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8. Differentials and Partial Derivatives
Example 8.1
Find the linear approximation for
f(x) =+v1+x,x = —1,atx, = 3. Use the
linear approximation to estimate £(3.2).
Solution:

Linear approximation

L(x) = f(xo) + f/(x0)(x — x)

Givenxy = 3,x = 3.2

flxo) =f(3)=v1+3

= V&
=2
fx)=+vV1+x
f100) = 7=
o) = f/3) = 575
=

Thus, Linear approximation
L(x) = f(xo) + f/(x0) (x — xo)
=2+-(x-3)

=2+%-2
4 4

[e¢]

__8-3

e
4

.P |

» o

+
And, f(x) =1+«
fB32)=Vi+32
=42
So, L(3.2) =2+

DR

=1.25+0.8
= 2.05

Example 8.2

Use linear approximation to find an
approximate value of v/9.2 without using a
calculator.

Solution:
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Let y =+/x,letx = 9and dx = 0.2

y=vx
=+/9
y=3
Fromy = x
1
dy—ﬁdx
1
_ﬁ(o.Z)
1
= (0.1
= (0.033
f(x)=y+dy

f(v9.2) = 3+ 0.033 = 3.033

Example 8.3
Let us assume that the shape of a soap bubble

is a sphere. Use linear approximation to
approximate the increase in the surface area of
a soap bubble as its radius increases from 5 cm
to 5.2 cm. Also, calculate the percentage error.
Solution:

Radius of the spherer = 5
Increase radius dr = 0.2
Surface area of the sphere S = 4mr?
Approximate change in SA dS = 4n(2r)dr
= 41(2 % 5)(0.2)
= 41(10)(0.2)
= 471(2)
Approximate change in SA dS = 8rn
Actual change in surface area = §(5.2) — S(5)
§(5.2) — S(5) = 4n(5.2)? — 47 (5)?
=471[(5.2)% — (5)?]
=4n[(5.2+5) x (5.2 - 5)]
=4m[(10.2) x (0.2)]
= 4m(2.04)
=8.16m

Actual error -approximate error

Relative error =
Actual error
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__8.1lém -8
T 8ier

016w
T gi1e6m
16
" 816

= 0.01960

Percentage error = Relative error X 100
=0.01960 x 100
=01.960 %

Example 8.4
A right circular cylinder has radius r =10 cm.

and height h = 20 cm. Suppose that the radius
of the cylinder is increased from 10 cm to 10.1
cm and the height does not change. Estimate
the change in the volume of the cylinder. Also,
calculate the relative error and percentage
error.

Solution:

Height of the cylinder h = 20
Radius of the cylinder r = 10
Increase radius dr = 0.1
Volume of the cylinder V = nr2h
V = nr?(20)
V = 20mr?
Approximate change inV dV = 20w (2r)dr
= 207(2 x 10)(0.1)
= 207(20)(0.1)
= 20m(2)
Approximate change inV dV = 40mn
Actual change in Volume = V(10.1) — V(10)
V(10.1) —V(10) = 207(10.1)? — 207 (10)?
= 207[(10.1)% — (10)?]
=207[(10.1 + 10) x (10.1 — 10)]
=207[(20.1) x (0.1)]
=207m(2.01)
=40.2n

. Actual error -approximate error
Relative error = PP

Actual error

www.TrbTnpsc.com

__40.2m 401
T s02rm

__ 02w

T 402m

201
= 0.00497
Percentage error = Relative error x 100
= 0.00497 x 100
=0.497 %

EXERCISE 8.1

1.Let f(x) = /x .Find the linear approxi. at
x = 27. Use the linear approximation to

approximate v/27.2
Solution:
Linear approximation
L(x) = f(xo) + f/(xo) (x — xo)
Givenxy = 27, x = 27.2

flx) =3x
flxg) = f(27) =327 =3
£ = (x)5
£e0) =2
= %(x)_g

fl) =5 x—
(x)3
1 1

f/(xo):_x p)

3

f/(xo) =
Linear approximation
L(x) = f(xo) + £/ (xo) (x — xo)
=3+-—(x—27)

27
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To find ¥/27.2 = 25+ = (x — 125)
L(27.2) = 3+ (27.2 - 27) To find (123)}
=3+-(02) L(123) = 25 + — (123 — 125)
=3+ =25+ —=(-2)
=3+ 0.007 _25-1
V27.2 = 3007 = 25 — 0.266

2. Use the linear approximation to find
approximate values of

() (123 G) YIS (i) ¥26 (i) V15
Linear approximation
L(x) = f(xo) + f/ (o) (x — x0)

Given x, = 16, x = 15

F(x) = Y15 = (15)s

2
(123)s = 24.734

2
Solution: (i) (123)s

Linear approximation

L(x) = f(xo) + f/ (x0) (x — x)
Given x, = 125, x = 123

fGx) = (123)5 fxo) = F(16) = (16)s
fxo) = f(125) = (125)§ = ()"
= (5)3X§ =(2)*
=2
= (5)? 1
=25 fx) = (x0)*
fG0) = ()3 £/ =2 @
pieo =3 pres
=2 f/(x)=§x$
flo)=3x f1(xo) = 3% —
)3 4 (16)2
f/(xo):—x 11 ob 13
(125)3 Pa
=Ix— _ig 1
T3 X (5)3><3 =3 X BB
=Zx- fl(xo) = 2
2 Linear approximation

Linear approximation

L(x) = f(xo) + f/(xo)(x — Xp)

1
—2+§(x—16)

L(x) = f(xo) + f/(xo)(x — Xo)
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To find V15
L(15) = 2 +$(15 —16)
_odNT
=2+ —(-1)
1
=2-
=2-—0.03125
Y15 = 1.96875
(iii) V26

Linear approximation

L(x) = f(x) + f/(x0) (x —

Given x, = 27, x = 26
f() = 326 = (263
fx) = F27) = (2733
= 3%
- (3
=3
) = ()
Fle0) =2
= i(x)-é
fl) =5 x—

(x)3
1 1

f/(xo) =3 X Z
(27)3
1 1
=-X
3 (3)3><§
= 1,040
T 37 (32
1 1
= -X -
3 9
1
f/(xo) =

27

Linear approximation

L(x) = f(xo) + f/(xo)(x — Xo)

1
—3+;(x—27)

To find /26
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L(26) = 3 + %(26 —-27)

=3+_-(-1)

_q_1

=3 27

=3-0.0370
326 = 2.963

3. Find a linear approximation for the following

functions at the indicated points.

() f(x) =x3—5x+12,x5 =2

(i) g(x) = Vx? +9,x, = —4

=% =

(iii) () = =0 = 1
Solution:
() f(x) =x3—5x+12,x, = 2

f(x) =x%—5x+12
flxo) = f(2) = (2)° = 5(2) + 12

Xo)

=8-104+12
=20-10

£(2) =10

f/(x) =3x*-5

f/(xo) = f/(2) = 3(2)* -5
=3(4)—-5
=12-5
=7

Linear approximation
L(x) = f(xo) + f/ (o) (x — xo)
=f(2)+f/(2)(x-2)
=10+ 7(x —2)
=10+7x—14
=7x—4
(i) g(x) =Vx2 +9,x, = —4
gx) =vx2+9

g(xo) = g(=4) = J(=4)* +9
=V16+9
25

g(-4)=5
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/(x) = —
9'(0) = s X 2

X

T VxZ+9

/ —g/(—4)= &Y

Linear approximation
L(x) = g(xo) + g/ (x0) (x — xo)
=g(-D+g/(-Dx+4)

4
=5—E(X+4)
4x 16
=5 - —=_—=
5 5
16 4 x
=5_-_—_—=
5 5
_25-16  4x
T s 5
_9 4 x
"5 s
9—-4x 1
= =-(9 —4x)
5 5

S
(iii) h(x) = %=1

h(x) = =

x+1

h(xo) = h(1) = —

1+1

1
2

/- /
h/(x) _ (x+ 1)) —x(x+1)

(x +1)2
_(x+ 1)(1)—x(1)
(x +1)2
A x+1—x
(x +1)2
1
T G+ 12
R (xo) = M (D) = 55
1
@2
1
Vo
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Linear approximation
L(x) = h(x) + b/ (x) (x — x,)
=h(1)+h(Dx-1)

1 1
—E‘f‘z(x—l)
_1,x 1

2 4 4
_1_1,x

2 4 4
_2-1x

4
_i,x

4 4
=2 =+ 1)

4. The radius of a circular plate is measured as
12.65 cm instead of the actual length 12.5 cm.

find the following in calculating the area of

the circular plate:
(i) Absolute error (ii) Relative error
(iii) Percentage error

Solution:

Change in radius dr = 12.65 — 12.5 = 0.15

Area of the circular plate A = nr?

Al = 2nrdr

= 2m(12.5)(0.15)

=m(12.5)(0.3)
= 3.75m

Actual change in Area = A(12.65) — A(12.5)
A(12.65) — A(12.5) =n(12.65)? — m(12.5)?
=m[(12.65)? — (12.5)?]
=m[(12.65) + (12.5)(12.65) — (12.5)]

=m[(25.15)(0.15)]
=m(3.7725)

(i) Absolute error

= Actual change in Area - Approximate value

=m(3.7725) — 3.75@
= 0.02257
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Actual error -approximate error

(ii)Relative error =
Actual error

_ m(3.7725) - 3.757
T m(3.7725)

_0.02257
" 1(3.7725)

00225
37725

225
37725

=0.00596
=0.006

(iii) Percentage error = Relative error X 100 %
=0.006 x 100 %
=0.6 X 100 %

5. A sphere is made of ice having radius 10 cm.
Its radius decreases from 10 cm to 9 8 .cm.
Find approximations for the following:

(i) change in the volume
(ii) change in the surface area
Solution:

Change in radius dr = —0.2

Volume of the sphere V = gnr3

v/ = g X 3nrdr
= 4mr?dr
= 41(10)%(—0.2)
= 4m(100)(—0.2)
= 4007 (—0.2)
v/ = —-80m
Volume decreases by 80w cm3

Surface Area of the sphere S = 47r?

S/ =4 x 2mrdr
= 8nrdr
= 8m(10)(—0.2)
= 80m(—0.2)

S/ =-16n

Surface Area decreases by 161 cm?

www.TrbTnpsc.com

6. The time T, taken for a complete oscillation

of a single pendulum with length [, is
given by the equation T = 27t\[§ , where g

is a constant. Find the approximate
percentage error in the calculated value of T
corresponding to an error of 2 percent

in the value of /.

Solution: T = ZH\B

1

T =21 (é)E

Taking log on both sides,

logT = log <27r (é)%>

= log(2m) + log (é)z

1

= log(2m) + % log (é)

= log(2m) + [log(1) — log(g)]

D.w.r.tl,
ra=0+3(-0)
T=3()d

ar _ 1 (dl)
T 2\1
Percentage error

2 % 100 = %(#) x 100

() 10

= %(0.02) x 100

= (0.01) x 100
=1%

7. Show that the percentage error in the n*
root of a number is approximately % times

the percentage error in the number.
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Solution: Let x be the number.

1
~y = (0n
Taking log on both sides,

1
logy = log(x)n

1
==]
L log(x)
D.w.r.tx,
1d 1 1
1Y _ Iyl
y dx n x
d 1_d
W _ Iy
y n x
d 1_d
2 %100 ==-xZx100
y n x

= % X (times the percentage of the number)

Example 8.5

Let f, g : (a, b) —» R be differentiable functions.
Show thatd(fg) = fdg + gdf

Solution:

Let f, g : (a,b) — R be differentiable functions.
Then (fg) is also a differentiable function on R

~ d(fg) = f(dg) + g(df)

Example 8.6 Let g(x) = x2 + sin x.
Calculate the differential dg
Solution:

g(x) = x? +sinx

d
w29 = 2x + cosx
dx

dg = (2x + cosx) dx
Example 8.7
If the radius of a sphere, with radius 10 cm, has
to decrease by 0.1 cm, approximately how
much will its volume decrease?
Solution:

Change in radius dr = —0.1

Volume of the sphere V = §n1"3

av 4
— ==X 3nr?
dr 3

www.TrbTnpsc.com

dV = S X 3nrédr

= 4nridr

= 41(10)%(—0.1)

= 41(100)(—-0.1)

= 4007(—0.1)
dV = —40m

Volume of the sphere decreases by 40w cm3.
EXERCISE 8.2
1. Find differential dy for each of the following
functions:

. _(1-2x)8
Dy ==5—+-
e 3
Solution: y = g2
3 —4x

dy _ (3-4x)[(1- 2x)3]/—(1 —2x)3(3 — 4x)/
dx (3 — 4x)2

_ (3-40[3(1 - 2x)%(=2)]-(1 - 2x)3(- 4)
- (3 — 4x)2

_ (1 =2x)2[(3 — 4x)(—6)+4(1 — 2x)]
- (3 — 4%)2

_ (1 —2x)%[-18+24x+4—8x]

— (3 — 4x)2

_ (1-2x)%2(16x-14)
37 (3 — 4x)? dx
(i)y=[3+ sin(Zx)]z/B
Solution: y =[3+ sin(2x)]/3

2
% = 2[3 + sin(2x)]s * (2 cos 2x)

[3+ sin(Zx)]_% (cos 2x)

W [

1
dy = %[3 + sin(2x)] 3 (cos 2x) dx

(iii) y = e**~5¥*7 cos(x? — 1)
Solution:
y = e¥* 7547 cog(x2 — 1)

Z—z = X" =5%+7 gin(x2 — 1) (2x)

+ cos(x? — 1) (ex2‘5x+7)(2x -5)

Z—z = e**=5%+7[2x sin(x? — 1) + cos(x? — 1)(2x — 5)]

dy = e**~5%*7[2x sin(x? — 1) + cos(x? — 1) (2x — 5)]dx
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2.Find df for f(x) = x? + 3x and evaluate
itfor (i)x =2and dx = 0.1
(ii) x = 3 and dx = 0.02
Solution: (i) x = 2and dx = 0.1
f(x) =x%+3x

af _
dx—2x+3

df = (2x + 3)dx
= [2(2) + 3](0.1)

= (4 +3)(0.1)
= (7)(0.1)
df = 0.7
(i) x = 3 and dx = 0.02
f(x) =x%+3x
Y = 2x+3

dx

df = (2x + 3)dx
= [2(3) + 3](0.02)
= (6 + 3)(0.02)
= (9)(0.02)

3. Find Af and df for the function f for the
indicated values of x, Ax and compare
A x)=x3-2x%;x=2,Ax =dx =0.5
(i) (x) =x2+2x+3;x =—0.5Ax =dx = 0.1
Solution:
) (x)=x3—2x%;x=2,Ax =dx =0.5
f(x) =x3 — 2x?
% = 3x2 —4x
df = (3x% — 4x)dx
= [3(2)* — 4(2)1(0.5)

= (12 — 8)(0.5)
= (4)(0.5)
df =2

We know, Af = f(x+ Ax) — f(x)

Manisekowan- Dept. of Maths-SRKMHSS ARCOT
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Givenx = 2,Ax = 0.5
fx) =x3—2x2
F(x + Ax) = f(2 +0.5) = £(2.5)
f(2.5) =(2.5)% — 2(2.5)?
= 15.625 — 2(6.25)
= 15.625—12.50
= 3.125
fx) =x3—2x2
f(2) = (2)° - 2(2)?
=8-2(4)
=8-8
=0
“Af = flx+Ax) - f(x)
=3.125-0
= 3.125
(i) (x) =x* +2x+3;x = —0.5,Ax =dx = 0.1
f(x)=x*+2x+3

ar _
dx—2x+2

df = (2x + 2)dx
= [2(-0.5) + 2](0.1)
=(-1+2)(0.1)
= (1(0.1)
df = 0.1
Weknow, Af = f(x+ Ax) — f(x)
Givenx = — 0.5,Ax = 0.1
flx) =x*+2x+3
f(x+ Ax) = f(-0.5+0.1) = f(—0.4)
f(=04) =(—-0.4)> +2(—-0.4) + 3

=016—-08+3
=3.16—-0.8
= 2.36

fx)=x*+2x+3
f(=0.5) = (=0.5)?> + 2(—0.5) + 3
=025—-1+4+3
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=0.25+2
= 2.25

wAf = flx+Ax) — f(x)
=236 —2.25
=0.11

4. Assuming log,, e = 0.4343, find an
approximate value of log;, 1003.
Solution:

Lety =logx, x =1000,dx = 3logype

ay _
dx

dy == dx

RlRr Rr

= (3logype)

~ 1000

1
> 000 (3 X 0.4343)

1
= 000 (1.3029)

= 0.0013029
y =logx

=1log 1000

= log(10)3

= 31og(10)

=3x1=3

log,,1003 =y + dy
=3+ 0.0013029
= 3.0013029
5. The trunk of a tree has diameter 30 cm.

During the following year, the circumference
grew 6 cm. (i) Approximately, how much did
the tree’s diameter grow?
(ii) What is the percentage increase in area of
the tree’s cross-section?
Solution:
(i) Given diameter d = 30 cm

Circumference P = 2mtr

www.TrbTnpsc.com

dp
dr_

dP = 2ndr

2T

Given increase in perimeter dP = 6

o6 = 2mdr
dr = =
2T
dr = 3

Change in radius dr = %

-~ Change in diameter 2dr = S

(ii) Area A = nr?

dA

= w(2r)
dA = 2@trdr
d_A _ 2nrdr
A mr?
_ 2ar
N T
3
_ )
(15)
_ 6
" m(15)
a“_ 2
A y 51

So, % error = %A x 100

=2 %100
51

6. An egg of a particular bird is very nearly

spherical. If the radius to the inside of the
shell is 5 mm and radius to the outside of the
shell is 5.3 mm, find the volume of the shell
approximately.

Solution:

Volume of the sphere V = %nr?’

av 4
— ==X 3nr?
dr 3

dV = % X 3nridr
Here,r = 5¢cm, and dr = 0.3

dv = g x 31(5)2(0.3)
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=4 x (25)(0.3)
=100 (0.3)
dV =30rw

7. Assume that the cross section of the artery of
human is circular. A drug is given to a
patient to dilate his arteries. If the radius of
an artery is increased from 2 mm to 2.1 mm,
how much is cross-sectional area increased
approximately?
Solution:

Area of the circle A = r?

dA
d_r = 7'[(27')

dA = 2nrdr
Here, r = 2mm, and dr = 0.1
dA = 2m(2)(0.1)
= 41(0.1)
So, dA=04mn

8. In a newly developed city, it is estimated that
the voting population (in thousands) will
increase according to
V(t) =30+ 12t?> —t3,0 <t < 8wheretis
the time in years. Find the approximate
change in voters for the time change from

4 to 4 year.
Solution: V(t) = 30 + 12t% — t3
= = 12(2t) - 3¢t?
dV = (24t — 3t?)dt
Here, t = 4,and dt = -
~dV = [24(t) — 3(t)?]dt
= [24(4) -3 ()
=[96-3(16)](3)
= (96— 48) (3)
- (2

= 8 (in thousands)

www.TrbTnpsc.com

9. The relation between the number of words y
a person learns in x hours is given by
y = 52v/x,0 < x < 9. What is the
approximate number of words learned when
x changes from
(i) 1to 1.1 hour? (ii) 4 to 4.1 hour?
Solution:

y =52Vx
@ _gyp L
dx_522\/§
_2
T Vx
26
dy—ﬁdx

(i) 1to 1.1 hour
Whenx =1,and dx = 0.1
dy = % (0.1)
=26 (0.1)
dy = 2.6
Approximately 3 words.

(ii) 4 to 4.1 hour
When x = 4,and dx = 0.1

26
26
== (0.1)
=13 (0.1)
dy =13
Approximately 1 word.

10. A circular plate expands uniformly under
the influence of heat. If it’s radius
increases from 10.5 cm to 10.75 cm, then
find an approximate change in the area
and the approximate percentage change in
the area.

Solution: Area A = mtr?

dA
E = 7'[(27")

dA = 2mrdr
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(i) r = 10.5¢m, and dr = 0.25
dA = 2m(10.5)(0.25)
= 0.57(10.5)
dA =5.25m

dA 2nrdr
A - nr?
2dr
=3

2(0.25)

- 10.5
0.5

10.5
= 0.0476

So, % error = df x 100

= 0.0476 x 100

11. A coat of paint of thickness 0.2 cm is
applied to the faces of a cube whose edge is
10 cm. Use the differentials to find
approximately how many cubic centimeters
of paint is used to paint this cube. Also
calculate the exact amount of paint used to
paint this cube.
Solution:

Volume of the cube V = a3

av
da

= 3q?
dV = 3a? da
a = 10cm, and da = 0.2
dV =3(10)% (0.2)
= 0.6 (100)
dV =60
Exact amount of paintused = (10.2)3 — (10)3
= 1061.208 — 1000
= 61.208

www.TrbTnpsc.com

EXERCISE 8.3
1. Evaluate lim1 » g(x,y), if the limit

(xy)~(

. _ 3xZ-xy
exists, where g(x,y) = 173
Solution:

. 3x% —xy
2V SxXT Xy
(x, y)—>(1 2) 9o y)= (x, y)lg%l.Z) x%+y?+3

_31)?-M®@
(12 +(2)%2+3

_ 3-2

T 1+4+3

3 2
2. Evaluate lim cos(&).
(x,y)—(0,0)

If the limit exists.

3 2
x3 +
OS( y)
X+y+2

Solution:

lim
(x,y)—(0,0)

040
R’ (0 +0+ 2)
= cos (g)
= cos(0)
=1
3. Let f(x, y)— yfor(xy)qt(O 0).
Show that | ,y) = 0.
et (x.y)lir(lo.mf (0y) =
Solution:
(xy)—>(0 O)f( y)

lim y2 —xy % Vx+y
(xy)—>(00)\/_ -y O Vx+y

vy - x)(Vx+Vy)
(x,¥)-(0,0) (x-y)

_ —y(x = N(Vx+Vy)
(x,¥)—(0,0) (x-)

- y(Vx +./y)

(xy)a(o 0)
=(0+0)

= 0 Hence proved.
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K
= hence proved.

X gj 1 + k2
4.Evaluate lim cos (ﬂ),
(x,)~(0,0) y 6. Show that f(x,y) = is continuous

if the limit exists.

atevery (x,y) € ]RZ.

Solution:
¥ siny Solution:
lim cos (—) ) 3 .
(x¥)~(0,0) y (i) Let(a, b) € R? be an arbitrary point.
_ li e*siny 5
= cos (x,y)l—I}go,o) — f(a,b) = 1s defined for V(a, b) € R
\ li X m) (ii) li_r)n f(x:y)
€08 ((x,y)lggome (300 ¥ Co=tab)
_ 0 = i oyt
= cos(e’ x 1) (xyl)—r>r(lab) y2+1
=cos(1x 1) _a*-p?
=cos1 bt
................................................................................. Limit exists at (a, b) € R?
5.Let g(x,y) = X%y —for (x,y) # (0,0) (LLL) 11m f(x y)=1L
and f(0,0) = O
(i) Show that llrn glx,y) =0 = f(a,b)
1 M R a’ b
along every 1ney mx,m € R. ==
Solution: Hence f is continuous at the point on R?
_ lim P2 [ R .
(xy) S 0)9( & . (xy)=(0,0) x* +¥* 7.Let g(x,y) = 0% for x # 0 and
Wh =
== T g(0,0) =1. Show that g is continuous at (0, 0)
x%mx
4 yl)—>(0 0) x4 + mZx2 Solution:
= im0 9(x,y) — g(0,0)] = =222 — 1]
(x,)~(0,0) x?(x?+m?)
eV sinx—x
_ . (mx) = T
T (x, y)—>(0 0) (x?+m?)
0 () g(00) =1
0+m? Hence g is defined.
=0 \
i lim
Bt ¥ @) lim ()
(11) ow that (x,y lm g( y) 1+ kz' _ lim eY sinx
along every parabola y =kx% ke R\ {0} (xy)>(00) ¥
. — . y . sinx
Solution: (x,yl)lggo,o) € (x,y)1—>(0,0) x
= 1 x2y = (e”x 1)
(x, y)a(o O)g( Y) = (x,yl)lir(lo,O) xt+y?
2 =(1x1)
When y = kx
= lim _xhx” o
(x)~(0,0) x* + kZx* Hence limit exists at (0,0)
— x* (k) (iii) 11m (x,y) =1=g(0,0)
- (x,y1>§%o,o)x4(1+k2> Doy 957
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Hence g is continuous at (0,0)

Example 8.11

Let f(x,y) =0ifxy # 0and f(x,y) =1
ifxy=0.

(i) Calculate: 22 (0,0),5 £(0,0)

(ii) Show that f is not continuous at (0, 0).
Solution :

Note that the function f takes value 1 on the x,
y — axes and 0 everywhere else on R?.

So let us calculate

2 (0,0) = limy, o LEEDLED _ iy, 2= g

af . f(0+h,0)-£(0,0) . 1-1
a (0,0) = llmk_)of = hmk—>OT =0

This completes (i)
Now for (ii) let us calculate the limit of f as
(x, y) — (0,0) along the line y = x. Then

x,y) = 0, because theliney = x
(WHO 0)f (x,y) = y =

when x # 0, f(x,y) = 0,but £(0,0) =1 # 0,

hence f is not continuous at (0,0).
Example 8.12
Let F(x,y) = x3y + y?x + 7 forall (x,y) €

2 9F QEBAC
R<. Calculate o (—=1,3) and 6y( 2,1)
Solution: F(x,y) = x3y + y?x + 7

OF _ 5 2 2
ax—3x y+y

So,57 (=1,3) = 3(-1)2(3) + (3)?
=3(1)B) +9
=9+9=18

9F _ .3
ay—x y + 2yx

50,3—5 (=2,1) = (=2)3(1) + 2(1)(=2)

= —8(1) — 4
= —8—4=-12

Example 8.13

www.TrbTnpsc.com

Pet f(x,y) = sin(xy?) + e*’+5 for all (x,y) €
af of 02f 0%f

RZ. Calculate —, —
Calculate "9y’ aydx’ axoy

Solution: f(x,y) = sin(xy?) + eX’+5y

o _ cos(xy?) (y2) + e*’*+5Y (3x2)

0x
oF _ 2 x3+5
5y = Cos(xy?) (x2y) + e* 5 (5)
;y_af; = cos(xy?) (2y) + (y?)[—sin(xy»)](2xy)
+ (ex3+53’)5(3x2) +0
= 2y cos(xy?) — 2xy>[sin(xy?)]
+15 x2 (eX’+5)
a%f

3roy = cos(y?) (2) + (x2y) [ sin(xy )] %)

+ 5eX +5Y(3x2)
= (2y) cos(xy?) — 2xy3 sin(xy?)

+ 15x2e*°+5Y

Example 8.14

Let W(x,y) =

2w 62
Calculate — 30z’ 3%dy

Solution: W(x,y) = xy +

2+1
a_W
ax
2w .
P o8, ...... ()
W(x }’) - xy + 2+1

ow _ . (y2+1)e¥ - €Y (2y)

ay (y2+1)2
22w

=1......... ii

dxoy ( )

Example 8.15
Let u(x,y) = e7?’ cos(2x) for all (x,y) € R2.
Prove that u is a harmonic function in R?.
Solution:

u(x,y) = e ?Y cos(2x)

u, = e ?[—sin(2x)2]
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= e 2Y[-2sin(2x)]
Uy = €72V [-2 cos(2x) 2]
= e ?Y[—4 cos(2x)]
Uy = —4cos(2x) e 2
uy, = cos(2x) e=?(-2)
= —2cos(2x) e~ %
Uy, = —2cos(2x) e"? (=2)
Uy, = 4cos(2x) e

Thus,

Uy + Uyy = —4cos(2x) e™?Y + 4 cos(2x) e >

=0

Since, u satisfies the Laplace’s equation, it is a
harmonic function.

EXERCISE 8.4
1. Find the partial derivatives of the following
functions at the indicated points.

() f(x,y) = 3x2 = 2xy + y%> + 5x + 2, (2, =5)

(i) g(x,y) =3x2+y?2 +5x + 2,(1,-2)
(iii) h(x,y,z) = xsin(xy) + z%x, (2, %, 1)
(iv) G(x,y) = e**3¥ log(x? + y?), (—1,1)
Solution:
() f(x,y) = 3x?> - 2xy + y?> + 5x + 2, (2, =5)
f(x,y) =3x%—2xy +y?+5x +2
of

ax—6x—2y+5
At (2, —5)
af o
5. =6(2)—2(-5)+5
=12+10+5
=27
flx,y) =3x%—2xy +y*+5x+2
of _
y = 2x + 2y
At (2, —5)

T=-2)+2(-5)

=—4-10=-14
(i) g(x,y) =3x2+y?2 +5x+2,(1,-2)
glx,y) =3x>+y%+5x+2

Manisekowan- Dept. of Maths-SRKMHSS ARCOT
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0g _
ax

6x + 5
At(1,-2)
29 =6(1)+5
=6+5
=11
gx,y) =3x*+y?+5x+2

99 _
0y_2
At (1,-2)
99 _ o(_
ay—2( 2)
=—4

(iii) h(x,y, z) = x sin(xy) + z%x, (2, %, 1)
h(x,y,z) = x sin(xy) + z%x
Z—: = x[cos(xy) y] + sin(xy) + z2
At(2, 5 1)
Z—: =(2) [cos (g) %] + sin (g) + (1)?
=@ @5 +1+1
=2
h(x,y,z) = x sin(xy) + z%x
S—Z = x[cos(xy) x] + sin(xy)(0) + 0

At (2,5 1)

z—z =(2) [cos (g) 2] + sin (g) (0)+0
= (2)[(0)2]+1(0)+0
=4(0)+0
=0

h(x,y,z) = xsin(xy) + z2x

ah
— =2zx
0z

At(2, 5, 1)

g—’; = 2(1)(2) = 4

(iv) G(x,y) = e**3¥ log(x? + y?), (—1,1)
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G(x,y) = e**3 log(x? + y?)

‘;_z _ ex+3y( 5 (2x) + log(x? + y?) e**3¥ (1)
=ert® (x2+y2) +log(x? +y?) e**¥
— X+3Y [(x2+y2) + log(x? + yZ)]

At (—1,1)

?,_z= —143 (1+1) + log(1 + 1)]

[( » t log(z)]

= e?[log(2) — 1]
G(x,y) = e**37 log(x?* + y?)

3—§=e"*3y Ty (@) +log(x? +y%) ¥ (3)
=Xt —— (x2+ RE log(x? +y?) e**3¥
3% [(x2+y2) + 3 log(x? + yz)]

At (—1,1)

3_5 _ o143 [(1+1) + 3log(1 + 1)]

e [() + 310g(2)]
= e?[1 + log 23]
= e?[1 + log 8]

2. For each of the following functions find
the £, f,, and show that fo., = fx

(1) f(x y) = y+smx
(i) f(x,y) = tan™t (;)
(iii) f(x, y) = cos(x? — 3xy)

Solution:
(1) f(x y) - y +sinx
6_f _ (y +sinx)(3)—3x(cos x)
ax (y + sin x)2

__ 3y +3sinx—3xcosx

(y + sinx)?

9%2f (¥ +sinx)%(3)—(3y +3 sin x—3x cos x)2(y + sin x)
dydx (y +sinx)*

__ (y+sinx)[(y +sinx)(3)—(3y +3 sinx—3x cos x)2]

www.TrbTnpsc.com

__ (y +sinx)[3y + 3sin x—6y—6 sin x+ 6x cos x]

(y + sinx)*

__ (= 3sinx—3y+ 6x cos x)

(y + sinx)3

__ —3(sinx+y—2x cos x) (1)

(y + sinx)3

0_f _ (¥ +sinx)(0)—3x(1+0)
dy (y + sin x)?

-3x

" (y +sinx)?

0%f _ (y +sinx)?(—3)—(-3x)2(y + sinx)(cos x)
axdy (y + sinx)*

__ (y+sinx)[(y + sin x)(=3 )+6x(cos x)]
- (y + sinx)*

__ [(y +sinx)(=3 )+6x(cos x)]
- (y + sinx)3

__ (=3y—-3sinx+6x cos x)
(y +sinx)3

__ —3(y+sinx—2x cosx)
- (y + sinx)3 (2)

From (1) and (2)
fey = fyx is proved.

(ii) f(x,y) = tan™?! (—)

o__E (1)
)

%f _ (x2+y?) (D)-v(2y)

dydx (x2 + y2)2
. x% +y2-2y2
(x2 + y2)2
92 %2 — y2
L = 250307 .. (1)

dyodx T (2 + y2)2

i 4 _ 1 -x
(y + sinx) = 1+(ﬁ) (y_z)
__ (y +sinx)[(3y + 3sin x)—(6y +6 sin x—6x cos x)] y?
- (y + sinx)*
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=25
T x2 +y2 \y2

—X

x2 +y2

%f _ (x*+y%) (=D-(=x)(2x)
dxdy - (x2 + y2)2

_ —x%—y?yax?
(x2 + y2)2

a%f _ x2 — y2
—= = S 00T 2)

From (1) and (2)
fey = fyx s proved.

(iii) f(x, y) = cos(x? — 3xy)

of
dx

= —sin(x? — 3xy)(2x — 3y)
= —(2x — 3y)sin(x? — 3xy)
Of (9, _ 2 _ _
Syox = (2x — 3y)cos(x* — 3xy) (—3x)
—sin(x? — 3xy)(-3)
= 3x(2x — 3y)cos(x? — 3xy) +3sin(x? — 3xy) ......... (1)

o _ _cin(x? — _
i sin(x? — 3xy)(—3x)
= 3xsin(x? — 3xy)
axa = 3xcos(x? — 3xy) (2x — 3y)

+ sin(x? — 3xy) (3)
= 3x(2x — 3y)cos(x? — 3xy) +3sin(x? — 3xy) .cveuu (2)
From (1) and (2)
fey = fyx isproved.

3.1f U(x, y,z)=#+322y,
find 37,5~ and 5
Solutlon.
U(x, y,z)— +32 y

U _ (xy)(2x+0)—(x* + ¥y*) )
ox (xy)? +0

_ axly—x?y—y3

www.TrbTnpsc.com

_ y(x*-y?)
- x2y2
_ (x*-v?%)
= T
Ulx,y,z) = + 3z%y
U _ ()0 +2y)—(x2 +y?)(x) 2
oy (xy)? +3z
_ 2xy? —x3-xy? | 2
= (xy)2 T 3Z
_xy?-x3 2
o2 + 3z
x(y?-x?)
=" 322
(y _f )+ 372
xy
x2 +y
Ulx,y,z) = p” + 3z2%y
U
a_z =0+ 3_’)/(22)
= 6yz

4.1fU(x,y,z) =log (x3+y3+23),
. .U 9U U
find Ix + 5 + ™
Solution:
U(x,y,z) =log (x3+y3+z3)
Gy B 1V
ax  (x3+y3+z3)

3x2

- (x3+y3+2z3)
ou 1
— = 3y2
dy (x3+y3+z3)

3y2

T (x34y3+23)
U _ 1 )
0z (x3+y3+z3)
3z2
(x3+y3+z3)
0U | dU , 90U _ 3x2+3y2+3z2
ax 8y 9z  (x3+y3+z3)
_ 3(x%+y?+z?)
T (x3+y3+23)

5. For each of the following functions find
the gxy, Gxxs Gyy and gy -

(xy)?
_ xly-y? () g(x,y) = xe¥ + 3x?y
(xy)* (i) g(x, y) = log(5x + 3y)
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(iii) g(x, y) = x? + 3xy — 7y + cos(5x)

Solution:

(1) glx,y) = xe¥ + 3x2y

gx = €Y + 6xy
Ixx = 6Y
Jyx = €” +6x

gy = xe¥ + 3x?

9yy

1
6. Let W(X, vy, Z) = \/ﬁ

’w . 0*w | 0*w
howthat—+—+—=
Show that oz T2 T 322

Solution:
( z) = __.Uov
WA 2D = eyt
_ 1
(x2+y2+zz)%
1
=(x?+y%+2z2)"2
ow_ 1.2 2 2\- 2
o = 2(x +y2 +z%)"2(2x)
3
=—x(x2+y2+2%)"2
02w

LA (— S) (x2 +y2% + ZZ)_;(ZX)

ox?
3
+(x2+y2+2z9)72(-1)

3 3
=@Bx)2+y?2+z)7 27 —(x2+y2+29) 72
3
=% +y2+2z2) 2[Bx3)(x? + y2 + z%)"1 — 1]
3r 2
— (2 2 2\~ > 3x _
=G +y*+2%)7e [(x2+y2+22) 1]

3x2— x2— y2— Zz]

3
=x*+y*+29)"2

(x2+y2+22)
aZW 2 2 2 —E -sz—yZ—ZZ:I
_— = 2|l
dx? (e + i ) | (x2+y2+22)
Similarly,

aZW 2 2 2 —E ZyZ—ZZ—XZ]
—_— = 2 | ——
ay? G +y*+2%) (x2+y2+22)
a*w

3 2 2 2
on—2 [222-x2-y ]
P e A

) (x2+y2+22)

ﬁz(x2+y2+z

Manisekawon- Dept. of Maths-SRKMHSS ARCOT
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d0x2 d0y?

3
=2 +y*+2%)2

2x%—y2_72 2y2—72_x2 4 222 x2_ 2]
(x24+y2+22)  (x2+y2+z2)  (x2+y2+2z2)

3 2 2 2 2 2 2

— 2 |2x°-2x“+2y“-2y“+2z°-2z

= (x2 4 y2 4 z2) 2[ Y Ly ]
(x2+y2+22)

3
= (x* +y* +2%)"2[0]
| otw

0%w | 0w
) 0x2+6y2+622_0

7.1f V(x,y) = e*(x cosy — ysin y)then
rove that 2% + 2% = ¢
prove that > + 7 =
Solution:
V(x,y) = e*(xcosy — ysiny)
V = xe*(cosy) —e* ysiny
Z—Z = (cosy)[xe* + e*] — ysinye*

2
o _ (cosy)[xe* + e* + e*] — ysinye*
y ysiy

dx?
= (cosy)[xe* + 2e*] — ysinye*
= xe* cosy + 2e*cosy— ysinye*

V = xe*(cosy) —e* ysiny

av \ :
B = xe*(—siny) —e*(ycosy + siny)
= —xe*siny —e*ycosy —e*siny
a2v c - .
9,7 = ~Xe*cosy—e (—ysiny + cosy)
—e*cosy
= —xe*cosy —2e*cosy + ysinye*
a%v | a%v
axz T oy =0

8.If w(x,y) = xy + sin(xy), then
2w q 22w

dyox - dxoy

prove that

Solution:

w(x,y) = xy + sin(xy)

ow __
==Y + cos(xy)y
=y + ycos(xy)
92w _ A
P 1+ y[—sin(xy)x] + cos(xy)(1)

=1 — xysin(xy) + cos(xy)..... (i)
w(x,y) = xy + sin(xy)
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ow
oy =X + cos(xy)x
= x + x cos(xy)
%w ,
owdy 1+ x[—sin(xy)y] + cos(xy)(1)

=1 — xysin(xy) + cos(xy)..... (i)

a%w %w .
——is proved.

From (i) and (ii) Do 5xdy

9.If V(x,y,z) = x3+y3 +z3 + 3xyz,
show thatﬂ _ o
dyoz - 0z0y

Solution:
V(x,y,z) = x3+y3 +2z3+ 3xyz

av

5= 3z2% + 3xy
L =3 0)
Z—Z = 3y? + 3xz
=3 0)
From (i) and (ii) :;;Z = % is proved.

10. A firm produces two types of calculators
each week, x number of type A and y
number of type B . The weekly revenue and

cost functions (in rupees) are

R(x,y) = 80x + 90y + 0.04xy — 0.05x2 — 0.05y2
and C(x,y) = 8x + 6y + 2000 respectively.
(i) Find the profit function P(x, y),

(ii) Find 22 (1200,1800) and g—i at

(1200,1800) and interpret these results.
Solution:

Given Revenue = R(x,y) and
Cost=C(x,y)

So, Profit P(x,y) = R(x,y) — C(x,y)

= (80x + 90y + 0.04xy — 0.05x% — 0.05y?)

— (8x + 6y + 2000)

(i) P(x,y)=72x+ 84y + 0.04xy — 0.05x% — 0.05y2 — 2000

opP
= =72+0.04y - 0.1x

At (1200,1800)

www.TrbTnpsc.com

g—i = 72 + 0.04(1800) — 0.1(1200)
= 72 +72.00 — 120.0
= 144 — 120

oP _

Z =24

oP _ a\

T =84+004x— 0.1y

At (1200,1800)

g—i = 84 + 0.04(1200) — 0.1(1800)
= 84 + 48.00 — 180.0
= 132 — 180

oP _

=48

..\ OP oP
(i) — = 24 and Pl 48 At (1200,1800),

shows Profit increases when keeping y as

constant.

Example 8.16

Ifw(x,y,z) = x>y +y2z+2z%x, x,y,z€R,
find the differential dw .

Solution:

dw = wydx + wydy + w,dy
Given w(x,y,z) = x%y + y%z + z%x
w, = 2xy + z2
=x2+2yz

Wy

w, = y? + 2zx
a©dw = 2xy + z2)dx + (x? + 2yz)dy
+(y?% + 2zx)dz

Example 8.17

Let U(x,y,z) =x?>—xy+3sinz, x,y,z€R.
Find the linear approximation for U at
(2,-1,0).

Solution:

Linear approximation L(x, y, z)
= U(X0,Y0,20) + Ux(x0, Y0, 20) (x — x¢)
+U,, (X0, Y0, 20) (Y — ¥0) + U, (X0, Yo, 20) (z — 2o)

L(x,y,2z) = U(xy, yo,20) + X Uy (%0, Y0, 20) (x — %)
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At (1,-1)
U(x,y,z) =x? — 3si
(x,y,z) =x*—xy+ 3sinz w. = 3(1)2 - 3(~1)
U(xo, Yo, =U(2,-1,0
(%0, Yo, o) ( ) _313-=6
=(2)? - (2)(—-1) + 3sin(0
(2)* = (2)(~1) + 35in(0) vy = —3(1) + 4(-1)
=442+ 3(0)
=-3-4
U(xO,yo,Zo)=6 _ _7
U,=2x—y
~Lx,y,z)=6+6(x—1)—-7(y+1)
Uy, =—x
=6+6x—6—7y—7
U,=3cosz —6x—Ty—7
At(2,-1,0),U, =2(2) - (-1 . . o
( ) Us @)= (=D The required linear approximation
=441
+ for wat (xg,y0) = 6x =7y —7
=5 o0 a0 e D B e e SA G
N 2.Letz(x,y) = x?y + 3xy*, x,y € R.Find
U, =—-(2) . o
the linear approximation for z at (2, —1).
= -2 Solution: Linear approximation
U, = 3 cos(0) L(x,y) = U(xg,y0) + X Uy (%0, ¥0) (x — x¢)
=3(1) z(x,y) = x%y + 3xy*
= 3 Z(xOIyO) = Z(Zl_l)
~Lx,y,z2)=6+5(x—-2)-2(y+1) = (2)*(-D +3()(-D)*
+3(z—0) =4(-1)+6(1)
L(x,y,z) =6+5x—10—-2y —2+ 3z =—4+6
=5x—2y+3z—6 z(xg, Vo) = 2
The required linear approximation Z, = 2xy + 3y*
for Uat (xq,y,20) =5x— 2y +32z—6 z, = x* + 12xy?
EXERCISE 8.5 At(2,-1)
1.Ifw(x,y) =x3—3xy +2y?%, x,y €R , find z, = 2(2)(-1) + 3(-1)*
the linear approximation for w at (1,—1). — 443

Solution: Linear approximation

L(x,y) = Uxo,yo) + X Uy (20, ¥0) (x — %) = o

w(x,y) = x3 = 3xy + 2y? z, = (2)* +12(2)(-1)°

w(xo, o) = w(1,—1) =42
= (D*=3(D(-D +2(-1)? e
=14+3+2(1) “Lxy,z2)=2-1(x—-2)-20(y+ 1)
=442 =2—-x+2-20y—20
w(xo,¥) = 6 = ~x 20y -16
wy = 3x2 — 3y The required linear approximation
wy, = —3x + 4y for z at (xg,y,) = —(x + 20y + 16)
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3.1fv(x,y) = x2 —xy +iy2 +7,x,y€ER,
find the differential dv .

Solution:  dv = v,dx + v, dy

Given v(x,y) = x? —xy+iy2 +7
Ve =2x—Yy
v, = —x+i(2y)
= —x+%

Wodv = Q2x—y)dx + (—x + X) dy
2
4.LetW(x,y,z) =x?—xy+ 3sinz,x,y,z € R.
Find the linear approximation at (2, —1,0)
Solution: Example:- 8.17
5.LetV(x,y,z) =xy+yz+2zx, x,y,z € R.
Find the differential dVV
Solution:

dv =V.dx + V,dy + V,dy

Given V(x,y,z) = xy +yz + zx

Ve=y+2z
Vy=x+z
,=y+x

o dV =@+ 2)dx+ (x+2z)dy+ (y+x)dz

Example 8.18 Verify o = 2L 4% | 97 4y
Xample ©.Lo Vely or = ax at | ay dt

F(x,y) = x? —2y2 + 2xy
atx(t) = cost, y(t) =sint, t € [0, 2m].
Solution: F(x,y) = x? — 2y? + 2xy
At x(t) = cost, y(t) =sint
F(t) = (cost)? — 2(sint)? + 2(cost)(sint)

= cos?t — 2sin’t + 2sintcost

Z—I; = 2cost(—sint) —2(2sint cost)
+2[sint (—sint) + cost (cost)]

= —2costsint —4costsint — 2sin’t + 2cos?t

Z—IZ = —6costsint — 2sin’t + 2cos?t.. (1)

www.TrbTnpsc.com

F(x,y) = x%—2y? + 2xy

oF
ol 2x + 2y
oF
3 = —4y + 2x
x(t) = cost
& _ sint
dt
y(t) = sint
Y — cost
dt

ordx | oFdy _ _si
oy ac oy a = (2x+2y)(=sint)

+ (—4y + 2x)(cost)
= (2cost + 2sint)(—sint)

+ (—4sint + 2cost)(cost)
= —2costsint — 2sin®t — 4 costsint + 2cos?t
= —6costsint — 2sin’t + 2cos’t..... 2)
From (1) and (2)
E __OFdx  OFdy

= —— + —— is verified.
dt dx dt 0dy dt

Example 8.19
Let g(x,y) = x? — yx + sin(x + y),
d
x(t) = e, y(t) = t%t € RFind d—‘f
ag _ogax  ogay

Solution: — =
dt dx dt Ody dt

g(x,y) = x3 —yx + sin(x + y)

99 _ 5. _

0, = 2X—y+ cos(x + y)

99 _ _

5y = % + cos(x + y)
x(t) = e3¢

& = 3e3t

dt
y(@®) =t?

=2t

dt

.dg dgdx  dgdy
dt dxdt dydt

= (2x —y + cos(x + y))(3€3t)
+(—x + cos(x + y))(Zt)

= (Ze3t —t? 4 cos(e3 + tz))(383t)
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+(—e3 + cos(e® +t2))(2t)
= 6e°t — 3t2e3t + 3e3cos(e3t +t?)

—2te*" + 2tcos(e3t + t?)
Example 8.20
Let g(x,y) = 2y + x2,

x=2r—s,y=r%+2s71,s € R.Find 22,%

d g d g d o §
lution: (i) & =292* L 9%
Solution (l) ar dx or dy or
glx,y) =2y + x?
ag

£=2X
99 _
ay_z
X=2r—s
dx

~=2
y=r%2+2s
9y _
ar_zr

.09 _0g0x 099y
“ar T axor dy or

= (2x)(2) + (2)(2r)
=4x + 4r

=4(2r —s) + 4r
=8r—4s+4r

99 _ 127 — 45
ar

.. 7] dgox  dga
ds 0x 0s dy 0s

g(x,y) = 2y + x?

99 _
ax—Zx
99 _
6y_2
X=2r—s
dax

g——l
y=r%2+2s
9y _
65_2

.99 _ 0g0x | 990y
" 9s ~ 9xds dy ds

= 20D+ (2)(@)
=—2x+4

www.TrbTnpsc.com

=-2Q2r—-s)+4
= —4r + 2s + 4r

%9 — _4r+2s+4
ds

EXERCISE 8.6
1.Ifu(x,y) = x?y + 3xy*, x = et and y = sint,
d
find d_? and evaluateitatt = 0
du _ oudx  oudy

Solution: — =
dt dx dt  0dy dt

u(x,y) = x%y + 3xy*

ou _ 4
P 2xy + 3y
u _ .2 3
ay X + 12xy
x(t) = et
ax _ ot
dt
y(t) = sint
Y~ cost
dt

a=G)@+G) @)
= (2xy + 3y*)(et) + (x% + 12xy3)(cost)
= [2(eY)(sint) + 3(sin t)*](e?)
+[(et)? + 12(e")(sint)3](cost)

= 2e%tsint + 3efsin*t + e?t cost + 12et cost sin3t

d . . )
d—I: =e'(2etsint + 3sin*t + et cost + 12 cos t sin3t)
att =0,

du

o= e%(2e°sin 0 + 3sin*0 + e cos 0 + 12 cos 0 sin30)

=1(04+0+1+0)
=1(1)

du

P

2. 1fu(x,y,z) = xy?z3,
du
x =sint,y =cost,z=1+e? findE
du Odudx  dudy  dudz

Solution: — =
dt dx dt dy dt dz dt

u(x,y, z) = xy?z*

ou 2.3
ox y
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ou _ 3 _ 3
3y x(2y)z3 = 2xyz
d
a—: = xy?(3z?%) = 3xy?z?
x =sint
d
= = cost
dt
X = cost
Y~ _sint
dt
z=1+2e%
dz

— 2t — 2t
" = 2(e?t) = 2e

d

M (y22%)(cost) + (2xyz*)(~sint)

+(3xy?z%)(2e?)

= y2z3 cost — 2xyz3sint + 6xy?z2e
= yz%(yzcost — 2xzsint + 6xye?t)
= cost (1 + e?t)?

[cos?t(1 + e?t) — 2sin?t(1 + e?!) + 6sint cos t e?t]

3.1fw(x,y,z) = x? + y?+2z3,
dw
x=e',y=cetsint,z = e’cost, findE
owdx . owdy , dwdz

. dw
Solution: — = — —
dt dx dt dy dt dz dt

w(x,y,z) = x% + y?+z°

ow

E—ZX

ow

ay = 2

ow

E_ZZ

x=et

ax _ it

dt

y =etsint

dy _ ¢ . t

— =e'cost+sinte

z = el cost

d )

d—i = e!(—sint) + cost et
ow dx ¢
rdr (2x)(e")

= (2eY)et

2t

www.TrbTnpsc.com

=2e%
wdy _ t intet
oy dt = (2y)(etcost + sintet)
= (2e'sint)(e‘cost + sinte’)
= (2e*sint)(cost + sint)
wdz _ ¢ ot t
P (2et cost)(—efsint + costet)

= (2e? cost)(—sint + cos t)

dw _ owdx | owdy | dwdz

E T ax dt dy dt dz dt
=2e?t(1 + sint cos t + sin’t — sint cos t + cos?t)

= 2e%(1 + sin®t + cos®t)

=2e%(1+1)
=2e%(2)

IV — g2t

dt

4. LetU(x,y,z) = xyz,

. . dUu
x=ety=etcost,z=sint,t ER, ﬁndz
au dUdx . dUdy , 0Udz

Solution: — =

dt  dxdt ' dydt ' 8z de

U(x,y,z) = xyz
U _
dx =Yz
U _
ay_
U _
az_xy

XZ

x=et

dx
dt

= —e_t

y =e tcost

dy

A e t(—sint) + cost (—e™)

= e t(—sint — cost)

= —e t(sint + cost)

zZ =sint
d
2 = cost
dt

oU dx

B = (=)

dx dt
= (et cost)(sint)(—e™?)

=—e ?tcostsint
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6U dy
3y ac = *x2)l-e

= (e7H)(sint)[-

= (—e ) (sin’t + sint cos t)

“t(sint + cost)]

e t(sint + cost)]

aw dz

——=(e™)(e™" cost)(cost)

= (e7?")(cos’t)
aw _ owdx  dwdy A dwdz
dt  dx dt 9dydt 9z dt
= —e % (sint cos t + sin’t + sint cos t — cos’t)

= —e %[ 2sint cos t — (cos*t — sin’t)]

— = —e~?(sin 2t — cos 2t)
5.1fw(x,y) = 6x3 — 3xy + 2y?,

x=e® y=coss,s ER,

. dw

find e and evaluateat s=0
dw _ owdx | dwdy

Solution: — = —
ds dx ds dy ds

w(x,y) = 6x3 — 3xy + 2y?

w _ 2 _
G 18x 3y
M — _3x+4
ay p x y
x=e
ax _ s
ds o
Yy =COSS
% = —sins
aw dx _ 2 s
e ds (18x 3y)(e )
= [18(e®)? — 3(coss)]e’
= e5[18(e*) — 3(cos s)]
6w dy
TR = (—3x +4y)(—sins)

= [-3(e*) + 4(coss)](—sins)

= (2e*sint)(cost + sint)

av _ owdx | owdy
ds Oxds 0dyds

= 18e3° — 3 cosse’ + 3e°sins — 4sinscos s

ats=0
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(Z—V:= 18e% — 3 cos0e® + 3e%sin0 — 4 sin 0 cos 0
=18—-34+0-0
dw=15
dt

6.1fz(x,y) = xtan™1(xy),
x =t%y=selsteR, flnd—and —

ot
ats=t=1.
0z 0x | 9z 3y

Solution: (i) Z—j =ZZ

dx 0Os dy 0Os

z(x,y) = xtan™1(xy)

2 = x [ )] + tan ) (1)

= x(1+ > 2) + tan"'(xy)

0z

== = 1
5% = Trazyr TN (xy)
x = t?
o _,
s
9z 0x _
é& = [1:;);3/2 + tan 1(xy)] (0)
0z 0x
s ~ W
z(x,y) = xtan™' (xy)

g_; PG [1+( y)? (x)] %] 1(xy)(0)

- (1+Zcxzy)2)

y = set
ady ¢
2) oy
ds

2 ()
dx 0s  \1+(xy)2 (e)

at x =t?%y=se.

az ¢

= e
as (1+(tzsef)2) ( )
0z ttet

s~ 1+(tZset)?

ats=t=1.
aZ e
6s 14€2

0z 0z 0x 0z dy
) 2=y 222

at dx ot dy ot
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oU _ auax  audy

z(x,y) = xtan™1(xy) —
as dx 0s dy 0s

Lo 1
ax X [1+(xy)2 (y)] + tan”™ (xy)(1) U(x,y) = e*siny
=x(1+ - 2)+tan L(xy) Z—U=sinye"
X
9z _ -1 = st?
ox — Tiazyr T AN (xy) x = st
90X _ .2
X = tz s =t
0x ou a .
= =2t 5. = (sinye)(t?)
Zazc gf [1+ 2,2 +tan- 1(x}’)] (2t) s=i=1teng=1y=1
222 = [sin(1) e'](1)
ats=t=1then x=1y=e. ox ds
0z 0x _ o = e sin(1)
st 0] My
=
= [1 =+ Ztan_l(e)] Y
e y = st
z(x,y) = xtan™" (xy) oy
— = 25t
P F)
% = x |— 7 )] + tan (xy)(0) uisd
——= = (e* cosy)(2st)
e Xy dy 0s
(1+(xy)2) s=t=1thenx = ]_,y =1
y = set U dy _
v _ 2y 25 = Lecos(D1(2)
ot = 2e cos(1)
0z dy _ au
oy ot (1+(xy)2)( et) ol sin(1) + 2e cos(1)
ats=t= 1 then X = 1’y =e s 323 ...................................
02 3y 8. Let z(x,y) = x3 — 3x2%y3 where x = set,
zZ
ay ot - (1+e )(e) 0z
y =se” stE]Rflnd—and—t
e
Lhe? Solution:
0z 0z0x 09z0dy

— = —_ a 0z d 0z 0
ot~ axat "oy ot Z_ZAE 2D

ds dxds 0y ds
0z

3t = e+ 2tan” 2(x,y) = x* = 3x%?
0z 3e 1 0z
3t 1e07 >+ 2tan (e) o = 3x% - 6xy
........................................................................................ Y sol
7.Let U(x,y) = e*siny where = e
S
=M 2
x =st°,y =5t s,t ER, 9z0x _ ; .
. aU oU %05 o (3x* — —6xy°)(e")
find —, 5 and evaluate them at s= = 1.
= [3(se")? — 6(se") (se™)](e")
Solution:
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= (3s%e? — 6se's®e %) (et)
— (3SZeZt _ 6s4e—2t)(et)
0z 0x

Py (3s%et)(e* — 25%e™%)

z(x,y) = x3 — 3x?%y3

0z

92 _gy?y2
dy Y
y =se’t

By —t

ds

020y _ . . 2 2\(,-t
ayas—(‘?xy)(e)

= [-9(x)*»)?1(e™)
= [-9(se")?*(se™)?](e™")
— _Qgg2p2tg2p-2tp—t
= —9s*e~t
oz

bl 2 pt 2t __ 2,2t _OQc4,-t
as—(3se)(e 2s5%e7%') + —9s%e

— (382€t)(82t — 2522t _ 3528—2t)
9 W(x’y’ Z) : xy + yZ + Zx' ................................

xX=u—v,y=uv,z=u+vu,v €R

dw dw dw
Find —, — and —evaluate them at (1, 1)
du dv dz 2

dw owdx A owdy  Ow 0z

Solution: (i) — = — — -—
Solution: (i) du dx ou 9dy du 0z 0u

W(x,y,z) =xy+yz+ zx
ow

AN — VA
0x y+
ow
—=Xx+4+2Zz
ay

ow

| X
0z y+
X=u-—v
ax

= =1
ou

Yy =uv
dy

— =7
ou
Z=u+v
0z

—=1
ou

www.TrbTnpsc.com

w=GGE) GG+ GG
= G+ DD+ + W) + (& + 0D
=G+ + D0 + 5+ )

Atx=u—-v,y=uv,z=u+v

Z—‘:=(uv+u+v)+(u—v+u+v)(v)
+(uv+u—v)

=(w+u+v)+ Quw) +(uv+u—7v)

=uw+tut+tv+2Zuwwtuvt+u—v

Ct uv + 2u
du

(i)
W=t w+2(y)
=2+1

-~ =3
du

(i) & = wox | owoy | owos
dv  9x dv dy ov dz ov

W(x,y,z) =xy+yz+zx

ow
ax—y+z
ow
—=x+z
dy

ow

oz - YTX
X=UuUu-—v
ax
5__1
y =uv
ay _
w
Z=u+v
0z

5—1

w=GE)+E)E) GG
=+ 2D+ + )W + 6+ (1)
= —(y+2) + @+ 2D + (y+ 1)

Atx=u—-v,y=uv,z=u+v
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dv

+(uv +u—v)

=—(w+u+v)+ QCQuw +(w+u—-v)

=—w—-—u—v+2utt+uv+u—v

W 2u? - 2p

dv
()

ool 200

N =

Example 8.21

__ x?+5xy —10y? .
Show that F(x,y) = iy, 1S3
homogeneous function of degree 1.
Solution:

x2% + 5xy — 10y?

Given F(x,y) = r——

_ (%)% + 5(tx)(ty) — 10(ty)?
- 3(tx) + 7(ty)

o F(tx, ty)

t2x2% + 5t2xy — 10t2y?
3tx + 7ty

t2(x?% + 5xy — 10y2)
t(3x +7y)

t(x? + 5xy — 10y?)
(Bx +7y)

=t F(x,y) forallt € R.

So, F is a homogeneous function of degree 1.

Example 8.22 Ifu = sin™! (\;;:\3/%),

u du 1
Show thatxa + Yoy = Stanu

Solution:

. . x+y
Given u = sin™! (—)
Va+/y

sinu (x,y) = (\/’;: 3’;)

tx+ty)

sinu (tx, ty) = (x/ﬁh/ﬁ
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_ tlx+y)
T VE(Vx+Vx)

_ Vtvt(x+y)
VE(Vx+x)

_ Vt(x+y)
(Vx+vx)

1
_ t2(x+y)

T (WVx+a)

1
=tzsinu (x,y) forallt € R.
So, sinu (x, y) is a homogeneous function of
degree E
2
By Euler’s theorem,

of L LOF _1
x6x+y6y_2f

Now, substituting f = sin u in the above

equation, we get

xa(s(,;zu) + ya(sszu) = %sinu
xcosua—u+ycosua—u = lsinu
ox ax 2
cosu(xa—u+ya—u) =lsinu
dx dx 2
u u 1sinu
¥ox 7Y% = Zcosu

ou ou 1
x—+y — = tanu Proved.

EXERCISE 8.7
1. In each of the following cases, determine
whether the following function is
homogeneous or not.
Ifitis so, find the degree.
A fl,y) =x?y+6x3+7

Solution:
fl,y) =x?y+6x3+7
ftx, ty) = (tx)?(ty) + 6(tx)* + 7
= t2x%ty + 6t3x3 + 7
=t3x?y + 6t3x3+7
It is not homogeneous function.

. _ 6x%y% —my® + 9x%y
(i) h(x,y) = 2020x2 + 2019y2

6(tx)%(ty)3 — m(ty)® + 9(tx)*(ty)
2020(tx)% + 2019(ty)?

h(tx, ty) =
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6t2x2t3y3 — wtS5y5 + ot*x4ty
2020t2x2 +2019t2y?2

6t3x2y3 —mtSyS + otSxty
2020t2x2 +2019t2y?2

_ t5(6x2y3 —my® + 9x*ty)
t2(2020x2 + 2019y?2)

t3(6x%y® — my5 + 9xty)
(2020x2 + 2019y2)

= t3h(x,y)

It is a homogeneous function of degree 3.

J3x2+5y2+ z2

4x + 7y

(i) glx,y,2) =

V3(Ex)%+ 5(ty) %+ (tz)2
4(tx) + 7(ty)

g(tx, ty, tz) =

_ /3t%x%+ 5t2y2+ t222
4tx + 7ty

_ Jt?2(3x2+ 5y2+22)

t(4x+7y)

_ ty(3x%2+ 5y2+22)

t(4x+7y)

_ t9/(8x%+ 5y2+22)

(4x+7y)

It is a homogeneous function of degree 0.

yz_ ZZZ)
xy
(ty)?- Z(tZ)Z)
(&) (ty)
t2y2— thzz)
t2xy

(iv) ulx,y,z) = xy +sin (
u(tx, ty,tz) = txty + sin (

= t?xy + sin (

£2(y2- 222)]

t2(xy)
yZ_ 222)

= t?xy + sin [

= t%xy + sin (

It is not homogeneous function.

2. Prove that f(x,y) = x3 — 2x%y + 3xy? + y3
is homogeneous; what is the degree?
Verify Euler’s Theorem for f .
Solution:

flx,y) = x3 —2x%y + 3xy? + y3
fex, ty) = (tx)® — 2(t0)?(ty) + 3(t0) (£y)? + (ty)?
= t3x3 — 2t%x%ty + 3txt?y? + t3y3
= t3x3 — 2t3x%y + 3t3xy? + t3y3
= t3(x3 — 2x%y + 3xy? + y3)
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It is a homogeneous function of degree 3.

) of of _
By Euler’s theorem, x =ghy 3y 3f

To verify,
flx,y) =x3—2x%y+ 3xy2 +y3
of _ 2,2 _ 2
Pl 3x° —4xy + 3y
]

f _ 9,2 2
3y 2x* + 6xy + 3y

xg—£+ yg—i = x(3x% — 4xy + 3y?)
+y(—2x2 + 6xy + 3y?)
= 3x3 — 4x2y + 3xy? + y3 — 2x%y + 6xy%+3y3
= 3x3 — 6x%y + 9xy? + 3y3
= 3(x3 — 2x2%y + 3xy? + y3)
= 3f

) of of _
Hence Euler’s theorem, x Ty 3y 3f

is verified.

3. Prove that g(x,y) = xlog (%) is

homogeneous; what is the degree?
Verify Euler’s Theorem for g.

Solution:
— y
g(x,y) = xlog (x)

g(tx, ty) = txlog (%)

= txlog (2’—6)

=tg(x,y)
It is a homogeneous function of degree 1.
By Euler’s theorem, x Z—i + yg_i =g

9(xy) = xlog(?)
2 x|y ()] +108()
=x[(5) (Z)] +108(3)
=[(5) ) +108(2)
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a_g — X . x2 +y2
= 1+log(x) v(x,y)—log(x+y)
x,y) = xlog(* v o ¥ +y?
9(x,y) g (x) e* =5
99 _ |1 (1 y _ v _ ()2 + (ty)?
2|6 () (Dl +log(2) (0 Letf =e(txty) = “5 o)
x\ (1 _ 2 (x?+y?)
=|(5) G)]+o ()
_x _ tx?+y?)
y T (x+y)
xg_z + yg_i = x [_1 + log (%)] +y (i) It is a homogeneous function of degree 1.
) of of
By Euler’s theorem, x—+ y— =
=—x+xlog(§)+x y ox Yoy f
But f = eV
xa—g+ya—g = xlog(z)
ox ay x dev e’
So, x—+y—=¢e"
dg dg . . ’ ox oy
Hence, x —= + y—= = g is verified.
0x dy p OV v 0V v
................................................................................. xel—tye'C=e
4.1fu(x,y) = =22 prove that y
Atuly,y) = == prove tha e"(xa—v+ya—v): v
ou ou 3 0x oy
X—+y—=-u
ox ay 2 ov ov eV .
x-tyo=o= 1 is proved.
Solution: x ¢
_ x?+y? _ 5x3y* + 7y2xz* — 75y32*4
u(x,y) = N 6. Ifw(x,ay, z) —alog( : 717 ),
. w w w
_ @)%+ (t)? flndxa_+ya_+za_
u(tx, ty) = 8 +1G) x y z
- Solution:
-/ 5x3y* + 7y2xz* — 75y32%
() + (@) w(x,y,z) = 108( ATty )
_ 2y g
T Jtx+y) oW — 5x3y* + 7y2xz* — 75y32*
(2 ey?) x2+y?
= VEJe+y) Let f=e" = 5x3y* + 7y2%xz* — 75y3z%
xZ +y2
3
_ 2(x?+y?) It is a homogeneous function of degree 5.
V(x+y) s 5 5
3 By Euler’s theorem, x i y—f + 72 = 5f
= tzu(x,y) S
Butf =e%
It is a homogeneous function of degree z U
w aeW a w
So, x—+y—+z—=>5e"
Hence by Euler’s theorem x Z—Z + y% = zu ox 9 9z
................................................................................. eri;—W+yeW?3 +ZeW'Z—W = 5e%
5.1f v(x,y) = log (=12 that y s
Af v(x,y) =log(~-) prove tha

av av ad a a
Xty =1 ¢
x y ow ow ow
_ LXE Aty 4722 =5
Solution: ox dy 0z
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EXERCISE 8.8

1. A circular template has a radius of 10 cm.
The measurement of radius has an
approximate error of 0.02 cm. Then the
percentage error in calculating area of this
template is
(1) 0.2%
(3) 0.04%

(2) 0.4%
(4) 0.08%

2. The percentage error of fifth root of 31 is
approximately how many times the

percentage error in 317

m:  @; ©s () 31

3.1f u(x,y) = eX*+y? theng—zis equal to

DeX+¥ (2)2xu  (3)x*u  (4)y*u

4.1f v(x,y) = log(e* + e¥),

v

then =

v .
+ 3 1S equal to

1
eX+e¥

(D e*+e¥ (2) 32 @)1

5.1f w(x,y) =xY, x>0, thenaa—‘:; is equal to
(1) x¥ log x
3 yx 1

(2) ylogx
(4) xlogy

%f .
— Xy —J
6.1f f(x,y) = e*, then Py is equal to

(2) 1 +xy)e?
(4) (1 +x)e™

(1) xye*
(3) (T +y)e™

7. If we measure the side of a cube to be 4 cm
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with an error of 0.1 cm, then the error in
our calculation of the volume is
(1) 0.4 cu.cm (2) 0.45 cu.cm

(3) 2 cu.cm (4) 4.8 cu.cm

8. The change in the surface area S = 6x2 of a
cube when the edge length varies from
X to x¢ + dx is
(1) 12x, + dx
(3) 6xpdx

(2) 12xydx
(4) 6xy +dx

9. The approximate change in the volume V
of a cube of side x metres caused by
increasing the side by 1% is
(1) 0.3xdx m3 (2) 0.03x m3

(3) 0.03x% m3 (4) 0.03x3 m®

10.If g(x,y) = 3x? — 5y + 2y?,
d
x(t) = et and y(t) = cost, thend—‘zis
(1) 6e?t + 5sint — 4 costsint
(2) 6e?t —5sint + 4 costsint

(3)3e?* +5sint + 4 costsint
(4) 3e?* —5sint + 4 costsint

X

11.If f(x) = ol then its differential is
H—  ax (2)—— dx
() G 9 x+1)?
1 -1

12.1f u(x,y) = x* + 3xy +y — 2019,

ou

then 5 is equal to

X(4,~5)

(1) -4 (2) -3 3) -7 (4) 13

13. Linear approximation for g(x) = cosx
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atx = Zis
2
Wx+5 @) -x+;

) x—7 (4)-x—~

14.1f (x,y,z) = x*(y — 2) + y*(z — x)
+2z%(x —y),
ow ow ow .
then§+£+a—zls
(D) xy +yz+zx (2) x(y + 2)
3)y(z+x) (40

15.1f f(x,y,z) = xy + yz + zx,
then f, — f, is equal to
Dz-x 2)y-z
B)x—z 4)y—x
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