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7. Applications of Differential Calculus

Example 7.1For the function f(x) = x2,x €
[0,2] compute the average rate of changes in
the subintervals[0,0.5],[0.5,1],[1,1.5],[1.5,2]
and the instantaneous rate of changes at the
points x=0.5,1,1.5, 2.

Solution: Given f(x) = x?

The average rate of changes between the

f(b)-f(a)
b-a
bp2—q2

" b-a

__ (b—a)(b+a)

2\ b-a

=b+a
Hence in the interval [0, 0.5] = 0.5+ 0 = 0.5
[051]=14+05=15
[1,1.5]=154+1=25
[1.5,2]=2+15=35

intervals x=aand x=Db s

The instantaneous rate of change f/(x) = 2x

Hence the instantaneous rate of changes at the

APPLICATIONS OF point x = 0.5 is f/(0.5) = 2(0.5) = 1
x=15isf/(1.5) =2(1.5) =3
x=21isf/(2) =2(2) =
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Example 7.2 The temperature in Celsius in a
long rod of length 10 m, insulated at both ends,
is a function of length x given by T = x(10 — x)
Prove that the rate of change of temperature at
the midpoint of the rod is zero.
Solution: Length of the rod = 10 m
To prove the rate of change of temperature at
the mid point of the rod x = 5 is zero.
Given Temperature T = x(10 — x)
=10x — x?
T/ =10 — 2x
Atx =5 T/ =10-2(5)
=10-10
= 0 Hence proved.
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Example 7.3 A person learnt 100 words for an
English test. The number of words the person
remembers in ¢ days after learning is given by
W(t) =100 x (1 —0.1t)%,0 <t < 10.

What is the rate at which the person forgets the
words 2 days after learning?

Solution: The number of words the person

remembers given by
W(t) =100x (1 —-0.1t)%,0 <t < 10.
W/ (t) =100 x 2(1 — 0.1t)(—0.1)

= —-20x (1-0.1t)

Att=2, W/(2)=-20x(1-0.2)
= —20 x (0.8)
=—16

The rate at which the person forgets the words

2 days after learning is 16 words.
Skskskesk sk sk sk sk skok sk skoskok sk skosk sk sk sk skok sk skosk skok sk skokesk skesk skokesk skeksk sk skok sk sk skk

Example 7.4 A particle moves so that the
distance moved is according to the law

3
s(t) = % — t2 + 3. At what time the velocity
and acceleration are zero respectively?

3
Solution: Given s(t) = % —t2+3

To fine the time at velocity s/(t) and

acceleration s’//(t) becomes zero.

3

t
s(t)=§—t2+3

2
s/(t) =%—2t

=t* -2t

s//(t) =2t -2

(i) when velocity S/(t) = 0
t2—-2t=0

tt—2)=0

Gives,t = 0,and t = 2

(ii) when acceleration S//(t) = 0

www.TrbTnpsc.com

Example 7.5 A particle is fired straight up from
the ground to reach a height of s feetin ¢
seconds, where s(t) = 128t — 16t2.

(1) Compute the maximum height of the
particle reached.

(2) What is the velocity when the particle hits
the ground?

Solution: Given s(t) = 128t — 16t2

Velocity s/(t) =128 — 32t
The particle reaches the maximum height when

velocity becomes zero.

~128-32t =0
32t = 128
t=28-4
32

(1)The time taken by the particle to reaches
the maximum height t = 4 seconds.
Substituting in t = 4 in S(t), we get the
maximum height reached

s(4) = 128(4) — 16(4)?

=512 —-16(16)
=512 — 256
= 256 feet.

The time taken to reaches the maximum height
ist = 4 seconds, hence the time taken for the
downward direction is also t = 4 seconds.
(2)The total time to reach the groundist =8 s
Substituting t = 8,in s/(t), we the velocity it
strikes the ground
~ s/(8) =128 — 32(8)
=128 — 256
= —128 ft/s
The velocity when the particle hits the
ground is 128 ft/s
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24 oPO% Example 7.6
- A particle moves along a horizontal line such
2t =2 that its position at any time t > 0 is given
by s(t) = t3 — 6t%+9t+1, where sis measured
t=1 . :
in metres and ¢in seconds?
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(1) At what time the particle is at rest?
(2) At what time the particle changes
direction?
(3) Find the total distance travelled by the
particle in the first 2 seconds.
Solution: s(t) = t* — 6t*+9t+1
V() =s/(t) =3t - 12t +9
(1) The time when the particle comes to rest
when velocity becomes zero
3t2—-12t+9=0
+3, t?—4t+3=0
t—-1)(t-3)=0
(t—1) =0,gives t = 1and
(t—3)=0,givest =3
Hence att = 1,t = 3 the particle is at rest.
(2) The particle changes direction when V (t)
changes its sign.
When t lies between 0 and 1 V(¢t) > 0
When t lies between 1 and 3 V(t) < 0
When t lies above 3 V(t) > 0
The particle changes direction when
t=1landt =3

(3) The total distance travelled by the particle
in the first 2 seconds.

= [s(0) —s(D)| + |s(1) — s(2)]

www.TrbTnpsc.com

= |—4] + |2
=442
= 6 metres.
The total distance travelled by the particle

in the first 2 seconds = 6 metres.
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Example 7.7 If we blow air into a balloon of
spherical shape at a rate of 1000 cm3 per
second. At what rate the radius of the baloon
changes when the radius is 7cm? Also compute
the rate at which the surface area changes.
Solution:

Volume of the spherical balloon V = gnr3

Given Z—: = 1000cm3per second

. dr das .
To find =3 and = when radiusr = 7 cm

4 3
V==nr

3
av 4 dr
— =-3r? x —
dt 3 dt

1000=4n><7><7><%

1000 _ dr
4XTXTXT  dt
dar 250
—==—cm/s
dt 49

(i) The radius changes at the rate of 222 em/s
491

Surface area of the sphere S = 4mr?

as dr
— =4 X 2r X —
Now, s(0)=(0)*-6(0)*+9(0)+1=1 a e
= 4T X 2 X 7 X 22
s(1) = (1)°-6(1)? +9(1) +1 = C aom
=1-6+9+1 =4><2><$
=11-6
& 2000 2/
-5 dt 7
(ii) The Surface area changes at the
s(2)=(2)2-6(2)24+9(2)+1 2000
—8_244+18+1 rateochmZ/s
skoskoskok koo skoskook skoskosk skoskosk skoskosk skosk skeskosk skoskosk skoskosk skoskosk skosk skeskosk skeskosk skskosk skk sk
=27-24 Example 7.8 The price of a product is related to
=3 the number of units available (supply) by the
equation Px + 3P — 16x = 234, where Pis the
= 1s(0) = s(D] + [s(1) = s(2)] price of the product per unit in Rupees and x is
=|1-5|+|5—3]| the number of units. Find the rate at which the
price is changing with respect to time when 90
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units are available and the supply is increasing
at a rate of 15 units/week.
Solution: The supply and price of the product is

x and P.Itisrelated by
Px + 3P — 16x = 234

To findd—P,Whenx =90 and & _ 15
dt dt
Given Px+ 3P —16x = 234

Px + 3P =234 + 16x
P(x+3) =234+ 16x

_ (234+16x)

www.TrbTnpsc.com

whose height and diameter of base are always
equal. How fast is the height of the pile
increasing when the pile is 10 metre high?
Solution:

Given: Diameter = Height

2r=nh
h
r=-
2

av
Rate of change of volume — = 30
(x+3) dt

dP _ (x+3)(234+16x)/~(234+16x)(x+3)/
at (x+3)2

dh
To find rate of change of height I ath =10

We know the volume of the cone
_ (x+3)(162) - (234+16x)(5)

1

(x+3)2 V= Enrzh
dx
x+3)(16)—(234+16x)](= 1 (M (r
= L ](dt) 3”(2) (z)h
(x+3)2 s
=2 p3
[16x+48—234—16x] (%) 12
(r+3) ac 12 dt
d
_ [-1861(3) 30 =2x10x10x (%)
(x+3)2
30x4 _ dh
__ [-186](15) 10x10x7m  dt
©0+3)? % _ & me/min
__[-186](15) sokskokskokskokok ok ko skokok ok ok skt skt ok sk skt skokosk sk sk ok
(93)? Example 7.10 (Two variable related rate
[-186](15) problem) A road running north to south
= (93)(93) crosses a road going east to west at the point P.
Car Ais driving north along the first road, and
= (=205 car Bis driving east along the second road. At a
(93) particular time car 4 10 kilometers to the north
_ (=2)(5) of Pand traveling at 80 km/hr, while car Bis
(31) 15 kilometers to the east of Pand traveling at
10 100 km/hr. How fast is the distance between
=31 the two cars changing?
~ 032 Solution:

Hence the price decreasing at the rate

of Rs. 0.32 per unit.

Skeskoskeosk sk sk skesk sk skesk sk skesk sk skesk sk skesk skesk sk skesk sk skesk sk skesk sk skesk skeskesk skeske sk skeske sk sk sk
Example 7.9 Salt is poured from a conveyer
belt at a rate of 30 cubic meters per minute
forming a conical pile with a circular base
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Givenx = 10and y = 15
To find the change of the distance between
the cars %, when% = 80, and Z—Z =100
By using Pythagoras Theorem,
x2 +y? = 72
(10)%2 + (15)% = z2

100 + 225 = 7?2
z% =325
=25%x13
z = 5v13
X2+ y? = 72
Differentiating with respect to t
ax ay _ 5 4z
2x R + 2y pri szt
- dx dy _ _dz
-2, xdt+ydt =2

(10)(80) + (15)(100) = (5@)%
Dividing by 5,
(2)(80) + (3)(100) = (m)%

160 + 300 = (VI3) %
460 = (VI3) <

dz _ 460

dt 13

_ 460

"~ 3.65

= 127.6 Km/hr
The distance between changes at the

rate of 127.6 Km/hr

Sk >k ok ok sk ok ok ok ok sk ok ok Sk sk ok ok ok ok ok ok ok sk ok ok ok >k sk ok ok Sk ok ok ok ok sk ok ok skok ke k ok kok sk k-

EXERCISE 7.1
1. A point moves along a straight line in such a
way that after ¢seconds its distance from the
originis s = 2t% + 3t metres.
(i) Find the average velocity of the points
between = 3 and = 6 seconds.
(ii) Find the instantaneous velocities at =3
and ¢= 6 seconds.

By Manisekouw o SRKMHSS-Arcot.
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Solution:
Given s(t) = 2t% + 3t

The average velocity of the points between

S(b)-S
t=aand t=bis =10t C)
b-a
s(a) =s(3) =2(3)?+3(3)
=209)+9
=18+9
=27
s(b) = s(6) = 2(6)? + 3(6)
= 2(36) + 18
=72+18
=90
The average velocity of the points = %
9027
3
_63
3
=21m/s

(ii) Given s(t) = 2t? + 3t
Hence instantaneous velocity = S/(t)
S/(t) =4t+3

Velocity at t= 3 seconds §/(3) = 4(3) + 3
=12+3
=15m/s

Velocity at t= 6 seconds §/(6) = 4(6) + 3
=24+3
=27m/s

2. A camera is accidentally knocked off an edge
of a cliff 400 ft high. The camera falls a
distance of s = 16t% in ¢seconds.

(i) How long does the camera fall before it hits

the ground?

(ii) What is the average velocity with which the

camera falls during the last 2 seconds?

(iii) What is the instantaneous velocity of the

camera when it hits the ground?

Page 5
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Solution:
(i) Given s = 16t2. The camera falls down
from the height of 400 ft.
~Time taken to hits the ground is to find t
when s=400 feet.

400 = 16t>2
400 — t2
16
4%x100 _ 2
16
" 2X10 =t
4
+5=t
Since t = —5, is not possible
t=5

~Time taken for the camera to hit the
ground is t = 5 seconds.

(ii) To find the average velocity with which the
camera falls during the last 2 seconds is to

find the average velocity at £= 3 and
t=15 seconds.
We know that the average velocity of the

points between t=aand t=b s w
Given s = 16t2
s(a) = s(3) = 16(3)?
= 16(9)
= 144
s(b) = s(5) = 16(5)?
= 16(25)
= 400
The average velocity of the points = %
_ 400-—-144
2
_ 256
2
=128 ft/s

(iii) To find the instantaneous velocity of the
camera when it hits the ground is to find

www.TrbTnpsc.com

Given s(t) = 16t2

Hence instantaneous velocity = S/ (t)

S/(t) = 32t
Velocity at t= 5 seconds S/(5) = 32(5)
=160
= 160 ft/s

Skskeoskesk sk sk sk sk sk sk sk sk skek ok sk skk skook sk sk sk sk sk sk sk sk sk skk sk ok sk sk skosk sk sk sk sksk sk sk sk sk k

3. A particle moves along a line according to the
law s(t) = 2t3 — 9t? + 12t — 4, +9t+1,
where > 0.

(i) At what times the particle changes
direction?
(ii) Find the total distance travelled by the
particle in the first 4 seconds.
(iii) Find the particle’s acceleration each time
the velocity is zero.
Solution:

(i) To find the times the particle changes
direction is to find t when S/(t) = 0
Givens(t) = 2¢3 —9t?> + 12t — 4
s/(t) = 6t — 18t + 12
when s/(t) = 0 gives,
6t2—18t+12=0
+ 6, t2—3t+2=0
t-1D(t-2)=0
t—1=0,givest =1and
t—2=0,givest =2
=~ The particle changes direction att = 1 and
t = 2 seconds.
(ii)To find the total distance travelled by the
particle in the first 4 seconds
Sat t =0,1,2,3 and 4 seconds.
Givens(t) = 2t3 -9t + 12t — 4

s(0) =—-4
s(1)=2-9+4+12-4
=14-13

=1

s(2) =22)*-9(2)*+12(2) -4

the instantaneous velocity at =5 seconds. =

By Manisekouw o SRKMHSS-Arcot.
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=2(8) —9(4) + 12(2) — 4
=16—36+24—4
= 40 — 40
=0
s(3) =2(3)*-9(3)2+12(3) — 4
=2(27) —9(9) + 12(3) — 4
=54—81+36—4
=90 -85
=5
s(4) = 2(4)° —9(4)2 + 12(4) — 4
= 2(64) —9(16) + 12(4) — 4
=128 — 144+ 48 — 4
=176 — 148
= 28
t]of1]2]3]4
s|—4[1]0]|5]28

Total distance travelled in first 4 seconds
=1s(0) = s(D)| + [s(1) — s(2)|
+s(2) —s3)[ + [s(3) — s(4)]
=|-4—-1|+|1-0|+]0—-5|+|5— 28|
= =5+ [1] + [-5] + [-23]
=5+1+5+23
= 34 meters.

(iii) To find the particle’s acceleration each
time the velocity is zero.
Givens(t) = 2t3—9t?2 + 12t — 4

Velocity s/(t) = 6t — 18t + 12
when s/(t) = 0 gives,
6t>—18t+12=0

+ 6, t2—3t+2=0
t—1D(&-2)=0
t—1=0,givest = 1and
t—2=0,givest =2
Acceleration s//(t) = 12t — 18

By Manisekouw o SRKMHSS-Arcot.
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When t = 1, Acceleration s//(1) = 12 — 18
= —6m/s?
When t = 2, Acceleration s//(2) = 12(2) — 18
=24—-18

o4 2
= 6m/s
skokeskosk skok sk skosk sk sk sk skokesk skosksk sk sk skosk sk sk sksk sk sk sk skskesk skok sk sk sk skske sk skk sk sk sk kok

4. If the volume of a cube of side length x is v =
x3. Find the rate of change of the volume with
respect to x when x = 5 units.

Solution: Given volume of the cube v = x3

The rate of change of the volume = Z—:

dv
s — = 3x?2
dt

dv _c_ 2
dtatx—5—3(5)

= 3(25)

= 75 units.
ks sk ok Sk ok Sk sk ok sk sk sk sk sk ok sk sk sk sk sk sk sk sk sksk ok sk sk sk sk sk ok skesk sk sk sk sk sk sk sk sk ok sksk sk k-

5. If the mass m(x) (in kilograms) of a thin rod
of length x (in metres) is given by, m(x) = v/3x
then what is the rate of change of mass with
respect to the length whenitisx = 3 and x =
27 metres.

Solution: Given m(x) =+v3x
=3Vx

Rate of change of mass = m/(x)
/(x) = /3
m/ (x) \/§2\/¥
(i) Rate of change of mass at x = 3
/(3) = /3L
m/(3) = V3
= ~Kg/m
(ii) Rate of change of mass at x = 27
/ — /3
m/(27) =3 ez
1
- \/gz\/m

1
- \/§2x3\/§

=%Kg/m

Skoksk ok >k ke sk sk ok ok ok ok sk ok ok Sk ok ok sk ok sk ok ok Sk ok ok sk sk ok >k sk sk ko ok sk ok sk sk ok kR sk sk k ko
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6. A stone is dropped into a pond causing
ripples in the form of concentric circles. The
radius rof the outer ripple is increasing at a
constant rate at 2 cm per second. When the
radius is 5 cm find the rate of changing of the
total area of the disturbed water?

Solution:

ar
Given The rate of increasing radius T 2cm/s
To find the rate of change of area of the
dA
circle—whenr =5
dt

Area of the circle A = ntr?

dA dar
— = 2nr X —
dt dt

= 2n(5) x (2)

= 20mr sq.cm/s
Skskskesk sk sk sk sk skok sk skoskok sk skosk sk sk sk skok skeskosk skok sk skokesk skesk skokesk skeksk sk skok sk sk skk

7. A beacon makes one revolution every 10
seconds. It is located on a ship which is
anchored 5 km from a straight shore line. How
fast is the beam moving along the shore line

when it makes an angle of 45° with the shore?

Solution: e
/|3

Given : one revolution every 10 seconds.
[t coversin 10 sec = 2rm

www.TrbTnpsc.com

:5\/72X§= 2XTm

The beam moving along the shore line at a rate
of 2mkm/s

Sksksk sk sk ok sk ok ok sk ok ok kk ok sk sk ok sk ok sk sk k sk sk sk sk sk sk skek sk sk sk sk skok sk sk sk sksk sk sk sk sk sk

8. A conical water tank with vertex down of 12
metres height has a radius of 5 metres at the
top. If water flows into the tank at a rate 10
cubic m/min, how fast is the depth of the water
increases when the water is 8 metres deep?
Solution:

Given: Heightofthetankh =12m

Radius atthetopr =5m

r 5 5
Hence—-=—=>r=—h
n 12 12

av
Rate of change of volume Zpic 10

dh
To find rate of change of height P ath=38

We know the volume of the cone

vV =1nr2p
3
1 (5 5
=3 (5h) (Gh)h
Ry 5X5 3
T 3x12x12
@ w5y i
dt 3X12X%X12 dt
av_25 ., dh
dt 144" dt

nlsec=2L=C dv
-5 Substituting— = 10 and h = 8, we get
. h dé T dat
Revolution in 1 second i . ah
10 = mﬂ.’ X 8 X 8 X E
From the given datatan 8 = o
5 10x144 : @
Gives, x =5tan6 25x8x8xmw  dt
2x5x16x9 _ dh
& c2o x & 25x8x8xm  dt
ae d . e
0 — =
when 0 = 45° and Z—t = % lom  dt
. dh 9 ,
Z_Z — 5 cec2450 x So, the rate of change of height F 10m m/min
By Manisekouw o SRKMHSS-Arcot. Page 8
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9. A ladder 17 metre long is leaning against the

wall. The base of the ladder is pulled away from
the wall at a rate of 5 m/s. When the base of the

ladder is 8 metres from the wall.

(i) How fast is the top of the ladder moving
down the wall?

(ii) At what rate, the area of the triangle
formed by the ladder, wall, and the floor, is
changing?
Solution:

Ja

Given length of the ladder AB=17 mt.

Let the foot of the ladder is x mt away from the
wall. Thatislet 04 = x

Similarly let the top of the ladder touches the
wall y mt away from the floor.

ThatisletOB =y

By using Pythagoras Theorem,

x?+y? =172
When x = 8, 82 + y2 =172
y2 =172 — 82
=(17+8)(17 - 8)
= (25)(9)
y=(5)(3)
y =15

(i) To find the rate at which the ladder slips
down the wall = d— Y when & = =5

From x?2+y2?=172

Differentiating with respect to t
dx oo dy _
2x " + 2y Do 0
dx

- dx ay _
=2, xdt+ydt—0

@)(5) + (155 =0

dy 40
dt 15
8

T3

www.TrbTnpsc.com

Ladder slips down the wall at the rate of g m/s
(ii) To find the rate at which the area of the

triangle OAB changes = Z—‘:
Area of triangle OAB A = %xy

Differentiating with respect to t

3l i)

dat 2 +y

dt dt

=2{®(-2)+ as))]
= (=2 +75)

_1 ( 64+225)
T2

= 26.83

The area of the triangle OAB changes at
the rate % = 26.83sq.m/s

>kokeok ok skok ok skook ok ok ok kok ok ok sk ok ok ok skooke ok ok sk ok ok ok ok sk ok ok skok sk ok ok skok ok skkosk sk sk ko

10, A police jeep, approaching an orthogonal
intersection from the northern direction, is
chasing a speeding car that has turned and
moving straight east. When the jeep is 0.6 km
north of the intersection and the car is 0.8 km
to the east. The police determine with a radar
that the distance between them and the car is
increasing at 20 km/hr. If the jeep is moving at
60 km/hr at the instant of measurement, what
is the speed of the car?

Solution: y

Givenx = 0.8andy = 0.6

The distance between the car and the jeep
changes at the rate Z—f =20
To find d—x, when @ _ _ 60
dt dt

By using Pythagoras Theorem,

By Manisekouw o SRKMHSS-Arcot.
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x2+yt=1z
(0.8)% + (0.6)% = z2
0.64 + 0.36 = z?2
1=2z?
z=1
x2 + y? = 72
Differentiating with respect to t
2= 42y =272

dx dy dz
+2, x— —=zZ—
! dt+ydt dt

(0.8) (%) +(0.6)(—60) = (1)(20)
(0.8) (%) —36=20

1%(%)=20+36

dx 10
—=56x—
dt 8
dx
dt

=70

Hence the speed of the car changes at the rate

dx

— = 70 km/hr.
dt
Sk 3k sk ok sk sk Sk sk sk Sk sk ok Sk sk >k Sk sk >k sk sk Sk sk sk Sk sk sk Sk sk sk Sk sk sk Sk sk ok sk sk ok sk sk skesk sk ke sk ke sk

Example 7.11 Find the equations of tangent
and normal to the curve y = x2? + 3x — 2 at the
point (1, 2)

Solution: y = x% + 3x — 2

2= 2x+3
Z—z atthe point (1,2) =2(1) + 3
=2+3
Slopem =5
Equation of the tangent with slope m through
the point (x4, y,)isy —y; = m(x — x;)
Substituting m = 5, and the point (1, 2)

Tangent equationis y — 2 = 5(x — 1)

y—2=5x-5
5x—-y—-5+2=0
5x—-y—3=0

Normal is perpendicular to tangent.

www.TrbTnpsc.com

Hence normal is of the form x +5y +k =0

[t passes through the point (1, 2)

Hence, 1+5Q2)+k=0
1+10+k=0
11+k=0

k=-11

Equation of the normalisx + 5y —11 =10

skokeskosk skok sk skosk sk sk sk skokesk skosksk sk sk skosk sk sk skok sk skosk skskesk skok sk sk sk skske sk sksk sk sk sk kok
Example 7.12 For what value of xthe tangent of
the curve y = x3 — 3x2 + x — 2 is parallel to
the line y= x.

Solution:  Given y=x3-3x24+x-2

2 = 3x% — 6x + 10

dx

Slope of the first curve m; =3x%2 —6x+ 1

and y=x
Y _1q
dx

Slope of the second curve m, = 1
Since the tangents are parallel, m; = m,
23x2—6x+1=1
3x2—6x+1—-1=0
3x2—6x=0
3x(x—2)=0
S0,3x=0=>x=0
andx—2=0=>x=2
Substitutingx = 0in y = x3 —3x2+x — 2,
weget y=—2and
x=2in y=x3-3x%2+x-2,
weget y=23-3(2%)+2-2
=8—-12+2-2
=10-14
y=—4
The tangent is parallel to the line y = x at the
points (0, —2)and (2, —4)

skoskoskok koo skoskook skoskosk skoskosk skoskosk skosk skeskosk skoskosk skoskosk skoskosk skosk skeskosk skeskosk skskosk sksk sk
Example 7.13 Find the equation of the tangent

and normal to the Lissajous curve given by x =
2cos3tandy =3sin2t, teR
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Solution: x = 2 cos 3t Solution: Given y = x?and y = (x — 3)2.
%=2x3(—sin3t) So, x%=(x—3)?
x2=x?>—6x+9
% = —6sin3t
x2—6x+9—x?%=
y = 3sin2t 6x+9 =0
—bx —
3% 2(cos 2t)
dt 6x =9
L — 6 cos 2t x=-2=3
dt 6 2
_ dy _ 6cos2t _3 2 \O9
Slope of the tangent m = AT e sinar When x = >y =Xx“gives,y =~
2t
m=- :?:3t The point of intersection is (3%)
Equation of the tangent with slope m through From y = x?
the point (x4, y;) isy —y; = m(x — x;) Y _ 5,
dx
Substituting m = — == 2t 3 9
sin 3t At the point (E’ Z)
and the point (2 cos 3t, 3 sin 2t) . ;
L = - =
Equation of tangent is dx 2 (z) 3
(y —3sin2t) = — :os 2t (x — 2 cos 3¢) Slope of the first curve my; = 3

in 3t
From = (x —3)?
(y — 3sin 2t) sin 3t = —cos 2t(x — 2 cos 3t) Y
y=x%2—6x+9
y sin 3t — 3 sin 2t sin 3t = —x cos 2t + 2 cos 2tcos 3t

dy
X cos 2t + y sin 3t = 3 sin 2t sin 3t + 2 cos 2t cos 3t dx 2x—6

Normal is perpendicular to tangent. At the point (_ % ’ 3)
Hence normal is of the form

2=2(3)-6=3-6=-3

xsin3t—ycos2t+k =0 dx
It passes through (2 cos 3t, 3 sin 2t) Slope of the second curve m; = —3
(2 cos3t)sin3t — (3sin2t) cos2t + k = 0 If 6 is the angle between the curves, then
2cos3tsin3t — 3sin2tcos2t+ k=0 tan g = |2
1+m1m2
2 cos 3t sin 3t—§(2 sin2tcos2t)+ k=0 | 3-(=3)
5 T l1+@3)(-3)
sin6t—zsin4t+k=0 _ |3+3
3 ~ 19
k = =sin4t — sin 6t 6
2 = |—
-8
So equation of the normal is |
xsin3t—yc032t+§sin4t—sin6t=0 Tl
Skeskoskeosk skosk skesk sk skesk sk skesk sk Skesk sk skesk skesk sk skesk sk skesk sk skesk sk skesk ke skeskoskeske sk skeske sk sk ko — E
4
Example 7.14 Find the acute angle between y = 0 = tan-1 (g)

x?andy = (x — 3)%
The angle between the curves § = tan™! (Z)
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Example 7.15 Find the acute angle between the
curves y = x2and x = y?at their points of
intersection (0, 0), (1, 1).

Solution: From vy = x?
o m, = 2x and
dx
From x = y?
— v
1=2y ™
v _ m, =—
dx 2y
(i) At (0, 0)
m; = 2x = 0 and
1 1

If 6 is the angle between the curves, then

mqi—m
1+mim,
0—o
= |— = 0
1+o00
— T
0 =tan"1(o0) = =

2

www.TrbTnpsc.com

Example 7.16

Find the angle of intersection of the curve y =
sin x with the positive x -axis.

Solution: Given y =sinx

d
- CoOS Xx
dx

The given curve intersects with positive x -axis
On x -axisy =0, gives sinx = 0

Hence x = nm
Slope of the tangent Z—z = m = cos x gives

m = cosnmw = (—1)"
Then tan8 = (—1)"
0 =tan 1 (—1)"

Ifniseven, 8 = tan™1(1) = %

Ifnisodd, 8 = tan™'(—-1) = %n

skskoksk sksk sksk sk sk sk sk skok sk sk sksk skok sk sk sk sksk sk sk skok skosk sk sksk sksk sk sk sksk sk sk sk sk ks

Example 7.17 If the curves ax? + by? = 1 and
cx? + dy? = 1 intersect each other

1 1 1 1
The angle between the curves 6 = % orthogonally then, - — - = - —-.
Solution: ax? + by? =1
(i) At (1,1)
cx?+dy? =1
m; = 2x = 2 and
1 1 Solving, A= ¢ b
m, = E =) E c d
If 6 is the angle between the curves, then =ad—bc
tan 6 = |—ml_m2 Ay = e
an o 1+m1m2 1 d
=d->b
=6 1
1+(2)(5 _la
@ 8 =% 1]
4-1
— 2 =a—=c¢
1+1
5 d-b
3 " ad-bc
1 yo= ad-bc
— E l 1 2 2 —
= (2 X 2) Given ax“+ by 1
3 ay _
== 2ax+2bydx—0
day
— -1(3 2by— = —2ax
0 = tan (4) Y ax
3 y _ _20x
The angle between the curves 6 = tan™! (Z) dx  2by
By Maunisekawronns SRKMHSS-Arcot. Page 12
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m; = —% and
cx?+dy? =1

2cx + ZdyZ—z =0

ZdyZ—z = —2cx

dy _ _2ex
dx__Zdy

—
1n2 —-_'dy

Given the curves cut orthogonally.

smym, = —1
(£)(-5)=
= !

acx? = —bdy?

acx?+ bdy? =0

Substituting the values of x2 and y?

ac (=) +bd (=) =0

ad—bc ad—bc
ac(d—b)+bd(a—c)=0
<+ by abcd,
ac bd
abcd (d B b) + abcd (a B C) =
(d-b) (a-c) _
bd T ac 0
d b a c
bd bd Tac a0
1 1 1 1
PNE ¢ g O
1 1 1 1

a b c d
skesk ok sk sk sk sk ok sk sk sk ok sk sk sk sk ok sk sk sk sk ok sk sk ok sk sk sk sk sk sk sk sk sk sk sk sk sk ok sk sk sk sk ok sk ok

Example 7.18 Prove that the ellipse x? + 4y? =
8 and the hyperbola x? — 2y? = 4 intersect

www.TrbTnpsc.com

3x2 -4 =12
3x2=12+4
3x%2 =16
x2 =28

3

Given x%+4y%?=38

2x+8y2—z=0

v_ _
8y oy 2x
&y _ _2x
dx 8y
o= X
1= TH
x2 -2yt =14
dy
2x — 4y ol 0
Y= 2y
dx
dy _ 2x
dx 4y
-*
273,
Now my Xm, = (—i) X (i)
4y 2y
x2
T osy?
Substituting the values of x2 and y?
16/
3
my Xm, = ——=
! 2 8(%/3)
16
3
::—-———-::——1
16/,

So, the given curves cut orthogonally.
Skookskok koo skoskook sk sk ok skoskook skosk ok skosk skosk sk skosk sk skoskosk skoskosk sk sk sk sk sk skesk sk ke sk sk sk sk ko
EXERCISE 7.2
1. Find the slope of the tangent to the curves at
the respective given points.
Dy=x*+2x?>—xatx=1

orthogonally (ii) x = a cos3t,y = bsin3t att = %
Solution: x2+4y2=8 ....... (1) Solution:
x2—2y2=4 .. ... (2) () y=x*+2x*—x
(1) — (2)gives, 6y =4 Do 4x3 4 4x—1
g dx
4 2
yi=-=3 atx =1, Slope == =4(1) +4(1) - 1
Multiplying (2) by 3, —4+4—1
3x2 —6y? =12 m=8—-1=7
Substituting 6y? = 4
By Maunisekawronns SRKMHSS-Arcot. Page 13
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(ii) x = acos3t
d .
2 = 3a cos?t(—sint)
dt
y = b sin3t
d .
d—f = 3b sin’t(cost)

dy _ 3bsin®t(cost)

Slope =——v v .
p dx 3a cos?t(-sint)
_ bsint
~ acost
. s
m dy bsm(;)
att = -, — = — —
dx acos(E)
_ _b®»
T a(o)
= 0

Skaksk sk skk skok sk sk skok sk ke sk sk ok sk sk sk sk sk skok sk sk skosk skosk sk sksk sksk sk sk skosk skoke sk sk sk sk sk

2. Find the point on the curve y = x? — 5x + 4
at which the tangent is parallel to the line
3x+y=7.

Solution: y = x? —5x+ 4

2y 2x—5

dx

Slope m; = 2x — 5 and from,

3x+y=7
y=7—-3x
v _
dx
Tnz ::__3

Given the curve is parallel to the line

‘. Tnl ::1n2
2x—5=-3
2x=-3+4+5

2x = 2 gives
x=1
Since to find the point on the curve,
substituting x = 1, in
y=x?>—5x+4

=1-5+4
=5-5
=0

So, at the point (1, 0) the curve is parallel

to the given line.
Skeskoskeosk skosk skesk sk skesk sk skesk sk skesk sk skesk skesk sk skesk sk skesk sk skeskesk skeskoskesk sk skesk sk skesk sk skeskoskesk
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3. Find the points on the curve
y = x3 — 6x% 4+ x + 3 where the normal is
parallel to the line x + y = 1720.
Solution: Given y = x3 —6x2+ x + 3

d

2 —3x2-12x+1
dx

Slope of the tangent m = 3x2 — 12x + 1

Hence slope of the normal = —% and
x+y=1729
@ _
1+--=0
Y__1
dx

Slope of the line m = —1

Since the normal parallel to the line,

GxP-12x+1)
3x2—-12x+1=1
3x2—-12x+1-1=0
3x2—-12x=0
3x(x—4)=0
S0,3x=0=>x=0
andx—4=0=>x=4
Substitutingx = 0in y = x3 — 6x2+ x + 3,
we get y = 3 and
x=4in y=x3—6x*+x+3
weget y=43-6(4%)+4+3

=64—96+4+3
=71-96
y =-25

The normal is parallel to the line at the points
(0,4)and (4,—25)

Skokesk >k >k ok ok sk ok ok ok ok sk ok ok Sk ok ok ok ok sk ok ok Sk sk ok ok sk ok >k ok ok kok ok sk ok sk ok ok skok ok sk >k ko

4. Find the points on the curve

y? — 4xy = x? + 5 for which the tangent is

horizontal.

By Manisekouw o SRKMHSS-Arcot.
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Solution: y? —4xy =x?+5

2yZ—i—4(xZ—z+y)=2x
d

YW 4D gy =
Zydx 4xdx 4y = 2x

2yZ—Z—4xZ—z= 2x + 4y

Dividing by 2,

(yZ—z—ZxZ—z) =x+2y

dy
(y—2x)a—x+2y

d_y _ x+2y
dx (y—2x)

When the tangent is horizontal, it is parallel
to x axis. So, -0
dx

x+2y
(y-2x)

x+2y=0

Gives,

x = -2y
Substituting x = —2y in
y? —4xy = x? + 5 we get
y?—4(=2y)y = (=2y)* +5
y? +8y2=4y2+5

9y? —4y2 =5
5y%2=5
y?=1
y=+1

Wheny =1,x = —2y gives x = —2 and
y=-1,x=—2ygivesx = 2
At the points (—2,1) and (2, —1) the tangent is

horizontal.
Sk ksk sk sk ok ok Sk sk sk sk ok ok sk sk sk sk ok Sk sk skesk ok sk sk sk sksk ok sk sk sk sk sk sk ok sk skesk sk sk sk sk sksk sk k

5. Find the tangent and normal to the following
curves at the given points on the curve.
)y =x%—x*at(1,0)
(i) y = x* + 2e* at (0, 2)
(iii) y = x sin xat (2 ) 2)

(iv) x = cost,y = 2sin’t,att = g

www.TrbTnpsc.com

Solution:
0 y=x?-x
2 = 2x — 4x3
At (1,0)
2= 2(1) - 4(1)?
=2-4
m= —2
Slopem = =2
Equation of the tangent with slope m through
the point (x,,y,) isy —y; = m(x — x;)
Substituting m = —2, and the point (1, 0)
Tangent equationis y — 0 = —2(x — 1)
y=-2x+2
2x+y—2=0
Normal is perpendicular to tangent.
Hence normal is of the form x —2y + k=0

[t passes through the point (1, 0)

Hence, 1-2(00+k=0
1-0+k=0
1+k=0

k=-1

Equation of the normalisx — 2y —1=10

(i) y=x*+2e*

L — 4x3 + 2e*
dx
at (0, 2)

ay _ 3 (0)
o 4(0)3 + 2e

=0+2(1)
m=2
Slopem = 2
Equation of the tangent with slope m through
the point (x,,y,) isy —y; = m(x — x)
Substituting m = 2, and the point (0, 2)

By Manisekouw o SRKMHSS-Arcot.
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Tangent equationis y — 2 = 2(x — 0)
y—2=2x+0
2x—y+2=0

Normal is perpendicular to tangent.

Hence normal is of the form x + 2y + k=0

It passes through the point (0, 2)

Hence, 0+22)+k=0
0+4+k=0
4+k=0

k=—4

Equation of the normalisx + 2y —4 =0
(iii) y =xsinx

% x(cosx) + sinx

dx
T T

at (3.5)

dy _® £ i

dx—z(cosz)+sm2
=~ +1
=0+1

m=1

Slopem =1

Equation of the tangent with slope m through
the point (x;,y;) isy —y; = m(x — x;)
Substituting m = 1, and the point (g, g)

Tangent equationis y — g =1 (x - g)

V3 A

y-3=%;
x—y=0

Normal is perpendicular to tangent.

Hence normal is of the form x +y+k =0
[t passes through the point (g,g)
Hence, Z+Z4k=0
2 2
m+k=0gives k = —m

Equation of the normalisx +y —m =0

www.TrbTnpsc.com

(iv) x =cost, and y = 2sin?t

dx . d .
— = —sint 2 = 4sintcost
dt dt
d 4sintcost
SO, _y =
dx —sint
= —4 cost
s
att = —
3
d
2 = _4cost
dx

-t
--4(2)

Slopem = =2
(xy,y1) = (cosg, 2sin? g)
-(32(9))
~(32())
=(33)
Equation of the tangent with slope m through

the point (x;,y;) isy —y; = m(x — x;)

Substituting m = —2, and the point G,g)

Tangent equationis y — % =-2 (x - %)

Multiplying by 2,
2y —3=—4(x—1)
2y —3=—4x+2
4x+2y—-3—-2=0
4x+2y—-5=0
Normal is perpendicular to tangent.

Hence normal is of the form 2x —4y +k =0

It passes through the point G, 3)

Hence, 2 G) —4 (3) +k=0

1—-6+k=0
—5+k=0
k=5

Equation of the normal is 2x —4y +5 =10

By Manisekouw o SRKMHSS-Arcot.

Page 16

Send Your Questions & Answer Keys to our email id - padasalai.net@gmail.com


www.Padasalai.Net

www.Padasalai.Net

6. Find the equations of the tangents to the
curve y = 1 + x3 for which the tangent is
orthogonal with the line x + 12y = 12.

Solution: Giveny = 1 + x3
D _ 3x2
dx

Slope of the tangent m,; = 3x?

Equation of the given line x + 12y = 12

1+12% =9
dx
12% - 1
dx
y _ _ 1
dx 12

1

Slope of the line m, = — =

Since the tangent is orthogonal to the line,

m1Xm2=—1
3x2x — L =_1
12
X _ 4
4
x*=4
x =2

The points lie on the curvey = 1 + x3

Whenx =2, y =1+ 23

=1+8
y=9
Whenx = -2, y=1+ (-2)3
=1-8
y=-7

Hence (2,9) and (—2, —7) are the points.
Atx = 12
Slope of the tangent m = 3x?
= 3(22)’
m=12
Equation of the tangent with slope m through
the point (x4, y,) isy — y; = m(x — x;)
(i) Substituting m = 12, and the point (2,9)
Tangent equationis y — 9 = 12(x — 2)

By Manisekouw o SRKMHSS-Arcot.
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y—9=12x - 24
12x—y—24+9=0
12x —y—15=0
(ii)Substituting m = 12, and the point (-2, —7)
Tangent equationis y + 7 = 12(x + 2)
y+7=12x + 24
12x—y+24-7=0
12x—y+17=0

skokeskosk skok sk skosk sk sk sk skokesk skeskok sk sk skok sk sk skok sk skosk skskesk skok sk sk sk skoke sk skkske sk sk kok

7. Find the equations of the tangents to the
curvey = i—j which are parallel to the line
x+ 2y =6.

Solution: ~ Given y =<

x—1

ay _ -DH®)-Gx+1)(1)
dx (x—1)2
_x—1-x—-1
T (x-1)2

2
T (x-1)?
Slope of the tangent m; = (x:—j)z

Equation of the given linex + 2y = 6

dy _
1+2;— 0
2 - 1
dx
@& __1
dx 2
Slope of the line m, = 2

2

Since the tangent is parallel to the line,

ml :mz
=2 __1
(x-1)2 = 2
2 _1
(x-1)2 ~ 2

4 =(x—1)>
(x—1)?%=4

x2-2x+1=4
x2-2x+1-4=0
x2-2x—-3=0
x=3)x+1)=0

x —3=0,gives x = 3and
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x+1=0,gives x = -1

The points lie on the curve y = ==

x—1
When x = 3, y=E
3-1
— 4
T2
y=2
—1+1
Whenx = -1, y = —

Hence (3,2) and (—1, 0) are the points.
(i) At x = 3,

(x—1)2
_ -2
T -2

Slope of the tangent m =

_ ~2
OE

_—2

Ty
1
m=—-
2

Equation of the tangent with slope m through
the point (x;,y;) isy —y; = m(x — x;)
Substitutingm = — %, and the point (3, 2)
Tangent equationis y — 2 = —% (x—3)
2y -2)=—-(x—-3)
2y —4=—x+3
x+2y—-4-3=0
x+2y—-7=0

(ii) At x = —1,

(x—1)2
=2
T (-1-1)2

Slope of the tangent m =

~ (22

By Manisekouw o SRKMHSS-Arcot.
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Equation of the tangent with slope m through
the point (x,,y,) isy —y; = m(x — x;)

Substitutingm = — %, and the point (—1,0)

Tangent equationis y — 0 = —%(x +1)

2y = —(x+ 1)

2y =—x—-1
x+2y+1=0
x+2y+1=0

Skskeosksk skok sksk sk sk sk sk skok sk sk sksk skook sk sk sk sk sk sk sk sk sk skok sk sk sk sk skosk sk sk sk sksk sk sk sk sk k

8. Find the equation of tangent and normal to
the curve given by x = 7 cost and
y = 2sint, t € Ratany point on the curve.
Solution: x = 7 cost

dx

— = —7sint
dt

y =2sint
d

&~ 2cost
dt

d —
Slope of the tangentm = =% = —2oost
dx 7sint

2cost

m=—=—
7sint

Equation of the tangent with slope m through
the point (x;,y;) isy — y; = m(x — x;)

2cost
7sint’

and the point (7 cost, 2 sint)

Substitutingm = —

Equation of tangent is

2cost

(y—2sint) = —

(x — 7 cost)

7sint
(y —2sint)7sint = —2cost (x — 7 cost)
(7sint)y — 14sin®t = —(2cost)x + 14 cos® t
(2cost)x + (7sint)y — 14sin?t — 14 cos?t =0
(2cost)x + (7sint)y — 14(sin® t + cos?t) =0

(2cost)x + (7sint)y —14(1) =0

(2cost)x + (7sint)y—14 =10
Normal is perpendicular to tangent.
Hence normal is of the form
(7sint)x — (2cost)y+k =0

It passes through (7 cost, 2 sin t)

Page 18

Send Your Questions & Answer Keys to our email id - padasalai.net@gmail.com


www.Padasalai.Net

www.Padasalai.Net

(7sint)(7cost) — (2cost)(2sint) + k=0
49sintcost —4sintcost+ k=0
45sintcost+k =0
k = —45sintcost

So equation of the normal is

(7sint)x — (2cost)y — 45sint cost =0

Skskskesk sk sk sk sk skok sk skosk sk sk skook sk sk sk skok sk sk sk sk sk sk skokesk skesk skok sk skoksk sk skok sk sk skk
9. Find the angle between the rectangular
hyperbola xy = 2 and the parabola
x?+ 4y =0.

Solution: Given xy = 2

. 2
Givesy = .

Substituting y = iin x?+ 4y =0, we get

22 +4(2)=0
x? + g =0
Multiplyingby x, x3+8=10
x3=-8=(-2)3
Gives x=-2

Substituting x = —2, in xy = 2 we get

www.TrbTnpsc.com

dy 2x

dx 4

Slope of the second curve at (—2,—1)
X 2

m2=_E=E=1

If 6 is the angle between the curves, then

mi;-m
tang = [—=
1+mim,

()
e

—-1-2

0 = tan~1(3)
Skeskeske sk sksk sk sk sk sksk ok skeskesk sk sk sk sk sk skeskeok skoske sk sk sk sk sk sk sk skeok sk sk sk sk sk sk sksk sk sk k sk k-
10. Show that the two curves x? — y2 = r2and
xy = c? where c,r are constants, cut
orthogonally.

Solution: Given x? —y?2 =12

(-2)y=2
dy
2y =2 2x—2ya=0
gives, y=-1 —2y ¥ = 0y
dx
So, the point of intersection is (=2, —1) dy
Zyd— = 2x
Again from xy =2 e
a @v_ =
y _ =
xa+y(1)—0 dx 2y
dy @v_x
x— +y=0 dx y
ay _ _y Let (x;, y;)be point of intersection.
dx . _ X1
ay_ Then slope of the first curve at (x;,y;) m; = o
Y g Again from xy = c?
Slope of the first curve at (=2, —1)
dy
1 x—+ y(l) =
my =~ and from
x4 y=20
x2+4y=0 dx
dy
v _ X— ==
2x+42 =0 —=-y
d y _ _ Y
4% = —2x dx x
By Maunisekawronns SRKMHSS-Arcot. Page 19
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Slope of the second curve at (x;,y;) m, = — z—l
1

Product of the slopes m; X m, = (%) g (_ &)

X1
=-1

Hence the two given curves cut orthogonally.
Skskskesk sk sk sk sk skok sk kR ok sk skook sk sk sk sk ok sk skosk sk sk sk skokesk skesk skokesk skok sk sk skosk sk sk skk

Example 7.19 Compute the value of '¢' satisfied
by the Rolle’s theorem for the function
f(x)=x%2(1—-x)?%x €[0,1].

Solution: f(x) is continuous in [0,1] and

f (x) is differentiable in (0,1)
Given f(x) = x2(1 — x)%,x € [0,1]
fla) =f(0)=x*(1-x)*=0
f)=f1)=1°1-1)*>=0
Hence f(a) = f(b)
fx) = x*(1 —x)?
=x?(x?—-2x+1)
=x*—2x3 +x2
f/(x) = 4x3 — 6x2 + 2x
f/(c) = 4c® — 6¢? + 2¢
Substituting f/(c) = 0, we get
4¢3 —6¢2+2c=0
c(4c?—6c+2)=0
Gives,c = 0 and (4c?—6¢c+2)=0
When 4c¢? —6¢c+2 =10
Dividing by 2, 2¢? —3c+1=10
2c—1(c—-1)=0
2c—1=0:>2c=1:>c=% and
c—1=0=>c=1

Hence c = 0,c = =,c = 1 are the values.

N | =

By Rolle’s Theorem, when f/(c) = 0, ¢ € [a, b]
R
LC=cE [0,1]

Sk koK ok sk ok ok ok ok sk ok ok 3k 5k ok ok ok ok ok ok ok sk ok ok ok >k sk ok ok Sk ok ok ok ok sk ok sk kok sk sk ok kok sk k-

Example 7.20 Find the values in the interval
G, 2)satisfied by the Rolle's theorem for the

: - 1 1
function f(x) = x + ~IXE [2,2].

By Manisekouw o SRKMHSS-Arcot.
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Solution: f(x) is continuous in E, 2] and

f@)mdmmemmMem(iz)
Given f(x) =x +2,x € [2,2]
f@=f(;)=3+2=
f)=f@=2+;=
Hence f(a) = f(b)

1
f)=x+-
1
flx) = 1-5
1
fl(e) = 1-=
Substituting f/(c) = 0, we get
1
1—C—2=0
c?2=1=0
c?=1
c =t 1gives

c=1landc= -1
By Rolle’s Theorem, when f/(c) = 0, ¢ € [a, b]
1
se=1¢€2]
Sk sk ok ok ok Sksk sk sk ok sk Sksk sk sk ok sk sksk sk sk ok Sk sk sk sk ok sk Sk sk sk sk ok sk sk sk sksk ok sk sk sk sksk sk ok

Example 7.21 Compute the value of '¢' satisfied
by Rolle’s theorem for the function

f(x) = log (ij) in the interval [2,3] .
Solution: f(x) is continuous in [2,3] and

f (x) is differentiable in (2,3)
f@) = log (£22)

5x
f(x) =log(x?*+6)—log(5x)
f(a) = f(2) = log(4 + 6) —log(10)
= log(10) — log(10)
fl@)=0
fb) =f(3) =1log(9+6) —log(15)
= log(15) — log(15)
f) =0
Hence, f(a) = f(b) =0
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From f(x) = log (x2+6)

5x
/(y) = —L LR
1) = =20 -2 6)
26 _l
x%24+6 x
/ — 2c __1
f (C) c%2+6 ¢
When f/(c) = 0, gives
2c _ 1 _
c2+6 ¢
2c 1
c2+6 ¢
(2c)c=c?+6
2c?2=c*+6
2c2—c?=6
=6
c=++6

Since ¢ = V6 € [2, 3], the satisfied
valueis ¢ = V6

Sk okok ok sk ok ok ok ok >k ok ok ok sk ok ok ok ok sk ok ok sk ok sk ok >k kok ok Sk kok ok ok skokok sk skok sk ok sk kok ke k-

Example 7.22 Without actually solving show
that the equation x* + 2x3 — 2 = 0 has only
one real root in the interval (0, 1).
Solution: Let f(x) = x* + 2x3 — 2

f(x) is continuous in [0,1] and
f (x) is differentiable in (0,1)
Now, f/(x) = 4x3 + 6x?
Substituting f/(x) =0
4x3 +6x2 =0
2x2(2x+3)=0
2x>=0and 2x+3=0
2x% =0= x = 0 (twice)

2x+3=0=>x=—12
Butx =0,—2 ¢ (0,1)

Hence by the Rolle’s theorem there do not exist
a,b € (0,1) such that, f(a) =0 = f(b).
Therefore the equation f (x) = 0 cannot have

two roots in the interval (0, 1).

www.TrbTnpsc.com

But, f(0) =—2<0and f(1)=1>0

tells us the curve y = f(x) crosses the x -axis
between 0 and 1 only once by the Intermediate
value theorem. Therefore the equation x* +
2x3 — 2 = 0 has only one real root in the

interval (0, 1)
skokesk sk skok sk skosk sk sk sk skokesk skoskok sk sk skosk sk sk skok sk skosk skskesk skok sk sk sk skskesk skk sk sk sk kok

Example 7.23 Prove using the Rolle’s theorem
that between any two distinct real zeros of the

polynomial @, x™ + a,_1x" 1 + ......+a.x +
a, there is a zero of the polynomial

na,x™ '+ (m—1Da,_1x"? + ........ta; .
Solution:

P(x) = apx™+ ap_1x" 1+ .. ... tax + a

Let a, § be the two zeros of the polynomial.

=~ P(x) is continuous on [a, f]

P(x) is differentiable on (a, B)

Hence P(a) = P(B)
By Rolle’s theorem there exists a value y €
(a,B) suchthat P/(y) =0

So,

Py) =nax" 1+ n—Da_1x" %+ ......+a4

>kokeok >k sk ok ok sk ok ok ok >k sk ok ok ok sk ok ok ok sk ok ok ok sk ok ok ok ok ok ok >k skok ok ok >k sk ok ok Sk ok ok ok >k ko

Example 7.24 Prove that there is a zero of the
polynomial, 2x3 — 9x% — 11x + 12 in the
interval (2, 7) given that 2 and 7 are the zeros
of the polynomial x* — 6x3 — 11x? + 24x + 28
Solution: f(x) = x* — 6x3 — 11x?% + 24x + 28

f(x) is continuous on [2,7]
f (x) is differentiable on (2,7)
fl@) =12 =@)*—-6(2)%—11(2)% +24(2) + 28
=16 —6(8) —11(4) + 48 + 28
=16—-48 - 44+ 48 + 28
=44 — 48 — 44 + 48
=0
Fb) = F(7)=()* = 6(7)3 — 11(7)? + 24(7) + 28
= 2401 — 6(343) — 11(49) + 168 + 28
= 2401 - 2058 -539 + 196
= 2597 —-2597 =0

By Manisekouw o SRKMHSS-Arcot.
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Hence f(a) = f(b) =0
By Rolle’s theorem there exists a value ¢ €
(a,b) suchthat f/(c) =0
fx)=x*—6x3—11x2 + 24x + 28
f/(x) = 4x3 — 12x% — 22x + 24
f/(c) = 4c® —12c? — 22c + 24
When f/(c) = 0, gives
4¢3 —12¢?2—22¢+24=0
Dividing by 2,
2¢3—6c2—11c+12=0
Hence there is a zero of the above polynomial

lies in the given internal (2, 7).
Skskskesk sk sk sk sk skok sk skoskok sk skosk sk sk sk skok sk skosk skok sk skokesk skesk skokesk skeksk sk skok sk sk skk

Example 7.25 Find the values in the interval
(1, 2) of the mean value theorem satisfied by
the function f(x) = x —x? for 1 <x < 2.
Solution: Mean value theorem states that

f(x) is continuous on [a, b]
f (x) is differentiable on (a, b)
f(a) # f(b)

There exists a least possible value ¢ € (a, b)

such that f/(c) = %

Given f(x)=x—-x%for1<x<2
f(x) is continuous on [1,2]
f (x) is differentiable on (1,2)
fl@=f1=1-1*=0
fb) =f(2)=2-(2)?
=2-4
=2
Hence, f(a) = f(b)

Now f(x)=x — x?

www.TrbTnpsc.com

1-2c=—
1—-2c=-2
—2c=-3
2c=3
3
c==
2

LCc= 3 € (1,2) is the required value.
skokeskosk skok sk skosk sk sk sk skokesk skoskok sk sk skosk sk skeskok sk sk sk sk sk sk skok sk sk sk skskesk skk sk sk sk kok
Example 7.26 A truck travels on a toll road with
a speed limit of 80 km/hr. The truck completes
a 164 km journey in 2 hours. At the end of the
toll road the trucker is issued with a speed
violation ticket. Justify this using the Mean
Value Theorem.

Solution:

Let f(t) be the distance travelled by the
trucker in 't " hours.
This is a continuous function in [0, 2] and
differentiable in (0, 2).
Now, £(0) = 0 and £(2) =164.
By an application of the Mean Value Theorem,
there exists a time ¢ such that,
£1(c) = f(bl)):;f(a)
_ 164-0
2-0

_ 164
2

=82 >80

Therefore at some point of time, during the
travel in 2 hours the trucker must have
travelled with a speed more than 80 km which

justifies the issuance of a speed violation ticket.
skookskok skook skoskook skoskosk skoskook skoskook skosk skeskosk skoskosk skoskosk skoskosk skosk skeskosk skeskosk skoskosk sksk sk

Example 7.27

Suppose f(x) is a differentiable function for all
x with f/(x) < 29 and £(2) =17. What is the
maximum value of £(7)?

/ =1 —
flx)=1-2x Solution: By an application of the Mean Value
flley=1-2c Theorem, there exists a time ¢ € (2,7) such

SN _ FD)= @) . .
f/(c) = . gives, that, f/(c) = f(bl))_;’(a)
1—2c= _22__10 f(D-F@ _ £1(c) < 29

7-2 -
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f(7)5— 17 99

F(7) <29(5) + 17
< 145+ 17
< 162

Therefore maximum value of f(7) is 162.
Skesk sk sk sk sk skesk sk skesk sk skesk sk skesk sk skesk skeske sk sk sk sk skeske sk skeske sk skesk skeske sk skeske sk skesk sk sk sk skesk

Example 7.28 Prove, using mean value theorem,
that |sina —sinB| < |a — B|,a, B € R.
Solution:

Let f(x) = sin x which is a differentiable
function in any open interval. Consider an
interval [a, f]. Applying the mean value

theorem there exists ¢ € (a, f) such that,
sin f-sina _ / _
— G f/(c) =cosc
sin f—sina
B—a
Hence, |sina — sin B| < |a — B|
Skeske sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk skeske sk skeske sk skeske sk sk sk skesk
Example 7.29
A thermometer was taken from a freezer and
placed in boiling water. It took 22 seconds for
the thermometer to raise from —10°C to 100°C.
Show that the rate of change of temperature at
some time ¢is 5°C per second.
Solution:

Therefore =|cosc| <1

Let f(t) be the temperature at time t. By the
mean value theorem,
/e — F®)=f(@
f/(c) —
100 (—10)
T 22-0
_100+10
N2
_ 110

22

= 59C per second.

Hence the instantaneous rate of change of
temperature at some time t should be 5°C per

second.
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EXERCISE 7.3
1. Explain why Rolle’s theorem is not
applicable to the following functions in the
respective intervals.

www.TrbTnpsc.com

@ f) =} xe[-11]
(i) f(x) = tanx, x € [0, 7]
(iii) f(x) = x — 2logx,x € [2,7]
Solution:
@ f) =}, x e [-11]
Given x € [—1,1].
Atx = 0, f(x) is not continuous, hence
Rolle’s Theorem is not applicable.
(i) f(x) = tanx,x € [0, ]
Given x € [0, ].

Atx = g,f(x) is not continuous, hence

Rolle’s Theorem is not applicable.
(iii) f(x) = x — 2logx,x € [2,7]

f(x) is continuous on [2,7]

f(x) is differentiable on (2,7)

f(a) =f(2)=2—-2log2 and

f) =f(7)=7-2log7

Hence, f(a) # f(b) hence

Rolle’s Theorem is not applicable.
Skookokok skook sk sk ok sk koo sk sk ok sk sk ok sk sk sk sk sk sk sk ok sk sk ok sk sk sk sk sk sk sk sk sk k ok sk k sk sk sk sk k
2. Using the Rolle’s theorem, determine the
values of xat which the tangent is parallel to
the x -axis for the following functions :
() f(x) =x?—-x,x €[0,1]

(i) F() = =2 x € [-1,6]
(i) f(x) = Vx =%, x € [0,9]
Solution:

(i) f(x) =x?>—x,x €[0,1]
f(x) is continuous on [0,1]
f (x) is differentiable on (0,1)
fG)=x*-x
f(a) =f(0)=0 and
fB)=f1D=1-1=0
Hence, f(a) = f(b) hence
There exists a least possible value ‘c’ such
that f/(c) =0

From f(x) = x? — x

By Manisekouw o SRKMHSS-Arcot.
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fl(x)=2x—-1
fl(c)=2c—-1
When f/(c) = 0, we get
2c—-1=0
2c=1
c=-€(0,1)

Atx=%,y=f(x)=x2—x

=)= (-

Hence at the point G, — i) the tangent is

parallel to x -axis.

(D) f(x) =

x% —2x
x + 2

, X € [_1I6]

f(x) is continuous on [—1, 6]

f (x) is differentiable on (—1, 6)
f(x) | x% —2x

X+ 2

fla) = f(=1)

_(-1D?-2(-1)
- —1+2
_1+2_

—=3
1

f(b) = f(6)
_ (&2 -2(6)

_36-12
8

=—=3
8

Hence, f(a) = f(b) hence

There exists a least possible value ‘c’ such

that f/(c) =0

www.TrbTnpsc.com

_ (x+2)(2x-2)— (x%-2x)(1)
- (x +2)2

_ (2x%-2x+4x-4)- (x2-2x)
- (x +2)2

_ (2x%+2x—4)— (x2-2x)
- (x +2)2

_ 2x%42x—4—x2+2x

(x +2)2
/ — x2+4x—4
f (x) (x +2)2
/ A c2+4c-4
f (C) (c+2)2
When f/(c) =0
c?+4c—4
We get Cra? 0
c?+4c—-4=0
_ —4+y/16+16
€= 2
_ —4+/16%2
o 2
_ —4%4V2
T2
_ 2(-242V2)
B 2
=-242V2

c=-2+4+2V2€e(-1,6)
At x = =2 +2V2,
x2 - 2x
y—f(x)— X+ 2

y=f(-2+2v2)

_ (—2+2\/§)2 - 2(-2+2+2)
O (-2+2v2) + 2

_ 4+8-8V2+4-4v2
=—— o
_16—12v2 _ 2(8-6v2)
T2z 242

x% —2x
From f(x) = N3
x Hence at the point (—2 +2v2,4V2 -6 )
(x +2)(x2 - 2x) ~(x2 - 2 +2)/
f /(x) = x+ 2 2 n S)CZ 2 the tangent is parallel to x -axis.
By Manisekouw o SRKMHSS-Arcot. Page 24
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(i) f() =VZ—%,x € [09]
f (x) is continuous on [0,9]
f (x) is differentiable on (0,9)

0

f@=f0)=v0-2=0
f(b)=f(©)=v9-3;=3-3=0
Hence, f(a) = f(b) hence

There exists a least possible value ‘c’ such

that f/(c) =0

From f(x)=\/97—§
[(x) = L _1
[l =57=—3
fi) =5=-3
When f/(c) =0
1 1
2e 30
1 _1
2 3
3=2/c
Squaring, 4c=9
9
C—ZE(O,g)
Atx=2,
4
9
9 2
y=fx)= [;-%
3 9 1
= —-—-X-
2NN 3
-3_3
T2 4
_6-3
T4
_\3
g

Hence at the point (3 , Z) the tangent is parallel

to x —axis.
Skeskoskosk skosk skesk sk skesk sk skesk sk skesk sk skesk skesk sk skesk sk skesk sk skesk sk skeskoskeske sk skesk sk ske sk sk sk skosk sk
3. Explain why Lagrange’s mean value theorem
is not applicable to the following
functions in the respective intervals :

() fx) =2, x € [-1,2]

)
X

() f(x) = |3x + 1]|,x € [-1, 3]

By Manisekouw o SRKMHSS-Arcot.
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Solution:
M f0) ="~ xe[-1,2]
When x = 0,
f(0) ==
0
=1
o
= OO0

Hence f(x) is dis continuous, So Lagrange’s
mean value theorem is not applicable.
(i) f(x) = |13x + 1|, x € [-1, 3]

f(x) is continuous on [—1, 3]

f(x) is not differentiable on (—1, 3)

So Lagrange’s mean value theorem is not

applicable.

skskosksk sksk sksk sk sk sk sk skok sk sk sksk skosk sk sk sk sksk sk sk sk sk skok sk sk sk sk sk sk sk sk sksk sk sk sk kk

4. Using the Lagrange’s mean value theorem
determine the values of xat which the
tangent is parallel to the secant line at the
end points of the given interval:

() f(x)=x3—-3x+2,x €[-2,2]
() f(x) = (x—2)(x—=7),x € [3,11]

Solution:
() f(x)=x3-3x+2,x€[-2,2]
f(x) is continuous on [—2, 2]
f (x) is differentiable on (—2,2)
Now, f(a)=f(-2)=(-2)°-3(-2)+2
=—-8+6+2
=—-8+8
=0 and
f)=7f(2)=(2)°-3(2)+2
=8—-6+2
=10—-6
=4
Hence, f(a) # f(b) hence
By an application of the Mean Value
Theorem, there exists a time ¢ such that,

/() = F®)=F(@)
fie) ===~
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fx)=x3—-3x+2

f/(x) =3x*-3
f/(c) =3c¢?-3
o _ FB)—f(@)
= fHe) ===
2 o _ 40
3¢ =3 = 72
¢
T4
3c2-3=1
3c2=4
¢z =1
3
2
Cc = iﬁ
c=t2€[-22]
Atx =+ % the tangent is parallel to the secant.

() f(x) = (x—=2)(x = 7),x € [3,11]
f(x)=x%2—-9x + 14
f(x) is continuous on [3,11]
f (x) is differentiable on (3,11)
Now, f(a)=fB)=(3)?>-9(3)+ 14

=9-27+14
=23-27 f/(c)=%
= —4 and flx) = %
F(b) = f(11) = (11)% — 9(11) + 14 )
fl)=-=
=121-99+ 14 x
=135 — 99 flle)y=-
=36 kS
N c_2 " b-a
Hence, f(a) # f(b) hence
1 1 1
By an application of the Mean Value - (E B Z) X a
Theorem, there exists a time ¢ such that, - (%) oS
a —-a
Sy L) f(@)
f (C) b—a ::—-5;
f(x) =x*—-9x+ 14 2 = ab
f/(x)=2x—9 ¢ =+ab
/ = —
file)=2c—9 ¢ = vab € (a,b)
36+4
2c =9 =7~ Hence proved.
By Maunisekawronns SRKMHSS-Arcot. Page 26
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40 _

2c—9=—=5
8
2c=5+4+9
2c =14

14
c=—=7E€ (3,11)
At x = 7 the tangent is parallel to the secant.
skokesk sk skok sk skosk sk sk sk skokesk skosksk sk sk skosk sk sk skok sk skosk skskesk skok sk sk sk skkesk skk sk sk sk kok

5. Show that the value in the conclusion of the
mean value theorem for

A flx) = i on a closed interval of positive

numbers [a, b] is Vab

(ii) f(x) = Ax? + Bx + C on any
interval [a, b] is asz

Solution:

@ f@) ==, x €a,b]

f(x) is continuous on [a, b]

f(x) is differentiable on (a, b)

Now, f(a)=-and

fb) =2
Hence, f(a) # f(b) hence

1
a
1

By an application of the Mean Value

Theorem, there exists a time ¢ such that,
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(ii) f(x) = Ax* + Bx+ C , x € [a, b]
f(x) is continuous on [a, b]
f (x) is differentiable on (a, b)
Now, f(a)= Aa?+ Ba+ C and
f(b) =Ab*> +Bb+C
Hence, f(a) # f(b) hence
By an application of the Mean Value

Theorem, there exists a time ¢ such that,

/() = L= (@)
fle)=——

f(x) =Ax?>+Bx+C
f/(x) =2Ax +B
f/(c) =2Ac+B

(Ab2+Bb+C)- (Aa?+Ba+C)
b-a

2Ac+ B =

Ab%+Bb+C— Aa?-Ba—C
b—a

Ab%+Bb— Aa®’—Ba
b—a

__ Ab%*— Aa’+Bb-Ba
b-a

__ A(b?-a?)+B(b-a)

) b—a

__ A(b—a)(b+a)+B(b—a)

- b—a

__ (b—a)[A(b+a)+B]

A b—a
2Aic+B=A(Mb+a)+B

24c=A(b + a)

2c=(b+a)

_ (b+a)

, € (a,b)
Hence proved.

Sk >k ok ok sk ok ok ok >k sk ok ok Sk %k ok ok ok ok ok ok ok sk ok ok ok >k >k ok ok Sk >k ok ok ok skokok ok skok ke k ok kok sk k

6. A race car driver is racing at 20th km. If his
speed never exceeds 150 km/hr, what is
the maximum distance he can cover in the
next two hours.

Solution:

Let f(x) be the distance covered.
Given x € [0, 2]
Whenx =0, f(a) = f(0) = 20 and

www.TrbTnpsc.com

x=2,f(b) =f(2) =?
f(x) is continuous on [a, b]
f (x) is differentiable on (a, b)
Now, f(a)=20and
f(b) =?
Hence, f(a) # f(b) hence
By an application of the Mean Value

Theorem, there exists a time ¢ such that,

/(o) — )= F@)
file)==—~

f(b)-20 <150
2-0

f(b) 20 < 150

f(b) — 20 <300
f(b) <300+ 20
f(b) <320
Hence the covers a maximum distance of

320 Km, in next two hours.
Sk 3k sk Sk sk sk sk ok sk sk sk ok sk sk Sk ok sk sk sk 3k Sk sk ok 3k Sk sk ok 3k ok sk ok Skesk Sk sk ke sk sk 3k ok sk ok skesk skk

7. Suppose that for a function f(x), f/(x) <1
forall 1 < x < 4. Show that £(4) — f(1) < 3.
Solution:

Given f/(x) <1
f(x) is continuous on [1,4]
f (x) is differentiable on (1, 4)
By an application of the Mean Value

Theorem, there exists a time ¢ such that,

/() = F®=F(@
fie) ==~

b)—

f(4);f(1) <1

f(4) — f(1) < 3. Hence proved

Skokesk >k >k ok ok sk ok ok ok ok >k ok ok Sk ok ok ok ok sk ok ok Sk sk ok ok sk >k >k ok ok kok ok sk ok sk ok ok skk ok ok >k kok

8. Does there exist a differentiable function
f(x) such that £(0) =—1, f(2) =4 and
f/(x) < 2 forall x . Justify your answer.

Solution:

By Manisekouw o SRKMHSS-Arcot.
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Given f/(x) < 2 _ G”(_E))e_g
f(x) is continuous on [0,2] _ (3 B 3) e_g
f (x) is differentiable on (0,2) _ (;*ﬁz) e_g
. . 4
By an application of the Mean Value _ (_ 2) e‘g
Theorem, there exists a time ¢ such that, 4 3 3 T
Hence at the point (— > (— Z) e 5) the

/() = F®)=f@) _ _
f(e) b-a tangent is parallel to the x — axis.
skokeskosk skok sk skosk sk sk sk skokesk skoskok sk sk skosk sk sk skok sk skosk sksk sk skok sk skesk skke sk sksk sk sk sk kok

_ f@-f(0
T 2-0 10. Using mean value theorem prove that for,
_ax1 a>0b>0]e*—e?| <|a—b|
B Solution:
c = ; =25¢ (O, 2) Given f(X) =e*
stskokoskokokoksk kool kotokskotok ko okokokokkskskkokok ko skokok stk stk kb ko f(x) is continuous on [a, b]
9. Show that there lies a point on the curve £(x) is differentiable on (a, b)

flx) =x(x+ 3)e_§,—3 < x < 0 where

B licati f the Mean Value Th ,
tangent drawn is parallel to the x — axis. y anapphcation ot the Hean vaiue Theorem

Solution: there exists a time ¢ € (a, b) such that,
B _m SN _ FB)- (@
f(x) = x(x +3)e ™2 file) ="
f(x) is continuous on [—3,0] f(x)=e*
f(x) is differentiable on (—3,0) fl(x) = —e*
—gha / -c
f(x) = (x*+3x)e” 2 fi(c)=—e
fl@) =f(-3)=0 and etz
b—a
f(b) = f(o) =0 _ ~(e—a- e‘b)
Hence, f(a) = f(b) hence —(a-b)
There exists a least possible value ‘c’ such —e ¢ = %
2

/ =
that f/(c) =0 Taking modulus on either sides,

flx)=(x*+ 3x)e_g

ea=e™?]

—e~C| =
|—e~¢| P

F/(x) = (2x +3)e” 2
f/(C) =2c+ 3)e_§ la—b|
Whenf/(c):o So, le*—e | <|a—b|.

Skokesk >k kK ok sk ok ok ok ok >k ok ok Sk ok ok ok ok sk ok ok Sk sk ok ok sk ok >k ok ok kok ok sk ok sk ok ok skk ok sk >k ko

(2¢ + 3)9_2 —0 Example 7.30
Expand log(1 + x) as a Maclaurin’s series up to
2¢+3=0 4 non-zero terms for-1 < x < 1.
2c = _3 Solution:

F@) = F0) +Z£/(0) +2 £//(0)

c=->€(-30) ¥ o
_|_;f///(0) +Zf/v(0) N I

Atx = —;,y =f(x) = (x?+ 3x)e_§

By Manisekouw o SRKMHSS-Arcot. Page 28
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Functionandits | log(1+ x)and | Valueat
derivatives its derivatives x=0
f(x) log(1 + x) 0
/ ! 1
1) (1+x)
1

// SN & Yol _

() (14 x)2 1
2

/1! -
f7G) (1+x)3 2

() e 6
frx (14 x)*

Substituting the values and on simplification
we get the required expansion of the function

given by

log(1+x) = 0+%(1) +% (1)

x3 x4
2@+ 2 (-

6) + .-

www.TrbTnpsc.com

Substituting the values and on simplification
we get the required expansion of the function

given by
FQ) = £(0) +2£/(0) +Z £//(0)

HIO) + 0+
tanx =0+= (1) + —(0) +—(2) +—(0)+ (16)

x X
tanx =x+=+7-(2) +

x3  2x°
tanx = x+?+ E-I-
skokeskosk skok sk skosk sk sk sk skokesk skeskok skesk skosk sk sk skok sk skosk skskesk skok sk sk sk skoke sk skskske sk sk kok
Example 7.32
> . . 1
Write the Taylor series expansion of - about

x = 2 by finding the first three non-zero terms.
Solution:

2 3 4
log(1+x)=x— x; + x? - xj axsil Function and its 2 and its Value at
Example 7.31 Expand tan x in ascending 1 1
powers of x up to 5% power for —% <x< % f G x 2
Function and its tan x and its Value /(%) a5 ~2
N . .. at x2 4
derivatives derivatives ¥,
g F1G) Z :
y=f) tan x 0 x 4
FI1 () L 3
vy, = f/(x) sec?x = 1+y? 1 x g
24 3
/7 (x 2 3
2yy; = 2y(1 +y?) & x® 4
Y2 :f//(x) = 2v+2vy3 0 (x—a) (x —a)?
—ayrey fO)=fl@+=——f(@+——f"(a)
=2y, +6y%y; el -
=2(1+y?) F O () + 0 o) o -
= /1 (x) +6y2(1+y?2) | 2 1 (éc— 2) o/ (x -'2)2 /)
=2+ 8y? + 6y*
= 16yy,+24y3y, 1 (x - 2) (x - 2)2
=16y (1 +y?) t=g+ (_Z)+ 2 (z)
+24y3(1 + yZ) 3 4
— f/v (x=2) 3 (x-2)*/3
Y = S0 qy +i6y3 0 +EE (=) + () +
+ 24y3+24y°
_ 3 5
= 16y +40y +24y l _ 1_ (x—2) + (x — 2)2 _(x_2)3 o (x - 2)% +
:16y1+120y2y1 ****)fk***gk*****i*******f********1>k6********?:|<2******
— v
ys = ") +120y4y, b EXERCISE 7.4
1. Write the Maclaurin series expansion of the
following functions:
By Maunisekawronns SRKMHSS-Arcot. Page 29
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sinx =0 +2(1) +2(0) +2 (=1) + -

3
. X X
sinx = ———+-

(vi) cos2x

Solution:

(i) e*

Function and its e* and its Value at
derivatives derivatives x=0
f(x) e* 1

f/(x) e* 1
f7(x) e* 1
f/// (%) e* 1
7 (x) e* 1

1! 3!
(iii) cosx
Function and its cos x and its Value at
derivatives derivatives x=0
f(x) coS X 1
f/(x) —sinx 0
7 (x) —CosXx -1
17 (x) sin x 0
7 (x) cosx 1

Substituting the values and on simplification
we get the required expansion of the function
given by

@) = F0) +2£/(0) + 2 £//(0)
+§f///(0) + %f/”(o) ..

2 3
eX=1+Z(D+Z M+ + -

Substituting the values and on simplification
we get the required expansion of the function
given by

F@) = £(0) +2£/(0) + 2 £//(0)

3 4
+ 5 f111(0) + 5 F/7(0) + -
2 3
cosx = 1+=(0) + = (=1) +5-(0) + -~

2 x4

X
cosx=1——+4+—...
21 4l

(iv) log(1 — x)

(ii) sinx
Function and its sin x and its Value at
derivatives derivatives x=0

f(x) sin x 0
f/(x) CoS X 1
1 (x) —sinx 0

f117(x) —CoS x -1
f7(x) sin x 0

Function and its | log(1—x)and | Value at
derivatives its derivatives x=0
f(x) log(1—x) 0

/ -1 1
f (x) (1 _ x) -
1
// —_ YA\ _
£/ e 1
2
/1] - _
ey = 2
/v 0 6
@) e

Substituting the values and on simplification
we get the required expansion of the function
given by

@) = £(0) +2£/(0) +2 £//(0)
_|_’;_Tf///(0) n Z_Tf/v(o) 4.

Substituting the values and on simplification
we get the required expansion of the function
given by

F@) = F0) +Z£/(0) +2 £//(0)
n gf”/(O) n %f/”(o) 4

log(1—x) = 0+ (~1) + 2 (1)

By Manisekouw o SRKMHSS-Arcot.
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n ’;_Tf///(o) n ’;—Tf/”(o) 4o

log(1—x)=—x—

(v) tan™1(x)

cos’x =1+ %(0) + g(—z)
+2(0) +2(8) + -

2 x? x4
cos’x =1+ (=2) +5;(8) + -
skskskok skosk skoskosk skoskosk skosksk skoskosk skosk skeosk sk skesk sk skeskosk skoskosk skesk skeskosk skeskosk skesk sk sksk sk
2. Write down the Taylor series expansion, of
the function log x about x = 1 up to three
non-zero terms for x> 0.

Function and its | tan™'(x) and its | Value at
derivatives derivatives x=0
f(x) tan™"(x) 0
1
/(x) 1+x2 1
f =1—x? + x* — x°
f(x) —2x +4x3 —6x° 0
111 (x) -2+ 12x*-30x* -2
7 (x) 24x — 120 x3 0

Substituting the values and on simplification
we get the required expansion of the function

given by

f@) = £(0) +2f/(0) + 2 £//(0)

tan '(x) = x — =

+§f///(0) +§f/v(0) 4o
tan™1(x) =0 +%(1) +§(0) +§(_2) + .

2x3 | 24x5

3! 5!

) = X
tan (x) = x st

Solution:
Function and its log x and its Value at
derivatives derivatives X =
f(x) log x 0
1
/ =
f(x) " 1
// L
1 (x) s -1
/1] 2
f17(x) = 2
6
f77(x) e —6

f@) = f(@) + 522/ (a) + B2 11 (a)

(x —a)3 (x —a)*
+Tf///(a) + Tf/v(a) + -

- el 2
logx =0+ (xl 200 & 22) (-1

: 2
vi) cos“x —2)3 _2)*
(vi) PO () G gy
Function and its cos?x and its Value at (x=2) (x-22  x-22% (x-2)*
A\ o _ logx = - + - + -
derivatives derivatives x=0 1 2 3 4
Skookskok koo skoskook skoskook skosksk skosk ok skosk skosk sk skosk sk skoskosk skoskosk skosk kosk sk skeskosk sksksk skk sk
fx) cos®x 1 3. Expand sin x in ascending powers x — % up to
—2cosx sin x three non-zero terms.
f/(x) — —sin 2x 0 Solution:
P Function and its sin x and its Value ft
f7(x) —2cos 2x —2 derivatives derivatives =7
. 1
£117(x) 4sin 2x 0 f(x) sinx 7z
1
f7(x) 8cos 2x 8 f/(x) cos x 7z
Substituting the values and on simplification F11(x) ~sinx _ %
we get the required expansion of the function
given by /1] _ aniiy
i P 7 (x) coS x 5
fCG) = f(0)+f/(0) +; f//(0) -
f/7(x) sin x 5
Page 31
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fG0) = f@) + =2 f/(a) + =L 1/ (a)
+ U 11 (0) + B () + -

sin x =i+ﬂ(i)+ﬁ(_i)

V2 1 V2 2 V2

Skok sk sk sk ok skook ok ok skok sk sk k sk sk sk sk sk sk sk sk skok sk sk sksk sk sk sk sk skok sk sk sk sk skoke sk sk sk ksk

4. Expand the polynomial f(x) = x? — 3x + 2
in powers of x — 1.

Solution:
Function and its f(x) and its Value at
derivatives derivatives X =
f(x) x2—3x+2 0
f/(x) 2x — 3 -1
f7(x) 2 2
f/// (x) 0 0

F@) = f(@) + 522 f/(a) + S £/ (a)

(x —a)? (x — a)*
+Tf///(a) + _'f/v(a) ny...

2-3x+2=0+E 21+ 8 1)(2)

+HEE O

2_3x+2=—(x -1+ — 1)

Sk >k ok ok sk ok ok ok >k sk ok ok ok sk ok ok ok ok ok ok ok sk ok sk ok >k sk ok ok Sk ke ok ok ok skokok sk skok ke ke k sk sk ko

x2—
Example 7.33 Evaluate: lim (ﬂ)

x>1 \x2—4x+3

Solution: hm (ﬂ)

x2—4x +3

_(D2-3(1) +2
T (1)2-4(1) +3

_1-3+2 _ 3-3
1-4+3 4-4

Applying I’hopital’s Rule,
. x2=3x+2\_ ;. 2x-3
}Cl_r)r} (xz— 4x + 3)_ }}iri (2x—4)

_21)-3 _2-3 _ -1 _ 1
2

T 2(1)-4  2-4 -2

. x%2-3x 42 1
~ lim ) =2
x—>1 \x2—4x+3 2

k>R ok ok koo ok sk ok sk ok Sk Sk ok ok ok sk ok ok ok ok sk ok ok sk ok sk ok ok Sk ok ok sk ok sk ok sk sk ok skokesk sk ok ko
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Example 7.34
Compute the limit: lim (x —= )

x—a S
. . xM— g
Solution: lim ( )
x—a xX—a
a—a™

0 .
= =5 Indeterminate form.

a—a

Applying I’hopital’s Rule,

. x"—a™\ _ .. nx™1-o0
lim =lim(————
x—-a \ X—a x-a 1-0

n-1

na

1

n n

. x"—a _

llm( ) = na™ !
xX—a xXxX—a

setokskokok stk koot stk skoskokok stk koo ok skosk otk skoksk ko stk sk skokok stk sk ko ok

Example 7.35
Evaluate the limit: lim (
x—0

Solution: lim (Sm o )
x—-0 X
__sinm(0)

(0)

in 0 0 .
= 222 = - Indeterminate form,
© 0

Applying I’hopital’s Rule,

. sin mx . mcos mx
i (22 g (205
x—0 X x—0 1

__ mcosm(0)
\- 1

sinmx )
x

__mcos0

1

D1 sinmx
~lim(——)=m
x—0 X

skok sk sk sk sk sk sk sk sk sk ok s ok ok sk ok sk sk ok sk ok ok sk sk sk sk sk sk sk ok sk sk sk ok sk sk ok sk ok ok sk ok sk ok

Example 7.36 Evaluate the limit: lim (Sinzx )

x—-0

Solution: lim (Sinzx)

x-0 \ X
__sin(0)
T (0)?

in0 0 -
=32° — 2 Indeterminate form.
0) 0

Applying I’hopital’s Rule,

. sinx . cosx
llm( > )= lim ( )
x—0 \ X x-0t 2x

0 1
=50 _1_ o andalso,
2(0) 0
li sinx ) _ li cosXx
xl—I;% x? - xLI‘(I)‘l_ 2x
w2 cos(—0) _ 1 _ —o0
2(-0) -0
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As the left limit and the right limit are not the

same we conclude that the limit does not exist.

Example 7.37 If hm (M) =1,

1-cosnf

then prove that m=+n

. . - 0

Solution: lim (ﬂ)
0—0 \1-cosné

__ 1-cosm(0)

" 1-cos n(0)

__1—-cos0

- 1-cosO0

1-1 0 .
= N 'c Indeterminate form.

Applying I’hopital’s Rule,

. 1— cosm#b
llm e
0—0 \1 - cosnf

0 —(—m sinm@)
0 —(—n sinnB)

= im|

. m sin m6@
B ELEI
0—0 L n sinnéd

. m (sinm@
= lim— (=
0—0 n \sinné
C m(sinm(o))
" n \sin n(0)
_m (sin 0) o
~ n\sino/
Applying I’hopital’s Rule,
lim ™ m (smm@) il m (m cosm@)
-0 n \sinné f—>0 n \ ncosné
— lim m? (cos mB)
650 n2 \cosné

_ m_2 (cos m(O))

n2 \ cosn(0)
_ m? (cos 0)
n2 \cos0

=%0)
nz \1

m2

o2

0 .
, Indeterminate form.

n

. 1 —cosm@ m2

slim|——————) =—
6—0 \1—cosnfb

0
Given lim (ﬂ) =
1—cosnf

Hence, % = 1, gives

S0, m = + n Hence proved.
K3k sk sk ok 3k ok sk ok ke ok sk sk ke ok ke sk Sk sk ok skeok sk sk sk ok ke sk sk sk ke sk ke sk ok sk ok ke sk sk skeok skesk sk sk
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log(1—-x)

Example 7.38 Evaluate: lim
x—1~ L cot(mx)

log(1 - x)]
x—1~ L cot(mx)

[log(l - 1)]

cot(m)

_ [log(O)]
- cot(m)
_(:O) 2 Indeterminate form

Applying I’hopital’s Rule,
1
. log(1 —x)] _ . ﬁ(_l)
xll)r{l— [ cot(mx) ] - ler{l— l— 7 cosec?(mx)

1
= lim |—&=2
x—1— | 7 cosec?(mx)
1

(1-1)
7 cosec?(m)

1
7 (3)
= g Indeterminate form

Applying I’hopital’s Rule,
1.
; (1-x)
x]LI’{l_ [ T cosecz(nx)]

__ o
= lim |[—2—
x—-1" TL'.;

sin? (mtx)

M 1 sin?(mx)

i rew ]
2

— lim [stn (nx)]

x—1- L m—mx

NGt _ Indetermlnate form.

mw—T

Applying I’hopital’s Rule,

. 2 .
sin (nx)] = lim [Zsm(nx)cos(nx)n]

-7

lim
x-1" T —TTX x-1"

= ;LT_[—Zsin(nx)COS(ﬂx)]

= —2sin(—m)cos(—m)

= 2sin(m)cos(m)
=20)(-1)
=0

BRT log(1—-x)] _

) xlf?— [ cot(mx) ] =0
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Skok ok sk skok skok ok ok skok sk sk sk sk sk ok ok ok sk sk ok skesk ok skeskok sk sk sk sk ok skok sk sk skosk skok sk sk sk ksk

Example 7.39 Evaluate: lim (l S )

x-0 eX -1

Solution: lim (1— ! )
x—0tT \x eX -1

_(1 1 )
“\o e%-1

= (o0 — o) Indeterminate form
Applying I’hopital’s Rule,
. 1 1 . eX-1-
xlir(% (; - eX — 1) - xll)rgl+ [x(ex - 1)]
_ [e" -1- 0]
" loe®-1)
1-1

T oi-1
= g Indeterminate form

Applying I’hopital’s Rule,

Jim, [fc(e_xl—_n] = Jim, [Wwi—n]
vzl

_ [1_1]
“lom+a1-1
= % Indeterminate form

Applying I’hopital’s Rule, lim [‘/’x—‘l]:

> x—0t Lx(e¥)+(e¥ - 1)
Jim |
eO
= i)
__ 1t
0(1)+1+1

1

T2

. 1 1 1
oo llm (— — ) = —
x—0t \x e*-—-1 2
Skeskoskosk skosk skesk sk skesk sk skesk sk skesk sk skesk skesk sk skesk sk skesk sk skeskosk skeskoskesk sk skesk sk ske sk sk sk skosk sk
Example 7.40 Evaluate: lim xlogx
x—0

Solution: lim xlogx
x-0%

= 0(—o0) Indeterminate form.
Applying I’hopital’s Rule,
log x
1

lim xlogx = lim
x-0* x-0%

www.TrbTnpsc.com

__|logo
e
0

= g Indeterminate form

Applying I’hopital’s Rule,

x]i)rglJr xlogx =0

skskeosksk sksk sksk sk sk sk sk skok sk sk sksk skeosk sk sk sk sksk sk sk sk sk skok sk sk sk sk sk sk sk sk sksk sk sk sk sk k

2
Example 7.41Evaluate: lim (W)

X— 00 x4
x2 4+17x + 29

Solution: lim (x—4)

X—00

= g Indeterminate form

Applying I’hopital’s Rule,

. x +17x + 29 2x + 17
lim S
X—00 x—)oo 4x

= g Indeterminate form

Applying I’hopital’s Rule,

. 2x+ 17\ _ 4. 2
lim = lim
X—00 4x3 X—00 12x2

S 8w

2

. x“+17x + 29

~ lim (—4 ) =0
X—00 X

>kokeok ok >k ok ok sk ok ok ok ok sk ok ok Sk ok ok ok ok sk ok ok Sk sk ok ok sk ok ok ok ok skok ok ok ok sk ok ok skok ok ok >k ko

Example 7.42Evaluate: lim (xx) meN

X—>00

Solution: llm( x)

x—oo \x™

= g Indeterminate form

Applying I’hopital’s Rule,

. e* . e*
lim (—m): lim (—)
x—o00 \X x—oo \m!
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x
» lim ( ) = oo
X— 00 xm
Sksk ke sk ok sk ok sk ok Sk sk sk sk ke sk Sk sk sk sk ok ke sk sk sk ke ok Sk sk sk sk ke sk sk sk ok skek skesk sk sk sk sk sksk sk sk

Example 7.43 Using the I’ hospital Rule prove
1
that: lim (1 +x)x=e
x-0%

1
Solution: lim (1 + x)x
x-0%

=(1+0)%

= (1)* Indeterminate form

1
Let A= (1+ x)x
Taking log on either side,
1
logA=1log(1+ x)x
lim logA = 11rn —log(l + x)

x—-0t

. log(1+x
= lim log(1+x)
x—-0+ x

__log(1+0)
o

__log(1)
)

= g Indeterminate form

Applying I’hopital’s Rule,

log(1+x
lim log A = lim log(1+x)
x—-0t x>0+ X
1
= lim (1+x)
T x50+ 1

Jim,
_ 1
T (1+0)

lim logA =1

x—0t
By Composite function theorem,

logxlirgl+ A=1

Taking exponential on both side,

www.TrbTnpsc.com

1
lim(1+x)x=e
x—07t

skskskok skosk skoskosk skoskosk skoskosk skoskosk skosk skeoskosk skesk sk skeskosk skoskosk skosk skeskosk skeskosk sksksk sk sk
1
Example 7.44Evaluate: lim (1 + 2x)2logx
X— 00

1
Solution: lim (1 + 2x)2logx

X—00
__1A
— (1 + Oo)zlogoo
1
= (00)00
= (0)° Indeterminate form
1
Let A= (1 + 2x)zlosx

Taking log on either side,

1
log A =log (1 + 2x)2logx

lim log A = 11m

X—00

log(l + 2x)
— lim log(1+2x)
x—oo 2logx

__log(1+o)
o 2log

_ log(e)

(ee]

= 2 Indeterminate form

Applying I’hopital’s Rule,

. . log(1+2x
lim log A = lim g
X—00 x—o0o 2logx

1
= lim (1+2x)
X—00 -
X
— x
N x—o00 (1+2x)

im
x—o00 (1+2x)
o 5
== Indeterminate form

Applying I’hopital’s Rule

lim log A = lim

xX—00 x—o00 (142x)

= lim ol
x—0oo0 (2)

1

2

By Composite function theorem,

lim A =e
o0+ loglim A =-
X—>00
Taking exponential on both side,
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1
lim A = ez

X— 00

1 1
lim (1 + 2x)2loex = ez = +/e
X— 00
skesk sk sk skosk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk skeske sk sk sk sk sk sk sk skesk skeskeske sk sk sk sk sk sk sk sk sk

1
Example 7.45Evaluate: lirr% X1-x
X—

1
Solution: lim x1-x

x-1
1
= xﬂ
1
= 11-1
1
= 1o
= 1% Indeterminate form
1
Let A=x1-=x

Taking log on either side,
1
log A=logx1-x
. . 1
}Cl_l’g logA = }Cl_r)r% - log(x)

log x

= lim
x-11—-x

_ log(1)

T 1-1

_ log(1)

T o

= g Indeterminate form

Applying I’hopital’s Rule,

. . logx
limlog A =lim —EZ
x—1 x-11-x

1

= lim %
x-1 —1
.o—=1

= lim—

x-1 X

-1

1

=-1

By Composite function theorem,

www.TrbTnpsc.com

Skeskeske sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk skeske sk sk sk sk sk sk sk sk sk sk skeske sk sk sk sk sk sk sk sk ok sk sk sk sk
EXERCISE 7.5
Evaluate the following limits, if necessary

use ’'Hopital Rule :
1 1im (25222)

x-0 x?
. . 1-cosx
Solution: llm( > )
x—0 X
__1-cos(0)
(02
1-1 0 .
= =5 Indeterminate form

Applying I’hopital’s Rule,

lim (1— cos x) = lim (0—(—sin x))

x—0 x? x—0 2x
)1 (0 + sin x)
x-0 2x

__0+sino0
0

= % Indeterminate form

Applying I’hopital’s Rule,

L sin x . cos x
lim ( ) =lim ( )
x—0 2x x-0 2

_ cos (0)
2

N | =

. . 1—cosx 1
~ lim > = =
x—0 X 2
Sk 3k sk ok ok sk Sk sk sk sk ok sk sksk sk sk ok sk skesk sk sk ok Sk sk sk sk ok sk Sk sk sk sk ok sk sk sk sksk ok sk sk sk sksk sk ok

: 2x%-3
2. lim ———
x—o00 X“=5x + 3

. . 2x*-3
Solution: lim ———
x—00 X“=5x + 3

= 2 Indeterminate form

Applying I’hopital’s Rule

. 2x2-3  _ .. 4x
lim ———=lim
x—o00 X“=5x +3 x—00 2X—=5

= g Indeterminate form

Applying I’hopital’s Rule

loglim A = -1
x-1
lim —— = lim =
Taking exponential on both side, X0 2X=5  x-00 2
. _ 1 4
llmA:e]':— =—-=2
x-1 e 2
. 1 1 - lim 2x*-3 —
}Cl_r)rixl—x 7G " x> x2-5x +3
skoskoskok koo skoskosk skoskosk skoskosk skoskosk skosk skeskosk skoskosk skoskosk skoskosk skosk skeskosk skeskosk skskosk sksk sk
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3. lim

x—00 logx

Solution: lim

x—)ool ogx

(0]

log oo

= g Indeterminate form

Applying I'hopital’s Rule

. x .
lim = lim t
x—oo 108X X—00 —

= lim x
X—>00
= 00
x
S lim = 0
X— 00 logx
. secx
4. lim
x_)TZT tan x
ecx
Solution: 11rn
x> tanx
2
T
_ sec
tanE

2

= g Indeterminate form

Applying I’hopital’s Rule

. Secx
lim = hm Sm/x&
x>k tanx [cos x
2 2
s 1 Cosx
= lim X =
x_)z COosXx sSin x
2
1
= hn -
x sSin x
1
- sinZ
2
1
=-=1
1
secx
1 — =1
x tanx
Sk Sk sk sk sk ok ok Sk sk sk sk ok ok sk sk sk sk ok Sk sk skesk ok sk sk sk sk sk ok sk sk sk sk sk sk ok sk skeske sk sk sk sk sksk sk k
5. lim e *+/x
X— 00
Solution:
Vx
lim e ™*v/x = lim —
X—00 X—o00 €
J&
=

= 2 Indeterminate form

Applying I'hopital’s Rule,

www.TrbTnpsc.com

lim ‘/; = lim 2‘/;

X—co € xX—oo €
_ 1
N x—o0 2v/xeX
_ 1
T 2/we®

~ lime™*Vx =0

X—00
Skskeosksk sk ok sksk sk sk sk sk skok sk sk sksk skook sk sk sk sk sk sk sk sk sk skok sk sk sk sk skosk skosk sk ks ok sk sk sk k

6. }clir(l) (sir11x - i)
Solution: lim( 1 l)

x—0 \SInXx X

1 1
0

0

= 0o — 00 Indeterminate form.

Applying I'hopital’s Rule,
. 1 1 . xX—sin x
}CII)I’(I) (sinx N ;)_ }clir(l) [(sin x)x]
N [O—Sil’l 0]
- (sin 0)0

=[Gl

= g Indeterminate form.

Applying I'hopital’s Rule,

1 [x smx]_ m[ 1-cosx ]
x—0 L(sinx)x _x—>0 (cosx)x+(sinx)1
_ [ 1-cos0 ]
(cos 0)0+(sin0)1
_[ 1-1 ]
Lo+ (0)1
= % Indeterminate form.

Applying I'hopital’s Rule, lim 1-cosx ]_

x—-0 [(cos x)x+(sinx)1

lim —(=sin x) ]
x—0 L(=sinx)x+(cos x)+cosx

— lim sin x ]
x—>0 (—sinx)x+2cosx

A sin 0 ]
(—sin0)0+2cos0

ol [rrerenl
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0

=0

. 1 1
hm( - ——)=O
x—0 \SInx X
stesksfeok sk sk ko ek ok sk sk sk ok sk sk ks sk ke sk ek sk ko sk sk s sksk ok sk ok sk sk ok
. 2 x
7. lim (55— —
x—-1t \x* -1 x—-1

Solution: lim ( 2 ad )

x—>1t \x2 -1 x—-1

2
T 12-1 1-1

olN

1
0

= 00 — o0 [Indeterminate form.

Applying I'hopital’s Rule,

. 2 X ; 2 x
lim ( — )= lim ( - )
x-1t \x2-1 x-1 x>1t \x2-1 x-1

2 ~ (% )
x.{% (x-—1D(x+1) x-1

(
= lim (220)
(

= % Indeterminate form.

Applying I'hopital’s Rule,

lim (Z_xz_x)— lim (_Zx_l)
x—1t L x2 -1 x->1t \ 2x
_—2(1)-1
20D
_ -3

T2

lim( 2 Z )—_3
xo1t \x2-1 x-1/ 2

Sk >k ok ok sk ok ok ok >k sk ok ok Sk 5k ok ok ok ok ok ok ok sk ok ok ok >k sk ok ok Sk ke ok ok ok skokok ok kok ke k ok kok sk k

8. lim x*
x—0%
Solution: lim x*
x—0
= 0% Indeterminate form.
Let A=x*

Taking log on either side,
log A =log x*

xll)rggr logA = xll)rcr)lerlog (x)

www.TrbTnpsc.com

. logx
= lim f
x—0t p

_ log(0)
- 1

0
—00

= — Indeterminate form

Applying I’hopital’s Rule,

. A log x
lim logA = lim —%
x—0% x—-0%

=0
By Composite function theorem,
loglim A =
og lim, 0
Taking exponential on both side,

lim A =e%=1
x-0

o lim x* =1

x—0
skesk sk sk sk sk sk sk ok sk sk sk sk ok sk sk sk sk sk sk sk sk sk sk sk sk ok sk sk sk sk sk sk sk ok sk sk sk sk ok sk sk sk sk ok

9. lim (1 + i)x

X—00
X
Solution: lim (1 + l)
X—00 X
(143
=1+0)*
= 1% Indeterminate form.
1 b
Let A= (1 + ;)
Taking log on either side,
X
log A =log (1 + i)
. iy 1
Jim log & = Jimzlog (1 +3)

]
X—00 P

log(l +%)
=—1

o0

By Manisekouw o SRKMHSS-Arcot.

Page 38

Send Your Questions & Answer Keys to our email id - padasalai.net@gmail.com


www.Padasalai.Net

www.Padasalai.Net

__log(1+0)
T o
_log(1)
T o

= % Indeterminate form

Applying I’hopital’s Rule,

lim logA = lim M

X—00 X—00 =

(1))

= lim 5%~
)

8

1
X—>00 -=
X

= lim (1+3)
(143
=(1+0)
=1

By Composite function theorem,

loglim A =1

X—> 00

Taking exponential on both side,

lim A =el=e

X— 00

~ lim (1 +§)x =e

X—>00

Sk >kok ok sk ok ok ok >k >k ok ok ok sk ok ok ok ok ok ok ok sk ok sk ok >k kok ok Sk sk ok ok ok skokok sk kok sk ok ok ok sk k-

10. lim(sin x)*"*

x-=
2
Solution: lim(sin x )@~
ook
2
o tang
= (sm —)
2
= (1"

= 1% Indeterminate form.

Let A = (sinx)tn~
Taking log on either side,
log A =log (sin x)t@n*

= tan xlog (sin x)

www.TrbTnpsc.com

log(sing)

T
cot —
2

_ log(1)
R

= g Indeterminate form

Applying I’hopital’s Rule,

1
lim log A= hm M
ot T — cosec?x
2 e
— lim cosx _ sin’x
x_>7T sinx -1
2
- lim cos xsinx
x—r 1
2
cos(g)sin( )
- -1
_ (0@
-1
=0

Taking exponential on both side,

lim A =e=1
x—»;

~ lim(sinx)®@"*=1
x—»;

>kokeok >k sk ok ok sk ok ok ok >k sk ok ok ok sk ok ok ok skook ok ok sk ok ok ok ok ke ok ok skok sk ok ok kok ok skkok sk k ko

1
11. lim (cos x)**
x—0%

1
Solution: lim (cos x)x?
x—-07F

= (cos 0)%
= (D

= 1% Indeterminate form.

1
Let A = (cosx)+?

Taking log on either side,
1
log A = log (cos x)x?

= xl—zlog (cosx)

log(sin x) — log (cos x)
=1 x2
anx log (cosx)
_ log(sin x) ,}L%L log A= x]l}l’(l)‘l+ AR
cotx
1 . N log(cos 0)
lim log A —11 EM 0
xor cotx
2 2
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_ log(1)
T o

0

=3 Indeterminate form

Applying I’hopital’s Rule,

1

lim logA = lim cosx( 730
x—0% x—07* 2x

—sinx

im
x—071 (cosx)2x
_ - sin 0
" (cos 0)(0)

= g Indeterminate form

Applying I’hopital’s Rule,

—-sinx _ . —(cosx)

xir(% (cosx)2x B xl)rgl+ (cosx)(2)+2x(—sin x)
A —(cos0)
B (cos 0)(2)+0(—sin 0)
__ -
(1)(2)+0(0)
-1
T2

By Composite function theorem,

loglim A = —%

x—07t

Taking exponential on both side,

1
) X 1
lim A =e 2=—
x—0% Ve
Skksksk sk ok ok sk sk sksk ok Sk sk sk sksk ok Sk sk sksk ok sk sk sk sk sk ok sk sk sk sk sk sk ok sk sksk sk sk sk sk sksk sk k

12. If an initial amount A, of money is invested
at an interest rate r compounded n
times a year, the value of the investment

) r nt
after t yearsis A = A, (1 + ;) .Ifthe

interest is compounded continuously,
(thatisas n — o), show that the amount
after t yearsis A = Aye™t

nt
Solution: log, . 4g (1 + i)

=4, (1+ é)wt
= Ay(1 + 0)®

= Ay(1)®Indeterminate form
r nt
LetY=(1+1)
Taking log on either side,

logY =log (1 + %)nt

www.TrbTnpsc.com

= (nt)log (1 + i)

_ (t) log(11+z)
108,00 Y=10g1 00 (1) m

tog(1+3)

N (t)logn—mo

S

Q
SR
+

()
= (D10g s %

n2

= (10800 [ﬁ (=) x (- n;)l
= (©10gn-o 717y (1)

= (rt)logne (1%_)

= (ro) (1)
= (rt)
By Composite function theorem,

loglim Y =rt

X—>00
Taking exponential on both side,

lim Y =e™
X—>00
r nt

Hence, 1og, . 4g (1 + ;) = Aye™
skookoskok skook skoskook skoskosk skoskosk skoskook skosk skeskosk skoskosk skoskosk skoskosk skosk skeskosk skeskosk skskosk sksk sk
Example 7.46
Prove that the function f(x) = x2 + 2 is strictly
increasing in the interval (2, 7) and strictly
decreasing in the interval (=2, 0).

Solution: Given f(x) = x? + 2

fl(x) = 2x
In the interval (2,7) letx = 3
fl(x)=23)=6>0
So, f(x)is strictly increasing function.
In the interval (—2,0) letx = —1
fl(x)=2(-1)=-2<0
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So, f (x)is strictly decreasing function.
Skeskoske sk skosk skesk sk skesk sk skesk sk skesk sk skesk skesk sk skesk sk skesk sk skesk sk skesk skesk sk skesk sk skesk sk skeskoskesk

Example 7.47

Prove that the function f(x) = x? — 2x — 3 is
strictly increasing in (2, o).

Solution: f(x) = x? —2x — 3

fl(x) =2x—-2
In the interval (2, ) letx = 3
flx)=23)-2
=6—2=4>0
So, f (x)is strictly increasing function.

Example 7.48

Find the absolute maximum and absolute
minimum values of the function

f(x) =2x3+3x?-12xon[-3, 2]
Solution:  f(x) = 2x3 + 3x% — 12x

f/(x) = 6x*+ 6x — 12
When, f/(x) =0
6x2+6x—12=0
Dividing by 6,
x2+x-2=0
x+2)x—-1)=0
x=—-2andx =1

since x = —2,1 € [-3, 2]

The critical numbers are x = —2,1and
given the end points are x = —3,2
Atx = -2

f(=2)=2(-2)+3(-2)*—12(-2)
=2(—8)+3(4)+ 24

=-164+ 12+ 24
=—-164 36
f(=2) =20

Atx =1

f(1)=2(1)3+3(1)?2—12(1)
=24+3-12
=5-12

f(1) =-7

Atx = -3

f(=3) =2(=3)° +3(-3)* - 12(-3)
=2(-27) +3(9) + 36
= —54 427+ 36

www.TrbTnpsc.com

= —54+ 63
f(=3)=9
Atx =2
f(2) =2(2)° +3(2)* —12(2)
=2(8)+3(4) —24
=16+12—-24
=28—-24
fQ2)=4
Hence, absolute maximum value of f(x) = 20
and absolute minimum value of f(x) = —7

Example 7.49

Find the absolute extrema of the function
f(x) = 3 cosx on the closed interval [0, 27].
Solution: f(x) = 3cosx

f/(x) = 3(—sinx)
When, f/(x) =0
—3sinx =0
sinx =0
Since sint = 0, x =  €[0, 2]
The critical number is x = m and

given the end points are x = 0, 2x

Atx =1

f(x) = 3cos(m)
=3(-1)
=-3

Atx =0

f(x) = 3cos(0)
=3(1)
=3

Atx =2m

f(x) = 3cos(2m)
=3(1)
=3

Hence, absolute maximum value of f(x) = 3

and absolute minimum value of f(x) = —3
Sk 3k sk ok Sk ok ke sk sk sk ok sk ok sk ok sk ok sk sk sk sk ke sk ok sk ke sk ok sk ok sk ok ke sk ke sk ke sk ke sk ok sk ok skeok skk

Example 7.50
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Find the intervals of monotonicity and hence
find the local extrema for the function f(x) =
x% —4x + 4.

Solution: f(x) =x? —4x+ 4

fl(x) =2x—4
When, f/(x) =0
2x—4=0
2x =4

x = 2 is the critical number.
=~ The interval are (—o0, 2) and (2, )
In the interval (—oo,2) letx =0
fl(x) =2x—4
=2(0)—-4
=—-4<0
So, f (x)is strictly decreasing function.
In the interval (2,00) letx = 3
fl(x) =2x—4
fl(x)=2(3)—4=6—-4=2>0
So, f (x)is strictly increasing function.
Because f/(x) changes its sign from negative to
positive when passing through x = 2 for the
function f(x), it has alocal minimum at x = 2.

The local minimum value is

f2) = (22 -42) +4

= 4-8+4
= 8-8
f(2) =20

Sk ok ok ok sk ok ok ok >k sk ok ok Sk %k ok ok ok ok ok ok ok sk ok sk ok >k sk ok ok Sk ke ok ok ok sk ok ok skok ke ck ok kok sk k

Example 7.51Find the intervals of monotonicity
and hence find the local extrema for the

2
function f(x) = x3

2
Solution: f(x) = x3

fl) =2xs

www.TrbTnpsc.com

2

=1
3x3

f/(x) can’t be equal to zero for x € R hence
f/(x) does not exists at x = 0.

. The interval are (—o0,0) and (0, o)

In the interval (—o0,0) f/(x) <0

So, f(x)is strictly decreasing function.

In the interval (0,0) f/(x) >0

So, f(x)is strictly increasing function.
Because f/(x) changes its sign from negative to
positive when passing through x = 0 for the
function f(x), it has alocal minimum atx = 0
The local minimum value is f(0) = 0. Local
minimum occurs at x = 0 which isnota

stationary point.

Skskskok skosk skoskosk skoskosk skoskosk skeskosk skosk skeosk sk skesk sk skesk sk skeskosk skesk skesk sk skesk sk skeskosk skesk skesk
Example 7.52

Prove that the function f(x) = x — sin x is
increasing on the real line. Also discuss for the
existence of local extrema.

Solution: f(x) = x — sinx

f/(x) =1—cosx
When f(x) = 0, we get
1—cosx=0
cosx =1
So,x =2nm,n €Z

~ f(x) is increasing on the real line. Since
there is no change f/(x) passing through x =
2nm, by the first derivative test there is no local
extrema.
skookoskok skook skoskook skoskook skoskosk skoskook skosk skeskosk skoskosk skoskosk skoskosk skosk skeskosk skeskosk skskosk sksk sk
Example 7.53
Discuss the monotonicity and local extrema of
the function f(x) = log(1 + x) — ﬁ,x > —1
and hence find 'Eche domain where,
log(1+x) > P

2 23 . _ x
=3x3 Solution: f(x) = log(1+x)—1+x
_2. = /(v — 1 [A+0@-x@)
O3>~ ° f1) = (1+x) (1+x)2
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_ 1 [1 +x—x]
T a+x)  Lla+x)2

- (1ix) 5 [(1 +1x)2]

_ (1+4x)-1
T (1+x)2
_14+x-1
T (1+x)2
/ = %
f (X) 1+ x)2
When f/(x) = 0,
X .
T 0 gives
x=0

=~ The interval are (—o0,0) and (0, o)

In the interval (—o0, 0) f/(x) <0

So, f (x)is strictly decreasing function.

In the interval (0,00) f/(x) >0

So, f (x)is strictly increasing function.

Because f/(x) changes its sign from negative to
positive when passing through x = 0 for the
function f(x), it has alocal minimumatx = 0

The local minimum value is

£(0) = log(1 +0) — ——

140
=0
Further when x > 0,
f(x) > f(0)
X
log(1+x)—m> 0
X

log(1 +x) > P Proved.

Sk koK ok sk ok ok ok >k sk ok ok Sk %k ok ok ok ok ok ok ok sk ok ok ok >k sk ok ok Sk ok ok ok ok ok sk ok ok sk >k kok sk skk ke ok

Example 7.54

Find the intervals of monotonicity and local
extrema of the function f(x) = xlogx + 3x.
Solution: f(x) = xlogx + 3x

f(x) = x(i) +logx (1) + 3

www.TrbTnpsc.com

logx = —4
x=e
=~ The interval are (—o0, e™*) and (e ™%, )
In the interval (—o0,e™*) f/(x) <0
So, f(x)is strictly decreasing function.
In the interval (e ™*,0) f/(x) > 0
So, f(x)is strictly increasing function.
Because f/(x) changes its sign from negative to
positive when passing through x = e~* for the
function f(x), it has alocal minimum at x =
e, f(x) =xlogx + 3x
fle*) =e*loge ™ + 3e~*
=e *(—4)loge + 3e™*
=e *(—4)(1) +3e7*
=—4e*+3e*

= —3_4

Local minimum is —e ™
Sk sk sk ok ok ok sk sk sk sk ok sk Sksk sk sk ok sk skesk sk sk ok Sk sk sk sk sk sk Sk sk sk sk ok sk sk sk sksk ok sk sk sk sksk sk ok

Example 7.55

Find the intervals of monotonicity and local
1

1+ x2

extrema of the function f(x) =
1
1+ x2

Solution: f(x) =

—-2x

/ =
f (x) (1+ x2)2

When f/(x) = 0,

—-2Xx
(1+x2)2

= 0 gives
x=0
. The interval are (—o0,0) and (0, )
In the interval (—, 0) f/(x) >0
So, f(x)is strictly increasing function.
In the interval (0,0) f/(x) <0
So, f(x)is strictly decreasing function.
Because f/(x) changes its sign from positive to

negaitive when passing through x = 0 for the

=1+logx+3
=4+ logx
When f/(x) = 0,
4+l]ogx =0
By Maunisekawronns SRKMHSS-Arcot.
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function f(x), it has alocal maximum atx = 0,
1

fO)=—==1

Skskskesk koo sk sk ok sk ok ok sk sk ok sk sk ok sk sk sk sk ok sk sk ok sk ok sk sk sk sk sk sksk sk skoksk sk sksk sk sk sk >k

Example 7.56

Find the intervals of monotonicity and local

extrema of the function f(x) = —

1+ x?2
. x
Solution: f(x) = ——
/ _ (1+x?)@) - x(2x)
f1(x) (1+x2)2
— L+ X200
T (1+x2)2
_ 1-x?
T (1+x2)2
When f/(x) = 0,
1-x? :
ety O BIves
1—x%2=0
BN
x=%1

Hence stationary pointsare x = 1,—1

=~ The interval are (—o0,—1), (—1,1) and (1, o)
In the interval (—o0,—1) f/(x) < 0

So, f (x)is strictly decreasing function.

In the interval (—1,1) f/(x) >0

So, f (x)is strictly increasing function and

In the interval (1, 0) f/(x) <0

So, f (x)is strictly decreasing function

Because f/(x) changes its sign from negative to
positive when passing through x = —1 for the

function f(x), it has alocal minimum at x =

~1, fx) = 2

1+ (-1)2

.. . 1
Local minimum is — >

Because f/(x) changes its sign from positive to

negative when passing through x = 1 for the

By Manisekouw o SRKMHSS-Arcot.
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function f(x), it has alocal maximum at x = 1,

flx) = 2

1+ (1)2

. . 1
Local maximum is — >
Sk sk sk ok ke ok sk sk sk sk sk sk sk sk ok ke sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ok skesk Sk sk sk sk sk sk sk sk sk sksk sk k-

EXERCISE 7.6

1. Find the absolute extrema of the following
functions on the given closed interval.
() f(x) =x? —12x + 10; [1, 2]
(ii) f(x) = 3x* — 4x3; [—1, 2]

(i) f(x) = 6x5 — 3x3; [=1,1]
(iv) f(x) = 2cosx + sin 2x ; [0,%]

Solution: (i) f(x) = x2 — 12x + 10; [1, 2]
f(x)=x%2—-12x+ 10
f/(x) =2x—12
When, f/(x) =0

2x—12=0
2x =12
x=6

The critical number x = 6 and

given the end points are x = 1,2

Atx =6

f(6) =(6)2—12(6) + 10
=36—-72+10
=46 —-72
=26

f(6) =—-26

Atx =1

f()=(@)?*-12(1)+ 10
=1-124+10
=11-12

f(=-1

Atx =2

f(2)=(2)2-12(2) + 10
=4-244+10
=14 - 24
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= -10
Hence, absolute maximum value of f(x) = —1
and absolute minimum value of f(x) = —26
(ii) f(x) = 3x* — 4x3; [-1, 2]

f(x) =3x* — 4x3
f/(x) =12x3 — 12x2
When, f/(x) =0
12x3 —12x%2 =0
12x2(1—x)=0
12x%2 = 0, gives x =0
1—x=0,givesx =1

The critical numbers x = 0,1 and

given the end points are x = —1,2
Atx =0
£(0) = 3(0)* —4(0)*
=0
f(0)=0
Atx =1
f(1) =31)*-401)3
=3—-4
f()=-1
Atx = -1
f(=1) =3(-1)* - 4(-1)*
=31 -4(-1)
=34+4
f1)=7
Atx =2
f(2) =3(2)*-4(2)?
= 3(16) — 4(8)
=48 — 32
=16
Hence, absolute maximum value of f(x) = 16
and absolute minimum value of f(x) = —1

(i) flx) = 6x§ - 3x§; [—-1,1]
fx) = 6x§ — 3x§

prea =6 -3 ()

www.TrbTnpsc.com

1 1
= (8-3)
When f/(x) = 0, we get
1 1
X (8-1) =0
Hencex=0and8—i=0givesx=%

Pr. 1
So, critical numbers are x = 5 0 and the end

pointsare x = —1,1
Atx =0,

4 1
f(0) =6(0)3 —3(0):=0
Atx =1

8)

=6(3) -3()
=6()-3C)
- _ 3
8 2
— 3-12
8
r
8
Atx = -1,
f(=1) = 6(~1) — 3(~1)3
= 6[(-1)°Fs - 3[(=1)*5
=6(-D*—-3(-D?
=6(1) —3(-1)
=6+3
=9
Atx =1,

£(1) = 6(1)5 — 3(1)5

=6(1) - 3(1)
11,
= 8x3 — x3 =6—3
1
=x3(8—x71) =3
Hence, absolute maximum value of f(x) =9
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and absolute minimum value of f(x) = —Z
(iv) f(x) =2cosx + sin2x; [O, %]
f(x) = 2cosx + sin 2x
f/(x) = 2(—sinx) + 2 cos 2x
When f/(x) = 0,
—2sinx +2cos2x =0
2cos2x = 2sinx
cos2x = sinx
1 — 2sin?x = sinx
2sin®x +sinx—1=0
(2sinx —1)(sinx+1) =0

2sinx — 1= 0, gives

2sinx =1
. 1
sinx = -
2
T

x = —and
6

sinx +1 =0, gives

sinx = -1
T 3T .
X= =2, they does not belong to the given

interval . So the critical number is x = %and

NE

the end points are x = 0,
Atx = 2
6

Vs T . T
f(g) =2 cos—+ sin 2 (g)

T . Vs
= 2cos—+ sin—
6 3

2@+
_3
2
Atx =0

f(0) =2cos0 + sin 2(0)
=2cos0+sin0
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f(g) = 2cos§+ sin 2 (g)
= 2cos§+ sinm
=2(0)+0

=0

3v3

Hence, absolute maximum value of f(x) = =

and absolute minimum value of f(x) = 0
Skeskeske sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk skeskesk sk sk sk sk sk sk sk sk sk skesk sk sk sk sk sk sk skesk sk sk sk sk sk

2. Find the intervals of monotonicities and
hence find the local extremum for the
following functions:

() f(x) = 2x3 +3x%2 — 12x
ex

(i) f0) ==  (@i) fO) =—%

(iv) f(x) = x? —logx
(v) f(x) =sinxcosx + 5,x € (0,2m)
Solution:

() f(x) = 2x3 + 3x? — 12x

f/(x) = 6x% + 6x — 12
When, f/(x) =0
6x2+6x—12=0

Dividing by 6,
x2+x—-2=0
x+2)(x—1)=0
x+2=0,gives x = —2 and
x—1=0,givesx =1
The critical numbers x = —2,1
. The interval are (—o0, —2), (—2,1) and (1, )
In the interval (—oo, —2)let x = —3
f/(=3) =6(-3)?>+6(-3) — 12
=6(9)—18—-12
=54 -30
=24>0
So, f(x)is strictly increasing function.
In the interval (—2,1)letx =0
£/(0) = 6(0)% + 6(0) — 12

=2(1)+0
=2 =04+0-12
Atx == =-12<0
2
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So, f (x)is strictly decreasing function.
Because f/(x) changes its sign from positive to
negative when passing through x = —2 for the
function f(x), has a local maximum atx = —2
f(=2) =2(-2)° +3(-2)* — 12(-2)
= 2(—8) +3(4) — 12(-2)
=-16+12 + 24
=—-16+ 36
=20
Local maximum is 20
In the interval (1,0) letx = 2
f/(2) =6(2)? +6(2)—12
=6(4)+12—-12
=24
=24>0
So, f (x)is strictly increasing function. Because
f/(x) changes its sign from negative to positive
when passing through x = 1 for the function
f(x),hasalocal minimumatx = 1
(1) =201)%+3(1)%—-12(1)
=2(1)+3(1) —12(1)

=24+3-12
=5-12
=-7
Local minimum is —7
. _x
(ii) £ () = =
/() — E= 9D - x(1)
f(x) x—5)?
_x—5—x
© (x-5)2
-5
© (x-5)2

f/(x) cannot be equal to zero. And f/(x)
does not exists at x = 5.
Hence the critical number is

x = 5. = The interval are (—o, 5)and (5, «)

www.TrbTnpsc.com

In the interval (—o0,5) f/(x) <0

So, f(x)is strictly decreasing function.

In the interval (5,0) f/(x) <0

So, f(x)is strictly decreasing function.

Since there is no change f/(x) passing through
x = 5, by the first derivative test there is no

local extrema.

(i) fQ) =
— pX X\ _ pX(pX
fl(x) = @ e(i(i 2,x)ze (e*)
ex_ er_I_ er
RSO
ex
=G

f/(x) cannot be equal to zero. And f/(x)
does not exists at x = 0.
Hence the critical number is x = 0.
. The interval are (—oo, 0)and (0, o)
In the interval (—o, 0) f/(x) >0
So, f(x)is strictly increasing function.
In the interval (0, ) f/(x) >0
So, f (x)is strictly increasing function.
Since there is no change f/(x) passing through
x = 0, by the first derivative test there is no

local extrema.

(V) fG) =% —logx

/() = 3 _ 1
fl) =22
—h2_1

b

x3-1

x
When f/(x) = 0,

x3—1=0
x—Dx*+x+1)=0
x—1=0,Givesx = 1.
Hence there is a critical pointat x = 1.

=~ The interval are (—o0, 1)and (1, )

By Manisekouw o SRKMHSS-Arcot.

Page 47

Send Your Questions & Answer Keys to our email id - padasalai.net@gmail.com


www.Padasalai.Net

www.Padasalai.Net

In the interval (—o0, 1) f/(x) <0
So, f (x)is strictly decreasing function.
In the interval (1, ) f/(x) >0
So, f (x)is strictly increasing function.
Because f/(x) changes its sign from negative to
positive when passing through x = 1 for the

function f(x), it has alocal minimum atx = 1,
f() = g —log1
-0

_1
T3
1 . ~ (1
p So local minimum is 2
(v) f(x) =sinxcosx + 5,x € (0,2m)
f(x) =sinxcosx +5
f/(x) = sinx (—sinx) + cos x (cos x)
= —sin? x + cos?x

= cos?x — sin® x

= COoS 2x
When f/(x) = 0,
cos2x =0

We know that cosg = 0, hence
2x = Egives, X = %

m 3m 57
The Values— ', an

~ The interval are (O, %), (E ,S—n), (3_71,5_71),

4 4 4 4
(5%) and (5 2)

In the interval (O, %) fl(x)>0

d%”e (0,2m)

So, f (x)is strictly increasing function.
3

) £/

4) f/(x)<0

So, f (x)is strictly decreasing function.

In the interval G

In the interval (3n 5”) f/(x) >0
So, f (x)is strictly increasing function.
In the interval (‘%ﬂ,%ﬂ) fl(x)<0

So, f (x)is strictly decreasing function.
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In the interval (%n, 271') f/(x)>0

So, f(x)is strictly increasing function.

Because f/(x) changes its sign from positive to
negative when passing through x = %, %" for

the function f(x), it has alocal maximum at

-z>|§‘

X =

]

f(x) =sinxcosx +5
s

f(—) = sin%cos%+ 5

4
7 @)+e

Il
NP —

F) = s (o)
=sm(n+E)am(n+E)+5
= [=sin ()] [ os (5)] +5
= (7 (@) +5

=-+5
2
_1+10 _ 11
2 2

Because f/(x) changes its sign from negative to
cps . 3m 71
positive when passing through x = ' a for

the function f(x), it has alocal maximum at

f(x) =sinxcosx +5

F(5) = sin () cos () +5

(54 as(£+)
- [as (9[- 9n(3)]

HCICE

=—2+5
2

-1+10 _ 9
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F(7) = sin(F)eos(7) 5
= sin(%”+g)cos(3—”+%) +5
5

[eeax @] 2]+
) (E)s

1

=—-+45
2

_ -1+410 _ 9

T 2 T2

.. . 9 . .11
So local minimum is 5 and local maximum is 3l
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Example 7.57
Determine the intervals of concavity of the
curve f(x) = (x —1)3.(x — 5),x € Rand,
points of inflection if any.
Solution: f(x) = (x — 1)3.(x — 5)
fx)=(x3-3x2+3x—1).(x—5)
=x*—-3x3+3x%2—x—5x3+15x2 - 15x +5
f(x)=x*—8x3+18x2—16x+5
f/(x) =4x3 — 24x? + 36x — 16
f/(x) =12x% — 48x + 36
When f//(x) = 0,
12x%2 —48x+36=0
Dividing by 12,
x2—4x+3=0

x—=3)(x-1=0
x —3=0, gives x = 3 and
x—1=0,givesx =1
. The interval are (—o, 1), (1, 3)and (3, )
In the interval (—oo,1) letx =0
f/7(0) = 12(0)? — 48(0) + 36

=0—-0+36
=36>0

Hence f(x) is concave upward in the (—oo, 1)
In the interval (1,3) letx = 2
f1(2) = 12(2)? — 48(2) + 36
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=48 —-96 + 36
=84 —-96
=-12<0

Hence f(x) is concave downward in the (3, )
In the interval (3,0) let x = 4
f71(2) = 12(4)? — 48(4) + 36
=192 -192 + 36
=36>0
Hence f(x) is concave upward in the (3, )
f//(x) changes the directionatx = 1,3
We get the points of inflectionatx = 1,3
(Datx =1
fG)=(x-13%(x-5)
f)=1-13%1-5)
=0
(i)atx =3
fx)=(x—-1)>(x-5)
fB3)=B-1%3B-5)
= (2)%.(-2)
=8.(-2)
=—16
The points of inflections are (1, 0), (3,—16)

Skookskok koo sk sk ok sk sk ok sk sk ok sk sk sk sk sk sk sk sk skesk sk skesk sk skesk sk skesk skesk sk skeskosk skeskosk sksk sk
Example 7.58 Determine the intervals of
concavity of the curvey = 3+ sinx.
Solution:

y = 3+sinx
/=% = cosx
y!// = —sinx

Substituting y//= 0, we get
sinx = 0, givesx = 0,nm

As the limit (- 7, ) we get (- m, 0)and (0, ) as

intervals.
In the interval (-, 0), letx = _g
y// = —sinx
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- n(-)
= sin (g) =1>0
Hence f(x) is concave upward in the (-, 0)

In the interval (0,7), letx = g

y// = —sinx

()
=-1<0

Hence f(x) is concave downward in the (0, )
As y// changes the sign as it passes through
x = 0, we get a point of inflectionat x = 0
Substituting x = 0 in the given function,
y = 3+ sin x we get
y = 3 +sin (0)

y =340

y =3
Hence the point of inflection is (0,3)
In general the intervals are (nm, (n + 1)m),n € Z

Hence (nm, 3) is also the point of inflection.
k3 sk 3k ok 3k 3k Sk ok Sk ok sk 3k Skeok ok 3k Sk 3k ok Skeok sk 3k Sk ok Sk sk sk 3k Sk ok ke sk ok skook ks sk sk ke sk Skek sk >k

Example 7.59 Find the local extremum of the
function f(x) = x* + 32x.
Solution:

f(x) =x*+32x
f/(x) = 4x3 + 32

1 (x) = 12x2
When f/(x) = 0, we get

4x3+32=0
4x3 = =32
x3=-8
x=-2

Atx = =2, f//(x) = 12x?
f1(=2) = 12(=2)?
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So, the function has local minima at x = —2
atx = =2, f(x) = x* + 32x has
f(=2) = (=2)* +32(-2)
=16 —64
= —48
So the local minimum is —48 and the extreme

point is (—2, —48)
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Example 7.60

Find the local extrema of the function f(x) =
4x° — 6x4.

Solution: f(x) = 4x° — 6x*

f/(x) = 24x5 — 24x3
f/1(x) = 120x* — 72x?
When f/(x) = 0, we get
24x°—24x3 =0
24x3(x2-1)=0
24x3 =0givesx =0
x> —1=0givesx = +1
The critical pointsarex = —1,0 1
Substituting x = —1 in
f/1(x) = 120x* — 72x? we get,
f(=1) = 120(=1)* — 72(-1)?
=120(1) —72(1)
=120-72
=48>0
Hence f(x) has local minimum at x = —1
Substituting x = 1 in
7 (x) = 120x* — 72x? we get,
f7(1) = 120(1)* — 72(1)?
=120(1) —72(1)
=120-72
=48>0

Hence f(x) haslocal minimum atx = 1

=12(4) Substituting x = 0 in
=48>0 7 (x) = 120x* — 72x? we get,
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f/(—1) = 120(0) — 72(0)

=0
Hence the second derivative test does not give
any information aboutlocal extrema at x = 0
So, to try by first derivative test,

Intervals are (—o0,—1),(—1,0),(0,1), (1, )

In (—o0,—1) f/(x) <0

So, f (x) is strictly decreasing function.
In(=1,0) f/(x)>0

So, f (x) is strictly increasing function.

In(0,1) f/(x) <0

So, f (x) is strictly decreasing function.

In (1,) f/(x) >0

So, f (x) is strictly increasing function.

Because f/(x) changes its sign from negative to
positive when passing through x = —1 for the
function f(x), it has alocal minimum atx = —1
and the local minimum value of the function is

f(-1) = 4(-1)° - 6(~1)*
= 4(1) - 6(1)
=4-6
=-2
Also f/(x) changes its sign from positive to
negative when passing through x = 0 for the
function f(x), it has a local maximum is
£(0) = 4(0)° — 6(0)*
=0
And f/(x) changes its sign from negative to
positive when passing through x = 1 for the
function f(x), it has alocal minimum atx = 1
and the local minimum value of the function is
f() =41° - 6(D)*
=4(1) - 6(1)
=4-6
=-2
Hence the local minimum is —2 and

the local maximum is 0.
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Example 7.61

Find the local maximum and minimum of the
function x%y? on thelinex + y = 10
Solution: Given x +y = 10 gives

y=10—x
Substituting the value of y in x?y?
f(x) = x*(10 — x)?
= x2(100 + x? — 20x)
=100x? + x* — 20x3
f/(x) = 200x + 4x3 — 60x?
f/(x) =200 + 12x% — 120x
When f/(x) = 0, we get
200x + 4x3 — 60x%2 =0
4x(50 + x2 —15x) =0
4x = 0givesx =0
x? —15x + 50 = 0 gives
(x=5(x-10)=0
Hence x = 5,10
So, the critical pointsare x = 0,5, 10
Substituting x = 0 in f//(x)
£77(0) = 200 + 12(0)? — 120(0)
=200>0
So, has local minimum at x = 0 and the local
minimum value of the function is f£(0) and
£(0) = (0)*(10 — 0)*
=0
Substituting x = 5 in f//(x)
f/7(5) =200+ 12(5)% — 120(5)
=200+ 12(25) —120(5)
= 200+ 300 — 600
=500 - 600
=-100<0
So, has local maximum at x = 5 and the local

maximum value of the function is f(5) and

f(5) = (5)%(10 — 5)?
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= (5)2(5)?
=25x25
=625
Substituting x = 10 in f//(x)
f//(10) = 200 + 12(10)? — 120(10)
=200+ 12(100) — 120(10)
=200+ 1200 — 1200
=200>0
So, has local minimum at x = 10 and the local
minimum value of the function is f(10) and
£(10) = (10)2(10 — 10)2
=0
Hence the local minimum is 0 and

the local maximum is 625
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EXERCISE 7.7
1. Find intervals of concavity and points of
inflexion for the following functions:

(@) f(x) = x(x — 4)°
(i) f(x) =sinx + cosx, 0 < x < 2m

(i) £(x) = 2 (e* — &™)
Solution:
A flx)=x(x—4)3
= x(x% — 12x% + 48x — 64)
=x*—12x3 + 48x% — 64x
f/(x) = 4x3 — 36x? + 96x — 64
f(x) =12x% —72x + 96
When f//(x) = 0, we get
12x2 = 72x+96 =0
Dividing by 12,
x2—6x+8=0
(x—2)((x—4)=0
Hence x = 2,4

=~ The interval are (—, 2), (2,4)and (4, ©)

www.TrbTnpsc.com

Hence f(x) is concave upward in the (—oo, 2)
In the interval (2,4) letx = 3
f71(3) =12(3)? —72(3) + 96

=12(9) — 216 + 96

=108 — 216+ 96
= 204 — 216
=-12<0

Hence f(x) is concave downward in the (2,4)
In the interval (4,00) letx = 5
£/(5) = 12(5)2 — 72(5) + 96

= 12(25) — 360 + 96

=300 —360+ 96
=396 — 360
=36>0

Hence f(x) is concave upward in the (2, 4)
f//(x) changes the directionatx = 2,4
When x = 2, f(x) = x(x — 4)3 gives
f2)=202-4)
=2(-2)3
= 2(-8)
= -16
When x = 4, f(x) = x(x — 4)3 gives
f(4)=2(4-4)°
=2(0)3
=0
The points of inflections are (2,—16), (4,0)
(i) f(x)=sinx+cosx, 0<x<2m
f/(x) = cosx — sinx
f/(x) = —sinx — cos x
When f//(x) = 0,

—sinx —cosx =0

sinx = —cosx
In the interval (—o,2) letx =0 sinx
=-1
f£/7(0) = 12(0)? — 72(0) + 96 cos x
—96>0 tanx = —1 gives
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3t 7w

x———E(OZn)

Hence the intervals are(O 3”),(3—”,7—”) , (%”, Zn)

m( )fﬁ@)<o

Hence f(x) is concave downward in the (O, %”)

(37‘[ 7n)f//( )>O

Hence f(x) is concave upward in the (3: %”)

In (%T,Zn)f//(x) <0

Hence f(x) is concave downward in (7—” 271)

3w 71

f//(x) changes the direction atx = vy

Atx =%n,f(x) = sinx + cos x,

F(5) = sin(5) + eos(T)
=sin(5+z)+cos(5+§)
= cox () - (2)

wn

o= 3
Sl

At x =7—n,f(x) = sinx + cos x,

F(5) = sin (5) + cos(3)

= sin (271 - —) + cos (271 - g)

The points of inflections are (%T, O), (%T, 0)

(iii) f(x) =3 (e* —e™)
1) =2 [e* = (—e™)]

=(e*+e™)
f100) = (e —e™)

When f//(x) = 0,
;(e" —e™*) = 0 gives

www.TrbTnpsc.com

eX —e™X =
ex — —-X

1

X —

er =—
e*e* =1

e?* = ef gives
2x=0=>x=0
=~ The interval are (=0, 0) and (0, )

In (—o0,0)f//(x) <0

Hence f(x) is concave downward in (—, 0)
In (0,00)f//(x) >0

Hence f(x) is concave upward in the (0, )

f//(x) changes the directionatx = 0
Atx =0, f(x) = %(e" —e™)

So, the point of inflection is (0, 0)

>kokeok >k kok ok ok ok sk ok ok kook ok ok sk ok ok ok ok skok sk ok ok kok ok Sk sk ok ok ok skokeok sk kok sk ok sk ok sk k-

2. Find the local extrema for the following
functions using second derivative test:
(i) f(x) = —=3x5+5x3 (ii) f(x) = xlogx
(iii) f(x) = x%e™*
Solution: f(x) = —3x5 + 5x3

f/(x) = —15x* + 15x2
f/(x) = —60x3 + 30x
When f/(x) =0
—15x* 4+ 15x2 =
—15x%(x2-1)=0
—15x2% = 0, gives x = 0 and
x2—1=0,givesx = +1
Hence the critical pointsare x = 0,—1,1
Atx =0, f//(x) = —60x3 + 30x
f//(0) = —60(0)% + 30(0) =0
Atx = —1, f//(x) = —60x° + 30x
f7(=1) = —60(—1)% + 30(-1)
= —60(—1) +30(-1)

By Manisekouw o SRKMHSS-Arcot.
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=60-30
=30>0
So, f(x) has local minimum atx = —1
Local minimum value is f(—1)
f(=1) = -3(-1)° + 5(-1)°
= —-3(-1) +5(-1)
=3-5
=-2
Atx =1, f//(x) = —60x3 + 30x
/(1) = —60(1)% + 30(1)
= —60+ 30
=-30<0
So, f(x) has local maximum atx = 1
Local maximum value is f (1)
f() =-3(1)°+5(1)°
=-3+5=2
Hence the local minimum is —2 and
the local maximum is 2
(i) f(x) = xlogx
f/(x) = x(i) +logx (1)
=1+logx
UOEE:

X
When f/(x) =0
1+logx =0
log,x = —1

x=el= gis the critical point

Substituting x = gin F(x) ==

X

FQ)=1=e>0

o IR

Hence, f(x) has local minimum at x = é . The
local minimum value of the function is f (é)
1) e 1
£(2)=()re(C)
= (3) llog(1) — log(e)]
By Maunisekawronns SRKMHSS-Arcot.
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=(3)l0-1]

e

1

e

Hence the local minimum is —3
(iii) f(x) = x%2e~2*
f/(x) = x?2(—2e72*) + e72*(2x)
= —2x%(e %) + e~?*(2x)
f1(x) = =2[x*(=2e7%%) + e~ (2x)]
+e72%(2) + (2x)(—=2e7%%)
=4 x2e 2 —4xe %" + 27 — 4xe ¥
=4 x%e ¥ — 8xe %" + 2%
=2e (2 x%2—4x+1)
When f/(x) =0
—2x%(e ™) +e ?*(2x) =0
2x(e ) (—x + 1) = 0 we get
2x =0, gives x = 0 and
—x+1=0,givesx =1ande™?* # 0
The critical pointsare x =0, 1
Atx =0, f//(x) = 2e72*(2x%* —4x + 1)
£17(0) = 2e72(2 (0)? — 4(0) + 1)
= 2e°(0—-0+1)
= 2(D(D)
=2>0
So, f (x) has local minimum at x = 0
Local maximum value is f(0) = 0
Atx=1,f//(x) = 2e72*(2x* —4x + 1)
(1) = 2e72MW(2 (1)? —4(1) + 1)

=2e2(2-4+1)
= 2¢e72(3-4)
= 2e2(-1) <0

So, f(x) has local maximum atx = 1
Local maximum value is f (1)

f() = (1)?e2®

= e—Z
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Hence the local minimum is 0 and

the local maximum is e 2

Skok ok k sk ok kok ok ok skok sk sk sk sk sk ok sk ok sk sk ok skesk ok sk skok sk sk sk sk ok skok sk sk skok skok sk sk sk sk sk

3. For the function f(x) = 4x3 + 3x2 —6x + 1
find the intervals of monotonicity, local
extrema, intervals of concavity and points of
inflection.
Solution:

f(x)=4x3+3x2—6x+1
fl(x) =12x>+6x— 6
Substituting f/(x) = 0, we get
12x2+6x—6=0
Dividing by 6,
2x2+x—-1=0
2x—-1D(x+1)=0
2x —1 = 0 gives 2x = 1 which gives x = %

x+1=0givesx = -1

The critical points are x = —1, %

Intervals are (—oo, —1), (—1,%), G, 00)
In (—o0,—1) letx = —2
Then f/(x) = 12x? + 6x — 6 gives
f/(=2) =12(-2)2+6(-2)—6
=12(4)—-12-6
=48-18
=30>0
f (x) is strictly increasing function in (—oo, —1)
In (—1,%) letx =0
Then f/(x) = 12x? + 6x — 6 gives
f/(0) =12(0)>+6(0) — 6
=-6<0

f(x) is strictly decreasing function in (—1, %)
In (%,00) letx =1
Then f/(x) = 12x? + 6x — 6 gives
/(1) =12(1)*+6(1)—6

www.TrbTnpsc.com

=18—-6
=12>0
f (x) is strictly increasing function in G, 00)
Also f/(x) changes its sign from positive to
negative when passing through x = —1 for the
function f(x), it has alocal maximum is
f(=1D) =4(-1)3+3(-1)?2—-6(-1) +1
=4(-1)+3(1)—-6(-1)+1
=—4+3+6+1
=—-4+10
=6
And f/(x) changes its sign from negative to

positive when passing through x = % for the

function f(x), it has alocal minimum at x = %

and the local minimum value of the function is

FQ=4() ) - o) +1

.. . —3
Hence the local minimum is " and

the local maximum is 6
And from f/(x) = 12x*> +6x — 6
f(x) =24x+6
Substituting f//(x) = 0, we get
24x = —6
1
X=——=—-
24 4
Intervals are (—oo, — l) \ (— 1 oo)

4 4’

In (—oo, —%) letx = —1

=12+6-6
Then f//(x) = 24x + 6 gives
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f7/(~1) = 24(-1) +6
=-24+6
= -18<0

Hence f(x) is concave downward in (—%, oo)
In (—%,00) letx =0

Then f//(x) = 24x + 6 gives
£1/(0) = 24(0) + 6
=6>0

Hence f(x) is concave upward in (— i, oo)

f!/(x) changes the direction atx = —i
=1 a( e o
() e
_ ciea+zene
16

=—1+4-3
16
_®
16
21

8

) . L 1 21
So, the point of inflection is (_Z'?)
K ok ok ok ok ok ok ok ok ok ok ok ok ok sk sk sk sk sk sk sk sk sk 3k 3k 5k 5Kk 5Kk 5k 5k 3K 5k K K sk sk sk sk %k k

Example 7.62

We have a 12 square unit piece of thin material
and want to make an open box by cutting small
squares from the corners of our material and
folding the sides up. The question is, which cut
produces the box of maximum volume?
Solution:

12—2x

Let x = length of the cut on each side of the
little squares.

V= the volume of the folded box.

By Manisekouw o SRKMHSS-Arcot.
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The length of the base after two cuts along each
edge of size x is (12 — x). The depth of the box
after folding is x , so the volume is
V=(012-2x)x(12—-2x) Xx
At x = 0, 6 volume becomes zero.
Hence x € (0,6)
V = (144 + 4x? — 48x)x
= 144x + 4x3 — 48x?
V/ =144 + 12x% — 96x
v/l =24x - 96
Substituting V/ = 0, we get
12x%2 —96x + 144 =0
Dividing by 12,
x2—-8x+12=0
x-2)(x—6)=0
x—2=0,givesx =2
x—6=0givesx =6butx #6
So, x = 2 is the only stationary point.
When x = 2, V// = 24x — 96 becomes
v/l =24(2) — 96
=48 —96
=-48<0
Hence volume of the box is maximum at x = 2
Hence the maximum volume of the box is V(2)
v(2) =[(12-2(2)) x (12 — 2(2))] x (2)
=[(12-4)x (12 —-4)] x (2)
= (8)(8)(2)
= (64)(2)
= 128 units.

So the maximum cut can be 2 units.

Skeskeske sk sk sk sk sk sk ke sk sk sk sk sk sk sk sk sk sk skeske ok sk sk sk sk sk sk sk sk sk skeok sk sk sk sk sk sk sk sk ok sk sk sk >k
Example 7.63 Find the points on the unit circle
x% + y? = 1 nearest and farthest from (1, 1).

v
Solution: .

."/’r-- ]

IO o
\ *
d
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Given pointis (1, 1). Let other point be (x, y).

Then distance d = /(x — 1)2 + (y — 1)2
LetD = (x — 1)? + (y — 1)?
=x?+1-2x+y*+1-2y
=x?+y?—2x—2y+2
D/ =2x +2yy/ —2 —2y/

From x? +y% =1

2x +2yy/ =0
2yy/ = —2x
yy/ =—x
/=%
3 y

Substituting the value in D/ we get
D/ =2x + 2yy/ — 2 —2y/

X X
-2ceay(-2)-2-2()
=2x—2x—2+%

y
=—24Z
y

Substituting D/ = 0, we get

—2+Z%=9
y
2 _,
y

2x = 2ygivesx =y
Since the points lie on the circle x? + y2 = 1

wegetx?+x%2=1

www.TrbTnpsc.com

So,the required points are (%,%), (_ % _ %)
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Example 7.64 A steel plant is capable of
producing x tones per day of a low-grade steel

and y tones per day of a high-grade steel,

40

where y = 10;_5; . If the fixed market price of

low-grade steel is half that of high-grade steel,
then what should be optimal productions in
low-grade steel and high-grade steel in order to
have maximum receipts.

Solution:

Per day the low grade steel produced= x tones
Let the market price per ton be Rupees p

Then the cost = px

Per day the high grade steel produced= y tones
Let the market price per ton be Rupees 2p
Then the cost = 2py

Then total receipt R = px + 2py

. . -5
Substituting the given value y = 4100 — ;, we get

10— x

R=px+2p(w)

__ px(10 — x)+2p(40 — 5x)
- 10 — x

__ 10 px— px2+ 80p —10px
10 — x

2
- px“+ 80p
R=——"""
10 — x

R/ = (10 — x)(— 2px)—(— px?+ 80p)(-1)
\! (10 - x)2

—20px+2px2%— px%+ 80p

2x2 =1 (10 — x)2
x2 == _ —20px+px%+80p
- (10 - x)2
x=+—
V2 _ p(x2-20x+ 80)
T (10 - x)2
Substituting R/ = 0, we get
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p(x%-20x+80) 0
(10-x)2

x2—-20x+80=0
—b+Vb2—-4ac

2a

20+v/400-320
2

20+v80
2

20+V16X5
2

X =

20+4+/5
2

2(10+2V5)
2

x =10+ 2V5

R/ = p [(10 - x)2(2x-20) —(x2-20x+ 80)2(10 — x)(-1)

(10 — x)*

: [(10 - )2 (2x-20)+(x2—20x+ 80)2(10 - x))
=P (10 — x)*

(10— 0)[(10 — x)(2x-20)+(x%2—20x+ 80)2]
B (10 — x)*

_ p[(10 = x)(2x-20)+(x%-20x+ 80)2]
- (10 - x)3

_ p[20x-2x2-200+20x+2x%—-40x+160]
N (10 - x)3

—40p
T (10 -x)3

Atx =10-2v5,R// <0

Hence Receipt R is maximum at x = 10 — 2v/5

www.TrbTnpsc.com

=5-+5
So, the plant should produce low grade steels
10 — 2+/5 tones and produce high grade
5 — /5 tones.
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Example 7.65 Prove that among all the
rectangles of the given area square has the
least perimeter.

Solution:

Let the dimensions of the rectangle be x, y

Then its area A = xy

Perimeter of the rectangle P = 2x + 2y

Substituting the value y = % in P

A
P—2x+2(;)
2A
Pl=2->
p//—ﬁ
x3

Substituting P/ = 0, we get

2A
2 —';; =0
2A
2 _.xz

2x? = 2A gives
x’=A= x=+A
Substituting x = v/A in P//,
P/ > 0.Hence perimeter P is minimum at x =

VA.Then y = % becomes

40 — 5x
When x = 10 — 2v5,theny =
en V5 Y= To-x e VAVA _ VA
_ 40 - 5(10-2v5) Va VA
10 - (10-2v5) Since x = VA, y = VA the given rectangle is a
square when the perimeter is minimum.
= —40 — 50+10\/\/_§ *g***************f*****************************
10 - 10+2v5
EXERCISE 7.8
_ —10+10v5 1. Find two positive numbers whose sum is 12
2v5 and their product is maximum.
_ 10(¥5-1) _ 2x/5x5(V5-1) Solution:
23 25 Let x, y be the two numbers then the sum
:\/§(\/§_1) x+ y =12 gives
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y=12—-x
Product of the numbers P = xy
=x(12 - x)
P =12x — x?
P/ =12 -2x
P/l = =2

Substituting P/ = 0, we get

12-2x=0
2x = 12 gives
XxX=6
Since P// = —2 < 0, Product P is maximum at

x=6.Theny =12 —x,givesy =12—-6 = 6.
The required two numbers are 6, 6.
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2. Find two positive numbers whose product is
20 and their sum is minimum.
Solution: Let x, y be the two numbers then

the product x y = 20 gives

20
y._ X

Sum of the numbers S = x + y

20

S/ = 1—;
40
S//_;

Substituting S/ = 0, we get
20
1 - ; = O

_ 20
x2

1

x? =20 gives

x =20

x=+V4x5
Since the number is positive,

x =25

Since S// = g > 0, when x = 2+/5 sum S is

minimum at x = 2v/5.Then y = zx_o' gives

By Manisekouw o SRKMHSS-Arcot.
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_ 20 10 _ 10xvV5 _ 10xV5 _
YT E T e s~ 2V5
The required two numbers are 2+/5, 2+/5
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3. Find the smallest possible value of x? + y?2
giventhatx +y = 10.
Solution:

Given x +y = 10 gives
y =10—x
Let f(x) = x2 + y? gives
=x?+ (10 — x)?
=x24+ 100+ x% — 20x
f(x) =2x% —20x + 100
f/(x) = 4x — 20
f/(x) =4
Substituting f/(x), we get
4x —20=0
4x = 20 gives
x=5
Since f//(x) =4 >0, f(x) = x>+ y?is
minimum atx = 5.
Whenx =5,y =10 — x gives
y =10—-5=5
The required two values are x = 5,y = 5 and
the smallest possible value of x? + y? is (5)? +
(5)%=25+25=50.

skookoskok skook skoskook skoskosk skoskosk skoskook skosk skoskosk skoskosk skoskosk skoskosk skosk skeskosk skeskosk skskosk sksk sk
4. A garden is to be laid out in a rectangular
area and protected by wire fence. What is the
largest possible area of the fenced garden with
40 metres of wire.

Solution:

Let the dimensions of the rectangle be x, y
Then itsarea A = xy
Perimeter of the rectangle 40 = 2x + 2y
Then, x + y = 20 gives
y=20—x

Page 59

Send Your Questions & Answer Keys to our email id - padasalai.net@gmail.com


www.Padasalai.Net

www.Padasalai.Net

Then itsarea 4 = x(20 — x)

= 20x — x?
Al =20 —2x

Substituting A/ = 0, we get
20 — 2x = 0 gives

2x =20
x =10
Since A// = —2 < 0, area is maximum

At x = 10,theny = 20 — x gives y = 10
Hence the maximum area is

A = (10)(10) =100 sqg. meters.
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5. A rectangular page is to contain 24 cm? of
print. The margins at the top and bottom of the
page are 1.5 cm and the margins at other sides
of the page are 1 cm. What should be the
dimensions of the page so that the area of the
paper used is minimum ?

Solution:

Let x and y be dimension of the printed area.

Given xy = 24 gives

_ 24
y._ X

From by the given data, dimensions of the
paperare x + 3,y + 2
Hence area of the paper
A=(x+3)(y+2)
=xy+2x+3y+6

=24+2x+3(2x—4)+6
A=2x+7x—2+30

72

Al =2 —

Substituting A/ = 0, we get
72
2 - ; = O
2x2 =72
x? = 36 gives

By Manisekouw o SRKMHSS-Arcot.
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xX=6
144

Atx =6 A4/ =22 1% 5
) x3 63

Hence printed area of the paper is minimum at

x=6,theny=%=%=4

The dimensions of the paper are
x+3=6+3=9cm,and
y+2=4+2=6cm

skokesk sk skok sk skosk sk sk sk skokesk skosksk sk sk skosk sk skeskok sk sk sk sksk sk skok sk sk sk skskesk sksk sk ske sk skok
6. A farmer plans to fence a rectangular pasture
adjacent to a river. The pasture must contain
1,80,000 sq.mtrs in order to provide enough
grass for herds. No fencing is needed along the
river. What is the length of the minimum
needed fencing material?

Solution:

Let x and y be dimension of the pasture area.

Given xy = 180000 gives

__ 180000

X

Fencing required = x + 2y

F=x+2 (180;)00)
F=x+ 360000
F/ . 362(;00

720000
F/l = =

Substituting F/ = 0, we get

1— 362(2)00 -0
x? = 360000 gives
x = 600
Atx = 600, F// — 720000 — 720000 >0

x3 6003
Hence pasture area is minimum at x = 600,

180000 _ 1800

theny = s = 300

Hence minimum length of the fence
needed = x + 2y

=600 + 2(300)

=600 + 600 = 1200 meters.
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7. Find the dimensions of the rectangle with
maximum area that can be inscribed in a circle
of radius 10 cm.

Solution:

Let us take the circle to be a circle with centre
(0, 0) and radius r 10 units and PQRS be the
rectangle inscribed in it. Let P(x, y) be the
vertex of the rectangle that lies on the

first quadrant. Let 6 be the angle made by OP
with the x axis.

thenx =10 cos 8 and y =10sin 8

Now the dimensions of the rectangle are

2x=20cos 6;2y=20sinf, 0<6 <~

Area of the rectangle A = (2x)(2y)
= (20 cos 0 )(20 sinB)
= 200 (2sinBcos 0)
= 200 (sin28)
Area is maximum when sin 20 is maximum.
We know the maximum value of sin 26 = 1

It gives 20 = gthat isf = E, the area of the

rectangle is maximum.

When 6 =E, 2x=20cos @

=¥= 10+/2 and

2y =20sin 6

www.TrbTnpsc.com

So, dimensions of the rectangle are 10v/2, 10v/2
skokesk sk kok sk sk sk sk sk skok sk sk sk sk sk sk koo sk sk sk ok sk sk sk sk sk sk skok sk sk sk sksk sk skk sk sk sk kk
8. Prove that among all the rectangles of the
given perimeter, the square has the maximum
area.

Solution:

Let the dimensions of the rectangle be x, y

Perimeter of the rectangle P = 2x + 2y

y
Then its area A = xy

A=Zx—x?
2

Al =22«
2

All = =2

Substituting A/ = 0, we get

P
-—2x=0
2
P
—=2x
2
P
X =-
4
Since A// = —2 < 0, area is maximum,

P P .
atx = Z,theny =5 —xgives

P P
Yy=373
__2P-P
!
P
Yy=3

R

Since,x =y =

)

the given rectangle is a square when the area is
maximum.

skoskoskok koo skoskook skoskosk skoskosk skoskosk skosk skeskosk skoskosk skoskosk skoskosk skosk skeskosk skeskosk skskosk sksk sk
9. Find the dimensions of the largest rectangle
that can be inscribed in a semi circle of radius
rcm.

Solution:

Let us take the circle to be a circle with centre

(0, 0) and radius r cm and PQRS be the

rectangle inscribed in the semi circle.
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Let P(x, y) be the vertex of the rectangle that
lies on the first quadrant. Let 6 be the angle
made by OP with the x- axis.
then x =r cos 8 and y =r sin 6
Now the dimensions of the rectangle are

x=rcosf;2y=2rsind, OSBS%

Area of the rectangle A = (x)(2y)
= (r cos 8 )(2rsinB)
= r? (2sinBcos 0)
=r? (sin20)

Area is maximum when sin 20 is maximum.

We know the maximum value of sin 20 = 1

It gives 20 = gthat is@ = E, the area of the

rectangle is maximum. Hence maximum area of
the rectangleis A = r? (1) = r?sq.cm

Skoksk sk skok skook sk sk skook skosk sk sk sk sk sk sk sk sk sk skok sk sk skosk skosk sk sksk sksk sk sk sk sk sk sk sk sk sk sk

10. A manufacturer wants to design an open
box having a square base and a surface area of
108 sg.cm. Determine the dimensions of the
box for the maximum volume.

Solution: Given the box base is square.

So, let length, breadth and height of the box be
l=x,b=xand h=y.
Then box base area = x?
Area of the 4 sides of the box = 4xy
Surface area of the open box S = x? X 4xy
Given x?% X 4xy =108
4xy = 108 — x?

_108-x2
4x

Volume of thebox V =x X x Xy

108—x2
4x

= x2%x
A2
V:xX108 X

V=§(108x—x3)

v/ = i(108 — 3x2)

www.TrbTnpsc.com

v/ =2 (-6x)
Substituting V/ = 0, we get
~(108 —3x2) = 0

108 —3x2=0
3x%2 =108
xz =22

3
x? = 36 gives
x=+16

Since, x # —6,we getx = 6.

Whenx = 6, V// = i(—6x)
v/ = i(—36) <0

So, volume is maximum atx = 6

108—x2 _ 108-36 _ 72 _
4 4(6) 24

3

When x = 6,theny =

Hence dimensions of the box are 6cm,6cm,3cm.
Sk 3k sk Sk ok sk sk sk sk sk sk sk sk sk Sk sk sk 3k sk 3k sk sk ok 3k Sk sk ok sk ok sk ok Skesk Sk sk sk sk sk sk sk sk ok skesk skk

11. The volume of a cylinder is given by the
formula V = nr?h. Find the greatest and least
valuesof Vifr + h = 6.

Solution: Given r + h = 6 which gives
h=6-r1
Hence, volume of the cylinder V = nr?h
V=nr?(6-r)
=n(6r? —13)
v/ =nm(12r — 3r?)
v/ =nr(12 — 6r)
Substituting V/ = 0, we get
n(12r—3r2) =0
12r —3r2 =0
3rd—r)=0
3r =0, givesr = 0 and
4—r=0,givesr =4
Whenr =0,V// =n(12 —6r) = 127 > 0

Hence volume is minimum atr = 0.

By Manisekouw o SRKMHSS-Arcot.

Page 62

Send Your Questions & Answer Keys to our email id - padasalai.net@gmail.com


www.Padasalai.Net

www.Padasalai.Net

Hence the least value of Vis 0

Whenr =4,V/ =n(12 -24) = -12n < 0
Hence volume is maximum at r = 4.
Thenh =6 —1,givesh=6—-4 =2

Hence the greatest value of V = nr?h

V =m(4*)(2)
=m(16)(2)
V =32nm

Hence the least value of Vis 0 and

Hence the greatest value of Vis 32x

Skaksk sk skok skok sk sk skook sk sk sk sk ok sk sk sk sk sk skok sk sk skok skosk sk sksk skok sk sk sk sk sk sk sk sk ksk

12. A hollow cone with base radius a cm and
height b cm is placed on a table. Show that the
volume of the largest cylinder that can hide

. 4,
underneath is 5 times volume of the cone.

Solution: Given radius of cone = a
Height=b
Hence volume of cone = énazb

Let the radius of cylinder = x and
height of the cylinder be =y
Then the volume of cylinder V = mx?y

. 1
To prove the maximum volume = (5 nazb)

© 1

Let the height of cone OC = b and
radius CE = a

Radius of cylinder AB = CE = x

www.TrbTnpsc.com

y=b-— Zx
Substituting the value in Volume of cylinder,
V = nx?y becomes
——2(p_0b
V =mnx (b ax)
— 2 _ %%
b (22 -2)
/ = _3x
VI =mnb (Zx " )
!l = Uox
%4 nh (2 . )
Substituting V/ = 0, we get
3x2 .
nh (Zx — T) = 0 gives
2x — ¥ = 0
a
3x
x(2-%) =0

x =0, and2—%x=0gives

When x = Z?a, V! = b (2 — %x) gives
6 2a
v/ =mb|2-(2)(%)]
=nb(2 —4)
V// =gb(-2) <0
So, volume of cylinder is maximum when x =

b .
2?atheny =b-— —x gives

2b
Height of cylinder AC =y Y
Triangle OAB and OCD are similar, hence the = 3b;2b
corresponding sides are proportional. _b
Hence, 22 =48 o
b oc ¢ Maximum volume of cylinder V = mx?y
by _x 2
pNN~ — (%) (2
Z V=m ( 3 ) (3)
b—y=-x 2
a — (%) (2
— T[( 9 )(3)
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4 (1
V=; (g nazb) Hence proved.
Skokskesk koo sk sk ok sk ok ok sk sk ok sk sk ok ok sk sk sk ok sk sk ok sk ok sk sk sk sk sk sksk sk skok sk sk sksk sk sk sk k
Example 7.66
. . 1
Find the asymptotes of the function f(x) = -

X

Example 7.67 Find the slant (oblique)
2 _
asymptote for the function f(x) = %

Example 7.68

2 _
Find the asymptotes of the curve f(x) = 2x' -9

x2-16

Example 7.69
Sketch the curvey = f(x) =x2 —x— 6

Example 7.70
Sketch the curvey = f(x) = x3 —6x+ 9

Example 7.71
x2-3x
Sketch the curve y = =-D
Example 7.72
Sketch the graph of the function y = xi’f >

Sk >k ok ok sk ok ok ok ok >k ok ok ok sk ok ok ok ok ok ok ok sk ok sk ok >k kok ok Sk kok ok ok kokok sk ok ke ok sk ok sk k-

EXERCISE 7.9
1. Find the asymptotes of the following curves:

OO =20 D))=
(i) () == (V) f) =52

X%+ 6x -4

W) f(x) = e

2. Sketch the graphs of the following functions:

(i)y=—§(x3—3x+2) (i)y = xvV4 — x
241 . 1
(i) y = 5 (iv)y = —=

3
(V)y == —logx
24
sksk sk sk sksk sk ok ok sksk sk ok ok ok sk sk sk sk ok sk sk sk sksk sk sk ok ok sk sk sk sk ok sk sk sk skesk sk sk sk sk sksk sk sk

EXERCISE 7.10
Choose the correct or the most suitable answer
from the given four alternatives:

1. The volume of a sphere is increasing in
volume at the rate of 3mcm?3/ sec. The rate of

www.TrbTnpsc.com

(3)1cem/s 4) %cm/s

2. A balloon rises straight up at 10 m/s. An
observer is 40 m away from the spot where
the balloon left the ground. Find the rate of
change of the balloon’s angle of elevation
in radian per second when the balloon is 30
metres above the ground.

(D 23—5 radians/sec  (2) 24—5 radians/sec

3) i radians/sec (4) i radians/sec
3. The position of a particle moving along a
horizontal line of any time t is given by
s(t) = 3t? — 2t — 8. The time at which the
particle is at rest is
(Het=0 2) t=
3) t=1 (4) t=3

W=

4. A stone is thrown up vertically. The height it
reaches at time t seconds is given by
x = 80t — 16t2. The stone reaches the
maximum height in time t seconds is given by
(12 (2) 2.5 33 (4) 3.5

5. Find the point on the curve 6y = x3 + 2 at
which y — coordinate changes 8 times as
fast as x — coordinate is
(1 4 11) (2) (4,—11)

(3) (-4,11) (4) (-4, —-11)

6. The abscissa of the point on the curve

f(x) = V8 — 2x at which the slope of the
tangent is —0.25?
Mm-8 @-4 @G)-2 @O

7. The slope of the line normal to the curve
f(x) =2cos4xatx = %is

M43 @4 BT @43

8. The tangent to the curve y> —xy+ 9 =0
is vertical when

H)y=0 2)y=1+3
change of its radius when radius is % cm Dy g @ y==%V3
B y=3 (4)y=13
(1)3cm/s (2)2cm/s 2
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9. Angle between y? = x and x? = y at the
origin is
Wtan (3) @ tan(3)
T Vs
OF Ok

10. What is the value of the
. _ 1\,
limit }CI_I)I(I) (cot X x) ?

(1) 0 @1 ()2 @<

11. The function sin*x + cos*x is increasing
in the interval

olFF of%
O IO (5

12. The number given by the Rolle’s theorem
for the function x3 — 3x2,x € [0, 3]is

M1 @VZ B @2

13. The number given by the Mean value
theorem for the function% ,x €[1,9]is
(1) 2 (2) 25 3)3 (4) 35

14. The minimum value of the function
[3—x|+9is
o (2)3 3)6 @9

15. The maximum slope of the tangent to the
curvey = e*sinx ,x € [0, 2m] is at
Wx=5  @x=}

Rx=n B x==

16. The maximum value of the function
x%e %% x> 0is

®: @5 @z @
17. One of the closest points on the curve

x? — y? = 4 to the point (6, 0) is

1 (2,0) (2) V5,1)

BBV () (13,-V3)

By Manisekouw o SRKMHSS-Arcot.
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18. The maximum product of two positive
numbers, when their sum of the squares
is 200, is

(1) 100 (2) 25V7
(3) 28 (4) 2414

19. The curve y = ax* + bx? withab > 0
(1) has no horizontal tangent
(2) is concave up
(3) is concave down
(4) has no points of inflection

20. The point of inflection of the curve
y=(x—1)3is
(1) (0,0) (2)(0,1)
31,0 A1)
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8. Differentials and Partial Derivatives
Example 8.1
Find the linear approximation for
f(x) =+v1+x,x = —1,atx, = 3. Use the
linear approximation to estimate £(3.2).
Solution:

Linear approximation

L(x) = f(xo) + f/(x0)(x — x)

Givenxy = 3,x = 3.2

flxo) =f(3)=v1+3

= V&
=2
fx)=+vV1+x
f100) = 7=
o) = f/3) = 575
=

Thus, Linear approximation
L(x) = f(xo) + f/(x0) (x — xo)
=2+-(x-3)

=2+%-2
4 4

[e¢]

__8-3

e
4

.P |

» o

+
And, f(x) =1+«
fB32)=Vi+32
=42
So, L(3.2) =2+

DR

=1.25+0.8
= 2.05

Example 8.2

Use linear approximation to find an
approximate value of v/9.2 without using a
calculator.

Solution:

www.TrbTnpsc.com

Let y =+/x,letx = 9and dx = 0.2

y=vx
=+/9
y=3
Fromy = x
1
dy—ﬁdx
1
_ﬁ(o.Z)
1
= (0.1
= (0.033
f(x)=y+dy

f(v9.2) = 3+ 0.033 = 3.033

Example 8.3
Let us assume that the shape of a soap bubble

is a sphere. Use linear approximation to
approximate the increase in the surface area of
a soap bubble as its radius increases from 5 cm
to 5.2 cm. Also, calculate the percentage error.
Solution:

Radius of the spherer = 5
Increase radius dr = 0.2
Surface area of the sphere S = 4mr?
Approximate change in SA dS = 4n(2r)dr
= 41(2 % 5)(0.2)
= 41(10)(0.2)
= 471(2)
Approximate change in SA dS = 8rn
Actual change in surface area = §(5.2) — S(5)
§(5.2) — S(5) = 4n(5.2)? — 47 (5)?
=471[(5.2)% — (5)?]
=4n[(5.2+5) x (5.2 - 5)]
=4m[(10.2) x (0.2)]
= 4m(2.04)
=8.16m

Actual error -approximate error

Relative error =
Actual error
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__8.1lém -8
T 8ier

016w
T gi1e6m
16
" 816

= 0.01960

Percentage error = Relative error X 100
=0.01960 x 100
=01.960 %

Example 8.4
A right circular cylinder has radius r =10 cm.

and height h = 20 cm. Suppose that the radius
of the cylinder is increased from 10 cm to 10.1
cm and the height does not change. Estimate
the change in the volume of the cylinder. Also,
calculate the relative error and percentage
error.

Solution:

Height of the cylinder h = 20
Radius of the cylinder r = 10
Increase radius dr = 0.1
Volume of the cylinder V = nr?h
V = nr?(20)
V = 20mr?
Approximate change inV dV = 20w (2r)dr
= 207(2 x 10)(0.1)
= 207(20)(0.1)
= 20m(2)
Approximate change inV dV = 40mn
Actual change in Volume = V(10.1) — V(10)
V(10.1) —V(10) = 207(10.1)? — 207 (10)?
= 207[(10.1)% — (10)?]
=207[(10.1 + 10) x (10.1 — 10)]
=207[(20.1) x (0.1)]
=207m(2.01)
=40.2n

. Actual error -approximate error
Relative error = PP

Actual error

www.TrbTnpsc.com

__40.2m 401
T s02rm

__ 02w

T 402m

201
= 0.00497
Percentage error = Relative error x 100
= 0.00497 x 100
=0.497 %

EXERCISE 8.1

1.Let f(x) = /x .Find the linear approxi. at
x = 27. Use the linear approximation to

approximate v/27.2
Solution:
Linear approximation
L(x) = f(xo) + f/(xo) (x — xo)
Givenxy = 27, x = 27.2

fx) =3x
flxg) = f(27) =327 =3
£ = ()3
fe0) =2
= %(x)_g

fl) =5 x—
(x)3
1 1

f/(xo):_x p)

3

f/(xo) =
Linear approximation
L(x) = f(xo) + £/ (xo) (x — xo)
=3+-—(x—27)

27

Moanisekarawvv- Dept. of Maths-SRKMHSS ARCOT
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To find ¥27.2
L(27.2) = 3+ (27.2 - 27)
=3+-(02)
=3+
=3+ 0.007
V27.2 = 3.007

2. Use the linear approximation to find
approximate values of

() (123): (i) ¥15 (i) ¥26
Solution: (i) (123)3

Linear approximation

L(x) = f(xo) + f/(x0) (x — x)

Given x, = 125, x = 123
F(x) = (123)3
f(xo) = f(125) = (125)3

2
= (5)%3
= (5)?
=25
2
flx) = (x)3
2
) =20
1
= g(x)_g
f1o) =2 x—
03
flg) =2 x ——
(125)3
=2y 1
3 (5)3X%
_2y 1
=X o
2 1
= - X -
3 5
/ -2
f(xe) = 1=

Linear approximation

L(x) = f(xo) + f/(xo)(x — Xo)

www.TrbTnpsc.com
2
=25 +E(X— 125)

To find (123)3
L(123) = 25 + 12—5(123 —125)

2
=25+ E(—z)
= 25—~

15
=25-10.266

(123)3 = 24.734
(i) V15

Linear approximation

L(x) = f(xo) + f/(x0) (x — x0)

Given x, = 16, x = 15
F(x) = Y15 = (15)s
fxe) = £(16) = (16)s

= (2)4’%
= (2)!
=2
1
f(x) = ()
1
fle) =26y
3
= i(x)-z
fle) =-x—
(x)4
o) =7 x—
(16)
1 1
==X
4 (2)4XZ
1y L
T 47 (2)3
1 1
= -X -
4 8
1
f/(xo) =3

Linear approximation

L(x) = f(xo) + f/(xo)(x — Xp)

1
—2+§(x—16)
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To find V15
L(15) = 2 +$(15 —16)

- L(—
= 2+32( 1)
—2-2L

32
= 2-—0.03125

V15 = 1.96875
(iii) /26
Linear approximation
L(x) = f(xo) + f/ (o) (x — x0)
Given x, = 27, x = 26
f@) = V26 = (26):
flxo) = £(27) = 2795
= (3)%5
= (3)*
=3
6 = (x5
Fo0) =26t
= i(x)-é
fl) =5 x—

(x)3
1 1

f/(x0)=—>< z

3 @3

1

f/(xo):_

27

Linear approximation
L(x) = f(xo) + f/(xo)(x — Xo)
1
=3+ ; (x - 27)

To find /26

www.TrbTnpsc.com

L(26) = 3 + %(26 —-27)

=3+_-(-1)

_q_1

=3 27

=3-0.0370
326 = 2.963

3. Find a linear approximation for the following
functions at the indicated points.
() f(x) =x3—5x+12,x, =2
(i) gx) =vx2+9,x, = —4
X
(iii) h(x) = — %=1

Solution:

() f(x) = x3 = 5x +12,x, = 2
f(x)=x3—=5x+12
fxo) = f(2) = (2)° = 5(2) + 12

=8-104+12
=20-10

£(2) =10

f/(x) =3x*-5

f/(xo) = f/(2) = 3(2)* -5
=3(4)-5
=12-5
=7

Linear approximation
L(x) = f(xo) + f/ (o) (x — xo)
=f(2)+f/(2)(x-2)
=10+ 7(x —2)
=10+7x—14
=7x—4
(i) g(x) =Vx2 +9,x, = —4
gx) =VxZ+9
9(x) = g(-4) = J=H7 +9
— V16+9
=25
g(=4)=5

Manisekawon- Dept. of Maths-SRKMHSS ARCOT
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g/(x) = 2\/% X 2x Linear approximation
% L(x) = h(x,) + h/(xo)(x — Xo)
Vi . = h(1) + W (D) — 1)
9/ =g/ (-4 = = DT
-4
= 7= =; a3
Linear approximation _1lyx
L(x) = g(xo) + g/ (xo) (x — xo) "
= g(-1) 4 g/(-8)(x + 1) IR
=5t +4) 4. The radius of a circular plate is measured as
g _4x_16 12.65 cm instead of the actual length 12.5 cm.
e 1_5; ~ ; find the following in calculating the area of
5 5 the circular plate:
= 25;16 - %x (i) Absolute error (ii) Relative error
_9_4x (iii) Percentage error
_ j_ 45 1 @& Solution:
5 5 Change in radius dr = 12.65 — 12.5 = 0.15

Area of the circular plate A = nr?
(iii) h(x) = ﬁ,xo =1

Al = 2mrdr
h(x) = xil = 2m(12.5)(0.15)
h(x,) = h(1) = i = m(12.5)(0.3)
1 = 3.757
=3

Actual change in Area = A(12.65) — A(12.5)

/— /
h(x) = EFDE -2+ 1) A(12.65) — A(12.5) = m(12.65)2 — 1(12.5)?

(x +1)?
_ e+ D@W)-x(1) =m[(12.65)% — (12.5)?]
Cer1)? — 7[(12.65) + (12.5)(12.65) — (12.5)]
x+1—-x
TR = [(25.15)(0.15)]
= ﬁ =1(3.7725)
W (x,) = B/ (1) 1 (i) Absolute error
xO = =
(1+1)? = Actual change in Area - Approximate value
1
@2 =n(3.7725) — 3.757
=1 = 0.02257
4
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Actual error -approximate error

(ii)Relative error =
Actual error

_ m(3.7725) - 3.757
T m(3.7725)

_0.02257
" 1(3.7725)

00225
37725

225
37725

=0.00596
=0.006

(iii) Percentage error = Relative error X 100 %
=0.006 x 100 %
=0.6 X 100 %

5. A sphere is made of ice having radius 10 cm.
Its radius decreases from 10 cm to 9 8 .cm.
Find approximations for the following:

(i) change in the volume
(ii) change in the surface area
Solution:

Change in radius dr = —0.2

Volume of the sphere V = gnr3

v/ = g X 3nrdr
= 4mr?dr
= 41(10)%(—0.2)
= 4m(100)(—0.2)
= 4007 (—0.2)
v/ = —-80m
Volume decreases by 80w cm3

Surface Area of the sphere S = 47r?

S/ =4 x 2mrdr
= 8nrdr
= 8m(10)(—0.2)
= 80m(—0.2)

S/ =-16n

Surface Area decreases by 161 cm?

www.TrbTnpsc.com

6. The time T, taken for a complete oscillation

of a single pendulum with length [, is
given by the equation T = 27t\[§ , where g

is a constant. Find the approximate
percentage error in the calculated value of T
corresponding to an error of 2 percent

in the value of /.

Solution: T = ZH\B

1

T =21 (é)E

Taking log on both sides,

logT = log <27r (é)%>

= log(2m) + log (é)z

1

= log(2m) + % log (é)

= log(2m) + [log(1) — log(g)]

D.w.r.t.l,
1dT 1/1
T =0+3(G-0)

ar _ 1

E (l) dl
T 2 \1
ar _ 1 (ﬂ)
T  2\1
Percentage error

2 % 100 = %(#) x 100

1/0.021

- (00) x 100
= %(0.02) x 100

= (0.01) x 100
=1%

7. Show that the percentage error in the n*
root of a number is approximately % times

the percentage error in the number.
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Solution: Let x be the number.

1
~y = (0n
Taking log on both sides,

1
logy = log(x)n

1
==]
L log(x)
D.w.r.tx,
1d 1 1
1Y _ Iyl
y dx n x
d 1_d
W _ Iy
y n x
d 1_d
2 %100 ==-xZx100
y n x

= % X (times the percentage of the number)

Example 8.5

Let f, g : (a, b) —» R be differentiable functions.
Show thatd(fg) = fdg + gdf

Solution:

Let f, g : (a,b) — R be differentiable functions.
Then (fg) is also a differentiable function on R

~ d(fg) = f(dg) + g(df)

Example 8.6 Let g(x) = x2 + sin x.
Calculate the differential dg
Solution:

g(x) = x? +sinx

d
w29 = 2x + cosx
dx

dg = (2x + cosx) dx
Example 8.7
If the radius of a sphere, with radius 10 cm, has
to decrease by 0.1 cm, approximately how
much will its volume decrease?
Solution:

Change in radius dr = —0.1

Volume of the sphere V = §n1"3

av 4
— ==X 3nr?
dr 3
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dV = S X 3nrédr

= 4nridr

= 41(10)%(—0.1)

= 41(100)(—-0.1)

= 4007(—0.1)
dV = —40m

Volume of the sphere decreases by 40w cm3.
EXERCISE 8.2
1. Find differential dy for each of the following
functions:

. _(1-2x)8
Dy ==5—+-
e 3
Solution: y = g2
3 —4x

dy _ (3-4x)[(1- 2x)3]/—(1 —2x)3(3 — 4x)/
dx (3 — 4x)2

_ (3-40[3(1 - 2x)%(=2)]-(1 - 2x)3(- 4)
- (3 — 4x)2

_ (1 -2x)2[(3 — 4x)(—6)+4(1 — 2x)]
- (3 — 4%)2

_ (1 —2x)%[-18+24x+4—8x]

— (3 — 4x)2

_ (1-2x)%2(16x-14)
e (3 — 4x)? dx
(i)y=[3+ sin(2x)]2/3
Solution: y =[3+ sin(2x)]/3

2
% = 2[3 + sin(2x)]s * (2 cos 2x)

[3+ sin(Zx)]_% (cos 2x)

W [

1
dy = %[3 + sin(2x)] 3 (cos 2x) dx

(iii) y = e**~5¥*7 cos(x? — 1)
Solution:
y = e¥* 7547 cog(x2 — 1)

Z—z = X" =5%+7 gin(x2 — 1) (2x)

+ cos(x? — 1) (ex2‘5x+7)(2x -5)

Z—z = e**=5%+7[2x sin(x? — 1) + cos(x? — 1)(2x — 5)]

dy = e**~5%*7[2x sin(x? — 1) + cos(x? — 1) (2x — 5)]dx
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2.Find df for f(x) = x? + 3x and evaluate
itfor (i)x =2and dx = 0.1
(ii) x = 3 and dx = 0.02

Solution: (i) x = 2and dx = 0.1

f(x) =x%+3x
af
E—2X+3

df = (2x + 3)dx
= [2(2) + 3](0.1)

= (4 +3)(0.1)
= (7)(0.1)
df =0.7
(ii) x = 3 and dx = 0.02
f(x) =x%+3x
Y = 2x+3

dx

df = (2x + 3)dx
= [2(3) + 3](0.02)
= (6 + 3)(0.02)
= (9)(0.02)

3.Find Af and df for the function f for the
indicated values of x, Ax and compare
A x)=x3-2x%;x=2,Ax =dx =0.5
(i) (x) =x2+2x+3;x =—0.5Ax =dx = 0.1

Solution:
) (x)=x3—2x%;x=2,Ax =dx =0.5
f(x) =x3 — 2x?
% = 3x2 —4x

df = (3x% — 4x)dx
= [3(2)? — 4(2)](0.5)
= (12 —8)(0.5)
= (4)(0.5)
df =2
We know, Af = f(x+ Ax) — f(x)

www.TrbTnpsc.com

Givenx = 2,Ax = 0.5
fx) =x3—2x2
F(x + Ax) = f(2 +0.5) = £(2.5)
f(2.5) =(2.5)% — 2(2.5)?
= 15.625 — 2(6.25)
= 15.625—12.50
= 3.125
fx) =x3—2x2
f(2) = (2)° - 2(2)?
=8-2(4)
=8-8
=0
“Af = flx+Ax) - f(x)
=3.125-0
= 3.125
(i) (x) =x* +2x+3;x = —0.5,Ax =dx = 0.1
fx)=x%+2x+3

ar _
dx—2x+2

df = (2x + 2)dx
= [2(-0.5) + 2](0.1)
=(-1+2)(0.1)
= (1(0.1)
df = 0.1
Weknow, Af = f(x+ Ax) — f(x)
Givenx = — 0.5,Ax = 0.1
flx) =x*+2x+3
f(x+ Ax) = f(-0.5+0.1) = f(—0.4)
f(=04) =(—-0.4)> +2(—-0.4) + 3
=0.16-08+3
=3.16—-0.8
= 2.36
fx)=x*+2x+3
f(=0.5) = (—0.5)2 + 2(—0.5) + 3
=025—-1+3
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=0.25+2
= 2.25

wAf = flx+Ax) — f(x)
=236 —2.25
=0.11

4. Assuming log,, e = 0.4343, find an
approximate value of log;, 1003.
Solution:

Lety =logx, x =1000,dx = 3logype

ay _
dx

dy == dx

RlRr Rr

= (3logype)

~ 1000

1
> 000 (3 X 0.4343)

1
= 000 (1.3029)

= 0.0013029
y =logx

=1log 1000

= log(10)3

= 31og(10)

=3x1=3

log,,1003 =y + dy
=3+ 0.0013029
= 3.0013029
5. The trunk of a tree has diameter 30 cm.

During the following year, the circumference
grew 6 cm. (i) Approximately, how much did
the tree’s diameter grow?
(ii) What is the percentage increase in area of
the tree’s cross-section?
Solution:
(i) Given diameter d = 30 cm

Circumference P = 2mtr

www.TrbTnpsc.com

dp
dr_

dP = 2ndr

2T

Given increase in perimeter dP = 6

o6 = 2mdr
dr = =
2T
dr = 3

Change in radius dr = %

-~ Change in diameter 2dr = S

(ii) Area A = nr?

dA

= w(2r)
dA = 2@trdr
d_A _ 2nrdr
A mr?
_ 2ar
N T
3
_ )
(15)
_ 6
" m(15)
a“_ 2
A y 51

So, % error = %A x 100

=2 %100
51

6. An egg of a particular bird is very nearly

spherical. If the radius to the inside of the
shell is 5 mm and radius to the outside of the
shell is 5.3 mm, find the volume of the shell
approximately.

Solution:

Volume of the sphere V = %nr?’

av 4
— ==X 3nr?
dr 3

dV = % X 3nridr
Here,r = 5¢cm, and dr = 0.3

dv = g x 31(5)2(0.3)
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=4 x (25)(0.3)
=100 (0.3)
dV =30rw

7. Assume that the cross section of the artery of
human is circular. A drug is given to a
patient to dilate his arteries. If the radius of
an artery is increased from 2 mm to 2.1 mm,
how much is cross-sectional area increased
approximately?
Solution:

Area of the circle A = r?

dA
d_r = 7'[(27')

dA = 2nrdr
Here, r = 2mm, and dr = 0.1
dA = 2m(2)(0.1)
= 41(0.1)
So, dA=04mn

8. In a newly developed city, it is estimated that
the voting population (in thousands) will
increase according to
V(t) =30+ 12t?> —t3,0 <t < 8wheretis
the time in years. Find the approximate
change in voters for the time change from

4 to 4 year.
Solution: V(t) = 30 + 12t% — t3
= = 12(2t) - 3¢t?
dV = (24t — 3t?)dt
Here, t = 4,and dt = -
~dV = [24(t) — 3(t)?]dt
= [24(4) -3 ()
=[96-3(16)](3)
= (96— 48) (3)
- (2

= 8 (in thousands)

Moanisekarawvv- Dept. of Maths-SRKMHSS ARCOT

www.TrbTnpsc.com

9. The relation between the number of words y
a person learns in x hours is given by
y = 52v/x,0 < x < 9. What is the
approximate number of words learned when
x changes from
(i) 1to 1.1 hour? (ii) 4 to 4.1 hour?
Solution:

y =52Vx
@ _gyp L
dx_522\/§
_2
T Vx
26
dy—ﬁdx

(i) 1to 1.1 hour
Whenx =1,and dx = 0.1
dy = % (0.1)
=26 (0.1)
dy = 2.6
Approximately 3 words.

(ii) 4 to 4.1 hour
When x = 4, and dx = 0.1

dy = % (0.1)
_ 26
=2 (0.1)

=13 (0.1)
dy =13
Approximately 1 word.

10. A circular plate expands uniformly under
the influence of heat. If it’s radius
increases from 10.5 cm to 10.75 cm, then
find an approximate change in the area
and the approximate percentage change in
the area.

Solution: Area A = mtr?

4 — 2(2r)

dr N
dA = 2mrdr
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(i) r = 10.5¢m, and dr = 0.25
dA = 2m(10.5)(0.25)
= 0.57(10.5)
dA =5.25m

dA 2nrdr
A - nr?
2dr
=3

2(0.25)

- 10.5
0.5

10.5
= 0.0476

So, % error = df x 100

= 0.0476 x 100

11. A coat of paint of thickness 0.2 cm is
applied to the faces of a cube whose edge is
10 cm. Use the differentials to find
approximately how many cubic centimeters
of paint is used to paint this cube. Also
calculate the exact amount of paint used to
paint this cube.
Solution:

Volume of the cube V = a3

av
da

= 3q?
dV = 3a? da
a = 10cm, and da = 0.2
dV =3(10)% (0.2)
= 0.6 (100)
dV =60
Exact amount of paintused = (10.2)3 — (10)3
= 1061.208 — 1000
= 61.208

www.TrbTnpsc.com

EXERCISE 8.3
1. Evaluate lim1 » g(x,y), if the limit

(xy)~(

. _ 3xZ-xy
exists, where g(x,y) = 173
Solution:

. 3x% —xy
2V SxXT Xy
(x, y)—>(1 2) 9o y)= (x, y)lg%l.Z) x%+y?+3

_31)?-M®@
(12 +(2)%2+3

_ 3-2

T 1+4+3

3 2
2. Evaluate lim cos(&).
(x,y)—(0,0)

If the limit exists.

3 2
x3 +
OS( y)
X+y+2

Solution:

lim
(x,y)—(0,0)

040
“R8° (0 +0+ 2)
= cos (g)
= cos(0)
=1
3. Let f(x, y)— yfor(xy)qt(O 0).
Show that | ,y) = 0.
et (x.y)lir(lo.mf (0y) =
Solution:
(xy)—>(0 O)f( y)

lim y2 —xy % Vx+y
(xy)—>(00)\/_ -y O Vx+y

vy - x)(Vx+Vy)
(x,¥)-(0,0) (x-y)

_ —y(x = N(Vx+Vy)
(x,¥)—(0,0) (x-)

- y(Vx +./y)

(xy)a(o 0)
=(0+0)

= 0 Hence proved.
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K
= hence proved.

X gj 1 + k2
4.Evaluate lim cos (ﬂ),
(x,)~(0,0) y 6. Show that f(x,y) = is continuous

if the limit exists.

atevery (x,y) € ]RZ.

Solution:
o sin Solution:
lim cos (—y) ) 3 .
(x¥)~(0,0) y (i) Let(a, b) € R? be an arbitrary point.
_ li e*siny 5
= cos (x,y)l—I}go,o) — f(a,b) = 1s defined for V(a, b) € R
\ li X w) (ii) li_r)n f(x:y)
€08 ((x,y)lggome (300 ¥ Cey)=(ab)
_ 0 = i oyt
= cos(e’ x 1) (xyl)—r>r(lab) y2+1
=cos(1x 1) _a*-p?
=cos1 bt
................................................................................. Limit exists at (a, b) € R?
5.Let g(x,y) = X%y —for (x,y) # (0,0) (LLL) 11m f(x y)=1L
and f(0,0) = O
(i) Show that llrn glx,y) =0 = f(a,b)
1 M R a’ b
along every 1ney mx, m € R. ==
Solution: Hence f is continuous at the point on R?
_ lim LY I .
(xy) S 0)9( & . (xy)=(0,0) x* +y* 7.Let g(x,y) = SI0X for x # 0 and
Wh =
== T g(0,0) =1. Show that g is continuous at (0, 0)
x%mx
4 yl)—>(0 0) x4 + m2x2 Solution:
= im0 9(x,y) — g(0,0)] = =222 — 1]
(x,)~(0,0) x?(x?+m?)
eV sinx—x
_ . (mx) = T
T (x, y)—>(0 0) (x?+m?)
0 (@) g(00) =1
0+m? Hence g is defined.
=0 \
ii lim
Bt ¥ @) lim ()
(11) ow that (x,y lm g( y) 1+ kz' _ lim eY sinx
along every parabola y =kx% ke R\ {0} (xy)>(00) ¥
. — . y . sinx
Solution: (x,yl)lggo,o) € (x,y)1—>(0,0) x
= 1 x2y = (e”x 1)
(x, y)a(o O)g( Y) = (x,yl)lir(lo,O) xt+y?
2 =(1x1)
When y = kx
= lim _xhx” o
(x)~(0,0) x* + kZx* Hence limit exists at (0,0)
— x* (k) (iii) 11m (x,y) =1=g(0,0)
- (x,y1>§%o,o)x4(1+k2> Doy 957
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Hence g is continuous at (0,0)

Example 8.11

Let f(x,y) =0ifxy # 0and f(x,y) =1
ifxy=0.

(i) Calculate: 22 (0,0),5 £(0,0)

(ii) Show that f is not continuous at (0, 0).
Solution :

Note that the function f takes value 1 on the x,
y — axes and 0 everywhere else on R?.

So let us calculate

2 (0,0) = limy, o LEEDLED _ iy, 2= g

af . f(0+h,0)-£(0,0) . 1-1
a (0,0) = llmk_)of = hmk—>OT =0

This completes (i)
Now for (ii) let us calculate the limit of f as
(x, y) — (0,0) along the line y = x. Then

x,y) = 0, because the liney = x
(WHO 0)f (x,y) = y =

when x # 0, f(x,y) = 0,but £(0,0) =1 # 0,

hence f is not continuous at (0,0).
Example 8.12
Let F(x,y) = x3y + y?x + 7 forall (x,y) €

2 9F QEBAC
R<. Calculate o (—=1,3) and 6y( 2,1)
Solution: F(x,y) = x3y + y?x + 7

OF _ 5 2 2
ax—3x y+y

So,57 (=1,3) = 3(-1)2(3) + (3)?
=3(1)B) +9
=9+9=18

9F _ .3
ay—x y + 2yx

50,3—5 (=2,1) = (=2)3(1) + 2(1)(=2)

= —8(1) — 4
= —8—4=-12

Example 8.13
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Pet f(x,y) = sin(xy?) + e*’+5 for all (x,y) €
af of 02f 0%f

RZ. Calculate —, —
Calculate "9y’ aydx’ axoy

Solution: f(x,y) = sin(xy?) + eX’+5y

o _ cos(xy?) (y2) + e*’*+5Y (3x2)

0x
oF _ 2 x3+5
5y = Cos(xy?) (x2y) + e* 5 (5)
;y_af; = cos(xy?) (2y) + (y?)[—sin(xy»)](2xy)
+ (ex3+53’)5(3x2) +0
= 2y cos(xy?) — 2xy>[sin(xy?)]
+15 x2 (eX’+5)
a%f

3roy = cos(y?) (2) + (x2y) [ sin(xy )] %)

+ 5eX +5Y(3x2)
= (2y) cos(xy?) — 2xy3 sin(xy?)

+ 15x2e*°+5Y

Example 8.14

Let W(x,y) =

0w 62
Calculate — G0z’ 3xdy

Solution: W(x,y) = xy +

2+1
a_W
ax
2w .
P o8, ...... ()
W(x }’) - xy + 2+1

ow _ . (y2+1)e¥ - €Y (2y)

ay (y2+1)2
22w

=1......... ii

dxoy ( )

Example 8.15
Let u(x,y) = e7?’ cos(2x) for all (x,y) € R2.
Prove that u is a harmonic function in R?.
Solution:

u(x,y) = e ?Y cos(2x)

u, = e ?[—sin(2x)2]
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= e 2Y[-2sin(2x)]
Uy = €72V [-2 cos(2x) 2]
= e ?Y[—4 cos(2x)]
Uy = —4cos(2x) e 2
uy, = cos(2x) e=?(-2)
= —2cos(2x) e~ %
Uy, = —2cos(2x) e"? (=2)
Uy, = 4cos(2x) e

Thus,

Uy + Uyy = —4cos(2x) e™?Y + 4 cos(2x) e >

=0

Since, u satisfies the Laplace’s equation, it is a
harmonic function.

EXERCISE 8.4
1. Find the partial derivatives of the following
functions at the indicated points.

() f(x,y) = 3x2 = 2xy + y% + 5x + 2, (2, =5)

(i) g(x,y) =3x2+y?2 +5x + 2,(1,-2)
(iii) h(x,y,z) = xsin(xy) + z%x, (2, %, 1)
(iv) G(x,y) = e**3¥ log(x? + y?), (—1,1)
Solution:
() f(x,y) = 3x? - 2xy + y?> + 5x + 2, (2, =5)
f(x,y) =3x%—2xy +y?+5x +2
of

ax—6x—2y+5
At (2, —5)
af o
5. =6(2)—2(-5)+5
=12+10+5
=27
flx,y) =3x%—2xy +y*+5x+2
of _
y = 2x + 2y
At (2, —5)

T=-2)+2(-5)

=—4-10=-14
(i) g(x,y) =3x2+y?2 +5x+2,(1,-2)
glx,y) =3x>+y%+5x+2

Manisekowan- Dept. of Maths-SRKMHSS ARCOT
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0g _
ax

6x + 5
At(1,-2)
29 =6(1)+5
=6+5
=11
gx,y) =3x*+y?+5x+2

99 _
0y_2
At (1,-2)
99 _ o(_
ay—2( 2)
=—4

(iii) h(x,y, z) = x sin(xy) + z%x, (2, %, 1)
h(x,y,z) = x sin(xy) + z%x
Z—: = x[cos(xy) y] + sin(xy) + z2
At(2, 5 1)
Z—: =(2) [cos (g) %] + sin (g) + (1)?
=@ @5 +1+1
=2
h(x,y,z) = x sin(xy) + z%x
S—Z = x[cos(xy) x] + sin(xy)(0) + 0

At (2,5 1)

z—z =(2) [cos (g) 2] + sin (g) (0)+0
= (2)[(0)2]+1(0)+0
=4(0)+0
=0

h(x,y,z) = xsin(xy) + z2x

ah
— =2zx
0z

At(2, 5, 1)

g—’; = 2(1)(2) = 4

(iv) G(x,y) = e**3¥ log(x? + y?), (—1,1)
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G(x,y) = e**3 log(x? + y?)

‘;_z _ ex+3y( 5 (2x) + log(x? + y?) e**3¥ (1)
=ert® (x2+y2) +log(x? +y?) e**¥
= e**3 [(x2+y2) + log(x? + yz)]

At (-1,1)

?,_z= T (1+1) + log(1 + 1)]

[( » t log(z)]

= e?[log(2) — 1]
G(x,y) = e**37 log(x?* + y?)

3—§=e"*3y Ty (@) +log(x? +y%) ¥ (3)
=Xt —— (x2+ RE log(x? +y?) e**3¥
3% [(x2+y2) + 3 log(x? + yz)]

At (—1,1)

3_5 _ o143 [(1+1) + 3log(1 + 1)]

e [() + 310g(2)]
= e?[1 + log 23]
= e?[1 + log 8]

2. For each of the following functions find
the £, f,, and show that fo., = fx

(1) f(x y) = y+smx
(i) f(x,y) = tan™t (;)
(iii) f(x, y) = cos(x? — 3xy)

Solution:
(1) f(x y) - y +sinx
a_f _ (y +sinx)(3)—3x(cos x)
ax (y + sin x)2

__ 3y +3sinx—3xcosx

(y + sinx)?

9%2f (¥ +sinx)%(3)—(3y +3 sin x—3x cos x)2(y + sin x)
dydx (y +sinx)*

__ (y+sinx)[(y +sinx)(3)—(3y +3 sinx—3x cos x)2]

(y + sinx)*

__ (y +sinx)[(3y + 3sin x)—(6y +6 sin x—6x cos x)]
- (y + sinx)*
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__ (y +sinx)[3y + 3sin x—6y—6 sin x+ 6x cos x]

(y + sinx)*

__ (= 3sinx—3y+ 6x cos x)

(y + sinx)3

__ —3(sinx+y—2x cos x) (1)

(y + sinx)3

0_f _ (¥ +sinx)(0)—3x(1+0)
dy (y + sin x)?

-3x

" (y +sinx)?

0%f _ (y +sinx)?(—3)—(-3x)2(y + sinx)(cos x)
axdy (y + sinx)*

__ (y+sinx)[(y + sin x)(=3 )+6x(cos x)]
- (y + sinx)*

__ [(y +sinx)(=3 )+6x(cos x)]
- (y + sinx)3

__ (=3y—-3sinx+6x cos x)
(y +sinx)3

__ —3(y+sinx—2x cosx)
- (y + sinx)3 (2)

From (1) and (2)
fey = fyx is proved.

(i) f(x,y) = tan™ (%)

H__E (1)
)

%f _ (x2+y?) (D)-v(2y)

dydx (x2 + y2)2
. x% +y2-2y2
(x2 + y2)2
92 %2 — y2
L = 250307 .. (1)

dyodx T (2 + y2)2
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=25
T x2 +y2 \y2

—X

x2 +y2

%f _ (x*+y%) (=D-(=x)(2x)
dxdy - (x2 + y2)2

_ —x%—y?yax?
(x2 + y2)2

a%f _ x2 — y2
—= = S 00T 2)

From (1) and (2)
fey = fyx s proved.

(iii) f(x, y) = cos(x? — 3xy)

of
dx

= —sin(x? — 3xy)(2x — 3y)
= —(2x — 3y)sin(x? — 3xy)
Of (9, _ 2 _ _
Syox = (2x — 3y)cos(x* — 3xy) (—3x)
—sin(x? — 3xy)(-3)
= 3x(2x — 3y)cos(x? — 3xy) +3sin(x? — 3xy) ......... (1)

o _ _cin(x? — _
i sin(x? — 3xy)(—3x)
= 3xsin(x? — 3xy)
axa = 3xcos(x? — 3xy) (2x — 3y)

+ sin(x? — 3xy) (3)
= 3x(2x — 3y)cos(x? — 3xy) +3sin(x? — 3xy) .cveuu (2)
From (1) and (2)
fey = fyx isproved.

3.1f U(x, y,z)=#+322y,
find 37,5~ and 5
Solutlon.
U(x, y,z)— +32 y

U _ (xy)(2x+0)—(x* + ¥y*) )
ox (xy)? +0

_ axly—x?y—y3
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_ y(x*-y?)
- x2y2
_ (x*-v?%)
= T
Ulx,y,z) = + 3z%y
U _ ()0 +2y)—(x2 +y?)(x) 2
oy (xy)? +3z
_ 2xy? —x3-xy? | 2
= (xy)2 T 3Z
_xy?-x3 2
o2 + 3z
x(y?-x?)
=" 322
(y _f )+ 372
xy
x2 +y
Ulx,y,z) = p” + 3z2%y
U
a_z =0+ 3_’)/(22)
= 6yz

4.1fU(x,y,z) =log (x3+y3+23),
. .U 9U U
find Ix + 5 + ™
Solution:
U(x,y,z) =log (x3+y3+z3)
iy B 1V
ax  (x3+y3+z3)

3x2

- (x3+y3+2z3)
ou 1
— = 3y2
dy (x3+y3+z3)

3y2

T (x34y3+23)
U _ 1 )
0z (x3+y3+z3)
3z2
(x3+y3+z3)
0U | dU , 90U _ 3x2+3y2+3z2
ax 8y 9z  (x3+y3+z3)
_ 3(x%+y?+z?)
T (x3+y3+23)

5. For each of the following functions find
the gxy, Gxxs Gyy and gy -

(xy)?
_ xly-y? () g(x,y) = xe¥ + 3x?y
(xy)* (i) g(x, y) = log(5x + 3y)
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(iii) g(x, y) = x? + 3xy — 7y + cos(5x)

Solution:

(1) glx,y) = xe¥ + 3x2y

gx = €Y + 6xy
Ixx = 6Y
Jyx = €” +6x

gy = xe¥ + 3x?

9yy

1
6. Let W(X, vy, Z) = \/ﬁ

’w . 0*w | 0*w
howthat—+—+—=
Show that oz T2 T 322

Solution:

1
w(x,y,z) = Nrorevre
1
= T
(x2+y2+z2)2
1
=(x?+y2+2z2)"2
ow _ 1.2 2 2y- >
o = 2(x +y2 +z%)"2(2x)
3
=—x(x2+y2+2%)"2
2w

LA (— S) (x2 +y2% + ZZ)_;(ZX)

ox?
3
+(x2+y2+2z9)72(-1)
3 3
=@Bx)2+y?2+z)7 27 —(x2+y2+29) 72
3
=2 +y*+22) 7 2[BxH)(x? + y* +z2)71 - 1]
3r 2
— (2 2 2\~ > 3x _
=G +y*+2%)7e [(x2+y2+22) 1]

3x2— x2— y2— Zz]

3
=x*+y*+29)"2

(x2+y2+22)
aZW 2 2 2 —E -sz—yZ—ZZ:I
_— = 2|l
dx? (e + g ) | (x2+y2+22)
Similarly,

aZW 2 2 2 —E 2y2—zz—x2]
—_— = 2 | ——
ay? G +y*+2%) (x2+y2+22)
a*w

3 2 2 2
Iw _ .2 2 4 2\ [225-x -y ]
022 G +y5+25)72 (x2+y2+2z2)

www.TrbTnpsc.com

d0x2 d0y?

3
=2 +y*+2%)2

2x%—y2_72 2y2—72_x2 4 222 x2_ 2]
(x24+y2+22)  (x2+y2+z2)  (x2+y2+2z2)

3 2 2 2 2 2 2

— 2 |2x°-2x“+2y“-2y“+2z°-2z

= (x2 4+ y% 4 z2) 2[ Y Ly ]
(x2+y2+22)

3
= (x* +y* +2%)"2[0]
| otw

0%w | 0w
) 0x2+6y2+622_0

7.1f V(x,y) = e*(x cosy — ysin y)then
rove that 2% + 2% = ¢
prove that > + 7 =
Solution:
V(x,y) = e*(xcosy — ysiny)
V = xe*(cosy) —e* ysiny
Z—Z = (cosy)[xe* + e*] — ysinye*

2
o _ (cosy)[xe* + e* + e*] — ysinye*
y ysiy

dx?
= (cosy)[xe* + 2e*] — ysinye*
= xe* cosy + 2e*cosy— ysinye*

V = xe*(cosy) —e* ysiny

av \ :
B = xe*(—siny) —e*(ycosy + siny)
= —xe*siny —e*ycosy —e*siny
a2v c o .
9,7 = ~Xe“cosy—e (—ysiny + cosy)
—e*cosy
= —xe*cosy —2e*cosy + ysinye*
a%v | a%v
axz T oy =0

8.If w(x,y) = xy + sin(xy), then
2w q 22w

dyox - dxoy

prove that

Solution:

w(x,y) = xy + sin(xy)

ow __
==Y + cos(xy)y
=y + ycos(xy)
92w _ A
P 1+ y[—sin(xy)x] + cos(xy)(1)

=1 — xysin(xy) + cos(xy)..... (i)
w(x,y) = xy + sin(xy)
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ow
oy =X + cos(xy)x
= x + x cos(xy)
%w ,
owdy 1+ x[—sin(xy)y] + cos(xy)(1)

=1 — xysin(xy) + cos(xy)..... (i)

a%w %w .
——is proved.

From (i) and (ii) Do 5xdy

9.If V(x,y,z) = x3+y3 +z3 + 3xyz,
show thatﬂ _ o
dyoz - 0z0y

Solution:

V(x,y,z) = x3+y3 +2z3+ 3xyz

av

5= 3z2% + 3xy
L =3 0)
Z—Z = 3y? + 3xz
=3 0)
From (i) and (ii) :;;Z = % is proved.

10. A firm produces two types of calculators
each week, x number of type A and y
number of type B . The weekly revenue and

cost functions (in rupees) are

R(x,y) = 80x + 90y + 0.04xy — 0.05x2 — 0.05y2
and C(x,y) = 8x + 6y + 2000 respectively.
(i) Find the profit function P(x, y),

(ii) Find 22 (1200,1800) and g—i at

(1200,1800) and interpret these results.
Solution:

Given Revenue = R(x,y) and
Cost=C(x,y)

So, Profit P(x,y) = R(x,y) — C(x,y)

= (80x + 90y + 0.04xy — 0.05x% — 0.05y?)

— (8x + 6y + 2000)

(i) P(x,y)=72x+ 84y + 0.04xy — 0.05x% — 0.05y2 — 2000

% = 72 +0.04y — 0.1x

ax

At (1200,1800)

www.TrbTnpsc.com

g—i = 72 + 0.04(1800) — 0.1(1200)
= 72 +72.00 — 120.0
= 144 — 120

oP _

Z =24

oP _ a\

T =84+004x— 0.1y

At (1200,1800)

g—i = 84 + 0.04(1200) — 0.1(1800)
= 84 + 48.00 — 180.0
= 132 — 180

oP _

=48

..\ OP oP
(i) — = 24 and Pl 48 At (1200,1800),

shows Profit increases when keeping y as

constant.

Example 8.16
Ifw(x,y,z) = x>y +y2z+z%x, x,y,z€R,
find the differential dw .

Solution:

dw = wydx + wydy + w,dy
Given w(x,y,z) = x%y + y%z + z%x
w, = 2xy + z2

w, = x%+ 2yz

y
w, = y? + 2zx

a©dw = 2xy + z2)dx + (x? + 2yz)dy

+(y?% + 2zx)dz

Example 8.17

Let U(x,y,z) =x?>—xy+3sinz, x,y,z€R.
Find the linear approximation for U at
(2,-1,0).

Solution:

Linear approximation L(x, y, z)
= U(X0,Y0,20) + Ux(x0, Y0, 20) (x — x¢)
+U,, (X0, Y0, 20) (Y — ¥0) + U, (X0, Yo, 20) (z — 2o)

L(x,y,2z) = U(xy, yo,20) + X Uy (%0, Y0, 20) (x — %)
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At(1,-1)
U(x,y,z) =x? — 3 si
(x,y,z) =x* —xy + 3sinz w, = 3(1)2 — 3(—1)
U ) ) =U 2; _1I 0
(XOYOZO) ( ) =3+3=6
=(2)? - (2)(—-1) + 3sin(0
(2)* = @)(=1) + 35in(0) vy = —3(1) + 4(-1)
=442+ 3(0)
=-3—-4
U(xO,yo,Zo)=6 _ _7
Uy,=2x—y
“Lx,y,z) =6+6(x—1)—-7(y+1)
Uy, =—x
=6+6x—6—7y—7
U, =3cosz —bx—Ty—7
At(2,-1,0),U, =2(2) - (-1 . . . .
( ), Ux @ -0 The required linear approximation
=4+1
+ for wat (xg,y,) = 6x — 7y —7
=5 o0 a0 e D B e e SA G
U, = —(2) 2.Letz(x,y) = x?y + 3xy*, x,y € R.Find
the linear approximation for z at (2, —1).
= =2 Solution: Linear approximation
U, = 3 cos(0) L(x,y) = U(x0,¥0) + 2 Uy (x0,¥0) (x — %)
=3(1) z(x,y) = x%y + 3xy*
= 3 Z(xo;YO) = Z(Zl_l)

2 L(x,y,z)=6+5(x—-2)—-2(y+1)

+3(z—0)

L(x,y,z) =6+5x—10—2y —2+ 3z
=5x—-2y+3z-6
The required linear approximation

for U at (xg,y0,20) =5x — 2y +3z—6

= (@?2(-D+3@(-D*
=4(-1)+6(1)
=—4+6

z(xo,yo) = 2

Z, = 2xy + 3y*
z, = x* + 12xy?

EXERCISE 8.5 At(2,-1)

1.Ifw(x,y) =x3—3xy +2y?%, x,y €R , find z, = 2(2)(-1) + 3(-1)*
the linear approximation for w at (1,—1). _
Solution: Linear approximation =—4+3

L(x,y) = Uxo,yo) + X Uy (20, ¥0) (x — %) = o

w(x,y) = x3 = 3xy + 2y? z, = (2)* +12(2)(-1)°

w(xo, o) = w(1,—1) =42
= (D*=3(D(-D +2(-1)? e
=14+3+2(1) “Lxy,z2)=2-1(x—-2)-20(y+ 1)
=442 =2—-x+2-20y—20
w(xo,¥0) = 6 = ~x 20y -16
wy = 3x2 — 3y The required linear approximation
wy, = —3x + 4y for z at (xg,y,) = —(x + 20y + 16)
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3.1fv(x,y) = x2 —xy +iy2 +7,x,y€ER,
find the differential dv .

Solution:  dv = v dx + v, dy

Given v(x,y) = x? —xy+iy2 +7
Ve =2x—Yy
v, = —x+i(2y)
= —x+%

Wodv = Q2x—y)dx + (—x + X) dy
2
4.LetW(x,y,z) =x?—xy+ 3sinz,x,y,z € R.
Find the linear approximation at (2, —1,0)
Solution: Example:- 8.17
5.LetV(x,y,z) =xy+yz+2zx, x,y,z € R.
Find the differential dVV
Solution:

dv =V.dx + V,dy + V,dy

Given V(x,y,z) = xy +yz + zx

Ve=y+2z
Vy=x+z
,=y+x

o dV =@+ 2)dx+ (x+2z)dy+ (y+x)dz

Example 8.18 Verify o = 2L 4% | 97 4y
Xample ©.Lo Vely or = ax at | ay dt

F(x,y) = x? —2y2 + 2xy
atx(t) = cost, y(t) =sint, t € [0, 2m].
Solution: F(x,y) = x? — 2y? + 2xy
At x(t) = cost, y(t) =sint
F(t) = (cost)? — 2(sint)? + 2(cost)(sint)

= cos?t — 2sin’t + 2sintcost

Z—I; = 2cost(—sint) —2(2sint cost)
+2[sint (—sint) + cost (cost)]

= —2costsint —4costsint — 2sin’t + 2cos?t

Z—IZ = —6costsint — 2sin’t + 2cos?t.. (1)

www.TrbTnpsc.com

F(x,y) = x%—2y? + 2xy

oF
ol 2x + 2y
oF
3 = —4y + 2x
x(t) = cost
& _ sint
dt
y(t) =sint
Y — cost
dt

ordx | oFdy _ _si
oy ac oy a = (2x+2y)(=sint)

+ (—4y + 2x)(cost)
= (2cost + 2sint)(—sint)

+ (—4sint + 2cost)(cost)
= —2costsint — 2sin®t — 4 costsint + 2cos?t
= —6costsint — 2sin’t + 2cos’t..... 2)
From (1) and (2)
E __OFdx  OFdy

= —— + —— is verified.
dt dx dt 0dy dt

Example 8.19
Let g(x,y) = x? — yx + sin(x + y),
d
x(t) = e, y(t) =t%t € RFind d—‘f
ag _ogex  ogay

Solution: — =
dt dx dt Ody dt

g(x,y) = x3 —yx + sin(x + y)

99 _ 5. _

0, = 2X—y+ cos(x + y)

99 _ _

5y = % + cos(x + y)
x(t) = e3¢

& = 3e3t

dt
y(@®) =t?

=2t

dt

.dg dgdx  dgdy
dt dxdt dydt

= (2x —y + cos(x + y))(3€3t)
+(—x + cos(x + y))(Zt)

= (Ze3t —t? 4 cos(e3 + tz))(383t)
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+(—e3 + cos(e® +t2))(2t)
= 6e°t — 3t2e3t + 3e3cos(e3t +t?)

—2te*" + 2tcos(e3t + t?)
Example 8.20
Let g(x,y) = 2y + x2,

x=2r—s,y=r%+2s71,s € R.Find 22,%

d g d g d o §
lution: (i) & =292* L 9%
Solution (l) ar dx or dy or
glx,y) =2y + x?
ag

£=2X
99 _
ay_z
x=2r—s
dx

a—T—Z
y=r%2+2s
9y _
ar_zr

.09 _0g0x 099y
“ar T axor dy or

= (2x)(2) + (2)(2r)
=4x + 4r

=4(2r —s) + 4r
=8r —4s+4r

99 _ 12r — 45
ar

.. 7] dgox  dga
ds 0x 0s dy 0s

g(x,y) = 2y + x?

99 _
ax—Zx
99 _
6y_2
X=2r—s
dax

g——l
y=r%2+2s
9y _
65_2

.99 _ 0g0x | 990y
" 9s ~ 9xds dy ds

= 20D+ (2)(@)
=—2x+4
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=-2Q2r—-s)+4
= —4r + 2s + 4r

%9 — _4r+2s+4
ds

EXERCISE 8.6
1.Ifu(x,y) = x?y + 3xy*, x = et and y = sint,
d
find d_? and evaluateitatt = 0
du _ oudx  oudy

Solution: — =
dt dx dt  0dy dt

u(x,y) = x%y + 3xy*

ou _ 4
P 2xy + 3y
u _ .2 3
ay X + 12xy
x(t) = et
ax _ ot
dt
y(t) = sint
Y~ cost
dt

a=G)@+G) @)
= (2xy + 3y*)(et) + (x% + 12xy3)(cost)
= [2(eY)(sint) + 3(sint)*](e?)
+[(et)? + 12(e")(sint)3](cost)

= 2e%tsint + 3efsin*t + e?t cost + 12et cost sin3t

d . . )
d—I: =e'(2etsint + 3sin*t + et cost + 12 cos t sin3t)
att =0,

du

o= e%(2e°sin 0 + 3sin*0 + e cos 0 + 12 cos 0 sin30)

=1(04+0+1+0)
=1(1)

du
i 1
2. 1fu(x,y,z) = xy?z3,
du
x =sint,y =cost,z=1+e? findE
. du dudx A dudy . oudz
Solution: —=——+ ——+ ——
dt dx dt dy dt dz dt

u(x,y, z) = xy?z*

ou 2.3
ox y
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ou _ 3 _ 3
3y x(2y)z3 = 2xyz
d
a—: = xy?(3z?%) = 3xy?z?
x =sint
d
= = cost
dt
X = cost
Y~ _sint
dt
z=1+2e%
dz

— 2t — 2t
" = 2(e?t) = 2e

d

M (y22%)(cost) + (2xyz*)(~sint)

+(3xy?z%)(2e?)

= y2z3 cost — 2xyz3sint + 6xy?z2e
= yz%(yzcost — 2xzsint + 6xye?t)
= cost (1 + e?t)?

[cos?t(1 + e?t) — 2sin?t(1 + e?!) + 6sint cos t e?t]

3.1fw(x,y,z) = x? + y?+2z3,
dw
x=e',y=-etsint,z = e’cost, findE
owdx . owdy , dwdz

. dw
Solution: — = — —
dt dx dt dy dt dz dt

w(x,y,z) = x% + y?+z°

ow

E—ZX

ow

ay = 2

ow

E_ZZ

x=et

ax _ it

dt

y =etsint

dy _ ¢ . t

— =e'cost+sinte

z = el cost

d )

d—i = e!(—sint) + cost et
ow dx ¢
rdr (2x)(e")

= (2eY)et

2t
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=2e%
wdy _ t intet
oy dt = (2y)(etcost + sintet)
= (2e'sint)(e‘cost + sinte’)
= (2e*sint)(cost + sint)
wdz _ ¢ ot t
P (2et cost)(—efsint + costet)

= (2e? cost)(—sint + cos t)

dw _ owdx | owdy | dwdz

E T ax dt dy dt dz dt
=2e?t(1 + sint cos t + sin’t — sint cos t + cos?t)

= 2e%(1 + sin®t + cos®t)

=2e%(1+1)
=2e%(2)

IV — g2t

dt

4. LetU(x,y,z) = xyz,

. . dUu
x=ety=etcost,z=sint,t ER, ﬁndz
au dUdx A dUdy , 0U dz

Solution: — =

dt _ dxdt | dydt ' 8z de

U(x,y,z) = xyz
U _
0x =Yz
U _
ay_
U _
az_xy

XZ

x=et

dx
dt

= —e_t

y =e tcost

dy

A e t(—sint) + cost (—e™)

= e t(—sint — cost)

= —e t(sint + cost)

zZ =sint
d
2 = cost
dt

oU dx

B = (=)

dx dt
= (et cost)(sint)(—e™?)

=—e ?tcostsint

Manisekawon- Dept. of Maths-SRKMHSS ARCOT

Page 22

Send Your Questions & Answer Keys to our email id - padasalai.net@gmail.com


www.Padasalai.Net

www.Padasalai.Net

6U dy
3y ac = *x2)l-e

= (e7H)(sint)[-

= (—e ) (sin’t + sint cos t)

“t(sint + cost)]

e t(sint + cost)]

6w dz

——=(e™)(e™" cost)(cost)

= (e7?")(cos’t)
aw _ owdx  dwdy A dwdz
dt  dx dt 9dydt 9z dt
= —e % (sint cos t + sin’t + sint cos t — cos’t)

= —e %[ 2sint cos t — (cos*t — sin’t)]

— = —e~?(sin 2t — cos 2t)
5.1fw(x,y) = 6x3 — 3xy + 2y?,

x=e® y=coss,s ER,

. dw

find e and evaluateat s=0
dw _ owdx | dwdy

Solution: — = —
ds dx ds dy ds

w(x,y) = 6x3 — 3xy + 2y?

w _ 2 _
G 18x 3y
M — _3x+4
ay p x y
x=e
ax _ s
ds o
Yy =COSS
% = —sins
aw dx _ 2 s
e ds (18x 3y)(e )
= [18(e®)? — 3(coss)]e’
= e5[18(e*) — 3(cos s)]
6w dy
TR = (—3x +4y)(—sins)

= [-3(e*) + 4(coss)](—sins)

= (2e*sint)(cost + sint)

av _ owdx | owdy
ds Oxds 0dyds

= 18e3° — 3 cosse’ + 3e°sins — 4sinscos s

ats=0

Manisekowan- Dept. of Maths-SRKMHSS ARCOT
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C;—V:= 18e% — 3 cos0e® + 3e%sin0 — 4 sin 0 cos 0
=18—-34+0-0
dw=15
dt

6.1fz(x,y) = xtan™1(xy),
x =t%y=selsteR, flnd—and —

ot
ats=t=1.
0z 0x | 9z 3y

Solution: (i) Z—j =ZZ

dx 0Os dy 0Os

z(x,y) = xtan™1(xy)

2 = x [ )] + tan ) (1)

= x(1+ > 2) + tan"'(xy)

0z

== = 1
5% = Trazyr TN (xy)
x = t?
o _,
s
9z 0x _
é& = [1:;};3/2 + tan 1(xy)] (0)
0z 0x
s N
z(x,y) = xtan™'(xy)

g_; PG [1+( y)? (x)] % ] 1(xy)(0)

- (1+Zcxzy)2)

y = set
ady ¢
2) oy
ds

2 ()
dx 0s  \1+(xy)2 (e)

at x =t?%y=se.

az ¢

= e
as (1+(tzsef)2) ( )
0z ttet

s~ 1+(tZset)?

ats=t=1.
aZ e
6s 14€2

0z 0z 0x 0z dy
) 2=y 222

at dx ot dy ot
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z(x,y) = xtan™"(xy) oU _ 9U0dx , U9y
as dx 0s dy 0s

- )] + tan " (xy)(1)

ox X [1+(xy)2 U(x,y) = e*siny

=x(1+ 2 2)+tan 1(xy) Z_Z= sinye”*
9z _ 1 o
5 = Treyr T tan T (xy) X = st
dx
— 42 ox _
x=t 2 ¢
ox 0U6x_ x 2
o= %0 _ (5iny %) (¢2)
s=t=1the x=1y=1
Z;Zc gi [1+ 25 Lan 1(9‘)’)] (2t) n y

auax
sin(1) e~ |(1
at s= t=1then x=1,y=e_ 3x ds [ () ]()

2\ ) = e sin(1)
ox 3t " L+ s+ tan ()] ) W _ ox cosy
=
= + 2tan~(e) g
2
1+e y = st
z(x,y) = xtan™(xy) s
., ) % = 2st
e [1+( y)? (y)] + tan™' (xy)(0) oU
2 = (e* cos y)(2st)
_ ( xy ) dy 0s
1+(xy)? s=t=1thenx=1,y=1
y = set U dy _
o : 3 = [e cos(1)](2)
— = se
ot = 2e cos(1)
0z dy _ au
oy ot (1+(xy)2)( et) Pl sin(1) + 2e cos(1)

ats=t=1then x=1,y=e
8.Let z(x,y) = x3 — 3x%y3 where x = set,

0z ay ( ) (
dy dt 1+e? y =se” stE]Rflnd—and—t
e
2
1+e Solution:
0z 0z 0x 9z 0y
=z, 227 0z 0z dx , 0z dy

ot axdt a9y ot === ald
ds dxds 0y ds

92 _ 2 | ot
at  1re2 T 2tAN z(x,y) = x> — 3x?y?
aZ 3e -1 aZ 2 3
3t 1e07 >+ 2tan (e) P 3x° — 6bxy
........................................................................................ Y sol
7.Let U(x,y) = e*siny where = e
S
=M 2
x =st°,y =5t s,t ER, azax_(3 adf 3)( t)
., 0U aU B Bs NS Xy L€
find s’ ot and evaluate them at s= = 1.
= [3(se")? — 6(se") (se™)](e")
Solution:
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= (3s%e? — 6se's®e™3)(eh)
= (3s%e? — 6s*e ) (et)
%z—i = (3s%et)(e* — 25%e7%)
z(x,y) = x3 — 3x?%y3

0z 2.2

3y 9x“y

y =se’t

9y _ -t

as_e
020y _ . . 2 2\(,-t
3y s = 9xy)(e™)

= [-9(x)*»)?1(e™)
= [-9(se")?*(se™)?](e™")
— _Qgg2p2tg2p-2tp—t
= —9s*e~t
oz

bl 2 pt 2t __ 2,2t _OQc4,-t
as—(3se)(e 2s5%e7%') + —9s%e

— (352€t)(82t — 2522t _ 3528—2t)
9 W(x’y’ Z) : xy + yZ + Zx' ................................

xX=u—v,y=uv,z=u+vu,v €R

dw dw dw
Find —, — and —evaluate them at (1, 1)
du dv dz 2

dw owdx A owdy  Ow 0z

Solution: (i) — = — — -—
Solution: (i) du dx ou 9dy du 0z 0u

W(x,y,z) =xy+yz+ zx
ow

AN — VA
0x y+
ow
—=Xx+4+2Zz
ay

ow

| X
0z y+
X=u-—v
ax

= =1
ou

Yy =uv
dy

— =7
ou
Z=u+v
0z

—=1
ou

Manisekowan- Dept. of Maths-SRKMHSS ARCOT
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w=GGE) GG+ GG
= G+ DD+ + W) + (& + 0D
=G+ + D0 + 5+ )

Atx=u—-v,y=uv,z=u+v

Z—‘:=(uv+u+v)+(u—v+u+v)(v)
+(uv+u—v)

=(w+u+v)+ Quw) +(uv+u—7v)

=uw+tut+tv+2Zuwwtuvt+u—v

Ct uv + 2u
du

()
W=t w+2(y)
=2+1

-~ =3
du

(i) & = wox | owoy | owo
dv  9x ov dy ov dz ov

W(x,y,z) =xy+yz+zx

ow
ax—y+z
ow
—=x+z
dy

ow

oz - YTX
X=UuUu-—v
ax
5__1
y =uv
ay _
w
Z=u+v
0z

5—1

w=GE)+E)E) GG
=+ 2D+ + )W + 6+ (1)
= —(y+2) + @+ 2D + (y+ 1)

Atx=u—-v,y=uv,z=u+v
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dv

+(uv +u—v)

=—(w+u+v)+ QCQuw +(w+u—-v)

=—w—-—u—v+2utt+uv+u—v
d

w
—=2u?>-2v
dv

w()

ool 200

N =

Example 8.21

__ x?+5xy —10y? .
Show that F(x,y) = iy, 1S3
homogeneous function of degree 1.

Solution:
x2% + 5xy — 10y?
3x+ 7y

Given F(x,y) =

_ (%)% + 5(tx)(ty) — 10(ty)?
- 3(tx) + 7(ty)

=~ F(tx, ty)

t2x2% + 5t2xy — 10t2y?
3tx + 7ty

t2(x?% + 5xy — 10y2)
t(3x +7y)

t(x? + 5xy — 10y?)
(Bx +7y)

=t F(x,y) forallt € R.

So, F is a homogeneous function of degree 1.

Example 8.22 Ifu = sin™! (\;;:\3/%),

u du 1
Show thatxa + Yoy = Stanu

Solution:

. . x+y
Given u = sin™! (—)
Va+/y

sinu (x,y) = (\/’;: 3’;)

sinu (tx, ty) = ( Xty )

Vex+ty

Manisekowan- Dept. of Maths-SRKMHSS ARCOT
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_ tlx+y)
T VE(Vx+Vx)

_ Vtvt(x+y)
VE(Vx+x)

_ Vt(x+y)
(Vx+vx)

1
_ t2(x+y)

T (WVx+a)

1
=tzsinu (x,y) forallt € R.
So, sinu (x, y) is a homogeneous function of
degree E
2
By Euler’s theorem,

of L LOF _1
x6x+y6y_2f

Now, substituting f = sin u in the above

equation, we get

d(sinu) d(sinu) 1 .
X ==sinu
0x + y ox 2
xcosua—u+ cosua—u—lsinu
dx y ax 2

cosu(xa—u+ a—u)—lsinu
0x yax T2
ou a_u_lsinu

X — _——
6x+yax 2cosu

ou ou 1
x—+y—=;tanu Proved.

EXERCISE 8.7
1. In each of the following cases, determine
whether the following function is
homogeneous or not.
Ifitis so, find the degree.
A fl,y) =x?y+6x3+7

Solution:
fl,y) =x?y+6x3+7
f(tx, ty) = (tx)*(ty) + 6(tx)* + 7
= t2x%ty + 6t3x3 + 7
=t3x?y + 6t3x3+7

It is not homogeneous function.

. 6x%y3 —my> + 9x*y
ii) h(x =
(if) ( ’y) 2020x2 + 2019y2
6(tx)%(ty)3 — m(ty)® + 9(tx)*(ty)
2020(tx)% + 2019(ty)?

h(tx, ty) =
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6t2x2t3y3 — wtS5y5 + ot*x4ty
2020t2x2 +2019t2y?2

6t3x2y3 —mtSyS + otSxty
2020t2x2 +2019t2y?2

_ t5(6x2y3 —my® + 9x*ty)
t2(2020x2 + 2019y?2)

t3(6x%y® — my5 + 9xty)
(2020x2 + 2019y2)

= t3h(x,y)

It is a homogeneous function of degree 3.

J3x2+5y2+ z2

4x + 7y

(i) glx,y,2) =

V3(Ex)%+ 5(ty) %+ (tz)2
4(tx) + 7(ty)

g(tx, ty, tz) =

_ /3t%x%+ 5t2y2+ t222
4tx + 7ty

_ Jt?2(3x2+ 5y2+22)

t(4x+7y)

_ ty(3x%2+ 5y2+22)

t(4x+7y)

_ t9/(8x%+ 5y2+22)

(4x+7y)

It is a homogeneous function of degree 0.

yz_ ZZZ)
xy
(ty)?- Z(tZ)Z)
(&) (ty)
t2y2— thzz)
t2xy

(iv) ulx,y,z) = xy +sin (
u(tx, ty,tz) = txty + sin (

= t?xy + sin (

£2(y2- 222)]

t2(xy)
yZ_ 222)

= t?xy + sin [

= t%xy + sin (

It is not homogeneous function.

2. Prove that f(x,y) = x3 — 2x%y + 3xy? + y3
is homogeneous; what is the degree?
Verify Euler’s Theorem for f .
Solution:

flx,y) = x3 —2x%y + 3xy? + y3
fex, ty) = (tx)® — 2(t0)?(ty) + 3(t0) (£y)? + (ty)?
= t3x3 — 2t%x%ty + 3txt?y? + t3y3
= t3x3 — 2t3x%y + 3t3xy? + t3y3
= t3(x3 — 2x%y + 3xy? + y3)

www.TrbTnpsc.com

It is a homogeneous function of degree 3.

) of of _
By Euler’s theorem, x =ghy 3y 3f

To verify,
flx,y) =x3—2x%y+ 3xy2 +y3
of _ 2,2 _ 2
Pl 3x° —4xy + 3y
]

f _ 9,2 2
3y 2x* + 6xy + 3y

xg—£+ yg—i = x(3x% — 4xy + 3y?)
+y(—2x2 + 6xy + 3y?)
= 3x3 — 4x2y + 3xy? + y3 — 2x%y + 6xy%+3y3
= 3x3 — 6x%y + 9xy? + 3y3
= 3(x3 — 2x2%y + 3xy? + y3)
= 3f

) of of _
Hence Euler’s theorem, x Ty 3y 3f

is verified.

3. Prove that g(x,y) = xlog G) is

homogeneous; what is the degree?
Verify Euler’s Theorem for g.

Solution:
— y
g(x,y) = xlog (x)

g(tx, ty) = txlog (%)

= txlog (2’—6)

=tg(x,y)
It is a homogeneous function of degree 1.
By Euler’s theorem, x Z—i + yg_i =g

9(xy) = xlog(?)
2 x|y ()] +108()
=x[(5) (Z)] +108(3)
=[(5) ) +108(2)

Manisekowan- Dept. of Maths-SRKMHSS ARCOT
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o)
90xy) = xlog(%)

dg _

ady x

==[()O)]+0

X

y

st @l )
R

xg—z+y2—i=xlog(f)

dag ag . .
Hen — — = g is verified.
ece,xax+yay g is verified

4.1fu(x,y) = 22 brove that

Afulx,y) = ==, prove tha
a_”_|_ du _3

xax yay_zu

Solution:

x?% +y?

VX +y

(tx)? + (ty)?

V@) + (@)

_ thZ +t2y2
V@) + (ty)

23 (x%+y?)

- Vi

_ ey

Ve ()

t;(x2+y2)

Vv (x+y)

ulx,y) =

u(tx, ty) =

3
=tz u(x,y)
It is a homogeneous function of degree z

, ou ou _ 3
Hence by Euler’s theorem x Py 4 ay 24

5.1f v(x,y) = log(x +§2

2
X+

), prove that

O]+ @

www.TrbTnpsc.com

v(x,y) = log (M)

xX+y
2 2
v __ X +y

x+y
(tx)? + (ty)?
Let f = e¥(tx, ty) = ———==
etf =e"(txty) = "5
_ t%(x%+y?)
7 t(x+y)
_ t(x*+y?)
(x+y)

[t is a homogeneous function of degree 1.

By Euler’s theorem, xz—fc + yz_£ =f
But f = eV
So, xaa—exv-|- aa_‘;v=ev
xe"Z—Z+yevz_;=ev
ev(xg—z+yg_v)= v
xZ—Z Z—;=—:=1isproved.

_ 5x3y* 4+ 7y2xz* — 75y324)

6.1fw(x,y,z) = log( Ty ,
ow ow ow
flndxax +yay tz

Solution:

5x3y% 4+ 7y2xz% — 75y3z4)
x2 + y2

w(x,y,z) = log(

oW — 5x3y% 4+ 7y2xz% — 75y32%
x2 +y2

5x3y% 4+ 7y2xz% — 75y3z%
x2 +y2

Let f=e¢e% =

It is a homogeneous function of degree 5.

) of of , Of _
By Euler’s theorem, x TV 3y tzo = 5f

Butf =e%
w aeW a w
So, x— A = 5e%
! ox Ty oy T oz
ow ad ow
xeVW — eV zeW — = 5e%
dx Ty a + az

xa—v + ya—v =1 9 oy g
o x 2y Mg
Solution: dx dy a
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EXERCISE 8.8

1. A circular template has a radius of 10 cm.
The measurement of radius has an
approximate error of 0.02 cm. Then the
percentage error in calculating area of this
template is
(1) 0.2%
(3) 0.04%

(2) 0.4%
(4) 0.08%

2. The percentage error of fifth root of 31 is
approximately how many times the

percentage error in 317

m: @ s () 31

3.1f u(x,y) = eX*+y?, theng—zis equal to

D eX’+¥ (2)2xu  (3)x*u  (4)y*u

4.1f v(x,y) = log(e* + e¥),

v

then =

v .
+ 3 1S equal to

1
eX+e¥

(D e*+e¥ (2) 32 @)1

5.1f w(x,y) =xY, x>0, thenaa—‘:; is equal to
(1) x¥ log x
3 yx 1

(2) ylogx
(4) xlogy

%f .
— Xy —J
6.1f f(x,y) = e*, then Py is equal to

(2) 1 +xy)e?
(4) (1 +x)e™

(1) xye*
(3) (T +y)e™

7. If we measure the side of a cube to be 4 cm

www.TrbTnpsc.com

with an error of 0.1 cm, then the error in
our calculation of the volume is
(1) 0.4 cu.cm (2) 0.45 cu.cm

(3) 2 cu.cm (4) 4.8 cu.cm

8. The change in the surface area S = 6x2 of a

cube when the edge length varies from
X to x¢ + dx is
(1) 12x, + dx
(3) 6xpdx

(2) 12xydx
(4) 6xy +dx

9. The approximate change in the volume V

of a cube of side x metres caused by
increasing the side by 1% is
(1) 0.3xdx m3 (2) 0.03x m3

(3) 0.03x% m3 (4) 0.03x3 m®

10.If g(x,y) = 3x? — 5y + 2y?,

d
x(t) = et and y(t) = cost, then d—‘z is

(1) 6e?t + 5sint — 4 costsint
(2) 6e?t —5sint + 4 costsint
(3)3e?* +5sint + 4 costsint
(4) 3e?* —5sint + 4 costsint

X

11.If f(x) = ol then its differential is
H—  ax (2)—— dx
() G 9 x+1)?
1 -1

12.1f u(x,y) = x* + 3xy +y — 2019,

ou

then 5 is equal to

X(4,~5)

(1) -4 (2) -3 3) -7 (4) 13

13. Linear approximation for g(x) = cosx

Moanisekarawvv- Dept. of Maths-SRKMHSS ARCOT
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atx = Zis
2
(3
(Dx+7 2)—x+3

) x—7 (4)-x—~

14.1f (x,y,z) = x*(y — 2) + y*(z — x)
+2z%(x —y),
ow ow ow .
then§+£+a—zls
(D) xy +yz+zx (2) x(y + 2)
3)y(z+x) (40

15.1f f(x,y,z) = xy + yz + zx,
then f, — f, is equal to
Dz-x 2)y-z
B)x—z 4)y—x

DEPARTMENT OF MATHEMATICS
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Chapter No: 9 Applications of Integration

EXERCISE 9.1
1. Find an approximate value of [ 11'5 xdx by

applying the left-end rule with the partition
{1.1,1.2,1.3,1.4,1.5}.

Solution: Givenn = 5,x, = 1,x; = 1.1,
X, =12,x3=13,x,=14and x5 = 1.5
Ax=11-1=0.1
By left end rule,
[7 F() dx = f(xo)Ax + fx)Ax + f(x;)Ax
+ f(x3)Ax + f(xy)Ax
[ xdx = F(DAx + f(1LDAx + f(1.2)Ax
+ F(1.3)Ax + f(1.4)Ax
= 1Ax+ 1.1Ax + 1.2Ax + 1.3Ax + 1.4Ax
=1+ 11+ 1.2 + 13 + 1.4)Ax
= (6)0.1
f11.5 xdx = 0.6

2. Find an approximate value of J-11.5 x?dx by

applying the right-end rule with the
partition {1.1,1.2,1.3, 1.4, 1.5}.

Solution: Givenn = 5,x, =1,x; = 1.1,
x, =12,x3=13,x,=14and x5 = 1.5
Ax=11-1=0.1
By right end rule,
[ FOO dx = flx)Ax + f(x)Ax + f(x3)Ax
+ f(x)Ax + f(x5)Ax
[ x2dx = F(L.D)Ax + F(1.2)Ax + f(1.3)Ax
+ f(1.4)Ax + f(1.5)Ax
=~ (1.1)%2Ax + (1.2)%Ax + (1.3)%Ax
+ (1.4)%Ax + (1.5)%Ax
= (1.21 + 144+ 1.69 + 196 + 2.25)Ax
~ (8.55)0.1
[ x2dx = 0.855

www.TrbTnpsc.com

3. Find an approximate value of | 11'5(2 — x)dx

by applying the mid-point rule with the
partition {1.1, 1.2, 1.3, 1.4, 1.5}

Solution: Givenn = 5,x, =1,x; = 1.1,
x, =12,x3=13,x,=14and x5 = 1.5
Ax=11-1=0.1

By midpoint rule,

[ f)dx=f (%) Ax + f (%) Ax
e (a4 ()

~ f(1+21.1) Ax +f(1.1+1.2) Ax +f(122ﬂ) Ax

2

+f(1.3+1.4-) Ax +f(1.4-+1.5) Ax

= (2)ac (D)o (2)ae

+f(zé—7)Ax+f(?)Ax
= f(1.05)Ax + f(1.15)Ax + f(1.25)Ax
+ f(1.35)Ax + f(1.45)Ax
12— x)dx = (2 - 1.05)dx + (2 — 1.15)dx
+(2 — 1.25)dx + (2 — 1.35)dx +(2 — 1.45)dx
= (0.95 + 0.85 + 0.75 + 0.65 + 0.55)dx
=~ (3.75)0.1

[° @2 - x)dx = 0375

EXERCISE 9.2
1. Evaluate the following integrals as the limits
of sums:

(i) f, (5x +4) dx

Solution:
G dx = lim 37 ()
Given f(x) = (5x + 4)
FG)=G+4)
S (7) =3 s (G +4)
=y f () + 2 f@
= % nf@)+4Y, (D)
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=5(1 +2 434 -n)+4(1+ 1+ --n)

n(n+ 1)

+ 4(n)

5(n+1)+4( )

L f(5) =24 am)
lim 257 £ (3)
= lim 22 (n+ 1) + 4(n)
= Jim 2xn[5(1+7) + 4]
= lim [3(1+3)+ 4
5(1+2)+ 4

=2(1+0)+ 4

f01(5x +4)dx = 12—3

(i) f12(4x2 —1)dx

Solution:
L f Piflat -
Herea=1,b=2 andf(x) =4x* -1
= lim 22y fl1+ @ -1
n—oo

lim 5 f 14+ )]

= lim =37, f [1+7]
f(x)=4x -1
Fliv]=2(1+5) -1
=4(1+%+;—2)—1
—4+8l+4° 1
n n

2
=3+8-+4—
n n

www.TrbTnpsc.com

raflil =2, (3484 4;—2)
= 213 + 57 (81) 427 (45)
=33 (D + 2 Ty () +5 20, ()

n(n+1) 4 n(n+1)(2n+1)
+— X
n? 6

=3() +- %
=3n+4(n+ D=+ 1D2n+1)
mnlzﬁﬂf[1+1]
=lim2[3n + 4n (1+3) +=n(1+)n(2+1)]

n-oon

=1im 2 [3n + 4n (1+ ) +2n(1+2) (2+2)]

nooo N
=tim [3 + 4(1+ ) +5(1+5) (2 +5)
[z +a(1+2)+3(1+2)(2+2))

=[3 + 4+ 0) +21 +0)2 + 0)]

=[3 + 4 +2 (@)

=3 4 4+4=
3
=742
3
_ 21+4
B
-2
T3
[f(4x? =1 dx ==
EXERCISE 9.3
1. Evaluate the following definite integrals:
()f4 dx
x2
. 4 dx
Solution: = [, ——
dx 1 x—a
| =518 gl e
2(2) [ |x+2|]
= log ;2| 108 5]

= [tog[¢] — togl{
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= 3log (33)

dx

Solution: 1= [, —>—

& __lian1(%
fa2+ x2 atan (a)
X2 +2x+ 5=x?+2x+ 1+4
=(x*+2x+ 1)+ (4)

=(x+1)?%+ (2)?

dx 1 dx
‘. I: _— _—
f—l x242x+5 f—l (2)2+(x+1)2

= 2ean 1(%“)]:

dx b4

1
Hence f—l x242x+5 8

(iil) ) |~ dx

1+x

Solution: Letl = fol

I:fl 1—x><1—x dx

041+x 1-x

f (1- x)z

1-x2

Substitute x = sint

dx
Then —= = cost
dt

www.TrbTnpsc.com
dx = costdt

Whenx =0,t = 0andwhenx=1,t=§

I—f (1 Smt) costdt

f (-sinf) Smt) costdt

= f_(l Slnt)costdt

= fg(l —sint) dt

= (t + cos t)g

= (§+ cosg) — (0 + cos 0)

=(3+0)-(0+1)

2

. z 1+sinx
2 (>4
(IV) fO (1 + cos x) dx
Solution:

sin 2x = 2 sinx cosx
So, sinx =2 singcosg
cos2x = 2cos’x — 1

So, 1+ cos2x = 2cos?x

X
14+ cosx = 2cosz—
1+ sinx
[ = ( )dx
fO 1+ cosx
f 1+ZSII'1 COS— d
— — x
Zcoszz

T . X
T 1 2 sinZ cos=

= |2 + 22 |dx
fO (20052)2—6 Zcoszg )

NE

= [tang + 2logsec ﬂo
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= (tan% + 2logsec %) — (tan 0 + 2logsec0)

= (1+2logv2) — (0 + 2log1)

= (1+1logv2 ) [0 + 2(0)]
=(1+1log2)—(0+0)
=1+log2

V) f cos 0 sin®6 dé
Solution: Putcosf = x
Then, —sin 8 a8 _
dx
sinf df = —dx
sin30 = sin%0sin 0
= (1 — cos?0) sin 0
=(1—x?)sin6
When 6 =0,x =cos0=1
6=2,x=cos==0
2’ 2
J¢Vcos O sin®0 d = fg\/cos 6 sin%6 sin O d6
= [ Vx (1 = x2)(~dx)
= folﬂ(l — xz)dx
i4 I 2
= [, x2 (1 — x?)dx

= fo (xz - xZ) dx

1 5
L2t xi+1l
=17 5
341 g+t
r 3 71t
2 X2
ol A
L 2 2 1g
2 3 AL
= |-Xx2 ——xZ]
3 7 0

www.TrbTnpsc.com

(i) fy oy dx

fl 1-—x? 12-1-x?

0 (1+x2)2 "~ Jo (1+x2)2

. fl 2—(1+x2)dx

T Jo (1+x2)2

1 2
= dx —

0 (1+x2)2

1 (1+x2)
0 (1+x%)?

dx

1 2 1
= d

1
x —
0 (1+x2)2 0 (1+x%)

dx

Letl;, = f01 Taa
Substitute x = tan 6
Then, dx =sec?6do

(1+x?) =(1+ tan?0) = sec? 6
Whenx =0,6 =tan0 =0

x=1,9=%

I, —Zfon( ez 992 S€C 20do
_Zfo
=2fzcoszt9d9

ol Zf (1+c0529) de

sec2 9

= foz(l + cos20) d6

T
in20\2

ec 9+sm2)
( 2 0

= G+%sin§) -(0+0)

=2+,

4

NIk N

4

Letl, = [} —

(14x2) X
= (tan™'x)}

= (tan™'1) — (tan™10)

= z — z _ Vs
3 7 (\ Z
14—6 1 1-x2
- 21 fo (1+x2)2dx_11+12
T 1
f cos 0 sin%0 do = — =2t27%
21 1
T2
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2. Evaluate the following integrals using
properties of integration:

(i) f_55 X COS (iz " D dx

Solution:

X _

1= e ()
F0 = eos(52)
0 = —eeos (555

o)
)
e[ (2)

cos @ is an even function, because

cos — () = cos @

f(—x) = —x [cos( x_i)]
= —f(x)

~ f(x) is an odd function.
5 eX -1
I= f_sxcos(ex+1

Y3
(il) [%(x5 + x cosx + tan®x + Ddx
2

)dx=0

Solution:

s

b= _Ez(x5 + x cosx + tan3x + 1)dx
2
= f_EE(xS)dx+f_EE(x cosx)dx
2 2

T T
+[2r(tan3x)dx + [% 1dx
2 2
x%, x cos x, tan3x are odd functions.

=040 +0 + [% 1dx
2

www.TrbTnpsc.com

n
(iii) [*zsin®x dx
2
Solution: f(x) = sin?x
= sinx X sinx
f(—=x) = sin(—x) X sin(—x)
= sinx X sinx
= sin’x
= f(x)

Hence, f(x) is an even function.

~1=2 [#sin’x dx

_ zf (1 cost)

2 %
= Efo (1 — cos 2x)dx

A

sin Zx)Z
2 /o

(iv) f xlog (3 +c°sx) dx

Ccos x

Solution:
L= [ xlog (F22%) dx
f @) = xlog (2%)
f@r—x)=(2m - x)log [%
= (27 - ) log (=)
= 2mlog (3-222%) - xlog (31227)

- lOg (3 + cosx) f(x)

T 3+ cosx

_ fEn Ldx fQr—x)+ f(x) = anog( Cosx)

-z o
= (x)ig Since, f(2a—x)+ f(x) =0
—|E_(_T 3+ cosx
- [2 ( 2)] f xlo ( )dx =0
=Z+Z=n

2 |2
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V) foznsin4x cos3x dx
Solution:
If f(2a — x) = f(x), then
fozaf(x) dx =2 foaf(x) dx
and If f(2a — x) = —f (x), then
fozaf(x) dx =0

Let f(x) = sin*x cos3x
fQ2r—x) =sin*(2r — x) cos3(2m — x)
= sin*(—x) cos3(—x)
= sin*x cos3x
= f(x)
~1=2 fon sin*x cos3x dx
Again, f(x) = sin*x cos3x
f(mr —x) = sin*(r — x) cos3(m — x)

= —sin*(r — x) cos3(r — x)

=—f(mr—-x)
~1=0
(vi) f01|5x—3|dx
Solution:
PRI
3—5x; x < 3/5

Let 1= f01|5x —3|dx

= f03/5(3 — 5x) dx+f31/5(5x —3)dx

1

- (3-52), "+ (52 -32),,

<110+ (6-9)-FE) -

9 5

www.TrbTnpsc.com

in 2 2
(vii) fosm ¥ sin 1t dt +fOCOS *cos™ Wt dt
Solution:

in 2 2
I= " "sinTWedt+[" " cosTWE dt

Letl, = fosmzx sin™t dt

Putsin’x =t whenx=0,t=0

Then, 2 sin x cosx dx = dt

sin~ Wt dt = sin~*Vsin2x 2 sin x cos x dx
= sin~1(sin x) 2 sin x cos x dx
= x 2sinx cosx dx

= xsin 2x dx

2= fotxsin 2x dx

2
Letl, = focos x

cos™ Wt dt
Putcos?x =t whenx =0,t =§
Then, 2 cos x (—sinx)dx = dt
—2sinxcosxdx = dt
cos Wt dt = cos Wcos?x (=2 sinx cosx)dx
= cos 1(cos x) (=2 sin x cos x)dx
= x (—2sinx cosx)dx

= —xsin 2x dx

1y = fr(—xsin 2x)dx
2

I, = [ xsin2x dx
[=1; + 1, gives

t s
= [, xsin 2x dx+ [ x sin 2x dx

T

=JZ xsin 2x dx
We know that [udv = uv — [ vdu

Taking u = x, and dv = sin 2x

9 9
= ot _E-I_E du = dx and
_ 18-9+25-30-9+18 [dv = [ sin2xdx
10 CoS 2x
_ 61-48 VN,
10 , ,
_ 13 fxsiandxzx(—%)—f—%dx
T 10
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=x (— Coszzx) +- fcos 2x dx

COoSs 2x 1 (sin 2x
)+ (52)
2 2 2

><

T

(
= ( Zcos Zx) + 2 (sin 2x)
(

—Zcos 29()2 + i (sin Zx)g
0

= (=5e0s(2)) - 045 (sin2(5) - 0)

—%cosn) —O+i(sinn— 0)

Il
VS

—%(—1))—0+§(0—0)

+
(=)

Il
213 a1y —

Se
]

(Vlll)f log(1+x)d

1+ x2

Solution:

Let 1= 1—l°f(+1 9 dx

Substitute x = tan 6, then dx = sec?6 d6
Whenx =0, § =0andx =1, 8 =%

I_j-‘tlog(1+tan0) C29 do
1+ta

_J-4log(1+2tan0) ec20 de
sec40

I= fozlog(l + tan6) do

We know that foaf(x) dx = foaf(a —x)dx

Hence, 1= foglog [1 + tan (% - 9)] deo

www.TrbTnpsc.com

_ f%lo (1+tan9+1—tan9
o 1+ tané

- f4log(1+tan9) a6

Now, log (%) = logm —logn

) do

= fog[log(Z) —log(1 + tan )] do
I= foglog(z) de — fo%log(l + tan#@) d@
= foglog(Z) do —1
[+1= foglog(Z) de

= log(2) fog de

= log 2 (9)%

2 (2-)

o2 ()

21 = (%) log2

Hence, I = (E) log 2

- ()10

1log(1l +x)
fo 1+ x2 d

(]X) fTL' x sinx

1 +sin x

Solution:

Letl= [T gy ... (1)

0 1 +sinx

Weknowthatfaf(x)dx = faf(a—x)dx

Hence, = fn (r—x) sin(m—x)
1 +sin(m—x)
. __1-tanAtanB )
Since, tan(A N B) " 1+tanAtanB I = fn (m—x) sinx dx ...... (2)
0 1+sinx
0 1- tanntane
tan (§-0) = Tt tang 1) +(2)
__ (T xsinx T (m—x) sin x
Since, tan% =1 2l = fo 1 +sinxdx + fO 1 +sinx dx
T sinx
o (E B 9) _1-(Dtan6 _ 1-tang = fo — (x+m—x)dx
4 1+(1) tan @ 1+tané
n __ (T sinx (71') dx
szzlog[l +tan(g—0)] do gives 0 1+sinx
N (T[) fn sin x
tan 6 1 +smx
S f‘*log[l + (1+tan0)] do
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_ fn sin x 1-sinx
0 1+sinx 1-sinx

. T[fnsmx(l smx)d
0 1-sin? x

7 sin x—sin? x
_ g [rsinassin’s

0 cos2 x

. - 2
7 ( sinx sin? x
=1 ( — ) dx
fO cos?2x  cos?x

=T[fn( : xm—tanzx)dx

0 \cosx cosx

=7 f:[secxtanx — (sec?x —1)]dx

=7 f:(secxtanx —sec’x + 1) dx
= n[f:secxtanxdx —fonseczx dx + fon dx|

= 1t[(secx)§ — (tan x)T + (x)7]

= nt[(secm — sec0) — (tanm — tan 0) + (r — 0)]

2l = [-2 + «]
= =21 + m?
2
wl=-m+=

2

%) fn m —dx

3w

— (8 1
Letl—fg WLk

Weknowf;f(x)dx = f;f(a+b—x)dx

www.TrbTnpsc.com

f 8 1 +\/tanx x
g 1++vtanx

21
21="2
=T

(xi) fonx[sinz(sin x) + cos?(cosx)] dx

Solution:

Let] = f x[sin?(sinx) + cos?(cos x)] dx.. (1)

0
We know that foaf(x) dx = foaf(a —x)dx
I = J, G = x)[sin?(sin(m — x)) + cos?(cos(m — x))] dx
= fon(n — x)[sin?(sinx) + cos?(cos x)] dx. .(2)
(1) + (2) gives,

= fon(x +m — x)[sin®(sinx) + cos?(cos x)] dx

3 +3m 4
a= %, b= ?ESO, a+b=" . == ?n = g 21 = nfon[sinz(sinx) + cos?(cosx)] dx
Hence I = fn%” 1 dx [ = gfon[sinz(sin x) + cos?(cos x)] dx
8 1+ |tan(Z-x
N -+) But fozaf(x) dx =2 foaf(x) dx
— (s __1 L
- fg 1 +vcotx dx I = 2(2) J¢[sin?(sinx) + cos?(cos x)] dx
3n -
= [z° L dx I = m [2[sin*(sinx) + cos?(cosx)] dx ... (3)
8 +\/m
mo Since, foaf(x) dx = foaf(a —x)dx
= [° Tt dX n
8 \/ﬁr : I=m 2 [sin2 (sin (g - x)) + cos? (cos (g - x))] dx
31T
5 AVt . :
= fgg - +5% X .. (2) = nfoz[smz(cos x) + cos?(sinx)] dx ... (4)
(1) + (2) gives, (3) + (4) gives,
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21 = 27 [2[1] dx
=27 fog dx
= Zn(x)g
)
21 =27 (%)

EXERCISE 9.4
Evaluate the following:

1. fol x3e %% dx.

Solution:
dv =e™%*
3 e—Zx
Uu=x v=
—2
e—Zx
u/ = 3x? v, =
4
e—Zx
u// = 6x Uy =
_8
e—Zx

Applying Bernoulli’s formula we get,

1
f01x3e‘2x dx = [uv —w/v; + /v, — u///v3]0

= e () - 32 (5) # 6x () - 6 ()],

Z-fol sin(3 tan~1x)(tan™ x)d

1+ x2

Solution: Let t =tan 1x

1 dx
dt = ——dx = —
1+x 1+x

=[sin(3 t)(t) dt

sin(3 tan™1x)(tan"1x)
f 1+ x2 dx

=[t sin3tdt

www.TrbTnpsc.com

dv = sin 3t
cos 3t
u=t vV=—-
3
sin 3t
w =1 vy ==

Whenx =0,t =0andx = 1,t =%
Applying Bernoulli’s formula we get,

fogt sin3tdt = [uv — u/vl]g
= [t (_ COZ3t) _1 (_ ¥)E
= [ (cos 3t) (sir193t)]§

A

= g[—Bt cos 3t + sin 3t]g

- (o sm) o

Since, cos%ﬂ = — ﬁ and sin%ﬂ = %
=355+ @)
=5 —+1]
9\/_[31T+4]
I = 36\/_(37'[-{-4)
3. ff%dx

Solution: Let t =sin"1x

1 dx
U=mg=P =5

in—lx
fesm Xsin~1x

= dx =[ettdt

=[tetdt
dv = et
u=t v=oet
u/ =1 v, = et
T
Whenx =0,t =0and x = \/_, _Z

Applying Bernoulli’s formula we get,
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Jitetdt=[tet —1(e)]}

4

— t t
=[tet —e'];

[zt -0)

T T

T = jad
Ze4—e4+1

4. [7 x? cos 2x dx

Solution:
dv = cos 2x
2 sin 2x
u==x v =
2
/ COoSs 2x
u = 2x v, =
-4
e, _ sin 2x
ul =2 v, =,

Applying Bernoulli’s formula we get,

JE x? cos2x dx = [uv — u/v; +u//v,|?

- o (222 - 2 (22 2 (222

T

2 iy
= [x— (sin 2x) + = x(cos 2x) — = (sin 2x)]2
2 2 4 Q

T 2
= [% (sinm) + ;(g) (cosm) — % (sin n)l -0
Sincesinm = 0and cosm = —1

2
_G) 1 (n 1
=2 +;(5) D -3
= Y
s JEx?cos2xdx = —7
EXERCISE 9.5
1. Evaluate the following:

= dx
N 2 %
(1) fO 1 +5cos?x

Solution:

71.'

dx
0 1 +5co0s2x

Let] =

b3
— [z dx

= T
0 coszx( 5 +5)
CcoSs“Xx

www.TrbTnpsc.com

T
ad 2
2 sec™x

0 (sec?x +5)

Since sec?x = 1 + tan®x

sec?x

0 (1+tan2x+5)

I —_
— J‘_ SeC X
0 (6+tan? x)
Puttan x = t, then sec’xdx = dt
Whenx =0,t =0and x = %,t= o

I=["—dt

(6+t2)

[e¢) 1
- f; —(@ﬁtz) dt

We know that [

0(2+2) " 2a

(l)fo 5+ 4 sin?x

Solution:

z dx

0 5+ 4 sin?x

T

Let] =

A E Ee
0 5+ 4 (1-cos?x)

T
— [z &
0 5+ 4 —4cos?x
T
- [z
0 9 —4cos2x
s
_ E dx

- S/ 9
0 coszx( ——4 )
cos“x

T sec?x
=|z2————dx
0 (9sec?x —4)

Since sec?x = 1 + tan®x

z sec?x
I = 2 —zdx
0 9(1+tan?x) — 4

- sec?x
- f 0tOtanZey — 4 o L dx
0 9+9tan?x — 4

T
i 2
2 sec~x

0 5+9tan?x

Puttan x = t, then sec’xdx = dt

Whenx =0,t = Oandng,t:oo

1
I'= fO (5+9t2)dt
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~ o 5 (Ee) at (iv) J¢ sin®3x dx
9
1,0 1 Substitute, 3x =t
=0 de
1 poo 1 B ﬁ
~sh Wd ax =
3
Whenx =0,t =0andx ==, t =~
We know that fo = 2+ 5 dx =~ ) ]
1 m fogsinSSxdx = fogsinstE
So, | == 3
Za
=~ [2sintdt
= 1 X 3_” 3
=215 [olyty?
1 T 3 5 3
~3%% s
T 45
=% .
-------------------------------------------------- (V) J2 sin®xcos*x dx
EXERCISE 9.6 . \ . 2 )
1. Evaluate the following: JZ sin?xcos*x dx = [2(1 — cos?x)cos*x dx

T
. E . 10 E
M fo sin""x dx = foz(cos4x — cos®x) dx

[==X-X=X-X=-X= L LI
107876747272 = J2cos*x dx — [? cos®x dx
I 63T
. 3 1 _m 5 3 _1_m
512 ==-X-X=-—=X=-X=X~=
47272 67247272
3 57w
m 16 32
2
(i) JZcos7xdx _ 6n-sn
6 _4_2 32
I=Sx%x2
753 =T
32
16
IZE
(Vl)f sin” =

n Substitute,z =t
(iii) f; sin®2x dx

Then, x =4t
Substitute, 2x =t dx = 4dt
2dx = dt .
Whenx=0,t=0andx=27r,t=5
dxz%
2T
[ sin —dx —fzsm t (4dt)
_ _ AL, T 0
Whenx—O,t—Oandx—‘},t—2

n n =4f55in7tdt
L z o e.d
Jgsin®2xdx = [? sinstZ 0
2
642
LT I:4X;XEX§
== [2sin®tdt
270

[ =8
1.5 _3_1_m 35
=-X-X-X=-X-
2 6 4 2 2
==
64
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(vii) J2 sin®0cos®6 do

We know that, fOE sin™@cos™6 dO

[(m-1)(m-3)...2.1][(n-1)(n-3)...2.1]
(m+n)(m+n-2)(m+n—4)....

Herem =3 andn =5

[B-DI[(5-1)(5-3)]
(3+5)(8-2)(8-4)(8-6)

JZsin®6cos0 df =

__@we
®O@@
__®@
®(6)
1

T 24

(viii) fol x2(1—x)3dx

m!n!

We know fol x™(1—x)"dx = m+n+D)

Herem =2 andn = 3

fol x™(1—x)"dx = %
_ 1x2x1x2x3
T 1X2X3X4X5%X6
_ 1
~ 60
EXERCISE 9.7

Evaluate the following
1. (i) fooo x5e 3% dx

n!
qn+1

oo
We know [~ x"e™* dx =

Heren =5 anda = 3

5! 5!

oo
5,—-3x N _ 2
f() x-e dx - 35+1 - 36

T —tanx

(ii) [2° dx

cos®x

T
= JZe " ¥ secx dx

T
= JZ e ¥ sec*x sec’x dx
Puttanx = t, then sec’xdx = dt
Whenx =0,t = 0and x =g,t = 0

[= fooo e~ (sec?x)? dt

— f0°° et (1+t2)2%dt

www.TrbTnpsc.com

=["e Tt +tt+2t2)dt
_ (® - ® —t 14 X —t 42
=J, eTtdt+ [ e tttdt+2 [ e tt*dt

o —tyo 4 & 2!
- ( e )0 + 14+1 +2 12+1

=—e ®+e%+414+2(2D
=0+1+24+4

2. IffoOO e=®** x3 dx =32, > 0, find «
Solution:
fooo e~ x3 dx = 32
fooo e~ x2x dx = 32

Substitute x? = t, then 2xdx = dt

dt
Hence xdx = o

Whenx =0,t =0and x = oo,t = o

fooo eatt L =32
2

J, e~ t dt = 64

Heren=1 anda =«

1!
qlt+1

= 64

Example 9.47

Find the area of the region bounded by the line
6x + 5y = 30, x — axis and the lines

x = —1and x = 3.

Solution:

A%

,._\&0
(5,0)

Ax

x==1

x=3

Equation of the line 6x + 5y = 30
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Onxaxisy =0,6x = 30givesx =5
So, the line passes through (5,0)
Onyaxisx =0,5y =30givesy =6
So, the line passes through (0, 6)

The area between the lineand x = —1,x = 3
about x axis, lies above the x axis.
So the required Area A = f; y dx
From 6x + 5y =30
5y =30 — 6x
y =< (30— 6x)
» A= [ 2(30 - 6x) dx

1,3
= gf_1(30 — 6x)dx
3
=1[30x - 6%]
5 214

[30x — 3x2]3,

ul | =

- % [(30(3) — 3(3)2) — (30(—1) — 3(—1)?)]
=2[(303) - 3(9)) — (30(-1) - 3(D))]
==-[(90 —27) — (—30 — 3)]
[(63) — (=33)]

= §(63 +33)

1
5
1
5

= 2(96)

o
Il

% Sq. units.

5

Example 9.48

Find the area of the region bounded by the line
7x — 5y = 35, x — axis and the lines

x =—2and x = 3.

www.TrbTnpsc.com

Equation of the line 7x — 5y = 35
Onxaxisy =0,7x =35givesx =5

So, the line passes through (5,0)

Ony axis x = 0, =5y = 35 givesy = —7

So, the line passes through (0, —7)

The area between the lineand x = —2,x = 3

about x axis, lies below the x axis.
So the required Area A = f:(—y) dx
From 7x —5y =35
—5y=35—-"7x
—y =< (35 - 7x)
31
wA=[2,-(35-T7x)dx
103
= Ef_2(35 — 7x) dx
213
1 _7*
= 2[35x - 7% ]_2
1
= —[70x — 7x*]%,
= =[(70(3) - 7(3)») = (70(=2) - 7(-2)*)]

= =[(70(3) = 7(9)) — (70(=2) - 7(4))]

~[(210 - 63) — (—140 — 28)]

= —[(147) - (-168)]

10

1
=1 (147 + 168)

1
=% (315)
A= 62—3 Sq. units.
Example 9.49

Find the area of the region bounded by the
2 2
ellipse Z_Z + 2’—2 =1

Solution: y Solution:
,/;3" x—_ 35 -
/7 l0.3)
0| Ax|3.0)/6.0 .
EX0) / /| :
L x=3 0 @
-7
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Parametric equation of the ellipse is = 4a x g ( ag _ 0)
x =acosfandy = bsinf 7 2( \/_)
=4a X -(ava
So,dy = bcos6df :
8
The ellipse is symmetrical about both the axis. =3 a?
TS " X o A - { & S
OnIquadrant 8 = 0 to 3 Example 9.51
We know Area A = fb y dx Find the area of the region bounded by the y —
* axis and the parabolax = 5 — 4y — y?2,
Hence area A = 4 fOE(a cosf) bcos8 do Solution:
. Given x =5—4y—y?
— 2 2
= 4ab [? cos?0 d6 Ony axis x = 0
=4-ab><%><g 0:5—4y—y2
= mab sq.units. y?+4y—-5=0
""""""""""""""""""""""""""""""""" +5-1)=0
Example 9.50 Y y
Find the area of the region bounded between y+5=0,givesy = —5and
the parabola y? = 4ax and its latus rectum. y—1=0,givesy =1
Solution: The curve passes through (0,—5), (0,1)
/l/.a.za. _ __:E:]|
: x B -
7] L.-a: {a.0) 0 \"nl
o New e
— -5

The parabola y? = 4ax is open right, passes
through the origin. Its focus is F (a, 0). The latus Area A = f;x dy
rectum is x = a. So, thelimitisx =0tox =a — (Yre _ sy a2
= [ (5-4y—-y?dy

The parabola is symmetrical about x axis. . a1
y: vy
- (o472

AreaA=2f:ydx z2 A
= (5y-2y2 - ﬁ)l
From y? = 4ax,y = 2v/ax BRSOy
~A=2["2aVxdx = (5 - 2012 - 2) ~ (5(-5) - 2(-5)? - =)
_ e - [(5-2-2)- (-25-29 - 29)
1 125
= 4a |’ x2 dx =(3-3)-(-75+%)
i a =3-2+75-=2
=4Va <xTZ> =78 - 2¢
a _ 234-126
. — Ba-126
= 4/ax g ( xi) 1083
0 ==~  Area A =36 square units.
By Manisekaroun.D - MATHS DEPT. SRKMHSS - Arcot Page 14
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Example 9.52 = [iydct[Fydx
2

Find the area of the region bounded by x —
axis, the sine curve y = sin x, the lines (5 T

& ¢ y = [2cosx dx+ [z (—cosx) dx
x=0andx =2 2

T

Solution: = JZcosxdx — Jz cosx dx
2

y 4
= (sinx)} — (sinx)z
2

/_ . s . . . Vs
. X = (sm;—sm 0) - (smn — sm;)

10 @0 (2r.0)
x=0 X=m7 x=2x =1-0¢0="1)
=1-(-1)
The portion of the curve x = 0 to x = m, lies 1
=1+

above x — axis and the portion of the curve \
= 2 square units.
x =mtox = 2m, liesbelow x —axis. e

Example 9.54

b d
S0, Area 4 = fa ydx +f€ (=y)dx Find the area of the region bounded between

— [ sinx dx + 7 (= sinx) dx the parabolas y? = 4x and x% = 4y
0 T Solution:
= —(cosx)T+(cos x)2™

y? = 4x,is open up and x? = 4y open left.
= —cosm + cos0+cos 2w —cosm

=—(-1D+1+1-(-1)
=1+1+1+1

Solving the given equation for x
From, x? = 4y gives x* = 16y?

Substituting y? = 4x in the above
= 4 square units.

_____________________________________________________________ x* =16(4x)
Example 9.53 x* = 64x
Find the area of the region bounded by x — x*—64x =0

axis, the curve y = |cos x|, the lines
x=0andx=m x(x3 — 64) = 0 gives,

Solution: y <(t], then x=0,and x*-64=0=>x>=64>x=4

The o1 _ cosx,OSxS%
given curveisy = {—cosx g 2\ \ /
y
f
)
/
0 T | mX
x=0| _ 2 |x=n &%AmaA==Lﬁyu—dex
=2 1 Upper curve y? = 4x gives y = 2+/x
It lies above the x — axis, Lower curve x2 =4y givesy = 1—2
A= f;y dx Area A = f:(YU —y.) dx
By Manisekowron.D - MATHS DEPT. SRKMHSS - Arcot Page 15
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= [¢ @i -2 x @?]-o

[

16 16
=7@ -7
_ 32 16
=37
_32-16
A\ 3

16 :
A= ~ Square units.

Example 9.55
Find the area of the region bounded between
the parabola x? = y and the curve y = |x]|.

Solution:
y = |x|, then
. . x,if x>0
The given curveis y = {—x ifx<0

The parabola x? = y intersects at (1,1), (—1,1)

[t is symmetrical,

g N 7

(-1,0) o (1.0)

So,Area A = 2 f;(yu —y,) dx
Upper curve y = |x|
Lower curve y = x?
Area A =2 fol(yu —y,) dx
A=2 fol(x —x%)dx
xz  xH\!
222
1 1
=2(;-3)

www.TrbTnpsc.com

1 .
= 3 square units.

Example 9.56
Find the area of the region bounded by y =

. . T 51
cosx,y = sinx, thelines x =-and x = —
4 4

Solution:
. T 51
Upper curve y =sInx,x = Zandx = T
T 51
Lower curve Yy =COSX,x = Z and x = T

51

So,Area A = [* (yy — y,) dx
4

51

= fg(sinx — cosx) dx
4

sm
= (—cosx — sinx)4
4

= — (cos* + sin ™) + (cos® +sin %)
S ENE RENG)
(-2 (e
SEREINER
)
25 (3)

= 2+/2 Square units.
Example 9.57
The region enclosed by the circle x? + y2 = a
is divided into two segments by the linex = h..
Find the area of the smaller segment.
Solution:

A= 2fah\/az—x2dx
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h
2_ 42 2
=2 [x az =+ %sin‘1 (g)]
a
=2 [(0 + a—zsin‘1(1)> - <’”“2‘h2 + % gin1 (ﬁ))]
2 2 2 a

- (0)- W - o 2
=a? (E —sin™?! (g)) —haZ —h2?

2

Example 9.58

Find the area of the region in the first quadrant
bounded by the parabola y? = 4x, the line x +
y = 3 and y — axis.

Solution: Solving, y? = 4x and x + y = 3,

Substituting,y = 3 — x
(3—x)? =4x
9+ x2—6x=4x
x2=10x+9=0
x—9)x-1=0
x =91
Whenx =9inx +y =3,

9+4y=3
y=3-9
y=-6
Whenx =1inx +y =3,
1+y=3
y=3-1
y=2

~ (1,2) and (9, —6) is the point of intersection.

www.TrbTnpsc.com

2

=24+9-2-6+2
3 2
2 2 116
3 2
==2+5
6
==+5
6
_ —23430
T 6
N
"6

Example 9.59

Find, by integration, the area of the region
bounded by the lines 5x — 2y =15, x+y +
4 = 0 and the x —axis.

Solution:

Thelines 5x — 2y =15, x+y+4=0

intersect at (1,—5). The line 5x— 2y =15
meets x-axis at (3,0). The line x+ y+ 4 =0

meets the x-axis at (—4, 0). The required area

is shaded in diagram. It lies below the x-axis. It
can be computed either by considering vertical
strips or horizontal strips.

When we do by horizontal strips, there is no
need to subdivide the region. In this case, the
area is bounded on the right by the line
5x—2y=15and on theleftby x+ y+4=0.

So, we get

By Manisekowow.D - MATHS DEPT. SRKMHSS - Arcot
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ol l0.0) / 4y =x+5
R (20) ¥
¢ Ay __ x+5
xeyra=ON[ [ /500 Y=
\:"'u.—s-. y - =0
/1™ Equation of BC is =
N - 3-0
y—=5 x
-3 3
0
Area A= [ (xg—x,)dy 3(y — 5) =—3x
3y-15=-3x
= %7 +—]d
5 3y = —3x+ 15
[7y + = Dividingby 3, y=-x+5
. .y - x+1
7X25 ]
—0— [ 35 4 2% ] Equ.?ltlonofAClsS_1 0T 1
7X5 y-1_x#1
=—|-35+22 — ==
=__35+7 1y - 1D =4(x+1)
_ '—70+35] y-1l=4x+4
2 y =4x+4+1
-35
— 35 Area of A ABC = Area of DACO + Area of OCBE
2

------------------------------------------------------------- — Area of DABE
Example 9.60

Using integration find the area of the region
bounded by triangle ABC, whose vertices

A4, B,and Care (—1,1),(3,2),and (0, 5)

= [0 (4x + 5)dx + [ (—x + 5) dx -3 2 (x +5) dx

= [—+5x] 1+[—xz—2+5x]Z—i[x;+5x]:

respectively.
Solution: —0—(7— _2 —0=21(2
=0-@2-5+(-2+15)-0-2(2+15)
' Ci.5)
{ 1/1
. +:(G-9)
/ , B3,
i _ s —-9+30 _l 9+30 l 1-10
"‘('1'1:'5“' . =0-( 3)+( 2 ) 4(2)+4(2)
oo E 21 1,39 1(-9
=3+(2)-:(3)+:(3)
Equationoflineisy_y1 =0 =3+(22—1)—%—§
Qe F2m (21) 39+9
=3+ (&)-22
-1 +1
Equation of AB is 4 = 2 8
2-1 3+1 — 34+ (2) _
y-1 1 x+1 221 8
1 4 =3+(3)-¢6
4(y — 1) =1(x+ 1) :"’2_1_3:212_—6 =15
4y-4=x+1
By Manisekauwoun.D - MATHS DEPT. SRKMHSS - Arcot Page 18
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Example 9.61 Using integration, find the area of EXERCISE 9.8
the region which is bounded by x-axis, the
tangent and normal to the circle x? + y? = 4

drawn at (1,v/3).

1. Find the area of the region bounded by
3x—2y+6=0,x =-3,x =1andx — axis.

Solution: Solution:
y 3x—2y+6=0
/4 on x — axis,y =0
| x ©3x+6=0
v . o 3x =—6
« x=-2
Equation of the tangent to x2 + y2 = 4 is The line passes through (—2, 0) and
xx; + yy; = 4.Given (1,/3) is the point. x=-3x=1
Equation of the tangentis x + /3y = 4 From 3x—-2y+6=0
So, Equation of normal is of the form 3x +6 =2y
V3x —y + k = 0. It passes (1,3) y = 38

2

So,v3(1) = V3 +k =0, givesk =0 Area A= f:;(—y) dx + f_lzydx
So, Equation of normal is V3x —y = 0 )
= —lf_ *(3x + 6) dx + lf_12(3x +6) dx
The required area is the area of the region

bounded between y = v/3x and x + V/3y = 4, = ——[3—+6x] t3 [3—+6x] 2
y = 0 and y = /3. It can be obtained by, __1 [(3_ _ 12) _ (3_ — 18)]
2
Area A =f(;/§(XR_xL)dy +l[(3l+6)—(3i—12)]
2
ﬁ[(‘l—y‘/g)_%]dy = -6 -12) - (£-18)]
V3
=[w-%vi-2 +3G+e)-6-12)]

- 3o~ ()45 - o)
e --leo- (-] [+
242:/3_—3 :_% (—6)+2]+1[E+6]
_ 24;—/512 _ _% —12+9] 41 [15+12]
5 =-:[F]+: 2]
= % = 2\/§ = Z + :
_____________________________________________________________ 3427
4
_30 _18
4 2
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2. Find the area of the region bounded by
2x—y+1=0,y=—1, y= 3 and y~axis.
Solution:

2x—y+1=0
ony — axis, x =0
W —y+1=0
y=1
The line passes through (0, 1) and
y=—-1Ly=3
From 2x—y+1=0
2x=y—1
=21

2

Area A= f_ll(—x) dy + f_glxdy

=10 - Ddy+1 - Day
-3, i,
=-3{G-1)-G+1)l
+4[-5) (1)
)

=3[9 -]+ - ()
=-:(-2)-@)]+:0) - (-3)]
=—% —-——]+ §+§

- 2[R 3oy

=—§_—5]+5[5]

3. Find the area of the region bounded by the
curve 2 + x — x? + y = 0, x-axis,
x=-3and x = 3.

Solution: To find the limit puty = 0, in

24+ x—x%4+y=0gives
2+x—x%2=0
x2—x—-2=0

x—2)(x+1)=0
x=2andx = —1

By Manisekowow.D - MATHS DEPT. SRKMHSS - Arcot
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Area A= f__;ydx + f_zl(—}’) dx + f23ydx

Let A; = f__;(x2 —x—2)dx

A, = f_zl—(x2 —x—2)dx

= [ (2 —x—2)dx

As = [)(x? —x—2)dx
3 2 2

- [3-2-0)-G-:-9)
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2-9)-(-2-9)
-9-¢-9)

- [15)- e
-()-()

-3 10
= — 4+ —
2 3
—-9+20
6

11

6

=|(°
€

Area A=A, + A, + Az
52,z . n
6 6 6

_ 52+427+11

4. Find the area of the region bounded by the
line y = 2x + 5 and parabolay = x% — 2x

Solution:
To solve substitute y = 2x + 5 in
y = x? — 2x, we get,
2x +5=2x?—-2x
x2—-2x—-2x—-5=0
x2—4x—-5=0
(x —5)(x + 1) = 0 which gives
x=5andx =-1
Area A = f_sl(yu —y.)dx
= f_51(2x +5—x%+2x)dx

= f_51(4x +5—x%)dx
s,
= [Zx2 + 5x — %3]5

-1
[(s0+25-) o342

-[(5-2)- (=2+2)

=|(%57) - (7))
=) -

100 8
= — 4+ -

3 3
__ 108

3
= 36

5. Find the area of the region bounded between
the curves y = sin x and y = cos x and
thelinesx =0andx =m

Solution:
To solve substitute y = sin x in
Yy = cos x, we get,

sin x = cos x gives,

Area A = foz(cos x — sinx) dx + [z (sin x — cos x) dx
4

n

= [sin x + cos x]f) + [—cosx — sinx]

L EE]

= [sinE + cos E] — [sin 0 + cos 0]
4 4

. T . T
+[—cosm —sinm] — [—cos 5~ sin Z]

=[vi?+vi§]—[0+1]

D -0l [--2

=[5l -1+1-[Z]
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6. Find the area of the region bounded by Area A = f—21(y +2-y3dy
y = tanx,y = cotx and the lines )2 72
n ol DAY
x=0andx=_,y =0. : -1
[ 8 1 1
Solution: - _(2 +4- 5) B (5 —Z+ 5)]
' = ' —[(6—-8)—(— 3+2
To solve substitute y = tan x in = (6 3) ( 2+ . )]
= cot x, we get,
oo -[(6-9-(-2+)
tan x = cotx gives, ]
18-8 ~12+5
- [(59)- (2222
10 7
Since, tan% = cot% =1 W _(? - (_ E)]
T T — 10 + 7
Area A = [*tanx dx + [ cotx dx 3 6
4 _ 2047
: logsinxl; wite
= [logsec x]§+[logsin x]z 27

4 =

= log secg — logsec0 + log sing —log sin%

=1logvV2—-0-10 —log% --------------------------------------------------------
8. Father of a family wishes to divide his square

= logV2 — (logl — log\/f) field bounded by x = 0,x =4,y = 4
and y = 0 along the curve y? = 4x and
=logv2 — (0 — logv2) x? = 4y into three equal parts for his wife,
_ & daughter and son. Is it possible to divide?
| logx/f ( log\/f) If so, find the area to be divided among them.
= log V2 + logy2 Solution: Given y? = 4x and x2 = 4y
= 2logV2 So, 16y? = 64x
= log(\/f)z Squaring x? = 4y we get x* = 16y?
= log2 Hence x* = 64x
""" S A x*—64x =0
7. Find the area of the region bounded by the
parabola y? = x and the liney = x — 2. x(x* — 64) = 0 which gives
Solution: Fromy = x — 2 x=0andx®*=64=>x=4
To solve substitute x =y + 2 in The given curves intersect at (0,0) , (4,4)
2 p—vl
yz X, we get Area of square field =4 X 4=16
ye=y+2
y2—y—2=0 Area of the middle portion, the area between
y-2)y+1)=0 the given curves A = f04(yU —y,)dx

y=2andy = -1
From upper curve y2 = 4x we get y = 2+/x

2
From lower curve x? = 4-y we get y = x:

= (=) ax
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. . 16 :
Intersecting area is — square units, the

. 16
remaining each of two parts also ~ square

units. Hence the total area can be divided

equally among the three.

9. The curve y = (x — 2)? + 1 has a minimum
point at 2. A point Q on the curve is such
that the slope of PQis 2. Find the area
bounded by the curve and the chord PQ.
Solution: Giveny = (x —2)? + 1

Y — 2(x—2)

dx

Substituting Z—z =0,wegetx —2 =0,

So,x =2

2

7 -2>0
dx?

Hence the curve is minimum at x = 2
Whenx =2,y=(x—2)2+1givesy =1
So, the point P is (2,1)

Given : A point Qon the curve is such that
the slope of PQis 2

Equation of the chord PQ is

y—y1 =m(x —xq)

www.TrbTnpsc.com

Here (x4, y;)is (2,1) and m = 2
Equation of PQis y—1 = 2(x —2)

y—1=2x—-4
y=2x—4+1
y=2x—3

Solving the curvey = (x — 2)2 + 1
and the line PQ y = 2x — 3 we get,
(x—2)>+1=2x-3
x2—4x+4+1=2x-3
x2—4x+5=2x-3

x2—4x+5—-2x+3=0

x2—6x+8=0
(x — 4)(x — 2) = 0 which gives
x=4andx =2
4
Area A= [, (y; —y,) dx
Curvey, =2x —3andy, =x2—4x+5
y1— Y, =2x—3—(x* —4x +5)
=2x—-3—-x>+4x-5
=—x2+6x—8
Area A = f;(—xz + 6x — 8) dx
3 2 4
= |- +6% —8x|
3 2 2
4
= [—£+3x2—8x]
3 2

=|-2+3016) - 32| - [-2+3(4) - 16]

=|-2+48-32|-[-2+12- 14

R
=—Z+16+-+4

— —64+8+ 20
3

=420
3

__ —56+60
3

4
=G Square units.
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10. Find the area of the region common to the
circle x2 + y? = 16 and parabola y? = 6x
Solution: x% + y? = 16 is the circle of
radius 4, with centre at the origin. Parabola
y? = 6x is open right through the origin.
Solving, x2 + y%2 = 16 and y? = 6x we get

x?+6x =16
x2+6x—16=0
(x + 8)(x — 2) = 0 which gives
x=—8and x = 2
Since, x # —8, x = 2 is the value

So, to find the area between the two curves

atx =2andx =4

From y? = 6x we get y = vV/6y/x and

From x? + y? = 16

y? =16 — x?
y =16 — x2
¥y
&/
§\\\

=

T

=

As the area is symmetrical,
A=2[’(Vévx)dx +2 [, (V16 — x2) dx
Let A, =2 foz(\/gﬁ) dx
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= 2V6 x [22]

= 2V12

A, =2 fz‘*(m) dx

= 2[3V16 =2 + Jsin™ (7]

= 2[(0+ 2 sin-10) ~ (VT2 + 25in71 (2))
=2[(5) - (1z+ 23]

=2[(4m) - (VIZ +2n)|

=2 [ar —v12 —Sn]

4

2

= 8n—2\/12—§n
= 8r—2V12 -2

So, required area A = A; + A,
=2VI2+8r—2V12-3n

_ 8VI2 - 6V12 + 247 — 81
- 3 3

212 16w
= — 4 —
3 3

243 + 167
3 3

_ 43 | 167

3 3

Example 9.62

Find the volume of a sphere of radius a.
Solution:

Volume of sphere can be obtained by revolving

2
=26 fo (\/E) dx the circle. Equation of the circle with radius a
; 2 2 — 42
:2\/€f2(\/§)dx 1S, X +y —'a. ' .
0 Its parametric formis x = acosf,y = asinf
3 2
= 2V6 "—fl .
2 1y ; -_;
2 3 2 1 |
:2\/€X—|:x2] Ii .ll x
3 0 ) r.‘ |I'."|I I:IU!!,.-'I
4 3 a I -2
= V6 x[2]
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Volume about y axis V = f;n x2dy
From y = asinf, dy =acosfdf

In the I quadrant, 8 = 0 to %
By symmetrical, V = 2 [? 7 (a cos §)%a cos 6 d6
=2 [2ma’cos®6 df
= 2ma® [? cos0 d
= 2mad x 2
3

4 . .
= gna3cub1c units.

Example 9.63
Find the volume of a right-circular cone of base
radius r and height h.

Solution:
St
y =0 ¥ °
=0 .1'4\:
'.: .,f'-' | r' .-'\'I x
- Ch wd
h,

Let OA =h, and AB =, then in the triangle
OAB when OB revolves about x axis, we the
volume of the cone.

orr _ AB _ T

Slope of OB=m =tanf =

adj OB h
Equation of OB is y = mx + c as this line

passes through the origin,c = 0

Equation of OBisy = %x andx =0toh
. b,
Volume about x axis V = fa my“dx

= fohn (%x)z dx

hTZ 2
=Ty X dx

2
re rch -
-y X dx

h

_n_rz(x3)
T hz\3/,

Solution: x
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Example 9.64
Find the volume of the spherical cap of height h

cut of from a sphere of radius r.

X=r

(-]

RS L f/
[ \ { rh

=
|
=
|
2

| 07 F) =
) )3 0

\. J

Solution: If the region in the first quadrant

bounded by the circle x2 + y? = r?, the x-axis,
the linesx = r — h and = r isrevolved about
the x-axis, then the solid generated is a
spherical cap of height h cut of from a sphere of

radius r. Hence, the required volume is given
by V = frr_h Ty?dx
=1 rr_h(r2 —x?)dx

_ 397
— 2 x
—TL'T'X——]

: 3lr—n

x| =) e - -3

3

= :(r3 _ r3_3) _ (3r2(r—h;—(r_h)3)]
-ffr-)- e

'(3r3—r3) (3r3—3r2h—(r—h)3)]
=1 —
L 3 3

= §[2r3 — (3r® =372h — (r® — 3r%h + 3rh? — h%))]
= %[27‘3 — (3r3 —=3r2h — 13 + 3r*h — 3rh? + h3)]
= §[2r3 — (2r3 = 3rh%? + h?)]

= g[2r3 —2r3 4 3rh? — h3]

= §[3rh2 — h3]

mh?

=T[3r—h]
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Volume of the cap V = %nhz[Br — h]

Example 9.65

Find the volume of the solid formed by
revolving the region bounded by the parabola
y = x?,x — axis, ordinates x = 0and x = 1
about the x-axis.

Solution: The region is revolved about x — axis,

between the ordinates x = 0and x = 1

V= folﬂyzdx

=7 fol(x2 +4x +5)%dx =
nfol(x4 + 16x? + 25 + 8x3 + 40x + 10x?) dx

= nfol(xz + 4x + 5)% dx

=B [, (2" + 1687 + 25 + 82° + 408 +
108°%)

=8 f, (2" + 2687 + 25 + 82° + 408)

5 3 4 2y 1
=o(Z+262+250+8%+40%)
5 3 4 2/0

1

=e(2+Z+25+2+20)

/N
(6]

= (3
(

Example 9.66 Find the volume of the solid
formed by revolving the region bounded by the

2 2
ellipse Z—Z + z—z = 1, a > b about the major axis.
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Hence the major axis is x axis.

A}

Ly
(0. &)

(-a.0) \ G}ia.n} o

V= f:n y2dx

x2 y2
From prs + bz 1

y2 2

2 &
a?-x?2

2 _b*. 2 2

y?=—(a*—x?%)

On x axis y is 0, and by symmetry

sV = Zfoan[z—z (a? — xz)] dx

2 b
= 27:2’ J, (@ —x?)dx

__ 2mb?

Example 9.67 Find, by integration, the volume
of the solid generated by revolving about y-axis
the region bounded between the parabola x =
y? + 1, the y-axis, and the lines
y=1landy=-1.

Solution: Given Parabola equationis x =

2 2 i
Solution: —+2%=1,a>b y2+1 gives
a b
By ManisekawoaunD - MATHS DEPT. SRKMHSS - Arcot Page 26
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x—1=y?=y2=x-1

c<h —
y=1
—=——
~¥=-1
x=y"+1

It is symmetrical about x axis with vertex (1,0)

and focus G, O). Hence the required volume is

givenby, V = f_llnxzdy

7Tf_11(y2 +1)%dy

1
mf_ (y*+2y*+1)dy

—a(Z 224 y)

—71(5+23+y)_1

=r[f+i+1+1+241]
) 3 5 3

i+

'6+20+30]
15
[56

=T |—
115

Example 9.68 Find, by integration, the volume
of the solid generated by revolving about y-axis

the region bounded between the curve y =

Vx2 —16,x = 4, the y-axis, and the lines y =

3
4
1

and y = 6.
Solution: y = z\/x2 —16
4y = 3Vx? - 16

Squaring, 16y? = 9(x? — 16)

= 9x2 — 144

www.TrbTnpsc.com

9x2 — 16y% = 144

Dividing by 144,
y

9x?  16y?

—_— = 1 ", L] s )’:b

144 144 \ / y=1

4

x2  y? _;'D
———=1 / .
16 9

Hence the given equation is hyperbola,
between y = 1 and y = 6 and it lies above

the x axis. Since the hyperbola revolves about
the y axis, Volume V = ff x%dy

From 9x%— 16y? = 144

9x2 = 16y? + 144

16 144
x2 =_y2 4+ 124
9 9

x? =19—6(y2+9)

16 (6,
V—?nfl(y +9)dy

Example 9.69 Find, by integration, the volume
of the solid generated by revolving about y-axis
the region bounded by the curves y = log x,
y=0x=0andy =2.
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Solution: Solution: Volume V = f01 my?dx
Y, ~Y=logx
/ =7 fol e ™ dx
/[ y=2
W e~4x 1
O/ y=0 =n\—
x=0 I' Y ( 4 )0
— Al (e —4x)1
The given curve revolves about the y axis, = —Tle*—e?)
Volume V = foznxzdy = _T(e~*—1)
2
=m [, e¥dy V=%(1—e‘4)
=m(e”)E e
= n(e? —e9) 3. Find, by integration, the volume of the solid
generated by revolving about the y-axis, the
=m(e?—1) region enclosed by x2 = y + land y = 3.

Solution: On y-axis,x = 0
EXERCISE 9.9 So x%=y+1gives
1. Find, by int tion, the vol f the solid
ind, by integration, the volume of the soli y+1=02y=—1
generated by revolving about the x-axis,
Hencey = —-1toy =3
the region enclosed by y = 2x2,

x=0andx = 1. Volume V = f_slnxzdy

3
=T +1)d
Solution: Volume V = folnyzdx L, +Ddy

3

:rtf014x4dx :n(3;_2+y)_1
— 4 [t dx =n|G+3)-(G-1)]
- (2) =n(3+3-3+1)
8
=4n(-0) =)
’ = (4 +4)
:4?” = 8n

2. Find, by integration, the volume of the solid 4. The region enclosed between the graphs of

generated by revolving about the x-axis, the y = x and y = x2 is denoted by R, Find

: — p—2X — —
region enclosed by y = ™, y=0,x =0and the volume generated when Ris rotated
x=1 through 360° about x-axis.
By Manisekowow.D - MATHS DEPT. SRKMHSS - Arcot Page 28
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Solution: Solvingy = x and y = x?
=x
x2—x=0
x(x —1) = 0 gives
x=0and1
When x = 0 we get y = 0 and
Whenx = 1wegety =1
Hence point of intersection is (0, 0), (1,1)

To find the volume about x-axis.
Volume V = foln [(f(x))2 — (g(x))z] dx
= f, m[(0)? = (x?)?]dx

= nfol(xz —xY) dx

x3 x5
7T — — —
3 5 0

5. Find, by integration, the volume of the
container which is in the shape of a right

circular conical frustum as shown in the

www.TrbTnpsc.com

2

- 4 2
V=7tf02 eNg—5Y) Rl y)] dy

2

2
=2 (16 -8y +y)dy
_m _g? . 7%
—4(16)1 82+3)0

16y — 4y? + )(2)

-PI=|
~

6. A watermelon has an ellipsoid shape which
can be obtained by revolving an ellipse with
major-axis 20 cm and minor-axis 10 cm
about its major-axis. Find its volume using
integration.

Figure. Solution: Given semi major axis a = 10 and
Solution: semi minor axis b = 5
So, equation of the elhpse — + — = 1gives
2 2
XY -1
2 102 = 52
®R-1) (g2~ y)
Volume of frustum = nf — R 2 dy O
h R A |
100 25
Givenr=1;R=2;h=2 )2 12
25~ 100
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_100—x2
100

5 25
~ 100

(100 — x2)

On x axis y =0 gives 100 — x? =
x? =100
x =10

By symmetry, V =2 f01o Ty?dx

= 2m f010 y2dx

10 25
=2 fo % (100 — x2) dx

_ 50

10
= 1007Tf0 (100 — x?) dx

_1_ 10 2
—znfo (100 — x?) dx

NI

(3000—1000)
3

T (2000)
2 3

EXERCISE 9.10
Choose the correct or the most suitable answer
from the given four alternatives:

2
1. The value of fg\/% is

w: @; @ @n

2. The value of f_zllxl dx is
1 3 5 7
13 )3 3); @3

3. For any value of n € Z,

fon ec05*% cos3[(2n + 1)x]dx is

www.TrbTnpsc.com

1

4. The value of [ * sin®x cos x dx is
2

@  @; @0 @

2

5. The value of f_44 [t&an‘1 ( = ) + tan™t (x‘;—:l) ] dx

x*+1

(O 2)2m (3)3nm (44w

% 2x7=3x2+7x3-x+1 .
6. The value of [ : ( e ) dx is
(1) 4 (2)3 (3)2 (4)0

7.1f f(x) = foxtcostdt,then%=
() cosx —xsinx  (2)sinx + xcosx

(3) xcosx (4) xsinx

8. The area between y? = 4x and its latus

rectum is

®m; @7 BT @3

9. The value of fol x(1—x)dxis

1 1 1 1
(1) 11000 (2) 10100 ( ) 10010 ( ) 10001

10. The value of f:d—xis
= 1+5COSX 371-
> @r ®F @27
Im)
11.1If =90 thennis
In)

(110 ()5 (3)8 (@9

12. The value of f06 cos33x dx is

M @; @ @3

13. The value of fon sin*x dx is
3m

HE @ B @w>

14. The value of fooo e 3% x2dx is

D~ @ = @O

n 1 :
(1) B @)m 3)o0 (4) 2 15.If foa odx= %then ais
(1) 4 (2)1 (3)3 (4) 2
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16. The volume of solid of revolution of the
region bounded by y? = x(a — x) about

X —axisis

W 9% @ @%

17.1f f(x) = f:?du,x > 1and

3 esin x2

J; AT % [f(a) — f(1)] then one of the

possible value of a is

(13 (2)6 39 )

18. The value of fol(sin‘lx)2 dx is

M= -1 D= 42 DEPARTMENT OF MATHEMATICS

* * SRI RAMAKRISHNA MHSS - ARCOT
= +1 W= 2 VELLORE DT -632503

4 4

19. The value of foa(\/az — x2)3 dx is

3ma* 3ma? 3ma*

O @I @I =

20.1F [T F() dt = x + [, tf (D) dt,
then the value of f(1) is

®; @2 @1 @:
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12. Discrete Mathematics

Examplel2.1

Examine the binary operation (closure
property) of the following operations on the
respective sets (if it is not, make it binary):
()axb=a+3ab—5b* Vab€eL

(iaxb=(3=); Yabeq
Solution:
(i) Since X is binary operation on Z,
a,b€Z=ab€Zand bxb=»b*€Z..(1)
The fact that + is binary operation on Z
and (1) > 3ab= (ab+ ab+ ab) € Z and
5b%=(b?>+b%+b*+b*+b?)€L...(2)
Also a€ Z and 3ab € Z implies a + 3ab € Z. ....(3)
(2), (3), the closure property of — on Z yield
a*b=a+3ab—-5b*; Vab€eTZ.
Since a * b belongs to Z, * is a binary operation
onz.
(ii) In this problem a *bis in the quotient form.
Since the division by 0 is undefined, the
denominator » —1must be nonzero.
Itisclearthat b—1=0if hb=1.As 1€ Q, * is
not a binary operation on the whole of Q.
However it can be found that by omitting 1
from Q, the output a xbexists in Q \{1}.

Hence * is a binary operation on Q \{1}.

Example 12.2

Verify the (i) closure property,

(ii) commutative property,

(iii) associative property

(iv) existence of identity and

(v) existence of inverse for the arithmetic
operation + on Z

Solution:

()m+ne€eZ,vmmnelL
Hence + is a binary operation on Z .
(ii) Also m+n=n+ m,_Vm,n € Z.
So the commutative property is satisfied
jiDvmnp€eZ m+n+p)=m+n)+p.

Hence the associative property is satisfied.
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(ivvm+e=e+m=m=e=0.
Thus30€Z,3>(m+0)=(0+m) =m.
Hence the existence of identity is assured.

Vym+m/=m/ +m=0=>m/ = -m.

ThusVvmeZ,3—meLZ,

3> m+ (—m) = (—m) + m = 0. Hence, the
existence of inverse property is also
assured. Thus we see that the usual
addition + on Z satisfies all the above five
properties.

Note that the additive identity is 0 and the

additive inverse of any integer mis —m.

Example 12.3

Verify the (i) closure property,

(ii) commutative property,

(iii) associative property

(iv) existence of idgntity and

(v)existence of inverse for the arithmetic
operation —on Z

Solution:

(i) Though — is not binary on N; it is binary on
Z . To check the validity of any more
properties satisfied by - on Z, it is better to

check them for some particular simple values.

(ii) Take m=4, n=>5 and
(m—n)=(4—-5)=-1and
(n—m)=(5—-4) =1

Hence (m — n) # (n—m). So the operation — is

not commutative on Z.

(iii) In order to check the associative property,
letusput m=4, n=5and p=7 in both
(m—n)—pand m— (n—p).
(m—n)—p=(4-5)-7=(—-1-7)=-8 ...(1)
m—(n—p)=4—(5-7)=(4+2)=6....(2)
From (1) and (2), it follows that
(m—n)—p#m—(n-p).

Hence - is not associative on Z .

(iv) Identity does not exist
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(v) So, Inverse does not exist .

Example 12.4

Verify the (i) closure property,

(ii) commutative property,

(iii) associative property

(iv) existence of identity and

(v) existence of inverse for the arithmetic
operation + on Z, = the set of all even integers.

Solution : Consider the set of all even integers
Z,={2k| k € Z}={.,—6,—4,—-2,0,2,4,6,..}.
Let us verify the properties satisfied by + on Z,
(i) The sum of any two even integers is also an
even integer. Because x,y € Z, = x = 2m
and y=2n,mn€Z.
So(x+y)=2m+2n
=2(m+n) € Z,
=2(n+m)
=2n+2m
= (y + x).
Hence + is a binary operation on Z,.
(iDVxyE€EZ,,
(x+y)=2m+2n
=2(m+n)
=2(n+m)
=2n+2m
= (y + x).
So + has commutative property.
(iii) Similarly it can be seen that vV x,y,z € Z,,
x+py)+tz=x+(y+2.
Hence the associative property is true.
(iv) Now take x = 2k, then
2k+e=e+2k=2k=e=0.
ThusVx€Z,,30Z,>x+0=0+x=x.
So, 0 is the identity element.
(v) Taking x = 2k and x/ as its inverse,
we have 2k + x/ = 0 = x/ + 2k

= x/ = —-2k=x/=—x
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ThusvVx €Z,,3—x€Z,
3x+(—x)=(—x)+x=0

Hence —x is the inverse of x € Z,.

Example 12.5

Verify the (i) closure property,

(ii) commutative property,

(iii) associative property

(iv) existence of identity and

(v) existence of inverse for the arithmetic
operation + on Z, = the set of all odd integers
Solution:

Consider the set Z, of all odd integers
Zo={2k+1: ke Z}
={.,—5-3,-1,1,3,5}. +isnota
binary operation on Z, because when
x=2m+1ly=2n+1,x+y=2(m+n)+ 2
is even for all mand n. For instance, consider
the two odd numbers 3, 7€ Z,, .
Their sum 3+ 7 =10 is an even number. In
general, if x, y€ Z, (x + y) € Z,. Other
properties need not be checked as itis not a
binary operation.

Example 12.6

Verify (i) closure property

(ii) commutative property, and

(iii) associative property of the following
operation on the given set.

(a*b) =aP;Va,b €N (exponentiation

property)
Solution :

(i) Itistrue thata *b=a” ;v a,b € N.

So x is a binary operation on N .
(i) a x b=a? and b * a = b%.

Put,a = 2 and b = 3.

Thena *b =23 =8 but

bxa=3%2=9
So a *b need not be equal to b * a.
Hence * does not have commutative property.

(iii) Next consider

a*(bxc)=ax*(b)=ad).
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Take Put,a = 2.b = 3 and ¢ = 4.

ax(bxc)=2%(3%4) =2+ (3% =26D
But (a * b) * ¢ = (aP) * c = (a?)¢ = ab¢ = 212
Hencea * (b*c) # (a*b) * c.

So * does not have associative property on N .

Example 12.7

Verify (i) closure property,

(ii) commutative property,

(iii) associative property,

(iv) existence of identity, and

(v) existence of inverse for following operation
onthe givenset. m*xn=m+n—mn;mn €Z
Solution:

(i) m + n — mn s clearly an integer and hence
* is a binary operation on Z.
(iiym*n=m+n—mn and
=n+m-—nm
=nxm
So, * has commutative property .

(iii) Consider (m*n) *xp = (m+n—mn) *p
=(m+n—mn)+p—(m+n—mn)p
=m+n+p—mn—mp—np+ mnp..(1)
m*(n+p)=m=(n+p—np)
=m+n+p-—np)—mn+p-—np)
=m+n+p—np—mn—mp+ mnp..(2)
From (1) and (2) we see that,

(mx*n)*p=mx(nxp)
So, * has associative property .
(iv) An integer e is to be found that
m+e=exm=mVmEeEZ
Som+se=m+e—me=m
e—me=m-—-m
e(1-m)=0
Gives,e =0and (1—-m) =0

But mis an arbitrary integer and hence need

not be equal to 1. So the only possibility is

e =0.Alsom *0 = 0 *m = m. Hence 0 is the
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identity element and hence the existence of

identity is assured.

(v) An integer m/ is to be found that
msm/=m/sm=e,VmeZ

Som*m/ =m+m/ —mm/ =0

m/ —mm/ = —m
m/(1—-m) =-m
m/ = ——=—is not defined at
(1-m)

(1-m)=0,thatisatm =1
Hence inverse does not exist in Z.

Example 12.8

0 1
1 1

Boolean matrices of the same type. Find AV B

and AAB

LetA = ],B=[(1) ﬂbeanytwo

Solution:

Given 4 = 0 1],B=[(1) ﬂ

11
AVB = 2 ﬂvﬁ 1]
OV 1v1y
1vo 1vi
[P
11
AANB = 2 ﬂAB 1]
OAT 1AL
1A0 1A1
[0 1]
0 1

Example 12.9

Verify (i) closure property,

(ii) commutative property,

(iii) associative property,

(iv) existence of identity, and

(v) existence of inverse for the operation +5 on
Zs using table corresponding to addition

modulo 5.
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Solution:
We know that Zc = {[0],[1],[2],[3], [4]}
+5 0 1 2 3 4
0O 0 1 2 3 4
1 1 2 3 4 0
2 2 3 4 0 1
3 3 4 0 1 2

4 4 0 1 2 3

(i) Since each box in the table is filled by
exactly one element of +5, the outputa +5 b is
unique and hence +; is a binary operation.
(ii) The entries are symmetrically placed with
respect to the main diagonal. So +s5 has
commutative property.
(iii) The table cannot be used directly for the
verification of the associative property. So it is
to be verified as usual.
For instance, (2 +5 3) +54 = 0 +5 4 = 4 (mod5)

and 2+5(3+54) =2+52 =4 (mod5)

Hence (2 +53) +54 = 2 +5(3 +5 4).

Proceeding like this one can verify this for all
possible triples and ultimately it can be shown
that +sis associative.
(iv) The row headed by 0 and the column
headed by 0 are identical. Hence the identity
element is 0.
(v) The existence of inverse is guaranteed
provided the identity 0 exists in each row and
each column.
From the table,
Inverse of 0 is 0
Inverse of 1 is 4
Inverse of 2 is 3
Inverse of 3 is 2

Inverse of 4 is 1
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Example 12.10 Verify (i) closure property,

(ii) commutative property,

(iii) associative property,

(iv) existence of identity, and

(v) existence of inverse for the operation X,
on a subset 4 ={1,3,4,5,9} of the set of
remainders {0,1,2,3,4,5,6,7,8,9,10}.

Solution:
Given 4 = {[1], [3],[4],[5], 91}
X1 13 4 5 9
1 1 3 4 5 9
3 39 1 4 5
4 4 1 5 9 3
5 5 4 9 3 1
9 9 5 3 1 4

(i) Since each box in the table is filled by
exactly one element of X, , the outputa xX;; b
is unique and hence X, is a binary operation.
(ii) The entries are symmetrically placed with
respect to the main diagonal. So X, has
commutative property.
(iii) The table cannot be used directly for the
verification of the associative property.
So it is to be verified as usual.
For instance,

(3X%4; 4) X4y 5=1 X4; 5=15 (mod 11)
and 3 X;; (4 X4, 5) =3X;; 9=05 (mod11)
Hence (3 X4; 4) X4, 5=3X,; (4 X;; 5).

Proceeding like this one can verify this for all
possible triples and ultimately it can be shown
that X, is associative.

(iv) The row headed by 1 and the column
headed by 1 are identical. Hence the identity

element is 1.
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(v) The existence of inverse is guaranteed
provided the identity 1 exists in each row
and each column. From the table,

Inverse of 1is 1
Inverse of 3 is 4
Inverse of 4 is 3
Inverse of 5is 9
Inverse of 9 is 5

EXERCISE 12.1
1. Determine whether * is a binary
operation on the sets given below
(Daxb=a.lblonR
(i) a * b = min(a, b) on A = {1,2,3, 4,5}
(iii) (a * b) =a Vb is binaryonR.
Solution:
() Leta,b € R
Then |b] € R
Hence, a.|b| € R,Va,b € R
So, * is the binary operation on R.
(i) a* b = min(a,b) on A={1,2,3,4,5}
Leta, b € A
Then min(a,b) € A
For Example,
min(3,4) =3 € 4,
min(2,5) =2 € A
So,a*b =min(a,b) € A,Va,b € A
So, * is the binary operation on A.
(iii) (a * b) = avb is binaryon R
Leta,b € R
If b is positive then Vb € R, but even

though-b e R,v—b ¢ R.
For example 2, —4 € R

But2v/—4 = 2V2i ¢ R

So, * is not a binary operation on R
2.0n Z, define ®Q by
m®n)=m"+n":vm,n €Z.
Is ® binaryon Z ?
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Solution:

Letm,n € Z.
Take m = 3,n = —2, then
m" +n™ =372 + (-3)?
1
= 3—2+ 9

=2+9
9

_ 1481

9
82
ey (/A
So(m@®n)+ Z

Hence, @ is not a binary operation on Z .

3. Let * be defined on R by
(axb)=a+b+ab—7. IsxbinaryonR?
. -7
If so, f1nd3*(E).
Solution:
Leta,b € R
Thena+b+ab—-—7 € R

So, * is the binary operation on R.

3+(55) =3+ (=35) + 3(=5) -7

4.Let A={a++/5bh: a,b €Z }.Check
whether

the usual multiplication is a binary operation

onAd.
Solution:
LetA={x,y }
Suchthat x =a ++/5bandy = ¢ +/5d
anda,b,c,d € Z
Now, xy = (a ++/5b )(c + \/gd)

= ac +V5ad +V/5bc + 5bd

= (ac + 5bd) +V5(ad + bc) € A

~ xy € A. The usual multiplication is a
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binary operation on A.
5. (i) Define an operation* on Q as follows:

on= (4

a+b

):a,bEQ.

Examine the closure, commutative, and

associative properties satisfied by * on Q.

(ii) Define an operation#* on as follows:

RE

a+b

):a,bEQ.

Examine the existence of identity and the

existence of inverse for the operation * on Q.

Solution: (i)

(1

(2)

(3)

(1

Givena,b € Q
Itgivesa + b € Q.

+b
Hence aT also € Q.

So, * is closure on Q.

a*b=( ):a,be(@

- (229

=b=x*xa

a+b

So, * is commutative on Q.

a*(b*c)za*(bzc)

(a*b)*cz(a:b)*c

a+b+2c

_a+b+2c
4

Hence,a x (bxc) # (axb) *c

So, * is not associative on Q.

(i)

Given a € Q. Let e be the identity.

Thenaxe=exa=a
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a+e
=aqa
2
a+ e=2a
e=2a—a

e = a, is the identity element.
For every element a belongs to Q, we get a is
the identity. Since identity element is unique,
* has no identity.
(2) Since there is no identity, inverse of a that
is a~! cannot be defined. That is,
1 —

a*a ! =a1*a = e, cannot be defined.

Hence * has no inverse.

6. Fill in the following table so that the

binary operation * on A= {g, b, ¢} is

commutative.
*la|b|c
alb
blc|bj|a
cla C
Solution:

(i) * is commutative
From table b xa = ¢
Hence axb=c

(ii) From table b * c = a
Hence cxb=a

(iii) From tablec *a = a
Hence axc=a

So, the table is

*|la|b|c
alblcla
bic|bla
clalalc

Send Your Questions & Answer Keys to our email id - padasalai.net@gmail.com


www.Padasalai.Net

www.Padasalai.Net

7. Consider the binary operation * defined on

the set A= {a, b, ¢ d} by the following table:

* | alblc|d

alalc|b|d

[s it commutative and associative?
Solution:
Fromtablea *b = ¢
and bxa=d
So, a*b+# b=xa
Fromtablec xa = ¢
and axc=b
So, cxa#* axc
Hence, * is not commutative
Fromtablea * (b *¢) = a* b = c and
(axb)xc=c*xc=a
Therefore, a * (b *xc) = (a*b) xc

Hence, * is also not associative.

1 0 10 01 01
8.LetA=(0 1 0 1) B={1 0 1 0],
1 0 01 1 0 01

1 0

11

1
c=|0
1

matrices of the same type.
Find i))AvVB (ii)) AAB
(i) (AvVB)AC(iv)(AAB)VC

1
O) be any three Boolean

Solution:
1 0 10 0 1 01
GivenA={0 1 0 1), =1 0 1 0
1 0 01 1 0 01
1 0 10 0 1 01
(DAvB=|(0 1 01)v|1l 0 10
1 0 01 1 0 01
1v0 Ov1l 1vo0 Ov1
={0v1l 1v0 Ov1l 1voO
1vli Oov0 OvoO 1v1

)
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1
1
1

0 0 1 01
1/A(1 0 10
01 1 0 01

OA1l 1AO0 0A1>

O OR PR

(i) AAB =

R OoOR R RR
oOrRrOo OR R

1A0 0A1 1AO0
OAO OAOD 1A1

00
00
01

11 1 1 01
1 1)]A{0 1 10
01 1 1 11

1IA1T 1A0 1A1>

(i) (AVB)AC

1
=(1
1

1Al
=11A0

1Al

O R -

IA1T 1A1 1AO0
0Nl 0A1 1M1

1 1

=10 1
1 0
(ivy(AAB)VC

0 O

=({0 O

1 0

Ovil
={0vO0

1v1

1 1
={0 1
1 1

01
10
01

00 1 1 01
0 0jvio 1 10
01 1 1 11

Ovi OvO Ov1
Ovli Ov1l OvoO
Ovli Ov1l 1vl1

01
10
11

9.() LetM ={(7 *):x€R—-(0)}and
let * be the matrix multiplication. Determine
whether Mis closed under . If so, examine
the commutative and associative properties
satisfied by * on M.

3 _ (X xy, 2
(i) Let M = {(x x).x €R—(0) }and

let * be the matrix multiplication. Determine
whether Mis closed under * . If so, examine

the existence of identity, existence of inverse
properties for the operation * on M.

Solution: (i)

(1) Closure

Y.y

Let A = (i i) and B = (y y

):x,yER—(O)

Hence M = {A,B }
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Now a5 = () 5)
=Gvny )
_<2xy 2xy

— \2xy 2xy) €M

Since, x,y € R — (0) gives xy also € R — (0)

So,ABEM = A*xBeM
~ *is closed on M

(2) Commutative

teea=( 3).8=( 3)

such that:x,y € R — (0)
Hence M = {4, B}

Now <5 = )G 5)

_(xy+xy xy+xy)
T \xy+xy xy-+xy

_ <2xy 2xy>
~ \2xy 2xy

_<2yx 2yx>
~ \2yx 2yx

=G )G 2
=BxA
So,A*xBEM=B+xA€EM
~ * is commutative on M

(3) Associative

Matrix multiplication is always associative.

ThatisA*(B+xC)=(A*B)*C,vAB,C€EM.

~ * is also associative on M
Solution: (ii)

(1) Closure

Let4 = (i i) and B = (z z):x,y €R—(0)
Hence M = {A,B }
Now,48 = (1 ) (5 3)

_(xy+xy xy+xy)
T \xy+xy xy+xy

.« <2xy 2xy

2xy 2xy> &M

Since, x,y € R — (0) gives xy also € R — (0)
So,ABEM = A«xBeM
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~ *is closed on M

(2) Existence of Identity

LetA = (i i) and

e e . .
E = (e e) be the identity,
such that:a,e € R — (0)
Hence M = {A,E}

Now, A*xE=E+xA=A
G D =G %)

(e 2= G %)

2xe = x
2e=1
e=-€R—(0)
1 1
~E = g E is the identity € M
2 2

~ x has identity on M

(3) Existence of Inverse

LetA = (i i) and

- 1
At = (i_l i_l) be the inverse of A.

ThenA*A 1=A4A"1%xA=

E
G D6 =6 2

1 1
(Zxx‘1 Zxx‘l) _[2 2
2xx”1 2xx71 A\ M
2 2
2xx~1 =1
2
x1=—,eR-(0)
1 1
LA = 41x 41x is the inverse of A € M

4x 4x

~ * has inverse on M

10. (i) Let A be Q \ {1}. Define * on Aby

xxy=x+y—xy.Isx*binaryon 47
If so, examine the commutative and

associative properties satisfied by * on 4.
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(ii) Let A be Q \ {1}. Define * on 4 by

x*xy=x+y—xy.Is*binaryon 4?

If so, examine the existence of identity,

existence of inverse properties for the
operation * on 4.

Solution: (i)

(1) Closure

Given 4 = {Q \ {1}}

Letx,y € A. Thatisx # 1,andy # 1

* is defined on A4 by

X*xy=x+y—xy

Let us assume that x x y = 1. Then,

x+y—xy=1
y—xy=1—-x
y(l-x)=1-x
_1-x
Y= o

[t Gives, y = 1, which is
contradiction to our assumption.
Hence,x xy # 1€ A
~ *is closed on A
(2) Commutative
X*y=x+y—xy
=y+x—yx
=y*x
~ x is commutative on A
(3) Associative

xx(y*xz)=x*x(y+z—yz)

=x+W+z—yz)—x(y+2z—yz)
=x+y+z—yz—xy—xz+xyz

(xxy)xz=(x+y—xy)*z

=x+y—xy)+z—(x+y—xy)z
=xX+y—xy+z—xz—yz+xyz

From the above results,

x*(y*xz)=(x*xy)*z,Vx,y,z€A

~ * is associative on A
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Solution: (i)
(1) Closure

(2) Existence of Identity

Letx € A. Thatisx # 1
Let e be the identity.
Thenxxe=exx =x
x+e—xe=x
e—xe=x—Xx
e(1—-x)=0
It gives,e = 0,and (1—x) =0

If (1 —x) =0, gives x = 1, which is not

applicable as x € A.
Hence, e = 0 € 4, is the identity.
~ * has identity on A

(3) Existence of Inverse

Letx € A. Thatisx # 1

Let x ! be the inverse.

Thenxxx1=x"1*xx=¢
x+x1—xx"1=0
xt—xx1=—x
xM(1—-x)=—x
xl=——2_€4,

(1-x)
is the inverse of x, V x € A.

~ * has inverse on A.
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Example 12.11
Identify the valid statements from the
following sentences.
(1) Mount Everest is the highest mountain of

the world.

Itis true. So it is a statement.
(2)3+4=8.

It is false. So it is a statement.
(3)7+5>10.

[tis true. So it is a statement.
(4) Give me that book.

It is a command. So it is not a statement.
(5) (10 —x) =7.

[t gives x = 3. So it is a statement.
(6) How beautiful this flower is!

[t is an exclamatory. So it is not a statement.
(7) Where are you going?

[t is a question. So it is not a statement.
(8) Wish you all success.
[t is expressing wishes. So it is not a statement.
(9) This is the beginning of the end.

[t is a paradox. So it is not a statement.

Example 12.12

Write the statements in words corresponding
to=p,pAq, pVqandqV —p,where pis ‘Itis
cold’ and gis ‘It is raining.’

Solution:

Sentence p : ‘Itis cold’

Sentence q : ‘It is raining.’

So, =p = Itis not cold.

p A q= It is cold and raining.

p V q = Itis cold or raining.

q V —p = Itis raining or it is not cold.
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Example 12.13
How many rows are needed for following
statement formulae?
pVv-atA(pVv-s)
() (PAQV(Arv=as))A(=tAv)
Solution:
(i) It contains 3 variables p, t and s

So, number of rows needed = 23 = 8
(ii) It contains 6 variables p,q,r,s t and v

So, number of rows needed = 2° = 64

Example 12.15
Write down the (i) conditional statement
(ii) converse statement (iii) inverse statement,
and(iv) contra positive statement for the two
statements p and g given below.
p: The number of primes is infinite.
g: Ooty is in Kerala.
Solution:
Then the four types of conditional statements
corresponding to p and q are respectively
listed below.
(i) p—q: (conditional statement)
“If the number of primes is infinite then Ooty
is in Kerala”.
(ii) g— p : (converse statement)
“If Ooty is in Kerala then the number of
primes is infinite”
(iii) =p——q (inverse statement)
“If the number of primes is not infinite then
Ooty is not in Kerala”.
(iv) =gq——p (contra positive statement)
“If Ooty is not in Kerala then the number of

primes is not infinite
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LOGIC TRUTH FORMULAE:
(1) For NOT (—)

p_|—Tp
| F
F| T

(2) For AND (A)

P

=SSR Tie]
=SEES e SR RGN
g | | =T | >

(3) ForOR (V)

p

RS
Sl R e BE RS
maE <

(4) For CONDITIONAL (=)

plglp—q
TIT| T
T|F| F
FIT| T
FIF| T

(5) For BI- CONDITIONAL (<)

Plglreq
T|T| T
T|F| F
FIT| F
FIF| T

(6) For EXCLUSIVE p EOR q (V)

plglpVg
T|T| F
T|IF| T
FIT| T
F|F| F

(7) If the last column contains only T, then the
statement called as Tautology.

(8) If the last column contains only F, then the
statement called as Contradiction.
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(9) The statement which is neither Tautology
nor Contradiction is called Contingency.

Example 12.16

Construct the truth table for (p V q) A (p V =q)
Letr: (pVg)ands: (pV —q)

So, Vg A(PV-q =rAs

plglpVvg | rpVqg|aq|sipVaq| rAs
T|T T F F T F
T |F T T T F F
F|T T T F F F
F | F F F T T F

Example 12.17
Establish the equivalence property: p = g =

pVq

plq|-plp—q|-pVg
T\T| F| T T
T|FI F| F F
Flrl ] T T
FlF| T] T T

The entries in the columns corresponding to
p — gand —pV q are identical and hence they

are equivalent.

Example 12.18 Establish the equivalence
property connecting the bi-conditional with
conditional:

peq=@->9N@~p)

Solution:
plq|Pqd | rp—>q|siqop|rAs
T\ T T T T T
T|F F F T F
F| T F T F F
F|F T T T T

The entries in the columns corresponding to

p e qgand (p » q) A (q - p) are identical and
hence they are equivalent.

Example 12.19

Using the equivalence property, show that: p <
q=(@Aq)V(=pA-qg).

Solution:
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LHS
P19 p<g
T T T
T|F F
F| T F
F|F T
RHS
ripAq|ap|q|SiapAgq | TrVs
T F | F F T
F F | T F F
F T | F F F
F T | T T T

The entries in the columns corresponding to
p < qand (p A q)V (=p A —q) are identical
and hence they are equivalent.

EXERCISE 12.2
1. Let p:Jupiter is a planet and g:India is an
island be any two simple statements.
Give verbal sentence describing each of the
following statements.
() =p (i) pA-g (iii) =pV q
(iv) p=» ~qg(V) peg
Solution:
p: Jupiter is a planet
g: India is an island
(i) —p: Jupiter is not a planet
(ii) p A—=q: Jupiter is a planet and India is not
an island
(iii) =pV @ Jupiter is not a planet or India is
an island
(iv) p— =g Jupiter is a planet then India is
not an island
(v) peq:]Jupiter is a planet if and only if

India is an island

2. Write each of the following sentences in

symbolic form using statement variables

pand g.
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p: 19 is a prime number
g: all the angles of a triangle are equal.
(i) 19 is not a prime number and all the
angles of a triangle are equal.
(ii) 19 is a prime number or all the angles of a
triangle are not equal
(iii) 19 is a prime number and all the angles of
a triangle are equal

(iv) 19 is not a prime number

Solution:

(i) 19 is not a prime number and all the angles
of a triangle are equal : —p A q
(ii) 19 is a prime number or all the angles of a
triangle are not equal : p V —q
(iii) 19 is a prime number and all the angles of
a triangle are equal : p A q

(iv) 19 is not a prime number : =p

3. Determine the truth value of each of the
following statements
(i) If 6 + 2 =5, then the milk is white.
(ii) Chinais in Europe or 3 is an integer
(iii) It isnot true that 5+ 5 =9 or Earth is a
planet
(iv) 11 is a prime number and all the sides of a

rectangle are equal

Solution:
(i) If6+ 2 =75, then the milkis white.
p6+2=5F

g: The milk is white. T
Symbolic Form: p— g Truth valueis T
(ii) Chinais in Europe or+/3 is an integer.
p: China is in Europe F
g: V3 is an integer. F
Symbolic Form: p V g Truth value is F
(iii) Itis not true that 5 + 5 =9 or Earth is a

planet.
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p:5+5=9F
q: Earthis aplanet. T
Symbolic Form: —pV ¢q
Truth valueisTVT=T
(iv) 11 is a prime number and all the sides of a
rectangle are equal
p:11isaprime number T
q: all the sides of a rectangle are equal. F
Symbolic Form: pA g
Truth valueisTAF=F

4. Which one of the following sentences is a
proposition?
(i)4+7=12
(ii) What are you doing?
(iii) 3" < 81,n € N
(iv) Peacock is our national bird
(v) How tall this mountain is!

Solution:
(i)4+ 7 =12 Proposition

(ii) What are you doing? Not a Proposition
(iii) 3™ < 81,n € N Proposition
(iv) Peacock is our national bird. Proposition

(v) How tall this mountain is! Not Proposition

5. Write the converse, inverse, and contra
positive of each of the following implication.
(i) If x and y are numbers such that x = y,
then x? = y?

(ii) If a quadrilateral is a square then itis a
rectangle

Solution:

(i) If x and y are numbers such that x = y,

then x? = y?

p:xand y are numbers such that x = y
g:x*=y?

Symbolic form of the given statement: p - g
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(a) Converse: g— p
If x and y are numbers such that x? = y?,
thenx =y
(b) Inverse: = p— - g
If x and y are numbers such that x # y,
then x? # y?
(c) Contra positive: -~ g—= = p
If x and y are numbers such that x? # y?2,
thenx # y
(ii) If a quadrilateral is a square then it is a
rectangle
p: A quadrilateral is a square.
q: A quadrilateral is a rectangle.
Symbolic form of the given statement: p — g
(a) Converse: g— p
If a quadrilateral is a rectangle then it is a
square.
(b) Inverse: = p— = ¢q
If a quadrilateral is not a square then it is
not a rectangle.
(c) Contra positive: = g— = p
If a quadrilateral is not a rectangle then it

is not a square.

6. Construct the truth table for the following

statements.

(i) —|p/\—|q

p g —p g —phAag
T T F F F
T F F T F
F T T F F
F F T T T

(i) =(pA=q)

p g g phAag =(pAag)
T T F F T
T F T T F
F T F F T
F F T F T
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(i) (pVg) Vg P q p=>q-p (p=2q (P9 < (2p—9)
P q pvg g (pVvqg) V-gqg TT T F T (:
T T T F T TF F F T F
T F T T T FT T T T T
F T T F T FF T T F F
F F F T T The last column contains T and F. Hence it is
contingency.
o Pod (i) ((p~a) A (g=1) > (p=)
) ((P—~q q—r)—->(p—-r
p g r—p (p=>npeqg(p->DA(pegq
p g r(p~>q (g0 (P~ A(g~D)
T T T F T T T
T T T T T T
T T F F T T T
T T F T F F
T F T F T F F
TF T F E F
T F F F T F F
T F F F T F
FTT T T F F
FTT T T T
FTF T F F F
FTF T F F
FF T T T T T
FF T T T T
F F F T F T F
F F F T T T
7. Verify whether the following compound (p-r) (-9 N (qg-r))- (p-r)
propositions are tautologies or
contradictions or contingency T T
() (pAg) A=(pVg) F T
p q pNg pvg =(pVg) (PAQ A=(pVQ) T T
T T T T F F
F T
T F F T F F
T T
F T F T F F
T T
F F F F T F
T T
The last column contains only F. Hence it is T T
contradiction.
The last column contains only T. Hence it is
(i) ((pvg N=p) =g tautology.
p q pvg =p (pvV@ A=p((pVq) A=p) =g 8. Show that
TT T F F T () ~(pAg) =—pV-g
TF T F P T p g pNg =(pAg -p =g -pV-g
FT T T T T T T T F F F F
FF F T F T T F F T F T T
The last column contains only T. Hence it is BT F T T F T
tautology. F F F T T T T
From column (4) and (7), it is proved that
(i) (p—q) © (=p~9) _
B ~(pAG) =-pV-q
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(i) =(p—q) = pAq.
p q p~q ~(p—~>q9 g phag

T T T F F F
T F F T T T
FT T F F F
F F T F T F

From column (4) and (6), it is proved that
—(p=>q) =pA-g.

9.Prove that g— p=-p--gq

P g gop —p g —p-ong
TT T F F T
TF T F T T
FT F T F F

F

F T T T T
From column (3) and (6), it is proved that
q—> p=-p—->q

10. Show that p—gand g — pare not

equivalent

p q p—q 4g—p

T T T T

T F F T

F T T F

F F T T
p—qgand g — pare not equivalent.

11. Show that = (peq) = peg
P q peqg a(peq g peng

T T T F F F
T F F T T T
F T F T F T
FF T F T F

From column (4) and (6), it is proved that

—(peq =peg.
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12. Check whether the statement p— (g— p) is
a tautology or a contradiction without
using the truth table.

Solution:
p->(@->p)=p - (=q Vp)
= ap V(aq Vp)
=ap VP Va9
= (2pVvp) vV g
=TV q
T

Hence, p = (g— p) is a tautology.

13. Using truth table check whether the
statements = (pVq) V (=pAq) and —pare
logically equivalent.

P g pVg (Vg —p " pAg -~(pvV(-pAg

TT T F F F F
TF T F F F F
FT T F T T T
FF F T T F T

From column (5) and (7), it is proved that
—PE (VY V (=pAg).

14. Prove p— (g—r) = (p A\q) =»rwithout
using truth table.
Solution:
p=(g=>nD=p —>(qVr)
= ap V(nq vr)
= (pVaq)vr
= a(pAg) vr

= (p/\q) —»r Hence proved.
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15. Prove that p— (=g Vr) =-pV (=g Vr)
using truth table.
LHS: p— (~gqVr)

p g r =g (2gVr) p-=>(=gVI)
TT T F T T
TTF F F F
TF T T T T
TF F T T T
FTT F T T
FTF F F T
FF T T T T
FF F T T T

RHS: =pV (mgVD)

p g r —g (=qVr) —p —pV(=gVr)
TTT F T F T
TT F F F F F
TF T T T F T
TF F T T F T
FTT F T T T
FTF F F T T
FF T T T T T
FF F T T T T

From the above tables, the last columns are
identical. Hence p - (=g Vr) ==pV (g Vr).

EXERCISE 12.3
Choose the correct or the most suitable answer
from the given four alternatives.

1. A binary operation on a set S is a function
from
(1) S-S5
(3) 5= (5%9)

(2) (§%8) =S
() (X9 = (5%9)

2. Subtraction is not a binary operation in

(DR 2z (3N (4 Q

3. Which one of the following is a binary
operation on N ?
(1) Subtraction
(3) Division

(2) Multiplication
(4) All the above
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4. In the set R of real numbers * is defined as
follows. Which one of the following is
not a binary operation on R ?
(1) a*b =min(a,b) (2)ax*b=max(a,b)
(3a*xb=a dDaxb=ab

5. The operation * defined by a * b = % is
not a binary operation on

Le* @)z G)R 4)C
6.In the set Q define®b =a+ b +ab.
For whatvalue of y,3 © (y© 5) =77
2 -2
(1))’—53 @y=

By=> @Wy=4

7.1fa * b = Va? + b? on the real numbers
then * is
(1) commutative but not associative
(2) associative but not commutative
(3) both commutative and associative

(4) neither commutative nor associative

8. Which one of the following statements has
the truth value 7' ?
(1) sin x is an even function.
(2) Every square matrix is non-singular
(3) The product of complex number and its
conjugate is purely imaginary

(4) V/5 is an irrational number

9. Which one of the following statements has
truth value £ ?
(1) Chennai is in India or v/2 is an integer
(2) Chennai is in India or v/2 is an irrational
number
(3) Chennai is in China or v/2 is an integer
(4) Chennai is in China or v/2 is an irrational

number
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10. If a compound statement involves 3 simple
statements, then the number of rows in
the truth table is
(OO 28 @B)6 @3

11. Which one is the inverse of the statement
pvag) - (@Arq)?
DOD@rp-> @V
2)-(pvag ->{@Arg
3) (=pV-q) = (~pA-g)
4) (pA=g) > (=pVAQ)

12. Which one is the contra positive of the
statement (pVvq) ->r?
(1) ~r> (=pA9)
B) r-(pAg)

(2) ~r- (pVvg)
(4) p—(qVvDn)

13. The truth table for (pAg) V - qis given
below
p q (AQV-g
FSCT (a)
T F (b)
F T (©
F F (d)
Which one of the following is true?
(@) (b) (¢) (d)
(DT T T T
2T F T T
3T T F T
4T F F F
14. In the last column of the truth table for
- (pV~q) the number of final outcomes of

the truth value 'F' are
M1 (2) 2 B33 @4

15. Which one of the following is incorrect? For
any two propositions p and , we have
(1) = (pVvg =pAg
(2) 2 (pAQ) =2pV—g
(B)~(pvg) =—pVv-g
BD-CE=p=p

16. Which one of the following is correct for
the truth value of (p A @) » = p?
(@ (b) () (d)
MDr T T T

QF T T T
BF F T T
4T T T F
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17. Thedualof = (pvq@) V[ pV (pA-D)]is
D (pAQ A[pV (pA-D)]
@) (pAQ A[pA(pV D]
B) " (pAQ A[pA(PAD]
@D (pAQA[PA(pVI)]

18. The proposition pA (=pVg) is
(1) a tautology
(2) a contradiction
(3) logically equivalent to pAg
(4) logically equivalent to pVvg

19. Determine the truth value of each of the
following statements:
(@) 4+2=5and 6+3=9
(b) 3+2=5and 6+1=7
(c) 4+5=9 and1+2=4
(d) 3+2=5and 4+7=11
@ (b) (0 (d

(DF T F T
()T F T F
3T T F F
4HF F T T

20. Which one of the following is not true?

(1) Negation of a negation of a statement is
the statement itself.

(2) If the last column of the truth table
contains only 7'then it is a tautology.

(3) If the last column of its truth table
contains only Fthen it is a contradiction

(4) If pand gare any two statements then
P < qis atautology.
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