMENT:

(a) |A| = |AT| where A = [a_]

i 3x3
(b) [KA| = K* |A| where A=[q,] , ,
(c) Ifis a non-singular matrix, then |A| # 0

at+b c+d a c|l |b d
(d) = +
e+f g+h e gl |f h
atb c+d a c+b d
[Ans.(d)e+f g+hl"le o |f nl
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2.

2 MARK QUESTIONS:

1.
Solution:

For the matrix A = [aij] a3
(a) Order of minor is less than the order of |A|.
(b) Minor of an element can never be equal to
co-factor of the same element.
(c) Value of a determinant is obtained by
multiplying elements of a row or column by
corresponding factors
(d) Order of minor and co-factors of elements of
A is same. :
[Ans: (b) Minor of an element can never be :
equal to co-factor of the same element.| :

If A is an invertible matrix, then which of the
following is not true? :
(@) (A=A
(© (A)'=(AND"

(b) |AT=]A["
(d) |A[#0 g
[Ans: (2) (A% = (AT)]

(a) If three planes intersect at a point, then the :
system has unique solution. _

(b) if three planes intersect along a line then the
system has infinitely many solutions lying

on this line. :

(c) If two planes intersect at a point then the :
system has unique solution.

(d) If three planes are parallel and distinct and
there is no point in common, then the system :
has no solutions
[Ans: (¢) If two planes intersect at a point
then the system has unique solution.] :

Solution of the system of equations x + 2y =7 :
and 3x + 6y =21 is
(@) x=5,y=1

(¢) x=0,y=1

(b) x=3,y=2

(d) x=-3,y=5 :
[Ans: () x=0,y=1]

Additional Question

7 -1
Find the rank of the matrix [2 ]

1
7 -1
LetA =
2 1
The order of A is 2 x 2

p(A) < min(2,2)

orders@surabooks.com

= p(A)
7 -1
2 1
The highest order of non-vanishing minor of A
is2

IN

2.

7-(-2)=7+2=9%0

p(A) = 2

: 2 4
: 2.  Find the rank of the matrix (_ 1 2 )
. Solution:

2 -4
LetA =

The order of Ais 2 x 2

p(A) < min (2,2)
= p(A) < 2.
2 -4
En

Since the second order minor vanishes, p(A) # 2.

We have to try for atleast one non-zero first order
minor.

ie. atleast one non-zero element of A.

This is possible because A has non-zero element.

p(A) = L
: 3. Solvex + 2y =3and x +y = 2 using Cramer's
_ rule.
. Solution:
: 1 2
A= - =D -R)=1-2=-1

Since A # 0, Cramer's rule can be applied and the
system is consistent with unique solution.

Ax 3-4 1
= 1_ -4 =—-
A 1 = _1
)y = 1 = =
- —  — _1_1
X = = 1_
__y — _1_1

.. solution set is {1, 1}

PH: 9600175757 / 8124201000 / 8124301000



Thisris. padpfataiSdetple

www.TrbTnpsc.com

for Full Book Order online and Available at all Leading Bookstores

@ Q.ﬁ Sura’s ' Xl Std - Business Mathematics and statistics ~ Unit 1= Applications of Matrices and determinants

4. Solve: x + 2y = 3 and 2x + 4y = 6 using rank °

method.
Solution:

The non-homogeneous equations are

x+2y=3, 2x+4y =06
Augmented matrix Elementary
[A, B] Transformation
1 23
2 46
(1 23
00 0 R >R -2R,

Here p(A) = 1and p([A, B]) =1

Since p(A) =p([A, B)] = 1 < Number of unknowns, :
the given system is consistent with infinitely many

solutions.

To find the solution, let us rewrite the above :

echelon form into the matrix form, we get

o o)) - (0

= x+2y =
lety = k, keR
1) = x+2k = 3 = x=3-2k

.. Solution set is {3 — 2k, k}, k € R.

For different values of k, we get infinite number

of solutions.

5. Show that the equationsx +y +7=6,x + 2y +

3z=14and x + 4y + 77 = 30 are consistent.
Solution:

Given non-homogeneous equations are

X+y+z=6,x+2y+3z=14,x+ 4y + 7z = 30.

Augmented matrix Elementary
Transformation

1 21 6

1 2 3 14

1 4 7 30

orders@surabooks.com

6. Solve :

Y & 1

11
o1 2 8 R,>R,-R
36 24 B> R =R,
116
~{0 1 2 8 R,>R,-3R,
000 0

Here p(A) =2 and p(A, B) =2
p(A) = p(A, B) = 2 < Number of unknowns.

The given system is consistent.

2x + 3y = 4 and 4x + 6y = 8 using
: Cramer's rule.
: Solution:
23
A = 4 6 =12-12=0
4 3
Ax = =24-24=0
8 6
Ay = |2 Y z16-16=0
4 8
A = Ax=Ay=0

.. 'The system is consistent with infinite number
of solutions.

lety = k, keR
S 2x+3k=4 =2x=4-3k

1
=X = 5 (4-3k),ke R

.. Solution set is {4 — 3k ,K} ,ke R.

7. If A and B are non-singular matrices, prove

that AB is non-singular.

Solution:

Since A and B are non-singular,
|A| =0,
Consider |AB| = |A[|B]

|B| =0

# 0 since |A| # 0 and |B| # 0.
= |AB| = 0

.. AB is non-singular.

PH: 9600175757 / 8124201000 / 8124301000



Thisris. padpfataiSdetple

www.TrbTnpsc.com

for Full Book Order online and Available at all Leading Bookstores

Unit 1 = Applications of Matrices and determinants

¥Sura’s - XlIStd-BusinessMathematicsandstatistics 0

8. For what value of x, the matrix
1 2 3
A=]1 2 1| issingular?
x 2 -3

Solution:

The matrix A is singular, if

1 -2 3
1 2 1] =0
x 2 =3
2 1 1 1 1 2
1 +2 +3 =0
2 3 x -3 x 2

=1(-6-2)+2(-3-x)+3(2-2x)=0
=1(-8)-6-2x+6-6x=0
= -8-2x-6x =0

= -8-8& =0
= -8 = 8
) B
X o= =
1 0 0)(x 1
9. 1f{0 1 Ofly|=|-1{findx,yandz
0 0 1)\z 0
Solution:

0 X 1
Given [0 1 Offy|=-1
z 0

* Solution:

Transition probability matrix
A B

T - A(-65 -35
B\-45 .55

Given present market shares are 15% for A and
85% for B

.. Market shares after one year
65 35

= (15 -85)
45 .55

= ((15)(-65)+(-85)(-45) -15x:35+-85x%:55)
= (0975+0-3825 -0525+-4675)

= (0-48 0-52)

..Market shares after one year for A is 48% and
for B is 52%

3 MARK QUESTIONS:

1. Find the rank of the matrix

10.

0 0
x+0+0 1
0+0+z 0
1
= = _1
z 0
= x=1, y=-1, z=0

Two newspapers A and B are published in a
city .Their market shares are 15% for A and
85% for B of those who bought A the previous
year, 65% continue to buy it again while 35%
switch over to B. Of those who bought B the
previous year, 55% buy it again and 45% switch
over to A. Find their market shares after one
year.

orders@surabooks.com

2 4 5
A=| 4 8 10
-6 -12 -15
Solution:
The order of Ais3x 3
p(A) < min (3, 3)
= p(A) < 3
Matrix Elementary
Transformation
2 4 5
4 8 10
-6 -12 -15
b C,>C 2
~1 2 2 2 C,>C,+4and
-3 -3 3 C,»C,+5
1 1 1
1o o o R2 > R2 - 2R1
00 0 R3 > R3 + 3R1
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The last equivalent matrix is in echelon form and *?
it has one non-zero row. :

p(A) =1
1 2 -4 5
2. FindtherankofthematrixA= 2 -1 3
8§ 1 9 7

Solution:
The order of A is 3 x 4

p(A) < min (3,4)

p(A)

Consider the third order minor,

3

IN

bz 13 3 P -1
2 -1 3 :1‘_1 9‘_2‘8 9‘—4‘8 _1‘
8 1 9

=1(-9-3)-2(18-24) - 4(2 + 8)

=1(-12) -2 (- 6) - 4 (10)

=-12+12-40

=-40=%0.

There is a minor of order 3, which is not zero
p(A) = 3.

3. Show that the equations 2x -y +z=7,3x +y -
57 =13,x +y + z =5 are consistent and have a
unique solution.

Solution:
The non-homogeneous equation are

2x-y+z=7,3x4+y-5z=13,x+y+z=5

Augmented matrix Elementary
[A, B] Transformation
2 -1 1 7
3 1 =513
1 1 1 5
1 1 5
~13 1 =513 R, &R,
2 -1 1 7

1 1 5
~lo =2 8 =2 R,>R,-3R,
0 3 1 R, >R, - 2R,
1 1 5
o 2 8 =2 3
R,>R -2 R
0 0 11 0 2

Clearly p(A) =3 and p(A,B) =3

= p(A) = p(A, B) = 3 = Number of unknowns
.. The given system is consistent and has unique
solution.

4. Show that the equations x + 2y =3,y -7=2,x
+ y + z = 1 are consistent and have infinite sets

of solution.
Solution:
Given non-homogeneous equations are
x+2y=3, y-z=2, xXt+ty+z=1
Augmented matrix Elementary
[A, B] Transformation
1 2 0 3
0 1 -1 2
1 1 11
1 2 0 3
~(0 1 -1 2 R, >R +R
0 -1 1 -2
1 2 03
~(0 1 -1 2 R, >R +R
00 0O

Obviously, p(A) =2 and p(A, B) =2
Hence p(A) =p(A, B) =2 < Number of unknowns.
. The system is consistent and has infinite
number of solutions.
5. Show that the equations x- 3y + 4z = 3, 2x - 5y
+77=6,3x - 8y + 117 = 1 are inconsistent.
Solution:
Given non-homogeneous equations are

x-3y+4z=3,2x-5y+7z=6,3x -8y +11z=1
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Augmented matrix Elementary
[A, B] Transformation
1 -3 43
2 5 76
3 8 11 1
=43 R,>R, - 2R,
~[0 1 -1 0 R, >R, -3R,
0 1 -1 -8
-3 4
~10 1 -1 R, >R, -R,
0 0 -0 -8

Clearly p(A) =2 and p(A,B) =3
p(A,B) = p(A)

Hence, the given system is inconsistent and has

no solution.

6. Solve:2x -3y -1=0,5x+2y-12=0 by
Cramer's rule.
Solution:
The non-homogeneous equations are
2x-3y-1=0, 5x+2y-12=0
2 -3
A = s ‘=4+15:19¢0
Since A # 0, Cramer's rule can be applied and the
system is consistent with unique solution.
ar= L T oava6-38
T2 2] TETT
Ay = 1 =24-5=19
Y7 s 1T -
p & _ 38
TA T 197
_y D
PTA T 19
.. Solution set is {2, 1}
1 0 0fx 2
7. 1|0 0 1jy|=(-1|findx,yandz
01 0|z 3
orders@surabooks.com PH:

* Solution: Given

then find n.
Solution:
Given AX

o)
S

sides, we get

5 3
11 5

1 0 0)(x

0 0 1||y| =
01 0Nz
x+0+0

= 0+0+z =
0+y+0

= =
z

=x=2, z=-1and

y=3

.. Solution set is {2, 3, -1}

8fA24
.1—43,X—

n 8
1 B= 1 and AX=B

B

[
[

Equating the corresponding entries on both

2n+4 = 8
2n = 8-4
2n = 4
4
"
2 = 2.
9. Solve:2x+3y=5,6x+5y=11
Solution:
Given non-homogeneous equations are
2x+ 3y =5, 5 3 6x +5y=11
A= = 10-18=-38
6

Since A # 0, Cramer's rule can be applied and the
system is consistent with unique solution.

25-33=-8

22-30=-8
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Ax -8
=T R
_y B
YTA T 8T

.. Solution set is {1, 1}

10. Two products A and B currently share
the market with shares 60% and 40% each
respectively. Each week some brand switching
latees place. Of those who bought A the
previous week 70% buy it again whereas 30%
switch over to B. Of those who bought B the
previous week, 80% buy it again whereas 20%
switch over to A. Find their shares after one
week and after two weeks.

Solution:

Transition probability matrix
A B
A (0 -7 0- 3)
T =
Bl0-2 0-8
Shares after one week

7 3
(6 4) 2 8

= (6X-7+4%x2 6x3+4x-8)
=(-42+-08 -18+-32)=(-50 -50)
= A =50% and B = 50%

Shares after two weeks (.5 .5)('7 '3]
2 -8

(5%x-7+:5%-2 -5x-3+:5%-8)

(35+-10 -15+-40) = (-45 -55)
A =45% and B = 55%
S MARK QUESTIONS:

1. The sum of three numbers is 6. If we multiply
the third number by 2 and add the first number
to the result we get 7. By adding second and
third numbers to three times the first number

we get 12. Find the numbers using rank
method.

Solution:
Let the three numbers be x, y and z respectively
Given x+y+z = 6
x+2z =7
3x+y+z = 12

2.

Augmented matrix Elementary
[A, B] Transformation
1 11 6
1 02 7
31 1 12
b6 R,5>R -R,
~[0 -1 1 1 R, >R, - 3R,
0 -2 2 -6
1 1 1 6
~[0 -1 1 1 R, >R, - 2R,
0 0 4 -8

The last equivalent matrix is in echelon form
p(A)=3and p(A,B)=3
s p(A) = p(A, B) = 3 = Number of unknowns

. The system is consistent and has unique
solution.

To find the solutions, let us rewrite the echelon
form into matrix form.

I 1 1)x 6
0 -1 1|[y| = 1
0 0 4Nz -8
X+y+z =6 - (1)
-y+z =1 (2)
-4z = -8 - (3)
From(3),—4z=—8:>z=:—i=2

Substituting z 21in (2) we get
-y+2=1=-y=1-2=-y=-1
= y =1

Substituting y =1 and z = 2 in (1) we get,
xX+1+2=6=x+3=6=>x=6-3
= x =3

Hence, the numbers are 3, 1, 2.

A mixture is to be made of three foods A, B, C.
The three foods A, B, C contain nutrients P, Q,
R as shown below
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How to form a mixture which will have 8

ounces of P, 5 ounces of Q and 7 ounces of R? :

(Cramer's rule). '
Solution:

Let x pounds of food A, y pounds of food B and z
pounds of food C be needed to form the mixture. |

Given x+3y+4z = 8
2x+y+2z = 5
5x+y+z =7
1 3 4

A=]2 1 2
51 1
12 22 21
=1 -3 +4
51

=1(1-2)-3(2-10)+ 4(2-5)

1(-1)-3(-8)+4(-3)

1+24-12=11 :

Since A # 0, Cramer's rule can be applied and the
system has unique solution. :

8 3 4
Ax=15 1 2

711

12 |5 2 |51
=8 -3 +4

(I | A | R A

=8(1-2)-3(5-14) +4(5 - 7)
=8(-1)=-3(-9)+4(-2) :

=-8+27-8=11
1 8 4
520 2 25
Ay=12 5 2/ =1 -8 +4
70 5 1 s 7
57 1

= 1(5 - 14) - 8(2 - 10) + 4(14 - 25)
—1(-9)=8(-8) +4(~11)
=-9+64-44=11

orders@surabooks.com

Ounces per pound of Nutrient !
Food P Q R
A 1 2 5
B 3 1 1
C 4 2 1

N S T IR
= = - +
177705 9 s
51 7
—1(7 - 5) - 3(14 - 25) + 8(2 = 5)
—1(2)-3(-11)+8(-3)
—2433-24
- 11
A 1
AT 1
_y o _u
YA T 1
A W
2T A 1

Hence, the mixture is formed by mixing one
pound of each of the foods A, B and C.

3. For what values of £, the system of equations

kx+y+z=1,x+ky+z=1,x+y+kz=1have
(i) Unique solution
(ii) More than one solution
(iii) no solution
Solution:

The given non-homogeneous equations can be

written as
k1 1)\(x 1
1 £ L)fy] = |1
1 1 k)\z 1
Augmented matrix Elementary
[A, B] Transformation
k1 11
1 £ 11
1 1 k1
1 1 k1
~|l1 k£ 11 R &R,
k1 11
o1 k1 R >R, -R
~10 k-1 1-k 0 R, >R, - kR
0 1-k 1-k* 1-k
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1 1 k 1
0 k-1 1—k 0 R,>R +R,
0 0 2-k-k* 1-k

1 1 k 1

0 k-1 1—k 0 R >R(-1)
0 0 kK*+k-2 k-1

1 1 k 1

0 k-1 1-k 0

0 0 (k—D(k+2) k-1

Case (i)

Whenk#1,and k= -2

p(A) = p(A, B) = 3 = Number of unknowns.
.. The system has unique solution.

Case (ii)

When k=1

1 1 1 1

00 00

00 00

p(A) = p(A, B) =1 < Number of unknowns.

[A’ B] ~

. The system is consistent and has infinitely
many solutions.

Case (iii)
When k=-2
1 1 =2 1
[A,B]~|0 -3 3 0
0 0 0 -3

p(A) =2,p(A,B)=3

= p(A) = p(A, B)

.. The system is inconsistent and has no solution.
Using determinants, find the quadratic defined
by flx) = ax® + bx + c if (1) = 0, f(2) = - 2 and
f(3)=-6.

Solution:

Given fix) = ax*+bx+c
fH)=0=a(1+b(l)+c=0=a+b+c=0
----- ()
2)=-2=a(2)+b2)+c=-"2=4a+2b+c=-2
----- @)
fB)=-6=a(3)+b(3)+c=—-6=9a+3b+
c=—6 --—- 3)

orders@surabooks.com

Now

>
Il
o K~ =

11
21
31

12-3)-1(4-9) +
1(12 - 18)

-1+5-6=-2+#0.

Since A # 0, Cramer's rule can be applied and the
system has unique solution.

0 1 1
Aa = |72 2 1
-6 3 1
= 0-1(2+6)+1(=6+12)
= —4+6=2
1 0 1
Ab = 4 21
9 -6 1
=1(=2+6)+0+1(-24+ 18)
=4-6=-2
1 1 0
Ac = |4 2 =2
9 3 -6
=1 (-12+6)—1(—-24+18)+0
=—6+6=0
Aa Z
GZX = Z—fl
- o 2,
A A~
Ac 0
CIX = _—220

fn)=(Dx*+1(x)+0 = flx)=x*+x

A new transit system has just gone into
operation in a city. Of those who use the transit
system this year, 10% will switch over to using
their own car next year and 90% will continue
to use the transit system. Of those who use
their cars this year, 80% will continue to use
their cars next year and 20% will switch over
to the transit system. Suppose the population
of the city remains constant and that 50% of
the commuters use the transit system and 50%
of the commuters use their own car this year,
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(i) What percent of commuters will be using *

the transit system after one year?

(ii) What percent of commuters will be using

the transit system in the long run?

Solution:

Let A represents the percent of commuters :
who use the transit system and B represents the :

percent of commuters who use their own car.
Transition probability matrix
A B

A(9 -1
T =
G

Given 50% of commuters use the transit system :
and 50% of the commuters use their own car this :

year.

(i) Percentage of commuters after one year
9 -1
(5 3)
2 -8
= (5%9+:5%x2 -5x-1+:5%-8)
=(-45+-10 -05+-40)
=(-55 -45)
A =55% and B =45%

¥ % ¥

orders@surabooks.com

(ii) Equilibrium will be reached in the long run at
equilibrium, we must have

(A B)T (A B) whereA+B=1

NENER
= B
(9A+-2B -1A+-8B) = (A B)

(A B

Equating the corresponding entries on both sides
we get,

9A+2B=A=9A+2(1-A)=A
[Since A+B=1=B=1-A]

= 9A+2-2A = A

= 2 = A-9A+:2A
N 2 = A(1-9+-2)
= 2 = A(3)

= A=% = 0.666 = A = 67%

. 67% of the commuters will be using the transit
system in the long run.
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Chapter

INTEGRAL
CALCULUS- |

y| FORMULAE TO REMEMBER \§

(i) Integration is the reverse process of differentiation
(i) [k flx)dx =k ) f(x) dx where k is a constant.
(i) [ [ fix) =g ()] dx =] fix)dx + | g(x) dx
(iv) The following are the four principal methods of integration
(1) Integration by decomposition
(i) Integration by Parts
(ii1) Integration by Substitution
(iv) Integration by successive reduction
First fundamental theorem of integral calculus :

If f(x) is a continuous function and F (x) = [ f(1)dt, then F'(x) = f (x).

a
Second fundamental theorem of integral calculus :

b
Jrxde = F(b)-F(a)

b X
(i) [ f(x)dx is a definite constant, whereas f f(#)dt is a function of the variable x

Indefinite integral :-
An integral function which is expressed without limits, and so containing an containing an arbitrary
constant.
Proper definite integral :-
An integral function which has both the limits. a and b are finite.
Improper definite integral :-
An integral function, in which the limits either a or b or both are infinite.
Gamma function :-

Forn>0, Tx"‘le_" dx and is denoted by I'(n)
0
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n+l
1) fx"dx=x +e,n#—1
n+l
+h n+l
2) f(ax+b)”dx=(ax ) +c,n#-1
a(n+1)
1
3) J—dx=1log|x|+¢c
X
1 1
4) | dx =— log|lax+b|+c¢
ax+b a
5) [edx =e+¢c
6) J.eax+bdx — 1 eax+b+c
X
7) [ a*dx = +ca>0anda =1
loga
1
8) [ amindy = a™m+ca>0anda # 1
mloga
9) [ sinx dx = - cosx + ¢
10) Isin(ax+b)clx=—l cos (ax+b) +c¢
a
11) [cos dx = sinx+c
12) [ cos (ax + b) dx “Q sin (ax + b) + ¢
a
13
) [sec?xdx =tanx + ¢
14) [ sec? (ax + b) dx _ tan (ax + b) + ¢
a
15) [ cosec? x dx = —cotx +c
16) [ cosec? (ax + b) dx = 1 cot(ax+b) +c
a
17) f udv = uv —f vdu where u and v are two differentiable functions of x [Integration by

parts].
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The code word used in the above formula is

I — Inverse trigonometric function

18
) A — Algebraic function
T — Trigonometric function
E — Exponential function
Bernoulli’s formula :
19) fudv = uv - v, +u"v,—u" vt
When u'u" u”.... are the successive derlvatlves of uand v v, v, .... are the repeated integrals
of v.
n+l
20) [f@7 fde =T 1 ne 1
n+l
21) fmdx:10g|f(x)|+c
/(%)
22 f dx =2 X)+c¢
) W J(x)
23) [e[f)+f ()] dx=ef(x)+c
24) fe“‘[af(x)-i-f'(x)]dxze‘”‘f(x)-i-c
dx 1 a+x
25 = —1 +
) jaz—x2 2a % a—x ‘
26 i a1 B e
) 2o 2a B |cid"€

dx
) =

dx

L — Logarithmic function

=log|x+ [Vx’—a’ |+¢

|[— J2
28) m =log|x+ [Vx*+d® |+c¢

2
29) S —a dx=§ f\/x2*az—%log|x+ Jx?—a® |+

2
x a
30) [V +d° dx= 75 SN +a ey log |x+ [Nx*+a* |+¢

orders@surabooks.com
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Properties of definite integral

b b
D [fyde = [ f(0)dt
b a
2) Jf(dx = — [ f(x)dx
a b
3) b b P b
I[/)% g)] de=1/OE & [g(x)ds
4) b c b
Jr@ydx = [ f(x)dx + If(X)dx
b a
5) [ £(0dx = | f(a—x)dx
R _Jaf (¥)dx ZTf (x)dx if f(x) is an even function
7) J S (x)dx = 0if f(x) is an odd function
b b
8) [f)dx = [ f(a+b—x)dx

TEXTUAL QUESTIONS 2 (9x2_ 4 )2

X

2
Sol. j(gxz_i) dx

Integrate the following with respect to x )
. 3x+5 5
: 2)? 2| 4 4
Sol. [~3x+5 dx = (9x) -209x7) 2 + =2 dx
!
= J(3x+5)2dx [ (a-bY=a-2ab+ V]
: 16
(3x+5)2" = J(81x-72+ )
= (1) *C . o
3(2“) : =81Z 1 ~72x+16 Y t¢
n : + —4+1
| (ax+b) * N .
[~ ) (ax+ b)"dx = an+]) + ] [ A x4
5 -3
(3x+5) (3x+5) _ =815 7ox+16 5 4
= T [3) tc= 9 +c > -
3| = 5 § 81
(2) 2 : = —x5—72x—1—63+c
5 3x

= %(3X+5)% +c
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3. (3+x)(2-5x) *
Sol. [(3+x) (2-5x)dx

= [ (6 -15x + 2x - 5x?) dx
[ (6 -13x - 5x%) dx
13x*  5x°

2 +c
2 3

4. Jx (x¥-2x+3)
Sol. [Jx (x*-2x+3)dx

= 6x-—

[ ED

orders@surabooks.com

= fx% (x*-2x+3) dx 6
W el 1 Sol.

=[] x™ =2x *+3x7 |dx

el

—+1 —+1 —+1

2 2 2

2 x X

= §—2?+3?+C
2 2 2
2 3 2 3 2 B ?
- Sx -2X +3X—= :
= ¥ TIGE BN 4

2: 43

= —x ——Xx +2x :

9 5 +c
8x+13
Vax+7

8x+13 %

dx :
8x+14-1
_ d :
B I\/4x+7 ’
I
Nax+7
2j(4x+7)dx - ! dx
Jax+7 Vax+7
2 JAx+Tdx 7.
a J\/4x+7
. N . Sol.
_ 2[(4x+T7) dx —[(4x+T7) " dx
141 =5+l

If f(x)
f(x)

(4x+7)  (4x+7)
=2 N 0t
() )

2) 2)
I C ) N CE S
= b/ > +c
3
_ (4x+T7y _(xtT) L
3 2
1
Vx+1++Jx—1
1
\/x+ Jrtl+x—1

Multlplylng and dividing the conjugate of
the denominator we get

| \/m—\/ﬁdx
- (\/x+1+\/x—1)(\/x+l—\/x—l)

NG
A (x+1)—(x—1)
[ (a+b) (a-b) =a*-b*]
_ JJxT \/_dx
£+1-4+1
J\/ﬁ—\/ﬁdx

2

1
=5 [ ((c+1)% =(x-1)%) dx

=x+b, f(1) =5 and f(2) = 13, then find
Given f (x)
fx)
= ff'(x) dx =

=x+0b,f(1)=5and f(2) =13
= x+b

[ (x+b) dx

[-. Integration is the reverse process of

differentiation]
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2
= f(0) = % +bx+c
Givenf(1) = 5

12
= 5 = ?+b(1)+c

= 5 = l+b(1)+c:5—l:b+c
2 2

10-1 ) ) 9
= T, =btc=bte= 7
= 2b+2c=9

2
Alsof(2)=13 = 13=27+b(2)+c

= 13=2+2b+c

= 13-2=2b+c
= 2b+c=11
2)-3)—>2b+2¢c =9
-2b+-—c=-11
c=-2

Substituting ¢ = -2 in (3) we get

2b-2=11=2b=11+2=2b=13

13
2

==

13
Substituting b = 5 c=-21in (1) we get,

2
13
f(x)= Y L2 x-2
2 2

8. Iff(x) =8 x*- 2x and f(2)=8, then find f(x).
Sol.

Givenf'(x) = 8x’-2x, f(2) =8

f(x) = 8x'-2x
= [f(x)dx= [ (8x*-2x) dx

2
4 2

= f(x) = 2x*-x*+c¢ (1)
Givenf(2) = 8 '

=8 =202%Y%-2%¢

orders@surabooks.com

1)

~(@)

~()

Sol.

Sol.

Sol.

= 8 =32-4+c¢
= 8 = 32-4+c
= 8-28 =¢
= c = -20

Substituting ¢ = -20in (1) we get.
f(x) =2x"-x*-20

J EXERCISE 2.2 §

Integrate the following with respect to x.

(-]
(-

=j{(\/ﬂ)2 _4@)[#}(&)1 dx

['.- (a=b)?* = a*>-2ab + b?]

I(Zx— 2+L)dx
2x

2
1
= 25 ox4- log |x| + ¢
2 2

x*-2x+ 5 log x| +¢

xt—xr+2 P
—1 X+ x
x_
i 2., x-1 | x*=x*+2
X T —=x"+ (Dyd _ (43
J‘—ldx x* X
x_
x -2
_ j(x3+x2+—) dx Ox® - Ox
x_
2
o 3

J T
x+2
3
fx dx
x+2 .
= I(x2—2x+4— )dx
x+2

X’ x*
= ——"—+4x-8log|x+2|+c

3 Z g | |

3
= % -x’+4x-8log|x+2|+¢
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Sol.

Sol.

[ jldx =log |x | + ]
x

x> -2x+4
x3
X2 Ox3 +02x2
-2x?
Dox2 gy
4x
Odx +08
-8
X +3xr—7x+11
x+5
J.x3 +3x? _7x+11dx
x+5
4
= J(x2—2x+3— )dx
x+5
3 2
- +3x-4log|x+5|+c¢
3 7 &
3
= 35 - x* +3x - 4 log |x+ 5| +c
x> —2x+3
X+ 3x°-7x + 11
x> O +05x2
-2x% -7x
(3) 2x% (£) 10x
3x +11
O3x +015
-4
3x+2
(x-2)(x-3)
i (3x + 2)dx
(x=2)(x-3)

j( -8 N 11 )dx
x—2 x-3

-8log|x-2|+11log|x - 3|+ ¢

- 11log |x - 3| - 8log |x - 2|+ ¢

orders@surabooks.com

3x+2 A N B
(x-2)(x-3) x-2 x-3
— 3x+2=A(x—3)+B (x—2)

Putx=3

9+2 =B(1)=B=11

Putx=2
8=A-1)=>A=-8
3x+2 -8 11

(x=2)(x=3) 2 %3

4x? +2x+6

(x+1)*(x-3)

Sol. |

Il

4x> +2x+6
— ——dx
(x+D)7(x-3)

A B C
| + >+ dx
x+1 (x+1) x—3
-2 3

| 1 + >+ dx
x+1 (x+1) x_3

log |x + 1| -2 (x+1)2dx + 3 log |x - 3| + ¢

(X n 1)—2+1

log |x+ 1| -2 +3log|x-3|+¢

log|x+1|+2(x+1)"+3log|x-3|+¢

log|x+1|+i +3log|x-3|+¢
x+1

4x* +2x+6 A B + C
(x+1)7(x=3) = x+l (x+1)° x-3
4x*+2x+6 = A (x + 1) (x - 3) + B(x - 3)

+C(x+1)3
= Puttingx = -1,4-2+6 =B (4)

= 0o < o]

Putting x =3
36+6+6 = C(16)
= 48 =16C =
Puttingx = 0,
6 =-3A-3B+C
= 6 =-3A+6+3

= 3A =3 = A=1
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7. 3x22x+5 ' = f(x) = log|x|+c¢ ---(1)
—2 N
(x=1)(x* +5) Also, f(1) = I
4
2
Sol. [ X =2xX+5 =~ T = log|l]+c
(x—l)(x2+5) 4
A  Bx+c - I = ¢ [ logl= 0]
= J _ + 5 dx 4
x=1 x"+5 -
: —_ Substitutingc = = in (1) we get,
j( 1+ §+5)dx 4
- i o fx) = 10g|x|+z
2x
_ dx + d m
= g Ix2+5 x

Integrate the following with respect to x

log |x - 1| + log |x* + 5] + ¢ :
1. exloga + ealoga _ enlogx

1 :
[t () e =log| G+l ol
f(.X') : J(exloga 4+ edloga _ on Iogx) dx
= log|(x*+5) (x-1)|+¢
[ .- log m + logn = log mn] y J(elogax +ele — elogx”) dx
= log|x’-x*+5x-5|+¢ [ mlogn= logn"]
3x2 —2x+5 A " Bx+c A j(ax + a® _xn) dx [ elogx — X]
(x—l)(x2+5) B (x—l) (x2+5) . n+l
: = |9 |+a°(0)-*_ +¢
= 32" - 2x+5 = A (x* +5) +(Bx+ C) (x-1) | : loga n+1
Putting x =1, [ [ar=-2
3-2+5 = A(1+5) loga
= 6 - A@G) = 2. @t
Putting x = 0, 5 e*'8" p*
5 = 5A-C Sol a* _exlogb
~ 5 = 5.C [oA=1] SO = o
- C = 55 = : oh
: Y a* —et”
Putting x 1, = j—lo —— & [.-mlogn =logn"]
342+5 = A(6)+(C-B)(-2) e’ b
= 10 = 6A+2B-2C X X
a _b .« plogx
= 10 = 6+2B+0 = I [rete =x]
= 10-6= 2B=4=2B '
= |B=2 _ f f:x _f b dx
1 a b axbx
8. If f/(x)= — andf(1) = =, then find f (x). 1 !
Sol. X 4 = [ode [ dx
| b a
G- ’ — - —X
iven f'(x) ¥ = Jbrdx-lavdx [.]Ja*dx= 4 +c]
—loga
1
= Jf’(x)dx = [—dx
x
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b~ a’
= - +c
—logh —loga
b A
~ logh " loga e
-1 1

blogh  loga.a” €

1 1
a‘loga b logh €

(e"+ 1) e

Sol.

Sol.

[ (e+1) e dx
[P +2 (&) (1) + 12 e dx

[ (a+b) = a® + 2ab+ b"]

[(+2e +1) e dx
) (e +2e* + ¢") dx

=e3+zz

3x

e2x

t+e'+c

+e¥4+e+¢c

3x —3x

e e
[ |

e e

— I e3x—x dx _ Ie—_“ax—x dx [...

= Jerdx- [e*dx da

orders@surabooks.com

- Sol.
[am . an: am+n]

= amfn]

3x Sx
e3x + eSx p J. e+ e dx
— J‘ 1 X — er +1
ex + 7 X
e e

3x M
e |1
[ e*.—=———"— dx [Taking e** common]
B
4x

[ede=%_ +¢

1 XL
Let I = J(l——z)-e( e
X
1
putx+ — = t
x
on differentiating we get, (1 - iz) dx =dt
x
[ = Jedt= e+c
1
= St +oc [ct=x+ —]
x
1
2
x(log x)
 Sol.
: 1
Let I | ——= d
x(logx)
putlogx = ton differentiating we get,
1
—dx = dt
X
1
I = ft_zdt [ t=1logx]
I = [r2dt
-2+1
—2+1
! -1
= __+c = — tc
-1 t
- . [ t=log|x[]
= Joglx| ¢ S t=log|x
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8.

Sol.

Sol.

Sol.

Sol. J

If f (x) = e*and f(0) = 2, then find f(x)

Given f (x) = ¢
:>ff'(x)dx = [evdx

[Taking integration both sides]

e+c
2

= f®
Also, f(0)
= 2 = e+c
= 2 1+c
=2-1 = ¢
= c= 1
Substituting ¢ = 1 in (1) we get,
flx) = e+l

Integrate the following with respect to x.

2 cos x - 3sin x + 4sec’x — 5 cosec’ x

[ (2 cos x - 3sin x + 4sec?x - 5 cosec?x) dx

(1)

Sol. |

= 2 [cos x dx - 3[sin x dx + 4[sec® x dx - 5
Jcosec?x dx
= 2(sinx) -3 (-cos x) + 4 tan x -5 (—cot x) + ¢

= 2sinx+3cosx+4tanx+5cotx+c
sin’x
[ sin3x dx

We know that sin3x =
= 4sin’x =

3 sinx — 4 sin’x
3 sinx - sin3x
sin’x =

1
= 7 (3 sinx - sin3x)

[sindxdx = i J(3 sinx - 3 sin3x) dx

3 1
= [sinxdx- = Jsin3xdx
4 4

1 3
E (-cosx) - — (—COS x) +c
4 4

3

Sol.

_1 :
[.: [ sin ax dx = —cos ax +c]

a

\ 3 cos3x
= -4 cosxt | o [+

cos2x +2sin’ x

COS2 X

.2
cos2x+2sin” x

COS2 X

2 ) )
_ Jcos X 51n2x+2sm X iy

COS X

dx

orders@surabooks.com

L.

Sol.

['." cos 2x = cos’x— sin’x] .

cos® x+sin’ x
= I—z dx
cos” x
1

P dx
COS X

[ sin*x + cos’x = 1]

= [sec’xdx
tanx + ¢

1
sin? x cos’ x
1
2

sin® x cos’ x

dx

(sin2 x + cos? x)

sin® x cos’ x

= fﬂdx
}i{[x o0s? x
1 dx

dx + [
2 2
cos” x sin” x

[ 1 = sin’x + cos’x]

po{[x
sin? x M

dx

+] dx

[ sec®x dx + [ cosec®x dx

tanx —cotx + ¢

V1—sin2x
JN1=sin2x dx

= j\/sin2 x+cos® x—2sinxcosx dx
[ 1 = sin’x + cos’x sin 2x= 2sinx cosx]
[/(sinx—cos x)* dx
[ (a-b)* = a*—2ab + b?]
[ (sin x - cos x) dx
= -—cosx-sinx+c
—(cosx +sinx) + ¢

J EXERCISE 2.5 §

Integrate the following with respect to x.

xe™

[ xe™ dx
Letu = xanddv=e*dx

du = 1dx,

Using integration by parts,
fudv = wv-[vdu

[ xe™ dx = x(~e®) - [(~e™) dx

= —xe*+[evdx

—X
e
V= = —efx

-1

PH: 9600175757 / 8124201000 / 8124301000



Thisris. padpfataiSdetple www. TrbTnpsc.com
for Full Book Order online and Available at all Leading Bookstores

@ Y Sura’s ~ XII Std - Business Mathematics and Statistics Unit 2 = Integral Calculus- I
x 1
= —xe+ & +¢ § du = —dx;y=x
— : X
- o xet-et4cC Using integration by parts,
[udv = w-[vdu
= —e*(x+1)+c : 1
ILATE = Jlogxdx = xlogx- [x—dx
x

I% Algebraic function = xlogx- [ dx

xlogx-x+c

SUTX = x(logx-1)+c¢
2. xle¥* :
Sol. I1LATE
Letl = [x® e¥dx ey . .
Letu = x; dv= = & dx logarithmic function
Using Bernoulli's formula, 4. xlogx
fudv = uv- u'v +u'lv, - u'lv, Sol.
Cvevd : LetI = leogxdx
o JxTendx g Letu = logx;dv=xdx
3x 3x 3x 3x 1 2
SR P ) I ey s L du = —dx;v=7
3 9 27 81 g X
Using integration by parts,
3 3x 2 3x 3x 3x :
_ Xe Xxe Jrer _2e te Tudv = wv-[vdu
3 3 9 27 ; 5 2
302 = [xlogxdx= logx || -] — dx
— e3x x__x_+2_x_i +c (2 2 X
3 3 9 27 '
§ B x* 1 [
ILATE = ?logx—z x dx
5 Algebraic function ¥ 1 X2
: = —logx-— — +¢
. : 2 2 2
SUC.CCS§IV€ Repeated Integrals | 2 2
derivatives : - 1ng - 4
u=x dv = e¥dx
x’ 1 1
ul =3x3 v:eh - ? ng_E te
3 :
u'l = 6x v1=€3x 1LATE
9 §
=6 Lo \% logarithmic function
Po7
v,= e 5. «x"logx
81 . Sol.
: LetI = Jx"logxdx
3. logx Letu = logx;dv=ux'dx
Sol. : 1 n+l1
Letl = flogxdx du = —dx;V:x
Let u = logx; dv =dx : X n+l

using integration by parts we get,
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[ udv

wv - [ vdu

:Jx"logxdx

I% logarithmic function

~ n+l 10 . J‘an l
+1 8 n+l X
n+l 1 I
= log x - X" dyx
n+l 5 n+1
n+l
= X logx- — [x"dx
n+l n+l
+1 1
= X log x X" e
n+l1 n+l p+1
n+l 1
= (lo x——)+c
n+l n+l
1 LATE

6. xSexz
Sol.
LetI
putt
= dt
L

[xe" dx
[x x & dx

J (@) x o dx
52

2x dx

x dx

2
substituting there values in I we get,

I

dt
t2 r
Jee

l [ e dt
2

using Bernoullis theorem

[ udv

orders@surabooks.com

1 11
uv—uvl+u 'V2
1
—[fedt
2

1
5 [fPel—2te'+2e]+c

Sol.

Sol.

—
|

1 e[rr-2t+2]+¢

2

% (x*=2x2+2]+c¢c [.t=x%

I1LATE

l% Algebraic function

| Letu=1¢t*; dv =€ |

Successive  Repeated
derivatives  Integrals
u=t dv=et
u' =2t v=e¢
ult=2 v, =é
v,=¢

B EXERCISE 2.6 \

Integrate the following with respect to x

[ t=x+5x—T7]

[.- mlogn =logn"]

2x+5
x> +5x-7
2x+5
Let I = | 5——— dx
¢ J)c2+5x—7
Let ¢t = xX’+5x-7
= dt = (2x+5)dt
Lo
t
= log|t|+¢c
= log|x¥*+5x—7|+¢
e3logx
x* +1
3logx
e
Let I = dx
jx4+1
log x*
e
= dx
Ix4+1
3
X
= dx
jx4+1
putt = x*+1

[.'. e logx — x]
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= dt = 4 dt ! dt
: I = — =Jdt
@ s Iz -
= i dx : » 1
é £ 1
I = jM § = /. te= +c
t 2t %
-1 jﬁ - 1y [t]+c¢ Jr
4 P 4 g = 23t +¢
1 :
= glegldaare o= atel] = 23 47x—1 +c
2 :
3. e [ t=3x+7x-1]
e -2
Sol. 6. (dx+2)VxPHx+l
o> . Sol.
Let T = ] T dx :
B Let I = [(4x+2)Vx>+x+1 dx
put t = e*-2
putt = XP+x+l
= dt = 2e¥dx :
dt dt = (2x+1)dx
= 5 = e™ dx :
L[ d/2 _ logle] ST = 2]@xt 1) Va4 x4 1dx
t 2 :
10g|e2x—2|+c - 2f\/;d’
2 j WAL
: = 2lt*dt = 2—— +¢
3
s (logx) ; Jo+1
sol. 20
3 | 5
(log x) 5
Let I = | dx ;
X ' = Zti+c
putt = logx
: 4 }
= dt = 1 ax = g(x2+x+1)é +c [ot=x2+x+1]
v .
— 3 :
L= Jed 7. (140
L . Sol.
h Z+c Let I = [x(1+x)%dx
4 - 9
_ (logx) e [ t=logx] putt = l+x
4 = dt = 0+9xdx
6x+7
S T = dt = 9xdx
3Ix"+7x-1
| 6x+7 e ; =35 = X dx
Let I = :
y V32 +7x—1 s
: = Lodt=—[rd
Let t = 3x*+7x-1 I f9 dt 9ft !
= dt = (6x+7) dx
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Sol.

Sol.

10.

Sol.

i

1

1
54

5_4 1+x)+¢

+c=; t+c¢

[ t= x+ ¢

[ t=logx]

xe—1+ex—1
x‘+e*
e—1 x—1
Let 1T = [~ _F¢ 4
x+e
putt = x+e
= dt = (ex'+e)dx
dt = e(x*'+e) dx
= ﬂ = (x'"+e ) dx
€ dt 1 .di
1=J—7 = -J=
e(r) e’ t
= llog|t|+c
e
= llog|x"+ex|+c
e
1
xlogx
Let I Ik ! dx
et a xlogx
putlogx = ¢
= lax = a
g 1
I = J; dt =log|t|+c
= log |logx| +c
__* @
2x* -3x* -2
X
Letl = 1@ 32, %

X

dx

) )

putting x* = t, we get

2x dx =

dt

dt = xdx= ?

y

dt

27 (1=-2)(2t+1)

(AL B,
2°\r=2 2t+1

orders@surabooks.com

2

1{2i+

2|

7

t—2 2t+1

2|58

5

}dt

_zlog|§t+1|:|+c

1 [log(t-2) -log | 2t + 1|] + ¢
10

1 t—2
= — log|—|+c
10 2t+1
1 ¥ =2
= — o +c¢  [ot= 4]
10 %0 41
Factorising
2x4-3x2-2
-4
-4 1
2 2
-2 !
1 2
(x*-2) 2x*+1)
(r-2)(2¢+1) i—2 241

put ¢

=1
put ¢

= 2B

= 2B

A (2t +1) +B(t2)

2

5A =

A=1
5
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11. e (1 + x) log (xe)
Sol. LetI=[e"(1+x) log (xe*) dx
Putt=xe"
=dt= (x.e"+e (1)) dx
e(x+1)dx
I = Jlogt.dt
=logt; dv = dt

Let u
du = 1 dt; v =t
t
. Using integration by parts we get,

I = fudv = wv-[vdu

tlogt-Jt dt

tlogt-[dt = tlogt—t+c

tlogt —-t+c

xe* log (xe") - (xe") +¢ [

xe* (log (xe*) - 1) +¢

1 LATE

.

logarithmic function

.
x(x2+1)

1
- |——— dx
Sol. Letl=] (x 2, D

(A Bx+C)dx
x“+1

j(l+ x+0)dx
x  x"+1

1

_dx -

I3 / 2+1

2x dx

dx

= log|x|- f

(multiplying and d1v1d1ng by 2 in the second
integral) :

1
= log|x|—510g|x2+1|+C

[ t=x*+1=dt=2xdx
2xdx
| -

x“+1

dt
sz =log|t|=log|x*+1]]

orders@surabooks.com

t = xe']

1 _é Bx +C
x(x*+1) x  x*41
= I = A*+1)+ Bx+C) (x)
Putx =0 = 1 = A
Putx =1
= 1 =2+B+C
— B+C = -1
Putx = -1
1 =2A-1(B+0Q)
| =2A+B-C = 1=2+B-C
B-C = -1
N B+C = -1
2B = -2 => B =-1
—1+C = -1
= C=-1+1 C = 0
1 2
13 ex[———]
x2 x3
Sol. Letl = jex[i—i]dx
2 3
X x
1
Letf(x) = x_z = x?
:>fr(x) — _2x 2-1
-2
= 2x73= -
X
, -2
:>f (X) = —
X
I = [e[f()+f (x)]dx
= ef(x)+c
e ! +
= —_— C
2
e)C
= —5 +c
2
x—1
14, € 3
T
: X x—1
: Sol. Letl Je dx
: (x+1)

N P Ca )
- [(mf ]dx

[Adding and subtracting 1 in the numerator]
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e i J EXERCISE 2.7 \
= Jef| 5| d ;
L (x+1) Integrate the following with respect to x
e x+13_ 2 Nax n 1 2
- (x+1) (x+1) : 9-16x
1
1 2 :
= Je 7 o , Sok e
(x+1) (x+1) §
1 f L &
Let f(x) = m = (x+1)2 S16 "9
X :
: 16
=>fl) = -2(x+1)2*"! : 1 1
, "6 lay
- 2(x+1)3 ( ) 2
) 4
) (x+1)3 1 1 é+x
1 = Jelf+f ()] dx 16 | (3 logg‘ e
= efn+c 2l S—x
1 4
= e 2 + C dx 1 XxX—a
1 : . - —
(x+1) [. Ixz_az—za log [T 4|+l
_ ‘e
(1) 2 e
16 3 (3-4x)/4
15 esx[3X—1] 1 3+4x
9x’ J63)6[3)6—1} " = 24 10g[3_4y] *¢
2 :
Sol. Let1 = 9x )
— 3x 3x 1 2 -
(o g ey
_ 3y 3 1 dx
= [g o | & soltert = TgTg o
1 d
Letf(x) = —and a=3 _ "
?x x* +8x-9
Q 1 :
= f(.x) = 5.9( _ _'[ dx
§ 2 16—
- f) = é.(—l)x” x> +8x+16-16-9
= f'(x) = __lx*2 . 5 [co-effective of x]?
9 9x?
z 2
P = e (3. f () +f (%) dx N [1(8)} _ g
=  e¥f(x)+ ¢ 2
[ [e[a f(x) + f'(x)]dx = 16 Adding and subtracting 16
=e“ f(x) +c]
3x
= e3xi + c = €_+C
Ox 9x

orders@surabooks.com
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dx
I(x+4)2—25

2x* -9

1
———dx
Sol. szz -9

X+ ——
V2

d 1
['.'szz

—da

X—a

x+a

= 24
\/Ex—3

\/Ex+3

log

1

12 log

V2

+C

fx?a
J2x+3

\/Ex—3|

\/§x+3| te

2><\/7 log
\/_

1

6><\/§ log

+C

orders@surabooks.com

+c]é

1
xP-x-2
| dx
Sol. xz_x_z
dx
- ] ) 1 1
ToxXT—x+———=2
4 4
Adding and subtracting
[5 co - effective of x]?
N RN N |
E(_l) 4
dx
/ 1Y 9
(=3
dx
|
- (=) 6)
b U I
2 2
I dx il xX—a
[ [ERpER e V-8 +c]
1.3
! 2
= 3) log 1 3| +c
2 - x_i.i_i
2
_ 11 x—2
= —log +c
3 x+1
1
x*+3x+2
sl &
o 2 1342
dx
_

N LA
4" 4

o]

/Adding and subtracting %

2
4

PH: 9600175757 / 8124201000 / 8124301000



Thisris. padpfataiSdetple www. TrbTnpsc.com
for Full Book Order online and Available at all Leading Bookstores

Unit 2 ™ Integral Calculus- I

Y Sura’s Xl std - Business Mathematics and Statistics @

dx : e’
© (-0 7
301 551 Let [ ¢ d
3.1 - Sol. Letl = |5 dx
1 )c+2 2 : e -9
=, 1 log x+%+1 +c | e dx
. = X 2
J. dx i] xX—a (e) -9
. X*—a* T 2a %8 |xta +l Puter = t = edx = dt
x+1
AT dt
= lo +c — - dt
8lx+2 I = Jt2—9 - Jt2—32
1 . log—t_3 +c
6. 2x2+6x-8 2x3 1+3
dx dx 1 xX—a
SOl. J‘ =
22 4 6x—8 [ x*—a® T 2q %8 x+a
1 dx 1 ex_3
T2 X +3x—4 & glog vy 3l TE€
1 | dx
= — v 1
2 x2+3x+2—2—4 . 8. >
4 4 : 9x* -7
2 .
1 9 §
[5(3)] =2 CSol &
Vox? -7
Adding and subtracting % - JL
9 x2—7)
= 9
10( 3) 25 - L&
= 3 x+=| —— 3 2
)7 o
[ 3
1 2 2 d
k 3 5 =
= +2 -2 ] _ [2, >
5 (x 2) (2) [ m log |x+Vx" +a

A 1 27
2 2 : = glog X+, [x"——
3 5|tc¢ : 9
x

1
1 +c
= Exzxilog ENE
22 L 9x2 —7
dx | ‘—a =3 og X+ 3 +C
[ sz_az =Zlog ta +c]
| L g e
1 x—1 : 3%
= 108 [irg]

orders@surabooks.com
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1 d
9. —— ; J —
Vxl+6x+13 = 3N (1)
: x—-—| - =
dx : 2 2

Sol. [——
Vx? +6x+13 | dx |
dx . V2 +a® 8

_ =
= ¥ +6x+9-9+13

x+x? +a*| +c]

= log (x—%)+\/x2—3x+2 +c
. | dx . X
2 = S 11,
\/(x+3) +4 \/(x+3)2+22 8 _ 1
dx X
[ Iﬁz log [x+vx* +a*| +] Sol. IS——I

= log

x+3+\/x2+6x+13‘+c _ Jo——

[5 [co-effecient of x]]?

= [%(6)]2 = 3 =9 -

Adding and subtracting 9 :
5 L
1 4 NP2 -1?
10. > :
Jxl = : 1
X" =3x+2 Zlog ‘t+\/t2——1‘+c

dx dx

Sol. [—— .
[ 2 5 L [2, 2
x°=3x+2 [ (2.2 = log|x+Vx"+a +c]
dx
J 9 9 -1 log x4+\/x8—1‘+c
= \/x2—3x+—+2 : 4
4 4
12, V1+x+x2
179 :
—-3)| = - i
[2( )] 4 : 2
Sol. J X +x+1 dx
Adding and subtracting = | :
- j\/x2+x+l—l+1 dx
jL : 44
- ( 3 )2 1 Adding and subtracting
x==| == s
2 4 : = [co - effective of x]?

2

e
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13.

1l
—
—
=
+
N | —
N

(3]
+
Ny
&

_ J\/(H%)z {%2 "

[ JNx? +d? dx=§\/x2+a2+

.
—1lo
5 g

x+Vx*+ad?

1 1 3
= xe= —
= 2 (x 2) Vel +x+17 4(2)
(x+%)+\/x2+x+l

log

x+—
- 2

2

x2+x+1 +

3
8

(x+%)+\/x2+x+l

log

xt-2

Sol. [\x* -2 dx

[.

14.

= j X2—(\/§)2 dx
= g x2_2_% logx+\/x2—2 +c
CNxr—a? dx =

x+Vx? —a?
x+\/x2—2‘ +c

X 2
5 \sz—a2 —%log
= g VX2—2 _log

4x* -5

Sol. &Y 45 -5 dx

| 4( 2—%) dx

2| xz—(g] dx

orders@surabooks.com

+ ]

+c

+c

+ ]

15.

Sol.

2| X 2235 1,
2 4 4(2)

%\l4x2 _5 _é log
4

1
4

2x+4x> -5
[Zx\/ 4x* -5-5 log

+C

2x+4x* —5” N

V2x? +4x+1

[V2x? +4x+1 dx

SN Eaa

| /2(x2 +2x+%) dx

\/EI\/x2+2x+1—1+% dx

[%(2)]2: 12=1

/Adding and subtracting 1

\/Ej,/(x+1)2 —% dx

ﬁwﬁy{%fﬁ
o de= S —a

X+ \/xz—az

2

a
-—1lo + (]
> g

1
1
2 2 o=
> N +2x+2 2(2)
(x+1)+‘/x2+2x+%

V2xi+dxtl |2
V2 4

V2 (x+1)+V2x% +4x+1

V2x? +4x+1 —Q
4
\/5(x+1)+\/2x2 +4x+1

log ]+c

x+1

NG

log +c

x+1

+C

log
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1

16. —F7———
x+yx?-1

dx

x+x? -1

Sol. |

Multiply and divide by the conjugate of the

denominator we get,

| 1 x—~x* -1

x+\/x2—l Xx_,/xz_l
(x—\/xz—l) dx

¥ = (- 1)

dx

_ j()c—\/ﬁ) dx

2
x“—=x"-1

= j(x—\/ﬁ) dx

=fxdx—j x> —1 dx

2

=X - [5\/ 2—1—%10;;

2

N e AT

2
a

-—1Ilo
> g

2
= X _£\/x2—1+110g
2 2 2

x+\/x2 —1‘+c:|

x+x?-d?
x+Vx? -1

[ (a+Db)(a-b)=a*-b] =

Using second fundamental theorem. evaluate

the following

1
1. Je*dx
0

1
Sol. [e**dx
0

2x ! 1
_ | € - = [20)_ 220
= = 5 [e0-e0]
[2]0
1 2 0 1 2
= E[e—e] = 5[6_1]

orders@surabooks.com

PH:

2. [J1-4x dx
: 0
; 1 , 1
;SOI. ] 1—4xdx=}(1—4x) dx
: 0 0
3+l 3
(1-4x)" (1-4x)’
= —4(;+1) = _4(3)
0 2) 1y
(1-4x) |
- -6
L 0
-1 {(1—4(1)) —(1—4(0))3]
4
-1 3 3
= — |02=1
- [0-1]
- __1(0_1)= 1
6
2 xdx
: 3 { X +1
2 xdx
 Sol. Letl = 3
: 1 x"+1
put t = x*+1
= dt = 2xdx
+C]§ = da - xax
2
+c . l}ﬂ Whenx=1,t=12+1=2
' 245 ¢ | Whenx=2,t=2>+1=5
1 5
= E[logm]2
1
=5 [log 5 - log 2]
e 5)
3 x
4. | S—dx
0o 1+e
3 et
© Sol. Letl = — dx
E 0o l+e
put ¢ = l+e

9600175757 / 8124201000 / 8124301000



Unit 2 ™ Integral Calculus- I

Thisris. padpfataiSdetple

www.TrbTnpsc.com

for Full Book Order online and Available at all Leading Bookstores

Y Sura’s Xl std - Business Mathematics and Statistics @

Sol.

Sol.

= dt = edx
Whenx = 0, t = 1+e'=1+1=2
When x = 3, t = 1+¢é
1+é* 3
I = j ﬁ = [10gf]12+e
s,
= log (1+¢°) -log2
3
— log I+e
2
1 2
[xe* dx
’ 1
LetI = jxeXde
0
put t = x
= dt = 2xdx
dt
=5 = x dx
Whenx = 0, t= 0°=0
When x = 1, t=1* =1
1 1
I = Je’ﬁ = lfe’dl‘
0o 2 2%
1 1 1
- glel = e
1
= 5 (e=1)
¢ dx
J——
1 x(1+logx)
&
Let I =1 x(1+logx)3
Lett = 1+logx
1
= dt = _ dx
X

Whenx=1, t=1+logl =1+0=1
Whenx=e,t=1+loge=1+1=2
2 dt

1 = /=

1l‘3

t—3+1 2
= | 3+1],

23
= [t dt
1

orders@surabooks.com

Lt ot
2122 12

I

|

N | —
| o——
N
|

—
|
I

|
| —
VY
ISIAN
N——
I
o | L

7 1 (2x+3)dx
X2 43x+7
gSol. Let t = x> +3x+7
: = dt = 2x+3)dx
Whenx=-1, t=(-1?+3(-1)+7=1-3+7
=5
Whenx=1,t=1>+3(1)+7=11
lldl 11
I = j_ = (logt)5
5 1
= log11-log5
11
= log|—
| g(s)
8. jw/1+c0sx dx
: 0
- Sol. Letl = T\/m dx
0
We know thatcos2x = 2cos’x-1
= 1+cos2x = 2cos’x
X
= 1+ cosx= 2C0$25
I = f 2 cos? > dx
0 2

=

Il
%5
SR S —fa
2]
—
=3
| =
(S5

s

ang—smo)
Ed
LI

A

z
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I1.
4

1. | f(x) dx where f(x) = {
1

Sol.

orders@surabooks.com

-1
x2 ”
x
2
Let I= | 2°° o
2
1 X
2( x 1)
= A T T A dx
(3-)
x| dx
=1 \x
211 )2
= | logx—
8 —2+1J1

Il
0| =
—~
\S]
—_
]
o
[\
|
—
~

Evaluate the following

4x+3,1<x<2
3x+5,2<x<4

2 4
]‘f(X)dx = [f(x)dx + [f(x)dx
1 1 2
2 4
=] 4x+3)dx + [ Bx+5)dx
! 2

PH:

: 2
2. jf(x)dx where f(x) = {
é 0

2
- Sol. [ £(x) dx =
: 0

=[2(2)+3 ()] - [2(1)* +3(1)]

. {@w(@] i [@w(z)}

= (8+6) — (2+ 3) + (24 + 20) - (6 + 10)
=14-5+44-16
=58 -21=37

3—2x—x2, x<1

x*42x-3, 1<x<2

2
}f(x) dr + {f(x) dx
0

O —_—

2
(3—2x—x2)dx + j(x2+2x—3) dx
1
| 3 2 2
% IR
Z 3)

—_ _+___
3 33 3
6
§+2 = 2+2 = 4
b >0
P 3. Jf(x)dx where f(x) = { o
b -x, x<0

Sol. }f(x) dx =
i -1

1
(f)f(x) dx+(f)f(x) dx
-1
9 1
= f—xdx+dex
-1 0

-1 1
= fxdx+Jde
0 0

[ ff(x) dx ——zf(x) dx |

I
| —
N|><
(3]
|
S |
+
| —
N|><
3]
| CE— |
[ =)

[(-12-0)]+ L (12-0)
2

9600175757 / 8124201000 / 8124301000



Thisris. padpfataiSdetple

www.TrbTnpsc.com

for Full Book Order online and Available at all Leading Bookstores

Unit 2 ™ Integral Calculus- I

Y Sura’s Xl std - Business Mathematics and Statistics @

4. f cx, 0<x<l1 Fi d"'f‘lff( Y
. x) = ind'c'i X
0, otherwise 0
cx,0<x<1
Sol. Given flx) =
. 0, otherwise
Also, given [ f(x)dx = 2
! 0
= [eoxdx = 2
0
L
= c[x—} = 2
2 0
= S 12-0 2
2
c
= 5 (-0 = 2
= < = 2
2
= c = 4

Evaluate the following using properties of

definite integrals

x> cos’x dx

w—r
sl ek

x> cos’x

Sol. Let f(x) =

fl=x) = (-x)[cos (-x)]’
= - x*(cosx)?
[Since cos x is an even function]
= - 5
S f(=x) = -f(x) = f (x) is an oddé
function :

By the property, [ f(x)de =oif f(x) is an
odd function

[
— [xcos’xdx _

orders@surabooks.com

Sol. Letf(x) =

2 ?sinze do

sl

Sol. Let f(0)
f(-90)

sin?0

[sin (- ©)

[- sin 0]?
[ Since sin 6 is an odd function]

sin’0
f(6)

f(0) = f(0)isaneven function

w f(=6)

. By the property, | £(x)dx

= 2[f(x)dx if f(x) is an even function
0

T T
2, 2.5
= [sin“"0d® = 2[sin“0d0
n 0
2
T
_ 2T(l—cos29)
0 2 [, cos20 =1 -2 sin%0
= 2sin?0 = - cos20
1—cos26
= sin%0 = &]
2
_ j(l—cosZG)dG e_sin29 )
0 2 0

2

_ T _ sinm 040

2 2

[sin0 =0 andsinmt=0]

LY
S22
-

2

1 2—-x
: 3. | — |dx
_J.l 0g(2+X)

o (2—x)
8 2+x

PH: 9600175757 / 8124201000 / 8124301000



Thisris. padpfataiSdetple www. TrbTnpsc.com
for Full Book Order online and Available at all Leading Bookstores

@ D‘ﬁ Sura’s " XIl Std - Business Mathematics and Statistics Unit 2 m Integral Calculus- I
= log(2-x)-log(2+x) ¢ 1 1
_ Jlog ——1|dx
f(=x) = log(2-(-x))-log(2-x) 5. g x
=  log(2+x)-log(2-x)
§ 1 1
= —[log(2-x)-log(2+x)] Sol. Letl _ glog (;—1) dx
- o
S f(=x) = -f(x) = f (x) is an odd I (f)log ( . ) dx (1)
function. : a a
[f = Jfla—x)dx
. By the property, j J(x¥)dx =0 if f (x) is an By the property 0 ) £ ( )
odd function . - (1 B x)
| r I =] log . dx
= | log( 5 ]dx =0 § 0 K
-1 +x : ! 1-1+
x : 1 = | log " x) d
4 -2[ sin’ x f -
. 1
0sm x +cos’ x - | log X )dx ()
Ed 7 : 0 l-x
2 sin’ x z
Sol. Letl = [|—————dx (1) '
osin’ x+cos' x 5 Adding (1) and (2) we get,
a a 1 —
By the property, [ f(x) dx = [ f(a—x) dx 21 = [log (l_x) + log (L)] dx
0 0 0 X 1—-x
(T 1
3 o (fx) = | g EE x|
I =] dx g 0 X J//x
Oin’ (ﬂ:—x)+cos7 (n—x)
2 2 [." log m + log n = log mn]
n 7 H
2 cos’ x dx :
I = [————M— —(2) 1
gcos7x+sin7x ; = [logldx=y [ log1=0]
: 0
T T 5
[ sin (E—XJ = cos x and cos (E—x)‘ = 2 = 0
si x] =1 = 0
. : 1
Adding (1) and (2) we get, Jlog X . e
0 1-x)4
3 sin’ x N cos’ x PR ( x) |
21 § ol sin” x+cos’ x cos’” x+sin’ x Sol. LetI _ ( al ); dx
: 0 (l1-x)
2 qin’
g sin’ x+ 7 X N
0 x+cos' x = - ( ); dx
0(l—x)*
3 g T b
- g dx =[xy = 5 0= D [Multiply and divide by -1]
T z 11—y
L2l = 5 = j :
2 (1~ x)?
n
=1 = 1 [Adding and subtracting 1 in the numerator]
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01 _ v _ H
o fleanl, _ zr(g)
1 (1-x)* 2 \2
b a
o 1 () de = =] /() ) _ inxr(i)
a 2 2 2
= ? 1_x3— ! 3 dx Zxéx Z XTI l
\(1=x)" (1-x) = 27272)7 2
0 13 _3 = z><§><§><l i
- {((1—)6) () e 2727272
_ 105
o BT
= JO=x)tde _ J(1-x)" dx |
1 1 D e
) [e ™ *Sdx
_ (l—x)%+1 ~ (l—x)_%)rl Sol. LetI = Je™ xPdx
1 3 : %
-1l -~ +1| -1 - +1
4 | T o o—ax n!
- ; Gamma Integral [x"e™™ dx = -
— 0 : 0 a
(l—x)% (l—x)% Heren=6,anda =m
- - + é o0
) > 1 L1 = e iy
L 4 4 1 y 0
4, R 6! 6!
- |R-wea0-nt] - T
4 5 1 N
= - (1F)+4(tf)-o0 ] .
5 L (iv) e xtdx
4 :
- 2w =242 '
> : Sol. L L= Je™ wg
o 4+20 g ook "0 *
N 5 5 : Here n=4and a =4
R | = 4 = 4—5
1. Evaluate the following w n!
M @ L pxtear =~
Sol. Gamma integral I' (n + 1) = n ! where n isa ,4><3><Z><({
positive integer. T A xdxaxdxA?
T4 =M4-1)!=31=3x2=6 ’4; A
9 18
: T x5
1 (V) Jerxtdx
Sol. We know F(E):\/E 0 ° L
. Sol. Let I = ie Fxdx
9 7.(7
F(E) = EF(E) HerenzSandaz%
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= P
[ x"e ®dx = ’Z+1] : -
0 a §
5! 5! ;
= = = 26(5)) :
(1)5+1 l 6 _
2 2
2. 1650 {5 € Y G evaluate ] () dv
. X :
f(x) 0, other wise then evaluate )
Sol. Gi e x>0
ol. Given f () B 0, other wise _
. J.f(x) dx = sze_2xdx
0 0
Heren=2 and a=2 5
= 2! 2! =
Jo.f(x) dx F — 2_3 :
. i n _—ax = n! )
[ gx e “dx = e
2 x1 1 :
T o2x2xZ T 4 =
e de = | :
0
) fxdx
N . x)dx
Evaluate the following integrals as the limit of : Sol [ J&)
the sum :
1 Here a=1,
(1) _[(x+4)¢lx
0 h =
Sol. ff(x)dx = hm th(a+rh) and f(x) =
r=l1
Here a=0,b=1 = ' Now, f(a+rh) =
b = b-a 1-0 1 3
n n n Ide =
1

and f(x) = x+4

Fla+rh) = f(0+£) - f(g)

p
= —+4
n

L L w1
" -([(x+4)dx = }}l_fgzln(n*“‘)

. 2(_+ ] :

}’l—)‘x’rl n

. 1 & 4
hrn(n—z VE:;I"'F; rz_;l]

n—oo

. (iz'n(n2+1)+%'(/)]

n—e\ pn
1)

[21 —H)Zr—

r=1
/(1+1)
. n
Ll S

1+t
lim 14
n—sco
1
L0+4
2
1
[ when n— c0,—— 0]
n
1
1o, 1+8 9
2 2 2

| h. +rh
= ngrolog fa 7')
h—0
b=3
b—a_3—1__
n n n

n—oo

lim(;/ Zzn(n+l)]
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z n(n+1) . N n(n+1)
PIULLY I [Sl=n& X7 = ]
r=1 2 r=1 2
2 ) /(Hl)
A7 = — 10+ lim— )
= lim|2+*—- n—seo 2
| “T 7 7| o
: = 10+4-lim(1+l)
1)’ z noe=\
= 2+lim(1+—] ;
n—seo n : = 10+4(1+0)
? - 1
= 2+1im(2+3) [ when 71— ee,—— 0]
n—e n 5 = 10+4=14
.2
= 242+ lim—
n—o n 1
L @ [
[-when n—o0,——=0] : 0
n :
b LN
= 2+2+0 . Sol. ff(x)dx _ }}groloz_}h.f(a+rh)
= 4 : a h—0 =
Here a=0, b=1
3 :
: b—a 1-0 1
2x+3)dx ; h = - - _ =
3) {( x+3) e
; and f(x) = x*
b X é 1 r
Sol. f_f(x)dx = &E}l}ozh'f(a+’”h) Now,f(a+rh) = f|O+r-—| =1 -
a h—0 =1 n
; 2 2
Here a=1, b=3 _ (f) o
L b-a_3-l | n)
B o W 1 o L
TN R O 31
andf(x) = 2x+3 ; . n—ee T N\ n
2 2r :
f(a+rh) f( r n) f( n) | _ Hm% 2
et o
A :
- n .1 n(n+1)(2n+1)
5 = lim —- p
4 : n— pp
N SN S W4
n n : "
; "ol a4 B D
~ [2x+3)dr = lim Z—(5+—) p 6
| n—>oor ln n :

g [Taking » common from each bracket]
i [0 8 2D - l«lim(1+l)(2+l)
n—yoo ,{ n? 2 : 6 n—oe n n
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B l(1+0)(2+0) . Hin: J-sinSx—sinxdx
6 n cos3x
1 ; _
[ when n_)oo’;%()] 2cos(5x2+x)'sin(5x2 x).dx
= l (1)(2) — Z N J. cos3x
° $ o (@+p)  (2=B)
1 : [since sin a - sin p = 2cos B ]
3 cos3x .sin 2x
_ p[gesisine,
: j cos3x
= 2[sin2xdx
Choose the correct answer: o
_ Z(— )+c
] jidx . Zz
. x’ * = —cos2x+c
-3 — log x
—+ —+cC : g .
(a) 2 c (b) 22 5. J- . dx,x>0 is
—1 —2 1 2 1
(o) §+c (d) x—2+c : (a) 5(logx) +c (b) —E(logx)z
-1 :
Ans: (b) —+c]
I I -
Hint: = [x7dx = - - —+c x ) i
2. [adxis B3+l 2 Zx [Ans: (a) E(log x) +e]
2"log 2 b) 2 :
(a) i)g +c (b) 2*+¢ i _ J-logxdxx>0
log?2 ; ¥ ’
(c) +e d) —==+c |
log2 2 p _ ~ =
utlogx = t:>xdx—dt
X X s
g . : t
Hint: og2 +c [Ans: (c) log2 +c| [ = [t-dt="—c
sin2x :
. 1 )
3 J‘2sinxdx 19 { _ = E(logx) +c
i b) —sinx+c N
(a) sinx+c¢ (b) % " j &
(b) cosx +¢ (d) Ecosx+c : Vi+e®
[Ans: (@) sinx+c | (@) Lo b) Wi+e +e
Hint: dh= 28X cosx : Vi+e*
int: = JTQIX
X
J‘ J () V1+e' +c¢ (d) e'Vl+e' +c¢
= |cosxdx
~ sinxdc [Ans: (b) 2V1+e™ +¢]
in 5y —si EH o J‘ e*dx
sin5x —sin x . Hint: -
4. ——dx is z [ x
J‘ cos3x : 1+e
(@) —cos2x+c (b) —cos2x+c¢ Put l+e =t = e dx=dt
: 1
1 : -1
= _ : dt =1 t?
(c) 4cos,2x+c (d) —4cos2x+c : 1= [92_ J-tz i =
: Vi L

orders@surabooks.com

[Ans: (a) — cos 2x + ¢] .
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= 2\/;+c

l\)\»—‘l‘\.:)\_

= 2J/l+e' +c

f\/_dxls
(@) e +e (b) 2Ve" +c

© %\/?uc @ Nle_x”

Hint: J\/ejdx = j(a)%dx = 2dx
N
2
= 2P te =2 e

= 2\/@7+c
8. [e¥[2x?+2x]dx

(a) e¥x*+c¢ (b) xe* +¢
2 x

(c) 2x%e* +¢ (d)

[Ans: (a) e - x* + c]

Hint: [e**[2x* + 2x]dx
Letf(x) = x* = fx) =
We know [e= (af(x) + f'(x) dx =e™ fix) + c
Here a = 2

[ 2 fix) + f(x)) dx =€ - fix) + ¢

X

9. Ie’f+1dx is

X

e +1
+c (b) log

X

(a) log|l—
e +1

+c

(c) log|er| + ¢ (d) log le+1| + ¢

[Ans: (a) log |e" + 1| + ¢]

X

dx

Hint: 1= J Xe

e +1
Put t =

I

e +1=dt=e"dx

J.% =log|t| + ¢

log|es+ 1| +¢

orders@surabooks.com

[Ans: (b) 2\/e7x+c]

o 2
: x-3 x+1

(a) log |x —3|-log |x+ 1] + ¢
(b) log |x - 3| +log |x+ 1| + ¢
(c) 9log |x - 3|-log |x+ 1| + ¢

(d) 9log |x - 3| +log |x+ 1| + ¢
[Ans: (c) 9log |x — 3|-log [x + 1| + ¢]

9-log|x-3|-log|x+1]|c

1
(a) log 4+ %] + ¢ (b) Elog‘4+x4‘+c

23
(d) log4x4

+X

(c) ilog‘4+x4‘+c +c

1
[Ans: (b) Elog|4+ x4|+c]

2x°
Hint: 1= dx
n j4+x4
Put t = 4+x*
= dt = 0+4x°dx
% = 2-xdx
ledt 1
= Ej7=510g|t|+c

= %log‘4+x4‘+c

512. Jmis

(a) Vx> =36 +c
(b) log|x+x*=36|+c

(c) log x—Vx?=36|+c
(d) log x2+\/x2—36‘+c

[Ans: (b) log

x+\/x2 -36

+c]
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’m“fxz36 y §15.ﬁ%m
_ ) 3 J
.[sz —-6° (a) log 4 (b) 0
= log|x++x? —36‘+c (c) log2 (d) log8

2x+3

13. Isz +3x+2
(@) Vx> +3x+2+c¢

(b) 2Vx?+3x+2+c¢

(c) log (x*+3x+2)+¢

dx

(d) %(x2 +3x+ 2)% +c

6.

Ans: (b) 2V +3x 12 +¢]

lo i—1 2
gz—og

e ¥ dx is

ce—3 |l

(a) 0

(b) 1

[Ans: (c) log 2]

z 4
. Hint: f@ = [logx];1 =log4 —log2
5 2 X

1
(c) 2 d 5

1
[Ans: (d) E]

2x |7
Hint:
in 0 ) ]O
Hint: 1= J'de Ir « o
\/x2+3x+2 = —El:e —e ]
Put t = xX*+3x+2 1 1
- Lo-y--2
dt = (2x+3)dx 12
dt -1 -
I = —_— = 2 =
J.\/; J.l dt | 1 2
_1 1 : 4
;2 12 P17, _[x3 e* dxis
= +c =—+c :
I ] o
41 2 | s
2 2 (@)1 (b) 2_]‘x3 e’ dx
= Ui+c 0
A
= WX +3x+2f+c (c) 0 (d) e
1 [Ans: (c) 0]
14. |2x+1)dx is ; 1
;‘; ( ) . Hint: Ix3 ex4 dx
: -1
(a) 1 (b) 2 (c) 3 (d) 4 . Let f) = 2o
[Ans: (b) 2] | fex) = Cxpe
| [zxz } = —xef=—f
Hint: [(2x+1)dx = |27+ ;
g( x+ Dax 2 0 Since f (x) is an odd function, j e ex4 de =0

_ I:x2+x:|:)
(1+1)— (0 +0)
2-0=2

orders@surabooks.com

18. If f (x) is a continuous functien and a < c < b,

c b
thenjf(x)dx+jf(x)dx is

b c
(@) [f(@)dv—f(x)ax
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c b ! 1 1
(b) jf(x)dx—jf(x)dx Hint: If If(x)dx =1, Ixf(x)dx =a,
a a 0 0
b ' 1 1
© [/x)dx do | [¥fde = @ then [(a—x)’ f(x)dx
[Ans: (c) J.f(x)dx] 0 | 0
3 ‘ E = I(az +x% — 2ax)f(x) dx
19. The value of Jcosxdx is 0
A 1
2 = [ (x)ax
(@) 0 (b) 2 (c) 1 (d) 4 0
; 1 1
[Ans: (b) 2] | + [ 27 f(x)dv = [2ax f(x) d
2 : 0 0
s 1 1
Hint: The value of _[ cos.x dx =’ jf(x)dx +a* - Zafo(x) dx
_% % 0 0
= 2Icosxdx = a’ (1) +a’—2a(a)
0 : = 2 -2a*=0
[". cos x is an even function] y 3
_ 2(sinx)% . 22. The value of J(S—x)dx—ff(x)dxis
0 2 2
- 2(sin§ —sin o) @1 () 0 © -1 (@5
- 2(1-0)=2 3 3 [Ans: (b) 0]
1 :
20, [[eH (1) aris i [16=0ar=[ ro
‘ ? 3 ? 3
| 7 7 1 = [fG-xde=[f(2+3-x)dx
@s O O @5 2
1. b b
[Ans: (a) E] ['.'Jf(x)dx = Jf(a+b—x)dx

Hint: j\1x4 (l—x)2 dx = j.xz(l—x)dx
0 0

3 3
1 _[r-xac—[f(5-x)dx
J.(xz—x3)dx : :
0

: =0
:[ﬁ_ﬁ]lz(l_l)_o .
3 4 . 3 4 23 ‘0[( x+ﬁjdx is
4-3 1 :
T 22 20 21 28 1
W T ®5 ©5 @

1 1 1 :
21, If [ f(x)dx =1, [x f(x)dx =a, [x* f(x)dx |
0 0 0

1
= a?, then J(a—x)z f(x)dx is

0
(a) 4a® (b) 0 (c) 2a° (d 1 :
[Ans: (b) 0]

28
[Ans: (c) ?]
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1
j = [log (]
L 2
2

[Ans: (c) 4]

1 o
= logl—loga Hint: J‘x4e—x dx
= logl- (log 1 -log2) 0 Herea=1n=4
= 0-0+log2=1log2 o !
no=a% . — "
[ e e - o
4 Y
= =4l
o’

4 | ? 25. Using the factorial representation of the
Hint: j(\/; + —) dx gamma function, which of the following is the
0 Jx B j‘(x; _;) solution for the gamma function I'(n) when
: n=_8
u 4 (a) 5040 (b) 5400
[ (o) 4500 (d) 5540
= |3 T [Ans: (a) 5040]
2 2 . Hint: T (n) when n =8 is 7!
= 7x6x5x4x3x2x1
] - s
) 26. I'(n)is
- —x\/}+2\/5] @ (-1 (b) n!
- 0  (© T (@ (n-1)I(n)
: . _1)!
_ %(4)ﬁ+2ﬁ)_ [Ans: (b) (1 - 1)!]
3 L 27. T(1)is
_ §(2)+ 22) . @o (b) 1 () n (d) n!
¢ Hint: T" (n) =(n—1)!
16 16+12 28 :
= +4 = 3 3 =T1)=1-1!=0=1
z [Ans: (b) 1]
24. [tanxdx is - 28. Ifn >0, then I(n) is
: 1 1
(a) log 2 (b) 0 @ [ (b) [ex"ds
0 0
(c) log\/i (d) 2log2 - =
[Ans: (a) log 2] : (0) Jeadx (d) Jex"ax
5 3 ' [A ? )Jl.e_xx”_ldx]
. : ns: (¢
Hint: 1= jtanxdx = J‘smx dx 0
cosx : 3
0 0 :29. T (—)
Put cosx = t = -sinxdx=dt 2 N 3
= sinxdx = -dt @ Jn (b) 3 © 2Jn (@) 5
1 §
3 % 1 Jr
I = —J‘ﬁ [.-whenx=0,t=cos : Hint: = —xn = ﬁ [Ans: (c) —ﬂ]
1 t 2 2 2
0 =1whenx—E t=cos£=l] 30. jx"e’"dxis
3 3 27 0
(a) 12 (b) 4 (c) 4! (d) 64
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Miscellaneous problems

Evaluate the following integrals

1
dx
J‘\/x+2—\/x+3
1
Sol. [= | ——F———=dx
? J‘\/)c+2—\/)c+3

Multiply and divide with the conjugate of the

denominator,

We get
X+2++x+3

= J(Jx+2—Jx+3)(Jx+2 +\/x+3)
I x+2++x+3

(x+2)—(x+3)

[ (a+b)a-b)=

J- x+2+\/xT
£+2-4-3

= —J‘( x+2+ x+3)dx

dx

) uinbﬂ+uig?1+c
—+1 —+1
2 2

3 3

:-%Bx+ﬂ2+ﬁ+3ﬁ]+c

]

132=ff
2(2 4
Adding & subtracting

2
16

orders@surabooks.com

Sol.

e +6+5e "

dx
e +6+ %
e
_[ e*dx
e +6e" +5
t =

J dt
2

1" +6t+5
dt

-[(t+5)(z+1)

—dt+ —dt

t+5
A B

t+5
A(t+1) + B(t+5)
-1

t+1

B(-1+5)

e'dx =

dt
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1 = B(4)
1
= B = Z
Put t = -5
= 1 = A(-5+1)
1 = A(-4)
1
= A = —Z
—1m 1m
From(l), I = t:‘;—s‘l‘ t4_+__1
:—llog|t+5|+llog|t+l|+c
4 4
:i[log|t+l|—log|t+5|]+c
1 t+1
= —logl—|+c¢
4 t+5
1 e’ +1
= —log c
4 “le*+5
[ t=¢e]
[V2x? -3dx
Sol.
I = I\/2x2—3dx
_ J. Z(x —ngx
J. xt—a’dx =
2
ngz—a2 —%logx+\/x2—a2 +c]

X 2 3 3 3 :
=2 = —_ 2_2 :
|:2,/x > 2(2) log|x+,[x 2:|+cg
xV2x’ -3 3
= 2 - - = — -
V2 2 2 4
10gx/§x+\/2x2—3”+c
:%\/2x3— —3:{5 10gx/§x+\/2x2—3‘+c

orders@surabooks.com

A S

J\/9x +12x+3dx

et [ = [Vox’+12x+3dx
= J 9(x2+2x+§)dx
9 9
= 3J.1fx2+ix+ldx
3 3
= 3J.\/x2+ix+i—ﬂ+de
3 9 9 3a
l(ﬂ)z_(zfi
23)] \3) 9
4
Adding & subtracting 5
2 2
e ()
3 3
2 2
= 3J (x+zJ —(l) dx
3 3
I:‘.'J\/xz—azdx =
2

ngz -a’ —%log x+vx? —a® +c:|

2
x+=
_ 3 12x 3 1
=322 |x?
2 9 9 9(2)
2 12x 3
X+ =+ [P+ ==+ |+¢
3 9 9

; 3x+2 9x2+12x+3_i
- 6 3 18

3x+2+4/9x7 +12x+3H+c

~3x+2

log

log

1
9x2+12x+3—g

3x+2+\/9x2+12x+3‘+c

log

6. I(x+1)2 log xdx

Sol.

Let J(x+ 1)2 log x dx

I =
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Let u = logx, dv=(x+1)7>dx
3
1 x+1
du = —dx; V:( )
X 3

.. Using integration by parts,

ILATE

I— logarithmic function

fudv = uv - Jvdu
J.(x+1)2 log x dx

—
Il

—
Il

X

= logx —

dx

x_lj-x3+3x2+3x+1
3 & 3 X

logx—l.[(xz +3x+3+l)dx
3 X

(x+1)’ 1|‘x3 3x?

logx——| —+—+3x+log|x| |+ ¢
& 31 3 2 g| |]

3 X 3x?
(x+1) logx—?—T—3x—log|x| +c

J‘log(x—\/ﬁ)dx

Let u = log(x—\/xz—l);
dv = dx
and y = x
du= ! [i(x— xz—l)]dx
X |

- x—\/lxz—l(l_\/qu]dx
: {m_x}lx

_x—\/x2—1 \/x2—1

orders@surabooks.com

.. Using integration by parts,
= Judv=uv—[vdu

jlog(x—\/ﬁ)dx
qat=1
- xlog(x—

|
ks
I= xlog(x—\/ﬁ)+l

Consider

= xlog(x—

X
I = Imdx

Put x*—1

i
2 —l+1

= Vi = Nea
[.'.t=x2_1]
Substituting I, in (1) we get,
I=xlog(x—\/x2—1)+\/x2—1+c

.1[ x(x—l)dx

Let I =

=
—
=
I
[

)dx

Vx? —xdx

=
o
|
=
+
A=
|
N
S

Il
O — = O — . O —

PH: 9600175757 / 8124201000 / 8124301000



Thisris. padpfataiSdetple www. TrbTnpsc.com
for Full Book Order online and Available at all Leading Bookstores

@ E‘ﬂSura’s Xil Std - Business Mathematics and Statistics Unit 2 m Integral Calculus- I
_ j‘ x_lZ_lzdx . zl(eg_i):l et =5
) 2 2 . 4 ) 4l &
5 xdx
o2 2 : 10.
[J X —atd '([\/x+1+\/5x+1
2 i Sol. 3
X [2 o 4 [2 2] xdx
= —a” ——1 + - :
I A A } L gx/x+1+\/5x+1
Xx— 1 | Multiply and divide with the conjugate of the
= 22 X —x—glogx—§+\/x2—x denominator
| 0 We get
_1 1 j. (\/x+1—x/5x+ )dx
1 1] I=
= 2\/6——1 ‘1——+0 0 Slog _EH 0(\/x+1+\/5x+1)(\/x+1—\/5x+1)
- : 3x(vVx+1—+/5x+1)dx
1. 1 = |
= ——log|—|+ —log|—
g 085 gz‘ A o (x+1)=(5x+1)
=0 [ (a+Db)(a-b)=a*—1]
j 2t g j.x(\/x+l—\/5x+1)dx
9. Xx“e § _
Sol. 1 1 : 0 x+ [ -5x-)
Let I = sze_hdx -3[}((\/;_\/5)6_4_)
1 —
u=x> dv=¢e> : 0
i 3
—-2x _ —2x 1
U= ox Lo e e - —ZJ.(\/x+1—x/5x+1)dx
-2 2 0
—2x - 3
e
ut=2 v, =+ 3
‘ 1| (x+1)2 (5x+1)2
—2x =7 -
3
V2= —e 4 — 5(3)
8 2 2 0

Il
r
=
[\S]
= G
|
[\ N|
(58]
=
-
|
N
=
VR
&0
= —_
N——
+
[\
N
|
N
0e] m|
N
=
N——
L—Jl —
I
|
N | =
| —
—_
=
+
—_
~—
[\SJ[U8)
|
—_
|9,
=
+
—
~—
[}
| S
)

Il
Q
S
=
| o——
|
o4
[’S]
N | =
=
| S
=
I
|

1

|

[\S]

|
0o | =

|
N | —

|
I
~—
—

|
—

8]

|

+

|
N
~—
—

Il

|
= N

3 15 3 15
-o(-3)-¢(-) sy
~ 21\3 15) 3 15
=__5€—2+lez 1 8 64 1 1
2¢ T _[ _____ _]
213 15 3 15
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__1jg_ 1 64 1
o213 3 15 15

1[7 63 __1[105—189}
2[3 15 2 45

_ 1] -84 _42_14
—‘i_z]—z—ﬁ
714

=1

Additional problems

I. Choose the correct answer :

1. [(x-1)e*dx= +c
(a) — xe* (b) xe* (c) —xe* (d) xe*
[Ans: (¢) —xe™]
Hint:
Let u=x-1 dv=e*dx
u'=1 y=—e*
ul'=0 v,=e”
1
2! x
I[=-[2dt= +c = 2x2+c
loge loge

1 1
2. Isz—zdx = k2~ + ¢, then k is
X
1

(a) — (b) —log2
log, 2 | &
(o -1 (d) 5
[Ans: (a) — ]
Hint: . loge 2
= —_ = 1
put t Y X
dt -
) -— -y (_l)x’Z [e—
dx . x? .
dt = —dx=-dt=— dx
X 2t X
I = -[20dt= +c
1 og,
_2x
= +c
log, 2
3. [|xfPdx= +c
@ =X (b) )
a) — il B
4 4
A
(c) o (d) none of these

orders@surabooks.com

[Ans: (d) none of these]

o
X
(@) 2cosv/x (b) 228
X
(c) sin/x (d) 2sin/x
[Ans: (d) 2sin~/x]
Hint:
1
put t = x?
dt 1 %—1 1
— = —X = —
dx 2 2/x
1
2dt = —dx
Jx
1=2fcostdt=2sint=2sin Vx
2
5. ) dx = +c
(ex +e_x)
—e 1
@ ——— (b) ————
e’ +e e’ +e
-1 1
(c) 3 d) ——=
B -
[Ans: (a) x—e — 1
e’ +e
Hint:
2
I = J . 3 dx
[+ )
ex
2x
- I Ze > dx
(ezx + 1)
put t = e+1
dt
o 2e¥ = dt = 2e* dx
I = ji; = ft‘zdt
1
t—2+1 1
241t
B -1 B -1
- 62x+1 - ex(ex+e—x)
et
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6. e (1- cot x + cot?x) dx = +c
(a) e*cotx (b) —e*cotx
(c) e*cosecx (d) - e*cosecx

[Ans: (b) - €* cot x]

7. Jefx)+f (x)dx= +c
(a) e f(x) (b) e+ f(x)
(c) 2e*f(x) (d) e - f(x)

[Ans: (a) e* f (x)]

8. If[xsinxdx=-xcosx+otheno= +c

(a) sin x (b) cosx
(c) C (d) none of these
[Ans: (a) sin x]
Hint:
Let u = x dv=sin x dx
u = 1 Y =—C0SX
v, =-sinx
I = w-u'y,
= x(-cosx)-1(-sinx) +c¢
= —Xxcosx+sinx+c
9. If_[ dx=alog|1 +x?| + btan"'x
x+2 (x +1)
+— log|x+2|+cthen
> 1 -2 1 A
(a)az—ﬁ,bz 5 (b)azﬁ,b= 5
1 2 1 2
9a=——b==  (da=<—,b==
(c) 0 s (d) 10 5
[Ans: (c) a = —l, b= E]
Hint: 10 5
1 A Bx+C
(x+2)<x2+l) X+2 0 X7+l
A(x2+1)+(Bx+C)(x+2)
(x+2)(x2+1)
I = A+ 1)+Bx+C)(x+2)
1
put x = 72,1=A(4+l):>A=§
4
put x = 0,1=A+2C=2C=—
5
c 2
= G
put x = 1,1=2A+3B+3C
= 1 = g+SB+E
5 5

orders@surabooks.com

1 -1 2
5 s7s
I Jx+2dx+ e dx
-3
= ? = 3B:>B=?
= l10g|x+2| ——J
5 x2+1

= %log|x+ 2|+§tan71 x—ﬁlog‘x2 +1‘+c

10. [3*2dx= +c
3 9(3")
b —
(2) log3 (o) log3
© 3.3" 5 3*
c log3 9log3
[Ans: (b)9-
Hint: . °g3

[3*+2dx=[3*x3%dx=9[3*dx=9

log3
de= +c
X

. j(%+ﬂ
2

(a) ~—+mlog|x| (b) 5 +mloglx]
2m m

1 1 m
(c) ——2+mlog|x| (d) T2
Hint: X x
I(iJrﬂ)dx = jidx+jﬂdx
m X m X

1 x?
——+mlog|x|
m 2 5
X
. — +mlog| x
[Ans: (a) m glx|]

12. The anti-derivative of f (x) = Jx + 1 is
p Vx
3 3 1
(a) =x2 +i1 (b) Ex2 +2x2
3700 2

2 3 1
() =x2 +2x2 (d) none
3 3 1

2
[Ans: ()3 x2+2x%)

Hint: 1 1 1
\/;+—)dx = |x2dv+|x2dx
(e Jetae
32 3 1
=2 il = Sx2eonl+c
3T 3
2 2
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13. [a*2dx= +c * Hint: e
3x+2 ; J'l dx = [xlogx—x]{+c
xX+2 a ogxax 1
(a) a3 (b) 3 1 e |
E) = eloge-e-logl+1+c
a
(c) loaa (d) 3loga (a™") = -4 -0+1+c=1
Hint: g
a3x %
X+ — X — X — 2
Ja? de=fava de= o Javde= @ 17. [xsinxdx =
3x+2
_a 0
Sloga o @y ®T @ @1
[Ans: (c)3loga ]
14. feoss (¥ +1) ' dx=____+c | [Ans: (d) 1]
. Hint:
(a) log |x* + 1] (b) 4log |x* + 1| e .
u=x v =sin x dx
(c) —4log|x*+1| (d) %log|x“+l| 1
Hint: u'=1 y=-—C0S X
Jeroew (x* + 1)1 dx = e o= (¢ + 1) dx v =~ sinx
3 I = w-uly
x i
- d x
Jx4 +1 * = [-xcosx+sinx]2
put t = x*+1 n(0)+1 0-1
dt = 4x°dx T B 2 B
: 2
dt - Bdx : 18. Jsinxdx =
4 5 n
= [ Lioglg e ’
BT (a) 1 (b) 2 (-1 (@ -2
= Lioglwt +1]+c | [Ans: (b) 2]
4 1 . Hint: r x
N [Ans: (d) 4log [x* +1|] jxsinxdx — o[ sinxdy
15. J. 2 = +C : _TTE 0
9x" -4 u=x dv = sin x dx
(a) log 3’“2‘ (b) 12log 3x_2‘ w=1  v=—cosx
3x+2 3x+2 V]:_Sinx
1 3x—-2 1 3x-2 I = w-uly
—Ilo d) =1 1
© 3 g3x+2‘ (@) %log 3x+2‘ o
1 3v_a| | = 2[-xcosx+sin x]g
[Ans: (c) —log ]
12 13x+2 - 2[—5(0)+1—o] =2
Hint: 2
(3x)2—22 2(2) 3 73242 19. The value of'[cosxesmxdx:
1. [3x-2 ’ 0
- log 3;2 e (a) 1 ) e-1  (c) 0 d) -1
e [Ans: (b) e - 1]
16. flogxdx = +c
1
(@)1 (b) e-1 (c) e+1 (d o

[Ans: (a) 1] .
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Hint: log/x
t = sinx - 4. Ie dx = +c.
dt : X
o= : 1 1
a0 @ 2Jx ) Jx  (© = @
dt = cosxdx * X
| 1 : [Ans: (a) 2/x]
I = J‘etdt = [et 0 =e— 1 Hint.'
= -1
o Jx 0 x7+1 |
j. Icosx dx = J-de = J‘Xz dx = | = 2x2 = 2\/;
20. Thevalueoftheintegral o Jeosx +sinx = 7"‘1
@ 0 O 5. [(-xNxav=_ +c
i
(c) 1 (d) none of these o (@) zx% 5 ) x% —gx%
[Ans: (c) Z] 3 2 5
II.  Fill in the blanks: : 32 52 23 95
(c) =x3 —=x5 (d) =x2-=x2
5 it 27 2 37 s
1. J. 3 3 dx = +c. 2 3 9 5
X —x 3 , [Ans: (d)gx2 —gxz
X :
(a) 1 (b) g © 5 @ %  Hint: o
N = J.(\/;—X\/;)dx = J.(xz—)ﬂ]dx
[Ans: (c) ?]
Hint: A ;3 : % % 273 9o s
(D g e = v = Tote = S-Syl
x*(x-1) 3 35 3 5
2 2
o g . 1
" J1-cos2x - j —dx = +c.
(a) —cotx (b) cotx 1+ sinx
a p—
(a) tan x — sex x (b) sec x - tan x
(c) secx (d) tan x :
[Ans: (a) - cot x] (c) —tanx —secx (d) tan x + sec x
Hint: : [Ans: (a) tan x - sec x]
2 2 Hint: .
J.—dx = j 5 dx 1 l—sinx
_ dx = —d
1—cos2x 2cos 2x fl—i—sinx x fl—sinzx *
= Jcosec Xdx =-cotx+c
3. Jerardx= +c = fl—s;nxdx
a (ae)x COS X
(a) (b) = [[sec’ - tan x sec x] dx
loga log(ae)
N . : = tanx-secx
a e :
(c) (d) U & 1 _
log(ae) loga (a . 7. Iff (x).— X 22 and f(1) = 3 then f (x) =
[Ans: (b) Ty5 (o)) X )
glae 1
Hint: (e () ?—Fl—i-c (b) %—;—1
* X
Jexaz dx = I(ea)xdx = l(ea) 2 2
ogea () “ 421 d) = ——+1
2 2 x

orders@surabooks.com
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[Ans: (c)x?+;—1 ]
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Hint:
1 -
fx—x—zdx = f(x—x )dx
2 —1
X X
- e
2 —1
(1) = l:>l+1+c
F = 2 2
2
X 1
.
f&) 2 x
8. [sec?(7-4x)dx= +c.

(a) —itan(7 —4x) (b) —% tan(7 — 4x)

(c) %tan(7 —4x) (d) %tan(7 —4x)

[Ans: (a) —itan(7—4x) ]

Hint:
tan(—4x+7)
= [sec?(-4x + 7) dx = —
—1
- “tan(7-4
J an(7 —4x)
Y41
9. Iex dx = +c.
e’ +x
(a) log |e*+ 1| (b) log|e* + x|
(c) log|e - 1| (d) log |e* - x|
[Ans: (b) log|e* + x|]
Hint: 5
put t = e+x
ﬁ = e+1
dx
= dt = (e"+1)dx
dt
[ = |— =logl|t
ft og |t + ¢

log |e*+ x| + ¢

10. [xcosxdx= +c

(a) xsin x - cos x (b) —xsinx + cosx

(c) —xsinx - cosx (d) xsin x + cos x

[Ans: (d) x sin x + cos x]

Hint:
u=x dv = cos x dx
u' =1 v =sin x
v, =-Cosx
I = w-u'v, =xsinx+cosx

orders@surabooks.com

. Hint:

11, fe (sinx+cosx)dx= +c
(a) e*sinx (b) e*sinx
(c) sinx (d) e*cos x

[Ans: (a) e* sin x]

Let f(x) = sinx=f'(x)=cosx
se () + f(x)dx = e f(x) + ¢
I = esinx+c
T
12, [—=dx=
y 2
(@ 0 (b) 1
(c) 2 (d) 4 [Ans: (c) 2]
Hint
% -1
= fxzdx
4
9
x% 17
= |77 =2[x?| =2[3-2]
2 4 )
= 2
1
1
13. _([zx_3dx -
l10 3 b —llo 3
() 508 (b) 508
© 3log! (@ 0
1
[Ans: (b) — 5 log 3]

=[x dv=log2x-31L
4

= %[logl — log(—3)]

= %[O—log3] =- log3
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14 }f( Jdx , wheref(x) Tx+3 if 1<x<3 |5 |- e.
. X sywherej\x)= : n_—ax .
1 8x if 3<x<4 : Jxe dx where n is nT (n), n>0
s 0
s . a positive integer.
(a) 58 (b) 60 et NG
(c) 62 (d) 52 [Ans: (c) 62] 7. T () g. |n! where nis a
Hint: positive integer
3 4 :
n -
_ f(7x—|—3)dx+f8xdx 8 [T(n+1) h. proper definite
| f : integer
9. i [(n-DT
4 : 1
3 4 : ' (n-1),n>1
x* gx? : 2
1 z 3 {10 [T (n+1) i |1
 [Ans:1-d,2-h,3-2,4-b,5-¢,6-,7-j,8-¢g
9 7 5
:7x5+9_[5+3]+[64_36] 9 -£10-¢]
IV.  Identify the Incorrect statement:
980 Bl g 1.
x 2 2 () T (7)=6! (i) T (6) = 5!
15. j sin”! xdx = . (i) (l): N (V)T (7)= 7!
= 2 [Ans: (iv) T (7) = 7]
(c) -1 (d) 21 [Ans: (b) 0] : = @=-DIn-1)
Hint: 2.
sin (-x) = (-)"'sin”' x Q) zn:r - (”;1)
= T L (e
- o n+1)(2n+
2 (i) Y’ =n——"——
° f in’! d = 0 r=1 6
.| sin” xdx
T : 3
> e 3 (n—i—l)
III. Match the following: (i) z_;r "
1. |Jetdt a. | Improper n a+D T
definite integral | (iv) 2r3 = |:n( 5 ):|
2. 1 b. ! “ (n + 1) ’
[t ar I'(n) [Ans: (iii) 2.7 = [n ; } ]
0 r=1
: 3.
3. | c. n! : S
J‘eft dt n+l @ J;dx =loglxl +¢
a
0
(i1) Ildx =log x
4 T d Indefinite : g 2
n=l ,=x : X
For n> 0,_([)6 e "dx integral (111)dex - ?+c

@iv) Je" dx =e*+¢ [Ans: (ii) J.%dx =log x]
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4.

i) [ udv=uv-{vdu (ii) [ udv=uy— ulvl
(iii)] udv = uv — uv +ultv— .

(iv)] udv =uv— uv, +ult v, —u v
Where u and v are functions of x

[Ans: (ii) f udv =uv - u'v ]

0 [ ree=2] rs
-a 0

(i1) -T f(x)dx =01if f(x) is an odd function

(iii) -T f(x)dx = 2]1. f(x)dxif f (x) is an even
—a 0 :

function

(iv) jf(x)dx - Jf(r)dz

[Ans i) J f(x)dx= ZJ. f(x)dx

If f (x) is an anti- derlvatlve of f(x), then

b

() [/(x)dx =F(b)-F(a)
b

(i) [ f(x)dx = [(F(a)~F(®))]
)

(iii) j f(x)dx =—F(a) - F(b)

(iv) jf(x)dx - [F(x)]

0.

[Ans: (iii) If(x)dx— ~ F(a) - F(b)]

(1) ]ifxdx = j{f(a—x)dx
0 0

! 8.

1.

Sol.

b ¢ b
(i) [f)dx = [ f(yde+ [ f(r)drita<c<b

b b
(i) j SG)ds =~ j S () d

(iv) j f(x)dx = —j £ (x)dx

2,

: Sol.

[Ans: (iii) If(x)dx ——'[ f(x)dx]

orders@surabooks.com

b
@) [fx)dx =F@) +c

)
(i) [/ (x)dx =F ()~ F (a)

b
(iii) j f(x)dx = [F)]!
(iv) I f(x)ydx = [F0],

[Ans: (iv) jf(x)dx [F(x)]b]

() [e [flx) +f ()] dx=ef(x) +c

(i) [ e [af(x) + f ()] dx =™ f(x) + ¢
(iii) [ e [a f(x) + f'(x)] dx = ae® f (x) + ¢

(@) ]2 e = tog )+
[Ans: (iii) [ e [a f(x) + f' (x)] dx = ae™ f (x) + c]

(i) sec?xdx=tanx+c
(ii) | cosec? x dx =cot x + ¢
(iii)] cosec?x dx =—cot x + ¢

1
(iv)[ cosec? (ax + b) dx = . cot(ax+b)+c

[Ans: (ii) [ cosec? x dx = cot x + ]

Additional Question

2 Mark Questions

Evaluate f a’1°%a gy

We know that g'°&* = x

3
.'.fa3log“xdx = falog‘“ dx = fx3 dx
4
= —+c
4
2
Evaluate chos X —Cos2x

sin® x

. j2c052x—cos2x

sin’ x
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3.

2cos2x—(2coszx—1)d !
x

J

J
f sin12

fcos ec’xdx

sin? x

2cos?x —2cos¥x +1
— dx
Sin~ x
dx

X

—cotx+c

Evaluate [ tan?x dx

Sol.

4.

Sol.

5.

Sol.

6.

Sol.

[tan*x dx = | (sec*x-1) dx
[ 1+ tan’x = sec’x]
= [sectxdx—] 1 dx
= tanx—x-+c
2+3
Evaluate J$
sin” x
2 3
J2+3cosxdx _ J‘ = dx+J. .Cozsxdx
sin” x sin” x sin” x
1 1
:ZJ. ) dx+3jcésx-_—dx
sin“ x sinx sinx

= 2_[ cosec’xdx + 3_[ cot xcosecx dx

=—-2cotx—3cosecx+tc

2% +3*

Evaluate J dx

J

2% +3F
Sx

dx

2% 3"
Is—xdx+j5—xdx

j (%)x dx + j (%) dx

)
oe (5) oe (5)
o ot = .

If £ (x) = 8x° - 242, £ (2) = 1, find f(x)

+c

X

+c

Given f'(x) = 8x*—2x°

orders@surabooks.com

[f(x)dx = [(8x—2x%) dx
8xt  2x°
A I
2x°
> f@= 2wt e (1
Also, f2) =1
3
- 1 = 2(24)—2(§)+c
= 1 = 32—?+c
16
= 1-32+— = ¢ = —31+?=c
—-93+16 _
3
=77
= c = —
s 2 77
(1)—) f(X) = 2x _T_?
7. Evaluate IxVx+2dx
Sol.
J.x\/x+2dx = J(x+2—2)\/x+2dx
[Adding & subtracting 2]
=[(x+2)Vx+2dv— [2x+2dx
3 1
= [+22dc-2[(x+2)2 dx
3 1
(x+2)2Jrl (x+2)2Jrl
I R
241 ~+1
2 2
5 3
+2)2 +2)2
SYLT N
2 2
5 3
= S(x+2)2-—(x+2)2+c¢
1
8. If [(3x” +2x+k)dx =0, find k.
Sol. 0
Given
1
:>J(3x2+2x+k)dx =0
0
3 2 !
:>|:3i+2i+]oci| =0
2
0
3, .2 T
. =0
= I:x +x +kx:|0
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S[1+1+k(1)]-(0)=0
= 2+k=0
= k= -2

T

9. Evaluate jsin3 xdx
Sol. T 0
_[ sin® x dx
0 0

]E-3sinx—sin3x
4

dx

3smx —sin 3x)d

I
-
O‘—;?—I

T

4>|~

—3cosx + cos 3x}
0

[ 300s7t +— cos3n)

=

-3 0+— 3(0
( cos 3COS ( ))] L 2. EvaluateJ.

(=53]

N

[cosm=-—1,cos3m=-1andcos0=1]

- %%_(—?H 4
B e

10. If [3x” dx =8, find the value of a.
Sol. 0

Givenf3x2 dc= 8

U
rﬁ
b«l =,
_J

I

(o]

= x3 = 8
= -0 =28
= a =8
= a = 23
= a = 2
a =

orders@surabooks.com

['.- sin3x = 3sin x — 4 sin’x]

éSl JCOSZx cos 20,

3 Mark Questions
4, 2
: 1. Evaluate J‘x2+—x+1dx
x" —x+1
: (+* +1) g
: Sol. —F————dx 2
J ¥ —x+1 (x2+1) —x?
- [F5——ar
x“—x+1
(x +1+x) =
= dx
|
[-a>—b*=(a+Db)(a—Db)]
= J(x2+1+x)dx
x* x?
= —+x+—+c
3 2

cos2x —cos20,
€OS X — COS O

dx

COS X — COSOL
(Zcos X —1) - (ZCos2 o —1)

= I dx
COS X — COS O

2cos2x—f—2cos20c+/f
=J dx
COSX —COS Ol

2 2
COS™ X —COS™ O
it

COS X — COS O,
J (cosx+cosat) (cos os0t)

dx

c osol
=2[ (cos x + cos ) dx
=2 [sin x + cos a - x]+c

=2sinx+2xcosa+c¢

: ( x+bx)2

3. Evaluatef ¢ dx

: a*b*

; )2

Sol. dex 2x 2x X7.x

: *p* _ J-a +b"" +2a'h i
a*b*

[ (a+b)=a’+2ab+ 1]

2x 2x XX
_[ a N b N 2a’h i
a‘'b® a'b*

a’b*
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:J(Z—z+%+2]dx

{15
L
ou ) e )

4. Iff(x)=3x"- % and f(1) = 0, find f(x)
Sol. Given X

+ +2x+c

f = -3
x
We know f(x) = ff'(x)dx

- (3x2 —%)dx

X
3 -2
X X
= 3| —|-2|—|+¢
flx) = x3+i2+c ......
X
Also f(1) =10
0 = 13+1i2+c
0= 1+1+c¢
c = -2 .
f(X) = x3+x—2—2
1+x 1-x
5. Evaluate J‘ﬁdx

2x

1+x 1-x
Sol. J‘& dx
2x

(=

X
2.X

23+3X + 22—2){
—dx

2x

23+3x 2-2x

dx + dx

2x

_ J‘23+3x—x dx+J22—2x—x dx

= 22 ax+ [277 dix

orders@surabooks.com

22x+3 22*3){
= + +c
2log2 —3log2
22x+3—1 22—3x
= - +c
log2  3log2
22X+2 22—3)6
= - +c
log2 3log2
sec’ x
6. Evaluate J.—
3+tanx
Sol.
Let o[
3+tanx
Put 3+tanx = ¢
=0+sec’xdx = dt
= sec’xdx = dt
dt
| U
t
= loglt| +¢
= log|3 +tanx| +¢
[ t=3+tan x]
7. Evaluate | sin’x cos x dx
Sol.
Let [ = [sinx cos x dx
Put t = sinx
= dt = cosxdx
4 sin* x
[ = [fdt =—+c=
4
8. Evaluate | LIS
. valuate | ——
V16x? +25
1
Sol. J—dx
Vi6x® +25 [ 1 i
N 5, 25
16 x+—
16
1 dx

+c

2
= llog x+ x2+(§)
4 4

1 . 4x +16x> +25
4

‘+C
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2.

Sol.

Using graphic method, find the value of y when °

x=27.

x 10 15 | 20 | 25 30

35 32 29 26 23

YA

354
34

33
32
3
30 4
2911
28 =

27—+
26 o

255

24

2311

xy

From the graph, it is clear that when x = 27, the
value of y is 24.8

Find y when x = 0.2 given that

X 0 1 2 3 4
176 185 194 | 202 | 212

Since x = 0.2 lies at the beginning of the table, use
Newton’s foward interpolation formula

B n n(n—l) ,
=y=y, *+ pr Ayo + o Ayo +
n(n—l)(n—2) ,
¥ A(y,)

Here h=1,x,=0,x=0.2
=x,+nh=02=0+n(1)=02=n=0.2

The forward difference table is

x |y | Ay [ Ay | ANy | Ay
0 176
1 185
2 [ 194 9 0
3 202 -1 -1
4 |212] 10 | 2 3 4
0.2 (02)(0.2-1)
SLy=176 + BT 9) + TR (0)
orders@surabooks.com PH:

5.

Sol.

) (0.2)(0.2 - 1)(0.2 -2) 1)
3!

. (0.2)(0.2-1)(0.2-2)(0.3-3) (@)
4!
=176+ 1.8 -0.048 - 0.1344 =177.6176
.. Hence when x = 0.2, y = 177.6176.
If y,_ = 2459, y, = 2018, y, =
Voo =402, find y, .

1180, and

We can write the given data as follows:
X 75 80 85 90
y 2459 | 2018 | 1180 | 402

Since 82 lies at the beginning of the table, we can
use Newton’s forward interpolation formula

n(n—l)

2!

Ay, + N? X

n(n-1)(n-2

SN
3! 0

Alsox +nh=82=75+n(5)=82=5n=82-75=7

c o g
..y—y0+1!

The difference table is

x y Ay A’y

75 | 2459
80 | 2018

85 1180
90 402

-441
-838
-778

<397
60

~457)

1.4
Sy =2459 + T (-441)

1.4)(1.4-
_(4)4-1)
2!
1.4)(1.4-1)(1.4-2
040042
=2459 -617.4-111.6 — 25.592

y =1704. 408 when x = 82.

(-397)

Find the number of men getting wages between
% 30 and % 35 from the following table.

Wages (x)

20-30 | 30-40 | 40 -50 | 50 - 60

No. of 9
men (y)

30 35 42

9600175757 / 8124201000 / 8124301000
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Sol.

Let us calculate the number of men whose wages
is less than ¥ 35 by using Newton’s forward :

interpolation formula
x,+nh=x=30+n(10)=35
:>10n=35—30=55

=n=—=05
"“ 10
The difference table is
x |y | Ay | Ay | Ay
under 30 Q\
under 40 39 N30
under 50 74 35
under 60 | 116 | 42 )
n n(n —1)
..y=y0+1—!AyO+ o Ny,
n(n —1)(n - 2) :
—_ /N 7 3. H
i 31 A%
0.5 0.5)(0.5-1
S y(35) =9+ T (30) + % (5)

(0.5)(0.5-1)(0.5-2)

+ @

6

=9+ 15-0.6 + 0.1 = 24 (approximately)

. Number of men getting wages between I 30

and 35 s y(35) - 1/(30) = 24 - 9 = 15.
6. Estimate the population for the year 1995.

year (x) 1961 | 1971 | 1981 | 1991 | 2001
population 46 | 66 81 93 | 101
in thousands

»)

Sol. Since 1995 lies at the table of the table, use

Newton’s backward interpolation formula.

Also, x +nh=x= 2001 +n (10) = 1995

-6
= 10n=1995-2001 >n=— =n=-0.6

10
n n(n+1) 5
Y=ty Vy, + o Vy, +
n(n+1)(n+2)

3!

orders@surabooks.com

Viy .

Sol.

The difference table is
X y | Vy | Vi | Viy | Vi
1961 46
1971 66 20
1981 81 15 -5
1991 93 12 -3 2
2001 101 8 -4 -1 -3
-0.6 -0.6)(—-0.6 +1
SLy=101+ ( ) (8) + ( )( i )(—4)
1! 2!
-0.6)(-0.6+1)(—-0.6+2
RELRIISLIEIN
-0.6)(-0.6+1)(—0.6+2)(—0.6+3
| (06)(06+1)(-06+2)(-06+3)
41
-0.6)(0.4
=101 - (0.6) 8 + % (-4)
-0.6)(0.4)(1.4
| (00)04)04)
6
N (-0.6)(0.4)(1.4)(2.4)(-3)
24
=96. 8368

Hence, population for the year 1995 is 96.837
thousands.

Using Lagrange’s formula, find the value of y
when x = 42 from the following table.

X 40 50
31 73

60 70
124 | 159

By data, we have
X, = 40, X = 50, x,= 60, X, = 70
Y,=3Ly =73,y,=124,y, = 159.

Using Lagrange’s formula, we get

(x—x)(x—x,)(x—x;)

T G ) (- -x)
L box)E )
' (xl _xo)(xl _x2)(x1 _x3)
(x—x,)(x—x)(x—x;)
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(x—x)(x—x)(x—x,)
(x3 —xo)(x3 —xl)(x3 _xz)

-l—y3

0
5o (2)(=8)(-28)
0)(20)(10)

 (30)(20)(1
=20. 832 + 36.792 - 27. 776 + 7.632
y=37.48

8. Using Lagrange’s formula and y(x) from the

following table.

X 6 7 10 12
13 14 15 17

Sol.
Given
x0=6, x1=7, x2=10, x3=12
y,=13, y =14, y =15y =17

Using Lagrange’s formula,

(HOE) L EOED
N6 E)E)

G)HE) o G)EO)

(4)3)(=2) ~ (6)(5)(2)
=2.1666 — 4.6666 + 12.5 + 5.6666
= 15.6666

- p(x) = 15.6666

y(11) = 13

+5 + 17

PRACTICE 5 MARK
QUESTIONS

1. Estimate the production for 1962 and 1965

from the following data.

year 1961 | 1962 | 1963 | 1964 | 1965 | 1966 | 1967

Production | 200 - 260 306 - 390 430
in tonnes

orders@surabooks.com

* Sol.

Since five values of f{xx) are given, we assume that
polynomial is of degree four.

Hence, fifth order differences are zeros.

LA @Y)=0

=(E-1°y,=0 (1)
Putting k= 0 in (1) we get
(E-1)°y,=0=> (B - 5B + 10E* - 10E*+ 5E ~ 1) y,

=0

= y,-5y,+10y, - 10y,+ 5y, -y,=0
=390 - 5y, + 10y, - 10y, + 5y, =y, =0
= y,=y,=-130  (2)
Putting k£ = 1 in (1) we get,
(E-1)°y, =0
SN (ES-5E* + 10E° - 10E? + 5E-1) y, = 0
= Ve =5y,+ 10y, - 10y, + 5y, -y, =0
= 430 - 5(390) + 10y, - 10(306) + 5(260)

-y,=0
= 10y, - y, = 3280 3)
) +B)> ¥ -y, +10y,- ¥/ =-130+3280
= 9y, = 3150
= y,=350

Substituting y, = 350 in (2) we get,
¥, -350 = -130 = y, = -130 + 350
=y, =220
". The productions for 1962 and 1965 are 220
tonnes and 350 tonnes respectively.

From the following data, calculate the value of
el.75

X 1.7 1.8 1.9 2.0 2.1

e 5.474 | 6.050 | 6.686 | 7.389 | 8.166

Sol.

Since e'” lies at the beginning of the table, we
can use Newton’s forward interpolation formula

Soxytnh=x=1.7+n(0.1)=1.75
=n(0.1)=1.75-1.7=0.05

PH: 9600175757 / 8124201000 / 8124301000



Thisris. padpfataiSdetple

www.TrbTnpsc.com

for Full Book Order online and Available at all Leading Bookstores

@ Y Sura’s = XIl Std - Business Mathematics and Statistics

Unit Chapter " Numerical methods

The difference table is

x y Ay | ANy | Ny | Ay

1.7 | G474

1.8 | 6.0504.0.576

1.9 | 6.686 | 0.635~-0.060

20 | 7.389 | 0.703 | 0.0674-0.007

2.1 | 8.166 | 0.777 | 0.074 | 0.0074-_0)
0.5 (0.5)(0.5-1)

WeT) = 5474 + == (0.576) + ~—— ——

(0.06)

L (05)(0.5-1)(0.5-2)
3!
y (€'7%) = 5.474 + 0.288 - 0.0075 + 0.0004375
= 5.7549375

(0.007)

3. From the data, find the number of students
whose height is between 80 cm and 90 cm

Height in 40-60 | 60-80 | 80 — 100 | 100-120 | 120-140
cm (x)

No. of. 250 120 100 70 50
students (y) :

Sol.

Let us calculate the number of students whose
height is less than 90 cm using Newton’s forward
interpolation formula.

=~ 1(90) =250 + (1.5) (120) (15)(15-1)

F e (20)

(15)(15-1)(15-2) o
3!
1.5)(1.5-1)(1.5-2)(1.5-3
L 09)05-005-2)05-3)
41
=250 + 180 - 7.5 + 0.625 + 0.46875
= 423.59 = 424 (app)

. Number of students whose height is between
80 cm and 90 cm is ¥(90) - 1(80)

=424 -370
= 54.

+

4. From the following table, estimate the
premium for a policy maturing at the age of

58.
Age (x) 40 45 50 55 60
Premium | 114.84 | 96.16 | 83.32 | 74.48 | 68.48
(2]

Sol.

Using Newton’s backward interpolation formula,
we can find y when x = 58.

sox, +nh=x=60+n(5) =58
=5n=58-60=-2

-2
X, + nh =x= 60+ n(20) = 90 = 20n = 30 :n=?=—0.4
3
- _ n n(n+1
Zn=y =l and y(58) =y, + 7 Vy, + (2, ) vy,
n n(n-1)  n(n+1)(n+2)
yx_y+1! Ay0+ 2| Ayo +Tv3yn+....
n(n-1)(n-2) The difference table is
+ EETE— Ny +....
. . ' x y Vy | Vly | Viy | VY
The difference table is as follows: 0 114.84
x y Ay | A | Ny | Ay 45 ]96.16 |-18.68

Below 60 250 50 83.32 | -12.84 | 5.84
Below 80 370120 55 74.48 | -8.84 |4.00 -1.84
Below 100 | 470 | 100~ ~=20 (60 63.48 |-6.00 |2.84 -1.16 0.68)
Below 120 540 70 -30 -10 ( 0 4)
Below 14 -2 1 2 : - U

elow 140 | 590 | 50 0 0 \D - y(58) = 68.48 + T (-6)

—0.4)(-04+1
+ ( )(2' ) (2.84)

orders@surabooks.com
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Sol.

. (~0.4)(-0.4 3+' 1)(-0.4+2) CL16)

(~0.4)(=0.4+1)(—0.4+2)(-0.4+3)

+ 3 (0.68)
=68.48 + (0.4) (6)
. (—O.4g(0.6) s

+ (-1.16)

(~0.4)(0.6)(1.6)
6

(—-0.4)(0.6)(1.6)(2.6)
+ 24 (0.68)
= 68.48 + 2.4 - 0.3408 + 0.07424 - 0.028288
=70.5851052

= (58) = 70.59

.. Hence, premium for a policy maluting at the '

age of 58 is 70.59.

Using Lagrange’s formula find the value of y

when x = 4 from the following table.

x 0 3 5 6 8
y | 276 | 460 | 414 | 343 | 110

leenx0=0, x =3 x,=5 x3=6,x4=8

¥, =276,y, = 460, y, = 414, = 343,y = 110

Lagrange’s formula is

% % ¥

orders@surabooks.com

(xo—x;) (% —x,) o

= y = -3.066 + 163.555 + 441.6 — 152.44 + 3.666
=y =453311.
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