& Paclasalai’s

weoo lelegram Groups!

( smeolIB@ H6p 2 eiten eIBens Hefld CFUIH Gupaled Rewewruiad! )

e Padasalai's NEWS - Group
https://t.me/joinchat/NIfCqVRBNj9hhV4wu6 NgA

e Padasalai's Channel - Group
https://t.me/padasalaichannel

e Lesson Plan - Group
https://t.me/joinchat/NIfCqVWwo5iL-21gpzrXLw

e 12th Standard - Group
https://t.me/Padasalai 12th

e 11th Standard - Group
https://t.me/Padasalai 11th

e 10th Standard - Group
https://t.me/Padasalai 10th

e 9th Standard - Group
https://t.me/Padasalai 9th

e 6th to 8th Standard - Group
https://t.me/Padasalai 6to8

e 1stto 5th Standard - Group
https://t.me/Padasalai 1to5

e TET -Group
https://t.me/Padasalai TET

e PGTRB - Group
https://t.me/Padasalai PGTRB

e TNPSC - Group
https://t.me/Padasalai TNPSC



https://t.me/joinchat/NIfCqVRBNj9hhV4wu6_NqA
https://t.me/padasalaichannel
https://t.me/joinchat/NIfCqVWwo5iL-21gpzrXLw
https://t.me/Padasalai_12th
https://t.me/Padasalai_11th
https://t.me/Padasalai_10th
https://t.me/Padasalai_9th
https://t.me/Padasalai_6to8
https://t.me/Padasalai_1to5
https://t.me/Padasalai_TET
https://t.me/Padasalai_PGTRB
https://t.me/Padasalai_TNPSC

www.Padasalai.Net

12. Discrete Mathematics

Examplel2.1

Examine the binary operation (closure
property) of the following operations on the
respective sets (if it is not, make it binary):
()axb=a+3ab—5b* Vab€eL

(iaxb=(3=); Yabeq
Solution:
(i) Since X is binary operation on Z,
a,b€Z=ab€Zand bxb=»b*€Z..(1)
The fact that + is binary operation on Z
and (1) > 3ab= (ab+ ab+ ab) € Z and
5b%=(b?>+b%+b*+b*+b?)€L...(2)
Also a€ Z and 3ab € Z implies a + 3ab € Z. ....(3)
(2), (3), the closure property of — on Z yield
a*b=a+3ab—-5b*; Vab€eTZ.
Since a * b belongs to Z, * is a binary operation
onz.
(ii) In this problem a *bis in the quotient form.
Since the division by 0 is undefined, the
denominator » —1must be nonzero.
Itisclearthat b—1=0if h=1.As 1€ Q, * is
not a binary operation on the whole of Q.
However it can be found that by omitting 1
from Q, the output a xbexists in Q \{1}.

Hence * is a binary operation on Q \{1}.

Example 12.2

Verify the (i) closure property,

(ii) commutative property,

(iii) associative property

(iv) existence of identity and

(v) existence of inverse for the arithmetic
operation + on Z

Solution:

()m+ne€eZ,vmmnelL
Hence + is a binary operation on Z .
(ii) Also m+n=n+ m,_Vm,n € Z.
So the commutative property is satisfied
jiDvmnp€eZ m+n+p)=m+n)+p.

Hence the associative property is satisfied.
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(ivvm+e=e+m=m=e=0.
Thus30€Z,3>(m+0)=(0+m) =m.
Hence the existence of identity is assured.

Vym+m/=m/ +m=0=>m/ = -m.

ThusVvmeZ,3—meLZ,

3> m+ (—m) = (—m) + m = 0. Hence, the
existence of inverse property is also
assured. Thus we see that the usual
addition + on Z satisfies all the above five
properties.

Note that the additive identity is 0 and the

additive inverse of any integer mis —m.

Example 12.3

Verify the (i) closure property,

(ii) commutative property,

(iii) associative property

(iv) existence of idgntity and

(v)existence of inverse for the arithmetic
operation —on Z

Solution:

(i) Though — is not binary on N; it is binary on
Z . To check the validity of any more
properties satisfied by - on Z, it is better to

check them for some particular simple values.

(ii) Take m=4, n=>5 and
(m—n)=(4—-5)=-1and
(n—m)=(5—-4) =1

Hence (m — n) # (n—m). So the operation — is

not commutative on Z.

(iii) In order to check the associative property,
letusput m=4, n=5and p=7 in both
(m—n)—pand m— (n—p).
(m—n)—p=(4-5)-7=(—-1-7)=-8 ...(1)
m—(n—p)=4—(5-7)=(4+2)=6....(2)
From (1) and (2), it follows that
(m—n)—p#m—(n-p).

Hence - is not associative on Z .

(iv) Identity does not exist
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(v) So, Inverse does not exist .

Example 12.4

Verify the (i) closure property,

(ii) commutative property,

(iii) associative property

(iv) existence of identity and

(v) existence of inverse for the arithmetic
operation + on Z, = the set of all even integers.

Solution : Consider the set of all even integers
Z,={2k| k € Z}={.,—6,—4,—-2,0,2,4,6,..}.
Let us verify the properties satisfied by + on Z,
(i) The sum of any two even integers is also an
even integer. Because x,y € Z, = x = 2m
and y=2n,mn€Z.
So(x+y)=2m+2n
=2(m+n) € Z,
=2(n+m)
=2n+2m
= (y + x).
Hence + is a binary operation on Z,.
(iDVxyE€Z,,
(x+y)=2m+2n
=2(m+n)
=2(n+m)
=2n+2m
= (y + x).
So + has commutative property.
(iii) Similarly it can be seen that vV x,y,z € Z,,
x+py)+tz=x+(y+2.
Hence the associative property is true.
(iv) Now take x = 2k, then
2k+e=e+2k=2k=e=0.
ThusVx€Z,,30Z,>x+0=0+x=x.
So, 0 is the identity element.
(v) Taking x = 2k and x/ as its inverse,
we have 2k + x/ = 0 = x/ + 2k

= x/ = —-2k=x/=—x
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ThusvVx €Z,,3—x€Z,
3x+(—x)=(—x)+x=0

Hence —x is the inverse of x € Z,.

Example 12.5

Verify the (i) closure property,

(ii) commutative property,

(iii) associative property

(iv) existence of identity and

(v) existence of inverse for the arithmetic
operation + on Z, = the set of all odd integers
Solution:

Consider the set Z, of all odd integers
Zo={2k+1: ke Z}
={.,—5-3,-1,1,3,5}. +isnota
binary operation on Z, because when
x=2m+1ly=2n+1,x+y=2(m+n)+ 2
is even for all mand n. For instance, consider
the two odd numbers 3, 7€ Z,, .
Their sum 3+ 7 =10 is an even number. In
general, if x, y€ Z, (x + y) € Z,. Other
properties need not be checked as it is not a
binary operation.

Example 12.6

Verify (i) closure property

(ii) commutative property, and

(iii) associative property of the following
operation on the given set.

(a*b) =aP;Va,b €N (exponentiation

property)
Solution :

(i) Itistrue thata *b=a” ;v a,b € N.

So x is a binary operation on N .
(i) a x b=a? and b * a = b%.

Put,a = 2 and b = 3.

Thena *b =23 =8 but

bxa=3%2=9
So a *b need not be equal to b * a.
Hence * does not have commutative property.

(iii) Next consider

a*(bxc)=ax*(b)=ad).
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Take Put,a = 2.b = 3 and ¢ = 4.

ax(bxc)=2%(3%4) =2+ (3% =26D
But (a * b) * ¢ = (aP) * c = (a?)¢ = ab¢ = 212
Hencea * (b*c) # (a*b) * c.

So * does not have associative property on N .

Example 12.7

Verify (i) closure property,

(ii) commutative property,

(iii) associative property,

(iv) existence of identity, and

(v) existence of inverse for following operation
onthe givenset. m*xn=m+n—mn;mn €Z
Solution:

(i) m + n — mn s clearly an integer and hence
* is a binary operation on Z.
(iiym*n=m+n—mn and
=n+m-—nm
=nxm
So, * has commutative property .

(iii) Consider (m*n) *xp = (m+n—mn) *p
=(m+n—mn)+p—(m+n—mn)p
=m+n+p—mn—mp—np+ mnp..(1)
m=*(n+p)=m=(n+p—np)
=m+n+p-—np)—mn+p-—np)
=m+n+p—np—mn—mp+ mnp..(2)
From (1) and (2) we see that,

(mx*n)*p=mx(nxp)
So, * has associative property .
(iv) An integer e is to be found that
m+e=exm=mVmEeEZ
Som+se=m+e—me=m
e—me=m-—-m
e(1-m)=0
Gives,e =0and (1—-m) =0

But mis an arbitrary integer and hence need

not be equal to 1. So the only possibility is

e =0.Alsom *0 = 0 *m = m. Hence 0 is the
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identity element and hence the existence of

identity is assured.

(v) An integer m/ is to be found that
msm/=m/sm=e,VmeZ

Som*m/ =m+m/ —mm/ =0

m/ —mm/ = —m
m/(1—-m) =-m
m/ = ——=—is not defined at
(1-m)

(1-m)=0,thatisatm =1
Hence inverse does not exist in Z.

Example 12.8

0 1
1 1

Boolean matrices of the same type. Find AV B

and AAB

LetA = ],B=[(1) ﬂbeanytwo

Solution:

Given 4 = 0 1],B=[(1) ﬂ

11
AVB = 2 ﬂvﬁ 1]
OV 1v1y
1v0 1vi
[P
11
AANB = 2 ﬂAB 1]
OAT 1AL
1A0 1A1
[0 1]
0 1

Example 12.9

Verify (i) closure property,

(ii) commutative property,

(iii) associative property,

(iv) existence of identity, and

(v) existence of inverse for the operation +5 on
Zs using table corresponding to addition

modulo 5.
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Solution:
We know that Zc = {[0],[1],[2],[3], [4]}
+5 0 1 2 3 4
0O 0 1 2 3 4
1 1 2 3 4 0
2 2 3 4 0 1
3 3 4 0 1 2

4 4 0 1 2 3

(i) Since each box in the table is filled by
exactly one element of +5, the outputa +5 b is
unique and hence +; is a binary operation.
(ii) The entries are symmetrically placed with
respect to the main diagonal. So +s5 has
commutative property.
(iii) The table cannot be used directly for the
verification of the associative property. So it is
to be verified as usual.
For instance, (2 +5 3) +54 = 0 +5 4 = 4 (mod5)

and 2+5(3+54) =2+52 =4 (mod5)

Hence (2 +53) +54 = 2 +5(3 +5 4).

Proceeding like this one can verify this for all
possible triples and ultimately it can be shown
that +sis associative.
(iv) The row headed by 0 and the column
headed by 0 are identical. Hence the identity
element is 0.
(v) The existence of inverse is guaranteed
provided the identity 0 exists in each row and
each column.
From the table,
Inverse of 0 is 0
Inverse of 1 is 4
Inverse of 2 is 3
Inverse of 3 is 2

Inverse of 4 is 1
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Example 12.10 Verify (i) closure property,

(ii) commutative property,

(iii) associative property,

(iv) existence of identity, and

(v) existence of inverse for the operation X,
on a subset 4 ={1,3,4,5,9} of the set of
remainders {0,1,2,3,4,5,6,7,8,9,10}.

Solution:
Given 4 = {[1], [3],[4],[5], 91}
X1 13 4 5 9
1 1 3 4 5 9
3 39 1 4 5
4 4 1 5 9 3
5 5 4 9 3 1
9 9 5 3 1 4

(i) Since each box in the table is filled by
exactly one element of X, , the outputa x;; b
is unique and hence X is a binary operation.
(ii) The entries are symmetrically placed with
respect to the main diagonal. So X, has
commutative property.
(iii) The table cannot be used directly for the
verification of the associative property.
So it is to be verified as usual.
For instance,

(3X%4; 4) X4y 5=1 X4; 5=15 (mod 11)
and 3 X;; (4 X4, 5) =3X;; 9=05 (mod11)
Hence (3 X4; 4) X4, 5=3X,; (4 X;; 5).

Proceeding like this one can verify this for all
possible triples and ultimately it can be shown
that X, is associative.

(iv) The row headed by 1 and the column
headed by 1 are identical. Hence the identity

element is 1.

Send Your Questions & Answer Keys to our email id - padasalai.net@gmail.com


www.Padasalai.Net

www.Padasalai.Net

(v) The existence of inverse is guaranteed
provided the identity 1 exists in each row
and each column. From the table,

Inverse of 1is 1
Inverse of 3 is 4
Inverse of 4 is 3
Inverse of 5is 9
Inverse of 9 is 5

EXERCISE 12.1
1. Determine whether * is a binary
operation on the sets given below
(Daxb=a.lblonR
(i) a * b = min(a, b) on A = {1,2,3, 4,5}
(iii) (a * b) =a Vb is binaryonR.
Solution:
() Leta,b € R
Then |b] € R
Hence, a.|b| € R,Va,b € R
So, * is the binary operation on R.
(i) a* b = min(a,b) on A={1,2,3,4,5}
Leta,b € A
Then min(a,b) € A
For Example,
min(3,4) =3 € 4,
min(2,5) =2 € A
So,a*b =min(a,b) € A,Va,b € A
So, * is the binary operation on A.
(iii) (a * b) = avb is binaryon R
Leta,b € R
If b is positive then Vb € R, but even

though-b e R,v—b ¢ R.
For example 2, —4 € R

But2v/—4 = 2V2i ¢ R

So, * is not a binary operation on R
2.0n Z, define ®Q by
m®n)=m"+n":vm,n €Z.
Is ® binaryon Z ?
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Solution:

Letm,n € Z.
Take m = 3,n = —2, then
m" +n™ =372 + (-3)?
1
= 3—2+ 9

=2+9
9

_ 1481

9
82
ey (/A
So(m@®n)+ Z

Hence, @ is not a binary operation on Z .

3. Let * be defined on R by
(axb)=a+b+ab—7. IsxbinaryonR?
. -7
If so, f1nd3*(E).
Solution:
Leta,b € R
Thena+b+ab—-—7 € R

So, * is the binary operation on R.

3+(55) =3+ (=35) + 3(=5) -7

4.Let A={a++/5bh: a,b €Z }.Check
whether

the usual multiplication is a binary operation

onAd.
Solution:
LetA={x,y }
Suchthat x =a ++/5bandy = ¢ +/5d
anda,b,c,d € Z
Now, xy = (a ++/5b )(c + \/gd)

= ac +V5ad +V/5bc + 5bd

= (ac + 5bd) +V5(ad + bc) € A

~ xy € A. The usual multiplication is a
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binary operation on A.
5. (i) Define an operation* on Q as follows:

on= (4

a+b

):a,bEQ.

Examine the closure, commutative, and

associative properties satisfied by * on Q.

(ii) Define an operation#* on as follows:

RE

a+b

):a,bEQ.

Examine the existence of identity and the

existence of inverse for the operation * on Q.

Solution: (i)

(1

(2)

(3)

(1

Givena,b € Q
Itgivesa + b € Q.

+b
Hence aT also € Q.

So, * is closure on Q.

a*b=( ):a,be(@
- (%)

=b=x*xa

a+b

So, * is commutative on Q.

a*(b*c)za*(bzc)

(a*b)*cz(a:b)*c

a+b+2c

_a+b+2c
4

Hence,a x (bxc) # (axb) *c

So, * is not associative on Q.

(i)

Given a € Q. Let e be the identity.

Thenaxe=exa=a
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a+e
=aqa
2
a+ e=2a
e=2a—a

e = a, is the identity element.
For every element a belongs to Q, we get a is
the identity. Since identity element is unique,
* has no identity.
(2) Since there is no identity, inverse of a that
is a~! cannot be defined. That is,
1 —

a*a ! =a1*a = e, cannot be defined.

Hence * has no inverse.

6. Fill in the following table so that the

binary operation * on A= {g, b, ¢} is

commutative.
*a|b|c
alb
b|c|bj|a
cla c
Solution:

(i) * is commutative
From table b xa = ¢
Hence axb=c

(ii) From table b * c = a
Hence cxb=a

(iii) From tablec *a = a
Hence axc=a

So, the table is

*|la|b|c
alblcla
bic|bla
clalalc
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7. Consider the binary operation * defined on

the set A= {a, b, ¢ d} by the following table:

* | alblc|d

alalc|b|d

[s it commutative and associative?
Solution:
Fromtablea *b = ¢
and bxa=d
So, a*b+# b=xa
Fromtablec xa = ¢
and axc=b
So, cxa#* axc
Hence, * is not commutative
Fromtablea * (b *¢) = a* b = c and
(axb)xc=c*xc=a
Therefore, a * (b *xc) = (a*b) xc

Hence, * is also not associative.

1 0 10 01 01
8.LetA=(0 1 0 1) B={1 0 1 0],
1 0 01 1 0 01

1 0

11

1
c=|0
1

matrices of the same type.
Find i))AvVB (ii)) AAB
(i) (AvB)AC(iv)(AAB)VC.

1
O) be any three Boolean

Solution:
1 0 10 0 1 01
GivenA={0 1 0 1), =1 0 1 0
1 0 01 1 0 01
1 0 10 0 1 01
(DAvB=|(0 1 01)v|1l 0 10
1 0 01 1 0 01
1v0 Ov1l 1vo0 Ov1
={0v1l 1v0 Ov1l 1voO
1vli Oov0 OvoO 1v1

)
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11
1
1

1
0
1
0

0 0 1 01
1/A(1 0 10
01 1 0 01

OA1l 1AO0 0A1>

(i) AAB =

R OoOR R RR
oOrRrOo OR R

1A0 0A1 1AO0
OAO OAOD 1A1

00
00
01

11 1 1 01
1 1)]A{0 1 10
01 1 1 11

1IA1T 1A0 1A1>

(i) (AVB)AC

1
=(1
1

1Al
=11A0

1Al

O R -

IA1T 1A1 1AO0
0Nl 0A1 1M1

1 1

=10 1

1 0
(ivy(AAB)VC

0 O

=({0 O

1 0

Ovil
={0vO0

1v1

1 1
={0 1
1 1

01
10
01

00 1 1 01
0 0jvio 1 10
01 1 1 11

Ovi OvO Ov1
Ovli Ov1l OvoO
Ovli Ov1l 1vl1

01
10
11

9.() LetM ={(7 *):x€R—-(0)}and
let * be the matrix multiplication. Determine
whether Mis closed under . If so, examine
the commutative and associative properties
satisfied by * on M.

3 _ (X xy, 2
(i) Let M = {(x x).x €R—(0) }and

let * be the matrix multiplication. Determine
whether Mis closed under * . If so, examine

the existence of identity, existence of inverse
properties for the operation * on M.

Solution: (i)

(1) Closure

Y.y

Let A = (i i) and B = (y y

):x,yER—(O)

Hence M = {A,B }
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Now a5 = () 5)
=Gvny )
_(ny 2xy

— \2xy 2xy) €M

Since, x,y € R — (0) gives xy also € R — (0)

So,ABEM = A*xBeM
~ *is closed on M

(2) Commutative

teea=( 3).8=( 3)

such that:x,y € R — (0)
Hence M = {4, B}

Now <5 = )G 5)

_(xy+xy xy+xy)
T \xy+xy xy-+xy

_ <2xy 2xy>
~ \2xy 2xy

_<2yx 2yx>
~ \2yx 2yx

=6 )G 2
=BxA
So,A*xBEM=B+xA€EM
~ * is commutative on M

(3) Associative

Matrix multiplication is always associative.

ThatisA*(B+xC)=(A*B)*C,vAB,C€EM.

~ * is also associative on M
Solution: (ii)

(1) Closure

Let4 = (i i) and B = (z z):x,y €R—(0)
Hence M = {A,B }
Now,48 = (1 ) (5 3)

_(xy+xy xy+xy)
T \xy+xy xy+xy

.« <2xy 2xy

2xy 2xy> &M

Since, x,y € R — (0) gives xy also € R — (0)
So,ABEM = A«xBeM
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~ *is closed on M

(2) Existence of Identity

LetA = (i i) and

e e . .
E = (e e) be the identity,
such that:a,e € R — (0)
Hence M = {A,E}

Now, A*xE=E+xA=A
G D =G %)

(e 2= G %)

2xe = x
2e=1
e=-€R—(0)
1 1
~E = E E is the identity € M
2 2

~ x has identity on M

(3) Existence of Inverse

LetA = (i i) and

= .
At = (i_l i_l) be the inverse of A.

ThenA*A 1=A4A"1%xA=

E
G D6 =6 2

1 1
(Zxx‘1 Zxx‘l) _[2 2
2xx”1 2xx71 A\ M
2 2
2xx~1 =1
2
x1=—,eR-(0)
1 1
LA = 41x 41x is the inverse of A € M

4x 4x

~ * has inverse on M

10. (i) Let A be Q \ {1}. Define * on Aby

xxy=x+y—xy.Isx*binaryon 47
If so, examine the commutative and

associative properties satisfied by * on 4.
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(ii) Let A be Q \ {1}. Define * on 4 by
x*xy=x+y—xy.Is*binaryon 4?
If so, examine the existence of identity,
existence of inverse properties for the
operation * on 4.

Solution: (i)

(1) Closure

Given 4 = {Q \ {1}}

Letx,y € A. Thatisx # 1,andy # 1

* is defined on A4 by
X*xy=x+y—xy

Let us assume that x x y = 1. Then,

x+y—xy=1
y—xy=1—-x
y(l-x)=1-x
_1-x
Y= ax

[t Gives, y = 1, which is
contradiction to our assumption.
Hence,x xy # 1€ A
~ *is closed on A
(2) Commutative
X*y=x+y—xy
=y+x—yx
=y*x
~ x is commutative on A
(3) Associative

xx(y*xz)=x*x(y+z—yz)

=x+y+z—-—yz)—x(y+z—yz)

=x+y+z—yz—xy—xz+xyz
(xxy)rz=x+y—xy)*z

=x+y—xy)+z—(x+y—xy)z

=xX+y—xy+z—xz—yz+xyz
From the above results,
x*(y*xz)=(x*xy)*z,Vx,y,z€A

~ * is associative on A
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Solution: (i)
(1) Closure

(2) Existence of Identity

Letx € A. Thatisx # 1
Let e be the identity.
Thenxxe=exx =x
x+e—xe=x
e—xe=x—Xx
e(1—-x)=0
Itgives,e = 0,and (1—x) =0
If (1 —x) =0, gives x = 1, which is not
applicable as x € A.
Hence, e = 0 € 4, is the identity.
~ * has identity on A

(3) Existence of Inverse

Letx € A. Thatisx # 1

Let x ! be the inverse.

Thenxxx1=x"1*xx=¢
x+x1t1—xx"1=0
xt—xx1=—x
xM(1—-x)=—x
xl=——2_€4,

(1-x)
is the inverse of x, V x € A.

~ * has inverse on A.
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Example 12.11
Identify the valid statements from the
following sentences.
(1) Mount Everest is the highest mountain of

the world.

Itis true. So it is a statement.
(2)3+4=8.

It is false. So it is a statement.
(3)7+5>10.

[tis true. So it is a statement.
(4) Give me that book.

It is a command. So it is not a statement.
(5) (10 —x) =7.

[t gives x = 3. So it is a statement.
(6) How beautiful this flower is!

[t is an exclamatory. So it is not a statement.
(7) Where are you going?

[t is a question. So it is not a statement.
(8) Wish you all success.
[t is expressing wishes. So it is not a statement.
(9) This is the beginning of the end.

[t is a paradox. So it is not a statement.

Example 12.12

Write the statements in words corresponding
to=p,pAq, pVqandqV —p,where pis ‘Itis
cold’ and gis ‘It is raining.’

Solution:

Sentence p : ‘Itis cold’

Sentence q : ‘It is raining.’

So, =p = Itis not cold.

p A q= It is cold and raining.

p V q = Itis cold or raining.

q V —p = Itis raining or it is not cold.
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Example 12.13
How many rows are needed for following
statement formulae?
pVv-atA(pVv-s)
() (PAQV(Arv=as))A(=tAv)
Solution:
(i) It contains 3 variables p, t and s

So, number of rows needed = 23 = 8
(ii) It contains 6 variables p,q,r,s t and v

So, number of rows needed = 2° = 64

Example 12.15
Write down the (i) conditional statement
(ii) converse statement (iii) inverse statement,
and(iv) contra positive statement for the two
statements p and g given below.
p: The number of primes is infinite.
g: Ooty is in Kerala.
Solution:
Then the four types of conditional statements
corresponding to p and q are respectively
listed below.
(i) p—q: (conditional statement)
“If the number of primes is infinite then Ooty
is in Kerala”.
(ii) g— p : (converse statement)
“If Ooty is in Kerala then the number of
primes is infinite”
(iii) =p——q (inverse statement)
“If the number of primes is not infinite then
Ooty is not in Kerala”.
(iv) =gq——p (contra positive statement)
“If Ooty is not in Kerala then the number of

primes is not infinite
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LOGIC TRUTH FORMULAE:
(1) For NOT (—)

p_|—Tp
| F
F| T

(2) For AND (A)

P

=SSR Tie]
=SEES e SR RGN
g | | =T | >

(3) ForOR (V)

p

RS
Sl R e BE RS
maE <

(4) For CONDITIONAL (=)

plglp—q
TIT| T
T|F| F
FIT| T
FIF| T

(5) For BI- CONDITIONAL (<)

Plglreq
T|T| T
T|F| F
FIT| F
FIF| T

(6) For EXCLUSIVE p EOR q (V)

plglpVg
T|T| F
T|IF| T
FIT| T
F|F| F

(7) If the last column contains only T, then the
statement called as Tautology.

(8) If the last column contains only F, then the
statement called as Contradiction.
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(9) The statement which is neither Tautology
nor Contradiction is called Contingency.

Example 12.16

Construct the truth table for (p V q) A (p V =q)
Letr: (pVg)ands: (pV —q)

So, Vg A(PV-q =rAs

plglpVvg | rpVqg|aq|sipVaq| rAs
T|T T F F T F
T |F T T T F F
F|T T T F F F
F | F F F T T F

Example 12.17
Establish the equivalence property: p = g =

pVq

plq|-plp—q|-pVg
T\T| F| T T
T|FI F| F F
Flrl ] T T
FlF| T] T T

The entries in the columns corresponding to
p — gand —pV q are identical and hence they

are equivalent.

Example 12.18 Establish the equivalence
property connecting the bi-conditional with
conditional:

peq=@->9N@~p)

Solution:
plq|Pqd | rp—>q|siqop|rAs
T\ T T T T T
T|F F F T F
F| T F T F F
F|F T T T T

The entries in the columns corresponding to

p e qgand (p » q) A (q - p) are identical and
hence they are equivalent.

Example 12.19

Using the equivalence property, show that: p <
q=(@Aq)V(=pA-qg).

Solution:
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LHS
P19 p<g
T T T
T|F F
F| T F
F|F T
RHS
ripAq|ap|q|SiapAgq | TrVs
T F | F F T
F F | T F F
F T | F F F
F T | T T T

The entries in the columns corresponding to
p < qand (p A q)V (=p A —q) are identical
and hence they are equivalent.

EXERCISE 12.2
1. Let p:Jupiter is a planet and g:India is an
island be any two simple statements.
Give verbal sentence describing each of the
following statements.
() =p (i) pA=g (i) =pV q
(iv) p=» ~qg(V) peg
Solution:
p: Jupiter is a planet
g: India is an island
(i) —p: Jupiter is not a planet
(ii) p A—=q: Jupiter is a planet and India is not
an island
(iii) =pV @ Jupiter is not a planet or India is
an island
(iv) p— =g Jupiter is a planet then India is
not an island
(v) peq:]Jupiter is a planet if and only if

India is an island

2. Write each of the following sentences in

symbolic form using statement variables

pand g.
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p: 19 is a prime number
g: all the angles of a triangle are equal.
(i) 19 is not a prime number and all the
angles of a triangle are equal.
(ii) 19 is a prime number or all the angles of a
triangle are not equal
(iii) 19 is a prime number and all the angles of
a triangle are equal

(iv) 19 is not a prime number

Solution:

(i) 19 is not a prime number and all the angles
of a triangle are equal : —p A q
(ii) 19 is a prime number or all the angles of a
triangle are not equal : p V —q
(iii) 19 is a prime number and all the angles of
a triangle are equal : p A q

(iv) 19 is not a prime number : =p

3. Determine the truth value of each of the
following statements
(i) If 6 + 2 =5, then the milk is white.
(ii) Chinais in Europe or 3 is an integer
(iii) It isnot true that 5+ 5 =9 or Earth is a
planet
(iv) 11 is a prime number and all the sides of a

rectangle are equal

Solution:
(i) If6+ 2 =75, then the milkis white.
p6+2=5F

g: The milk is white. T
Symbolic Form: p— g Truth valueis T
(ii) Chinais in Europe or+/3 is an integer.
p: China is in Europe F
g: V3 is an integer. F
Symbolic Form: p V g Truth value is F
(iii) Itis not true that 5 + 5 =9 or Earth is a

planet.
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p:5+5=9F
q: Earthis aplanet. T
Symbolic Form: —pV ¢q
Truth valueisTVT=T
(iv) 11 is a prime number and all the sides of a
rectangle are equal
p:11isaprime number T
q: all the sides of a rectangle are equal. F
Symbolic Form: pA g
Truth valueisTAF=F

4. Which one of the following sentences is a
proposition?
(i)4+7=12
(ii) What are you doing?
(iii) 3" < 81,n € N
(iv) Peacock is our national bird
(v) How tall this mountain is!

Solution:
(i)4+ 7 =12 Proposition

(ii) What are you doing? Not a Proposition
(iii) 3™ < 81,n € N Proposition
(iv) Peacock is our national bird. Proposition

(v) How tall this mountain is! Not Proposition

5. Write the converse, inverse, and contra
positive of each of the following implication.
(i) If x and y are numbers such that x = y,
then x? = y?

(ii) If a quadrilateral is a square then itis a
rectangle

Solution:

(i) If x and y are numbers such that x = y,

then x? = y?

p:xand y are numbers such that x = y
g:x*=y?

Symbolic form of the given statement: p - g
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(a) Converse: g— p
If x and y are numbers such that x? = y?,
thenx =y
(b) Inverse: = p— - g
If x and y are numbers such that x # y,
then x? # y?
(c) Contra positive: -~ g—= = p
If x and y are numbers such that x? # y?2,
thenx # y
(ii) If a quadrilateral is a square then it is a
rectangle
p: A quadrilateral is a square.
q: A quadrilateral is a rectangle.
Symbolic form of the given statement: p — g
(a) Converse: g— p
If a quadrilateral is a rectangle then it is a
square.
(b) Inverse: = p— = ¢g
If a quadrilateral is not a square then it is
not a rectangle.
(c) Contra positive: = g— =1 p
If a quadrilateral is not a rectangle then it

is not a square.

6. Construct the truth table for the following

statements.

(i) —|p/\—|q

p g —p g —phAag
T T F F F
T F F T F
F T T F F
F F T T T

(i) =(pA=q)

p g g phAag =(pAag)
T T F F T
T F T T F
F T F F T
F F T F T
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(i) (pVg) Vg P q p=>q-p (p=2q (P9 < (2p—9)
P q pvg g (pVvqg) V-gqg TT T F T (:
T T T F T TF F F T F
T F T T T FT T T T T
F T T F T FF T T F F
F F F T T The last column contains T and F. Hence it is
contingency.
o Pod (i) ((p~a) A (g=1) > (p=)
) ((P—~q q—r)—->(p—-r
p g r—p (p=>npeqg(p->DA(pegq
p g r(p~>q (g0 (P~ A(g~D)
T T T F T T T
T T T T T T
T T F F T T T
T T F T F F
T F T F T F F
TF T F E F
T F F F T F F
T F F F T F
FTT T T F F
FTT T T T
FTF T F F F
FTF T F F
FF T T T T T
FF T T T T
F F F T F T F
F F F T T T
7. Verify whether the following compound (p-r) (-9 N (q-r)- (p-r)
propositions are tautologies or
contradictions or contingency T T
() (pAg) A=(pVg) F T
p q pNg pvg =(pVg (PAQ A=(pVQ) T T
T T T T F F
F T
T F F T F F
T T
F T F T F F
T T
F F F F T F
T T
The last column contains only F. Hence it is T T
contradiction.
The last column contains only T. Hence it is
(i) ((pvg N=p) =g tautology.
p q pvg =p (pvV@ A=p((pVq) A=p) =g 8. Show that
TT T F F T () ~(pAg) =—pV-g
TF T F P T p g pNg =(pAg -p =g -pV-g
FT T T T T T T T F F F F
FF F T F T T F F T F T T
The last column contains only T. Hence it is BT F T T F T
tautology. F F F T T T T
From column (4) and (7), it is proved that
(i) (p—q) © (=p~9) _
B ~(pAG) =-pV-q
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(i) =(p—q) = pAq.
p q p~q ~(p—~>q9 g phag

T T T F F F
T F F T T T
FT T F F F
F F T F T F

From column (4) and (6), it is proved that
—(p=>q) =pA-g.

9.Prove that g— p=-p--gq

P g gop —p g —p-ong
TT T F F T
TF T F T T
FT F T F F

F

F T T T T
From column (3) and (6), it is proved that
q—-> p=-p—->q

10. Show that p—gand g — pare not

equivalent

p q p—q 4g—p

T T T T

T F F T

F T T F

F F T T
p—qgand g — pare not equivalent.

11. Show that = (peq) = peg
P q peqg a(peq g peng

T T T F F F
T F F T T T
F T F T F T
FF T F T F

From column (4) and (6), it is proved that

—(peq =peg.
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12. Check whether the statement p— (g— p) is
a tautology or a contradiction without
using the truth table.

Solution:
p->(@->p)=p - (=q Vp)
= ap V(aq Vp)
=ap VP Va9
= (2pVvp) vV g
=TV q
T

Hence, p = (g— p) is a tautology.

13. Using truth table check whether the
statements = (pVq) V (=pAq) and —pare
logically equivalent.

P g pVg (Vg —p " pAg -~(pvV(-pAg

TT T F F F F
TF T F F F F
FT T F T T T
FF F T T F T

From column (5) and (7), it is proved that
—PE (VY V (=pAg).

14. Prove p— (g—r) = (p A\q) =»rwithout
using truth table.
Solution:
p=(g=>nD=p —>(qVr)
= ap V(nq vr)
= (pVaq)vr
= a(pAg) vr

= (p/\q) —»r Hence proved.
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15. Prove that p— (=g Vr) =-pV (=g Vr)
using truth table.
LHS: p— (~gqVr)

p g r =g (2gVr) p-=>(=gVI)
TT T F T T
TTF F F F
TF T T T T
TF F T T T
FTT F T T
FTF F F T
FF T T T T
FF F T T T

RHS: =pV (mgVD)

p g r —g (=qVr) —p —pV(=gVr)
TTT F T F T
T T F F F F F
TF T T T F T
TF F T T F T
FTT F T T T
FTF F F T T
FF T T T T T
FF F T T T T

From the above tables, the last columns are
identical. Hence p - (=g Vr) ==pV (g Vr).

EXERCISE 12.3
Choose the correct or the most suitable answer
from the given four alternatives.

1. A binary operation on a set S is a function
from
(1) S-S5
(3) 5= (5%9)

(2) (§%8) =S
() (X9 = (5%9)

2. Subtraction is not a binary operation in

(DR 2z (3N (4 Q

3. Which one of the following is a binary
operation on N ?
(1) Subtraction
(3) Division

(2) Multiplication
(4) All the above
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4. In the set R of real numbers * is defined as
follows. Which one of the following is
not a binary operation on R ?
(1) a*b =min(a,b) (2)ax*b=max(a,b)
(3a*xb=a dDaxb=ab

5. The operation * defined by a * b = % is
not a binary operation on

Le* @)z G)R 4)C
6.In the set Q define®b =a+ b +ab.
For whatvalue of y,3 © (y© 5) =77
2 -2
(1))’—53 @y=

By=> @Wy=4

7.1fa * b = Va? + b? on the real numbers
then * is
(1) commutative but not associative
(2) associative but not commutative
(3) both commutative and associative

(4) neither commutative nor associative

8. Which one of the following statements has
the truth value 7' ?
(1) sin x is an even function.
(2) Every square matrix is non-singular
(3) The product of complex number and its
conjugate is purely imaginary

(4) V/5 is an irrational number

9. Which one of the following statements has
truth value £ ?
(1) Chennai is in India or v/2 is an integer
(2) Chennai is in India or v/2 is an irrational
number
(3) Chennai is in China or v/2 is an integer
(4) Chennai is in China or v/2 is an irrational

number
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10. If a compound statement involves 3 simple
statements, then the number of rows in
the truth table is
(OO 28 @B)6 @3

11. Which one is the inverse of the statement
pvag) - (@Arq)?
DOD@rp-> @V
2)-(pvag ->{@Arg
3) (=pV-q) = (~pA-g)
4) (pA=g) > (=pVAQ)

12. Which one is the contra positive of the
statement (pVvq) ->r?
(1) ~r> (=pA9)
B) r-(pAg)

(2) ~r- (pVvg)
(4) p—(qVvDn)

13. The truth table for (pAg) V - qis given
below
p q (AQV-g
FSCT (a)
T F (b)
F T (©
F F (d)
Which one of the following is true?
(@) (b) (¢) (d)
(DT T T T
2T F T T
3T T F T
4T F F F
14. In the last column of the truth table for
- (pV~q) the number of final outcomes of

the truth value 'F' are
M1 (2) 2 B33 @4

15. Which one of the following is incorrect? For
any two propositions p and , we have
(1) = (pVvg =pAg
(2) 2 (pAQ) =2pV—g
(B)~(pvg) =—pVv-g
BD-CE=p=p

16. Which one of the following is correct for
the truth value of (p A @) » = p?
(@ (b) () (d)
MDr T T T

QF T T T
BF F T T
4T T T F
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17. Thedualof = (pvq@) V[ pV (pA-D)]is
D (pAQ A[pV (pA-D)]
@) (pAQ A[pA(pV D]
B) " (pAQ A[pA(PAD]
@D (pAQA[PA(pVI)]

18. The proposition pA (=pVg) is
(1) a tautology
(2) a contradiction
(3) logically equivalent to pAg
(4) logically equivalent to pVvg

19. Determine the truth value of each of the
following statements:
(@) 4+2=5and 6+3=9
(b) 3+2=5and 6+1=7
(c) 4+5=9 and1+2=4
(d) 3+2=5and 4+7=11
@ (b) (0 (d

(DF T F T
()T F T F
3T T F F
4HF F T T

20. Which one of the following is not true?

(1) Negation of a negation of a statement is
the statement itself.

(2) If the last column of the truth table
contains only 7'then it is a tautology.

(3) If the last column of its truth table
contains only Fthen it is a contradiction

(4) If pand gare any two statements then
P < qis atautology.
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