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7. Applications of Differential Calculus

Example 7.1For the function f(x) = x2,x €
[0,2] compute the average rate of changes in
the subintervals[0,0.5],[0.5,1],[1,1.5],[1.5,2]
and the instantaneous rate of changes at the
points x=0.5,1,1.5, 2.

Solution: Given f(x) = x?

The average rate of changes between the

f(b)-f(a)
b-a
bp2—q2

" b-a

__ (b—a)(b+a)

2 b-a

=b+a
Hence in the interval [0, 0.5] = 0.5+ 0 = 0.5
[051]=14+05=15
[1,1.5]=154+1=25
[1.5,2]=2+15=35

intervals x=aand x=Db s

The instantaneous rate of change f/(x) = 2x
Hence the instantaneous race of changes at the
noint x = 0.5 is f/(0.5) = 2(0.5) = 1
c=1us /(D) =2(1)=2
x=151is f/(1.5) =2(1.5) =3
x=21isf/(2) =2(2) =
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Example 7.2 The temperature in Celsius in a
long rod of length 10 m, insulated at both ends,
is a function of length x given by T = x(10 — x)
Prove that the rate of change of temperature at
the midpoint of the rod is zero.

Solution: Length of the rod = 10 m

To prove the rate of change of temperature at
the mid point of the rod x = 5 is zero.

Given Temperature T = x(10 — x)

= 10x — x?

T/ =10 — 2x

Atx=5, T/=10-2(5)
=10-10

= 0 Hence proved.
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Example 7.3 A person learnt 100 words for an
English test. The number of words the person
remembers in ¢ days after learning is given by
W(t) =100 x (1 —0.1t)%,0 <t < 10.

What is the rate at which the person forgets the
words 2 days after learning?

Solution: The number of words the person

remembers given by
W(t) =100 x (1 —-0.1t)%,0 <t < 10.
W/ (t) =100 x 2(1 — 0.1t)(—0.1)

= —-20x (1-0.1t)
Att=2, W/(2)=-20x(1-0.2)

= —20 x (0.8)

= —16

The rate at which the person forgets the words

2 days after learning is 16 words.
Skskskesk sk sk sk sk skok sk skoskok sk skosk sk sk sk skosk sk skosk skok sk skokesk skesk skokesk skoksk sk skosk sk sk skk

Example 7.4 A particle moves so that the
distance moved is according to the law

2 : . .
s(t) = T t* + 3. At what time the velocity
and acceleraticn are zero respectively?

. i3
Solution: Given s(¢) =—-—-t%+3

To fine the time at veiccity s/(t) and

acceleration s’//(t) becomes zero.

3

t
s(t)=§—t2+3

2
s/(t) =%—2t

=t* -2t

s//(t) =2t -2

(i) when velocity S/(t) = 0
t2—-2t=0

tt—2)=0

Gives,t = 0,and t = 2

(ii) when acceleration S/(t) = 0

2t—2=0
2t =12
t=1
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Example 7.5 A particle is fired straight up from
the ground to reach a height of s feetin ¢
seconds, where s(t) = 128t — 16t2.

(1) Compute the maximum height of the
particle reached.

(2) What is the velocity when the particle hits
the ground?

Solution: Given s(t) = 128t — 16t2

Velocity s/(t) =128 — 32t
The particle reaches the maximum height when

velocity becomes zero.

~128—-32t =0
32t = 128
t=28-4
32

(1)The time taken by the particle to reaches
the maximum height t = 4 seconds.
Substituting in t = 4 in S(t), we get the
maximum height reached

s(4) == 128(4) — 16(4)"

=512 -- 1A6(15)
=512 - 256
== 256 feet.

Tiie time taxen 1o reacites the inaxiinuin neight
ist = 4 seconds, hence the time taken for the
downward direction is also t = 4 seconds.
(2)The total time to reach the groundist =8 s
Substituting t = 8,in s/(t), we the velocity it
strikes the ground
~ s/(8) =128 — 32(8)
=128 — 256
= —128 ft/s
The velocity when the particle hits the
ground is 128 ft/s
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Example 7.6

A particle moves along a horizontal line such
that its position at any time t > 0 is given

by s(t) = t3 — 6t%+9t+1, where sis measured
in metres and fin seconds?

By Manisekow o SRKMHSS-Arcot.
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(1) At what time the particle is at rest?
(2) At what time the particle changes
direction?
(3) Find the total distance travelled by the
particle in the first 2 seconds.
Solution: s(t) = t* — 6t*+9t+1
V() =s/(t) =3t - 12t +9
(1) The time when the particle comes to rest
when velocity becomes zero
3t2—-12t+9=0
+3, t?—4t+3=0
t—-1)(t-3)=0
(t—1)=0,gives t =1and
(t—3)=0,givest =3
Hence att = 1,t = 3 the particle is at rest.
(2) The particle changes direction when V (t)
changes its sign.
When t lies between 0 and 1 V(¢t) > 0
When tlies between 1and 3 V{#) < 0
When t ies above 3 V{t) >> ()
The particle changes direction when
t=1landt =3

(3) The total distance travelled by the particle
in the first 2 seconds.

= [|s(0) —s(D| + [s(1) — s(2)]
Now, s(0)=(0)3-6(0)2+9(0)+1=1
s(HD=1)3-6(1)*+9(1)+1
=1-6+9+1
=11-6
=5
s(2)=(2)2-6(2)2+9(2)+1
=8-24+18+1
=27 24
=3
~ |s(0) = s(D] + [s(1) — s(2)|
=|1-5|+|5-3|
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= |—4] + |2
=442
= 6 metres.
The total distance travelled by the particle

in the first 2 seconds = 6 metres.
skokesk sk skok sk skosk sk sk sk skokesk skoskok sk sk skosk sk sk skok sk sk sk Rk sk skok sk sk sk skskesk skk sk sk sk kok
Example 7.7 If we blow air into a balloon of
spherical shape at a rate of 1000 cm3 per
second. At what rate the radius of the baloon
changes when the radius is 7cm? Also compute
the rate at which the surface area changes.
Solution:

Volume of the spherical balloon V = %nr3

Given Z—: = 1000cm3per second

. dr das .
To find 7 and = when radiusr = 7 cm

4 3
V==nr

3
av 4 dr
— =-3r? x —
dt 3 dt

1000=4n><7><7><§

1000 _ dr
AxmTXTXT7  dt
dr 250
— = —cm/s
At 491

(i) The radius changes at the rate of 222 em/s
491

Surface area of the sphere S = 4mr?

ds d
L —4rx2rx=E
dt dt
250
=4T X2 X7 X—
491
250
=4 X2X—
7
ds 2000
— ==—cm?/s
dt 7

(ii) The Surface area changes at the

2000
rate of —— cm? /s
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Example 7.8 The price of a product is related to
the number of units available (supply) by the
equation Px + 3P — 16x = 234, where Pis the
price of the product per unit in Rupees and x is
the number of units. Find the rate at which the
price is changing with respect to time when 90

By Manisekow o SRKMHSS-Arcot.
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units are available and the supply is increasing
at a rate of 15 units/week.
Solution: The supply and price of the product is

x and P.Itisrelated by
Px + 3P — 16x = 234

To findd—P,Whenx =90 and & 15
dt dt
Given Px+ 3P —16x = 234

Px + 3P =234 + 16x
P(x+3) =234+ 16x

_ (234+16x)
T (x+3)

dP _ (x+3)(234+16x)/~(234+16x)(x+3)/
at (x+3)2

B (x+3)(16%)—(234+16x)(%)
o (x+3)2

B [(x+3)(16)—(234+16x)](%)
o (x+3)2

M6 +48—234—16x](%)

(x+3)2

()

(x+3)2
[—186](15)
(90+3)2
[—186](15)
(93)2
[—186](15)
(93)(93)
(=2)(15)
(93)
(=2)(5)
(31)

-10

31
= —0.32

Hence the price decreasing at the rate

of Rs. 0.32 per unit.
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Example 7.9 Salt is poured from a conveyer
belt at a rate of 30 cubic meters per minute
forming a conical pile with a circular base
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whose height and diameter of base are always
equal. How fast is the height of the pile
increasing when the pile is 10 metre high?
Solution:

Given: Diameter = Height

2r=nh
h
r=-
2

av
Rate of change of volume i 30

dh
To find rate of change of height I ath =10

We know the volume of the cone

vV =1nr2p
3

=:m(z)G)n

=L p3
12

v m oo (dh)
dt 12 \ai

30 =§><10x1o><(§§)

30x4 _ dh
10X10X7 dt
dh 6 .
— = —mt/min
dt 5w

>kokeok >k kok ok sk ok ok ok ok sk ok ok Sk ok ok ok ok kook ok ok sk ok ok sk ok sk ok ok kok sk ok ok skok ok skokok sk k ko

Example 7.10 (Two variable related rate
problem) A road running north to south
crosses a road going east to west at the point P.
Car Ais driving north along the first road, and
car Bis driving east along the second road. Ata
particular time car 4 10 kilometers to the north
of Pand traveling at 80 km/hr, while car Bis

15 kilometers to the east of Pand traveling at
100 km/hr. How fast is the distance between

the two cars changing?
Solution:

By Manisekow o SRKMHSS-Arcot.
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Givenx = 10and y = 15
To find the change of the distance between
the cars %, when% = 80, and Z—Z =100
By using Pythagoras Theorem,
x2 + y? = 72
(10)%2 + (15)% = z2

100 + 225 = z?2
z% =325
=25%x13
z = 5v13
X2+ y? = 72
Differentiating with respect to t
ax ay _ 5 4z
2x % + 2y pri szt
- dx dy _ _dz
-2, xdt+ydt =2

(10)(80) + (15)(100) = (5@)%
Dividiag by 5,
(2)(30) + (3)(100) = (\/1—5)%

Pre = 4z
160 +300 = (V13) =

P ] dz
460 = k\/ 13)5
dz 460
at V13
460
~ 365

= 127.6 Km/hr
The distance between changes at the

rate of 127.6 Km/hr

Sk >k ok ok sk ok ok ok ok sk ok ok Sk sk ok ok ok ok ok ok ok sk ok sk ok >k >k ok ok Sk ok ok ok ok sk ok ok skok ke k ok kok sk k

EXERCISE 7.1
1. A point moves along a straight line in such a
way that after ¢seconds its distance from the
originis s = 2t% + 3t metres.
(i) Find the average velocity of the points
between = 3 and = 6 seconds.
(ii) Find the instantaneous velocities at =3
and ¢= 6 seconds.

By Manisekow o SRKMHSS-Arcot.
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Solution:
Given s(t) = 2t% + 3t

The average velocity of the points between

t=aand t=bis sB)-5t@)
b-a
s(a) =s(3) =2(3)?+3(3)
=2(09)+9
=18+9
=27
s(b) = s(6) = 2(6)* + 3(6)
= 2(36) + 18
=72+18
=90
The average velocity of the points = %
_ 90-27
3
=08
=21m/s

(ii) Given s(t) == 2t + 3t
Hence instantar.eous velocity = S/(t)
S/(t) = 4t + 3

Velocity at t= 3 seconds §/(3) = 4(3) + 3
=12+3
=15m/s

Velocity at t= 6 seconds S/(6) = 4(6) + 3
=24+3
=27m/s

2. A camera is accidentally knocked off an edge
of a cliff 400 ft high. The camera falls a
distance of s = 16t% in tseconds.

(i) How long does the camera fall before it hits

the ground?

(ii) What is the average velocity with which the

camera falls during the last 2 seconds?

(iii) What is the instantaneous velocity of the

camera when it hits the ground?

Page 5
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Solution:
(i) Given s = 16t2. The camera falls down
from the height of 400 ft.
~Time taken to hits the ground is to find t
when s=400 feet.

400 = 16t>2
400 — t2
16
4%x100 _ 2
16
" 2X10 =t
4
+5=t
Since t = —5, is not possible
t=5

~Time taken for the camera to hit the
ground is t = 5 seconds.

(ii) To find the average velocity with which the
camera falls during the last 2 seconds is to

find tiie average velocity at £= 3 and
t==1 seconds.
We know that the average velocity of the

points between t=aand t=bis )_(li:;sﬂ
Given s = 16t2
s(a) = s(3) = 16(3)?
= 16(9)
= 144
s(b) = s(5) = 16(5)?
= 16(25)
= 400
The average velocity of the points = %
_ 400-—-144
2
_ 256
2
=128 ft/s

(iii) To find the instantaneous velocity of the
camera when it hits the ground is to find
the instantaneous velocity at =5 seconds.

www.TrbTnpsc.com

Given s(t) = 16t2

Hence instantaneous velocity = S/ (t)

S/(t) =32t
Velocity at t= 5 seconds S/(5) = 32(5)
=160
= 160 ft/s

Skskeoskesk sk sk sk sk sk sk sk sk skek sk sk skek skook sk sk sk sk sk sk sk sk sk skok sk ok sk sk skosk sk sk sk sksk sk sk sk sk k

3. A particle moves along a line according to the
law s(t) = 2t3 — 9t? + 12t — 4, +9t+1,
where > 0.

(i) At what times the particle changes
direction?
(ii) Find the total distance travelled by the
particle in the first 4 seconds.
(iii) Find the particle’s acceleration each time
the velocity is zero.
Solution:

(i) To find the times the particle changes
direction is to find t when S/(¢t) = 0
Given s(t) = 2t —9t? + 12t — 4
s/{#) = 6t* — 1St + 12
when </(t) = 0 gives,
6t2 —18t+12 =0
+ 6 t2 =<3t 2=10
t-1D(-2)=0
t—1=0,givest =1and
t—2=0,givest =2
=~ The particle changes direction att = 1 and
t = 2 seconds.
(ii)To find the total distance travelled by the
particle in the first 4 seconds
Sat t =0,1,2,3 and 4 seconds.
Givens(t) = 2t3 —9t?> + 12t — 4

s(0) = -4
s(1)=2-9+4+12-4
=14-13

=1

s(2) =22)*-9(2)*+12(2) -4

By Manisekow o SRKMHSS-Arcot.
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=2(8) —9(4) + 12(2) — 4
=16-36+24—4
= 40 — 40
=0
s(3) =2(3)*-9(3)?+12(3)— 4
=2(27) —9(9) + 12(3) — 4
=54—81+36—4
=90 -85
=5
s(4) = 2(4)° —9(4)2 + 12(4) — 4
= 2(64) —9(16) + 12(4) — 4
=128 — 144+ 48 — 4
=176 — 148
= 28
t[of1][2]3]4
s|—4[1]0|5]28

Total distance trevelied in first 4 scconds
=[s(0) = s(D| + 15{1) - s(2)]
+s(2) = s3]+ [s(5) = 5(4)]
=|-4—-1|+|1—-0]+|0—5] +{5— 28|
= =5+ [1] + [-5] + [-23]|
=5+1+5+23
= 34 meters.

(iii) To find the particle’s acceleration each
time the velocity is zero.
Givens(t) = 2t3—9t?2 + 12t — 4

Velocity s/(t) = 6t — 18t + 12
when s/(t) = 0 gives,
6t>—18t+12=0

+ 6, t2—3t+2=0
t—1D(&-2)=0
t—1=0,givest = 1and
t—2=0,givest =2
Acceleration s//(t) = 12t — 18

By Manisekow o SRKMHSS-Arcot.
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When t = 1, Acceleration s//(1) = 12 — 18
= —6m/s?
When t = 2, Acceleration s//(2) = 12(2) — 18
=24—-18

| 2
= 6m/s
skokesk sk skok sk skosk sk sk sk skokesk skosksk sk sk skosk sk sk skok sk sk sk skskesk skosk sk sk sk skke sk skk sk sk sk kok

4. If the volume of a cube of side length x is v =
x3. Find the rate of change of the volume with
respect to x when x = 5 units.

Solution: Given volume of the cube v = x3

The rate of change of the volume = Z—:

dv
s — = 3x?2
dt

dv _c_ 2
dtatx—5—3(5)

= 3(25)

= 75 units.
Sk sk ok Sk ok sk sk ok sk sk sk sk sk ok sk sk sk sk sk sk sk sk sksk ok sk sk sk sk sk ok skesk sk sk sk sk sk sk sk sk ok sksk sk k-

5. If the mass m(x) (in kilograms) of a thin rod
of length x (in metres) is given by, m(x) = /3x
then what is the rate of change of mass with
rcspect to the length waenitisx =3 and x =
27 metres.

Soluticn:  Given m(x) = v3x
=V3Vx
Rate of change of mass = m/(x)
/(x) = /3 -
m/ (x) \/§2ﬁ
(i) Rate of change of mass at x = 3
/(2) = 3-L
m/(3) = V3
= % Kg/m
(ii) Rate of change of mass at x = 27
/ — 31
m/(27) =3 ez
1
- \/gz\/m

1
- \/§2x3\/§

:%Kg/m

Skokesk ok ok ok sk sk ok ok ok ok sk ok ok Sk ok ok ok ok sk ok ok Sk sk ok sk sk ok sk sk ok ko ok sk ok sk ok k kR sk sk k ko
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6. A stone is dropped into a pond causing
ripples in the form of concentric circles. The
radius rof the outer ripple is increasing at a
constant rate at 2 cm per second. When the
radius is 5 cm find the rate of changing of the
total area of the disturbed water?

Solution:

ar
Given The rate of increasing radius T 2cm/s
To find the rate of change of area of the
dA
circle—whenr =5
dt
Area of the circle A = nrr?
dA dar
— = 2nr X —
dt dt

= 2n(5) x (2)

= 20mr sq.cm/s

Skoksk sk skok skook sk sk skook skosk sk sk sk sk sk sk sk sksk skok sk sk skosk skosk sk sksk sksk sk sk sk sk sk sk sk sk sk sk

7. A beacon makes one revolution every 10
seconds. It is located on a ship which is
anchored 5 kui from a straight shore line. How
fast is the beam moving aiong the shove line

when it imakes 2n angle of 45° with the shore?

Solution: \
[Cfc /s

Given : one revolution every 10 seconds.
[t coversin 10 sec = 2m

www.TrbTnpsc.com

=95 Vﬁzz X % = 2XT7

The beam moving along the shore line at a rate
of 2mkm/s

Sksksk sk ko sk ok ok sk sk ok kk ok sk sk ok sk ok sk sk sk sk sk sk sk sk sk skk sk sk sk sk skok sk sk sk sksk sk sk sk sk k

8. A conical water tank with vertex down of 12
metres height has a radius of 5 metres at the
top. If water flows into the tank at a rate 10
cubic m/min, how fast is the depth of the water
increases when the water is 8 metres deep?
Solution:

Given: Heightofthetankh =12m

Radius atthetopr =5m

r 5 5
Hence—=—=>r=—h
n 12 12

av
Rate of change of volume G 10
X . dh
To find rate of change cf height PR ath =8

We know the volume of the cone

V. =Zgr4k
1 5 5
=37 (55h) ()
Ry 5X5 3
T 3x12x12
dv _  5x5 2y dh
dt ~ 3x12x12 dt
av B 25 R dh
dt ~ 144" dt

2 b4
~1lsec=—=-= . av
-5 Substituting— = 10 and h = 8, we get
. 3 ao T dat
Revolution in 1 second ™ - o)
10 = mﬂ.’ X 8 X 8 X o
. X
From the given datatan 8 = =
5 10x144 _ dh
Gives, x =5tanf 25x8x8xm dt
2x5x16x9 _ dh
4 o c2 x& 25x8x8Xmw  dt
¥ ¢ 9 _ dh
de 2 Gt
when 8 = 45%and — == 10m  dt
at s in .
d c e G (R :
£ — & sec2450 x So, the rate of change of height o m/min

By Manisekow o SRKMHSS-Arcot.
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9. A ladder 17 metre long is leaning against the

wall. The base of the ladder is pulled away from
the wall at a rate of 5 m/s. When the base of the

ladder is 8 metres from the wall.

(i) How fast is the top of the ladder moving
down the wall?

(ii) At what rate, the area of the triangle
formed by the ladder, wall, and the floor, is
changing?
Solution:

Ja

Given length of the ladder AB=17 mt.

Let the foot of the ladder is x mt away from the
wall. Thatislet 04 = x

Similarly let the top of the ladder touches the
wall y mt away from the floor.

ThatisletOB =y

By using Pythagoras Theorem,

2?4yt =172

When x = 8, 82 + 52 =172
y2 =172 - 82
={17+8)(17 - 8)
= (25)(9)
y=(05)3)
y =15

(i) To find the rate at which the ladder slips
down the wall = d— Y when & = =5

From x?2+y?=172

Differentiating with respect to t

dx ay _
Zxdt+2ydt =0

. ax ay _

= 2, xdt+ydt—0

B)(5) + (15) 2 =0
4y _ _ 40
dt 15

8

T3

www.TrbTnpsc.com

Ladder slips down the wall at the rate of g m/s
(ii) To find the rate at which the area of the
triangle OAB changes = Z—‘:
Area of triangle OAB A = %xy

Differentiating with respect to t

dA 1 dy dx)
— =—-x— —
dt 2 ( dt + y dt

=2{®(-2)+ a5))]
=2(=2+75)

( 64+225)

(%)

6

= 26.83

NIH

NIH

NIH

| =

The area of the triangle OAB changes at

the rate % =z 26.83 sq.m/s
Skookookok skook skookook skokook skookook skokok sk 3 <skosk koskosk skoskosk skoskosk skosk skosk sk skeskosk sk k sk k sk k
10, A police jeep, approaching an crthogonal
intersection from the northern direction, is
chasing a4 speecling car “hat has turned and
moving straight east. When the jeep is 0.6 km
north of the intersection and the caris 0.3 km
to the east. The police determine with a radar
that the distance between them and the car is
increasing at 20 km/hr. If the jeep is moving at
60 km/hr at the instant of measurement, what
is the speed of the car?
Solution: y

Givenx = 0.8andy = 0.6

The distance between the car and the jeep
changes at the rate Z—f =20
To find d—x, when @ _ _ 60
dt dt

By using Pythagoras Theorem,

By Manisekow o SRKMHSS-Arcot.
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x2+yt=1z
(0.8)% + (0.6)% = z2
0.64 + 0.36 = z?2
1=2z?
z=1
x% + y? = 72
Differentiating with respect to t
2T 42y =272

dx dy dz
+2, x— —=zZ—
! dt+ydt dt

(0.8) (%) +(0.6)(—60) = (1)(20)
(0.8) (%) —36=20

2 (%) =20+36

10 \dt
dx 10
— =56 Xx—
dt 8
dx
— =170
dt

Hence the speed of the car changes at thz rate

dx

— = 70 km/hr.
dt
Skeskskosk kosk tkesk sk Skesk sk Skesk sk sk sk skesk ko sk sk sk sk kst sk ok kesk keskoskeskeskoskokeskokeskesk sk ook sk

Example 7.11 Find th e equations of tangent
and normal to the curve y = x* + 3x - 2 at the
point (1, 2)

Solution: y = x% + 3x — 2

2= 2x+3
Z—z at the point (1,2) =2(1) + 3
=2+3
Slopem =5
Equation of the tangent with slope m through
the point (x;,y,) isy —y; = m(x — x;)
Substituting m = 5, and the point (1, 2)

Tangent equationis y — 2 = 5(x — 1)

y—2=5x-5
5 —-y—-5+2=0
5x—-y—3=0

Normal is perpendicular to tangent.

www.TrbTnpsc.com

Hence normal is of the form x + 5y + k=0

[t passes through the point (1, 2)

Hence, 1+5Q2)+k=0
1+10+k=0
11+k=0

k=-11

Equation of the normalisx + 5y — 11 =0

skokesk sk skok sk skosk sk ok sk skokesk skoskok sk sk skosk sk skeskok sk skosk skskesk skok sk sk sk skkesk sksk sk sk sk kok
Example 7.12 For what value of xthe tangent of
the curve y = x3 — 3x% + x — 2 is parallel to
the line y= x.

Solution:  Given y=x3-3x24+x-2

2 = 3x% - 6x + 10

dx

Slope of the first curve m; =3x%2 —6x+ 1

and y=x
Y _1q
dx

Slope of the second curve m, = 1
Since the tangents are parallel, m; = m,
w3x2—o6x+1=1
3x?—6x+1—-1=0
Sx2—6x=0
3x(x -2) =60
S0,3x=0=>x=0
andx—2=0=>x=2
Substitutingx = 0in y =x3 —3x2+x — 2,
weget y =—2and
x=2in y=x3-3x?2+x-2,
weget y=23-3(2%)+2-2
=8—-12+2-2
=10-14
y=—4
The tangent is parallel to the line y = x at the
points (0, —2)and (2, —4)

skoskoskok koo skoskook skoskosk skosksk skoskosk skosk skeskosk skoskosk skoskosk skoskosk skosk skeskosk skeskosk skeskosk sksk sk
Example 7.13 Find the equation of the tangent

and normal to the Lissajous curve given by x =
2cos3tandy =3sin2t, teR

By Manisekow o SRKMHSS-Arcot.
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Solution: x = 2 cos 3t

dx .
o= 2 X 3(—sin 3t)
@ _ — 6 sin 3t
dt

y = 3sin2t
ay _
e 3 x 2(cos 2t)
@ 6 cos 2t
dt

d 6 cos 2
Slope of the tangent m = —=> = -
dx — 6sin 3t

cos 2t

m=——
sin 3t

Equation of the tangent with slope m through
the point (x4, y;) isy —y; = m(x — x;)

cos 2t

Substitutingm = ———,
sin 3t

and the point (2 cos 3t, 3 sin 2t)

Equation of tangent is

cos 2t

(x — 2 cos 3t)

(y —3sin2t) = — —

(y — 3sin 2t) sin 3t = —cos 2t(x — 2 cos 3t)

ysin3: --3sin2:sin 3t = —x cos 2t -+ 2 cos 2tcos 3t
X cos 2t + v <sin 3t = 3 sin 2f sin 5t -+ 2 cos 21 cos 3t

Normal is perpendicular to tangent.

Hence normal is of the form

xsin3t—ycos2t+k =0
It passes through (2 cos 3t, 3 sin 2t)
(2cos3t)sin3t — (3sin2t)cos2t+k =0

2cos3tsin3t —3sin2tcos2t+ k=0

2 cos 3t sin 3t —2(2 sin2tcos2t)+ k=0
sin6t—§sin4t+ k=0
k= zsin4t — sin 6t
So equation of the normal is

xsin3t—yc032t+§sin4t—sin6t= 0

Skok ok ok sk ok ok ok >k sk ok ok ok 5k ok ok ok ok sk ok ok sk >k >k ok ok sk ok ok ok sk ok ok ok sk R ok ok sk ok ok >k kok ok

Example 7.14 Find the acute angle between y =
x?andy = (x — 3)%
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Solution: Given y = x?and y = (x — 3)2
So, x?=(x-23)?
x2=x>—6x+9

x2—6x+9—x?=

—6x+9=0
6x = 9

9_3

x = -= -

6 2
3 2 . 9
When x = >y =x"glves,y =~
. : .. (39
The point of intersection is (E’ Z)

From y = x?

d
L
dx

At the point G, %)

w=2()=3
Slope of the first curve m; = 3
From y = (x—3)?
y=x?-6x+9

. 3
At the point ( \ )

dy _ 3\ _ g _a2_¢_ _
Y = (2) 6=3—6=-3
Slope of the second curve m, = —3

If 6 is the angle between the curves, then

mp—m;

tan @ =

1+mim,

3—(-3)
1+(3)(-3)

3+3
1-9
6

-8
3

—4

3
4

0 = tan™! G)

The angle between the curves § = tan™! (Z)

By Manisekow o SRKMHSS-Arcot.
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Example 7.15 Find the acute angle between the
curves y = x2and x = y?at their points of
intersection (0, 0), (1, 1).

Solution: From vy = x?
o m, = 2x and
dx
From x = y?
— v
1=2y ™
& m, =—
dx 2y
(i) At (0, 0)
m; = 2x = 0 and
1 1

If 6 is the angle between the curves, then

tan 6 = |M
1+mim,
0—oco0
= |— = OO
1+00
0 = tan"1(o0) = g
The angle between the curves 8 = z
(i) At (1,1)
m; = 2x = 2and
mp; = 2y T2

If 6 is the angle between the curves, then

mi—m;

tan6=|

1+mym,
2—(3)
()

4-1

Il
/N

The angle between the curves 6 = tan™! G)

www.TrbTnpsc.com

Example 7.16

Find the angle of intersection of the curve y =
sin x with the positive x -axis.

Solution: Given y =sinx

d
- CoOS Xx
dx

The given curve intersects with positive x -axis
On x -axisy =0, gives sinx = 0

Hence x = nm
Slope of the tangent Z—z = m = cos x gives

m = cosnmw = (—1)"
Then tan8 = (—1)"
0 =tan 1 (—1)"

Ifniseven, 8 = tan™1(1) = %

Ifnisodd, 8 = tan™'(—-1) = %n

skskeosksk sksk sksk sk sk sk sk skek sk sk sksk skosk sk sk sk sksk sk sk skosk skosk sk sksk sksk sk sk sksk sk sk sk sk sk sk

Example 7.17 If the curves ax? + by? = 1 and
cx? + dy? = 1 intersect each other

orthogonally then, =22
a D c d
Soclution: ax? + by? =1
cxl+dy?=1
. b
Solving. A= (%
olving y d!
=ad — bc
1 b
Ae=11 g
=d->b
_la 1
A= |C 1|
=3¢
5 d-b
" ad-bc
2 _ a—c
yo= ad-bc

Given ax?+by?=1
2ax + ZbyZ—z =0

ZbyZ—z = —2ax

dy 2ax
dx 2by

By Manisekow o SRKMHSS-Arcot.
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m; = —% and
cx?+dy? =1

2cx + ZdyZ—z =0

ZdyZ—z = —2cx

dy _ _2ex
dx__Zdy

—
1n2 —-_'dy

Given the curves cut orthogonally.

smym, = —1
(£)(-5)=
= !

acx? = —bdy?

acx?+ bdy? =0

Substituting the values of x2 and y?

ﬂf‘(d_b)+bd(a_c)=0

"~ \ad-bc. ad—bc

cc(d=D)+Ed(a--c)=10

<+ by ahcd,
2 (d-b)+——(a—c)=0
€189 -
L-ges-g-o
1 1 _ 1 1

a b c d
skesk ok sk sk sk sk ok sk sk sk ok sk sk sk sk ok sk sk sk sk ok sk sk ok sk sk sk sk sk sk sk sk sk sk sk sk sk ok sk sk sk sk ok sk ok

Example 7.18 Prove that the ellipse x? + 4y? =
8 and the hyperbola x? — 2y? = 4 intersect

www.TrbTnpsc.com

3x2 -4 =12
3x2=12+4
3x%2 =16
x2 =28

3

Given x%+4y%?=38

2x+8y2—z=0

ya = —2x
dy _ 2x
ax sy
X
my = —E
x?—2y%2=4
dy
2x — 4ya =0
% = 2x
dy _ 2x
ax 4y
_ X
2= ,
Now my; > m,= (—%) X (%)
xZ
= ——;;Z
Substituiirg the values of 2 and y?
1(,‘/’;
m; X m, = —-==
8(%/3)
S
/3

So, the given curves cut orthogonally.
Skookskok skook skookook skoskook skoskok skosk ok skosk skosk sk skosk sk sk sk sk sk sk ok skosk sk sk sk skesk sk sk sk sk sk sk ko
EXERCISE 7.2
1. Find the slope of the tangent to the curves at
the respective given points.
Dy=x*+2x?>—-xatx=1

orthogonally (ii) x = a cos3t,y = b sin3t att = %
Solution: x2+4y2=8 ....... (1) Solution:
x2—2y=4 .. ... (2) () y=x*+2x*—x
(1) — (2)gives, 6y =4 Do 4x3 4 4x—1
g dx
4 2
yi=-=3 atx =1, Slope == = 4(1) +4(1) - 1
Multiplying (2) by 3, —4+4—1
3x2 —6y? =12 m=8—-1=7
Substituting 6y? = 4
By Manisekouranns SRKMHSS-Arcot. Page 13
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(ii) x = acos3t
d .
2 = 3a cos?t(—sint)
dt
y = b sin3t
d .
d—f = 3b sin’t(cost)

dy _ 3bsin®t(cost)
dx 3a cos?t(—sint)

Slope

bsint

acost

_mody _ bsin(E)
o= 2" dx acos(g

N

~—

_ b
a(0)
= 00
sksksk sk sk sk sk sk sk sk sk sk skesk ok sk ke sk sk sk sk sk sk skeskesk skesk sk sk sk sk sk sk skeskesk sk sk sk sk sk sk sksk sksk

2. Find the point on the curve y = x? — 5x + 4

at which the tangent is parallel to the line
3Ix+y=7.

Solution: y = x? —5x+ 4

Y 2x—5
dx

Slope iii, = 2x — 5 and from,

3x+y=7
y=7--3x
v _
dx
Tnz ::__3

Given the curve is parallel to the line

LMy =M,

2x—5=-3
2x =—=3+5
2x = 2 gives
x=1

Since to find the point on the curve,
substituting x = 1, in

y=x?>—-5x+4

=1-5+4
=5-5
=0

So, at the point (1, 0) the curve is parallel

to the given line.
Skeskoskeosk skosk skesk sk skesk sk skesk sk skesk sk skesk skesk sk skesk sk skesk sk skeskosk skeskoskesk sk skesk sk skesk sk sk skoskesk
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3. Find the points on the curve

y = x3 — 6x% + x + 3 where the normal is
parallel to the line x + y = 1720.

Solution: Given y = x3 —6x2+ x + 3

D _ 352 _12x4+1
dx

Slope of the tangent m = 3x2 — 12x + 1

Hence slope of the normal = —% and
x+y=1729
dyos
1+--=0
Y__1
dx

Slope of the line m = —1

Since the normal parallel to the line,

GxP-12x+1)
3x2—-1Zx+1=1
3x?-12x+1-1=37
3x2—-12x =0
3x(x—4):=0
S0,3x=0=>x=0
andx—4=0=>x=4
Substitutingx = 0in y = x3 — 6x%+ x + 3,
we get y = 3 and
x=4in y=x3—6x*+x+3
weget y=43-6(4%)+4+3
=64—-96+4+3
=71-96
Y =525

The normal is parallel to the line at the points
(0,4)and (4,—25)

skoskoskok koo skoskook skoskosk skoskosk skoskosk skosk skeskosk skoskosk skoskosk skoskosk skosk skeskosk skeskosk skskosk sksk sk
4. Find the points on the curve

y? — 4xy = x? + 5 for which the tangent is

horizontal.

By Manisekow o SRKMHSS-Arcot.
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Solution: y? —4xy =x?+5

2yZ—i—4(xZ—z+y)=2x
d

YW 4V 4y =
Zydx 4xdx 4y = 2x

2yZ—Z—4xZ—z= 2x + 4y

Dividing by 2,

(yZ—z—ZxZ—z) =x+2y

dy
(y—2x)a—x+2y

d_y _ x+2y
dx (y—2x)

When the tangent is horizontal, it is parallel
to x axis. So, -0
dx

x+2y
(y—-2x)

x+2y=0

Gives,

x = =2y
Suhstituting x = —2y in
y? —4xy = x? + 5we gct
y2—4(=20)y = (=2y)* +5
y% + 8y? = 4y% 4-5

9y? —4y? =35
S5y? =
y? =
y=1%1

Wheny =1,x = -2y gives x = —2 and
y=-1,x=—2ygivesx = 2
At the points (—2,1) and (2, —1) the tangent is

horizontal.
Sk ksk sk sk ok ok Sk sk sk sk ok ok sk sk sk ok ok Sk sk skesk ok sk sk sk sk sk ok sk sk sk sk sk sk ok sk sk sk sk sk sk sk sksk sk k

5. Find the tangent and normal to the following
curves at the given points on the curve.
)y =x%—x*at(1,0)
(i) y = x* + 2e* at (0, 2)
(iii) y = x sin xat (2 \ 2)

(iv) x = cost,y = 2sin’t,att = g

By Manisekow o SRKMHSS-Arcot.
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Solution:
0 y=x-x*
2 = 2x — 4x3
At (1,0)
2= 2(1) - 4(1)°
=2—-4
m=—2
Slopem = =2
Equation of the tangent with slope m through
the point (x,,y,) isy —y; = m(x — x;)
Substituting m = —2, and the point (1, 0)
Tangent equationis y — 0 = —2(x — 1)
y=-2x+2
2x+y—2=0
Normal is perpendicular to tangent.

Hence normal is of the form x —2y + & =0

[t nasses through the point (1, 0)

Heuce, 1-2(00+k=0
1-0+k=0
1-+k=35
k=-1
Equation of the normalisx — 2y —1=10

(i) y=x*+2e*

L — 4x3 + 2e*
dx
at (0, 2)

2 = 4(0) + 2¢©
=0+2(1)
m=2
Slopem = 2
Equation of the tangent with slope m through
the point (x,,y,) isy —y; = m(x — x)
Substituting m = 2, and the point (0, 2)
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Tangent equationis y — 2 = 2(x — 0)
y—2=2x+0
2x—y+2=0

Normal is perpendicular to tangent.

Hence normal is of the form x + 2y + k=0

It passes through the point (0, 2)

Hence, 0+22)+k=0
0+4+k=0
4+k=0

k=—4

Equation of the normalisx + 2y —4 =0
(iii) y =xsinx

% x(cosx) + sinx

dx
T T

at(3.3)

@y _ T & 0

dx—z(cosz)+sm2
=Z00)
—Z(U,+1
=0+1

m=—1

Slopem =1

Equation of the tangent with slope m through
the point (x;,y;) isy —y; = m(x — x;)
Substituting m = 1, and the point (g, g)

Tangent equationis y — % =1 (x - g)

V3 s

Y=<,
x—y=0

Normal is perpendicular to tangent.

Hence normal is of the form x +y+k =0
[t passes through the point (g,g)
Hence, Z+Z4k=0
2 2
m+k=0gives k = —m

Equation of the normalisx +y —m =0

www.TrbTnpsc.com

(iv) x =cost, and y = 2sin?t

dx . d .
— = —sint 2 = 4sintcost
dt dt
d 4sintcost
SO, _y =
dx —sint
= —4 cost
s
att = —
3
d
2 = _4cost
dx

s (3)
-4

m=—2
Slopem = =2
(xy,y1) = (cosg, 2sin? g)

=(22(2))

= (13

\2’5)

Fquation of the tangant with slope m through
the point (x,,y,) isy —y; = m(: -- x;)
3)

4
ol e AA YA e 1
Subsiituting in = —Z2, and tiic point o)

Tangent equationis y — % =-2 (x G %)

Multiplying by 2,
2y —3=—4(x—1)
2y —3=—4x+2
4x+2y—-3—-2=0
4x+2y—-5=0
Normal is perpendicular to tangent.

Hence normal is of the form 2x —4y +k =0

It passes through the point G, 3)

Hence, 2 G) —4 (S) +k=0

1—-6+k=0
—5+k=0
k=5

Equation of the normal is2x —4y + 5 =10

By Manisekow o SRKMHSS-Arcot.
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6. Find the equations of the tangents to the
curve y = 1 + x3 for which the tangent is
orthogonal with the line x + 12y = 12.

Solution: Giveny =1 + x3
D _ 3x2
dx

Slope of the tangent m,; = 3x?

Equation of the given line x + 12y = 12

1+12% =9
dx
1222220
dx
y _ _ 1
dx 12

1

Slope of the line m, = — =

Since the tangent is orthogonal to the line,

m1Xm2=—1
1

3x2 X ——=—1
12
2
a—
4
x’=4
X =2

The points lie on the curve y == 1 + x3

Whenx =2, y=1+23

=1+8
y=9
Whenx = -2, y=1+ (-2)3
=1-8
y=-7

Hence (2,9) and (—2, —7) are the points.
Atx = %2
Slope of the tangent m = 3x?
= 3(22)’
m=12
Equation of the tangent with slope m through
the point (x;,y,)isy —y; = m(x — x;)
(i) Substituting m = 12, and the point (2,9)
Tangent equationis y — 9 = 12(x — 2)

By Manisekow o SRKMHSS-Arcot.
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y—9=12x - 24
12x—y—24+9=0
12x —y—-15=0
(ii)Substituting m = 12, and the point (-2, —7)
Tangent equationis y + 7 = 12(x + 2)
y+7=12x + 24
12x—y+24-7=0
12x—y+17=0

skokeskosk skok sk skosk sk sk sk skokesk skeskok sk sk skosk sk skeskok sk skosk skskesk skok sk sk sk skoke sk skkske sk sk kok
7. Find the equations of the tangents to the
x+1 . .
curvey = -— which are parallel to the line

x+ 2y =6.

Solution: Given y = aic)
x—1
ay _ -DH®)-x+1)(1)
dx (x—1)2

_x—1-x—-1
T (x-1)2

=2
T (x-1)?

Slope of the tangent m,; = _(x:l)z

Y _n
1+ de =0
d
il R
dx
@& __1
dx 2
Slope of the line m, = \E

2

Since the tangent is parallel to the line,

ml :mz
=2 __1
(x-1)2 = 2
2 _1
(x-1)2 ~ 2

4 =(x—1)>?
(x—1)?%=4

x2-2x+1=4
x2-2x+1-4=0
x2-2x—-3=0
x—=3)x+1)=0

x—3=0,gives x = 3and
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x+1=0,gives x = —1

The points lie on the curve y = ==

x—1
When x = 3, y=E
3-1
— 4
T2
y=2
-1+1
Whenx = -1, y = —

Hence (3,2) and (—1, 0) are the points.
(i) At x = 3,

(x—1)2
_ -2
T 3-1)2?

Slope of the tangent m =

_ ~2
@2
-2

4

1
m=—=
2

Equation of the tangent with sione m through
the point (x;,y;) isy — y; = m(x — x.)

Substititingm = — %, and the point (3, 2)
Tangent equationis y — 2 = —% (x—3)

2y -2)=—(x—-3)
2y —4=—x+3
x+2y—-4-3=0
x+2y—-7=0
(ii) At x = —1,

(x—1)2
A0 0=2
T (-1-1)2

Slope of the tangent m =

~ (22

By Manisekow o SRKMHSS-Arcot.

www.TrbTnpsc.com

Equation of the tangent with slope m through
the point (x1, ) isy —y; = m(x — xq)

Substitutingm = — %, and the point (—1,0)

Tangent equationis y — 0 = —%(x +1)

2y = —(x+ 1)

2y =—x—-1
x+2y+1=0
x+2y+1=0

skskesksk skok skok sk sk sk sk skok sk sk sksk skosk sk sk sk sk sk sk sk sk sk skok sk sk sk sk skosk sk sk sk sksk sk sk sk sk k

8. Find the equation of tangent and normal to
the curve given by x = 7 cost and
y = 2sint, t € Ratany point on the curve.
Solution: x = 7 cost

dx

— = —7sint
dt

y =2sint
d

& — 2cost
dt

dy -2
Slope of the tangent i = =% = —2est
dx 7sint

2coct

m=—:

7sint
Equation sf the tangant with siope m through
the point (x;,v{) isy — y; = m(x -- x;)

zcost

7sint’

and the point (7 cost,2sint)

Substitutingm = —

Equation of tangent is

2cost

(y—2sint) = —

(x — 7 cost)

7sint
(y —2sint)7sint = —2cost (x — 7 cost)
(7sint)y — 14sin®t = —(2cost)x + 14 cos® t
(2cost)x + (7sint)y — 14sin’?t — 14 cos?t =0
(2cost)x + (7sint)y — 14(sin® t + cos?t) =0

(2cost)x + (7sint)y —14(1) =0

(2cost)x + (7sint)y—14 =10
Normal is perpendicular to tangent.
Hence normal is of the form
(7sint)x — (2cost)y+k =0

It passes through (7 cost, 2 sint)
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(7sint)(7cost) — (2cost)(2sint) + k=0
49sintcost —4sintcost+ k=0
45sintcost+k =0

k = —45sintcost

So equation of the normal is

www.TrbTnpsc.com

dy 2x

dx 4

Slope of the second curve at (—2,—1)
X 2

m2=_E=E=1

If 6 is the angle between the curves, then

tan 6 = |w
(7sint)x — (2cost)y — 45sint cost =0 “ l1+mym,
Skskskesk sk sk sk sk skok sk skosk sk sk skook sk sk sk sk ok sk kR sksk sk skokesk skesk sksk sk skoksk sk skok sk sk skk 1
9. Find the angle between the rectangular = ¢
hyperbola xy = 2 and the parabola ()@
x?+ 4y =0. -1-2
Solution: Given xy = 2 b R
2
. 2
Givesy = . ~ —73
= |t
Substituting y = iin x?+ 4y =0, we get 2
NN b E|
22 +4(2)=0 RN
= |-3|
x2+3=0
’ tan 0 =
Multiplyingbyx, x34+8=0
piyiig by 0 = tan"1(3)
x3 — _8 — (_2)3 Skeskeskesk sksk sk sk sk skesk ok skeskesk sk sk sk sk sk skeskeok skoske sk sk sk sk sk sk sk skeok sk sk sk sk sk sk sksk sk sk k sk >k
. 10. Show that the two curves x? — y? = r2and
Gives x=-2 5
Xy = c= where ¢,r are constants, cut
Substituting x = —2, in xy =2 we get oithogonaliy.
- B SC i - Gi p 2 __y2 = r4
(=2)y = 2 Sclution: Given x y r
; dy _
"2}' =2 2x -- 2}/5; =0
gives, y=-1 —2y ¥ = oy
dx
So, the point of intersection is (=2, —1) Zyz—y i
Again from xy =2 X
. dy _ 2x
e = dx 2y
X i + y(l) 0 x y
dy @v_x
x— +y=0 dx y
ay _ _y Let (x4, y;)be point of intersection.
dx
Then slope of the first curve at (x;, y;) my; = =
d_y — _Y Y1
d
\ > Again from xy = c?
Slope of the first curve at (=2, —1)
dy
1 X—+ y(l) =
m; = —- and from
i xZ4y=0
x2+4y=0 ax Y
dy
v _ -y
2x + 4 ol 0 dx
dy y
d —_ =
4% = —2x dx x
By Manisekow o SRKMHSS-Arcot. Page 19
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Slope of the second curve at (x;,y;) m, = — z—l
1

Product of the slopes m; X m, = (%) g (_ &)

X1
=-1

Hence the two given curves cut orthogonally.
Skskskesk sk sk sk sk skok sk kR ok sk skok sk sk sk sk ok sk sk sk sk sk sk sk sk skesk skokesk skoksk sk skosk sk sk skk

Example 7.19 Compute the value of 'c¢' satisfied
by the Rolle’s theorem for the function
f(x)=x%2(1—x)?%x €[0,1].

Solution: f(x) is continuous in [0,1] and

f (x) is differentiable in (0,1)
Given f(x) = x2(1 — x)%,x € [0,1]
fla) =f(0)=x*(1-x)*=0
f)=f1)=1*°1-1)*>=0
Hence f(a) = f(b)
fO) =x*(1—x)?
=x?(x?-2x+1)
=x*—2x3 +x2
F/(x) = 4x3 — 6x% + 2x
flc)=4c® —6c? + 2
Substitutine £/(c) = 0, we get:
4e3 —6¢2+2c=0
c(4c?—6c+2)=0
Gives,c = 0 and (4c2—6¢c+2)=0
When 4c¢? —6¢c+2 =0
Dividing by 2, 2¢? —3c+1=10
2c—1(c—-1)=0
Zc—1=0:>2c=1:>c=% and
c—1=0=>c=1

Hence c = 0,c = =,c = 1 are the values.

N | =

By Rolle’s Theorem, when f/(c) = 0, ¢ € [a, b]
R
LC=cE [0,1]

Sk ok ok ok sk ok ok ok ok sk ok 5k Sk 5k ok ok ok ok K ok ok sk ok ok ok >k sk ok ok Sk ok ok ok ok sk ok ok kk sk k ok kok sk k

Example 7.20 Find the values in the interval
G, 2)satisfied by the Rolle's theorem for the

: - 1 1
function f(x) = x + ~IXE [2,2].

www.TrbTnpsc.com

Solution: f(x) is continuous in E, 2] and

f@)mdMQGMMMem(iz)
Given f(x) =x +2,x € |3,2]
f@=f(;)=3+2=
f)=f@=2+;=
Hence f(a) = f(b)

fa)=x+=
fleo=1-=
flley=1-
Substituting f/(c) = 0, we get
1-5=0
c2-1=0
c?=1
c =t 1gives
c=landc= -1

Bv Rolle’s Theorem, when f/(c) == 0, ¢ € [a, b]

~c=1E [;,Z]

skeokeok ok o ok skok sk ok skl ko or ko s ek s esksk koskokok ek kok i sk sk kok kesk skokoko sk k ko

Example 7.21 Compute the value of '¢' satisfied
by Rolle’s theorem for the function

f(x) = log (ij) in the interval [2,3] .
Solution: f(x) is continuous in [2,3] and

f (x) is differentiable in (2,3)
f@) = log (£22)

5x
f(x) =log(x?*+6)—log(5x)
f(a) = f(2) = log(4 +6) —log(10)
= log(10) — log(10)
fl@)=0
fb) =f(3) =1log(9+6) — log(15)
= log(15) — log(15)
f) =0
Hence, f(a) = f(b) =0

By Manisekow o SRKMHSS-Arcot.
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From f(x) = log (x2+6)

5x
/() = L _ L
/) = 2= (@20 - 25)
26 _l
x%24+6 x
/ 9, 2c __1
f (C) c%2+6 ¢
When f/(c) = 0, gives
2c _ 1 _
c2+6 ¢
2c 1
c2+6 ¢
(2c)c=c?+6
2c?2=c*+6
2c2—c*=6
=6
c=++6

Since ¢ = V6 € [2, 3], the satisfied
valueis ¢ = V6

Skokak 3k Skook sk sk sk 3k sk sk ok ok 3K sk sk ok sk sk sk ok 3k skeske ok sk sk sk skosk skoskok skeskeske sk oksk kskskosksk kk
Example 7.22 Without actually solving show
that tt e equation x* + 2x3 — 2 = § has only
one real rectin the interval (0, 1).

Solution: Let f(x) = x* + 2x3 — 2

f(x)is centinuousin [6,1] and
f (x) is differentiable in (0,1)
Now, f/(x) = 4x3 + 6x?
Substituting f/(x) =0
4x3 + 6x2 =0
2x2(2x+3)=0
2x>=0and 2x+3=0
2x% = 0= x = 0 (twice)

2x+3=0=>x=—12
Butx =0,—2 ¢ (0,1)

Hence by the Rolle’s theorem there do not exist
a,b € (0,1) such that, f(a) =0 = f(b).
Therefore the equation f(x) = 0 cannot have

two roots in the interval (0, 1).

www.TrbTnpsc.com

But, f(0) =—2<0and f(1)=1>0

tells us the curve y = f(x) crosses the x -axis
between 0 and 1 only once by the Intermediate
value theorem. Therefore the equation x* +
2x3 — 2 = 0 has only one real root in the

interval (0, 1)
skokesk sk skok sk skosk sk sk sk skokesk skoskok sk sk skosk sk sk skok sk skosk skskesk skosk sk sk sk skokesk skksk sk sk kok

Example 7.23 Prove using the Rolle’s theorem
that between any two distinct real zeros of the

polynomial @, x™ + a,_1x" 1 + ......+ax +
a, there is a zero of the polynomial

na,x™ '+ (mn—1a,_1x"? + ......ta, .
Solution:

P(x) = ax™+ ap_1x" 1+ .. ... 4ax + a

Let a, § be the two zeros of the polynomial.
. P(x) is continuous on [a, f]
P(x) is differentiable on (a, B)
Hence P(a) = P(B)
By Rolle’s theorem taere exists a value ¥ €
(2, B) such that P/(y) == 0
Sc,

P(y) =nax" t--(n— Dapx" 2+ .. 4ay
Skarsklgskogskskopak st kosklesksk s askok ksksksksk bk ok kb skok kkokokk skskkk

Example 7.24 Prove that there is a zero of the
polynomial, 2x3 — 9x% — 11x + 12 in the
interval (2, 7) given that 2 and 7 are the zeros
of the polynomial x* — 6x3 — 11x? + 24x + 28
Solution: f(x) = x* — 6x3 — 11x?% + 24x + 28

f(x) is continuous on [2,7]
f (x) is differentiable on (2,7)
fl@a) =12 =@)*—6(2)%—11(2)% +24(2) + 28
=16—6(8) —11(4) + 48 + 28
=16—-48 - 44+ 48 + 28
=44 — 48 — 44 + 48
=0
Fb) = F(7)=(7)* — 6(7)3 — 11(7)? + 24(7) + 28
= 2401 — 6(343) — 11(49) + 168 + 28
= 2401 - 2058 -539 + 196
= 2597 —-2597 =0

By Manisekow o SRKMHSS-Arcot.
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Hence f(a) = f(b) =0
By Rolle’s theorem there exists a value ¢ €
(a,b) suchthat f/(c) =0
fx)=x*—6x3—11x2 + 24x + 28
f/(x) = 4x3 — 12x% — 22x + 24
f/(c) = 4c® —12c? — 22c + 24
When f/(c) = 0, gives
4¢3 —12¢?—22¢+24=0
Dividing by 2,
2¢3—6c2—11c+12=0
Hence there is a zero of the above polynomial

lies in the given internal (2, 7).
Skskskesk sk sk sk sk skok sk skoskok sk skosk sk sk sk skok sk skosk skok sk skokesk skesk skokesk skoksk sk skosk sk sk skk

Example 7.25 Find the values in the interval
(1, 2) of the mean value theorem satisfied by
the function f(x) = x —x? for 1 <x < 2.
Solution: Mean value theorem states that

f(x) is continuous on [a, b]
f (x) is differentiable on (a, b)
f(a) # f(b)
There exists a least pessible value ¢ € (¢, b)

OS0!
c-a

such that f/(c) =
Given f(x)=x—-x%for1<x<2
f(x) is continuous on [1,2]
f(x) is differentiable on (1,2)
fl@=f1=1-12=0
fb) =f(2)=2-(2)?
=2-4
=-2
Hence, f(a) = f(b)

Now f(x)=x — x?

flx)=1-2x
fl(c)=1-2c
f(c) = 1)~ /(@) (bl); C’: @ gives,
1—2c="22

2—1

www.TrbTnpsc.com

1-2c=—
1—-2¢c=-2
—2c¢=-3
2c=3
3
c==
2

3 . .
LC=2€ (1,2) is the required value.
Skeskeske sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk skeskesk sk sk sk skosk sk sk sk sk skesk sk sk sk sk sk sk skesk sk sk sk sk sk

Example 7.26 A truck travels on a toll road with
a speed limit of 80 km/hr. The truck completes
a 164 km journey in 2 hours. At the end of the
toll road the trucker is issued with a speed
violation ticket. Justify this using the Mean
Value Theorem.

Solution:

Let f(t) be the distance travelled by the
trucker in 't " hours.
This is a continuous function in [0, 2] and
differentiable in (0, 2).
Now, £(0) = 0 and £(2) =164.
By an application of the Mean Value Theorem,
there exists a time ¢ such that.

Fl(0) o F02 I @

= b--a

_ 164-0
T 2-0
164
T2

=82 >80

Therefore at some point of time, during the
travel in 2 hours the trucker must have
travelled with a speed more than 80 km which

justifies the issuance of a speed violation ticket.
skookoskok skook skoskook skoskosk skoskook skoskook skosk skeskosk skoskosk skoskosk skoskosk skosk skeskosk skeskosk skskosk skk sk

Example 7.27

Suppose f(x) is a differentiable function for all
x with f/(x) < 29 and £(2) =17. What is the
maximum value of £(7)?

Solution: By an application of the Mean Value

Theorem, there exists a time ¢ € (2,7) such

that, f/(c) = f—(b;: £ (@)

%:f/(c) <29

By Manisekow o SRKMHSS-Arcot.
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f(7)5— 17 _ 99

F(7) <29(5) + 17
< 145+ 17
< 162

Therefore maximum value of f(7) is 162.
Skeske sk sk sksk skesk sk skesk sk skesk sk skesk sk skesk skesk sk skeske sk sk sk sk skesk sk skesk skeske sk skeske sk skesk sk sk sk skesk

Example 7.28 Prove, using mean value theorem,
that |sina —sinB| < |a — B|,a, B € R.
Solution:

Let f(x) = sin x which is a differentiable
function in any open interval. Consider an
interval [a, f]. Applying the mean value

theorem there exists ¢ € (a, f) such that,
sin f-sina _ / _
— GO f/(c) =cosc
sin f—-sina
B—a

Hence, |sina — sin 8| < |a — B|
Skoksk sk sk ok sk sk sk sk sk sk skeok ok ke ske ok sk sk sk sk sk skeskesk skesk sk sksk ks sk skeske sk sk sk sk sk sk sk sksk skk

Therefore =|cosc| <1

Example 7.29
A thermomete- was takeir from a ireezer ana
placed in boiling weter. It took 22 seconds for
the thermometer to raise from --10°C to 108°C.
Show that the rate of char.ge of temperature at
some firne tis 5°C per sccond.
Solution:
Let f(t) be the temperature at time t. By the
mean value theorem,
/(o — F®)=f(@
f/(c) g
__100- (—10)
T 22-0
_100+10

22
_ 110

22

= 59C per second.

Hence the instantaneous rate of change of
temperature at some time t should be 5°C per

second.
B T R e T P e P P e P R S T P T P e P P e S P e P P e T P e T P e T P e T e

EXERCISE 7.3
1. Explain why Rolle’s theorem is not
applicable to the following functions in the
respective intervals.
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@ f) =} x e[-11]

(i) f(x) = tanx,x € [0, 7]

(iii) f(x) = x — 2logx,x € [2,7]

Solution:

@ f) =}, x e [-11]
Given x € [—1,1].
Atx = 0, f(x) is not continuous, hence
Rolle’s Theorem is not applicable.

(i) f(x) = tanx,x € [0, ]
Given x € [0, rt].

Atx = g,f(x) is not continuous, hence

Rolle’s Theorem is not applicable.
(iii) f(x) = x — 2logx,x € [2,7]

f(x) is continuous on [2,7]

f(x) is differentiable on (2,7)

f(a) =f(2)=2—-2log2 and

f) =f(7)="7-2log7

Hence, (@) # f(b) hence

Rolle’s Theoremi is not applicable.
ks skook skokok skooken aoorok skook ko skok s esksk koskok doskok oaror sk sk 3fekk sk kosk sk skk skkkk
2. Using thie Rolle’s theorem, determine tae
vaiues of xat which the tangent is parallel to
the x -axis for the following functions :
() f(x) =x?—-x,x €[0,1]

(i) fF() = =2 x € [-1,6]
(i) f(x) = Vx =%, x € [09]
Solution:

(i) f(x) =x?>—x,x €[0,1]
f(x) is continuous on [0,1]
f (x) is differentiable on (0,1)
fG)=x*-x
f(a) =f(0)=0 and
fB)=f1D=1-1=0
Hence, f(a) = f(b) hence
There exists a least possible value ‘c’ such
that f/(c) =0

From f(x) = x? — x

By Manisekow o SRKMHSS-Arcot.
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fl(x)=2x—-1
fl(c)=2c—-1
When f/(c) = 0, we get
2c—-1=0
2c=1
c=-€(0,1)

Atx=%,y=f(x)=x2—x

=)= (-

Hence at the point G, — i) the tangent is

parallel to x -axis.

(i) fF() === x e [-1,6]

f (x) is continuous on [—1, €]

f (x) is differentiable on (-1, 6)
N X%—2x
f\x) \V X+ 2

f@ =1
_ (1% -2(-1)
L O+ 2
— 1+2 —

—=3
1

fb) = f(6)

_(6)2-2(6)
T 6+2

_36-12
8

=—=3
8

Hence, f(a) = f(b) hence
There exists a least possible value ‘c’ such

that f/(c) =0

x?% - 2x
From f(x) = S
f/(x) 18 (x +2)(x2 - 295)/—(x2 - 2x)(x + 2)/

(x +2)2

By Manisekow o SRKMHSS-Arcot.
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_ (x+2)(2x-2)— (x%-2x)(1)
- (x +2)2

_ (2x%-2x+4x-4)- (x2-2x)
o (x +2)2

_ (2x%+2x—4)— (x2-2x)
- (x +2)2

_ 2x%42x—4—x2+2x

(x +2)2
/ — x2+4x—4
f (x) (x +2)2
/ A c2+4c-4
f(c) T
When f/(c) =0
c?+4c—4
We get Cra? 0
c?+4c—-4=0
_ —4+V16+16
€= 2
_ —4+V16x2
o 2
_ —4%4V2
T2
_2(-2220)
=-242V2

c=—-2-2v/2€(-1,6)
At x = -2 +2v2,

y:f(x):xz—Zx

X+ 2

y = f(—2 + 2\/5)
_ (—2+2\/§)2 - 2(-2+2+2)
Iy (-2+2v2) + 2

_ 4+8-8V2+4-4v2
=—— =00
_16—12v2 _ 2(8-6v2)
T2z 242

Hence at the point (—2 +2v2,4V2 -6 )

the tangent is parallel to x -axis.
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(i) () =va —%,x € [0.9]
f(x) is continuous on [0,9]
f (x) is differentiable on (0,9)

0

f@=f0)=v0-2=0
f(b)=f(9)=v9-3;=3-3=0
Hence, f(a) = f(b) hence

There exists a least possible value ‘c’ such

that f/(c) =0

From f(x)=\/97—§

1 1

1) =573

1 1

f/(C)=2—\/E—5
When f/(c) =0

1 1
2e 30
1 _1
2 3
3=2Vc

Squaring, 4c

a
Il
B0 a0 O
m
~
=
o
=

At x = -,
9 9
4
— x: _—
y=f= ;-3
3 9 1
= -—-X-
2. 00\ 3
3 3
T2 a4
_6-3
T4
_\B
T4

Hence at the point (3 , Z) the tangent is parallel

to x —axis.
Skeskoskosk skosk skesk sk skesk sk skesk sk skesk sk skesk skesk sk skesk sk skesk sk skesk sk skesk skesk sk skesk sk skesk sk sk skoske sk
3. Explain why Lagrange’s mean value theorem
is not applicable to the following
functions in the respective intervals :

() fx) =2, x € [-1,2]

)
X

() f(x) = |3x + 1],x € [-1, 3]

By Manisekow o SRKMHSS-Arcot.
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Solution:
() f) ==, x € [-1,2]
When x = 0,
£(0) ===
0
-1
)
= 0O

Hence f(x) is dis continuous, So Lagrange’s
mean value theorem is not applicable.
(i) f(x) = |13x + 1], x € [-1, 3]

f(x) is continuous on [—1, 3]

f(x) is not differentiable on (—1, 3)

So Lagrange’s mean value theorem is not

applicable.

skskosksk sksk skok sk sk sk sk skok sk sk sksk skeosk sk sk sk sksk sk sk sk sk skok sk sk sk sk sk sk sk sk sksk sk sk sk sk k

4. Using the Lagrange’s mean value theorem
determine the values of xat which the
tangent is parallel tc the secant line 2t the
end points of the given interval:

(1) fx) =x*=3x+2,xci-2,2]
(i, jG) = (- 2)(x =7, x € [3,11]

() flx) =x3—3x+ 2,x € [-2,2]
f(x) is continuous on |—2, 2]
f (x) is differentiable on (—2,2)
Now, f(a)=f(-2)=(-2)°-3(-2)+2
=—-8+6+2
=—-8+8
=0 and
f) =f2)=(2)°-3(2)+2
=8—-6+2
=10—-6
=4
Hence, f(a) # f(b) hence
By an application of the Mean Value
Theorem, there exists a time ¢ such that,

/() = F®)=F(@)
fie) ==——
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fx)=x3—-3x+2

f/(x) =3x*-3
f/(c) =3c¢?-3
e F®)-F@
= fie) ===
2 4-0
3c 3—2_(_2)
4
T4
3c?—-3=1
3c? =4
¢z =1
3
2
C_iﬁ
c=i%e[—2,2]

Atx =+ % the tangent is parallel to the secant.

() f(x) = (x—=2)(x —7),x € [3,11]
f(x)=x%2—-9x + 14
f(x) is continuous on [3,11]
f(x) is diffzrentiable on (2,11)
F(3)=1(3)2-9(3) + 14

Now, f{a)

www.TrbTnpsc.com

2c-9=2=5
8
2c=54+9
2c =14

c=12—4=7e(3,11)

At x = 7 the tangent is parallel to the secant.
skokesk sk skok sk skosk sk sk sk skokesk skoskok skesk skosk sk sk skok sk skosk skskesk skosk sk sk sk skokesk skk sk sk sk kok

5. Show that the value in the conclusion of the
mean value theorem for
A fx) = i on a closed interval of positive

numbers [a, b] is Vab

(ii) f(x) = Ax? + Bx + C on any
a+b
2

interval [a, b] is

Solution:

M f@) ==, x €a,b]

f(x) is continuous on [a, b]

f(x) is differentiable on (a, b)
Now, f(a)=-and

f) =+

Hence, f{a) :£ f(b) heice

- QK

By ar application of the Mean Value

Theorem, there exists a time ¢ such that,

=9-27 14
— 23 /(c) = L) f@)
=23 —27 f/(c) p—
= —4 and flx) = i
F(b) = f(11) = (11)% — 9(11) + 14 )
flo)=-5
=121-99+ 14 x
=135 — 99 fllo=-=
=36 1 e
Hence, f(a) # f(b) hence E RN
1 1 1
By an application of the Mean Value - (E B Z) X a
Theorem, there exists a time ¢ such that, - (ﬂ) V=
ab -a
o fb)-£(@)
file) ==~ N1
ab
fx) =x*-9x + 14 2 = ab
f/(x)=2x—9 ¢ = hab
/ = —
file)=2c=9 ¢ = vab € (a,b)
e — g = 36t
7 =113 Hence proved.
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(ii) f(x) = Ax? + Bx+ C , x € [a, b]

f(x) is continuous on [a, b]

f (x) is differentiable on (a, b)

Now, f(a)= Aa?+ Ba+ C and

f(b) =Ab*> +Bb+C

Hence, f(a) # f(b) hence
By an application of the Mean Value
Theorem, there exists a time ¢ such that,

/() = L= f(@)
i) =——

f(x) =Ax?>+Bx+C
f/(x) =2Ax +B
f/(c) =2Ac+B

(Ab2+Bb+C)- (Aa’+Ba+C)
b-a

2Ac+ B =

Ab%+Bb+C— Aa?-Ba—C
b—a

Ab%+Bb— Aa®’-Ba
b—a

__ Ab%- Aa’+Bb-Ba
v-a

_ A(b2-22)+B(b--a
X b—-a

A(b 1)(b rz) i—B(‘) a)
—a

__ (b—a)[A(b+a)+B]
A b—a

2Ac+ B=A(b+a)+B
24c=A(b + a)
2c=(b+a)

=29 ¢ (a,b)

Hence proved.
Skeskoskosk sk sk skesk sk Skesk sk skesk sk skesk sk skesk skesk sk sk sk sk skesk sk skeskosk skeskoskesk sk skesk sk skesk sk sk skoske sk

6. A race car driver is racing at 20th km. If his
speed never exceeds 150 km/hr, what is
the maximum distance he can cover in the
next two hours.

Solution:

Let f(x) be the distance covered.
Given x € [0, 2]
Whenx =0, f(a) = f(0) = 20 and

www.TrbTnpsc.com

x=2,f(b)=f(2) =?
f (x) is continuous on [a, b]
f (x) is differentiable on (a, b)
Now, f(a)=20and
f(b) =?
Hence, f(a) # f(b) hence
By an application of the Mean Value

Theorem, there exists a time ¢ such that,

/(o) — D)= F@)
file) ==

f(b)-20 <150
2-0

f(b) 20 < 150

f(b) — 20 <300
f(b) <300+ 20
f(b) <320
Hence the covers a maximum distance of

320 Km, in next t'wwo hours.
Sk 3k sk Sk sk ke sk ok skeske sk ok skesk Skesk sk sk ke 3 <k sk sk Sk skeok sk ok sk ok Skesk Sk sk sk sk ok sk sk sk ok skesk skk

7. Sunpose that tor a fuaction f(x), f/(x) <1
forall1 < x < 4. Showthat /{4) — f(1) < 3.
Solution:

Given f/(x) < i
f(x) is continuous on [1,4]
f (x) is differentiable on (1, 4)
By an application of the Mean Value

Theorem, there exists a time ¢ such that,

/() — F® =@
fie) ==~

b)—

f(4);f(1) <1

f(4) — f(1) < 3. Hence proved

Skakesk ok >k ok ok sk ok ok ok ok sk ok ok Sk ok ok ok ok sk ok ok Sk sk ok ok sk ok >k ok ok sk ok ok sk ok sk ok ok skk ok sk >k ko

8. Does there exist a differentiable function
f(x) such that £(0) =—1, f(2) =4 and
f/(x) < 2 for all x . Justify your answer.

Solution:

By Manisekow o SRKMHSS-Arcot.
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Given f/(x) < 2
f(x) is continuous on [0,2]
f (x) is differentiable on (0,2)
By an application of the Mean Value
Theorem, there exists a time ¢ such that,

/(o) — F®)=F@)
file) ==——
_ f@-1©
2-0
_4+1

N 2

5
C=E=2'5$(0'2)

Skaksksk skok skook sk sk skook sk sk sk sk ok sk sk sk sk sk skok sk sk skok sk sk sk sksk sksk sk sk skosk skoke sk sk sk sk sk

9. Show that there lies a point on the curve

f(x) =x(x+3)e z,—3 < x < 0 where
tangent drawn is parallel to the x — axis.
Solution:

flx) =x(x+ 3)6_§
f(x) is continuous on [—3,0]

f(x) is differentiable on (—3,0)

\|

B

fix)={x?%+ 3x)e” Z
f(a)=5(=3)=0 and
fb) =j{0)=0

Hence, f(a) = f(b) hence

There exists a least possible value ‘c’ such

that f/(c) =0
flx)=(x?+ 3x)e_g
F/(x) = (2x +3)e" 2

F/(c) = (2c +3)e"2
When f/(c) = 0,
(2c+3)e"2=0

2c+3=0
2c = -3
c=->€ (=30

Atx = —;,y =f(x)=(x*+ 3x)e_§

www.TrbTnpsc.com

Hence at the point (— ;, (— 2) e g) the

tangent is parallel to the x — axis.
skokesk sk skok sk skosk sk sk sk skokesk skoskok sk sk skosk sk skeskok sk sk sk skskesk skok sk sk sk skskesk skk sk sk sk kok

10. Using mean value theorem prove that for,
a>0b>0]e*—e?| <|a—b|
Solution:

Given f(x) = e™

f(x) is continuous on [a, b]

f(x) is differentiable on (a, b)
By an application of the Mean Value Theorem,
there exists a time ¢ € (a, b) such that,

f/(C) — f(b)-f(a)

b—a
f(x)=e7*
fl(x)=—e*
fl(c)=-e¢
-b a
—acl=¢/"¢ |
€ b—-a
-~ —fe=tLe Ny
~ —(a-b)
-a -b
_,—C — (e7?-e™")
€ T e

Taking modulus on either sides,

ea=e™?]

—e~C| =
|—e~¢| P

So, |le @ —e7?| < |a—-b|.
33k sk ok Sk ok ke sk sk sk sk sk ok sk sk Sk ok sk sk sk sk ke sk ok sk Sk sk ok sk ok sk ok ke ok ke sk Sk sk ke sk ok sk ok skeok skk

Example 7.30

Expand log(1 + x) as a Maclaurin’s series up to
4 non-zero terms for-1 <x < 1.

Solution:

f@) = F0) +Z£/(0) +2 £//(0)
0 gf”/(O) n %f/”(o) PO

By Manisekow o SRKMHSS-Arcot.
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Functionandits | log(1+ x)and | Valueat
derivatives its derivatives X =
f(x) log(1+ x) 0
/ 1 1
f(x) )
1
// Y _
f760) (1+ x)2 1
2
/1] -
fr7(x) (1+x)3 2
P (x) R 6
frrx (1+x)*

Substituting the values and on simplification
we get the required expansion of the function
given by

log(1+x) =0+%(1) +% (1)
+E @) +E(=6) +

www.TrbTnpsc.com

Substituting the values and on simplification
we get the required expansion of the function

given by
F@) = £(0) +2£/(0) + 2 £//(0)

+x_3f///(0) _|_x_4f/V(0) + .-
tanx =0+= (1)+—(0)+—(2)+—(0)+ (16)..

x X
tanx =x+=—+7-(2) +

x3  2x°
tanx = x+?+ E-I-
skokeskosk skok sk skosk sk sk sk skokesk skoskok sk sk skosk sk sk skok sk skosk skskesk skok sk sk sk skoke sk skkske sk sk kok
Example 7.32
> . d 1
Write the Taylor series expansion of - about

x = 2 by finding the first three non-zero terms.
Solution:

2 3 4
log(1+x)=x— x; + x? - xj e Function and its 2 and its Value at
Example 7.31 Expand tan x in ascending 1 1
powers of x up to 5% power for —% <x< % fG) x 2
1 1
Function and its tan x and its Vaﬂl?e ‘ f/(x) 3o —=
derivatives aerivatives A (=N [~ AN |l |4
/] | [ _|y=0] e 2 1
| () > "
y = f(x) tanx 0 | | ~ N/ ] U 1 /¥ Hal |
A SEVA S N0 i Lk E
L 2 2 . / 2 x* 8
vy, = f/(x) sec’x = 1+y i
24 3
e 2 3
// 2yy; = 2y(1 +y?) 7@ x® 4
Y2 :f (X) :2y+2y3 0 (x—a) / (x —a)? //

2 G0 = Fl@) + 92l (@) + S22 f11(a)
=2y,16y°y, = a)? (- ayt
=2(1+y?) F O (@) + 0 o) o -

= 1/ (x) +6y2(1+y2) | 2 1 (éc— 2) o/ (x-'z)2 /)
— 2 4
=24+ 8y“ + 6y (x 2) f///(2)+(x 2)4 f/”(2)+
= 16yy,+24y3y, 1 (x - 2) (x - 2)2
=16y (1 +y?) r=+ 2 (=) )
+24y3(1 + yZ) 3 4
= f/V(x 0 x-27°(_3 x-2)"(3
e =10 2 6y +iey? +E (g )+
+ 24y3+24y°
_ 3 5
=16y +40y~+24y 1.1 (x-2) N x-2?  (x-2)° g (x—2)* N
; PAYEV. 4 8 16 32
— fV 1 1
ys = f7(x) +120y4y, ¢ EXERCISE 7.4
1. Write the Maclaurin series expansion of the
following functions:
By Manisekouranns SRKMHSS-Arcot. Page 29
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(i)e* (ii)sinx (iii) cosx
(iv) log(1—x);-1<x<1
(v) tan™'(x);-1<x <1

www.TrbTnpsc.com

sinx =0 +2(1) +2(0) +2 (=1) + -

3
. X X
Sinx = ———+-

(vi) cos2x
Solution:
(i) e*
Function and its e* and its Value at
derivatives derivatives x=0
f(x) e* 1
f/(x) e* 1
f1(x) e* 1
f/// (%) e* 1
7 (x) e* 1

1! 3!
(iii) cosx
Function and its cos x and its Value at
derivatives derivatives x=0
f(x) cosXx 1
f/(x) —sinx 0
7 (x) —CosXx -1
17 (x) sin x 0
7 (x) cosx 1

Substituting the values and on simplification
we get the required expansion of the function
given hv

fG) = f(0) + 3 £/(0) +§f//(0)
+§f///(j0) + %f/‘ﬂ(o) )

e* = L+EW+E M+ + -
1 1 2 6\, "

Substituting the values and on simplification
we get the required expansion of the function
given by

@) = £(0) +2£/(0) + 2 £//(0)

x3 x* !
+;f///(0)+zf/1 Q)+ -
X xz I3 N xq .
cosx =1+ @+ =D +5()+
x2  x*

cosy =1 ——+4+—..
Zi 4!

(i) sini x
Function and its sin x and its Value at
derivatives derivatives x=0

f(x) sin x 0
f/(x) CoS X 1
1 (x) —sinx 0

f117(x) —cos x -1
f7(x) sin x 0

Function and its _log(l —x)and | Valueat
derivatives its derivatives x=0
f(x) log(1—x) 0

/ -1 1
f (x) (1 _ x) -
1
// —_ Ao\ _
£/ Ty 1
2
/1] - AN
ey = 2
/v 0 6
) e

Substituting the values and on simplification
we get the required expansion of the function

given by

@) = £0) +Z£/(0) + £//(0)
_|_’;_Tf///(0) n %f/"(o) g

Substituting the values and on simplification
we get the required expansion of the function
given by

f@) = £0) +Z£/(0) +2 £//(0)
n gf”/(O) n %f/”(o) L

log(1—x) = 0+ (~1) + 2 (1)

By Manisekow o SRKMHSS-Arcot.
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x x* x3 x4
X (- 2 (- Z_f/l/ Zf/
+2(-2) + 2 (-6) + +ZFI0) + 2 £/7(0) +
x?  x3  x* x x2
log(l-—x)=—x—-"—-F—-T+" coszx=1+;(0)+;(—2)
v) tan~1(x ' 3 4
() tan"(x) FEO+E () + -
Function and its | tan™'(x) and its | Value at ) 2 A
derivatives derivatives x=0 cos“x =1+ (=2) + I 8+
skokesk sk skok sk skosk sk sk sk skokesk skoskok sk sk skosk sk sk skok sk sk sk skskesk skok sk sk sk skskesk sksk sk sk sk kok
fx) tan™(x) 0 2. Write down the Taylor series expansion, of
1 the function log x about x = 1 up to three
f/(x) 142 1 non-zero terms for x> 0.
=l-x"+x"—x Solution:
f7(x) —2x +4x° — 6 x° 0 Function and its logx andits | Valueat
derivatives derivatives X =
111 (x) -2+ 12x*-30x* -2
f(x) log x 0
/7 (x) 24x — 120 x3 0 1
£/ = 1
Substituting the values and on simplification X
we get the required expansion of the function f17(x) _ -1
2
given by d
_ x x? /1 2
f) = £(0) +,f/(0) + = f//(0) f77(x) o 2
3 4 6
+ ’;—!f///(o) + Z—!f/”(')) + . P (x) o -6
=1(4) = _."i S L
tan™'(x) =0+ El)+2! 0) +5 (=2 + /\A)—/(ot)L(x ‘_f/( I C S f//( a)
2x 24"
tan l(x) = x - =— 4 = v v
TR £ ’__C)_f///(a) ¢ ——f/”(a) + -
-1 x3 x5
tan”' () =x -7+ = .. logx = A
vi) cos?x \ _
(vi) e 2) 2) + & 242) (=6) + -
Function and its cos?x and its Value at (x - z) (x-2)%2  (x-2)3 (x-2)*
BEAY N _ logx = + - + -
derivatives derivatives x=0 1 2 3 4
Skookoskok skook skoskook skoskosk skoskosk skosk ok skosk sk sk sk skoskosk skoskosk skoskosk skosk skesk sk skeskosk sksk sk skk sk
fx) cos®x 1 3. Expand sin x in ascending powers x — % up to
—2cosx sin x three non-zero terms.
f/(x) — —sin 2x 0 Solution:
P Function and its sin x and its Value ft
[ () —2cos 2x —2 derivatives derivatives X =7
. 1
17(x) 4sin 2x 0 f(x) sinx 7z
1
f7(x) 8cos 2x 8 f/(x) cos x s
Substituting the values and on simplification £/ (x) _sinx _ %
we get the required expansion of the function
given by ] f///(x) —CcoSs X — %
f) = f(0) +f/(0) + % f/(0) -
f/7(x) sin x 5
Page 31
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fG) = f@) + =2 f/(a) + =L/ (a)

+ED 1 () + EE

sin x =i+(xj(i)+ﬁ(_i)

V2 1 V2 2 V2

Skokskk sk ok skok ok sk skok sk sk k sk sk sk sk ok sk sk sk skok sk sk sksk sk sk sk sk ok skok sk sk sk sk skoke sk ks ksk

57 (@) +-

4. Expand the polynomial f(x) = x? — 3x + 2
in powers of x — 1.

Solution:
Function and its f(x) and its Value at
derivatives derivatives X =
f(x) x2—3x+2 0
f/(x) 2x — 3 -1
f7(x) 2 2
f/// (x) 0 0

fG) = fla) + E22 /(@) + E=L f71 ()

_|_(x'3"a) A (@) + & X‘*) D f(g) + e

x2=3x+2=0+20 (1) + &0 1) ~(2)

(x - 1)3
=@

2_3x+2=—(x -1+ — 1)

Sk >k ok ok sk ok ok ok >k sk ok ok ok sk ok ok ok ok ok ok ok sk ok sk ok ok skok ok Sk ke ok ok ok sk ok sk skok ke ke k k sk ko

x2—
Example 7.33 Evaluate: lim (ﬂ)

x>1 \x2—4x+3

Solution: hm (ﬂ)

x2—4x +3

_(D2-3(1) +2
T (1)2-4(1) +3

_1-3+2 _ 3-3
1-4+3  4-4

Applying I’hopital’s Rule,
. x2=3x+2\_ ;. 2x-3
}Cl_r)r} (xz— 4x + 3)_ }}iri (2x—4)

_21)-3 _2-3 _ -1 _ 1
2

T 2()-4  2-4 -2

. x%2-3x 42 1
~ lim ) =2
x—>1 \x2—4x+3 2

Sk k ok koo ok sk ok sk ok Sk Sk ok ok ok sk ok 3k ok ok sk ok ok sk ok sk ok ok Sk ok ok sk ok sk ok sk sk ok skokesk sk ok ko

By Manisekow o SRKMHSS-Arcot.

0 .
=< Indeterminate form.

www.TrbTnpsc.com

Example 7.34
Compute the limit: lim (x —= )

x—a S
. . xM— g
Solution: lim ( )
x—a xX—a
a—a™

0 .
= =5 Indeterminate form.

a—a

Applying I’hopital’s Rule,

. x"—a™\ _ .. nx™1-o0
lim =lim(————
x—-a \ X—a x-a 1-0

n-1

na

1

> xM—qa™ _
llm( ) =na"?!
xX—a xXxX—a

Skskeosksk sk ok sksk sk sk sk sk skok sk sk skk skook sk sk sk sk sk sk sk sk sk skk sk sk sk sk sk sk sk sk sksk sk sk sk sk k

Example 7.35
Evaluate the limit: lim (
x—0

Solution: lim (Sm Ui )
x—-0 X
__sinm(0)

(0)

in 0 0 .
= 222 = - Indeterminate form,
© 0

Applying I’hopital’s Rule,
. sin mx mcos mx
iy (£22) = i (2222

sinmx )
x

x—0 X x—»( \
__ mcosm(0)
1
__mcos0 _
L
ol /i“_“"i\ =\
Yeﬂ \ } N

>kokeok ok skok ok sk ok ok ok ok sk ok ok ok ok ok ok ok kook ok ok sk ok ok sk ok sk ok ok skok sk ok ok kok ok skkok sk k ko

Example 7.36 Evaluate the limit: lim (Sinzx )

x—-0

Solution: lim (Sinzx)

x-0 \ X
__sin(0)
T (0)?

in0 0 -
=322 — 2 Indeterminate form.
0) 0

Applying I’hopital’s Rule,

. sinx . cosx
llm( > )= lim ( )
x—0 \ X x-0t 2x

0 1
=50 _1_ o andalso,
2(0) 0
li sinx ) _ li cosXx
xl—I;% x? - xLI‘(I)‘l_ 2x
u cos(-0) _ 1 _ —o0
2(-0) -0
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As the left limit and the right limit are not the

same we conclude that the limit does not exist.

Example 7.37 If hm (M) =1,

1-cosnf

then prove that m=+n
1-cosmé@ )

Solution: lim(
0—0 \1-cosné

_ 1-cosm(0)
1 — cosn(0)

__1—-cos0

- 1-cosO0
1-1

0 -
= —— = - Indeterminate form.
1-1 0

Applying I’hopital’s Rule,

lim (1 — cosmé )

0—0 \1 - cosnf

= lim

[0 —(-m sinm#)
6-0

0 —(—n sinnB)

= lim
-0

_ limﬂ(sinme)
- 0—0 n \sinné

@(sinm(o))
T on sinn(0)

_ m(smf‘\

7 \SIn u/ -

[m sinm@ ]
n sin n@

mdecermn.ate form.

Applying i'hopital’s Ruie,

= aim - —
o0-on \ncosn? s

— lim m? (cos mB)
650 n2 \cosné
_ m_2 (cos m(O))

n2 \ cosn(0)
_ m? (cos 0)

n2 \cos0
=%0)

nz \1

m?2

n2

m (sin mB) .. T /m cosmé
- sinné

o

. 1 —cosm@ m2
‘e 11[[] —_— ) = —
0—0 \1—cosnfb

cosm@) N
1 - cosné

Given hm (

Hence, % = 1, gives

S0, m = + n Hence proved.
K3k ke sk ok 3k ok sk ok ke ok sk sk ke ok ke sk Sk sk ok ke ok sk sk sk ok ke sk sk sk ke ok ke sk ok sk ok skesk sk sk skesk skesk sk sk
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log(1—-x)

Example 7.38 Evaluate: lim
x—1~ L cot(mx)

log(1 - x)]
x—1~ L cot(mx)

=[]

_ [log(O)]
- cot(m)
_(:O) 2 Indeterminate form

Applying I’hopital’s Rule,
o [oea=n] - o [_Emed
xll)r{l— [ cot(mx) ] - ler{l— l— 7 cosec?(mx)

AN
= lim |—&=2
x—1— | mcosec?(mx)
1

(1-1)
7 cosec?(m)

1
0
1
7 (3)
© . c.
== Indeterminate foim

Applving Ihopital’s Rulz,
1

Jim QG-

Py lr 7 cosec?(mx)

Mats
= iim l—(l =

T—— =
sin? (mtx)

:xll,r{l— (1ix) sinz(nx)]
[sinz(n:x)]

T —TTX

= lim
x—-1"
= % = Indeterminate form.

Applying I’hopital’s Rule,

. sin?(mx)] _ ;. 2sin(mx)cos(mx)m
lim [ = i [Pt
= lir‘?_[—Zsin(nx)cos(nx)]
x—

= —2sin(—m)cos(—m)
= 2sin(m)cos(m)
=2(0)(-1)
=0

BRT log(1—x)] _

) xhﬂl— [ cot(mx) ] =0
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Skok ok sk sk ok skok ok ok skok sk sk sk sk sk ok ok ok sk sk sk skesk sk skesksk sk sk sk sk ok skok sk sk skok skok sk ke k sk sk

Example 7.39 Evaluate: lim (l S )

x-0 eX -1

Solution: lim (1— ! )
x—0t \x

eX -1

_(1 1 )
T \o e%-1

= (o0 — o) Indeterminate form
Applying I’hopital’s Rule,
. 1 1 . eX-1-
xlir(% (; - eX — 1) ) xll)rgl+ [x(ex - 1)]
_ [e" -1- 0]
" loe®-1)
NNV g

0(1-1)
= g Indeterminate form

Applying I’hopital’s Rule,

. [e -1-x ]_ [ e* -1 ]
Jim el A et

_ [ _e®-1 ]
~ loce®)+(e® - 1)l
_TI 11__]
o+ a -

0 )
Xz Ind 2terminata form

) e¥-1 —

Applying I’hopital’s Rule, xll)l’(l)’l_'_ [—x(ex)+(ex — 1)]_
. e*

xll)rgl+ [x(e")+ex+(ex)]

eO
- [O(e°)+e°+(e0)]
1
0(1)+1+1
1

2

T 1 1 1
s lim (= —— ==
x—0t \x et —1 2
Skok sk ok sk ok ok ok ok sk ok ok ok sk ok sk ok ok ok sk sk ke ok Sk sk ok sk sk ok ok sk ok sk ok skeok sk sk skok ke ke ok ke sk sk ok

Example 7.40 Evaluate: lim xlogx

x—0

Solution: lim xlogx
x-0%

= 0(—o0) Indeterminate form.

Applying I’hopital’s Rule,

log x
1

lim xlogx = lim
x-0* x-0%

www.TrbTnpsc.com

__|logo
e
0

= g Indeterminate form

Applying I’hopital’s Rule,

r log x
lim 22X = l m,
x—0% po -0t

. xll)rggr xlogx =0

skskeosksk sksk sksk sk sk sk sk skok sk sk sksk skosk sk sk sk sksk sk sk sk sk skok sk sk sk skskosk sk sk sk sksk sk sk sk sk sk

2
Example 7.41Evaluate: lim (W)

X— 00 x4

2
. . x“+17x + 29
Solution: lim (—4)
X—00 X

= g Indeterminate form

Applying I’hopital’s Rulz,

2:04 17
= lim S
2> 4x /
(00]
[00]

. (2 r]7x+79
llm\

xX—

Indeterminate ‘orm

Applying 1'hopitai’s Rule,

. 2x+ 17\ _ 4. 2
lim = lim
X—00 4x3 X—00 12x2

S 8w

2

. x“+17x + 29

~ lim (—4 ) =0
X—00 X

>kokeok >k >k ok ok sk ok ok ok ok sk ok ok Sk ok ok ok ok sk ok ok Sk sk ok ok sk ok ok ok ok kok sk ke ok sk ok ok skk ok ok >k ko

Example 7.42Evaluate: lim (xx) meN

X—>00

Solution: llm( x)

x—oo \x™

= g Indeterminate form

Applying I’hopital’s Rule,

. e* ] e*
lim (—m): lim (—)
x—o00 \X x—oo \m!

By Manisekow o SRKMHSS-Arcot.
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x
» lim ( ) = oo
X— 00 xm
Sk sk ke sk ok sk ok sk ok sk sk sk sk ke sk Sk sk sk sk ok ke sk sk sk ke ok ke sk sk sk ke sk sk sk ok skek skesk sk sk sk sk sksk sk sk

Example 7.43 Using the I’ hospital Rule prove
1
that: lim (1 +x)x=e
x-0%

1
Solution: lim (1 + x)x
x-0%

=(1+0)%

= (1)* Indeterminate form

1
Let A= (1+ x)x
Taking log on either side,

1
logA=1log(1+ x)x
111’(1)’1 logA = 11rn —log(l + x)
x—

. log(1+x
= lim log(1+x)
x—-0+ x

__log(1+0)
o

_ log(1)
T o

0 .
= 6 Indeterminate form

Applying I’hopital’s Rule,

log(1+x
lim logA = lim log(1+x)
x—-0t x>0+ X
1
= lim (1+x)
T x50+ 1

Jim,
_ 1
T (1+0)

lim logA =1

x—0%
By Composite function theorem,

logxlirgl+ A=1

Taking exponential on both side,

www.TrbTnpsc.com

1
lim(1+x)x=e
x—07t

skskskok skosk skoskosk skoskosk skoskosk skoskosk skosk skeskosk skeskosk skoskosk skoskosk skosk skeskosk skeskosk sksk sk sksk sk
1
Example 7.44Evaluate: lim (1 + 2x)2logx
X— 00

1
Solution: lim (1 4 2x)2lgx

X—00
_ 1A
— (1 + Oo)zlogoo
1
= (00)00
= (0)° Indeterminate form

1
Let A= (1 + 2x)2losx
Taking log on either side,

1
log A =log (1 + 2x)2logx

lim log A = 11m

X—00

log(l + 2x)

. log(1+2x
= lim —g( )
x—oo 2logx

__log(1+o0)
o 2log

_ log(ool

(ee]

(G} :
= - Indeterminate form

Applying I’hopital’s Rulz,

. . . log(L+2:x
iim log A = lim e}y
X—00 x—oo Z108Xx
1
= lim (1+2x)
X—00 -

X

m
x—o00 (1+2x)

im
x—o00 (1+2x)
o o
== Indeterminate form

Applying I’hopital’s Rule

lim log A = lim

xX—00 x—o00 (142x)

= lim o1e
x—0co0 (2)

1

2

By Composite function theorem,

lim A =e
o0+ loglim A =-
X—>00
Taking exponential on both side,
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1
lim A = ez

X— 00

1 1
lim (1 + 2x)2loex = ez = +/e
X— 00
skesk sk sk skesk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk skeske sk sk sk sk sk sk sk skesk skeskeske sk sk sk sk sk sk sk sk sk sk

1
Example 7.45Evaluate: lirr% X1-x
X—

1
Solution: lim x1-x

x-1
1
= xﬂ
1
= 11-1
1
= 1o
= 1% Indeterminate form
1
Let A=x1-x

Taking log on either side,
1
log A=logx1-x
. . 1
}Cl_l’g logA = }Cl_r)r% AN, log(x)

log x

= lim
x-11—-x

_log(1)

= _J__]

__log(D

= _0_

0 .
= 6 Indeterininate form

Applying I’hopital’s Rule,

. . logx
limlog A =lim —EZ
x—1 x->11-x

1

= lim %
x-1 —1
.o=1

= lim—

x-1 X

-1

1

=-1
By Composite function theorem,

loglim A = -1

x-1
Taking exponential on both side,
lim A =e1=1
x—-1 e
1

. ]
limx1-x ==
x—-1 e

www.TrbTnpsc.com
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EXERCISE 7.5
Evaluate the following limits, if necessary

use ’'Hopital Rule :
1 1im (25222)

x—0 x?
. . 1-cosx
Solution: llm( = )
x—0 X
__1-cos(0)
(02
1-1 0 .
= =550 Indeterminate form

Applying I’hopital’s Rule,

lim (1— cos x) = lim (0—(—sin x))

x—0 x? x—0 2x
i (0 + sin x)
x-0 2x

__0+sino0
0

= % Indeterminate form

Applying I’hopital’s Rule,
\ sinx\ _ . cosx
hm( 2% )_}clir(‘i( 2 )

x-0

— c0:(0)
1B

1
2

. . 1—cosx 1
~ lim > = =
x—0 X 2
Sk sk sk ok ok sk Sksk sk sk ok sk sksk sk sk ok sk skesk sk sk ok Sk sk sk sk ok Sk Sk sk sk sk ok sk sk sk sksk ok sk sk sk sksk sk ok

: 2x%-3
2. lim ———
x—o00 X“=5x + 3

. . 2x%-3
Solution: lim ———
x—00 X“=5x + 3

= 2 Indeterminate form

Applying I’hopital’s Rule

. 2x2-3  _ .. 4x
lim ———=lim
x—o00 X“—=5x + 3 x—o00 2X—5

= g Indeterminate form

Applying I’hopital’s Rule

4x

. . 4
lim = lim -
x—oo 2X—5 x—oo 2

4
2

=2

L 2x2-3
slim ———— =
x—o00 X“=5x +3
Sk 3k sk ok Sk ok ke sk sk sk ok sk ok sk ok sk ok sk sk sk sk ke sk ok sk ke sk ok sk ok sk ok ke ok Sk sk ke sk ke sk ok sk ok skek skk
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3. lim

x—00 logx

Solution: lim
x—>ool ogx

(0]

log oo

= g Indeterminate form

Applying I'hopital’s Rule

lim = lim 1
x—oo 108X X—00 —
= lim x
X—>00
= 00
x
S lim = 0
X— 00 logx
s secx
4. lim
x_)g tan x
ecx
Solution: 11rn
x—T tanx
2
T
_ sec
tanE

2

© .
= o Indeterminate foim

Applying I’hopita;’s Ruic

. S?(‘.){'
lim. ‘ =l ‘n sm/;c:?sx
x_)g tianx x> z /cos x
= lim l/ 1 cosx\
x—ﬁ» \COS X sinx/
2
1
= lim —
x> sinx
_ 1
~ sinZ
2
1
===1
1
secx
T = 1
x> tanx

Sk >k ok ok sk ok ok ok >k sk ok ok Sk sk ok ok ok ok ok ok ok sk ok sk ok >k >k ok ok Sk ke ok ok ok skkok ok skok ke ck ok kok sk k

5. lim e *\/x
X— 00
Solution:
lim e *y/x = lim \/—f
X—00 XxX—oo e
J&o
T e®

= 2 Indeterminate form

Applying I'hopital’s Rule,

By Manisekow o SRKMHSS-Arcot.
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lim ‘/—f = lim 2Z
X—o00 € xX—oo €
1
N x—00 2/xeX
1
= 2y/c0e®
-1
[0/0)
=0
~ lime™*Vx =0

X—00
skskeosksk sk sk sksk sk sk sk sk skok sk sk sksk skook sk sk sk sk sk sk sk sk sk skok sk sk sk sk skosk sk sk sk sksk sk sk sk sk k

6. }clir(l) (sir11x - i)
Solution: lim( 1 l)

x—0 \SInXx X

= 0o — o0 Indeterminate form.
Applying I'hopital’s Rule,
. 1 1 . xX—sin x
}CII)I’(l) (sinx B ;)_ }clir(l) _an)x]

0— s5in Ol
(sm 0)ol

- %%]

= % Indeterminate form.

Applying I'hopital’s Rule,

[x smx]_ [ 1-cosx ]
x—0 L(sinx)x _x_r}(l) (cosx)x+(sinx)1
_ [ 1-cos0 ]
(cos 0)0+(sin0)1
_[ 1-1 ]
Lo+ (0)1

= % Indeterminate form.

x—-0 [(cos x)x+(sinx)1

Applying I'hopital’s Rule, lim 1-cosx ]_

lim —(=sin x) ]
x—0 L(=sinx)x+(cos x)+cosx

= lim

sin x ]
x—>0 (—sinx)x+2cosx

) [ sin 0 ]
(—sin0)0+2cos0

ol [rrerenl
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0 . log x
=3 = 11m+ f
x-0 *
=0 _ log(0)
- 1
. 1 1 1
llm(_ ——)=O \
x—0 \SInx X —00
skesksk ok sk ok sk sk sk sk sk ok sk ok sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ok sk sk sk sk sk sk sk ok sk sk sk sk sk ok sk ok = — Indeterminate form
[ee]
7 1 2 x ‘ .
i LN e Applying I’hopital’s Rule,
. . 2 X
: ‘o . ) log x
Solution xll)n& (xz -1 x- 1) lim logA = lim g
x-0% x-0t -
2 X
T 121 1-1 y %
= lim
=2 _d& x=0* (~32)
0 0
) INNMY " 1 x?
= oo — oo Indeterminate form. = l1m+ X
x—-0t X -1
Applying I'hopital’s Rule, = lim =
+-1
. 2 X 2 2 x x=0
lim (5—— = lim (57— — 0
x—1t \ x4 -1 x—-1 x—-1t \x“ -1 x—-1 ==
-1
- i (s )
T oot \x - D) x-1 =0
— lim (2—9;(x+1)) By Composite function theorem,
x—-1t x4 -1 .
loglim A =0
. 2—-x%-x x—0%
= llrn+ T
X1 A X Taking exponential on both side,
_2-12-1 ) 0
= iim A =e”=1
L a x>0
2 -2
— s lim o x* =1
1-1 x-0%
C ) Skeskeskok sk okek skikoskoksk skeskeok sksk sksksk s eskok keskesk sksk skoksksk siesk 3 kskok kskoskskk kskkk
= = Indcterminate form. N
o . 1
9. lim (1 + ;)
Applying I'hopital’s Rule, SR INE
Solution: lim (1 + —)
. 2-x%2-x . —2x—-1 xX—0 x
lim |— = lim
x-1t \ x° -1 x—1t 2x 1\®
=(1+2)
_ —2(1)-1 ©
2(1
» =(1+0)°
-3
- = 1% Indeterminate form.
lim ( 2 _Z )— = AN
Im (Z=-75)=5 Let A=(1+2)

Sk >k ok ok sk ok ok ok >k sk ok ok Sk sk ok ok ok ok ok ok ok sk ok ok ok >k sk ok ok Sk ok ok ok ok skokok ok kok ke k ok kok sk k

Taking log on either side,

8. lim x*
x-0% N
Solution: xll,r(% x log A =log (1 + ;)
= 0° Indeterminate form. lim log A = lim xlog (1 + l)
L A £ X—00 X—00 X
t =
T log(14)
Taking log on either side, - )11—{23 &
log A =log x* log(1+2)
' = li T
xll)rggr logA = xlircr)lerlog (x) —

By Manisekow o SRKMHSS-Arcot. Page 38



www.Padasalai.Net

__log(1+0)
ey O

_ log(1)
T o

= % Indeterminate form

Applying I’hopital’s Rule,

lim logA = lim M

X—00 X—00 =

(12)E@)

8

= Jim 2257
= lim (1+7)
(4
=(1+0)

=1
By Composite function theorem,

loglim A =1

X— 00

Taking exnonential on both side,
lim A =el=¢
.(— 00

X

1m(1+ ) =c

)—)30\

Skokoksk skokikok kskokok ok skok ok sk ok ok Kook kokoskok ok ko ok ki kok sk skokok ok kok kck ke okck

10. lim(sin x) ' *

x—-=
2
Solution: lim(sin x )@~
ook
2
o tang
= (sm —)
2
= (1"

= 1% Indeterminate form.

Let A = (sinx)tnx
Taking log on either side,
log A =log (sin x)t@n*

= tan xlog (sin x)

www.TrbTnpsc.com

_ log(sing)

T
cot —
2

_ log(1)
N0

= g Indeterminate form

Applying I’hopital’s Rule,

1
lim log A= 11m M
ot T — cosec?x
2 2
— lim S°5% sin?x
x_>7T sinx -1

— li cos xsinx

T
2

_ o)

N -1

_ 0@

-1
=0
Taking exponential on both side,

lim A —e®=1
Pt

~lim(sin ) *=1

x-=
2

kokeok ok ok ok okok 2L ok ok skoke ok koo ok ok sk s ek ok kskoksk ek kok sk skok Ak k ok Kok sk kokosk sk ko

1
11. Jim ‘cosx)*?
x—0%

1
Solution: lim (cos x)x?
x—-07F
1
= (cos 0)o
="
= 1% Indeterminate form.
1
Let A = (cosx)+?
Taking log on either side,
1
log A = log (cos x)x?

= xl—zlog (cosx)

log(sin x) — log (cos x)
=i 1 x2
tanx log (cosx)
_ log(sin x) xlil'gl+ log A= x]l}l’(l)‘l+ DO
cotx
1 . RN log(cos 0)
lim log A —11 EM 0
xor cotx
2 2
By Manisekow o SRKMHSS-Arcot. Page 39
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_ log(1)
Ch\O

0

=3 Indeterminate form

Applying I’hopital’s Rule,

1

lim logA = lim cosx( 730
x—0% x—07* 2x

—sinx

im
x—071 (cosx)2x
\ - sin 0
" (cos 0)(0)

= g Indeterminate form

Applying I’hopital’s Rule,

—-sinx _ . —(cosx)

xir(% (cosx)2x B xl)rgl+ (cos x)(2)+2x(— sin x)
A —(cos0)
B (cos 0)(2)+0(—sin 0)
__ -
(1)(2)+0(0)
-1
T2

By Composite function theorem,
. 1
loglim A = ---
x—>0+ 2

Taking exnoneiitial ci1 both side

£ 1
lim A =e 2=—
2—-07t ve
Sk kskesk sk ok ok sk sk sksk ok ok sk sk sk sk Sk Sk sk sksk ok sk sk sk sk sk ok sk sk sk sk sk sk ok sk sksk sk sk sk sk sksk sk k

12. If an initial amount A, of money is invested
at an interest rate r compounded n
times a year, the value of the investment

) r nt
after t yearsis A = A, (1 + ;) .Ifthe

interest is compounded continuously,
(thatisas n — o), show that the amount
after t yearsis A = Aye™t

nt
Solution: log, . 4g (1 + i)

=4, (1+ é)wt
= Ay(1 + 0)®

= Ay(1)®Indeterminate form
r nt
LetY=(1+7%)
Taking log on either side,

logY =log (1 + i)nt

www.TrbTnpsc.com

= (nt)log (1 + i)

_ (t) log(11+z)
108,00 Y=10g, 00 (t) m

tog(1+3)

N (t)logn—mo

S

Q
SR
+

()
= (D10g s %

n2

= (1000 [(1%—) (=) x (- n;)l
= (©10gn-o 717y 1)

= (rt)logne (1%_)

= (rt) 1-ii)

1
= (I't) '(1—+0—)

= (rt) (1)
= (rt)

By Coraposite function theorem,

N

loglim Y =rt

X—>00
Taking exponential on both side,

lim Y =e™
X—>00
r nt

Hence, log, . 4g (1 + ;) = Aye™
skookoskok skook skoskook skoskosk skoskosk skoskook skosk skoskosk skoskosk skoskosk skoskosk skosk skeskosk skeskosk skskosk skk sk
Example 7.46
Prove that the function f(x) = x? + 2 is strictly
increasing in the interval (2, 7) and strictly
decreasing in the interval (=2, 0).

Solution: Given f(x) = x? + 2

fl(x) = 2x
In the interval (2,7) letx = 3
fl(x)=23)=6>0
So, f(x)is strictly increasing function.
In the interval (—2,0) letx = —1
flx)=2(-1)=-2<0

By Manisekow o SRKMHSS-Arcot.
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So, f (x)is strictly decreasing function.
Skesk sk sk sk sk skesk sk skesk sk skesk sk skesk sk skesk skesk sk skesk sk skesk sk skesk sk skesk skesk sk skesk sk skesk sk skeskoskesk

Example 7.47

Prove that the function f(x) = x? — 2x — 3 is
strictly increasing in (2, o0).

Solution: f(x) = x? —2x — 3

fl(x) =2x—2
In the interval (2, ) letx = 3
flx)=23)-2
=6—2=4>0
So, f (x)is strictly increasing function.

Example 7.48

Find the absolute maximum and absolute
minimum values of the function

f(x) =2x3+3x?-12xon[-3, 2]
Solution:  f(x) = 2x3 + 3x% — 12x

f/(x) = 6x?+ 6x — 12
When, f/(x) =0
6x2+6x—12=0
Dividiag by 6,
2+ x-2=0
x+2)(x-—-1)=0
x=—-2andx =1

since x = —2,1 € [—3, 2]

The critical numbers are x = —2,1and
given the end points are x = —3,2
Atx = -2

f(=2)=2(-2)+3(-2)*—12(-2)
=2(—8)+3(4)+ 24

=-164+ 12+ 24
=—-164 36
f(=2) =20

Atx =1

f(1) =2(1)3+3(1)2—-12(1)
=24+3-12
=5-12

f(1) =-7

Atx = -3

f(=3) =2(=3)° +3(-3)* - 12(-3)
=2(-27) +3(9) + 36
= —54+ 27+ 36

www.TrbTnpsc.com

= —54+ 63
f(=3)=9
Atx =2
f(2) =2(2)° +3(2)* —12(2)
=2(8)+3(4) —24
=16+12 - 24
=28—-24
fQ2)=4
Hence, absolute maximum value of f(x) = 20
and absolute minimum value of f(x) = —7

Example 7.49

Find the absolute extrema of the function
f(x) = 3 cosx on the closed interval [0, 27].
Solution: f(x) = 3cosx

f/(x) = 3(—sinx)
When, f/(x) =0
—3sinx =0
sinx =0
Sincesinn = 0,x == €[0, ZiT|
The critical number is »: = r and

giventheend pontsarzx = 0,27

Atx =i

f(x) = 3cos(m)
=3(-1)
=-3

Atx =0

f(x) = 3cos(0)
=3(1)
=3

Atx =2m

f(x) = 3cos(2m)
=3(1)
=3

Hence, absolute maximum value of f(x) = 3
and absolute minimum value of f(x) = —3
Sk sk ok Sk ok ke sk sk sk ok sk ok sk ok sk ok sk sk sk sk ke sk ok sk ke sk ok sk ok sk ok ke sk ke sk sk sk ke sk ok sk ok skeok skk

Example 7.50
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Find the intervals of monotonicity and hence
find the local extrema for the function f(x) =
x% —4x + 4.

Solution: f(x) =x?—4x+ 4

fl(x) =2x—4
When, f/(x) =0
2x—4=0
2x =4

x = 2 is the critical number.
=~ The interval are (—o0, 2) and (2, )
In the interval (—oo,2) letx =0
fl(x) =2x—4
=2(0)—4
=—4<0
So, f (x)is strictly decreasing function.
In the interval (2,00) letx = 3
fl(x) =2x—4
fllx)=2(3)—-4=6—-4=2>0
So, f Co)is strictly increasing function.
Because f/(x) changes its s.gr. from negative to
positive when passing through x = 2 ror the
function f(x), it has a local minimum at x = 2.

The local minimum value is

f2) = (22 -42) +4

= 4-8+4
= 8-8
f(2) =0

Sk >k k ok sk ok ok ok >k >k ok ok Sk %k ok ok ok ok ok ok ok sk ok ok ok >k sk ok ok Sk sk ok ok ok skokok ok skok ke k ok kok sk k

Example 7.51Find the intervals of monotonicity
and hence find the local extrema for the

2
function f(x) = x3

2
Solution: f(x) = x3

flG) =2xs
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2

=1
3x3

f/(x) can’t be equal to zero for x € R hence
f/(x) does not exists at x = 0.

-~ The interval are (—o0,0) and (0, o)

In the interval (—o0, 0) f/(x) <0

So, f(x)is strictly decreasing function.

In the interval (0,0) f/(x) >0

So, f(x)is strictly increasing function.
Because f/(x) changes its sign from negative to
positive when passing through x = 0 for the
function f(x), it has alocal minimum atx = 0
The local minimum value is f(0) = 0. Local
minimum occurs at x = 0 which isnota

stationary point.
skskeoskesk sksk sksk sk sk sk sk skk sk sk sksk skosk skesk sk sksk sk sk sk sk skok sk sk sk sk sk sk sk sk sksk sk sk sk kk

Example 7.52

Prove that the function f(x) = x —sinx is
increasing on the real line. Alsc discuss for the
existence of loca! extrema.

Solution: f(x) = x — sinx

f/(x) =1-cosx
When j{x) = 0, we get
1—cosx=0
cosx =1
So,x =2nm,n €Z

~ f(x) is increasing on the real line. Since
there is no change f/(x) passing through x =
2nm, by the first derivative test there is no local
extrema.
skookoskok skook skoskook skoskook skoskosk skoskook skosk skeskosk skoskosk skoskosk skoskosk skosk skeskosk skeskosk skskosk sksk sk
Example 7.53
Discuss the monotonicity and local extrema of
the function f(x) = log(1 + x) — ﬁ,x > -1
and hence find 'Eche domain where,
log(1+x) > P

2 23 . _ x
=3x3 Solution: f(x) = log(1+x)—1+x
_2. = /(v — 1 [A+0@-x@)
Sar ® fix) = (1+x) (1+x)2
By Manisekow o SRKMHSS-Arcot. Page 42
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_ 1 [1 +x—x]
T a+x)  Lla+x)2

- (1ix) 5 [(1 +1x)2]

_ (1+4x)-1
T (1+x)2
_14+x-1
T (1+x)2
/ = x
f (X) 1+ x)2
When f/(x) = 0,
X .
T 0 gives
x=0

=~ The interval are (—o0,0) and (0, o)
In the interval (—o0, 0) f/(x) <0
So, f (x)is strictly decreasing function.
In the interval (0,00) f/(x) >0
So, f (x)is strictly increasing function.
Because f/(x) changes its sign from negative to
positive wiien passing through x = 0 for the
function f(x), it has a local miniraum at x == 0
The loce!l minimum value is
f(0) =log(1+ 0} ---—
=0
Further when x > 0,
f(x) > f(0)
log(1+x)—$> 0

X
log(1 +x) > P Proved.

Sk >k ok ok sk ok ok ok >k sk ok ok Sk sk ok ok ok ok ok ok ok sk ok ok ok >k >k ok ok Sk ok ok ok ok ok sk ok ok sk >k kok sk skk ke ok

Example 7.54

Find the intervals of monotonicity and local
extrema of the function f(x) = xlogx + 3x.
Solution: f(x) = xlogx + 3x

f(x) = x(i) +logx (1) + 3

=1+logx+3
=4+ logx
When f/(x) = 0,
4+]ogx =0
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logx = —4
x=e
=~ The interval are (—o0, e™*) and (e ™%, )
In the interval (—o0,e™*) f/(x) <0
So, f(x)is strictly decreasing function.
In the interval (e 7*,00) f/(x) > 0
So, f(x)is strictly increasing function.
Because f/(x) changes its sign from negative to
positive when passing through x = e~* for the
function f(x), it has alocal minimum at x =
e, f(x) =xlogx + 3x
f(e™*) =e*loge ™ + 3e~*
=e *(—4)loge + 3e™*
=e *(—4)(1) +3e7*
=—4e*+3e*
= —e~*

Local minimum is —e™*
Sk sk sk ske 3k Sk Sk sk sk sk ok ke sk ske sk sk Sk sk Sksk s < sk Sk R skesk sk ok Sk ke ske sk sk ok sk Sk sk sksk ok sk sk sk sksk sk ok
[ixamyple 7.55

Finud the intervals of monotsiuicity and lo:zal

extrema of the funct.on f(x) = *_:1x_2
) Y

Solution: f(x) = —=
sauaon: ,y(x) ey

—-2x

/ =
f (x) (1+ x2)2

When f/(x) = 0,

—-2Xx
(1+x2)2

= 0 gives
x=0
. The interval are (—o0,0) and (0, )
In the interval (—, 0) f/(x) >0
So, f(x)is strictly increasing function.
In the interval (0,0) f/(x) <0
So, f(x)is strictly decreasing function.
Because f/(x) changes its sign from positive to

negaitive when passing through x = 0 for the
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function f(x), it has alocal maximum atx = 0,
1

fO)=—=1

Skokskesk koo sk sk ok sk ok ok Sk sk ok sk ko ok sk Sk sk ok sk sk ok sk ok sk skokesk sk sk sksk sk skok sk sk sksk sk sk sk >k

Example 7.56

Find the intervals of monotonicity and local

extrema of the function f(x) = —

1+ x?2
. x
Solution: f(x) = ——
/ _ (1+x?)@) —x(2x)
f1(x) (1+x2)2
— L+ x*-2¢
T (1+x2)2
_ 1-x?
T (1+x2)2
When f/(x) = 0,
1-x? .
ety O BIves
1—x%2=0
rAEN
x=%1

Hence stativnary pointsarex = 1,—1

=~ The interval are (=, —1), (--1,1) and (1, o)
In the inteival (—o0,—1) F/(x) < 0

So, f (o)is strictly decreasing function.

In the interval (—1,1) f/(x) >0

So, f (x)is strictly increasing function and

In the interval (1, 0) f/(x) <0

So, f (x)is strictly decreasing function

Because f/(x) changes its sign from negative to
positive when passing through x = —1 for the

function f(x), it has alocal minimum at x =

(-1)
_1' f(x) v 1+(_1)2

-1

T1+1

10,0 . 1
Local minimum is — >

Because f/(x) changes its sign from positive to

negative when passing through x = 1 for the

By Manisekow o SRKMHSS-Arcot.
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function f(x), it has alocal maximum atx = 1,

flx) =2

1+ (1)2

. . 1
Local maximum is — >

Skskeoskesk sk sk sk sk sk sk sk sk skek ok sk skek skook sk sk sk skk sk sk sk sk skok sk ok sk sk skosk sk sk sk sksk sk sk sk sk sk

EXERCISE 7.6

1. Find the absolute extrema of the following
functions on the given closed interval.
() f(x) =x? —12x + 10; [1, 2]
(ii) f(x) = 3x* — 4x3; [—1, 2]

(i) f(x) = 6x5 — 3x3; [~1,1]
(iv) f(x) = 2 cosx + sin 2x ; [0,%]

Solution: (i) f(x) = x? — 12x + 10; [1, 2]
f(x)=x?2—-12x+ 10
f/(x) = 2x—12
Wkhen, f/(x) =0

Zx—12=0
ax =12
xX=6

The critical number x = 6 and

given the end points are x = 1,2

Atx =6

f(6) =(6)2—12(6) + 10
=36—-72+10
=46—-72
= 26

f(6) =—-26

Atx =1

f()=(@)?-12(1)+ 10
=1-124+10
=11-12

f( =-1

Atx =2

f(2)=(2)2-12(2) + 10
=4-244+10
=14 - 24
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- 1
=-10 — %3 (8 _ 1)
Hence, absolute maximum value of f(x) = —1 x
and absolute minimum value of f(x) = —26 When f/(x) = 0, we get
ii x) =3x*—4x3[-1,2 1
(i) f(x) [ ] x3(8—i)=0

f(x) =3x* — 4x3

1 . 1
F/(x) = 12x3 — 12x2 Hence x = OandS—;—Oglvesx_g

When, f/(x) =0 So, critical numbers are x = %, 0 and the end
12x3 —12x* =0 pointsare x = —1,1
12x2(1—x)=0 Atx =0,
2 ; = 4 1
12x 0, gives x =0 £(0) = 6(0)3 —3(0)3 = 0
1—x=0,givesx =1 1
Atx =,
The critical numbers x = 0,1 and 8
4 1
. : _ _ N _ (Y3 _ 5 (13
given the end points are x 1,2 f (8) =6 (8) B (8)
Atx =0 5 4 5 1
£(0) = 3(0)* — 4(0)® 2\ [(1) ] _3 [(1) ]
— O 2 2
4 1
£(0) =0 —6()'-3(Y)
Atx =1 & 2
£ = 2D - 4(1)? =6(:)-3(3)
=3_-4 -
/F(l) = = 1 3 g_
Atx = -1 _3-12
F(-1) = 3(-D* - 4(-1)* 8
=3(1) — 4(-1) =—§
=3+4+4 Aty =1
f(-1) = OO
4 1
Atx = f(=1) = 6(—=1)5 = 3(-1)s
f(2) =3(2)*-4(2)? 4 1
= 3(16) — 4(8) = 6[(—=1)°z = 3[(=1)°]5
= 48— 32 =6(-1)* - 3(-1)*
e = 6(1) = 3(=1)
Hence, absolute maximum value of f(x) = 16
and absolute minimum value of f(x) = —1 =6+3
4 1
(i)  f(x) = 6x3 —3x3; [—1,1] =9
Atx =1,

4 o
f(x) = 6x3 — 3x3

f/(X) =6 (g) xg_ 1_3 (g) x%—1 f(D) = 6(1)% _ 3(1)§

=6(1) —3(1)
ER Y
= 8x3 —x3 =6-—3
1
=x3(8—x71) =3

Hence, absolute maximum value of f(x) =9
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and absolute minimum value of f(x) = —Z
(iv) f(x) =2cosx + sin2x; [O, g]
f(x) = 2cosx + sin 2x
f/(x) = 2(—sinx) + 2 cos 2x
When f/(x) = 0,
—2sinx +2cos2x =0
2cos2x = 2sinx
cos2x = sinx
1 — 2sin?x = sinx
2sin®x +sinx—1=0
(2sinx —1)(sinx+1) =0

2sinx — 1= 0, gives

2sinx =1
. 1
sinx = -
2
T

x = —and
6

sinx -+1 =0, gives
sinx = —1

70 27T

X= - they does not belong to the given

. A . Vi
interval . So the critical number is x = 3 and

NE

the end points are x = 0,
Atx = 2
6

T T . T
f(g) =2 cos—+ sin 2 (g)

T . Vs
= 2cos—+ sin—
6 3

2@+
_3
2
Atx =0

f(0) =2cos0 + sin 2(0)
=2cos0+sin0
=2(1)+0
=2

Atx ==
2
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f(g) = 2cos§+ sin 2 (g)
= 2cos§+ sinm
=2(0)+0

=0

3v3

Hence, absolute maximum value of f(x) = =

and absolute minimum value of f(x) = 0
Skeskeske sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk skeskesk sk sk sk sk sk sk sk sk sk skesk sk sk sk sk sk sk skesk sk sk sk sk sk

2. Find the intervals of monotonicities and
hence find the local extremum for the
following functions:

() f(x) = 2x3 +3x%2 — 12x
ex

i) f@ == i) f&) =
(iv) f(x) = x; —logx
(v) f(x) =sinxcosx + 5,x € (0,2m)

Solution:
() f(x) = 2x3 + 3x? — 12x

f/(x) = 6x% + 6x — 12
When, f/(x) =0
6x2+6x—12 =0

Dividing by o,
x‘+x—2=0
(r+2)x—1)=0
x+2=0,gives x = —2 and
x—1=0,givesx =1
The critical numbers x = —2,1
=~ The interval are (—o0, —2), (—2,1) and (1, )
In the interval (—oo, —2)let x = —3
f/(=3) =6(-3)*>+6(-3) — 12
=6(9)—18—-12
=54 -30
=24>0
So, f(x)is strictly increasing function.
In the interval (—2,1)letx =0
£/(0) = 6(0)% + 6(0) — 12
=0+0-12
=-12<0
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So, f (x)is strictly decreasing function.
Because f/(x) changes its sign from positive to
negative when passing through x = —2 for the
function f(x), has a local maximum atx = —2
f(=2) =2(-2)° +3(-2)* — 12(-2)
= 2(—8) +3(4) — 12(-2)
=-16+12 + 24
=—-16+ 36
=20
Local maximum is 20
In the interval (1,0) letx = 2
f/(2) =6(2)? +6(2) — 12
=6(4)+12—-12
= 24
=24>0
So, f (x)is strictly increasing function. Because
f/(x) changes its sign from negative to positive
when passing tarough x = 1 for the tuncticn
f(x), has alocal miniiuum at x == 1
f()=21)2+301)2-1201)
=2(1)+3(1) —12(i)
=2+3-12
=5-12
= -7

X

Local minimum is —7
(ii) £ () = =
(x=5)(1) —x(1)

f/(x) = CT5y

_x—5—x
© (x-5)2

-5
(x = 5)2

f/(x) cannot be equal to zero. And f/(x)
does not exists at x = 5.
Hence the critical number is

x = 5. .~ The interval are (—o, 5)and (5, «)
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In the interval (—o0,5) f/(x) <0

So, f(x)is strictly decreasing function.

In the interval (5,0) f/(x) <0

So, f(x)is strictly decreasing function.

Since there is no change f/(x) passing through
x = 5, by the first derivative test there is no

local extrema.

(i) fQ) =
— X X\ _ pX(pX
fl(x) = @ e(i(i z,x)ze (e*)
ex_ er_I_ er
= Taoer
ex
=G

f/(x) cannot be equal to zero. And f/(x)
does not exists at x = 0.
Hence the critical number is x = 0.
. The interval are (—oo, 0)and (0, o)
In the interval (—co, 0) f/(x) >0
50, f (x)is strictly increasing function.
In the intervai (0, 00) f/(x) >0
Se, f (s stricdy increasing functien.
Since there is no change f/(x) passing through
x = 0, by the first derivative test there is no

local extrema.

(V) fG) =% —logx

[(x) = 32 _ 1
fl) =22
BT v ANAE

b

x3-1

x
When f/(x) = 0,

x3—-1=0
(x—Dx*+x+1)=0
x—1=0,Givesx = 1.
Hence there is a critical pointat x = 1.

=~ The interval are (—o0, 1)and (1, )
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In the interval (—o0,1) f/(x) <0
So, f (x)is strictly decreasing function.
In the interval (1, ) f/(x) >0
So, f (x)is strictly increasing function.
Because f/(x) changes its sign from negative to
positive when passing through x = 1 for the

function f(x), it has alocal minimum atx = 1,
f() = g —log1
-0

1
3
1 . bl
p So local minimum is 2
(v) f(x) =sinxcosx + 5,x € (0,2m)
f(x) =sinxcosx +5
f/(x) = sinx (—sinx) + cos x (cos x)
= —sin? x + cos?x

= cos?x — sin® x

= Ccos 2x
When f/(x) = 0,
cos’Zzx =0

T
We know that cos— = 0, hence
T . T
2x = S gives, x ==

m 3m 57
The Values— ', an

~ The interval are (O, %), (E ,S—n), (3_71,5_71),

4 4 4 4
(5%) and (5 2)

In the interval (O, %) fl(x)>0

d%”e (0,21)

So, f (x)is strictly increasing function.
3

) £/

4) f/(x)<0

So, f (x)is strictly decreasing function.

In the interval G

In the interval (3n 5”) f/(x) >0
So, f (x)is strictly increasing function.
In the interval (‘%ﬂ,%ﬂ) fl(x)<0

So, f (x)is strictly decreasing function.
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In the interval (%n, 271') f/(x)>0

So, f(x)is strictly increasing function.

Because f/(x) changes its sign from positive to
negative when passing through x = %, %" for

the function f(x), it has alocal maximum at

-z>|§‘

X =

]

f(x) =sinxcosx +5
s

f(—) = sin%cos%+ 5

4
7 @)+e

Il
NP —

F(5) = sin () eos () +5

=sin(n+£)cos(n+z)+5

= [=sin (3)] [ = cos ()] + 5
() (2) 45

W2/
=i4xg
z
1410

2

[N
l\)l"_k

Because f/(x) changes its sign from negative to
cps . 3w 71
positive when passing through x = D, for

the function f(x), it has alocal maximum at

f(x) =sinxcosx +5

F(5) = sin () eos () +5

(54 as(£+)
- [as (] [-9n(3)]

-@ s

=—2+5
2

-1+10 _ 9
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F(7) = sin () eos(7) 5
= sin(%ﬂ+%)cos(3—”+%) +5
5

[eear @] 2]+
D)@

1
=—-+45
2
_-1410 _ 9
w\ozT T 2

.. . 9 . .11
So local minimum is 5 and local maximum is 3
Sksk sk sk ok sk sk sk ok skesk sk sk sk sk Sk sk sk sk ok skesk sk sk ke sk Skesk sk sk sk sk sk sk sk ok skesk sk sk sk sk sk sk sk sk

Example 7.57
Determine the intervals of concavity of the
curve f(x) = (x —1)3.(x — 5),x € Rand,
points of inflection if any.
Solution: f(x) = (x — 1)3.(x — 5)
fx)=(x3-3x2+3x—1).(x—5)
=x*—-3x3+3x%2—x—5x3+15x2 - 15x +5
f(x)=x%—8x3+18x2 —16x+5
f/(x) = 4x3 — 24x? + 36x — 16
f/1(x) =12x%--48x 36
When f/(x) = 0,
12x%2 —48x+36=0
Dividing by 12,
x2—4x+3=0

x—-3)(x-1D=0
x —3=0, gives x = 3 and
x—1=0,givesx =1
=~ The interval are (—o, 1), (1, 3)and (3, »)
In the interval (—oo,1) letx =0
f/7(0) = 12(0)? — 48(0) + 36

=0—-0+36
=36>0

Hence f(x) is concave upward in the (—oo, 1)
In the interval (1,3) letx = 2
f1(2) = 12(2)? — 48(2) + 36
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=48 —-96 + 36
=84 —-96
=-12<0

Hence f(x) is concave downward in the (3, )
In the interval (3,0) let x = 4
f71(2) = 12(4)? — 48(4) + 36
=192 -192 + 36
=36>0
Hence f(x) is concave upward in the (3, )
f//(x) changes the directionatx = 1,3
We get the points of inflectionatx = 1,3
(Datx =1
fG)=x-13%(x-5)
fA)=1-13%1-5)
=0
(i)atx =3
fx)=(x—-1)>(x-5)
f3)=(2-13.3-5)

(2)°.(-2)
8.(--2)

—16

The points of inflections are (1,0), (3,—16)

>kokeok >k kok ok sk ok ok ok ok kok ok ok sk ok sk ok ok skok sk ok ok kok ok Sk sk ok ok ok skokeok ok kok sk k ko ok

Example 7.58 Determine the intervals of
concavity of the curvey = 3+ sinx.
Solution:

y = 3+sinx
/=% = cosx
y// = —sinx

Substituting y//= 0, we get
sinx = 0, givesx = 0,nm

As the limit (- 7, ) we get (- m, 0)and (0, ) as

intervals.
In the interval (-, 0), letx = _g
y// = —sinx
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- n(-)
= sin (g) =1>0
Hence f(x) is concave upward in the (-, 0)

In the interval (0,7), letx = g

y// = —sinx

—
=-1<0

Hence f(x) is concave downward in the (0, )
As y// changes the sign as it passes through
x = 0, we get a point of inflectionat x = 0
Substituting x = 0 in the given function,
y = 3+ sin x we get
y = 3 +sin (0)

y =340

y =3
Hence the point of inflection is (0,3)
In general the intervais are (nm, (1 + 1)m),n € Z

Hence (niw, 3) is alse the point of inflection.
Sk3ksksk ok 3k ke sk K Skeok sk sk Skeok Sk sk ke sk ok skook sk sk skeok ket skeskkesk ek sk skeok skesk sk ksk s <k ok sk sk

Example 7.59 Find the iocal extremun of the
function f(x) = x* + 32x.
Solution:

f(x) =x*+32x
f/(x) = 4x3 + 32

1 (x) = 12x2
When f/(x) = 0, we get

4x3+32=0
4x3 = —32
x3=-8
x=-2

Atx = =2, f//(x) = 12x?
f1(=2) = 12(=2)?
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So, the function has local minima at x = —2
atx = =2, f(x) = x* + 32x has
f(=2) = (=2)* +32(-2)
=16 —64
= —48
So the local minimum is —48 and the extreme

point is (—2, —48)

skskeskesk sk sk sk ok sk sk sk sk skek sk sk skk skook sk sk sk sk sk sk sk sk sk skok sk ok sk sk skosk sk sk sk sksk sk sk sk sk k

Example 7.60

Find the local extrema of the function f(x) =
4x° — 6x4.

Solution: f(x) = 4x° — 6x*

f/(x) = 24x5 — 24x3
f/(x) = 120x* — 72x?
When f/(x) = 0, we get
24x° —24x3 =0
24x3 (x> —-1)=0
24x3 =0givesx =0

x> —1=0givesx = +1

The critical pointsare» = -1,01
Substituting x = —1in

F/7(¢) = 120¢* — 72x? we get,
(1) = 120(—-1)* — 72(-1)?
=120(1) —72(1)
=120-72
=48>0
Hence f(x) has local minimum at x = —1
Substituting x = 1 in
1/ (x) = 120x* — 72x?% we get,
f7(1) = 120(1)* — 72(1)?
=120(1) —72(1)
=120-72
=48>0

Hence f(x) haslocal minimum atx = 1

=12(4) Substituting x = 0 in
=48>0 7 (x) = 120x* — 72x? we get,
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f/(—1) = 120(0) — 72(0)

=0
Hence the second derivative test does not give
any information aboutlocal extrema at x = 0
So, to try by first derivative test,

Intervals are (—o0,—1),(—1,0),(0,1), (1, )

In (—o0,—1) f/(x) <0

So, f (x) is strictly decreasing function.
In(=1,0) f/(x)>0

So, f (x) is strictly increasing function.

In(0,1) f/(x) <0

So, f (x) is strictly decreasing function.

In (1,) f/(x) >0

So, f(x) is strictly increasing function.

Because f/(x) changes its sign from negative to
positive when passing through x = —1 for the
function f(x), it has alocal minimum atx = —1
and the local minimum value of the function is

f(1) =4(-1D°-6(-1*
= 4(1) - 6(1)
=4 —€
=-2
Also f/(x) changes its sign from vositive to
negative when passing through x = 0 for the
function f(x), it has a local maximum is
£(0) = 4(0)° — 6(0)*
=0
And f/(x) changes its sign from negative to
positive when passing through x = 1 for the
function f(x), it has alocal minimum atx = 1
and the local minimum value of the function is
() =41° - 6(D)*
=4(1)—-6(1)
=4-6
= =2
Hence the local minimum is —2 and

the local maximum is 0.
Sk ok sk sk sk ok ok sk sk sk sk ok ok sk sk sk sk ok Sk sk sk sk ok sk ok sk sk sk ok sk sk sk sk sk sk sk sk sk sk ok sk sk sk sksk sk ok
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Example 7.61

Find the local maximum and minimum of the
function x%y? on thelinex + y = 10
Solution: Given x + y = 10 gives

y=10—x
Substituting the value of y in x?y?
f(x) = x*(10 — x)?
= x2(100 + x? — 20x)
=100x? + x* — 20x3
f/(x) = 200x + 4x3 — 60x?
f/(x) =200 + 12x% — 120x
When f/(x) = 0, we get
200x + 4x3 — 60x%2 =0
4x(50 + x2 —15x) =0
4x = 0givesx =0
x? —15x + 50 = 0 gives
(x=5x-10)=0
Hence x = 5,10
So, the critical points are x = G, 5, 10
Substituting x = 0 ir f/(x)
£77(0) = 200 + 12(0)? - 120(0)
=200>0
So, has local minimum at x = 0 and the local
minimum value of the function is f£(0) and
£(0) = (0)*(10 — 0)*
=0
Substituting x = 5 in f//(x)
f/7(5) =200+ 12(5)% — 120(5)
=200+ 12(25) —120(5)
= 200+ 300 — 600
=500 - 600
=-100<0
So, has local maximum at x = 5 and the local

maximum value of the function is f(5) and

f(5) = (5)%(10 — 5)
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= (5)*(5)?
=25x25
=625
Substituting x = 10 in f//(x)
f/7(10) = 200 + 12(10)% — 120(10)
=200+ 12(100) — 120(10)
=200+ 1200 — 1200
=200>0
So, has local minimum at x = 10 and the local
minimum value of the function is f(10) and
£(10) = (10)2(10 — 10)?
=0
Hence the local minimum is 0 and

the local maximum is 625
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EXERCISE 7.7
1. Find intervals of concavity and points of

@) f&) = x{x - 4)°
(i) f (o) =sinx +cesx, 9 < x < 2n
(i) F(x) =5 (¥ —e™)
Solution:
A ) =x(x-4)°
= x(x% — 12x% + 48x — 64)
=x*—12x3 + 48x% — 64x
f/(x) = 4x3 — 36x? + 96x — 64
f1(x) =12x* —72x + 96
When f//(x) = 0, we get
12x2—72x+96 =0
Dividing by 12,
x2—6x+8=0
(x—2)(x—4)=0
Hence x = 2,4
=~ The interval are (—, 2), (2,4)and (4, ©)
In the interval (—o,2) letx =0
f/7(0) = 12(0)? — 72(0) + 96
=96>0

By Manisekow o SRKMHSS-Arcot.
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Hence f(x) is concave upward in the (—o, 2)
In the interval (2,4) letx = 3
f71(3) =12(3)? —72(3) + 96

=12(9) — 216 + 96

=108 — 216 + 96
= 204 — 216
=-12<0

Hence f(x) is concave downward in the (2,4)
In the interval (4,0) letx = 5
£/(5) = 12(5)2 — 72(5) + 96

= 12(25) — 360 + 96

=300 —360+ 96
=396 — 360
=36>0

Hence f(x) is concave upward in the (2, 4)
f//(x) changes the directionatx = 2,4
When x = 2, f(x) = x(x — 4)3 gives
F(2)=2(2-4)3
=2(-2)3
= 2(-9)
=16
When x = 4, f(x) = x(x — 4)3 gives
f4)=2(4-4)
= 2(0)3
=0
The points of inflections are (2,—16), (4,0)
(i) f(x)=sinx+cosx, 0<x<2m
f/(x) = cosx — sinx
f/(x) = —sinx — cos x
When f//(x) = 0,

—sinx —cosx =0

sinx = —cosx
sin x
=-1
COsSXx
tanx = —1 gives
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3t 7w

x———E(OZn)

Hence the intervals are(O 3”),(31,71) , (7—n, 27T)
4 4 4 4

m( )fﬁ@)<o

Hence f(x) is concave downward in the (O, %”)

(37‘[ 7n)f//( )>O

Hence f(x) is concave upward in the (3: %”)

In (%T,Zn)f//(x) <0

Hence f(x) is concave downward in (7—” 271)

3w 71

f//(x) changes the direction at x = vy

Atx =%n,f(x) = sinx + cos x,

£(3) =5 () +e0s (3)

=sin(§+z)+cos(5+§)

7T .
Atx == o f(x) = sinx + cosz,

) an(2)+ ()
= sin (271 - —) + cos (271 - g)

The points of inflections are (%, O), (%T, 0)

(iif) f() =3 (e* —e™)
1) =2 [e* = (—e™)]

=(e*+e™)
f1G0) =3 (e —e™)

When f//(x) = 0,
;(ex —e™*) = 0 gives
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eX —e™X =
ex= —-X

1
X —
er =—
e*e* =1

e?* = ef gives
2x=0=>x=0
=~ The interval are (—o0,0) and (0, o)

In (—o0,0)f//(x) <0

Hence f(x) is concave downward in (—, 0)
In (0,00)f//(x) >0

Hence f(x) is concave upward in the (0, )

f//(x) changes the directionatx = 0
Atx =0, f(x) = %(e" —e™)

So, the point of inflection is (0, 0)
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2. Find the lucal extrema for thie following
functions using second derivatve test:
f\](x)——h + 533 (i) FCo) = xlogx
(111) f(x) = x2272¢

Sslution: F\x\ --3x°> 4+ 5x%
f/(x) = —15x* + 15x2
f/(x) = —60x3 + 30x
When f/(x) =0
—15x* 4+ 15x2 =
—15x%(x2-1)=0
—15x2% = 0, gives x = 0 and
x2—1=0,givesx = +1
Hence the critical pointsare x = 0,—1,1
Atx =0, f//(x) = —60x3 + 30x
f//(0) = —60(0)% + 30(0) =0
Atx = —1, f//(x) = —60x° + 30x
f7(-1) = —60(—1)% + 30(-1)
= —60(—1) +30(—1)
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= 60— 30
=30>0
So, f(x) has local minimum at x = —1
Local minimum value is f(—1)
f(=1) = =3(=1)° +5(~1)°
= —-3(-1) +5(-1)
=3-5
=2
Atx =1, f//(x) = —60x3 + 30x
/(1) = —60(1)% + 30(1)
= —60+ 30
=-30<0
So, f(x) has local maximum atx = 1
Local maximum value is f (1)
f(1) =-3(1)°+5(1)°
=-3+5=2
Hence the locai minimum is —2 and

the local maximum is 2
(ii) f(x) = xlogx

flx) = x(i) + logx (1)

=1+logx
1) =~
When f/(x) =0
1+logx =0
log,x = —1
x=el= gis the critical point

Substituting x = gin F1(x) ==

X

£10) = 2580

o 1R

Hence, f(x) has local minimum at x = é . The

local minimum value of the function is f (é)
() =0)ee(?)

= (3) llog(1) — log(e)]
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- (-

_ 1

e
Hence the local minimum is —3
(iii) f(x) = x%2e~2*
f/(x) = x?(—2e72*) + e72*(2x)
= —2x%(e %) + e7?*(2x)
f1(x) = =2[x*(=2e7%%) + e~ (2x)]
+e72%(2) + (2x)(—=2e7%%)
=4 x2e X —4xe %" + 277 — 4xe™ ¥
=4 x2%e ¥ — 8xe %" + 2%
=2e (2 x%2—4x+1)
When f/(x) =0
—2x%(e ™) +e ?*(2x) =0
2x(e ) (—x + 1) = 0 we get
2x =0, gives x = 0 and
—x+1=0,givesx = _lande™?* # 0
The critical peintsarex =0, 1
Atx =0, f/(x)= 2e72*(2 x> —4x + 1)
F7(0) = 2720 (2 (0)? - 4(0) + 1)
= 2e'(0—-0+1)
= 2(D(D)
=2>0
So, f (x) has local minimum at x = 0
Local maximum value is f(0) = 0
Atx=1,f//(x) = 2e72*(2x* —4x + 1)
f1(1) = 2e72MW(2 (1)? —4(1) + 1)

=2e2(2-4+1)
= 2¢72(3-4)
= 2e2(-1) <0

So, f(x) has local maximum atx = 1
Local maximum value is f (1)

fQ) = (1)?e2®

= e—Z
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Hence the local minimum is 0 and

the local maximum is e ~?
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3. For the function f(x) = 4x3 + 3x?2 —6x + 1
find the intervals of monotonicity, local
extrema, intervals of concavity and points of
inflection.
Solution:

fx)=4x3+3x2—6x+1
fl(x) =12x*+6x— 6
Substituting f/(x) = 0, we get
12x2+6x—6=0
Dividing by 6,
2x2+x—-1=0
2x—-1D(x+1)=0
2x —1 = 0 gives 2x = 1 which gives x = %

x+1=0givesx = -1

The critical points are x = —1, %

Intervals aie {—o0, —1), (—1,%), G, 00/\)
In (—co,—1) letx = -2
Then 7/(x) = 12v% + 65 — € gives
f1(=2) =12(=2)?+6(-2)—6
=12(4)—12-6
=48-18
=30>0
f (x) is strictly increasing function in (—o0, —1)
In (—1,%) letx =0
Then f/(x) = 12x? + 6x — 6 gives
f/(0) =12(0)>+6(0) — 6
=-6<0

f(x) is strictly decreasing function in (—1, %)
In (%,00) letx =1
Then f/(x) = 12x? + 6x — 6 gives

/(1) =12(1)*>+6(1)—6
=12+6—-6
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=18—-6
=12>0
f (x) is strictly increasing function in G, 00)

Also f/(x) changes its sign from positive to
negative when passing through x = —1 for the
function f(x), it has alocal maximum is
f(-1) =4(-1)*+3(-1D*-6(-1)+1
=4(-1)+3(1)—-6(-1)+1
=—4+3+6+1
=—4+4+10
=6
And f/(x) changes its sign from negative to

positive when passing through x = % for the

function f(x), it has alocal minimum at x = %

and the local minimum value of the function is

=45 6) 41
=4(3)+3(4)-5+1
£243-2
:21-.'3—5

4
:5—8

.. . —3
Hence the local minimum is " and

the local maximum is 6
And from f/(x) = 12x*> +6x — 6
f(x) =24x+6
Substituting f//(x) = 0, we get
24x = —6
1
X=——=—-
24 4
1 il
Intervals are (—oo, — Z) y (— " oo)

In (—oo, —%) letx = —1

Then f//(x) = 24x + 6 gives
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f/(~1) = 24(-1) +6
=-24+6
= -18<0

Hence f(x) is concave downward in (—%, oo)
In (—%,00) letx =0

Then f//(x) = 24x + 6 gives
£1/(0) = 24(0) + 6
=6>0

Hence f(x) is concave upward in (— i, oo)

f!/(x) changes the direction at x = —i
Y =a(Yra(me() o
SIS RSE
_ ciea+zene
16

=—1+4-3
16
_®
1€
21

8

So, the point of inflection is (-7,

kkkokkimakkkkkkkkkkokttgkkamkRka b ikk akkkoxt

Example 7.62

We have a 12 square unit piece of thin material
and want to make an open box by cutting small
squares from the corners of our material and
folding the sides up. The question is, which cut
produces the box of maximum volume?
Solution:

12—2x

Let x = length of the cut on each side of the
little squares.

V= the volume of the folded box.

By Manisekow o SRKMHSS-Arcot.
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The length of the base after two cuts along each
edge of size x is (12 — x). The depth of the box
after folding is x , so the volume is
V=(012-2x)x(12—-2x) Xx
At x = 0, 6 volume becomes zero.
Hence x € (0,6)
V = (144 + 4x? — 48x)x
= 144x + 4x3 — 48x?
V/ =144 + 12x% — 96x
v/l =24x —96
Substituting V/ = 0, we get
12x%2 —96x + 144 =0
Dividing by 12,
x2—=8x+12=0
x—-2)(x—6)=0
x—2=0,givesx =2
x—6=0givesx =6butx #6
Sg, x = 2 1s the only statiorary point.
Whien x = Z,V// = 24x — 96 becomes
v/l =24(2) - 96
=48 —-96
=-48<0
Hence volume of the box is maximum at x = 2
Hence the maximum volume of the box is V(2)
v(2) =[(12-2(2)) x (12 — 2(2))] x (2)
=[(12-4)x (12 —-4)] x (2)
= (8)(8)(2)
= (64)(2)
= 128 units.

So the maximum cut can be 2 units.
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Example 7.63 Find the points on the unit circle
x? + y? = 1 nearest and farthest from (1, 1).

. y
Solution: .
(0.1)

[-'I.D;:I o x
\ *
. S

o
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Given pointis (1, 1). Let other point be (x, y).

Then distance d = /(x — 1)2 + (y — 1)2
LetD = (x —1)? + (y — 1)?

=x?+1-2x+y*+1-2y

=x*+y?—2x—2y+2
D/ =2x +2yy/ —2 —2y/

From x? +y% =1

2x+2yy/ =0
2yy/ = —2x
yy/ =—x
/=%
A y

Substituiing ihe value in D/ we get
D/ = 2%+ 2vy/ — 2 =2/
_ N A AV N Y
=22+ 2y J) 2-2( y)
=2x—2x—2+
=—-2+—

Substituting D/ = 0, we get

—2+Z%=9
y
2 _,
y

2x = 2ygivesx =y

Since the points lie on the circle x? + y2 = 1

wegetx?+x%2=1
2x% =1

2

X

I
H
Sl

X
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So,the required points are (%,%), (_ % _ %)
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Example 7.64 A steel plant is capable of
producing x tones per day of a low-grade steel

and y tones per day of a high-grade steel,

40

where y = 10;_5; . If the fixed market price of

low-grade steel is half that of high-grade steel,
then what should be optimal productions in
low-grade steel and high-grade steel in order to
have maximum receipts.

Solution:

Per day the low grade steel produced= x tones
Let the market price per ton be Rupees p

Then the cost = px

Per day the high grade steel produced= y tones
Let the market price per ton be Rupee:ss Zp
Then the cost = 2py

"Then totai receipt R = vx + 2py

Substituting the given value y = @)_—5}1, we get

10 — x

A0 — 5x\

R=px+2p(" )

10— x

__ px(10 — x)+2p(40 — 5x)
- 10 — x

10 px— px2+ 80p —10px
10 — x

2
- px“+ 80p
R=——"""
10 — x

R/ = (10 — x)(— 2px)—(— px?+ 80p)(-1)
S (10 - x)2

_ —20px+2px%—px2+ 80p
- (10 — x)2

_ —20px+px%+80p
- (10 - x)2

_ p(x2-20x+ 80)
T (10 - x)2

Substituting R/ = 0, we get
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p(x%-20x+80) 0
(10-x)2

x2—-20x+80=0
—b+Vb2—-4ac

2a

20+v/400-320
2

X =

20+v80
2

20+V16X5
2

20+4+/5
2

2(10+2V5)
2

x =10+ 2V5

R/ = p [(10 - x)2(2x-20) —(x2-20x+ 80)2(10 — x)(-1)

(10 — x)*

: [(10 - )2 (2x-20)+(x2— 20x+ 80)2(10 - x))
=P (10 — x)*

-p (10 — %) (10 — x)(2x—20)+(x2—20x+ 8C)2]

(10— x)*

_ ol(10 - x)(2x-25)+(x*—20x + £0) 2]
B (10 — x)3

_ p[20x-2x2-200+20% +2x%—40x+160|
N (10 - x)3

—40p
T (10 -x)3

Atx =10-2v5,R// <0

Hence Receipt R is maximum at x = 10 — 2v/5

40 — 5x
10 — x

When x = 10 — 2+/5, theny =

_ 40 - 5(10-2v5)
"~ 10 - (10-2v5)

40 - 50+10V5
10 - 10+2V5

_ —10+10v5
25

_10(¥5-1) _ 2xy/5xv5(v5-1)
25 2v5

=5(v5-1)
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=5-+5
So, the plant should produce low grade steels
10 — 2+/5 tones and produce high grade
5 — /5 tones.
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Example 7.65 Prove that among all the
rectangles of the given area square has the
least perimeter.

Solution:

Let the dimensions of the rectangle be x, y
Then its area A = xy

Perimeter of the rectangle P = 2x + 2y

Substituting the value y = % in P

A
P—2x+2(;)
24
Pl=2-%
p//—4_A
x3

2-2 =0

0. 24

o
2x? = 2A gives
x)=A= x=+A
Substituting x = VA in P//,
P/ > 0.Hence perimeter P is minimum at x =

VA.Then y = % becomes

_ A _ VAV _
y=GF="7 = VA
Since x = VA, y = VA the given rectangle is a

square when the perimeter is minimum.
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EXERCISE 7.8
1. Find two positive numbers whose sum is 12
and their product is maximum.
Solution:

Let x, y be the two numbers then the sum

x + y =12 gives
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y=12—-x
Product of the numbers P = xy
=x(12 —x)
P =12x — x?
P/ =12 -2x
P/l = =2

Substituting P/ = 0, we get

12-2x=0
2x = 12 gives
XxX=6
Since P// = —2 < 0, Product P is maximum at

x=6.Theny =12 —x,givesy = 12— 6 = 6.

The required two numbers are 6, 6.
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2. Find two positive numbers whose product is
20 and their sum is minimum.
Solution: Let x, y be the two numbers then

the product x y = 20 gives

==
y T X
Sum of the numbers § = x 4y
20\
= (=
A ( Y
20
si=1-5
40
S/l = =

Substituting S/ = 0, we get

20
1-5=0
20
1=

x? =20 gives

x =20

x=+V/4 x5
Since the number is positive,

x =25

Since S// = g > 0, when x = 2+/5 sum S is

minimum at x = 2v/5.Then y = zx_o' gives

By Manisekow o SRKMHSS-Arcot.
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_ 20 10 _ 10xvV5 _ 10xV5 _
YT E i s 2V
The required two numbers are 2+/5, 2+/5
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3. Find the smallest possible value of x? + y?
giventhatx +y = 10.
Solution:

Given x +y = 10 gives
y =10—x
Let f(x) = x2 + y? gives
=x?+ (10 — x)?
=x24+ 100+ x% — 20x
f(x) =2x? —20x + 100
f/(x) = 4x — 20
f/(x) =4
Substituting f/(x), we get
4x —20=0
4x = 20 gives
x=5
Since f//{x)=4>0,f(x) =x* +y?%:s
minimumn at x == 5.
Whenx =5,y =10 — x gives
y =10—-5=5
The required two values are x = 5,y = 5 and
the smallest possible value of x? + y? is (5)? +
(5)%=25+25=50.
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4. A garden is to be laid out in a rectangular
area and protected by wire fence. What is the
largest possible area of the fenced garden with
40 metres of wire.

Solution:

Let the dimensions of the rectangle be x, y
Then its area A = xy
Perimeter of the rectangle 40 = 2x + 2y
Then, x + y = 20 gives
y=20—x
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Then itsarea 4 = x(20 — x)

= 20x — x?2
Al =20 —2x

Substituting A/ = 0, we get
20 — 2x = 0 gives

2x =20
x =10
Since A// = —2 < 0, area is maximum

At x = 10,theny = 20 — x givesy = 10
Hence the maximum area is

A = (10)(10) =100 sq. meters.
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5. A rectangular page is to contain 24 cm? of
print. The margins at the top and bottom of the
page are 1.5 cm and the margins at other sides
of the page are 1 cm. What should be the
dimensions of the page so that the area of the
paper uscd is minimum ?

Solution:

Let x and y be dimension of the priiited area.

Given xy = 24 gives

Y AX

From by the given data, dimensions of the

paperare x + 3,y + 2

Hence area of the paper

A=(x+3)(y+2)

=xy+2x+3y+6
=24+2x+3(2)+6

A=2x+7x—2+30

72

A/:Z—;
144
A//_F

Substituting A/ = 0, we get
72
2 - ; = O
2x2 =72

x? = 36 gives
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xX=6
144

Atx =64/ =22 1% 5
) x3 63

Hence printed area of the paper is minimum at

x=6,theny=%=%=4

The dimensions of the paper are
x+3=6+3=9cm,and
y+2=4+2=6cm

skokesk sk skok sk skook sk sk sk skokesk skosksk sk sk skosk sk skeskok sk sk sk sksk sk skok sk sk sk skskesk skk sk sk sk kok
6. A farmer plans to fence a rectangular pasture
adjacent to a river. The pasture must contain
1,80,000 sq.mtrs in order to provide enough
grass for herds. No fencing is needed along the
river. What is the length of the minimum
needed fencing material?

Solution:

Let x and y be dimension of the pasture area.

Given xy = 180000 gives

__ 180000

X

Fencing required = ;¢ + 2y

| 180200
F=x+2 (— 90}
2 )
365500
F:=x+"-
X
.y 360007
[' = —

> 4

720000
F/l = =

Substituting F/ = 0, we get

1— 362(2)00 -0
x? = 360000 gives
x = 600
Atx = 600, F// — 720000 — 720000 >0

x3 6003
Hence pasture area is minimum at x = 600,

180000 _ 1800

theny = s = 300

Hence minimum length of the fence
needed = x + 2y

=600 + 2(300)

=600 + 600 = 1200 meters.
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7. Find the dimensions of the rectangle with
maximum area that can be inscribed in a circle
of radius 10 cm.

Solution:

Let us take the circle to be a circle with centre
(0, 0) and radius r 10 units and PQRS be the
rectangle inscribed in it. Let P(x, y) be the
vertex of the rectangle that lies on the

first quadrant. Let 6 be the angle made by OP
with the x axis.

thenx =10 cos 8 and y =10sin 8

Now the dimensions of the rectangle are

2x=20cos 6;2y=20sind, 0< <~

Area of the rectangle A = (2x)(2y)
= (20 cos 0 )(20 sinB)
= 200 (2sinBcos 0)
= 200 (sin28)
Area is rnaximum when sin 20 is maximum.
We know thie maximum value of sin 20 ==

It gives 20 = gthat is0= E, the area of the

rectangle is maximum.

When 6 =E, 2x=20cos @

=202 _ 10+/2 and

2
2y =20sin 6@
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So, dimensions of the rectangle are 10v/2, 10v/2
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8. Prove that among all the rectangles of the
given perimeter, the square has the maximum
area.

Solution:

Let the dimensions of the rectangle be x, y

Perimeter of the rectangle P = 2x + 2y

y
Then its area A = xy

A=Zx—x?
2

Al =22«
2

All = =2

Substituting A/ = 0, we get

=—2x=0
2
r
—=2x
2
P
X ==
4
Since A// = —2 < 0, area is maximum,

P P .
atx = Z,theny =5 —xgives

P P
Yy=373
__2P-P
R
P
Yy=3

R

Since,x =y =

)

the given rectangle is a square when the area is
maximum.
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9. Find the dimensions of the largest rectangle
that can be inscribed in a semi circle of radius
rcm.

Solution:

Let us take the circle to be a circle with centre

(0, 0) and radius r cm and PQRS be the

rectangle inscribed in the semi circle.
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Let P(x, y) be the vertex of the rectangle that
lies on the first quadrant. Let 6 be the angle
made by OP with the x- axis.
then x =r cos 8 and y =r sin 6
Now the dimensions of the rectangle are

X =rcosf;2y=2rsinb, OSBS%

Area of the rectangle A = (x)(2y)
= (r cos 8 )(2rsin®)
= r? (2sinBcos 0)
=r? (sin20)

Area is maximum when sin 20 is maximum.

We know the maximum value of sin 20 = 1

It gives 20 = gthat is@ = E, the area of the

rectangle is maximum. Hence maximum area of
the rectangleis A = r? (1) = r? sq.cm
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10. A manutacturer wants to design ar. cpen

C.

box heving a square base and a suitace erea of
108 s¢.cm. Dctermine the d mansions of the
box for the maximum voiume.

Solution: Given the box base is square.

So, let length, breadth and height of the box be
l=x,b=xand h=y.
Then box base area = x?
Area of the 4 sides of the box = 4xy
Surface area of the open box S = x? X 4xy
Given x?% X 4xy =108
4xy = 108 — x?

_108-x2
4x

Volume of thebox V =x X x Xy

108—x2
4x

= x2%x
A2
V:xX108 X

V=§(108x—x3)

v/ = i(108 — 3x2)
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v/ =2 (-6x)
Substituting V/ = 0, we get
~(108 —3x2) = 0

108 —3x2=0
3x%2 =108
xz =22

3
x? = 36 gives
x=+16

Since, x # —6,we getx = 6.

Whenx = 6, V// = i(—6x)
Vil = i(—36) <0

So, volume is maximum atx = 6

108—x2 _ 108-36 _ 72 _
4 4(6) 24

3

When x = 6,theny =

Hence dimensions of the box are 6cm,6cm,3cm.
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11. The volume of a cyl nder is given by the
formula V = mrr?h. Find the greatest and least
values of Vif r + h == 6.

Sclution: Given r + 1 == 6 which gives
h=6-r1
Hence, volume of the cylinder V = nr?h
V=nr?(6-r)
=mn(6r? —13)
v/ =nm(12r — 3r?)
v/l =nm(12 — 6r)
Substituting V/ = 0, we get
n(12r—3r2) =0
12r —3r2 =0
3rd4—r)=0
3r =0, givesr = 0 and
4—7r=0,givesr =4
Whenr =0,V// =n(12 —6r) = 121 > 0

Hence volume is minimum atr = 0.
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Hence the least value of Vis 0

Whenr =4,V/ =n(12 -24) = -12n < 0
Hence volume is maximum at r = 4.
Thenh =6 —1,givesh=6—4 =2

Hence the greatest value of V = nr?h

V =m(4*)(2)
=m(16)(2)
V =32m

Hence the least value of Vis 0 and

Hence the greatest value of Vis 32x
Skskskesk sk sk sk sk skok sk skoskok sk skosk sk sk sk skok sk skosk skok sk skokesk skesk skokesk skoksk sk skok sk sk skk

12. A hollow cone with base radius a cm and
height b cm is placed on a table. Show that the
volume of the largest cylinder that can hide

. 4,
underneath is 5 times volume of the cone.

Solution: Given radius of cone = a
Height=b
Hence volume of cone = énazh

Let the radius of cylinder = » anc|
height of the cylinder be == y

Then the volume of cylinder V = mx?y

. 171
To prove the maximum volume = 5 l\-?; rmzb)

Let the height of cone OC = b and
radius CE = a
Radius of cylinder AB = CE = x
Height of cylinder AC=y
Triangle OAB and OCD are similar, hence the

corresponding sides are proportional.

0A AB
Hence, — =—
oc ¢D

b-y _x

b _a

b
b—y=-x

a
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y=b-— Zx
Substituting the value in Volume of cylinder,

V = mx?y becomes
V=nx?(b-2x)
(e 2)
v/ =mb(2x - )
v/ =mb(2-2)
Substituting V/ = 0, we get
mb (2x = ) = 0 gives
22— =0
x(2-%) =0

x =0, and2—%x=0gives

-
2a = 3x
L
3
When x = Z?a, V! = b (2 - %x) gives
v/ =mbl2-(2)(%)]
=nb(2 —4)

V// =nb(=2) <0
So, volume of cylinder is maximum when x =

b .
2?atheny =b-— —x gives

Maximum volume of cylinder V = mx?y
v=r(%) ()
-(5)6)
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4 (1
V=; (g nazb) Hence proved.
Skskskesk koo sk sk ok sk ok ok Sk sk ok sk sk ok sk sk sk sk ok sk sk ok sk ok sk skkesk sk sk sksk sk skoksk sk sksk sk sk sk >k
Example 7.66
. . 1
Find the asymptotes of the function f(x) = -

X

Example 7.67 Find the slant (oblique)
2 _
asymptote for the function f(x) = %

Example 7.68

2 _
Find the asymptotes of the curve f(x) = 2x' -9

x2-16

Example 7.69
Sketch the curvey = f(x) =x2 —x— 6

Example 7.70
Sketch the curvey = f(x) = x3 —6x+ 9

Example 7.71
x2-3x
Sketch the curve y = G0
Example 7.72
Sketch the graph of the function y = = ficl

Skokok ok skook ok ok skook ok ok skok Ak ok sk ok ok skok sk ok ok kok ok Sk kok ok sk skokok ok kok skeck sk kok sk k

EXERCISE 7.9
1. Find the asymptotes of the foliowing curves:

N Fl) = = AN =4
D fx) === () F(x) = Y
_ 3x . _x“—6x—-1
(iii) £ (x) = (iv) f(x) =0

X%+ 6x -4

W) f(x) & 32—

2. Sketch the graphs of the following functions:

(i)y=—§(x3—3x+2) (i)y = xv4 — x
241 . 1
(i) y = 5 (iv)y = —=

3
(V) y == —logx
24
sksk sk sk sksk sk ok ok sksk sk ok ok ok sk sk sk sk ok sk sk sk sksk sk sk ok ok sk sk sk sk ok sk sk sk skesk sk sk sk sk sksk sk sk

EXERCISE 7.10
Choose the correct or the most suitable answer
from the given four alternatives:

1. The volume of a sphere is increasing in
volume at the rate of 3wcm?3/ sec. The rate of

. : |
change of its radius when radius is S cm

(1)3cm/s (2)2cm/s
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(3)1cem/s 4) %cm/s

2. A balloon rises straight up at 10 m/s. An
observer is 40 m away from the spot where
the balloon left the ground. Find the rate of
change of the balloon’s angle of elevation
in radian per second when the balloon is 30
metres above the ground.

(D 23—5 radians/sec  (2) 24—5 radians/sec

3) i radians/sec (4) i radians/sec
3. The position of a particle moving along a
horizontal line of any time t is given by
s(t) = 3t? — 2t — 8. The time at which the
particle is at rest is
(Het=0 2) t=
3) t=1 (4)t=3

W=

4. A stone is thrown up vertically. The height it
reaches at time t seconds is given by
x = 80t — 16t2. The stone reaches tne
maximum height in time f seconds is given by
(12 (2)2.5 33 (1) 3.5

5. Fird the point on the curve 6v = x3 + 2 at
wihichy  coordinate changes S tinies as
fast as x — coordinate is
(1 4 11) (2) (4,—11)

(3) (-4,11) (4) (-4, —-11)

6. The abscissa of the point on the curve

f(x) = V8 — 2x at which the slope of the
tangent is —0.25?
Mm-8 @-4 @G)-2 @O

7. The slope of the line normal to the curve
f(x) =2cos4xatx = %is

M43 @4 BT @43

8. The tangent to the curve y> —xy + 9 =0
is vertical when

Dy=0 @ y=%V3
By=;  @y=13
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9. Angle between y? = x and x? = y at the
origin is
Wtan ' (3) @ tan(3)
T Vs
OF Ok

10. What is the value of the
. _ 1\,
limit }CI_I)I(I) (cot X x) ?

(1) 0 @)1 ()2 @<

11. The function sin*x + cos*x is increasing
in the interval

oFF of%
O IO (5

12. The number given by the Rolle’s theorem
for the function x3 — 3x2,x € [0, 3]is

M1 @VZ B @2

13. The number given by the Mean value
theorem for the functicn% ,x €11.9]is
1z (2) 2.5 &3 (4) 3.5

A

14. The minimum value of tae functicn
|3 —x|+9is
o (2)3 3)6 @9

15. The maximum slope of the tangent to the
curvey = e*sinx ,x € [0, 2m] is at
Wx=5  @x=}

Rx=n B x==

16. The maximum value of the function
x%e %% x> 0is

®: @5 @i @
17. One of the closest points on the curve

x? — y? = 4 to the point (6, 0) is

1 (2,0) (2) (V5,1)

BBV () (13,-V3)

By Manisekow o SRKMHSS-Arcot.

www.TrbTnpsc.com

18. The maximum product of two positive
numbers, when their sum of the squares
is 200, is

(1) 100 (2) 25V7
(3) 28 (4) 2414

19. The curve y = ax* + bx? withab > 0
(1) has no horizontal tangent
(2) is concave up
(3) is concave down
(4) has no points of inflection

20. The point of inflection of the curve
y=(x—1)3is
(1) (0,0) (2)(0,1)
31,0 A1)
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