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1.APPLICATIONS OF MATRICES AND DETERMINANTS
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If |[A| # 0, then the square matrix A is called a non-singular matrix.

If [A| = 0, then the square matrix A is called a singular matrix.

ADJOINT OF A SQUARE MATRIX: Let A be the square matrix of order n, then
the adjoint matrix of A is defined as the transpose of the matrix of cofactors
of A. It is denoted by adj A. adj A = [Al-]-]T = [(—1)i+fM,-j]T

A(adjA) = (adjA)A = |A|L,

INVERSE MATRIX: Let A be a square matrix of order n. If there exists a
square matrix B of order n such that AB = BA = I, then the matrix B is
called an inverse of A.

AATY=A"1A=1,

A singular matrix has no inverse.

If A'is non-siiiguiai, thcn

DI =2 W @AD" = @D @A) =4

If A is non-singular, then A2)™! = )lkA‘l, where 2.is 2 ncn-rerd scalar.
(AB)"1 = 37'A71

If A is non-singular, ther A™1is alsu non-singularard (A1) "1 := A

If A is non-singular square matrx cr order n, then

(D (adjA)~! =: adj(A™Y) = ﬁA = ani A = |4]a™?

(iD)|adjA| = 14|71 (ii)adi(adja) = |AI" 724
(iv)adj(A4) = 2"~ adj(A) (v)ladj(adjA)| = A"
(vi)(adjA)T = adj(AT) (vii)adj(AB) = (adjB)(adjA)
ladj Al = |A]*? = |A| = +/|adj A|

Al =+ — adjA
ladjA|

1 . .
A=+ N adj(adjA)

If A and B are any two non-singular square matrices of order n, then
adj(AB) = (adj B)(adj A)

A square matrix A is called orthogonal if AAT = ATA =1

A is orthogonal if and only if A is non-singular and A~ = AT
Application of matrices is in computer graphic and cryptography.

THEOREM 1: For every square matrix A of order n, A(adj A) = (adj A)A =

|A|L,
Proof:
For simplicity, we prove the theorem for n=3 only.
a;; Q12 Qg3 (A1 A1z Ags
Consider A = (Gz1 Qz2 Gz3| andadj A= [Ay1 Azy Ajz
31 dzz 04z [A31 Aszp  Ass
11 Q12 13][A11 A1z Ajs] A 0O 0
A(adj A) = (@21 Q22 Q3| |Az; Az Axz|=|[0 [A] O
A3y A3z AzzllAz; Az, Azsl 0 0 |A]
1 0 O
=|A[]0 1 0] =|All; - (1)
0 0 1
A1 Az A3][A11 Q12 Qg3 Al 0 0
(adj A)A =421 Ay Az||G21 G2 a24= 0 14 O
Az; A3y Azzlldsr Az ax;; 10 0 A
10 0"|
= Al|0 1 G;-=|A|llz = (2)
0 0 1

From (1) & (2), we gei A(adj A) = (adj AJA = jAji,

THEOREM 2. If a square matrix has a1 inver:e, ther. it is unique
Proof:

Let A he 3 square matrix of arder n cuch that an inverze of A avicts. If possible, let

there be two inverse B and C of A.

By definition, AB =BA =1, and AC =CA =1,
C=Cl,=C(AB)=(CA)B=I,B=B=B=C
Hence it is proved.

THEOREM 3: Let A be a square matrix of order n. Then A~1 exists if and only if A

is non-singular.

Proof:

Case (i) : Suppose that A~ exists, then AA™1 = A"14A =1I,,.
By the product rule for determinants,

det(AA™Y) = det(A V)det(A) = det(l,)) = 1 = |A| # 0.
Hence A is non-singular.
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Case (ii) : Conversely, suppose A is non-singular, then |A| # 0.
W.k.T. A(adj A) = (adj A)A = |A]l,

—by|A|=>A( ad]A) (iade)A=1n
= AB=BA=1, ;B = |Alad]A

Hence the inverse of A exists and the inverse is A™! = mad] A

PROPERTIES OF INVERSES OF MATRICES

THEOREM 4: If A is non-singular, then |[A™1| = m

Proof:

Let A be non-singular then |A| # 0 and A~ exists.

By definition, AA™ = A"1A =1, = |AA7| = |A7A| = ||
By the product rule for determinants,

|AA™Y = || = |AlA™ =1 = |A7Y __|

THEOREM 5: If A is non-singular, then (A*)™1 = (A
Proof:

By definition, AA™1 = A71A =]

Taking transpose (AA DT =@At4A)" == ()T

By the reversal law of transpose, (A™)TAT = AT(A™)T = ||
Hence (AT)™1 = (A~ )T

THEOREM 6: If A is non-singular, then (AA)~1 = %A‘l, where A is a non-zero

scalar.
Proof:
By definition, AA™' = A71A =1,

Muliply & divide by A, (14) (%A‘l) - (A )(AA) =1, = (AA) =21A"

THEOREM 7: LEFT CANCELLATION LAW
Let A,B and C be square matrices of order n. If A is non-singular and AB=AC then
B=C

Proof:

Since A is non-singular, A"l existsand AA™1 = A71A = I,,.

Given AB=AC. Pre multiply by A~ on both sides,

A~1(AB) = A"1(AC) = (A'A)B = (A" 'A)C = I,B=1,C =B =C

THEOREM 8: RIGHT CANCELLATION LAW

Let A,B and C be square matrices of order n. If A is non-singular and BA=CA then
B=C

Proof:

Since A is non-singular, A~ existsand AA™! = A71A = I,,.

Given BA=CA. Post multiply by A~1 on both sides,

(BA Al =(CAA'=>BUAA™ Y)Y =CAAY)=Bl, =Cl,=B=C

THEOREM 9: REVERSAL LAW FOF. IN\'ERSES

If A and B are non-singular matrices of the same arder, then the product AB is
ziso non-singuler and (ABY"1 = B—-A"1

PProof:

Since A and B are non-singular matricas of thz same order n, then |A| # 0, |B| #
0 = A Yand B~ " of ordel n exists. The product of A3 and B"'A™1 can also
found.

Al — |A|IB] #0C = /‘B is nlso non-singular 2nd (AB) ! exists.

(AB){ B *A™1) = A(BB~* = AU)A™ — AA™Y — @,

(B~'A"1)(AB) = B~1(4- 1A)B = B (I,)B=B"'B=1,

Hence (AB)"1 = B71A™1

THEOREM 10: LAW OF DOUBLE INVERSE

If A is non-singular, then A~1 is also non-singular and (A™1)"1 = A
Proof:

Since A is non-singular,then |A| = 0 and A1 exists.

Now |A™Y| = ITTI + 0= A lisalsonon-singularand 44" = A"1A =1.
NowdAA 1= = A4 D) 1=I=0UD)4a1=]

Post- multiply by A on both sides, (4™1)"1 =4
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THEOREM 11: If A is non-singular square matrix of order n, then (adjA)~1 =

ad](A 1) = EA

Proof:

A7l = m(ad] A) = adj A =]A|A7T

= (adj At = (JA[AT) T = @) HA| T = WA - (1)
Al = —(ad] A) = adjA=]A|A71

ReplacingAby A7, adj (A™Y) =474 H) 1= |A|A (2)
From (1) and (2), (adjA)~! = adj(A™1) = EA

THEOREM 12: If A is non-singular square matrix of order n, then 2djA| =
|A|n—1

Proof:

A(adj A) = (adj £)A = |A|l, => cet[A{adi A)| = det(£)det(auid) = det(|All,]

= |Alladj A| = \Al'1 = |adjA| =: |A!"

THEOREM 13: If A is iwci-singular square matrii of order n, then adj(adjA) =
|A|n ZA

Proof:

For any non-singular matrix B of order n. B(aj E) = (aq; B)B = (BII,

Put B = adjA = adjA(adj (adjA)) = |adjAll,

= adjA(adj (adjA)) = |A|" 11,

Pre-multiply by A on both sides,

= [A(adjA)](adj (adjA)) = A|AI", = |All,(adj (adjd)) = A|AIPA,
= adj (adjA) = |A|" 24

Replace A by AA = adj (AA) = |AA|(AA) ™! = A"4| %A‘l =144 =

A" tadj(A)
THEOREM 15: If A is non-singular square matrix of order n, then |adj(adjA)| =
|A|(n—1)2

Proof:

W.K.T, adj (adjA) = |A|" 24

= |adj (adjA)| = [|A["2A] = (JA]"2)™MA] =

|A|™ 22n+1 _ |A|(n 1)?

THEOREM 16: If A is non-singular square matrix of order n, then(adjA)T =

adj(A")

Proof:

W.KT, A"l = i(adj A)

Replace A by AT = (A1 = = (Cldj (4"h)

= adj (A7) = | 4 I(A‘) 1= (|4]1A )T = \adlA)‘

‘THEOREM 17: If A and B are: any two non-smgular mairices of order n, then
aq;(AB) = (adyB)(2diA)

Proof:

W.K.T, adj 4 = |11|A_1
Reolace A by AB = adj (AB) = AB (AB)™! =
= (IB|B~H)(JA]A™") = (adjB)(adjA)

| 4||BIA 11

THEOREM 14: If A is non-singular square matrix of order n, then adj(AA) =
A" ladj(A)

Proof:

W.K.T,(adjA) ! = ﬁA = adj A = |A|A™?

EXERCISE 1.1

1.Find the adjoint of the following matrices.
(i) [—3 4]

6 2 3 4 2 4
LetA=[6 2]=>ad]A=[_6 _3]

2 3 1
(i3 4 1

3 LG
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2 (WL
letA=1|3 4 1
3 7 2

‘;;i ‘1‘ 8—7 7-6 3—4 1 1 -1

3 5 o 3= adjA=|3-6 3-2(=[-3 1 1

18 4 21-12 9-14 8-9 9 -5 —1
(2 2 1

(iz]-2 1 2 adj(A4) = 7" tadj(A)
1 -2 2

Ll 2 1
2 2 1 2
-2 1 2 2
1 -2 2 !

= adj A= G)

TR

2. Find the inverse: ol the following,

o[y 5l
Let A = [‘12 _43] 14 =|‘12
=3

_1_i . | _1_1
A —lAlad]A—:nl —2[

—2-4 4-1
4-1 —2-— 4
244 2+4

-1
5 1 1
(ii)[1 5 1}
1 1 5
5 1 1
letA=]|1 5 1]
1 1 5
1
|A| = 5
1 1 5
=120—4—-4
=112+ 0

1=525-1)-1(-1)+1(1-5)

> 11 9 25-1 1-5 —4 —4
1 i é %=> adjA=|1-5 25-1 ] [4 24 —4]
S0 & 1-5 1-5 25—1 —4 24
oL Lo — BT
A =mad]A=>A :E_4 24 —4 = s —1 6 -1
—4 —4 24 4% -1 6
2 3 1
(i) [3 4 1]
3 CTNG
2 3 1
letA=1|3 4 1]
3 7 2
273 1
Al=13 4 1|=28-7)-3(6-3)+121-12)=%2-9+9=2+0
2 7 2
¥ F<\* §--7 7--6 3-—4
Lf; %;ade 346 | 454 3—-2‘ [
NG~ 1 21--12 9—14 —5 A
1| 4.1
4‘1=iaa’j11:=>A‘1=g[—3 1 1
4] ;
AN TN e —1J |
[EXAMPLE 1.2]| rind the inverse of[
2 —1 3
|[EXAMPLE 1. 3| Findtheinverseof[—S 3 1]
—3 . 2.e48

cosa 0 sina
3.If F(a) = l 0 1 0 ],ShOW that [F(a)]™! = F(—a)
—sina 0 cosa
cos(—a) 0 sin(—a)
F(—a) = [ 0 1 0 }
—sin(—a) 0 cos(—a)
(.. cos(—a) = cosa )

" sin(—a) = —sina

cosa 0 —sina
0 1 0 - (1)

sina 0 cosa
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cosa 0 sina A_43_4x3x]_1_[10_y0
|F()|=| O 1 0 |=cosa(cosa)—0+sina (sina) XA=X]5 51T lox 56l Y25V 1T 0 y
—sina 0 cosa 2 . 22 27 4x 3x
= cos?a + sin*a =1 fetnd +ylz = 0, = 18 31 [Zx 5x] [
1 0 0 1 [22+4x+y 27 + 3x ]_[0 0
0 cosa sina 0_, 18+2x 31+5x+vy| o 0
10 welite cosa (1) 27 +3x=0=3x =27 =[x = 9]
—
cosa — 0 0-0 —sma cosa 0 —sina 224+4x+y=0=224+4(-9)+y=0=22-36+y=0=|y =14
adjF(a) = | 0—0  cos?a + sin’a ] l 0 ] A+ xA+yl, =0, = A2 — 94 + 141, = 0,
0+sina 0-0 cosa — sina 0 cosa pre-multiply by A~ on both sides, we get
goae™ ) TRg A=9L+1447 = 0, = 1447 =9, - A = A~ = 2[9], - 4]
[F(a)] ™ AT )lad]F(a)=>[F(a)] 2 NY 2 Y B &
_ sina 0 cosa A—lzi{ [1 0_[4 3}—1”9 0] [ ]}:1[5 _3]
cos 0 —tﬂna] 14 0 1 2 5 1400 9 141-2 4
[F@]™=| 0 1 0 1-(2) ]
sing 10" cosX 5IfA— 4 4 7|, provethat A7t = AT
From (1) & (2), [F(@)] "' =F(-a) N\ /N N\ | 4 | %1 —18 4]
4IfA=[_5 _32] show that A% — 34 — 71, = 0. HerceﬁndA'1 AT=—[1 4 é|—>(it)
_[5 HS Q1 25—3 15-6 ] [2 L43 7 4l
W 2l . 5;2 —3+4 |A|=($\ [—f‘(16—56)—1(16—i')+4(7—167] (~ |KAl = K"[A])
_3‘4__3[ ]_[ ] == [-576-9- 104] = 2-[-729) = 1
1 01 729
~7L, = =7 | [ ] 4 -5 1 4
3 122 9 215 —9) (=7 07 [0 0 7 4 47 T
. N _ : —— T
A =34-71, = |7 1] [ ]+[ ]:[ ~0, 11 g 4= adj(14) = A" Ladj(A)
2,4 Al _ K . -1 . 4 -8 4
A 3A 712_1—02 premul_tlplybyA onbot_hS|dels,weget - 16 +56 —32—4 7—16 ) 72 _36 —9
A=3lL =747 =0, =747 = A - 312=>A —[A—SIZ] adja=(3) |7-16 -32-4 16+56|=--[-9 -36 72
1{[5 3]_3[1 } {[5 ] [ ]} [2 3] —-32-4 1-64 -32-4 —-36 —63 —36
7U—1 -2 0 1 —2 o 37711 -5 J 8 —4 -1
[EXAMPLE 1.10]1f A = [ 7] find xandy such that A% + xA + yI, = 0,, 5L
Hence find 471 L .. 8 4 -1 8 41
a2 - [4 34 3 :[16+6 12+15]= 22 27] At=—adjA= AT ==01-1 -4 8|=;|1 4 8->
2 5112 5 8+10 6425 18 31 —4 -7 -4 4 7 4
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From (1) & (2), A= = AT

6.1t4 ="

|m5=4B

_34], verify that A(adjA) = (adjA)A = |A|L,
A| = 24— 20 = 4

-

adjA = [3 4]

A(adjA) = [
(adjA)A = [

From (1),(2) & (3), A(adjA) = (adjA)A =

4 0

8
I[EXAMPLE 1.1|If A = [_a

0 47 W
S o=l 4@
ol [ s ‘4] [o 4~ ®
|AlL,
—6\N2'
7  —4|, verify that A(adjA) = (cajA)A =
2 -4 3]

|Al =8(21 — 16 — (—6)(—18+ 8) + 2(24 — 14) = 40 — 60 + 20 = 0

1Al

|AB| = =77 +90 =13 ; adj(4B) = [_1513 3

(AB)™ = oadi(AB) = [ 18 2]~ ()
IBl=—-2+15=13;adj B = [2 _2 ;B‘1=madJB_E[—25 —31]
Al =15—14=1; adj A = [ _2]

A—1=—adJA— [5 _2]‘[5 _2]

srat =[5 3015 A=a0%2 nts

5l 5@

From (1) & (2), (AB)"! = B71A1

1 0 0] [0 0 0
|JAlI; =0[0 1 0|=|0 0 0|-(1)
o 0 1l 2 0 0
7 —4 —6 7
—4 3 2 —b_,
-6 2 8 —O
7 -4 —6 7
21—16 —8+18 24--141 75 16 107
adj A=|-8+18 24—4 —12+32 {10 20 20‘
24 —14 —12+32 56—36 10 20 20
'8 —6 2[5 10 10] [0 0 O
A(adjA)=|—-6 7 —4||10 20 20[{=]0 0 0|-(2)
|2 -4 31l10 20 201 lo o o
5 10 10][8 -6 271 [0 O 0
(adjA)A=110 20 20(|-6 7 —4|=[0 0 o|-(3)
10 20 20il2 -4 31 lo o o
From (1),(2) & (3), A(ad]A) = (ade)A |A|I5
70 A = [3 é] and B = [~ 2]ver|fythat(AB) 1= B1p-?
3 21-1 -3 _' —3+10 -9+4
AB= [, 5[5 2]_ —7 425 —21+10] [18 —11]

EXAMPLE1.9]1f A= [0 3| aneB={"% 73| verify ifiat (AB)! =
174 0 -1

B4
=N
3ifadjA=|-3 12 —7],firdA.
-2 v 2
|A— \/l_d—ad|(adA)J
\adiAl = 2024 —0) — (4)(—6 — 14) + 2(0 + 24) = 48 -- 80 + 48 = 16
\/|ad,/\;::\/_‘ 4
7 (2’ ‘24 127 24—0 0+8 28—24
72 2 l=adiadA)=[14+6 4+4 —6+14
A S 0+24 8—0 24—12
24 8 4
—|20 8 8
24 8 12
24 8 4 6 2 1
A=+—— ad](ad]A)— -120 8 8|=%|5 2 2
VI 24 8 12 6 2 3
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_ [ cos’x — sin’x —sinxcosx — sinxcosxl _ [COS 2x —sin Zx]
sinxcosx + sinxcosx cos’x — sin’x sin2x  cos2x

7 7 =7
|[EXAMPLE1.5|Find a matrixAifadj A = |-1 11 7]
11 5 7
0 -2 0
9.fadjA=]6 2 —6|findA™".
-3 0 6
1
Al=+4 adjA
VladjAl

ladjAl = 0(12 — 0) — (=2)(36 —18) + 0(0 + 6) =0+ 36+ 0 = 36

JladjA| =36 =6

12.Find the matrix A for which A [_51 _32] = [14 7]
5 2=l D=l sl oo

B=[_51 _32]=>|B|=—10+3=—7;aij=[_12 _53]

B—1=iadj13:>3—1=i[_12 _3]

w=A- P2l A0
=_%[_—7 1 _[ —2] "'A=[1 —2]

Jo -2 0
-1 _ — — M
A =+ —— Iad]A adjA = + - _63 (2) 66
=1 2 2
|[EXAMPLE 1.6|Ifa1) A _l 1 2] find A71,
Ad 2 2_1 1

l 7
10.Find adj(adjA) if adj A = [ 0 2 U
-1 0 1

e

(2) (1) (1’ (2) 206 0-0 0-21 [2 0 —=
o L1 9= adi@dA)=lo-0 1+1 0-0=0 2 0
- 0+2 5--0 2-01 lz 0 2
2. 0.0 2 —Z Y|
_ tan x T g-1 _ [COSZX —sInZx
11.4 = [I tanx 1 ]’ show that dyd [sin 2x  COS2x ]
_ —tanx
4" = [tanx 1 ]
|A| = 1+tan2x=seczx=coszx
A [ 1 —tanx
adjA = [tanx 1 ] . 1
AL S 1 —tanx] _ —tanx
BE0= IAIad]A - ltanx 1 ] €OS"*tan x 1 ]
:[ cos’x —Sinxcosx]
. ) Sinxcosx cos’x
v\ —tanx)[ cos“x —Sinxcosx
ATA™ = [tanx 1 Hsinxcosx cos’x ]

. 1
13. Given 4 = [2
AXB = C.

_01],B = [i " ]and C= [2 ;],find a matrix X such that

AXB =C
Pre multinlying by A~* and vost raultiplying by B™* =X = A‘lCB‘1 - (1)

. 0 1 _ ) 1
-~ = . dlA:: . 1_— rf 1=
Al = 0+2=2;ad; ~ jé],A IAIn,A 12 %]
=3 L2 = : ] — ATl = =
|IBl =3 +2 50,ad]BJ __1 3] A ad]A L 12 3] ,
c V—_ r l_ +
W= -2 1J| zjs 3 10L?+2 —2+2[1 3]
l ][1 J 1[4—2 4+6] [0 1v [U 1]
olg 0 31 10l 0 10 0 00
0 1 1 .
141fA=|1 0 1,showthatA'1=5(A2—31)
1 1 0

A|=0-100-1)+1(1-0)=1+1=2

011 0 0—1 1-0 1-0] [-1 1 1
1 (1) (1) %=>ade 1-0 0—1 1—0]=[1 1 1]
L T o 1-0 1-0 0-1 1 peelf
1 1 1
ATl = mad] A=-11 -1 1 ] - (1)
Lad® —1
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0O 1 1710 1 1] O+1+1 04+0+1 04140 2 1 1 cosf —sinf].
EXAMPLE 1.11(P h h l.
A2=1 o0 1‘1 0 1l=[0+0+1 1+0+1 1+0+0=[1 2 1] | prove that [28 )~ 275" |is orthogona
11 0 :% % (1): 01+ 10+ % 14040 1+1+40 1 1 2 A square matrix A is called orthogonal if |[AAT = ATA = I,
1,05 _1 B _ [cos® —sin6 T _[cosf sin6
2(‘4 31)_2 121 3[0 1 OD [sinQ cos @ =4 —sinf@ cos @
#aD 1 |1 % 2(} 00 0 1 11 " T_[cos@ —sin @ [cose sin 6
1 - 1] ~ lsin@ cos@ ll—sin® cos®
:E<[1 2 Lf+10 -3 OD=E[1 -1 1]"(2) A cos%6 + sin%6 sin9cos€—sin9c056'=[1 0]=I S
11 2 01 0 -3 11 -1 sin 8 cos 8 — sin 8 cos 8 sin?0 + cos?6 0 2
From (1) & (2), A" = E(AZ — 3D ATA = [ cosf sin 9] [cosH —sin @
15. Decrypt the received encoded message [2 —3],[20 4] with the encryption c_o.sslzneg+ fi(;lszg s Hsin 5%5028 Csinfcosg]l M 0
matrix [_2 _11] and the decryption matrix as its inverse, where the system of - |sin @ cos O — siTn 2] COTS 2] sin20 + cos?0 | - [0 ] =5~ (2)
code are described by the numbers 1-26 to the letters A-Z respectiveiy, and the From (1) &(2), 44" = A' A4 z Izlgencae A is orthogonal
numRereto a blank'space. [EXAMPLE 1.12|IfA=2|p -2 6]isorthogonal, find a, b and ¢ and hence
A=[2 -3],B=[20 4] 2 ¢ 3
Encoded matrix C= [_21 _1] == Deccded matrix = C7* AT [ )
X . g 171, ~ 1 A sauare matrix A is called crthogonal if [AA™ = AT4 = I,
[T+ 2=1 o= I —2 —1]' Y mad]c [ 1] 6 =3 4 6 b7 NN
Received message= (AC~ 1)(BC D) l _2 6= A =1|=3 2 c|
- 1 1 1 1 2 . <:J ’ 3
e o [ e 4 [ 2) Fvhipg AR
=[2+6 2+3][20—8 20—4]="'8 Ej[12 16] = HELP AT -1 = -7 el 3 g
( = In alphabetical order, 8=H, 5=E, 12=L, 16=P ) 12 ¢ 3J 7[ a 3J lo 0 1
, - - : 2 9 36 +9 + a” 6b+6+6a 12 -3¢+ 3a 1 0 0
EXAMPLE 1. 8| Verify the property (A7)™! = (4™ )T with 4 =
| | Verify the property (4)™* = (479 17 6b+6+6a b2+4+36 2b—2c+18|=[0 1 o]
AT:[Z 1]-|AT| 14 — 9—5ad](AT)—[7 —1] 12—3c+3a 2b—2c+18 4+c¢2+9 1 1o 0 1
2 7 _—_— a? + 45 6a+6b+6 3a—3c+12] [49 0 0
(AH™ = |T|adJ(AT)— [ ]—>(1) 6a+6b+6  b2+40  2b—2c+18[=|0 49 0
7 _9 _ 7 — 3a—3c+12 2b—2c+18 c?+13 0 0 49
|A|=14—9=5;ad]A=[_1 ]A [ ]

@y =2’ J]-@
From (1) & (2 (AT) L=AHT
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(A’ +45=49 = a’ =4 = qa=+2)
b2 +40=49 = b>=9= b =43
—]c*+13=49=>c?=36=c=16\ [g=2p=_3c=
6a+6b+6=0=>a+b=-1

3a—3c+12=0=>a—-—c=—4
\ 2b—2c+18=0=b—c=-9 /

6 -3 2
Since A is orthogonal, A7t = AT = 47! = 2l-3 -2 6]
2 6 3
RANK OF A MATRIX

+* Rank of a matrix in minor method: The rank of a matrix A is defined as the

order of a highest order non-vanishing minor of the matrix A. It is denoted

by p(A).

The rank of zcrc matriv is 0.

The rank of the identity matrix I, is n.

If a matrix contains at-lezst one non-zeic element then p(4) 22 1.

If Ais an m X 11 matrix then p(4) < mir{m, n}

A square matr x A order n is invertible & p(A) =1

If all the en-ries below the leading diagonal iare ;zero, use minor metkod for

finding the -ark.

» Rank of a mat ‘ix in row echelon form: The rank of o matrix in row ecaelon
form is the number of non-zero rows in ic.

** The rank of the non-zero matrix is equal to the number of non-zero rows in
a row-echelon form of the matrix.

+* Elementary matrix: An elementary matrix is defined as a matrix which is

obtained from an identity matrix by applying only one elementary

transformation.

J
0‘0

3

%

3

%

3

%

3

%

/7
0‘0

*

by applying elementary row operations is called Gauss-Jordan method.

% Steps in finding A~ by Gauss-Jordan method:

e Write matrix of the form [A|[,,]

e Apply elementary row operations and convert [A|L,] to [I,,|A~] and find
AL

RANK OF A MATRIX IN MINOR METHOD

EXERCISE 1.2
1.Find the rank of the following matrices by minor method:
O/ -
-1 2
Let A = [_21 _24] .Order of Ais 2 X 2.S0 p(4) < min{2,2} =2

Al =4—-4=0=p(4) <2
Since A contains at-least one non-Zero element, p(4) = 1.

% Gauss-Jordan Method: Transforming a non-singular matrix A to the form [,

-1 3
Gy 4 -7
3 —4
-1 3
letA=|4 —7|.Orderof Ais2 > 2.50 p(4) < min{3,2} — 2
3 —4
2 X 2 Minor:
|4 vi—7--17—5 0= pl) =2
I.. -2 -1 0 |
"”)13 -6 -3 1]
LetA:E :6‘ ] Jrder of Ais 2 X +.So p(A4) < min{2,4} = 2
£ X2 Mirors:
. 4 A -1] _ AN OT)_ _
s _el=6-6-05|y To|= 3+43=0;]; Jl=1 0=120
p(4) =
1 -2 3
(iv)[2 4 —6]
5 1 -1
1 -2 3
letA=|2 4 —6]|.OrderofAis3 x3.S0 p(4) <min{3,3} =3
5 1 -1

Al =1(—4+6)—(—2)(—2+30)+3(2—-20)=2+56—-54=4+0
~p(4) =3

0 1 2 1
(v)[0243]

08 L 0 2 a2 0 — 20 ]
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|[EXAMPLE 1.16/|Find the rank of the following matrices which are in row-

echelon form:
2 0 —7]

0 3 1
0 0 1
2 0 -7
0 3 1

0O 0 1
3 X 3 Minor:

2 0 =7
0 3 1
0 0 1

(i)

let A = .Order of Ais3 X 3.50 p(4) < min{3,3} =3

=2(3-0)—04+0=6%0.5 p(4) =3

0 1 2 1
letA=|0 2 4 3|.OrderofAis3 x4.So p(4) < min{3,4} =3
8 1 0 2
3 X 3 Minors:
0O 1 2 0 1 1
0 2 4/=0—-0+48(4—-4)=0;(0 2 3/]10-0+83B-2)=8=#0
8 1 0 8 1 2
~p(4) =3
3 2 5
|EXAMPLE1.15|[1 1 2]
3 3 6
3 2 5
let A=|1 1 2|.OrderofAis3 X 3.50 p(4) <min{3,3} =3
3 3 6
A =0 (* RpiK3)
~p(4) <3
2 X 2 Minor:
|3 2|=3—2=1¢0 Sop A ="
1 1 [ ' WY B R, ]
4 3 1 =21
|EXAMPLE1.15|[—3 1 -2 4J
6 7 =1 =z
4 3 1 -2
let A=|—-3 —1 —2 4 |.OrderofA ic3x4.S0 p(A) <min'3,4; =23
6 7 -1 2
3 X 3 Minors:
4 3 1 4 3 =2
-3 -1 -2(=0]1-3 -1 4|=0;
6 7 -1 6 7 2
4 1 =2 3 1 =2
-3 =2 4|=0|-1 -2 4|=0
6 -1 2 6 -1 2
Sop(4) <3
2 X 2 Minor:
4 3
|_3 _1|=—4+9=5¢0.Sop(A)=2

-2 2 -1
(ii) [ 0O 5 1 ]
0O 0 O
-2 2 -1
Let A = l 0 5

L |- Orderof Ais3 X 3. 55 p(4) <min{3,3] =3
L0 G 01

=0.Sop(A) <3

=—10—-0=—-10#0.5%p(4) =2

-9

0
0
0
0 -9
(2) . Order of Ais4 X 3.S0 p(A) < min{4,3} =3
0

0
0
0

o

3 X 3 Minor:
All the 3 X 3 minors are equal to zero. So p(A4) < 3
2 X 2 Minor:
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© Ol=12-0=12=0. 1oga™=1
0 2 ~19 =7 >|R, >R, +2R
Sop(A) =2 0 0 8| 4 3
RANK OF A MATRIX IN ROW REDUCTION METHOD 0 0 0

2.Find the rank of the following matrices by row reduction ( row-echelon )
method:

1 1 1 3
(i)[Z —134]

5 -1 7 11
1 1 1 3
let A=2 -1 3 4
5 -1 7 111
(1) 13 1 32 R, > R, — 2R,
0 —6 2 —41 37ROk
1 1 1 33
0 0 C O |
The equivalent matrix is in row-ecnelon rorm and the r.umber of non-zero rows is
2.S0p(A)=2 i By
1 2 -1
3 -1 2
Wy 2 3
1 -1 1
1 2 -1
_13 -1 2
Let A = 1 -2 3
1 -1 1
L2 —1g, >R, -3R,
0 =4 41 LR, —R
0 —3 2 4 4 1
1 2 -1

0 —7 5 |R3—=7R3—4R;
0 O 8 |Ry = 4R, — 3Ry
0O 0 -4

The equivalent matrix is in row-echelon form and the number of non-zero rows is
3.50p(A) =3

(iii)

3 -8 5 2
2 =5 14]

-1 2 3 -2
'3 -8 5 2]
letA=|2 -5 1 4
-1 2 3 =2
-1 2 3 =2
~ 2 _5 1 4 Rl_)p:‘
3 -8 5 2
_01 _21 3 —21p, > R, +2R,
! 5 14 4 Ra o Bat 3%
-1 2 3 =2
~l0 -1 7 0|R;->R. —2R,

lec 0 v -4
The equivale nt matrix is in row-echelon fcrnr and tha number of non-zero rows is

3.50p(A)=:3 A\ ] A
M 2 31

|[EXAMPLE 1.17/|Find the rank of the matrix lZ 1 4‘ by reducing it to a row -
3 05

echelon form.

1 2 3
letA=12 1 4]
3 0 5]
N(l) 23 32 R, > R, — 2R,
0 2 2R Rs-3R,
1 2N 3
~lo =3 —2|R; > Ry —2R,
0 0 0
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The equivalent matrix is in row-echelon form and the number of non-zero rows is [1 ik f ]
3 3
2. SOp(A)=2 € 0 _E 11 RZ—)RZ_ZR]_
. - 2 -2 4 3 o 3 R; - R; — 5R,4
|[EXAMPLE 1.18|Find the rank of the matrix |—=3 4 —2 —1|by reducing it 0 1 _ E
6 2 -1 7 "R, 3
to a row -echelon form. 1 3 3
2 =2 4 3 11 3
il 7 2k o1 2 |ro (-2,
6 2 -1 7 o AaEls
(2 -2 4 3 TS
~|-6 8 —4 -2|R,—- 2R, 1 0 —3 1
6 2 17 o 1 u (o Rimsk
~lo _2 ]Rz_’R2+3R1 0 0 215 R3—>R3—%R2
— 3R _ 15 3
0 8 —13 —2J ! < 2°
2 -2 4 3 10 —]
~10 2 8 7 R; - R; — 4K ~ (=2
o 0 -s5 -3l lo 1 21fs ()R
The equivalent matrix is in rovs-echelon torm and the riunmber of non-zero rows is 0 0 1 J .
3.50p(A)=3 N LA |f1 0 Oj Ry >Ry —2Rs
GAUSS-JORDAN METHOD FCR FINDING INVERSE OF THE MATRIX ~10o 1.0 J ~ 11
3 1 4] o o URe—=R,——R;
[EXAMPLE 1.19|St ow that the matrix |2 0 —1lisnon-singular and reauce it 3.Find the inverse of eac! of the following by Gauss-lordan mett od:
5 2 11 ,
to the identity matrix by elementary row transformation. ( )lS ZJ
3 1 4 -111 0
[A]I;] =
letA=|2 0 -1 5 —20 1
2 1 ¢ ~ ~(1 732 O)Rr, 1R,
|A|=3(0+2)—1(2+5)+4(4—-0)=6—-7+16=15+0 5 —2l0 1
~ A'is non-singular. 1 X1 ¢
1 4 2| 2
3 1 4 1 - . Y R2 - R2 - 5R1
3 A\ e 1 1 5
2 O —1 ~ 2 0 _1 Rl —)gRl 0 E _E 1
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~(1 0:2 1)R1_>R1+1R2 i 1 0 _9_5 -2 0\p L p _2R,
= [1,]A7] 0 0 —-1l-5 2 1/73 °73 2
=5 2 ~(o1 of|14 -5 -3
1 -1 0 0 0 —il_s o 1 )R- Ri—3R
(i1t o =1 1 0 0]—44 16 9
6 —2 -3 ~(0 1 0/ 13 -5 —3>R3—>(—)R3
1 -1 01 0 0 00 15 —2 -1
[AlL]=1 0o —=1lo 1 o = [I;]A1]
6 —2 —=3l0 0 1 40 16 9
(1) 7ol 1 8 Ry = Ry = Ry A= 13 58
0 4 -3l- o 1/fs7 Re—06R 2ol ——=1 0 5
1 1 o1 00 |EXAMPLE1.20|Findtheinversccfthenon-singularmatri‘vi/l=[_1 6,by
~<0 1 —1l=1 1 0>R3—>R3—4R2 Gauss-Jordan method.
0 0 Ll-2 -4 1 (0 5|1 0
1 -1 01 0 0 A2l =\ o 1)
\ --1 5l 1
~10 1 0[—-3 -3 1 Rj;_R2+R3 —1 6]J 1)R SR
0 0 1'-—2 -4 1 \ 511 o/t
i 0 p=2. =3 4 S ATUES A
~(0 1 ?Jf--3 -3 1])R, » % +R, Lo 5|6 o‘) R =
0 0 tl-2 -4 1 1 -6|9 —% 1
—- =3 1 / 6 \
:>A‘1=[—3 -3 1] 1 oz 1
-2 -4 1 “lo 1t Ry = Ry + 6R,
1 2 3 5
(iii)[z 5 3] > -1 6 —5
1 0 8 — -1 -1 _ 5 =l —
12 311 0 0 147 = A7 Ry ol
AllL| = 5
“3]<f328$§’) Z 11
1 200@TT 0 0\, copd®® |[EXAMPLE 1.21|Find the inverseof A = |3 2 1‘,byGauss-Jordanmethod.
- _2|_ 2 7 Ry =4l 2 1 2
<8 _12 53_§ (1) (1))R3—>R3—R1 2 1 11 0 0
[AlL]=(3 2 1l0 1 0©
2 1 20 0 1
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L FR 1
~13 2 110 1 o ]R3k
2 1 200 0 1
1 % - % 0 0
~ 1 1 3 RZ_)R2_3R1
0 > —3=3 1 0 ]R3 > R;—2R;
00 11-1 0 1
1 % % % 0 0
~lo 1 —1|-3 2 0]R2"2R;
00 11-1 0 1
10 112 =10 )
~(o 1 -1|-3 2 0)R1—>R1—ER2
00 1l-1 0o 1
R TET
~ T A
00 1-1 0o 1 RZ:R21+R3

—1 0 11

~ U
Al=4+3=7; adjzA—l[_B )

—1__ _
A~ = ad]A _3 2

X =4 1B=[y]=;_3 A5 =350 =3 ) = L)
Solution: (x,y) = (2,—4)

|[EXAMPLE 1.22|Solve the following system of linear equations by matrix
inversion method: 5x + 2y = 3,3x + 2y =5

MATRIX INVER3iUN METHOD

EXERCISE 1.5

1.Solve the foIIowmg system of linear equaticns by matrix inversicn method.

(i)2x +5y=—-2,x +2y = -3

2 O[] =[5 =ax=B=x=4"8

Al=4-5=-1;adja=[? 7]

A7 __adA__[Z _25]_[1 _2]

x=ae= =7 S0=150
Solution: (x,y) = (—11,4)

|=[7]

(iii)2x+3y—z=9,x+y+z=93x—y—z=-1

2  35:CH1 9
1951 1||ly|=|9|=4X=B=X=A"1B
3 -1 -1 -1

Al =2(-1+1)-3(-1-3)-1(-1-3) =12+ 4 = 16
1 -1 3 1

(ii)2x —y =8,3x + 2y = =2
2 NH-[8]=ax=B=x=4a"B
5 S LI=15)]

AR, ] —~1+1l 1+3 3+171 0 4 4
5 - _2 (=adjA=[3+1 -2+3 -1-2|=]4 1 -3
{ =% A ~1-3 9+2 2-31 l-4 11 —1
- O 4 4
A= —adjA=i 4 1 -3
i—4 11 --1
X [0 4 9] [ 0+36-4 32
A=A_1E'==>(y =514 1 =3[9 l=1) 36+9+: =148
s 11 —adled Yl3e <o 41 64
- X "Z
y] = |3]| Solution: (x,y,z) = (2,3,4)
L7 4
(w)x+y+z—2—06x—4y+52—31—05x+2y+22—13
6 —4 5 31 = AX=B=X=A"'B
|A| 1— —10)—1(12—25)+1(12+20)——18+13+32—27
‘54 ;i ‘54 8-10 2—-2 5+471 [-18 0 9
> L, g —adA=|25-12 2-5 6-5 13 -3 1
4 0 4 12420 5-2 —-4-6 32 3 —10
Page 14
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—18 O 9
A1 =T ad]A =113 -
32 —10
—-36+0+ 117
X = AlB:>[] 26 —93+13
—10 64 + 93 — 130

e Solution: (x,y,z) = (3,—2,1)

IH

|EXAMPLE 1. 23] Solve the following system of linear equations by matrix

inversion method: 2x; + 3x, + 3x3 = 5,x; —2x, + x3 = —4,3x; — x, — 2x3 =
” [—4]:>AX=B:>X=A‘1B
—1 -2 L 31

|A|—2(4+1)—3( 2= 3) +3—1+6) =10 + 15 + 15 = 40

P 441 -3+6 3461 15 3 97
L oas 1=>ade::[3+2 —4-5 3-2]=l5 —12 1
LA I i—1+6 942 —-4-31 |5 11 -7

5 3 9
A1 lAlad]A—ElS -13 1

4 0 O
=lo 4 o]=413
0 0 4
1 1 2][-5 1 3 4 0 O
BA=1|3 2 1] 7 1 —5]=[0 4 0]=4I3
2 1 3111 -1 1 0 0 4
AB:BA=4I3=>B‘1=%A—>(1)
1 1 2|x 1
3 2 1 H= 7|l = BX=C= X =B"C > (2)
2 1 31tz 12
-5 1 3
From(1)=>B_1=§A=i 7 1 -
[ 1 —1
(X . —-5+7+6
From ( = _1C=>y==z 7 1 —5”] I71—7—10
O+ Lz l1-7+2
1|°‘| % o
1{ 4 J = | So'ution: {x,y,z) = (2,1,—1)
11 || ||
4 4 4 '|'1 -1 1
|EXA"’|PLL [7 | 3]andB=|1 —2 =21, find the
5 -3 -1 2 1 3

oraducts AB and BA an< hence sclve the s/stam of equation; x --y +z = 4,x —
2y —2z=9,2x+v+3z=1

5 11 -7
X . 91151 _|15—«12+2 40 |
X—A-lB=>M—E —13 J —4 25+52+3 =~ 80
-7 3 25 44 - 21 —40
[] [ ‘ Solution : (x,y,z) = (1,2,—-1)
3 1 1 2
2.IfA = 1 —5land B =|3 2 1|, findthe products AB and BA and
1 -1 1 2 1 3
hence solve the system of equationsx +y +2z=1,3x+2y+z=7,2x+y +
3z =2
371 1 2 -5+3+6 -5+2+3 —-10+1+9
AB = =513 2 1|=|7+3-10 7+2-5 14+1-15
1112 1 3

l==3CF 2 1—2+1 2—1+3

3. Amanis appointed in a job with a monthly salary of certain amount and a fixed
amount of annual increment. If his salary was Rs.19800 per month at the end of
the first month after 3 years of service and Rs.23400 per month at the end of the
first month after 9 years of service, find his starting salary and his annual
increment. ( Use matrix inversion method )

Let his starting salary be x and the annual increment be y.

From the given data, x + 3y = 19800 — (1) ;x + 9y = 23400 — (2)

1 37[*7 _ 119800 _ S0y

1 516 = 23400 =>AX9_B?X_A B
[Al=9-3=6;adjA=|" |
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AT = a4 = [ ’ _3]
9 3] 19800] _1
—1 111234001 T

| _1 178200 — 702007 _ 17108000
See B = [y] = 6[ ~19800 + 23400/ ~ sl 3600
[x] _ [18000
y 600
Solution: His starting salary = Rs.18000 ; Annual increment = Rs.600

4. 4 men and 4 women can finish a piece of work jointly in 3 days while 2 men and
5 women can finish the same work jointly in 4 days. Find the time taken by one
man alone and that of one woman alone to finish the same work by using matrix
inversion method.

Let the number of days taken by a man and woman be a and y respectively.

Work finished by a man in one day = i

Work finished by 3 woman in une day = %
From the given deta,i+i=: ;-7'-,-|-5=l
x y " I
1 1
Let—-=a,-=
X y
§+§=§:>4a--4b—5=>ua+17bz1—><ﬁ1)
_+S:i=>2a--5b—1=>8a+20b=1"(2)
12 12”b] [[|=ax=B=x=4"8
|A| = 240-96 = 144 ;adj A= [2) 7]
Y 20 —12
AT |A|ad]A 144[ 12]
1
a1 a 20 —-12111 1 [20—-12 18
X=4 B:[b] 144[ ”] 144 8+12] 144[4] 1
36
L
a 1 1
o] =[2] = x=2= 101y =236
36

Solution: A man can finish the work in 18 days and a woman can finish the work in
36 days.

5. The prices of three commodities A, B and C are Rs.x, y and z per units
respectively. A person P purchases 4 units of B and sells 2 units of A and 5 units of
C. Person Q purchase 2 unit of C and sells 3 units of A and one unit of B. Person R
purchases one unit of A and sells 3 unit of B and one unit of C. In the process P, Q
and R earn Rs.15000, Rs.1000 and Rs.4000 respectively. Find the prices per unit of
A, B and C. ( Use matrix inversion method )

Let the prices of one unit of A, B and C are Rs. x, y and z respectively.

From the given data,

2x —4y + 5z = 15000 - (1)

3x+y—2z=1000 - (1)

—x + 3y +2z=4000 - (1)

15000

1000] —AX=B=X=A"'B

4000

Al =2(1+6)—(—4)(3—-2)+5(¢+1)=14+4+50=168

, _54 , 1--6 1544 2—5 7 19 3
'3 AT S =adjA=12--3 245 15+4|=|-1 7 19
LR 9--1 4—6A 2--12 10 -2 14
L ] —_ 1
_ 7 19 3
-1 _ > v AN
A —lAlaa]A 68{1
10 --2
.’C‘l /'7 \0()U|
X=A‘lB=>{y =6—‘8 1000
Z —2 14 4000
1000 }15}
_K_l 1
110 —2 1411 4
1000 [105 + 19+ 12]
=¥ —154+7+76
| 150 — 2 + 56 .
1000_136]
=? 68
204
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y|=11000 A 2z A -22 A 22
3000 Solution : (x, y, ) = (2 3 4)
Solution: The price of one unit of A, B and C are Rs.2000, 1000 and 3000 (w)_ A — + + 1 2= 0 2a@S% 190
respectively. Lot 71 S y 2
CRAMER’S RULE T Ay =0,
EXERCISE 1.4 :,~3a—4b—20— 1->(1),a+2b+c=2-(2),2a—5b—4c=-1-(3)

1. Solve the following systems of linear equations by Cramer’s rule:
())5x—2y+16=0,x+3y—7=0

_15 =2 _ _ _ |16 =21 _ L ¢
A= | 3|_15+2_17 A= | - 3|_ 48 + 14 = —34
=2 T20|=35+16=51 @ x=2="op y=-_3
AT 17 17

Solution: (x,y) = (=2.3) m

AR — 20 24— 1

(u)lx+2y—12,x-Lu, 13
Let;za,y=b:=>3a+2b=12‘;2ai—3b—13

13 2| _q_4._ 12 2]
A= 2 312_9 4:=5 Ba= 15 5, =36-26=10
Ay=A2 13=39--4Lr=15 ) |
a:—a:E:Zﬁx:lﬁx:l : b.':—l-=4>-E::3$'y=3

A 5 a 2 A 3

oy — (X
Solution: (x,y) \2,3)

3 —4 -2

A=[1 2 =3(—8+5) = (—4)(—4—2) —2(-5—4) = -9 — 24 + 18 = —15
2 -5 —4
1 -4 -2

Ag=1| 2 2 =1(—8+5) - (—-4)(-8+1)—-2(-10+2) =-3-28+16 = —15
—1 -5 —4
3 1 =2

Ap=11 2 =3(-8+1)—1(—-4-2)—-2(-1-4)=-21+6+10=-5
206810 —4
|3 -4 1

Ae=11 2 2|=3(-2+10)—(—4)(-1—4)+1(-5—-4)=24—-20—-9 = —5
o —5 -1

1 :A—:_lgzlﬁx::izl
b5 _1 !

p="t 2=y =2=3
a8 i 'y

C——C— ::—ﬁz:—::g

A _1f c
Soivtion: (0,y,z) = (3,53,

w

|_EAAMI‘LE 1.25,5aive by Ciramer’s rule, the _,y:,tem Ul equalionNs X; — X, =

(iii)3x+3y—z=11,2x—y+22=9,4x+ 3y + 2z =25

3 3 -1
A=12 -1 2|[=3(-2-6)-3(4-8)—-1(6+4)=-24+12-10=-22
4 3 2
11 3 -1
Ay=19 -1 2|=11(-2-6)—-3(18-50) —1(27 + 25) = —88 4+ 96 — 52 = —44
25 3 2
3 11 -1
A,=12 9 2|=3(18-50)—11(4—-8)—-1(50—-36) = -96 + 44 — 14 = —66
4 25 2
3 3 11
A,=12 -1 9|=3(-25-27)—-3(50—-36)+11(6+4) = —156 — 42 + 110 = —88
4 3 25

3,2x1 +3x, +4x3 = 17,x, + 2x3 =7

1 -1 0

A=12 3 4|=16-4)-(-1)@-0+0=2+4=6
0O 1 2
3 -1 0

A=117 3 4|=3(6—-4)—-(-1)(34-28)+0=6+6=12
7 1 2
1 3 0

A,=12 17 4[=13B4-28)-34-0)+0=6—-12=-6
0o 7 2
1 -1 3

A;=12 3 17|=121-17)—-(-1)(14-0)+3(2-0)=4+14+6 =24
01 7
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A 12 . _ Ay -6 y _ Ay 24
MERT T = s E ===

Solution : (x4, x5, x3) = (2,—1,4)

2. In a competitive examination, one mark is awarded for every correct answer
o1 :
while " mark is deducted for every wrong answer. A student answered 100

questions and get 80 marks. How many questions did he answer correctly? (Use
Cramer’s rule)

Let the number questions answered correctly be x and y be the number of
questions answered wrong.

Fromthegivendata,x+y=100—>(1);x—iy=80=>4x—y=320—>(2)
N S O I R
A_|4 —1|_ 1-4=-5

1000 1| _  4nmaon —
A= 132(1)00_1| 100 — 320 = —420
Ay=|, 350| =320 - 400 = ;80
x:A—xz—_420=84- ; y:.—:’:_ﬂzlt;
A -5 o -5
Solution:

The number ques:ions ainswered correctlv— 24
The number ques:ions answered wroig:= 16

A 25
Solution:
6 litres of solution containing 50% acid and 4 litres of solution containing 25%

acid must be mixed to make 40% acid solution.

A —100
=Y =" = 4
y A —25

3. A chemist has cne solution which is 50% acic ard ar.other solution which is
25% acid. How much each should be nixed to make 10 iitres of 4% acia
solution? (Use Cramer’s rule )
Let x and y be the amount of solution containing 50% and 25% acid respectively.
From the given data,
x+y=10- (1)
50% of x +25% of y = 40% of 10 = —~x + —y = =10
= 50x + 25y =400 - (2)
A= |510 215| = 25-50 = —25

10 1

A= |400 Jc| = 250 — 400 = ~150

1 100] _ 4o ea -
Ay=|co a0l = 400500 = —100

4. A fish tank can be filled in 10 minutes using both pumps A and B simultaneously.
However, pump B can pump water in or out at the same rate. If pump B is
inadvertently run in reverse, then the tank will be filled in 30 minutes. How long
would it take each pump to fill the tank by itself? (Use Cramer’s rule )

Let xand y be the time taken by pumps A and B respectively.

Amount of water filled by pump A in one minute=

Amount of water filled by pump B in one minute=

- LI S SOOI S B
From the given data, < + Z\2 600 > (1); sy i - (2)

LSLIRPR |+

Letl—n.,i=b
X v

1 =a+bh===10a+10h =1 > (3)

(2):a—b=%;>30a—301;= 1> (4
Solving (3) & (4) ,

10 1) Lo L

8= lan 300 = 300 — 300 =: —€00
R U\ NP \ous )

A= |110 _130|— 30 — 10 =—4u

Ab:A30 1 =10—30=:20

a=_a=;4'0:i ; :—b:_—zozi =>x:l=15’y:l:30
A —-600 15 A —-600 30 a b

Solution:

Time taken by pump A= 15 minutes ; Time taken by pump B= 30 minutes

5.A family of 3 people went out for dinner in a restaurant. The cost of two dosai,
three idlies and two vadais is Rs. 150. The cost of two dosai, two idlies and four
vadais is Rs. 200. The cost of five dosai, four idlies and two vadais is Rs. 250. The
family has Rs. 350 in hand and they ate 3 dosai and six idlies and six vadais. Will
they be able to manage to pay the bill within the amount they had? (Use Cramer’s
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rule)
Let Rs.x, y and z be the cost of | dosai, 1 idly and | vadai respectively.
From the given data,

2x +3y+2z=150- (1)

2x +2y+4z=200+-2=>x+y+2z=100- (2)

5x + 4y + 2z =250 - (3)

2 3 2
1 1 2

5 4 2
150 3 2

100 1 2

250 4 2

= —900 + 900 + 300 = 300

2 150 2

1 100 2

5 250 2

= —600+ 1200 — 500 = 100

2 3 150

1 1 100‘ =: 2(250 — 400) — 3(259 — 500) + 150(4 -5

5 4 250

—300 4+ 750 — 150 = 300

x=A_x=ﬂ=3‘) ’y=‘-‘_y:ﬂ:10 ,Z:::ﬂ =30
A 10 A 10 A 10

The cost of 3 doszi, 1> idlies and 6 vadais = 3x + 6y + 6z

= 3(30) + 6(10) + 6(30) =90 + 60 + 130 == 330 < 350
Hence they can manage to pay the bill.

A= =2(2-8)—-3(2-10)+2(4 -5 =-124+24-2=10

A= = 150(2 — 8) — 3(200 — 500) + 2(400 — 250)

A= = 2(?200 — 500) — 150(2 — 10) + 2(250 — 500)

A,=

|[EXAMPLE 1.26/| In a T20 match, Chennai Super Kings needed just 6 runs to win
with 1 ball left to go in the last over. The last ball was bowled and the batsman at
the crease hit it high up. The ball travelled along the path in a vertical plane and
the equation of the path is y = ax? + bx + ¢ with respect to a xy-coordinate
ystem in the vertical plane and the ball travelled through the points
(10,8),(20,16),
(40,22), can you conclude that, Chennai Super Kings won the match ? Justify your
answer. ( All the distances are measured in metres and the meeting point of the
plane of the path with the farthest boundary line is (70,0).)

y=ax*+bx+c

(10,8) = 100a + 10b+ ¢ = 8 - (1)
(20,16) = 400a + 20b + ¢ = 16 - (2)
(40,22) = 1600a + 40b + c = 22 - (3)

100 10 1 1 1 1
A= 400 20 1|=100x10(4 2 1
1600 40 1 16 4 1
=1000[{1(2—4)—1(4—16) + 1(16 — 32)] = 1000[—2 + 12 — 16] = —6000
8 10 1 4 1 1
Ag=116 20 1|=2x10|8 2 1|=20[4(2—-4)—-1(8-11)+1(32 —22)]
22 40 1 11 4 1
= 20[-8 + 3 + 10] = 100
100 8 1 1 4 1
A,=1400 16 1|=100x2|4 8 1
1600 22 1 16 11 1
=200[{1(8 —11) —4(4 — 16) + 1744 — 128)] = 200[—3 + 48 — R4] = —7800
100 10 8 1 1 4
A.=1400 20 16| =100x10x2(1+ 2 8
11600 40 22 16 4 11!
= 2000[1(22 — 22) — 1(44 — 128) + «(16 — 32)] = 2000[—10 + 34 — 64] = 20000
3= A—a = 100 — —i * l] =% A—b — _—78% = 13 M —_— = 20000 = —-2
¢ A —6000 60 ' A —6020 101: A —6000 3
= The equation ci the path is y =: —;sz + j—:x ——
Sub.x =70 wegety = ——=(7()2 4+ —(70) -2 = -2 422 _2—¢
50 10 3 60 ‘0 3

=The bgll wert 6 m kigh over the bcundery line ard it is imposcible for a fielder
to catch tne ball. iicnce the Lall weint for six and the Chiciinai Super Kings won the
match.

GAUSSIAN ELIMINATION METHOD
EXERCISE 1.5

1.Solve the following systems of linear equations by Gaussian elimination method:
()2x—2y+3z=2,x+2y—2z=33x—-y+2z=1

2 =2 32
[A|B] = (1 2 -1 3)
1

3 -1 2
1 2 -1)3

~l2 =2 3|2|RieR,
3 -1 211
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(1) 26 _51 34 Ry > Ry = 2Ry
0 —7 5|-g/fs7Rs 3
1 2 =ep3
~<0 46" 5 —4>R3—>6R3—7R2
0 0 -5/-20

=x+2y—2z=3->(1); -6y+5z2=—-4->(2); -5z=-20=>2z=4
Putz=4in(2) = —-6y+54)=—-4= —-6y+20=—4

= —6y=-24=y=4
Puty =16,z=4in(1) = x+2(4)—4=3=x+8—-4=3=x=-1
Solution: (x,y,2z) = (—1,4,4)

(ii))2x+4y+6z=22,3x+8y+5z2=27,—x+y+2z=2
2x+4y+6z=22,+2=>x+2y+3z=11

1 2 3111\
[A|B]=<3 8 5271

1 1 zl2/

(1) g 34 116)122 1 Rl ~3%,
0 3 5liz) Rt
1 2 3111\

~lo 2 -4 —6)R3—>2R3—3R2
0 0 22144

= x+2y+3z==11->(1);2y—4z=—6 - (2):22z =44 => 7z ="
Putz=2in(2)=2y—-4Q2)=—-6 =2y =-6}8=2yv=2=-5y=1
Puty=1,z=2in(1)=>x+2(1)+32)=11=x+8=11=x=3
Solution: (x,y,z) = (3,1,2)

|[EXAMPLE 1.27|Solve the following systems of linear equations by Gaussian
elimination method: 4x + 3y + 6z =25,x+54+7z2=13,2x+9y+z=1

2. If ax? + bx + cis divided by x + 3,x — 5 and x — 1 the remainders are 21, 61
and 9 respectively. Find a, b and c. ( Use Gaussian elimination method )

Let p(x) = ax? + bx + ¢
p(=3)=21==a(-3)2+b(-3)+c=21=9a—-3b+c=21- (1)
p(5) =61 ==a(5)>+b(5) +c=61= 25a+5b+c=61-(2)
p()=9==a(1)?+b(D)+c=9=a+b+c=9- (3)

9 -3 121
[A|B]=<25 5 161)
1 1 1l9
1 1 19
~<25 5 161>R1<—>R3
y P,
~<0 —20 —24 —164>% D e
0 -12 -8l-60/ > 2 71
(1 1 1 9)R2"(_i)R2
~l0 5 6|41 3
0 3 2I-15 R3—>(—Z)R3
11 1]09
~(0 5 6 41)1%—»51!23—31?2
0 0 -8l-48

=a+b+c=9->(1);5b+6c=41->(2);-8c=-48=>c=6
Puiic=6n(2)—=5b+6(6)=41 =5b=41-36=>5p:=5=>b=1
Putb=1,c=060in(l)=>a+1+6=9=a+7=9=a=2

| Solution: (a,b,c) = (2,1,6)

3. An amount of Rs.65,000 j; invested in three bands at the rates of 6%, 8% and
10% per annuin respectively. The total arnual incorae is Rs..5,00). The income
rrom the thitd 201d is Rs 800 mo e tkan tnat from the secord bond. Determine
tie price o eaci» bond ( Use Gaussian elimination mathaod )

Let the price of three bond be x, y and z respectively.

From the given data,

x+y+z=65000- (1)

Total annual income = Rs.5,000= 6% of x + 8% of y + 10% of z = 5000

= 2 x4+ y4+-27=5000 = 6x + 8y + 10z = 500000
100 100 100

=+ 2,3x + 4y + 5z = 250000 - (2)
Income from third bond = income from second bond + Rs.800
= 10% of z = 8% of y + 800 = —z = —1y + 800

100 100
10 __ 8y+80000

— 10z = 8y + 80000 = —8y + 10z = 80000
100 100

=+ 2,—4y + 5z = 40000 - (3)
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1 65000 36 —6 1| 8
[A|B]=<3 4 250000) ~(o —6 4—58) Rs > Rs + R,
0 —4 5|40000 0 0 5I-50
1 1]65000 = 36a—6b+c=8- (1);—6b+4c=—-58— (2);5¢c =50 = c = —10
~< 1 255000>Rz—>Rz—3R1 Putc = —10in (2) = —6b + 4(—10) = —58 = —6b — 40 = —58
0 —4 5l40000 — —6b=-58+40 = —6b=—-18 = b = 3
N((l) i ; ggggg)RgﬁRﬁMZ Puth=3,c=—-10in(1) = 36a—6(3) —10 = 8 = 36a — 18 — 10 = 8
A N —360=8+28=36a=36=a=1

=x+y+2z=65000-(1);y+ 2z =>55000- (2);

13z = 260000 = z = 20000

Put z = 20000 in (2) = y + 2(20000) = 55000 = y = 55000 — 40000 =
y = 15000

Put y = 15000,z = 20000 in (1) = x + 15000 + 20000 = 65022

= x + 35000 = 65000 = x = 30000

Solution:

The price of 6%, £% and 10% cre Rs. 3(‘000 Rs.15000 arid Rs.20C00 resperciivelv.

4. A boy is walking along the pc.th y =ax?+ b.: + c through the
points(—6,8), (—2, —1z2), (3,8). He wants to mzet his “riend atP(7,6()). Will he
meet his friend? ( Us2 waussian ellmmatlo imeihod )
y =ax"+bx +c

(-6,8) >8=a'—6)2+b(=6)+c=1360- 60+c =98> (1)
(=2,-12) = —12:=a(-2)?+b(-2)+c=>%a--2b+c=—-12 - ()
(38)=8=a(3)?+b(3)+c=9a+3b+c=8-(3)

36 -6 1| 8
[A|B] = ( 4 -2 1 —12)

8

9 3 1

36 -6 1| 8
~<0 ~12 8—116)R2_)9R2_R1
0 18 3l 24 )BT~ R
36 =6 1| 8 \R, > (3)R,
~l 0 —6 4|-58 3
0 6 1l 8 R3—>(5)R3

Solution: (a,b,¢) = (1,3,—10) = |y = x? + 3x — 10
Putx =7=vy=(7)2+3(7)—10=49+21-10=60 = y = 60

The point P(7,60) satisfies the equation y = x? + 3x — 10, hence the boy will
meet friend at P(7,60).

|[EXAMPLE 1.28| The upward speed v(t) a rocket at time t is approximated by
v(t) = at?+ bt +¢,0 <t <100 where a, b and c are consiaiii. It has been
found that the speed at times t =: 3,1 = 6 and t = 9 seconds are respectively 64,
133 2nd 208 milzs per cecend respectively. rind the speed a: time t=15 seconds.

_ (Use Gaussian elimination method )

RANK METHGOD -- NON-HOMOGEMEGUS LINEAR ZQUATIONS

s ¥ 0(4) = p({A|B]) = 3, then the systein of ejuations is consistent and has
unigue solution.

2 y(4L) = pTAlB), = 2, then the system 7 equations is consistent and has
inrinitely many soluuions.( Put z=k ana Tind X, y )

s If p(A) = p(JA|B]) = 1, then the system of equations is consistent and has
infinitely many solutions.( Put y=s and z=t and find x )

% If p(A) # p([A|B]), then the system of equations is inconsistent and has no
solution.

EXERCISE 1.6
1.Test for consistency and if possible, solve the following systems of equations by
rank method:
(i)x—y+22—2 2x+y+4z— 7,4x—y+z=4
—1 2
AX =B =

—11
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1 -1 2)2 1 -3 2|1
Augmented matrix [A|B] =2 1 4|7 ~(0 10 —5|-1)R; » R; —2R,

4 -1 1l4 0 0 010
1 -1 2|2 R, > R, — 2R, The last equivalent matrix is in echelon form.

~(0 3 0 R; = Ry — 4R, p([A|B]) = 2 = p(A) = The system of equations is consistent and has unique
01 31 —27 —é solution

B 1 -3 2\ 1

~{0 3 03 JRs>R3—R, AX =B = (o 10 —5) <y> = (—1)

0 0 -=7I-7 0o 0 o0/\z 0

The last equivalent matrix is in echelon form.

p([A|B]) = 3 = p(A) = The system of equations is consistent and has unique
solution

1 -1 2\ % 2
AX=B=><O 3 0\(31):(3)
0 0 -7/ \-7

xX—v4+z2z=2-(1)
= 3y=3=y=1
—7o==7T=2z:=1
Puty=1,z=1in(1)=>x-1+2=2=x=1
Solution: (x,y,2) = (1,1,1)

|[EXAMPLE 1. 29|Te st for consistency o7 the foHo Ning systems of eqJations and if |
possible solve:x + 27—z =3,3x—742z=1,x—2y--3z=3,x—y+z+
1=0

(ii)3x+y+z—2x—3y+22—1 7x—y+4z=5

AX =B = —3 2
~1 4
1|2
Augmented matrix [A|B] = (1 —3 N2 1)
7 —1 415
1 -3 2]1
~ (3 1 1 2) R, <R,
7 —1 4I5
(o 0 Zs|G)Ren R
020 —10l—2/f3 >R 7R
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=>x—3y+22=1—>(1)

10y —5z=—-1-(2)
Putz=tin(2)=>10y—5t=—1=>10y=5t—1=>y=1—10(5t—1)
Puty=i(5t—1)z=tin(1)—>,v,—31—10(5t—1)+2t—1

=>x—1—2t+3—(5t—1)—10—_20$1$=i(7—5t)

Saiution: (x,y, 2) —(—( 5t)—(5t—11,t) teR

[E)\AMPLL 1. 03! Test for consis:ency of the follow ng systems of equations and if
| possiclesolverdx — 2y + 6. =8x+y—37=-4,1Ix—3y+9z=21

(iii)2x +4v+z--bx-—3 +z=13x4y +2z=:4

-

3

AX =B =

1|5
Augmented matrix [A|B] = < -1 1 1)
3 214
1 —1 1]1
~<2 2 1 5) R, < R,
3 1 214
~ é ‘41 11; R, > R, — 2R,
0 4 —1l1/f7R3R
1 -1 1]1
~(0 4 -1 3)R3—>R3—R2
0O O 0I1-2

The last equivalent matrix is in echelon form.
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p([A|B]) = 3,p(A) = 2 = p([A|B]) # p(A), The system of equations is
inconsistent and has no solution

|[EXAMPLE 1.32|Test for consistency of the following systems of equations and if
possible solve:x —y+z=-92x—y+z=43x—y+z=64x—y+2z=7

(iv)Zx—y+z—2 6x—3y+32—6,4x—2y+22=4
-1 1
-3 3
-2 2

AX =B =

Augmented matrix [A|B] = (6 -3
4 =2
~<é 01 (2)>R2 ~ R, — 3R,
0 0 0 R; - R; — 2R,
The last equivalert matrix is in echelon form.
p([A|B]) = 1,p(A) = 1 = Tre system of eauations is consistent and has
infinitely many solutions.
2 -1 1\/ 2
AX=B:><0 0 u,\y)— ( )
0O 0 o/ 0
= 2x—y+z=2
Put y=and z=t in the above equation, 2x — s+ t =2 2= 2x=s -t + 2
=3 e %(s —t+ 2

S =N W
o AN
N—

Solution: (x,y,z) = G (s—t+2),s, t);s,t ER

|[EXAMPLE 1.31/|Test for consistency of the following systems of equation and if
possible solve:x —y +z = —-9,2x — 2y +2z2=-18,3x —3y+3z+ 27 =0

2.Find the value of k for which the equations kx — 2y +z=1,x — 2ky +z =
—2,x — 2y + kz = 1 have (i) no solution (ii) unique solution (iii) infinitely many
solution

AX =B = —2k 1

k -2 1
Augmented matrix [A|B] = < —2k 1|— )
-2 k
-2 k
( -2k 1|- > 1 © R;3
-2 1
(1)2_22k 1 k 3 Ro = Ry = Ry
0 2k—2 1-k2l1—k/Re 7 Rs—kR
1 -2 k 1
(0 20—k) 1-k -3 )R3—>R3+R2
0 2—k—k?l-k—-2
-2 k 1
(0 2(1—k) 1—k | -3 )
0 0 (k+2)1 -k I-(k+2)

(i) Whenk =1k =+ —-2,p[A|B]) =3,p(A) =1 = p([A|B]) # p(A), the
cvstem i equations is incor sistent and has no solution.

di)  Whenk 1, vk 2 =2,p([A|B]) = 2 = p(A). the system of equations is
consistent and has uniq e solution.

(iii) Whenk = =2 ks=1,c(JA B]) = 2 = n(A), the system of equations is
consistent and has infin tely mary solutions.

3..nvestigate: the 7alues of A and u the system of linear equetiors 2x + 3y + 5z =

AX =B =

G,7x +3v =5z =8,2x -- 3y + 1z =: u, have (1) ro zolution (ii) unique solution
Augmented matrix [A|B] = (7 3 =5
0 0 A-5lu—9

(iii) infinitely many solution
-

9
8>

2 3 Alu

3 315 525 _39 R, = 2R, — 7R,

- B R3 > R3; — Ry
(i) When A =5,u # 9,p([A|B]) = 3,p(A) = 2 = p([A|B]) # p(A), the
system of equations is inconsistent and has no solution.
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(i) When A = 5,u # 9, p([A|B]) = 3 = p(A), the system of equations is
consistent and has unique solution.

(iii) WhenA=5,u=29,p([A|B]) = 2 = p(A), the system of equations is
consistent and has infinitely many solutions.

|[EXAMPLE 1.34/|Investigate for what values of 1 and u the system of linear
equationsx +2y+z=7,x+y+ Az =pu,x + 3y — 5z = 5, have (i) no solution
(ii) unique solution (iii) infinitely many solution

AX =B =
2 117
Augmented matrix [A|B] = (1 1 A u)
1 3 =515
’1 2 117
3 -5 5) R, & R,
\1 ] AL
1

2
~01

\0 -1 2 - up. —Y

1 2 1 7

~<O 1 -6 —2 )R3 - R; +R-
0 0 A--7lp-09,

(i) When 2 =7,u #+ 9,p([A|R]D) = 5,p(A) = 2 = p(TAIB ) # p(A).
the system of equations is inconsistent and has no solution.

(i) When A = 7,u # 9, p([A|B]) = 3 = p(A), the system of equations is
consistent and has unique solution.

(iii) When A =7,u =9,p([A|B]) = 2 = p(A), the system of
equations is consistent and has infinitely many solutions.

l__ RZ_’»RZ_‘QI
-6 | - )F3 -> Rz — k4

1
Augmented matrix [A|B] = <1
3

1
~(0
0
1
~(0
0
1
~(0
0

Since given that the system have one parameter family of solutions,

1 1|a

2 3b>

5 7lc

1 %bfa R, > R, — Ry
> ale—3q)Rs = Rs 3Ry
1 1 a

1 2 b—a >R3—>R3—2R2
0 ol(c—3a)—2(b—a)
1 1 a

1 2| b—a )

0 Olc—2b—a

p([A|B]) = p(A) = 2. So the third row must be a zerorow.Soc —2b—a =0

=c=a+2b

RANK METHOD - HOMOGENEOUS LINEAR EQUATIONS

 If p(A) = pA|0)]) = 3, then the sysicm of equaiions is consistent
ana has trivial solution.ie., (x, y,~) = (0,0,0)
 If p(A) = p([A|0]) := 2 or 1 < n, then th2 system of equations is
consistent and has non-t-ivial solutions,
% If the system of equetions has non-trivial solution, c([A|0)]) < n, so
th= ceterminar t of the coeffizient matrix is 0.

|[EXAMPLE 1.33|Find the condition on a, b and c so that the following system of
linear equations has one parameter family of solutions: x + y+z =a,x + 2y +
3z=Db,3x+5y+7z=c

1 1 11px a
EELE:
3 5 71tz C

AX =B =

EXERCISE 1.7

1. Solve the foIIowmg system of homogenous equations:

(l)3x+2y+7z—04x—3y

22—05x+9y+232—0

3 2
AX=0= |4 =3 —2
5 9
Augmented matrix [4]|0] = <4 -3 —2 )
5 9 2310
<(3) 217 Ly 8) Ry = 3R — 4R
017 34 lo/Rs 73R SR
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3 2 7|0
~l0 —17 —34|0|R; > R; + R,
o o o0 lo

= p([A|B]) = 2 = p(A), the system of equations is consistent and has non-
trivial solution.

3x+2y+7z=0-(1
AX=0:>'<O -17 _34><y>=<0>: —x17 }:3422—0—_:((2))
0 0 0 VA 0 Y Kk

Putz=tin (2) = —-17y —34t=0=y = -2t
Puty = —2t,z=tin(1) > 3x+2(-2t)+7t=0=>3x=-3t=x=—t
Solution: (x,y,z) = (—t,—2t,t);t ER

|[EXAMPLE 1.36] Solve the system:x +3y —2z=0,2x —y + 4z =0,x —
11y +14z =0

1(ii)2x+3y—z—-6,x 3y—2z=03x+y+3z=0

2 3 2% [0
AX:0=>[1 1 —2‘ m = 0]
3 1 3]z o

/? 3 —=1]0
Augmented matrix [4]C] — \ 1 -1 -=2lo
3 1 3lg/
1 -1 -2/0
~<2 3 -1 0\ R, <> R,
31 30/
-~ (1) _51 Clo )Rz = Rx = 2Ry
0 4 o9lo/fs7 RT3k
1 -1 -=-2/0
~<0 5 3 o>1!23—>51123—41!e2
0 0 3310

= p([A|B]) = 3 = p(4), the system of equations is consistent and has trivial
solution. (x,y,z) = (0,0,0)

|[EXAMPLE 1.35/ Solve the system:x + 2y + 3z =0,3x + 4y + 4z = 0, 7x +
10y +12z =0

|[EXAMPLE 1.37] Solve the system:x +y —2z=0,2x — 3y +z = 0,3x —
7y + 10z = 0,6x — 9y + 10z = 0

2.Determine the values of A for which the following system of equations

a non- trivial solution

1 1 31p7 [0
AX=0=l4 3 2 !y =H
2 1 20zl o
1 1 30
Augmented matrix [A|0] = <4 3 A 0>
2 1 210
1 1 300
~(2 1 20>R2<—>R3
4 3 2lo
~((1) 5 _34 8)R2—>R2—2R1
0 —1 A—12lp/ R 7 R4

0 0 A-28lo/
'i)\Vhen 1 = 8 — p(4) = p([A]0)]) = 3, than the system of ecuations is
consistent and has tiiviai so ution. (x, y,z) = {,0,0)
(i)When 1 =8 = p(A) = p([4 0)]) = 7, then the system of equations is

x+y+3z2=0,4x+3y+1z=0,2x + y + 2z = 0 has (i) a unique solution (ii)

—— ——— — ——Y

equations (BA—5)x +3y+3z2=0,3x+ (34 —8)y +3z=0,3x + 3y +

(34 = 8)z = 0 has a non- trivial solution.

Here the number of unknowns is 3.

Since the system of equations has non-trivial solution, p([4|0)]) < 3, so the

determinant of the coefficient matrix is O.

31—38 3 3
3 3-8 3

3 3 31—8
31—2 34-2 31-2
3 3-8 3

=0

— =0 (Rl—)R1+R2+R3)

3 3 31 -8

|EXAMPLE 1. 28| Cctermine the values of A icr which the following system of
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1 1 1
= (31—2)|3 31-8 3 [=0
% 31 3/1—18
R, > R, — 3R
= (B31-2)|0 32-11 0 =0<R2:R2_3R1>
0 0 31— 11 3 3 1

Expanding through Cj,
11

=>(3/1—2)(3/1—11)2=0=>x=§,x:?

X1 X2 X3 X4
C H 0] C H 0] - C H 0] C H 0
2 6 0 0 0 2 0 2 1 1 0 2

|[EXAMPLE 1.40] If the system of equations px + by + cz = 0,ax + qy + cz =
0,ax + by + rz = 0 has a non-trivial solution and p # a,q # b,r # c, prove that
P q ro_
+— =2
p—a q—b r—c
Since the system of equations has non-trivial solution, p([4|0)]) < 3, so the
determinant of the coefficient matrix is 0.

p b c
a q c|=0
a b r .
P “ R, > R, — R
=la=p q-b & =0 (Riwi—Ri)
|

a—p 0 r—-c

p b c
=|-¢-a q-b 0 |=0
—(p—a) n r—c

Equating the number of atom of C on both sides withx,, x,, x5, x, , we get
2x; + 0x, = 0x3 + 1x, = 2x; + 0x, — 0x3 — 1x, = 0 - (2)

Equating the number of atom of H on both sides withx, x5, x3, x, , we get
6x, + 0x, = 2x3 + Ox, = 6x; + 0x, —2x3 —0x, =0
+2=3x; +0x, —x3 —0x, =0- (3)

Equating the number of atom of O on both sides withx;, x,, x3, x, , we get
Ox; + 2x, = 1x3 + 2x, = 0x; + 2x, — 1x3 — 2x, = 0 = (4)

2 0 0 -—-1/0
From (2), (3), (4) =Augmented matrix [4|0] = (3 0 -1 0 0)
0 2 -1 =20
2 0 0 -—-10
~<0 0o -2 3 0)~R2—>2R2—3R1
0 2 —1i =210/
2 0 & -—-1100
~<o 2 —1 2|0 )RZ o R,
o 0 -2 310,

p(A) = p(JA|0)]) = 3 < 4 the syste ns of earatiuns is. consistent and has infinite
solution.
2x, —1x, == 0->(5): 2xy, —x3 —2x, = 0> (6}, —2x53--3x, =0 - (7)

t

Putxéfcin(S)ﬂle—t:0:x1=5

Putx4=tin(7)=>—2x3+3x4=0=>—2x3+3t=0=x3=§

Putx3=%,x4=tin(6)=>2x2—%—2t=0=>x2=%

2' 4’2
Putt =4 = (xl,xz,x3, x4_) = (2,7,6,4’)
Sub. The above valuesin (1) = 2C,H, + 70, » 6H,0 + 4CO,

p q r p q r
p—-a q-b 1r—c p—-a q-b r—c
¢ ¢ . -1 0 1 -1 0 1. . s

=>p—a+q—b+r—c:0 (xl,xz,x3,x4) = ( _,t)
— P q—(q-b) n r-(r-o) _ 0

p—a q-b r—c
=L 4+ L 4+ T —1-1=0 =L 4+ L 4 1 =2

p—a q—b r—c p—a q—b r—c

|[EXAMPLE 1. 38| By using Gaussian elimination method, balance the chemical

3.By using Gaussian elimination method, balance the chemical reaction equation :
C,Hs + 0, - H,0 + CO,
C,H,+ 0, - H,0+ C0, = x,C,H, + x,0, - x3H,0 + x,C0, - (1)

reaction equation : CsHg + 0, —» CO, + H,0
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MARUSHIKAA MATHS ACADEMY
Shevapet, Salem -2.

XII - Mathematics

P.C. Senthil Kumar

Study Material
2. Complex Numbers

Exercise 2.1

10
. I +1i nel
_ 4(486)+3 | -4(487)+2
—13 2 +i =(l.51+l-52+l-53+i54)+(i55+l-56+i57+l-58)
=P +iT=—i—1=-1-i L5960
2. 1948 _ ;71869 4(14)+3 |, 4(15)
_ 4(487) _ 4(-468)+3 =0 L0k i
=P +l=—i+l=1-i
=1+i°=1-i
12 Exercise 2.2
3. Yi=ivit 4P it pil?
nl 1. () z+w=5-2i+(-1+3i)
A) / - \
=(i+z‘2+i3+z‘4,‘: [ +%+i7 +i® )+ =5—0i-1+3i =4
. \ ) z—iw—5-2i—i (=143
+(i5 404,11, 12 1. (i) z-iw=5-2i—i (-1+3i)
—0+0+0=0 | =5 -2i+i-3i% =5-i-3(-1)
4 i59+i =5—-7i+3=8-1]
2 1. (iii) 2z+3w=2(5-2i)+3 (-1+3i)
:l‘4(l4)+3+ 1 :10—4i—3+9i=7+5i
Aay3 1. (iv) zw=(5-2i)(-1+3i)
3 1 =—5+15i+2i—6i°
="+ =—1—-
I ! =-5+17i-6(-1)
_2 =-5+17i+6
=—j——=—-i+i=0
i =1+17i
5 C ol e 2000 1. (v) 22 42z w+w?
20000000+ = (520 +2(5-20)(~1+30)+ (- 1+ 3)?
=1
_ ;1000%2001 _ ;2001000 =25-20i+4i%+2 (1+17i)+1-6i+9i°
_ ;2001000 _ ;4(500250) _ =25-20i+4(-1)+2+34i
XII-Mathematics -1- MMA-9488379999
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+1-6i+9(-1) ]
=25-4+2+1-20i+34i-6i
=15+8i
1. (vi) (z+w)? =(4+i)
=16+8i+i2 =16+8i+(-1)
=16—-1+8i=15+8i
2. (1) z=2+3i + ar
iz=i(2+3i)=2i+3i*
=2i+3(-1)=-3+2i
z+iz=2+3i+(-3+2i)
=2+43i-34+2i=-1+5i
6
3. (B-i)x—(2-i)y+2i+5
=2x+(=1+24)y+3+2i
3x—ix—-2y+iy+2i+5
=2x—-y+2iy+3+2i0
(3x—2y+5)+i(—-x-l—y+2)
=2x-y+3+i(2y+2)
' Equating the veal and imaginary parts, we
get,
3x-2y+5=2x—y+3 and —x+y+2=2y+2
3x—-2x-2y+y=3-5and —x+y-2y=2-2
I x—y=-2and —x-y=0
a x—y=-2and x+y=0
2 x-y =-2
(il) —iz=—(-3+2i)=3-2i x+y =0
z—iz=2+3i—(-3+2i) 2x =2
=243i+3-2i=5+i x=-1
Substituting x=-1in x+y =0, we get
—l+y=0=>y=1
Hence x=-1; y=1.
MMA-94488379999 -2- XII-Mathematics
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ExeTge 2.5 2y 23 =(~7i)(5+4i)=-35i- 28>
1. (i) z1+2p =1-3i+(-4i) i3~ 28(-1)=28-35¢
=1-3i—-4i=1-7i Z1+2z3+2zp- 23 =15+12i+28-35i
(Zl+22)+Z3 =1-7i+5=6-71i..... (1) =43-23i ... (4)
4j+5=5_4; From (3) and (4), we get
+z3=—4i+5=5-
2T : l (Zl+22)'Z3=Zl'Z3+22'Z3
zi+(zo+23)=1-3i+5-4i=6-7i...(2) 5. () 522450
From (1) and (2), ' 1. ' . .
(Zl+22)+23 :Zl+(22+z3) Additive Inverse =—z; :—(2+51):—2—51
Multiplicative inverse :
1. (i) z1-2p =(1=3i)(- 4i)=—4i +12:> Here x=2; y=5.
=—4i+12(-1)=-12-4i { ; o
. . —= +i
(z1-29) 23 = (-12—4i)(5) = =60 —20i ....(3) PR N S
25+ 23 = (= 4i)(5) = —20i 5 1S
Zl'(Zz'Z3)=(l—3lX—201) 22+52 22+52
=-20i+60i* =-20+60{-1) N2 5 _ 2 O8N
=-20i-60=-60-20i ... (3) ) 4425 4425 29 29
From (3) and (4) Aliter:
1 —5;
(21'22)'232-71'(22'23) l:.z_‘s_._:.?_lry i__
z + 2+ T3
2. (i) zy+z3=—Ti+5+4i=5-3i ! : 't L
21+ (29 +23)=3(5-3i)=15-9i....(1) _ 2-5i _2-5i 2-5i
: : 22452 4425 29
Now z-zy :3(—71):—211
2.2y =3(5+4i)=15+12i :%_25_9,
Z1 2y +2Z1- 23 =21i+15+12i=15-9i..... (2) 3 (11) 7y =34
From (1) and (2), we get, ' 2
£ .(Z tz3)=z 2tz 2 Additive Inverse =-z, :—(—3—4i):3+4i
7 I , oY .1 . Multiplicative inverse :
2. (id) zy+2z, =3+(-7i)=3-7i Here x=-3; y= 4.
(Zl+22)'Z3 =(3—7l)(5+4l) 1
. ovad) _ Y
=15+12i—-35i—28i° 2 22y +lx2+y2
=15-23i-28(-1) % 4
=15-23i+28=43-23i....(3) TR AR 2452
z1-z3=3(5+4i)=15+12i 3 PRI \o
9+16 ' 9+16 25 25
XII-Mathematics -3- MMA-9488379999
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Aliter:
L_ 1
zy —3-4i 3+4i
1 3-4i
=— X
3+4i 3-4i

—~(3+4i) -3+4i _-3 4
= = =—4—i
32442 9416 25 25
3. (i) z3 =1+

Additive Inverse =—z3 = —(1+i)=—1—i
Multiplicative inverse :
Here x=1; y=1.

L— ‘! +1i —Y

23 x2+y2 x2+y2
—_ L gyl
2+12 1P+1?
1 -1 1 1.
=—-41 =———1I
1+1 1+1 2 2

Alitar:

1 1 1 i-i

—_—c—=—X

z 1+i 1+ 1-¢

[ T S A B
12412 1+1 2 2

Exercise 2.4

1. () (5+9i)+(2-4i)=7+5i=7-5i
Aliter :

(5+9i)+(2-4i)=5+9i+2-4i
=5-9i+2+4i=7-5i

10-5i _10-5i 6-2i
6+2i 6+2i 6-2i

60-20i—-30i+10i*
6% +2°

P

www.TrbTnpsc.com

_ 60-50i+10(~1)

B 36+4
_60-50i-10 50-50i
- 40 40

1 2+i

=-3i+ X
2—1i

2+i
24i
27 +(-1)
2+1
4+1
_—15i+2+i _2—14i
5 5

ENan
ANNTHY

(i z=x+3

2+1i

=-3i+ =-3i+

1 1 1 x—iy
p— W — —__\<—'_.

z x+iy x+iy x-—iy
_ox—iy X

x2 +y2 x2

-y
2+y2

+i
+y2 X

Hence Re(lD: 2x 7
Z) X" +y

(i) z=x+iy
iz=i(x+iy)=ix+i2y:ix+(—l)y
=—y+ix
Hence Re(iz)=—y
(iii) z=x+iy
3z+4z—4i

=3(x+iy)+4x+iy)-4i

MMA-94488379999

XII-Mathematics



www.Padasalai.Net

=3x+i3y+dx—iy)-4i

=3x+i3y+4x—idy—4i

=Tx—iy—4i

=Tx+i(-y—4)

Hence Im(3z+42—4i)=—y—4
3. Here z1=2-i; zp =—4+3i

z1-2p =(2—i)(-4+3i)

=-8+6i+4i-3i°

:—8+10i—3(—1)
=-8+10i+3=-5+10:
1 1 B 1

zozy —5+10i  5-10i

1 ) 5+10i
5-10i 5+10i

54108 5(1+2i)

52.10°  25+100

(i A
S kL W)
125 25

') zi/zy oz

(AP_I __ L@

_8—4i+6i+3i

22412
_ —8+2i+3(-1)
4+1
_—8+2i-3  —11+2i
5 5

4. Herev=3-4i;, w=4+3i

Lo 1 344
3-4i 3—4i 3+4i

1
\%

—4+30 —4+3i>< 2ctq
2—i 2—i 2+4i

www.TrbTnpsc.com

_3+4i 3+4i 3+4i

32,42 9416 25
1_ 1 1 43
w4430 4+3i 4-3i

_ 4-3i 4-3i 4-3i
42.32 16+9 25

1 l:3+4i+4—3i:7+i
VoW 25 25 25
Now Lol L 7+

u v w25

25 G28NYYT i

T4 740 71—
~25(7-i) 25(7-i)
2412 4941

_25(7- )__(7_1)

0 T

Aliter :

Giventhat L1, 1 _ 1 _wtv

u v w u vw

UAYY /3—4i)(4+3i)

n=——-————

v+w  3-4i+4+3i

1249i-16i 124>
7—i

12-7i-12(-1) _12-7i+12
7-i 7—i

_24-T7i_ 24-7i T+
T—i  T-i T+

168+24i-49i-7i*

72 +1°
_168-25i-7(-1) 168-25i+7
494150
_175-25i _25(7- ):_(7_1)

50 50
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5. Let z=x+iy. Then Re(z)=x; Im(z)=y and
z= xX—iy.

(i) If z is purely real, then y=0.

—z=x and also z =x and hence z = z .

Conversely, if z = 'z, then
xX+iy=x—iy
iy =—iy
iy+iy=0
2ip=0=y=0
= z is purely real.

Hence z is real if and only if z= z .

(ii) Z+ z =x+iy+x—iy

— + +
Z+z=2x=>x=2 Z:>Re() T
2 2
(iii) z—z =x+iy—(x—iy)
p:;:x+W—x+W
1 iy -
-z =2y y=—t oIm(z)="——
21 2i

6. (§ ) =3 +i

(3+z‘)2 (\/_)2+2( )z+z
=3+23i+(-1)=3+23i-1
=2+243i

( 3+i)3=( 3+i)2( 3+i)
= (2+23i)3 +i)
=23 +2i+6i+23i>
=23 +8i+2/3(~1)
=2J3+8i-243
=8i Which is purely imaginary

( 3+i)4:( 3+i)3( 3+i)

www.TrbTnpsc.com

=8i(\3+i)=83i+87
=83i+8(—1)=83i-8
= —8+8/3i
(\/§+i)5:(\/§+i)3(\/§+i)2
=8i(2+23i)=16i+163i°
=16i+163/3(~1)=16i-164/3
=163 +16i
( 3+i)6=( 3+i)3( 3+i)3
=8ix 8i=64i> =64(-1)

=—-64 which is purely real.
(i) n =6 is theleast positive integer for which

( 3+i y’ is purely real.

(ii) » =3 is theleast positive integer for which
(«5 +1 )n is purely imeginary.
7. ) Let z=02+i3)"-(2-iv3)°.

= Lw)‘o—(z--iﬁfo

:(2+i\/§) —(2—1\/5)
~(2-i3)"-(2+iv3)"
:—[(2+iﬁ)10—(2—iﬁ)10ﬂ

z=-z
Hence z is purely imaginary.
12
MY ( 20-5i))
76t

1971
9+i ) (7-6i))

7. (i) Let z _(

19—7i_19—7ix9—i
9+ 9+i 9-i

MMA-94488379999
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) 171-197 — 63472 Hence z is purely real.
9% +1° Exercise 2.5
=171_8821i++17(_1) o2i | 2] Aore2?
L3574 13+4i| \[32, 42
171-82i-7
oy OV _ N4 2 2
164-82i Jo+16 25 5
82 e 2-i 1-2i
. 1) — .
_820-0)_, 1+i  1-i
82 C(2-0)(-i)+(1-2i)1+i)
20-5i _20-5i 7+6i (1+0)(1-1)
7-6i T—6i T+6i o,
2200+t 142020
1404120 -35i-30i° 12 +1°
72 +6° C2-3i+(-1)+1-i-2(-1)
 140+85i-30(~1) 1+1
49+36 C2-4i-1-142
_ 1404857430 2
» 44 _22-2i)
_170+85i 2 )
B 85 =2-2i
_85Q+i) _, . 2-i 1-2i |2-21
85 1+i 1-i
S Z_(19—7i\12+(20—5i‘\12 _ 22 (C2R =Jaa
9+i ) 7-6i) _R-203
\12 \12
z=(2-1)? +(2+i) 1. (iii)‘(l—i)lo‘:|(l—i)|10
z=(2-i)2 +(2+i)? 10
0
B > :(\/12+(—1)2|\ :(«/1+1)1
=(2-1)'"+(2+i) )
12 12 0
=(2-i) " +(2+i) =(ﬁ)1 ~-32
—(2+0)2+(2-0)2 Lo (i) [2i(3-4i)(4-3i)|
—(2-i)2 +(2+i)2 =[2i|[3-4i||4-3i]
z=z
XII-Mathematics -7 - MMA-9488379999
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=02 +223% + (- 4)2 42 + (- 3)?

=v0+449+16416+9
=44/25/25
=2x5%x5=50
2. (i) Given that |Zl|=|22|=1.
2 A —_
|Zl|=1:>|21| =1:>Zl 1 =l= zZl =—
21
. — 1
Similarly, z, =—
22
Let w=-17%2
1+2122
Now w =| 1772
1+ 21z
_atz 1+ 2 _‘_2_'1+Z_2
1+2172 T+ Z172 T-I- Z] Zp
1. v 1.1 z+z
__ A %2 |1 2 2172
- T G\ T+l
I+ —x-— 1+ L a7+l |
ZI\NZ2 2122 2122
otz 1tz
Z12p +1 1+2122
w=w
Hence w is purely real.
3. LetA, Band C be the points representing the

complex numbers z; =10-8i, z, =11+6i and
zz3=1+i.
AC=|10-8i—(1+1)]
=[10-8i—1-i|=]9-9i|

=4/92 +(—9)2 =/81+81

=162 =92

www.TrbTnpsc.com

BC=[11+6i—(1+i)]
=[11+6i-1-i|=|10+5i|

=10% +5% =100+ 25
=125 =55
Since 545 <94/2, B is closer to C than A.
Hence 11+61 is closer to 1+i than 10-8i.
4. Letzy=zand z, =6-38i.

Then|zl|=|z|=3 and

| 25| = /6% +(~8)? =/36+64 =100 =10

We konw that

HZl|—|22HS|Zl+22|S|Zl|+|22|
13-10|<|z;+6-8i|<3+10
7<|z+6-8i|<13

Let z =22 and 29 ==3=-3+i0

Then !Zil— 22

2
=12 -1 and

7
4

2] = (=3 +07 =0+0 = /9 =3
We konw that

HZl|—|22HS|Zl+22|S|Zl|+|22|

[1-3|<

22+(—3)‘31+3

2<

22—3‘34

Giventhat |z—=|=2

MMA-94488379999
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—2s|z|—— <2
z

PERRLE:

S Z |Z|_

—2s|z|—isz
2|

~2|z|<| 2P —2<2|7]
From -2|z|<|z[* -2, we get,
0<|z[* +2|z|-2
|27 +2|z|-220
(1z[~(3-1)( 2| -3 -1))20
|z[2V3-1(or) |z|<-1-+3

As 7| is a non-negative real number,

z|
1Y /-~
cannot oe less than -1--+/3 . Hence we must have,

>3 -1...(1)

|z
From |z|*-2<2|2{, weget,
|27 ~2|z|-2<0

(11-+33)) (1]~ 0-v3))<0
1-V3<|z|<1+43

Since |z|20, we must have to omit the
negative interval. But
|z|<1++4/3...(2)
Combining (1) and (2), we get,
V3-1<|z|<43+1
Hence the greatest value and least value of

|z| are /3+1 and /3 -1 respectively.

Note: If | z|” +2| z|-2>0, then

~1

www.TrbTnpsc.com

_ —2+4422 —4(1)(-2)

244448 —2+V12
R R

_—2+2(3  2(-1+43)
22

=—1+4/3

If || ~2|z|-2=0, then

o= =DV 22 -40K-2)
2(1)
_2+4448 2+412
2 2
2423 2(1£43)
2 2
=1+./3

Given | zl| 21;

'Zl|2 =1; z:z|;t =4, |Z3|2 =9

z1z1=1; 22;2_:4; 23;3_=9

Then

1 4 9
Z1tZ)+t 3 =—+=—+—
Z1 z22 =3

Znz22+4 2122 +92 2
P T Il e k) !

212223

_921 Z2+4Zl Z3+Z2 z3

212223

. 92122 + 42123 + 223

212223

XII-Mathematics
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92122 + 4ZlZ3 +2Zpz3

21223
_ 92122 +4le3 +ZzZ3
21223
Now
921z +4z122 + 2»Z
2+ 2y + 23| = || L2 TAEH 2%
212223

92122 + 42123 +2Zpz3

1=

212323
| 92122 + 42123 +2ZpZ3 | = | Z1Z923 |
|92122 +4ZIZ3 +2Zp23 |=|Zl | | ) | |Z3 |
|92122 +4z1z3+ 2523 | =1x2x3

| 92122 + 42123 +2ZpzZ3 | =6

8. Letz=a+ib.Theniz|= u
Also
iz=i(a+ib)=ia+i’b=ia+(-1)b=—t+ia
Then the area of the traiangie 15 formed by

the vertices (a, b), (~b, a), and (a—b, a+b).

From the given information, we have
Area of the triangle = 50 square units

1

2

a -b a-b a

=+50
b a a+b b

a? —b(a+b)+b(a—b)
—{7172 +a(a—b)+a(a+b)}=i100
a® —ab—b> +ab—b?
—%bz +a® —ab+a® +ab}:i100
a®=2b ~ 5% +242 [=£ 100

a?—2b% +b% 242 =+100

www.TrbTnpsc.com

—a?—p*=+100
(a2 +b%)=%100
a +b% =F 100

As we a” +b* cannot be negative, we must
have

a +b% =100

JZ 5 =10
|z|=10
9. Given that
2+22=0..(1)
B=27

Taking modulus on both sides, we get,

2|=]-27
2 =2 7]
|2 =2]z|
z[ =2 z]=0
2[(12P -2} 0
z|=0 (or) |z[*=2=0
If | z]|=0=z=0 is a solution.
If|z[P-2=0=|z[ =2
Zz=2=7z-=

= opatr2
z

Substituting z = E, in (1), we get,
z

z3 +2(zj=()
z

2 +4=0
which has four solution. Hence including

MMA-94488379999
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zero solution, there are five solutions.
10. (i) Let z=4+3i. Here a=4;b=3

|z| =42 +3% =J16+9 =425 =5

Here b is positive. Hence

J;ﬁ£praﬂJp!ﬂJ

(f IJ+GFJ
10. (i) Let z=—6+8i. Here a=—6; b=8

www.TrbTnpsc.com

_ \/13—5_i\/13+5
2 2
== §+1 18
2 V2
2 V2

—+ (Va-i0)=+ (2-3i)

Exercise 2.6

| z|={ 6F +8% =/36+64 =100 =10
! A
Here b is positive. Hence 1. Given 2K (o s |_Z_4_l| -
/- || |Z+4z |Z+4l|
| ( ‘_|z|+a ) I’_Z -
\/-’::J—FL —2—'+l\,——2—'/ =>|z-4i| =1z +4i]
:>ix+iy—4i|:|x+iy+4i|
10+(-6 10—-(-6
1/—6+8z=4_r(\/ +2( )+z\/ 2( )] |x+i(y—4)|=|x+i(y+4)|
2 (o a2 _.[.2 2
TR T Va2 4 (v =x2 +(y+4)
=+ > W Squaring on both sides,
x2+(y—4)2:x2+(y+4)2
([, 16 5 5
e R C (y—4)" =(y+4)
2 2
—8y+16=y~+8y+16
—+ (V2 +iv8)=2 (V2 +i2v2) 9 T
-8y =8y
=+ /2(1+i2) —8y-8y=0
10. (iii) Let z=-5-12i. Here a=-5; b=-12 ~16y=0
|z =/(-5)? =25+144 =169 =13 y=0
which is the required locus and it is the real
Here b is negative. Hence &xis.
XII-Mathematics -11 - MMA-9488379999
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2. Given z=x+iy :>2y(l—y)—x(2x+l)_0
2z+1_2(x+iy)+1 (l—y)z+x2
iz+1  i(x+iy)+1 =2y(1-y)-x(2x+1)=0
:2x+z—22y+1 2y—2y2—2x2—x:0
ix+i“y+1 5 5
—-2x" -2y " —x+2y=0
_ 2x+1+i2y 5 5
_ix+(—1)y+1 2x“+2y“+x-2y=0
‘ which is the required locus
_2x+1+i2y 3. () Given z=x+iy
ix—y+1 )
iz=i(x+iy)=ix+i‘y=ix+(-1)y=ix—y
(2x+1)+i2y . :
=" 7 el iz=—y+ix
(1-y)+ix
Now Re(iz)=—-y
_(2x+1)+i2yx(1—y)—ix ) ’
C (1=y)tix (1-y)-ix Re(iz))* =(-»)
W2 L2
@x+1)(1-y)—ix(2x+1) (Re(iz)f =y
@ +i2y(1- y)-i*2xy Given that (Re(iz))> =3
= — 7 hd
(i-3)*+x and berce y2 =3
(2x+1)(1=y)—(-1Rxy 3. (i) (I=i)z+1=(1-i)(x+iy)+1
\C ___il[_z)ﬂi)___ﬁﬁ—’__l)] =X+1 y-—ix—-i2y+1
N VAN I ,
(I=7)"+ =x+i(y—x)-(-1)y+1
(2x+1)(1-y)+2xy =x+i(y—-x)+y+1
\C +i[2y(1-y)—x(2x+1)] =x+y+1+i(y-x)
2 2
(1=y)7+x Here Im|[(1-i)z+1]=y—x
2z+1 _ (2x+1)(1-y)+2xy Given that Im|[(1-i)z+1]=0
iz+1 (1-y)? +x° Hence y—x=0
W [2y(1-y)-x(2x+1)] (or) x-p=0
(1-)* +x° 3. (i) | z+i]=|z~1]
m(2z+lj_2y(l—y)—x(2x+l) |x+iy+i|=|x+iy—1]
; B 2
iz+1 (1-y)° +x |x+i(y+1)|=|(x=1)+iy|
Given that Im(?z+l]=0 \/x2+(y+1)2 :\/(x—1)2+y2
s Squaring on both sides, we get,
MMA-94488379999 -12 - XII-Mathematics
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x2+(y+D2:(x—D2+y2
x2+y2+2y+l:x2—2x+l+y2
2x+2y=0
x+y=0
3.  (iv) Given that 7 = 77!

;:lzz;:lz|z|2=l
z
2
:(\/x2+y2) =1
x2+y2:1

4. (i) Given that |z-2-i|=3
|z-(2+i)|=3
It is of the form |z—zo|=r and so it

represenis a circle, whose centre and radius is (2, 1)
and 3 resoectively.

4. (i) Given that |2z +2-4i|=2
|2(z+1-2i)|=2
12|z 1-2i|=2
2| z—(-1+2i)[=2
| z-(-1+2i)| =1

It is of the form |z—zo|=r and so it
represents a circle, whose centre and radius is

(-1,2) and 1 respectively.
4. (iii) Given that [3z-6+12i|=8

3(z—2+4i)|=8
13||z-2+4i|=8
3|z-(2-4i)|=8

N8
|z—(2—4l)|:§

www.TrbTnpsc.com

It is of the form |Z—ZO|:r and so it

represents a circle, whose centre and radius is
(2, —4) and g respectively.
5. (i) Given z=x+iy
|z—4|=16
|x+iy—4|=16
|(x—4)+iy|=16

Jx=42+y? =16

Squaring on both sides,
(x—4)? + % =167
X2 —8x+16+ 1% =256
X2 +? —8x+16-256=0

X2+ % —8x-240=0
5. (i) Given z=x+1iy

|z- 4 -|z-1] =15
| ctiy—4f | x+iv-1]" =16

|(x=4)+iy|*=|x-1+iy[ =16

( (x—4)2+y2)2—( (x—1)2 +yz)2 =16

(x—4)2+y2—((x—1)2+y2):16
(x—4y+09—(x—D2—y2:16
32 ~8x+16—(x2 —2x+1)=16

x2 —8x—x2 +2x-1=0
—-6x-1=0
6x+1=0

Exercise 2.7

1. (i) Let z=2+23i.

XII-Mathematics
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r=|z|=y22+(2\3f =Va+12 =16 =4
pa %‘:tam_l(\/g)zZ

X 3

The complex number z lies on the first
quadrant. Hence we have,

1

a=tan" = tan_1

9=Argz=0{=§

Now z =r(cos@+isin )

2+424/3i=4 COS(Z] +i Sin(zj
3 3
—4 (cos(2k7z + %j +i sin(2k7z + %D keZ

1. (i) Let z=3—-+/3i.
relzl =32 +(V3F =93 =T =243

SEG
3

a= tan_1’ — l =ran

= tan_l(—l_— \ = Z

The complex number z lies on the fourth
quadrant. Hence we have,

T

0=drgz=—-a=-=

8 6
Now z =r(cos@+isin )

3—\/31’ = 2\/5 cos(—zjﬂ'sin(—zj
6 6
= 2x/§(cos(2k7r —%) +isin(2kﬂ —%D, keZ
1. (iii) Let z=-2-2i

r=lz|=y(=2? +(-2? =V4+4=8=22

Y
X

1 1

a=tan =tan

-2 -1 V4
=tan (1)=—
-7

The complex number z lies on the third
quadrant. Hence we have,

www.TrbTnpsc.com

-4
H:Arg2=a—7r=£—7z:7[ 7 _NR@

Now z =r(cos@+isin6)

—2-2i=22 cos(—?’—”jﬂsin(—?)—”j
4 4
RY/4 A\ RY/4
= 2\/ 2 (cos(2k7r — Tj +1 Sln(Zkﬂ' —Tjj ,

keZ
1. (v)Let z=i-1=-1+i

r=|z|:\l(—l)2+12 =1+1=42

Y
X

1 1

a=tan" =tan

1 -1 Vs
—|=tan (1)=—
1 ‘ ) 4
The complex number z lies on the second
quadrant. Hence we have,

O=Argz=r-a :7z_£:47z—7[ T 7%
4 4 4

Now z=r{cos@+isin J)

e /7
3n n
~1+i=+2] cos(—-j +isin[ -—-j
N 4 4

i—1

n .. T
COS;-FZSII’I*

2 fonl)e)

T .. T
COs—+isin —
3 3

o 5)rmf5)
o555
o)

MMA-94488379999
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=2 Cos(2k7r+5—7zj+isin(2k7r+5—”j !
12 12

keZ

. AN E Y .. (”*
2. (i) cos(—jﬂsm(—j cos(—jﬂsm(—j
( 6 6 12 12
T 7\, .. (7 =&«
=C0S| —+— |+isin| —+—
(6 12) (6 12)
2z 7[) g (27[ 7[)
—+— |+isin| —+—
12 12 12 12

|
wgpoul)
(7:

= COs

2. (i)

(S8}

www.TrbTnpsc.com

sl (3]

=%(O—i(l))=—%i
(i) Given that
(o +i 3y )(xg +i 2 )3 +i 3)++(x, +i )

=a+ib
Taking modulus on both sides, we get,

|(x1+iJ/1)(x2 +i ¥ )(x3 +iy3)"'(xn+iyn)|
=|a+ib|
|x1+iy1 ||x2 +iy2||x3 +iy3|---|xn+iyn|

:|a+ib|

JXf+iy12\/X§+iy§\/X32+iy32 Xy iy

—sla® +b?
Squaring on both sides,
(2 . 2M 2 .2y 2 .2\ (2 .2
i+ }\Xfﬂ)’z)‘e@ TLY3 )\ FLYy,
:'a2+b2)

(if) Civen that

(i3 )(ovg +132 )03 +i 33 )0y +1 9,
=a+ib

Taking argument on both sides, we get,

Arg|(n +iy vy +3) 03 +i ) (x, +i 3, )
= Arg(a+ib)

Arg (x +iyy )+ Arg (xy +iyy )+ Arg (x3 +i y3)
ot Arg(x, +iy,)= Arg(a+ib)+2kx

’can_1 (&j + tan_1 (y_zj + tan_1 (&J
X1 X2 X3

vt tan_l{y—”J = tan_l(2j+ 2kr, keZ

X, a

XII-Mathematics
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n
z tan_l(&j = tan_l(éj +2kr, keZ

4 X; a
i=1 1
Given that
1+ }
2 cos20+isin 26
—Z

142z =(cos28+isin26)(1-z)
1+ z = (cos 26 +isin 20) —z(c0s 26 +isin 26)
z+2z(c0s260+isin26)=cos20+isin 26 -1
(1+cos28+isin26)z = cos20+isin20 -1

. cos20+isin26 -1
1+ cos28+isin 26

e cos28—-1+isin 26
1+cos20+isin 26
_ —(1—cos26)+isin 26
1+ cos28 +isin 26

_ —2sin? f+isin 26

2cos? 6+ isin 20

2cos2 &+isin260

3 2i%sin 0+i2sin O cosd

2c0s% 0 +i2sin Ocosd
_ 2isin 6(isin 8+ cosd)
2cosf(cos@+isin O)

_isin#(cos+isin )
cos & (cos & +isin H)

.sin@
=1

=itan @
cos @

Let a=cosa+isina; b=cosf+isin f; and
c=cosy+isiny. Then

a+b+c
=cosa+isina+cos f+isin f+cosy+isiny

= (cos & + cos B+ cos y)+i(sin @ +sin S +sin y)

www.TrbTnpsc.com

=0+i0=0
(i) Since a+b+c=0, from the identity,
a’ +b> + ¢ 3abe
:(a+b+c)(a2 +b% +¢? —ab—bc—ca)
we get, @ +b*+c —3abc=0
and hence @’ +b’ +¢> =3abc.
(cosa+isina)® +(cos B+isin B
+(cosy+isiny)?
=3(cos & +isin & |(cos B +isin S )cos y +isin y)
cos3a+isin3a+cos3f+isin3f
+cos3y+isin3y
=3|cos(a+ B+ y)+isin(a+f+7)]
(cos3a +cos 3+ cos3y)
+i(sin3a +sin 34 +sin 3y)
=3cos(a+B--y)+i3sin(a+A+y)
Compaiing the real parts on both sides,
cosJa+¢os3f+cos3y =3cos(a+3+y)
Comparing the imaginary parisof (1) we get,
sin3a+sin3/f +sin3; =3sin(a+ 3 +y)
z—i _ x+iy—i
z+2 x+iy+2

B x+i(y—1)

(x+2)+iy

» x+i(y-1) ><(x+2)—iy
(x+2)+iy (x+2)-iy

_ x(x+2)—z'y)c+i(y—l)(x+2)—i2 (y-1)y

(x+2)> + 12
_x(+2)+i((y -1 +2)—xp)- (=) (y-1)y
(x+2)% + 2
_x(+2)+i((y -1 +2)-xp)+(y -1y
(x+2)2 +y2

MMA-94488379999

-16 -

XII-Mathematics



www.Padasalai.Net

¥+ 2)+(p-1)y . (r=1)x+2)-

(x+2)2 +y2

Given arg(z_l):z
z+2) 4

(r=1(x+2)-xp
1 (x+2)2+y2
x(x+2)+(y-1)y
(x+2)% +°

tan

XA
4

-Dx+2)-xy _ 7

x(x+2)+(y—1)y 4

Xy+2y—x—2—-xy

=1

x2+2x+y2—y
2 2 —
X +2x+y —y-2y+x+2=0

X2 +y2 +3x-3y+2=0
Exercise 2.8

a+ba)+ca)2 a- rba)+%2
1. — >t — 1o
btreco+aw cnp +—0r0

2 2 2

o at+tbo+co”
X+ 7% 3
bt+tco+aw” @ craw+bo” o

_a+bo+co

> a)(a+ba)+ca)2) a)z(a+ba)+ca)2)

+
ba)+ca)2 +aa)3 ca)2 +aa)3 +ba)4

a)z(a+ba)+ca)2)

bw+ca? +a(l) ca? +a(l)+bw

_ a)(a+ba)+ca)2)

a)z(a+ba)+ca)2)

ca)2 +a+bw

a)(a+ba)+ca)2)+

ba)+ca)2+a

a)z(a+ba)+ca)2)

a)(a+ba)+ca)2)
+ 2

2

at+bo+cw at+bo+cw

=w+a? =-1

(x+2)2 +y2

www.TrbTnpsc.com

2. Le’cz—ﬁl
2 2

a=tan}| 2 -1 Lj=£

V3) 6

The complex number z lies in the first
quadrant. Hence we have

Vs
O=Argz=0=—
3 6

Now z =7r(cos@+isin )

? + %i =1 (cos(%) +i sin(%)j
= COS(\%) + isin(%)

\5
\/3

V3 TN
= (cc S(‘—j +1 sinl —‘D
N 2 2 /} 6 \ 6

—_—

—+—i

JA

(43 1.V /sﬂ) . Sﬁj
—+—1 =COS| — |+1I1s1In| —
> +27) T

Replacing i by —i, we get,

5
NS (Sﬁj . (57[)
~— _——j| =cos| =— |—isin| =—
2 2 6 6

XII-Mathematics
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3. Let z=sin£+icosl
10 10

Th ?—sinl—icosl
en 10 10

- lsin2 = 27 _ 1=
Now|z|—\/sm 10+cos 0 J1=1
Since |z | =1, we have

|Z|2:1:>Z?=13;:l

z
10
Y DA i
l+sin—+icos—
10 10
. T . T
1+sin——icos—
10
10
/ 10 \I
B j+z) . lii‘
R, 1+l|
z)
10 10
B 1+z B 1+z
| oz+1 1+z
zZ z

I
—_—
N—
—
(=]
Il
—~
~—
—
(=]

s

10
LT V4
=| sin—+icos—
( 10 10)

(7[ 7[) . (7[ ﬂjlo
cos| =——— |+isin| ———
( 2710 2710
(107z—27zj . (107z—27z)
cos| ———— |+isin| ————
20 20

www.TrbTnpsc.com

= cos(4r)+isin(4r)
=1+i0=1

Let us assume x =cosa+isina

1 - . _
Then —=x"! =(cosa +isina)!
X

=cosa—isina
Now

1 .. .
X+—=CoOsSa+isma+Cosa —Iismao
X

[
x+--=2cosua
N

Sc cur assumpticn is true.
Simi'atly we can assume y =:cos #+isin 3.
. X Ccosc+ismnay
o ;_ cos f+isin B

=cos(a—p)+isin(a - f)

=[cos(a - g)+isin(a—p)|!
= cos(a—ﬂ)—isin(a—ﬂ)
X+ Y = cos(a-p)+isin(a-p)
IO
+cos(a—n)-isin(a-B)
=2cos(a—p)

(ii) xy =(cosa +isina)(cos B+isin f)

=cos(a + B)+isin(a + )

MMA-94488379999
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.
—=(w)"
xy

=[cos(a + p)+isin(a+ B)]!

= cos(a + B)—isin(a + B)

xy—éz cos(a + B)+isin(a + f)

~[cos(a + B)—isin(a + B)]

= cos(a + B)+isin(a + )

—cos(a + B)+isin(a + B)
=2isin(a+ f)
(iii)ﬂ: (cosa+isina )™

y"  (cos B+isin B)"

_cosma +isinma

cosnf+isinnf

= cos(ma —np)+isin(rmc —np)

" (xm ‘
x" oyt
=[cos(me - nr+isin(rmo--ap)] !
=cos(ma —np)—isin(ma —np)
xm n

—n—y—m = cos(ma —np)+isin(ma —np)

y'ox
—|cos(ma —np)—isin(ma—np))
=cos(ma —npB)+isin(ma —np)
—cos(ma —npB)+isin(ma —np)

=2isin(ma—np)

(iv) x"y" =(cosa +isina)"(cos B+isin B)"
= (cos ma +isin ma )cos nf3 +isinnp3)
=cos(ma +nf)+isin(ma +np)

)
mn_xy

Xy

www.TrbTnpsc.com

= (cos(ma +np)+isin(ma + nﬂ))_1
=cos(ma +np)—isin(ma +np)

m_.n

X"y +W=cos(ma+nﬂ)—isin(ma+n,8)
+cos(ma+nﬂ)—isin(ma+n,8)

=2cos(ma +np)
Given

22 4+27=0
2 =-27
22 =27(-1)
2> =27(cosz+isin )
z=[27(cos z +isin z)] ">
=27"3(cos 7 +isin z)13
=3(cos(2kir +7)+isin (2kz+ 7))

=23{cos 2k + 1) r+isin 2k +1)7 13

)

where £=0,1, 2.

[ .
= 3LC()S (2k + 1)%+ isin 2k +)

w N

z=3 (cos%ﬂ'sin%) when k=0

( L7 AP 37[)
z=3|cos—+isin—
3 3
=3 (cosz+isin )
=3(-1+i0)=-3 when k=1

z=3 (Coss?ﬂﬂ'sins?ﬂ) when k=2.

Given
(z-1P2+8=0
(z-1? =-8

(1P =(-2)

XII-Mathematics
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=1
(-2)
&k
-2
Z—1:31
-2
z—1 z-1 z—1 )
=1 (or =w (or) —=w
—y ~lon) — =) —

z—1=-2 (or) z—1=-2w (or) z-1=20?
z=1-2 (or) z=1-2w (or) z=1-20?

z=-1(or) z=1-2w (or) z =1-20°
7.  Letus consider, 9th of roots of unity.

x:(cos 0+isin 0)1/9

cos (2hn 4:0)+i sin 2z +0)]V°

www.TrbTnpsc.com

(67[) L (67[)
COS| — |+1SIn | —
9 9
(mj . (2;;)3 3
=[{COS| — |+1SINn | — =
9 9

when k=4

(87[) . (87[)
Cos | — |+i sin | —
9 9

.
= wiien k=6
— | . a1 1/9 \ /:’
—[cos 2kz 1 i sin 2k |V s (1__ e sin l_gﬁ)
“CkrN . (2knrx N
=Cos L—— [-+1 sm [ — I )
9 N, 2 ) AL /272') 6
=lcos|— |+isin|— || =w
where £=0,1,2,3,...,8 L L L9 J
The values are ; when &=7
when k=0 ; cos0+isin 0=1+i0=1 ldr 14
when k=1 o8 9 Nk 9
27 x O 27 7
cos | — |+isin | — |= o (say) 7 7 ;
9 9 =| cos (7j+i sin (7j =w
when k=2;
sz (4 when k=8
CcoS | — |+isin | — 165 167
9 9 o (_)ﬂ n (_J
9 9
2 . . (2% 2 2
=|cos|— |+isin | — =® 1 ) 8 o
9 9 =| cos (—jﬂ' sin (—j =
9 9
when k=3
MMA-94488379999 -20 - XII-Mathematics
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If we take, @ = cos (2{) +1 sin (27”) , then the

9th roots of unity are 1, @, w?, a)3,... b

From (1), we get x° =1 (or) x’ ~1=0. Hence

2 3 8

l, w, o°, @,... »° are the roots of the equation

¥’ ~1=0.
By Vieta’s formula, we get
sum of all the roots =0

2+...+a)8:0

a)+a)2 +...+a)8 =-1

( 2r .. 27[) ( 4r . 47[)
COS——+isin— |+| cos— +isin —
9 9 9 9

Hence 1+ w+w

( 167 . . l67zj

+---+| cos +isin =-1
9 9

8

ZLCOS 2k

k=1

i +z‘sin2k—ﬂ\—r—]
9 )

8. (i) (l—w+w2)6+(l+a)—-w2)5

:(1+a)2—a))v+(l+a)—a)2)o

:(—a)—a))6+(—a)2—a)z)6
=(- 20))6 +(— 20)2)6
=64 0° + 64 0'?

=64(1)+64(1)
=64+64=128

@ (s fatfeot)- {122

IO L N WA

Hence the given expression contains 12
factors or 12 terms.
Now

www.TrbTnpsc.com

arohiso?fivotfivat 100"
= (1+ )i+ 1+ o)1+ 0> ) 12terms
1+ )1+ 0?)] [(1+ @)1+ 02)] -6 terms
= :(l+a))(1+a)2)]6

[ 6
= 1+a)+a)2+a)3]

=[0+1P =1
9. Giventhat z=2-2i
r=|z|=v2%+(-2)* =V4+4 =18 =22

Y
x

-2 -1 Vs
—|=tan (1)=—
2 ‘ 1) 4
Since the complex number z lies in the IV

quadrant, we have,

1

a=tan = ’can_l

d=Argz=-aa=-—-

Hence

z=r(cos@+ising)

Sy AT 7))
z= ZﬁLCOSL_ Zj +1 sm(— ZJJ
(or) z=2+2e77/4
0

We know that the complex number ze'? is

the rotation of z by @ radians in the counter
clockwise direction about the origin.
Hence the number obtained by rotating z by

P .. ;
6= 3 radians is ze¢'7/3.

Zeifz/3 ZZﬁe_i”/4 ei;z/3

(54)_, g )
=2\/§e 3 4 =2\/§€ 12

(ii) The number obtained by rotating z by

XII-Mathematics
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6= 3 radians is ze'27/3

Zei27z/3 = 2ﬁe—iﬂ/4 ei27z/3

(5952
=2J2¢ \3 4 =22¢ 12

(iii) The number obtained by rotating z by

P .. ~
6’:7 radians is ze>7/?.

2372 _ 2ﬁe—iﬂ/4 oi37/2

i(?’”—”j i(127r—27rj
—2J2e \2 4/=22¢\ 8
02 6107/8 _ o 5 457/
10. Let x=%-1. Then
= x— (1)
x=[cos z+1sm 7]/’
={cos (2kz +)+isin (2kz-7)]"

=[cos (2k +1)7+isin 2k +1)n "
=cos (—Qk :: l)ﬂJ +isin (—Qk Z l)ﬂj

where k=0, 1, 2, 3
The values are ;

when £=0,

cos (Zjﬂ' sin (EJZLHL:L(IH)
4 4) 2 V2 2

when £ =1

(37[) o (37[)
cos | = |+i sin | =—
4 4
VAN Vs
= Cos (7[——)+ZSD’1 (7[——)
4 4

www.TrbTnpsc.com

T .. T
=—cos |~ |+isin | —
(4j (4j

1 .1 1

> zﬁ ﬁ( i)
when k=2

(57[) o (57[)
cos| == |+isin|=—
4 4
T .. T
=cos|z+— |+isin | 7+=
( 4) ( 4)

I .1 1 .
RN RN A

Hence the roots are ii(li i).

V2
Aliter :

x=4-1
xr=-1
xt41=0

ot +1-2x2 =0
(x2 +1)2 —(ﬁx)z =0
(x2 +1+x/§x)(x2 +1—\/§x):0

MMA-94488379999 -22-
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(x2 +x/§x+l)(x2 —\/Eerl):O
If x?>++/2x+1=0, then

24[2) ~4))

e 2
_-V22V2-4 _—2+4-2
2 2
22420 —V2(17i)
e 2
:—L(liz‘)

V2
If xz—\/zx+1=0, then
(3 (V2 -400)
2
fiid_1:d2
2 2

V7T JE0%)
2 —2

Hence the roots are ii(l +i).

NG

Exercise 2.9

1 L _H.n—i-l +l-n+2 +l-n+3 -0
Sum of four consecutive integral powers of
i is always zero. Ans: (1)

13

.n o, :n—1])_ 3 .1 3 .n—1
o 2NHTT)=D Y
i=1 i=1

i=1

i n, .13 i n
= i+ + i
i=1 i=0

www.TrbTnpsc.com

12
:O+i+i0+2i”
i=1

=i+1+0=1+i Ans:(1)

3. Letz=a+ib. Then|z|=\/a2+b2.
Also
iz=i(a+ib)=ia+i’b=ia+(-1)b=—-b+ia
Then the area of the traiangle is formed by
the vertices (a, b), (a—b, a+b),and (-b, a) taken
in anticlockwise direction.

Area of the triangle
1lla a -b —-b a
"2|b a+b a b

:%(a(a +b)+a(a—b)—b2

ble »)-bla+b)+a’})

:,1—‘ (02 +ab+a® —ab-F"

—

~ ab-b*-ab—b" +a>)

>

Ans: (1)

4. Given z :;:

MMA-94488379999
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(\/§+i)3(3i+4)2

5. Given z= (8 e i)2

‘(\/5”)3 ‘(3”4)2‘ _‘ﬁﬂ‘f |4+3z‘|2
[R5 R

|2|=

|8+6i

(7] (77
)

(3+1) (Wie+9f
(Voa+36f

(Vaf (25F @) (5
Wioof oy

- 8x95 _ 200
© 100 100

=2 Arns: (3)

6. Given tnat 21'22 _

Ans: (1)

7.  Given inequality | z=2+i | <2 represents all
points that lies either inside or on the circel with
center at C(2,—-1) with radius 2 units |z| is the
distance of such points from the origin. To get the

,we have to find the farthest

maximum value of | z

point on this circular region from the origin.

www.TrbTnpsc.com

If we draw aline from the origin through the
centre of the circle C (2, - 1), this line will intersect

the circle at two points. Among these two points,
one lying between the origin and centre is the
nearest and other one is farthest.

Hence thelargest distance is given by OC +r

where OC is the distance between the orgin and
Centre and r is the radius of the circle.

<OCHr

- |
Hence |z

<<

2]

L—i|+2
FIEN e
|z|<V4+1+2

|Z|S\/§+2 Ans: (4)

8. Giventhat [z——|=2

MMA-94488379999
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—2s|z|—isz
2]

—2s|z|—isz
2|

~2|z|<|z [} -3<2|z|

From —2|z|<|z[* -3, we get,
0<|z[* +2|z|-3
|z +2|z|-320

(2f+3)( -1 )20
|Z|21(01‘)|Z|S—3

As |z| is a non-negative real number,

z|
cannot be less than —3. Hence we must have,
| z | >1 Ans:(1)

9. Siace | z | =1, we have

izlzzl_—:z?::l:}_z_:l
Z

S 1TZ_ L2 Ans:(1)

l+z 1+z 1+z B
1 z+1 14z _1/2

1+ z 1+
VA z z
10. Letz=x+iy.
From the given equation, we get,

|Z|—Z:1+2i

|x+iy|—(x+iy):1+2i

\/x2+y2 —x—iy=1+2i

Equating the real and imaginary parts, we

w/x2+y2—x=1 and —y=2

From —y=2,weget y=-2.

Substituting y =-2 in Jx2+yt —x=1,we

get,

www.TrbTnpsc.com

get,
2+ (=2P —x=1
X244 =1+x
Squaring on both sides,
x2+4:(l+x)2
X2 +4=1+2x+x
2x=4-1
2x=33x=é
2

Hence the required number is

A
z=x+iy==-2i Ans: (1)

11. Given |zj|=1;

22|:2; Z3|:3. Hence

|2 =1;| 25" = 4; |z =9

21 21=1; zy2;=4;2323=9

1 4 9
_/,'1:_ N 22: =:;Z3—:=
Z] %) Z
Ther
1 < S
21+22 'Z3: T+ ==
71 %) z3
Zy z3+4 2122492 z
Z1+zp+z3 = 23 —1—3— 122
212 z3
_921 22+4Zl Z3+ Zp Z3
21273
B 92122 =5 4ZlZ3 + ZpZ3
212223
B 92122 +4ZlZ3 +2Zpz3
212723
[ 9z1z9 +4z1z3 + 2523
212723
Now

MMA-94488379999
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92129 +4zyz3+ 25z

212223

_ 92122 + 42123 +2zp2z3

212223

. |92122 +4ZIZ3 +2zp2z3 |

| 212223 |

_ 9212 +42123 + 2523 |

|

www.TrbTnpsc.com

|Zl|:1:|zl|2:12321?1=12>21:;

21
1
Similarly, 22 == and %3 ==
) Z3
Now z;+zp +23=0

Zy z3 + le3+2122_0

Z] zp z3

ENEIE
~ 12 ~ 2 N ZzZ3+ZIZ3+ZIZZZO
1x2x3 ns.( ) ZzZ3+ ZIZ3+ Z1Z9 =0
12. Let w:z+l. Since w is a real number, we 273+ 2123+ 2122 =0
have z ZyZ3 +ZIZ3 +2122 =0
W= Again from z| +z5 +2z3 =0, we get,
2
1 7 lw (zl+;r2——23) =0
z+-=lz+— |
z \ z 4127 zf+z32,+2<\2223+2123+Zl22):()
Z+'1—=;-+=1= Z]Z +Z% +Z§+2(O):O
hed z
1 1 212T2§T232,—O Ans: (4)
z-==z—— z—1
z z 14. Since oy is purely imaginary, we have
zz-1 zz-1 ol
= (z—lj z—1 z—1 z—1
V. Z —— = —-—
z+1 z+1 z+1 z+1
Z(zz—l): Z(Zz—l) ~ O\ _
_ _ z—l__z—l Z—l__z—l
ZZZ_I)_Z(ZZ_I)zo z+1 z+1  z+1 z+1
—z)zz-1)=0 _
B (Z Z)(ZZ ) ( )(z+1 :—(z—l)(z+l)
As z— z #0, we must have — Fat
o zz4+z—z—1= (ZZ+Z—Z—1)
1= _ A _
zz 0 zz4+z—z-1=—zz—z+z -1
2 .
13. Given that
|z|=1 Ans: (2)
MMA-94488379999 -26 - XII-Mathematics
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15. Given that
|Z+2|:|Z—2|
|x+iy+2|:|x+iy—2|

|x+2+iy|=|x—2+iy|

\/(x+2)2 +y2 :\/(x—2)2+y2

(x+2)2+y2 =(x—2)2+y2

X2 4+2x+4=x>-2x+4
4x=0=>x=0
Hence the locus is the imaginary axis.
Ans: (2)
16. Let z1=3=3+i0; z, =—1+i
Since the point representing the complex
number z; lies on the positive real axis, we have

Argz;=0.
But for z,,

: tan |

' |1
a=tan”! -‘ilz an | -—
X | | -1

‘z tan (1) =

Since iie point representing z, lies on the
second quadrant, w2 have

Arg z —7z—a—7r—£—47[_7[—37[
£ 4° 4 4

www.TrbTnpsc.com

cos (250° )+ isin(250° )

cos(360° ~110° J+7sin (360° ~110°

= cos (1 10° )—isin (l 10° )
= cos(—l 10° )+isin(—1 10°)
The principal argument of the given complex

number is —110°. Ans: (1)

18. Given that
(1+8)(1+24)(1+38)..(1+ni)=x+iy
Taking modulus on both side, we get,
|(U+8)(1+26)(1+30)... (+ni)| =] x+iy|

| 1+i] |1+2i]|1+3i]...| 1+ ni|=| x+ip|
VIZ 12412 422012 432 12 402 = |22 4 52

V2310, A1+ n? = x% + 32

Squaring on both sides, we get,
2

f o)
2-5-10... 1+ nz)-—-x‘+y
Ans: (3)
19. Given that

(1+a))7 =A+BRwy
Y

(—a)z) =A+Bw

—0'* =4+ Bw

—a)2 =A4A+Bw

l+w=A+Bw
Equating the corresponding the coefficients,

= —377[:—377[ Ans: (3) | weget, A=1; B=1. Ans: (4)
20. Let z; =1+i3
17. (sin 40° +icos40° )5
-1 -1 -1 T
oy =tan | =|=tan"'|~—|=tan (V3 )=Z=
~ (sin (90" = 50° }+ i cos 00" —50° : ‘ ‘ ) 3
( 0° +isi 00)5 Since the point representing the complex
=|cos 50" +isn> number z; lies in the first quadrant, we have
= cos(SxSO° )+isin(5><50°) 2
91 =AVng =1 =§
MMA-94488379999 -27 - XII-Mathematics
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Since the point representing the complex

number z, lies on the positive imaginary axis, we
2

have
7
O =Argzy =—
2 g2 2
Let z3 =1-iy/3
a3 ~tan"!|2|=tan! =3 :tan_l(\/g):%
x

Since the point representing the complex

number zj lies in the fourth quadrant, we have

s =

Now

Arg

l\

Zl?,

= Ar‘gl(_
\ 4223

Argzy=-a3 = —%

((lﬂ\/? }
4ii- i3

~

J

=Arg 212 —Arg zo — 41g z3

=2A4rgz|— Argzy — Arg z3

{3)5(3)

21. Given that

equation x2

We know t

x2+x+1:0 are

Ans: (4)

a and g are the roots of the

+x+1=0.

hat the roots of the equation

22.

23.

www.TrbTnpsc.com

—1+i/3 —1-i3
2 2
Hence
020
2020, 2020 _ 2020 +(a)2)2
_ 2020 4040
=o+@?="1

7 ju 3/4
Let x= (cos—+isin—j
3 3

37[)1/4

T
x:(cos—ﬂsm—
3 3

x=(cosz+isinz)/*

xX= (—1)1/4
=1
xti1=0

By Vieta’s formula,

1
Product of all roots =+-=1 Ans: (3)
i
|1 1 1\
1 —a)2—1 a)2
1 a)2 0)7
1 1 1
=1 w a)2
1 coz 0]
3 1 1
= 1+a)+a)2 0] 0)2
) ) Cl —)Cl +C2 +C3
l+o+0° o 10}
3 1 1
=10 w coz
0 0)2 @

MMA-94488379999
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23(0)2—(0)
Now
1 3 1. .43
o -O=—————|——+i—
2 2 2 2
RN R Sy
2 2 2 2 2
Given that

] ] ]
1 —w?-1 o?|=3k

1 a)2 0)7
3(602—60):3/(
k=a*—w
k =—i3 Ans:(4)
24. Let zy =1+i3
2 2
r::|z|:\/12+(\/§ =1+3 =44 =2
N NEY
ap =tan % =tan_]\|33(: tan 1(\’5):{
X | 1 | 3

Since the point representing the complex
number z; lies in the first quadrant, we have

5’1=A’”g21=051=§

Now z; =r(cos, +ising,)

www.TrbTnpsc.com

Now z, =r(cos8, +isiné,)

=45 =2 cos( -2 |- ssin( -2 )

Now

()72'\) ( 707[)
= COS[ ——— I+7siin 3

[67r+—J+zsm(67r+%ﬁJ
o5l 5)

5
=cCs)| Ans: (1
1+i\/§=2(cos£+isin£) ( 3 @
3 3
2
Let zzzl—i\/g z+1 a)2 0]
25. o z+o 1 |=0
— 2
052:’can_1 Bd =tan~ —ﬁ :tan_l(\/g)zZ @ 1 Zto
X 3
Since the point representing the complex sl w+ @ w*
number z, lies in the fourth quadrant, we have crlto+a? z+02 1 =0
2
)= Argzy =y =~ z+1+o+ow 1 zZ+w
MMA-94488379999 -29- XII-Mathematics
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z 1) w?
z Z+a)2 1 [=0
z 1 Z+w
1 0] 0)2
211 z+0* 1 |=0
1 1 zZ+®
1 10} a)2
z=0 (or) |1 z+w® 1 [=0
1 1 Z+

z =0 is a solution. Other solutions are given

by
‘1 0] a)2
1 z+0* 1 |=0
|1
|A 1 Z4+w

(z+a))(z+m2)—l—a}(z +w—1)

+a)2(1—z-- a;z)-: 0

22+za)+za)2+w3 —l—za)—a)2

+ @
@ -z - =0
22 —l+w=0
Z=l-w

which has two solutions. Hence the given
equation has three distinct solutions. Ans: (3)

www.TrbTnpsc.com
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(2, DJ‘SCRETE MATHEMARTICS

M OPEWaHmL’. (o) closure - mopeprtg
v oybes, oxb 1 u)(quMe and axbeg
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