www.Padasalai.Net www.TrbTnpsc.com

TIRUVANNAMALAI

11 Th Mathematics study matrials
For Students

CHAPTER 8 - Vector Algebra-I

K.Sellavel M.sc, B.Ed Mathematics 9092510255

Scalars and vectors

Representation of a vector and types of vectors
Algebra of vectors

Position vectors

Resolution of vectors

Direction cosines and directon ratios

Product of vectors

http://www.trbtnpsc.com/2018/06/latest-plus-one-1ith-study-materials-tamil-medium-english-medium-new-syllabus-based.html



www.Padasalai.Net www.TrbTnpsc.com

CHAPTER 8 - Vector Algebra-1

Scalar:
A scalar is a quantity that is determined by its magnitude.

Example: distance, length, speed, temperature

vector
A vector is a quantity that is determined by both its magnitude and its direction and

hence it is a directed line segment

Example : force, displacement, and velocity

Representation of a vector and types of vectors

Initial point and terminal point

The tail point 4 is called the initial point and the tip point Bis called the terminal point

of the vector —. The initial point of a vector is also taken as origin of the vector
a

Free vector and localized vector

If we have a liberty to choose the origin of the vector at any point then it is said to be
free vector, whereas if it is restricted to a certain specified point then the vector is said to be
localized vector.

Co-initial vectors and co-terminous vector

Co-initial vectors are having the same initial point. On the other hand, the co-terminous
vectors are having the same terminal point

collinear or parallel vector

Two or more vectors are said to be collinear or parallel if they have same line of action
or have the lines of action parallel to one another.
Two or more vectors are said to be coplanar if they lie on the same plane or parallel to the same
plane.
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Equal vector

Two vectors are said to be equal if they have same direction and same magnitude

Zero vector
Zero vector is a vector which has zero magnitude and an arbitrary direction and it is

denoted by. 3).

unit vector

A vector of magnitude 1 is called a unit vector

like vectors and unlike vectors :

Two vectors are said to be like vectors if they have the same direction. Two vectors are
said to be unlike vectors if they have opposite directions.

Triangle law of addition

If two vectors are represented in magnitude and direction by the two sides of a triangle
taken in order, then their sum is represented by the third side taken in the reverse order.
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MATHEMATICS

Vectors

Coplanarity of Four Points : The necessary and sufficient condition that four points withP.V.'s a b, ¢, d

0

’ are coplanar is that there exist scalar x, y, z, t not all zero such that
x;.+y—b~+z_c*+t_d.=0=> X+y+z+t=0

SCALAR PRODUCT OF TWO VECTORS

If 3-and b are two non-zero vectors then the scalar or dot product of a and b is denoted by

7 . b andisdefinedas a . b=allb]cosd
where @ is the angle between the two vectorsand 0 <0< .

Note :

1. The angle between two vectors 2 and b is defined as the smaller angle @ between them when they
are drawn with the same initial point.

B B
b
0 A
: 0
0 S
o > A 0 > @
a g .

Usually, we take 0 < 6 < it . Angle between two like vectors is 0 and angle between two unlike vectors

is ;. - ' T
2. The dot product is a scalar quantity, since it is the product of three scalars | a I, |-B' | and cos®.
3. If either E. and T)' is the null vector, the scalar product is the scalar zero.
4, If 4 and b are two unit vectors, than 4 . b = cos@. Thus, the scalar product of two vectors is equal to

the cosine of the angle between their directions.

5. Since the scalar product of two vectors is only a number, we see that (i) ('; ) T)') (? . _J) isonly a
number being the product of twonumbers a . b and ¢ . d , (i) (; __t;) ‘¢ isavector whose modulus
is a.b timesthatof c .

Geometrical Interpretation of Scalar Product :

Suppose the vectors a and b are represented by the directed line segments oA and gp respectively.
Then

a.b=a|b|cosd=0A(0Bcosd)= OA(OM)
=| a | x(Scalar component of b along ;)'

=| a | x(Projection of b on a)

%] m PO
N w
>
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m Vectors

AISO’
a.b=bj]alcos® = OB(OA cos6) = OB(ON)
= b | x(Scalar component of a alc-:ng F)

= b | x(Projection of a on b)

0

Sign of the scalar product : If 3| b be the two non-zero vectors, then the scalar product a ball b | cosB,

ot
o

O

SR
=3y

is positive, negative, or zero, according as the angle ©, between the vectors is acute, obtuse, or right.

0 is acute=>cos9>0=>_a..i—b.>0
0 is right:bcos9=0=>_a'<.b =0
Ois obtuse=>cose<0=>:..3 <0

Length of a vector as a scalar product : If a be any vector, then the scalar product

;._a‘=| a||a|cosO= a|2=a2¢a=1 a'|=+1"a. a

Condition of perpendicularity : We notice that if a . b beany two vectors, then their scalar product a.b
will vanish, if and only if; either at least one of the two vectors is the zero vector or the two vectors are
at right angles to each other. Thus, the scalar product of two non-zero vectors is zero if they are at right
angles to each other, and conversely.

—

2 b=0oalb, aandb being non-zero vectors.

Scalar Product in terms of components :
In the view of definition of scalar products of vectors, we have

M §.i=jj=k.k=l
Gy §.j=j.k=k.i=0
b aregivenby a —a,i+a,j+ask and b =bji+b,j+bsk , we have

Hence, if two vectors a and

hittp://www,trbtnpsc.com/2018/06/latest-plus-one-Lith-study-materials-tamil-medium-english-meRMRRE, RM SO ReRNNEr



www.Padasalai.Net www.TrbTnpsc.com

MATHEMATICS

Vectors

VL.  Properties of scalar products :

—_— =

() .a.b=b.a (Commutative Law)
(ii) ; (b+c)=a.b+a.c (Distibutive Law)
(iif)  There is no associative law for the scalar product since A b . c) is not defined as b c is scalar

and the scalar product is an operatlon on two vectors.

(iv)  Ifthe scalar product of a vector T with each of three non-coplanar vectors is zero then r must be the
zero vector, because no non-zero vector can be perpendicular to three non-coplanar vectors.

In particular, if a vector ¢ is perpendicular to every vector then 1 be a zero vector.
M a.(-b)==(a.b) (-a).-b)=(a.b);
(vl ma.b=m(a.b)=2a.mb
(Vi_i) ma . nb=mn(a.b)=2a.mnb
(Vi) |a +blda-bl>alb
(ix)  Cancellation law does not hold necessarily.

If a.b=a.c,then b isnotnecessarily equalto ¢ since a .(b - c)=0 is also true when a is

b —¢ . Thus ;(F_?)=o if
b=c or (iii) a is perpendicularto b — ¢ .

perpendicular to

() a =0 or(ii)
4ab, if ; and T; are like

== 7%= and b 2
(x) If a and‘ b be parallel vectors, then {—ab, if 7 and B are unike
SOME USEFUL VECTOR IDENTITIES
. _— e = =2 =2 = —-
(i) (a+b)-(a-b)=a -b =fal-|bl*=a’
— — —2 - — —2 —_ —
(ii) (a+b)2=a +2a.b+b =a’+2a.b+b?
—|a+ b2 a |+ b12+2(a.b) [+ Square ofa vector = square of its modulus]

.. —- =y =2 = = =2 5 = — 4
(iii) Similarly (a - b)*=a -2a.b+b =a"-2a.b+b

|a-bP4aF+|b?-2(a.b)
(v) |a+bP+la-b2=20al+b)and|a+bf-|a-b’=4(a.b)
7.5 =7l +B)’ ~(a - b)’]

—_ - - - - - = 2 -
If a =aji+ayj+ask, then |a P=a.a =a) +a%+a§ K |=\/a|2+a§+a§

v)
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CRVIEYAVITEY | Vectors
A
APPLICATION OF SCALAR PRODUCT OF VECTORS

1. To find angle between two vectors : If 0 be the angle between two non-z€ro vectors, a . b thenwe

have ;..-l;=|;||-l_)‘|cose=abcose
=2 b =-E-.-b—=5.l;,or0=cos"(é.l;)
| ab a b . .

= cos0=

» |||
c'[;J'l

where 5,8 are the unit vectors in the directions of 2 and b respectively.

The angle between two no-zero vectors 2 and b is given by

. b _ Dot product of the vectors

0= =
c0s 11 b| Product of their moduli

”lml

Further, if  =a,i +a,j+a3k and b =b;i+byj+bsk . Then the angle  between a and b isgiven

a.b a;b; +azb, +asb
by C0S0 = oo = - 10 +2303 +23b3
121D a? +a2+a {b? +b3 +b3
2. To find Projection and Component of a Vector : We know that the scalar product of two vectors is the

product of the magnitude of either vector and the projection of the other in that direction.
2.b =|;' | . Projection of D on a or A

2.b = b |, projection of aonb.
It follows from the above that projection of

~ i1 a.b 7 b

a on =—== . ;_‘ 3 i ;_. : N
|b| O s B O S 3
- _. a.b -B i

Projectionof b on a = ‘—a°‘ =0b.a

Vector component of a vector a on b is the product of scalar projection of a on b and a units

vector along b . Thus, vector component of a on F
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n CROSS PRODUCT OF TWO VECTORS

The vector product of two vectors a and b is a vector ¢ whose

magnitude is absin @ , where a =| _a. l, b= F | and 6 is the angle between

the vectors a and b andthe direction of ¢ is perpendicular to both the

vectors 2 and b ,suchthat g, b and ¢ form a right-harided screw.

The vector product of the vectors _{ and F is denoted by 2 x b and from the above definition, we

get
2xb=(2a|lblsind)h 1)
or axb=(absin@)n ... @)

where a<{a |, b=| b |, @ is the angle between the vectors 3 and b , and ; is a unit vector

perpendicular to both a and b such that ;,T;, fi from a right-handed triad of vectors.
Note :

1. If a=b orif a is parallel to b ,then sin6=0 andso a x b =0.

2. We define that the vector product of any vector with a null vector is a null vector is a null vector i.e.,

—_—

axb =0 ifeither 2=00b=0.
3. The direction of 2 x b is regarded positive if the rotation from a to b appears to be anticlockwise.
4. 2 x b is perpendicular to the plane which contains both a and b -

Thus, the unit vector perpendicular to both 2 and b ortothe plane co‘.ntaining a2 and b is given by

- axb axb
n= — = .
|laxb| absin®-
5. Vector product of two parallel or collinear vectors is zero. If the vectors ; and —[; are parallel or

collinear, then 8 = 0 or 180°, so in each case sin 8 = 0. In particular ; x; = -6 .
6. If ; X B’ =0, then a = T). or T). = 6 or ; and b are parallel or collinear.
1. Vector product of tWo perpendicular vectors

If 9=90°, then sin@=1,i.., a x b =(ab)ii OF | a x b |=|abf |=ab|f|=ab-
8. Vector product of two unit vectors. If a and b , are unit vectors, then
adil=1; bbl=1. ‘

~.axb=absin0.f = (sin 6).n
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vectors VATHEMATICS

%'1 Geometrical Interpretation of Cross Product
v ' B C
Let OA=a and OB= b be two non-parallel and non-null i '
vectors. Let 6 be the angle between OA and OB and b ;
a=|a |, b=| b |. Then by definition. .
> £ ('
0 P A
ax b =(absinB)i or | ax b |5 (absinO)ii|=(ab sin) | |=absinO=a||b|sin® . 0

Now complete the parallelogram OACB. Then-area of parallelogram OACB

I , . = ==
=2 (are A OAB) = Z[EOA.OB sin 9] =absin@gaxb| . From (1)

Hence a x b isa vector perpendicular to both 3 and p whose magnitude is equal to the area of the

parallelogram whose adjacent sides are the vectors 3 and b .

Note : Vector area of A OAB = %[area of parallelogram OACB]= %(; b% E)

—_— —

Area of A OAB = -:l";l axb]

PROPERTIES OF VECTOR PRODUCT
_ 1. Vector product is not commulative : The two vectorproducts a x b and b x a are equal in magnitude
and opposite in direction.

~bxa=-axb (i)

Hence, we concludethat 2 xb £ bx a -
Due to the result (i), vector product is said to be anti-commulative.

2. The vector product of a vector 2 with itself is a null vector,i.e., axa = 0 . ‘
3. Vector product is assogiative with respect to a scalar. Thus if Z and b ‘arc any two vectors and m }
| - |
a scalar, then 5
m(_{xF)=(ma)x b =ax{mb)
4. Distributive Law : For any two vectors 2a.b.c

Zx(b+c)=(axb)+(axc):
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MATHENMATICS

Vectors
VECTOR PRODUCT IN TERMS OF COMPONENTS

Let i,j,k be the orthonormal triad of unit vectors then we.have §x ;= {(1) (1) sin 90°}i where j, isa

unit vector perp. to both § and j, i.e. i=k.

' 1
~ixj=(k =k = ixj=k. Similarly, .'-:iX|2=§,I2xi=:i. \'
Also, ixi:jx]:ﬁxﬁ:ff
Further,as a x b = (b x a ), S0 we have ixj=-jxi,etc. . .

-

Hence ix}:f(:—jxi, jxﬁ:i:—ﬁx], kxi=:i=-ixl‘(
Let _a. ='a|i+azj+a3f<, F = b|i+b23+ b3|2 Then
;XF = (ali+a23+a3ﬁ)x(b|i+b2}+b3f()
= ajby(ixi)+a1by(ix])+a;by(ixk)+azb; (jxi)+a,by(jx ) +asb3(jx k)
+agby(kxi)+a3b,(kx j)+a3by(k xk)
= (32b3 —a3b2)§ +(a3bj -a1b3)fi+(aib2 —a2b|)ﬁ ) ‘
[Using resuits on cross products of orthonormal triads obtained above]
i 1Ei
axb=la a, ag
b1 b2 b3

ie.,.

¥
APPLICATION OF VECTOR PRODUCT :
L Angle between two non-zero, non-parallel vectors

2 x b =(absin®)i or | a x b | (ab sinB)d |
=] a x b || (absin 6 |=absin®=| a || b |sin®
I;xFI _ modulus of (; x'i)

5Sinl = ——— = =
[a]|b]| (modulusof a)(modulus of b)

- sinB= H(mbz —a;b;)” +(azbs ~a3by)? +(asb, _.aIbS)z}

(af +a +a3)(b? +b3 +b?)

[In terms of components]

Note :

If 0 <sin 8 < 1, then 8 will have two value 0, and 8, such that 0 < 6,<90° and §0° <6,< 180°. In this

case angle between two vectors cannot be determined by the above formula. Hence, angle between two
vectors should be evaluated using dot product.
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