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1. Matrices and Determinants

8 -6 2
Example 1.1 IfA=|-6 7 —4] verify
2 -4 3
that A (adjA) =(adjA)A=|A|.I3
[ 8 —6 2
Solution:A=|-6 7 —4]
L 2 -4 3
8 -6 2
|Al=|1-6 7 —4
2 -4 3

=8|y Tslvel il

= 8(21 - 16) +6(- 18 +8) + 2(24 - 14)

= 8(5) +6(- 10) + 2(10)

=40-60+ 20
=60-60
|Al =0
8 —6 2 7 -4 -6 7
-4 3 2 —4
A=|1-6 7 -4
5 _4 3 -6 2 8 -6
7 -4 -6 2
5 10 10
Cofactorof A Aij=]10 20 20
10 20 20
Adj A = AjjT
5 10 10
AdjA=|10 20 20
10 20
8 10
A (adjA) =|-6 7 —4 1() 20 20
2 10 20 20
0 0 O
=10 0 O] e (D
0 0 O
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5 10 10][ 8 -6 2
(adjA)A=|10 20 20[|-6 7 -4
10 20 20ll 2 -4 3
000
={0 0 o] . 2)
000
100
|Al.I=0]0 1 0
00 1
000
={0 0 Of .. (3)
000

From (1), (2) and (3)

A (adjA) = (adj A) A= | A| Izis verified.

_[a b]. .
Example 1.2 If A _[c d]lS non singular,
find A1

Solution: A =[Z Z]

a2 Y

=ad - bc
adja=[ % 77
Al== Adj A

4|

_ 1 d —b
" ad-bc [—C a ]
Example 1.3 Find the inverse of the

2 =1 3
matrix | —5 3 1

-3 2 3

2 —1 3]

Solution: A =|-5 3 1
-3 2 3l

2 -1 3

|A| = [-5 3 1

-3 2 3

www.TrbTnpsc.com

=2 o5 el
=2(9-2) +1(- 15+ 3) + 3(- 10 + 9)
=2(7) +1(- 12) +3(- 1)
=14-12-3

=14-15

= -1+ 0, hence A1 exists.

31 -5 3
2 3 -3 2
-1 3 2 -1
3 1 -5 3
7 12 -1
Cofactor of A Aij = 9 15 -1
-10 -17 1
Adj A = AjjT
7 9 -10
=112 15 -17
-1 -1 1
1
.1=_ 4
A i Adj A
) 7 9 -10
=— |12 15 -17
-1 -1 1
7 9 =10
=-1112 15 -17
-1 -1 1
-7 =9 10
Al=|-12 -15 17
1 1 -1

Example 1.4 If Ais a non-singular matrix

of odd order, prove that |adj A| is positive.

Solution: Let A be a non-singular matrix of
order 2m+1, wherem =0,1,2,3,...
Then, we get |A| # 0 and, by property (ii),
we have |adj A| = |[A|@m+D -1 = |42,
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Since |A|?™ is always positive, we get that
|adj A| is positive.

Example 1.5 Find a matrix 4

7 7 =7
ifadjA=|-1 11 7]
1I\NN5 7
[ 7 7 -
Solution: adj A=|-1 11 7]
11 5 7
7 7 =7
ladj Al =|-1 11 7
11 5 7
11 ? -1 11
=7| 7|_7|11 7|_7|11 5|

=7(77-35)-7 (-7-77)-7(-5-121)
=7(42) - 7 (- 84) - 7(- 126)

=7(42 + 84 + 126)

= 7(252)

= 7(7% 36)

=72 X 62

adj A=7x6=42

We know, A = +J— adj(adj A)

7 7 =7
Given:adj A =|—-1 11 7
11 5 7

11 7 -1 11
5 7 11 5
7 =7 7 7

11 7 -1 11

42 84 —126]
CofactorofadjA=|—-84 126 42

126 —42 84 |

42 —84 126]

adj(adj A)=| 84 126 —42

—126 42 84 |
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A=+ _\/_ adj(adj A)
y 42 —84 126
=t 84 126 - 42]
—-126 42 84
1 -2 3
A=+ 2 3 —1]
3 1 2
-1 2 2
Example 1.6 IfadjA=] 1 1 2]
2 21
find A1
[—1 2 2
Solution:adjA=| 1 1 2]
[ 2 2 1
-1 2 2
ladjAl=| 1 1 2
2 2 1

p 1 2 11 2 1
_‘1|2 1| 2|2 1|+2|2
=-11-4)-2(1-4)+22-2)
=-1(-3)-2(-3) + 2(0)
=34+6+0

=9 = adjA=

1 — 1 .
We know, Al = i—m (adj A)

Hence, Al =+

W

1-20\2
1 1 2
2 21

Examplel.7 If A is symmetric, prove that
then adj A is also symmetric.

Solution: Given A is symmetric. =~ AT = A
By the property, adj (A7) = (adj A)T
So, adj (A) = (adj A)T hence adj A is

symmetric.



www.Padasalai.Net

Example 1.8 Verify the property

(AT)"'= (A~1)T with A = [f 3]

Solution: A = [i 3]

=[5 ;]
- 4
=14-9
=5
=13 )
(A1) = Adj A7
—g[_g ‘; ....... 1
a= 3 7]
T
=14-9
=5
ane]
AlzﬁAWA
7 I
(A*Y=§[_g "ﬂ ....... )

From (1) and (2)
ATt = (AT is verified.
Examplel.9 Verify that (AB)-1 =B-1A-1

with A = [(1) _j] and B = [_(2) :ﬂ
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A= [} 7Janar=[7 T

1
=[] % o
AB:;gt% fyfu
=[5 3
I
=0+6=6

wan =[] 7

(AB)1 = ;%IAdj(AB)
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11 :
B1_|B| Adj B

vt [}

e R

0

_1[4-3 =340
sl 0+2 040

=%[—27 ‘g] ...... )

From (1) and (2)
(AB)~1 =B-1 A-1is verified.

Example 1.10 If A = [‘2L g

such that A% + xA + yI, = 0,.
Hence, find A—1L

Solution: A = [;} g]

=l Il ¢

], find xand y

_[te+6 12415
8+10 6+25

, 122 37
A_[18 31

A2+XA+y12= 02

22 37 4 3 1 0]_10 O
[18 31]+x[2 5]+y[o 1=l o
22 371, 14x 3x1,[y 0]_ [0 0
[18 31]+[2x 5x]+[0 y| = lo ol
[22+4x+y 37+3x+0] _ [0 0
18+2x+0 31+5x+y| Lo ol

22+4x+y=0, 37+ 3x=0,
184+ 2x=0,31+5x+y=0
18 + 2x = 0 gives

2x=-18
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18
X=-—
2

x=-
Substituting, x = - 9 in
22+4x+y=0
22+4(-9)+y=0
22-36+y=0
-14+y=0
y=14
Hence, Substituting x = -9 and y = 14 in
A2+ xA+yl, = 0,
A%? —9A + 141, = 0,
Post-multiplying this equation by A-1
Weget, A—91 + 14A71 = 0,
14A"1 =9/ - A

Al= i(9I—A)
=56 -G 3
==l 9)-G

vidl

cosf@ —sindaj.

Example 1.11 Prove that [Sin 5 oo

orthogonal.

Solution: Let A = [C(.)S gadesin e]then,
sin 0 cos @
r _[cos@ sinf
A= [—sin 0 cos 9]

cosf —sin 9] [ cosf sinf

AAT =
[sin 7] cosO1l—sinf® cosbl
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a! [ c0s%0 + sin’6
sinf@ cos 8 — cos O sin @

1 07_
[0 =1
Similarly we can prove ATA = I.
Hence the given matrix is orthogonal.

Example 1.12

) 6 -3 a
IfA= > b —2 6]|isorthogonal, find a, b
2 c 3

and ¢ and hence A7 1.

Solution: Given A is called orthogonal,

hence AAT = ATA =

cos B sinf@ — sinf cos O
sin®0 + cos*0
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45 + a? = 49 gives
a? =49 — 45 = a® = 4,and

b? + 40 = 49 gives
b? =49 — 40 = b? =9 and

c? + 13 = 49 gives
2 =149 -13>c? =36

6b+6+6a=0
6b + 6a = —6 gives
b+a= —-1.... (D
12—-3c+3a=0
—3c + 3a = —12 gives
—c+a= —4....(2)

2b—2c+18=0

2b — 2c

b—c

= —18 gives

= —9...03)

. 6 -3 a . 6 b 2
AAT:; b -2 6 X; -3 -2 c
2 c 3 a 6 3
36+9+a? 6b+6+6a 12—3c+3a
=—|6b+6+6a b>+4+36 2b—2c+18
12—3c+3a 2b—2c+18 4+4+c%?+9
45 + q? 6b+6+6a 12—3c+3a
=—|6b+6+6a b% + 40 2b—2c +18
12—3c+3a 2b—2c+18 c®+13
AAT =1
45 + g? 6b+6+6a 12—3c+3a
— | 6b+6+6a b% + 40 2b—2c + 18
12—3c+3a 2b—2c+18 c® +13
1 0 O
=10 1 0
0 0 1
45 + q? 6b+6+6a 12—3c+3a
6b + 6 + 6a b% + 40 2b—2c + 18
12—3c+3a 2b—2c+18 c®>+13
1 0 O
=4910 1 O
0 0 1
45 + a? 6b+6+6a 12—3c+ 3a
6b+ 6 + 6a b% + 40 2b—2c+18
12—-3c+3a 2b—2c+18 c®+13
49 0 0
=0 49 O
0 0 49

From (2) and (3)

a—c= —4
b—c= -9
a—b=25

a+b=-1....1)
2a = 4 which is
a=2

Substitutinga=2ina+b = —1

24+4b= -1
b= —-1-2
b= -3

Substitutinga=2ina—c = —4

2—c= —4
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—c= —4-2 . 2 21
(i); (-2 1 2
—c= —6 1 -2 2
CcC = 2 2 1
1
Solution: LetA=§ -2 1 2
L JBN=3 " 2 1 -2 2
Sod=-|-3 -2 6] ) 5 1
2 6 3 3 3 3
2 1, &2
That is A1 = AT A=1=3 3 3
r 2z
1[ 6 -3 2] 3 3 3
=-1-3 -2 6
"2 6 3 12 2
3 3 3 3
AN 1 2
3 3 3 3
EXERCISE 1.1 2 1 2 2
33 3 3
1. Find the adjoint of the following: 12 2 1
~[—3 4 3 3 3 3
(1)
e 2 s & 3
o _[-3 4 2027 9]
Solution: LetA—[ 6 2] Cofactor of A Aij = —g % g|
- L2
ad]A=[_6 _3] 9 9 9
2 2 1
3 3 3
I r 2
2 3 1 - 3 3 3
(ii) [3 4 1] é _2 g
3 7 2
2 21
Solution: =17 1 2
3
4 1 3 4 DIRP AL
231 7 2 3 7 A = AfT
LetA=[3 4 1 Adj A= Ajj
3 7 o 31 2 3
4 1 3 4 2 -2 1
==1 2 1 -2
1 -3 9 ° | 1 2882
Cofactor of A Aij=| 1 1 -5
-1 1 -1
_ 3 2. Find the inverse (if it exists) of the
Adj A = AjjT )
following:
1 1 -1 ~ [—2 4
AdjA=|-3 1 1] (‘)[ 1 —3]
9 -5 -1

LetA = [_f _43]
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-2 4 1=2 aqi
|A|_| 1 —3| A= A4
—6-4 24 —4 -4
=—|-4 24 -4
112
=2 # 0, hence Al exists. —4 514024
6 -1 -1
. [-3 —4 1(4)
ad]A—[_1 _2] :E[_l 6 -1
-1 -1 6
1
Al—mAd]A ) [ 6,02 _1]
Al=—1|-1 6 -1
L3 4 “le1 -1 6
2l-1 =2
2 3 1
[5 1 1] (iii) [3 4 1]
()1 5 1 3 7 2
1 1 5
2 3 1
[5 1 1] Solution: A= (3 4 1]
SolutiontA=1|1 5 1 3 7 2
1 1 5
2 3 1
5 1 1 [Al=(3 4 1
|Al=11 5 1 3 7 2
L ¥ 4 1 3 1 3 4
s Y|t Yt 8 =2[; S[=33 Sl+1l5 7
1 5 1 5 1 1
=2(8-7) =3 (6-3) +1(21-12)
=5(25-1)-1(5-1)+1(1-5)
=2(1)-3(3) +1(9)
=5(24) —1(4) +1(- 4)
=2-949
=120-4-4
=2
=120-8
=2 # 0, hence Al exists.
=112 # 0, hence A1 exists.
4 1 3 4
51 15 7 2 3 7
1 51 1 31 2 3
1 1 5 1 4 1 3 4
51 15
1 -3 9
24 —4 —4] Cofactor of A Aij=| 1 1 —5]
Cofactor of A Aij=|—-4 24 —4 -1 1 -1
-4 —4 24
Adj A = AjjT
Adj A = AjjT
1 1 -1
24 —4 —4 =|-3 1 1]
=|—-4 24 —4‘ 9 -5 -1
-4 -4 24
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-1 — .
A o Adj A
y [ 1 1 —-1]
= -3 1 1
| 9 -5 -1
N [ 1 1 -1
Al= 5 -3 1 1
| 9 -5 —1]
cosa 0 sina
3.IfF(a) = 0 1 0 |
—sina 0 cosa

show that [F(o)]™! = F(—a)

[ cosa 0 sina
Solution: F(a) = 0 1 0 ]
|—sina 0 cosa
cosa 0 sina
|F(a)| = 0 1 0
—sina 0 cosa

|(]j CO(ZOC| ) |—s(i)na CO(;CZ|

=cosa
. 0 1
+sina | ! |
—sina O
= cosa (cosa) + sina (sin a)
= cos’a + sin‘a

=1+ 0, hence F(a)! exists.

1 0 0 1
0 cosa —sina O
0 sina cosa O
1 0 0 1
Cofactor of F(a)
[ cosa 0 sin
= 0 cos?a + sina 0
| —sin 0 cosa

[ cosa O sina
= 0 1 0
|—sina 0 cosa

Adj F(a) =F(a)T

cosa 0 -sina
= 0 1 0
sina 0 cosa
1
-1 — -
F(a) ] Adj F(a)
. cosa 0 —sina
= - 0 1 0
sina 0 cosa
cosa 0 -—-sina
Fla) 1= 0o 1 0o | (1)
sina 0 cosa
cosa 0 sina
Fla) = 0 1 0
—sina 0 cosa
cos(—a) 0 sin(—a)
F(—a) = 0 1 0
—sin(—a) 0 cos(—a)

We know cos(—a) = cosa

and sin(—a) = —sina
cosa 0 -sina
F(—a) = 0 1 0 | (1)
sina 0 cosa

From (1) and (2)
[F(a)]"! = F(—a), hence proved.
5 3
4. 1fA = [_1 _2], show that
A%? —3A —7I, = 0,.Hence find A-1.

Solution: A = [_51 3]

—2
S
_[25-3 15—6]

~5+2 -3+4
ol
A2=34-7I,=

MR
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:[22 9]_[15 9]_ 7

—3.idl -3 —6 0
-5 -5
= [8 g] = 0, Hence Proved.

So, A*—-3A-7I,= 0,

Post-multiplying this equation by A-1

Weget, A—31—7A"1 = 0,
A—3I=7A"1

7A71 = A-3I
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0] L 81 0 O
7 =—|0 81 0

1 0 O
0 1 O0|=L

0 0 1

That is AAT = I hence A is orthogonal.

Therfore A1 = AT

8 —4

6.1fA=] o T,

] verify that

A(adjA) = (adjA) A= |A].I2

L Solution:A=[ 2 _4]
At = —(A-3D) - 3
8 —4
Al = | |
_1[( 5 3 1 0 -5 3
_?_(—1 —2)_3(0 1)] o
_ 1[5 3)y_(3 0
_7.(—1 —2> (o 3>] |A| =4
_ i/ 5-3 3-0 3 4
—7_(—1—0 —2-3 Ad]A_[5 8
1 _ 1 2 3 . [ 8 =413 4
AT =714 _5] A(ad’A)_[—5 3”5 8]
-8 1 4 _[ 24-20 32—32]
S5.IfA Z% 4 4 7] prove that A_l = AT —15 + 15 —20 + 24
1 -8 4 2l
e 1 =l 4] 1)
Solution:A=g 4 4 7]
1 -8 4 (ade)Az[g g] [_2 _g]
-8 1 4,7-8 4 1
AAT=;[ 4 4 75[ 1 4 —8] _[24-20 —12+12]
1 -8 4 4 7 4 40 — 40 =20+ 24
[64+1+16 —32+4+28 —8-8+16 _4 0 1
=—|-32+4+28 16+16+49 4-32+28 =lo a4l e €Y)
—8-8+16 4—32+28 1+64+16

10
|A|.1=4[0 .
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=[5 4l

From (1), (2) and (3)

A (adjA) =(adjA) A=| A|lzis verified.

3 2

7.1fA = [7 S]andsz[

Verify that (AB)-1=B-1A-1

A= ? gande[_; _g]
ae=[7 |75 7l
w31
AB=:1g —_151]
|AB|= 1; —_151

=-77+90=13
adj (AB)=[:1é g]

(AB)1 = ﬁ Adj (AB)

_ 1 [—-11 5

=5 lo1g 7l = (D
_ I3 2
A= 5]
13 2
=15-14
=1
. 5 =2
ad1A=[_7 3]

-1 -3
5 2
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1
1= 1
Al =r- Adj A
1[ 5 -2
1L=-7 3
5 =2
R
w=l
-1 -3
B_[5 2]
-1 -3
|B| 5 9
=-2+15
=13
. 2 3
ad]B:[_5 _1]
Bl= — Adj B

B
Br= (s

e B -

1 10—-21 —4+9

13l -25+7 10-3

_ 1 [-11 5
=% log 7l (2)

From (1) and (2)

(AB)~1=B-1 A-1lis verified.

2 -4 2
8. IfadjA=|-3 12 —7] Find 4
-2 0 2
2 —4 2
Solution:adj A=|-3 12 -7
-2 0 2
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2 -4 2
ladj Al =|-3 12 —7

2 0 2
=2|12 _27|+4|:§ _27+2|_

= 2(24-0) +4 (- 6 -14) + 2(0+24)

= 2(24) +4 (-20) + 2(24)
= 48-80 + 48 = 96 - 80
=16= Jadj A=4

We know, A = J_ adj(adj A)

2 -4 2
Given:adjA=|-3 12 -7
-2 0 2

12 -7 -3 12

0 2 =2 0
—4 2 2 -4
12 -7 -3 12

24 20 24
Cofactorof adjA=| 8 8 8
4 8 12
24 8 4
adj(adj A)=120 8 8
24 8 12
A= _\/_ adj(adj A)
L 24 8 4
= iz 20 8 8
24 8 12
A 6 2 1
A=+ n @5 2 2
6 2 3
6 2 1
A=+15 2 2
6 2 3

3 12|
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0 -2 0
O.1fadjA=| 6 2 —6|findAl
3 0 6
[ 0 -2 0
Solution: adj A=| 6 2 -6
-3 0 6
0o -2 0
ladjAl=]1 6 2 -6
—3500 6
_al2 —6 6 —6 6
=05 ol+2| 5 Tol+ol
=0+2(36-18)+0
=2(36-18)
=2(18)
=36
JadjA=6
We know, A-1= adj A
_J— (adj A)
. 0 -2 0
Hence, A1 =i-g 6 2 -6
-3 0 6
1 0
10.Find adj(adj A) ifadjA=| 0 2
-1 0
Lado-1
Given:adjA=| 0 2 0]
-1 0 1
2 0 0 2
01 -1 0
0 1 1 0
2 0 0 2
2. 0722
CofactorofadjA=(0 2 0
2 0 2

adj(adj A) = (Cofactor of adj A)T

_ O
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2 0 2 _ [cos 2x —sin Zx]
adj(adjA)=10 2 0 sin 2x cos 2x
2 0 2
Since cos?x — sin?x = cos 2x and
11.IfA = [ 1 tan x show that \ .
—tanx 1 2sin x cos x = sin 2x
ATA 1= [COS 2x —sin Zx] 12. Find the matrix A for which
sin 2x cos 2x . X 1 7
1 tan x A[—l —2] - [ 7 7

Solution: A = [_

tan x 1
Solution:A[ 5 3] = [14 7
|A|=| 1 tanx| -1 -2 77
—tanx 1 Let A= [a b]
c d
=1+ tan’x
14 71 ..
= seclx AB = [ - 7] gives
ade:[taix _tinx [a b” 5 3]_[14 7
c dil-1 21717 7
1
We know, A'l=— Adj A
O i Y fa=b 3a—2bj_q14 7
L [ 1 tanx 5c—d 3c—2d 7 7
- 2
gete lanx 1 Sa—b =14 ....(1)
— cos’x [ 1 —tanx
tan x 1 3a—2b=7
1 _ sinx
N COSZX sinx COSX 5c—d=7
ox 3c—2d=7
Al = [ cos?x —cosxsinx]
cos x sin x cos®x Solving (1) x 2
A=[ 1 tan x 10a — 2b = 28
—tanx 1
sin x 3a—2b=7
aoo| o Toess
sin x 1 7Ta=21=a=3
COoS X
ATA-1L Substituting a = 3 in (1)
1. (dnx 2 _ Sa—b =14
_ cosx [ cos“x — COSx sin x]
sinx ; 2
= 1 cos x sin x cos“x 5(3) = b = 14
20 winn2 el
_ [cos.x sin“x 2251nxc952x] 15— p = 14
2sinxcosx  cos‘x — sin“x
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—b =14 -15 6a+ 2b = 2,and —4a + 2b =2

_p=-1>b=1 3a—3c+b—d=1and

—2a+2c+b—-d=1
Solving (3) x 2

10c — 2d = 14 Solving 6a + 2b = 2
—4a+2b=2
3c—2d=7

10a=0givesa=20
7c=7=c=1

Substituting a = 0 in
Substituting c = 1 in (3)

—4a+2b=2
5c—d=7
2b=2givesb=1
5(1)—-d=7
Substitutinga=0and b =1 in
5—-d=7
3a—3c+b—-d=1
—d=7-5
0-3c+1—-d=1
—d=2>=>d=-2
13 1 —3c+1—-d=1
HenceA—[ ]
1 -2 —3c—-d=1-1
. 1 -1 -2
13. Given A=[2 O]’ Bz[?l’ 1]and —3c—d =0 and
C=B %] find a matrix X such that AXB=C —2a+2c+b—d=1

0+2c+1—-d=1
Solution: AXB=C

2c+1—-d=1
[a b
Let X_[c d] then 2c —d=1-1
[1 —1] [a b [3 —2]=[1 1] 2¢ — d=0)
2 0ftc dilnn-1d 12 2 Solving =3¢ —d =0 and
a—c b—-dj[3 -—-21_q1 1 o
[ Az - Hl 1]_[2 2] 2¢ — d=0 we get
c=0
[3(a—c)+1(b—d) —2(a—c)+1(b—d)
3(2a) + 1(2b) —2(2a) + 1(2b) Substituting ¢ = 0 in
:[1 1 2¢ — d=0
2 2
d=0

[3a—3c+b—d —2a+2€+b—d]=[1 1]
2 2

6a + 2b —4a+2b Substitutinga=0,b=1,c=0andd =0
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in X matrix

we get

0 1
14.IfA=11 0

b
d
1
0 O
1
1
1 1 1.

show that A™1 = %(A2 -3I)

Solution: Given A =

1Al =

PP O - - o
ROk L OoOr
O R
| S

=ofy 3=ty ol +fy
=0-1(0-1) + 1(1-0)
=—1(- 1) +1(1)

=1+1

|A] =2 # 0, hence Al exists.

0 1.1 0
1 0 1 1
1 1 0 1
0 1 1 0
-1 1 L
Cofactorof A Aij=| 1 -1 1
1 1 -1
Adj A = AijT
— 1441
=[ 1 -1 1]
1 1 -1
1= aqi
A i Adj A
-1 1 1
Al==-1 1 -1 1 (1)
1 1 -1

www.TrbTnpsc.com

0 1 170 1 1
A2=11 0 1f[1 0o 1
11 1l 11
2 1 1]
=11 2 1
1 1 2]
2 1 1] 1 00
A2-3I=|1 2 1|-3|0 1 0
1 1 2] 0 0 1
2 1 11 [3 0 0
=11 2 1[-]0o 3 o
1 1 21 lo o 3
2-3 1-0 1-0
=l1-0 2-3 1-0
[1-0 1-0 2-3
) 5129 1
~(A2=3D=2] 1 -1 1] . (2)
1 1 -1

From (1)and (2) 47! = %(A2 — 31), proved.

15. Decrypt the received encoded message

[2 —3][20 4]with the encryption matrix
[_; _ﬂ and the decryption matrix as its

inverse, where the system of codes are
described by the numbers 1—26 to the
letters A—Z respectively, and the number 0

to a blank space.

Solution: Given Encoding matrix

a=[7 7
=7
=-1+42

=1

air=[ 5
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AlzﬁAde
o I
a=[ ]

~ L2
Given encoded message is

[2 —-3],[20 4]

Coded Decoding  Decoded
row matrix matrix row matrix

AT

= 12+6 2+3]

20 41[_; _i]=120-8 20-4]

So, the sequence of decoded row matrices is

[8 5][12 16]. Thus, the receiver reads
the message as “HELP”.

Example 1.13 Reduce the matrix

3 =1 2
—6 2 4|toarow - echelon form.
-3 1 2

[ 3 -1 2
LetA=|-6 2 4
-3 1 2
-1 R,
- 0 Rz == R2 + 2R1
0 i R3 = R3 + R1
—1
R3 == 2R3 - Rz

l

SCow Cow oow
=

SN A ON AN
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This is also a row-echelon form of the given
matrix.

Example 1.14 Reduce the matrix

0 3 1 6
—1 0 2 5|toarow -echelon form.
4 2 0 O

(e}

1 6]
2 5
0 Ol

LetA=|—

B
N O W

0 6]
-1 5
4 0l

C; & C;

0 6
1 7]R2 =R, — 2R,
4 0
0 6
1 7]R3=3R3—R2
11 -7

)
COCOoOR COR ONR
COW NOW NOW

This is also a row-echelon form of the given
matrix.

Example 1.15
Find the rank of each of the following

3 25
matrices: (i) |1 1 2

3 3 6
3 2 5]
LetA=[1 1 2
3 3 6l
1 1 21Ri1 <R,
-3 2 5 R,
3 3 6] R;
1 1 2 Ry
=10 -1 -1 R2: R2_3R1
0 0 O0lR;= R;—3R;

The Matrix is in Echelon form.

The number of non zero rows are 2.

s~ p(A)=2



www.Padasalai.Net

w
I
—_
I
N
N

(i) [—

LetA=|-3 -1 =2 4

N
w
—_

|
N
—_—

(o))
N
I
—_
N

1 3 4 =2

-1 0 5 5 O0|R,=R,+2R,;
-1 7 6 2
1 3 4 -2

-0 5 5 O0|Rs=R;+R;
0 10 10 O
(1 3 4 -2

- 0 5 5 0 R3 -_ R3 - 2R2
0 0 0 O

The Matrix is in Echelon form.

The number of non zero rows are 2.
= p(A)=2

Example 1.16 Find the rank of the following
matrices which are in row-echelon form:

2. 009
(1) [0 3 1‘
0 0 1

The number of non zero rows are 3.

el p(A): 3
-2 2 -1
(ih)] 0 5 1
0 O 0
The number of non zero rows are 2.
6 0
(iii) | ©

0

-9
0
0
0 0

OO N

www.TrbTnpsc.com

The number of non zero rows are 2.

Example 1.17

1 2 3
Find the rank of the matrix [2 1 4
3 05

by reducing it to a row-echelon form.

IRVARK
LetA=1]2 1 4
3 0 5

[1 24003 Ry
—-lo0 -3 -2|R,= R,—2R,
_0 _6 —4_ R3 = R3 - 3R1

1 2 3] Ry
=10 -3 =2 R,
_0 0 0_ R3 = R3 BY) 2R2

The Matrix is in Echelon form.
The number of non zero rows are 2.

Example 1.18 Find the rank of the
2 =2 4 3
matrix [—3 4 —2 —1|byreducing it
6 2 -1 7
to a row-echelon form.
2 I\32 4 3
-3 4 =2 —1]
6 2 -1 7

2 =2 4 3
6 2 -1 7

-2 8 7 R3=R3—3R1

2 =2 4 3
- O -2 8 7 R3 == R3 + 4R2
0

The no. of non zero rows are 3. . p(4)=3
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Example 1.19 Show that the matrix

31 4
[2 0 —1] is non-singular and reduce it to
5 S24 7 1
the identity matrix by elementary row
transformations.
31 4
LetA=|2 0 -1
5 20\l
g i Rl = R1 =3
212 0o -1 R
AN | Rs
- 1 4_
s 3 R,
>lo —§ —g R, =R, — 2R,
0 1 17 R3 = R3 —5R;
L 3 3 4
- 1 4__
L3 3 R
11 3
1 _17 R
5 3 34 :
1 0 —3]r =R, —1R
2 1 — M1 g 2
Slo1 = R,
1
0 o —12—5 R3; = R; — ng
1_
1 0 - > R,
S>lo1 2 R,
2 2
0 o —L|Rs=Rs (_ E)

Example 1.20 Find the inverse of the
. .10 5
non-singular matrix 4 = [_1 6] ,

by Gauss-Jordan method.

www.TrbTnpsc.com

Solution:(4|I,) = ( 05 0)

-1 610 1

(7o 5y grior

R A

0 R,
1 -0 —1) £
1
“\o 1f; 0)R=:R,

—1\R, =R, + 6R,
0 R,

O
= O
ulr o

I
[N

Hence Al=

ulr u|lo

.

Example 1.21 Find the inverse of

2 1 1
3 2 1| by Gauss-Jordan method.

2 1 2
1 0 0
0 1 0

0 0 1

A=

2 1 1
Solution:(4|I3) = (3 2 1
2 1 2

w
= NN -
N =N
O ONR
o= O
- o O

=

=Y

Il

)

(=Y

I

N

_N W N

P Nol=NER
I
o = o
-
[\S)
Il
-
[\S)
|
w
=
=

ONIRLr DN
I

_

(@]
O RN
|
= = N
I
_ W N e
N
(@)
]
N
Il
N
-
N
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N R
00 11l-1 o 1/fe=RetRs
3 -1 1
Hence Al1=|—4 24l

-1 0 1

EXERCISE 1.2

1. Find the rank of the following matrices by

minor method:
. 2 —4
(M) [—1 2]

ans 2

~ pA)=1

— 108
(ii)[ 4 —7]
3 —4

—1503

4 —7]

3 —4

Let A=

A is a matrix order of 3X 2,
~p(A) <2
We find that there is a second order minor,
"
—d
=7-12
=-5%#0

s~ p(A)=2

www.TrbTnpsc.com

il 2
anclh 2 2

A is a matrix order of 2% 4,
~ p(A) <2
We find that there is a second order minor,
|—1 0
—3 1
=-14+0
=—-1%0
~ p(A)=2

1 -2 3
(iv) [2 4 —6]
5 1 -1

LetA=|2 4 —6

5 1 -1

1 -2 3]

A is a matrix order of 3% 3,

~ p(A) <3
1 =2 3
[Al=12 4 -6
5 1 -1

=1|‘1L :6| +2|§ :6| +3|§ ‘1‘
— 1(- 446) +2(- 2430) + 3(2-20)

= 1(2) +2(28) +3(- 18)

=2+56-54
=58-54
=4

|Al =4+ 0,

~ p(4) =3
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01 21 The Matrix is in Echelon form.
Vmfo 2 4 3
8 1 0 2 The number of non zero rows are 2.
01 2 1 n p(A)=2
LetA=|0 2 4 3] P
8 1 0 2 1 2 -1
.~13 -1 2
A is a matrix order of 3x 4, (i) 1 -2 3
1 -1 1
~ p(A) <3
[1 2 —1]
We find that there is a third order minor, Leta=|3 —1 2
1 -2 3
1 2 1 |1 -1 1]
2 4 3
1 0 2 1 2 -—-1] Ry
N 0o -7 5 R,
1% 3_2|2 3|+1|2 4 0 0 8|R3=7R3—-4R;
~ o 2 1 2 1 0 0 0 1/R,=7R,—3R,
=1(8-0)—-2(4-3)+1(0-4) 1 2 -1] Ry
510 =7 5 R,
=1(8) —2(1) +1(-4) 0 0 8 R;
0 O 0_ R4_ = 8R4 - R3
=8-2-4
The Matrix is in Echelon form.
=8-6
The number of non zero rows are 3.
=2 #0,
o p(A): 3
A) =3
p(4) 3 -8 5 2
gi)] 2 -5 1 4
2. Find the rank of the following matrices by -1 2 3 -2
row reduction method: 3 -8 5 2
LetA=| 2 -5 1 4
-1 2 3 =2

1,079 1 3
(i)[z ~1 3 4]

[ 3 -8 5 2
5 -1 7 11 -| 0 1 -7 8] R, = 3R, — 2Ry
1 11 3 -1 2 3 -2
LetA=|2 -1 3 4] 3 —8 5 2
5 —1 7 11 Slo 1 =7 8] R; =3R; + Ry
1 11 3 R, 0 -2 14 —4
-0 -3 1 —2|R;= R;—2R, -
3 -8 5 2
0 —6 2 —41R3= R;—5R; - 10 1 -7 8| R3; = R3 + 2R,
1 et 3 Ry T B
-0 -3 1 -2 R, The Matrix is in Echelon form, since the
0 0 0 0lR;=R;3-2R,

number of non zero rows are 3, p(4)=3
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3. Find the inverse of each of the following

by Gauss-Jordan method:

N1
OF
LetA=[§ :1]
. 2 =11 0
Solution:(4|I;) = (5 —2lo 1)
1|1 -
%<1 32 0>R1‘RR1 :
5 =210 1 2
)
o L[=2 1/R:=R;—5R,
2 2
—)(1 01_%; 1>R1—Rl'|'R2
0 2=z 1 R
1 0-2 1 Ry
_’(0 1l-5 2)R2=Rz><2

Hence Al = [:é é]

1 -1 0
[t o -1
6 —2 -3
1 -1 oj1 0 O
Solution:(4|I3) =1 0 -1{0 1 0
6 -2 =310 0 1
N TR T
a - R3=R3_4‘R1
0 4 -31-6 0 1
Slo 1 11 1 0], _ et e
0 0 11-2 —4 1/ 73773 z

(
N
(

1 0 0
R, =R, +R
1 -3 -3 1) 2 Rz 1
3
0 0 1l-2 -4 1
1 0 o0-2 -3 1
0 0 1l-2 —4 1

www.TrbTnpsc.com

Hence Al =

-2 -3 1
— 303 1]
-2 -4 1
1 2 3
(iii)[z 5 3]
1 0 8

1 2 3
Solution:(A|I3) = |2 5 3

1 0 8
1 2 3
- ({0 1 -3

0 -2 5

1 0 0
0 1 0

0 0 1

1 0 0) R2=R2_2R1

-2 1 0
-1 0 1 R;=R; — Ry

311 0 O
—3 —2 1 0 R3 = R3 + ZRZ
-11-5 2 1

31 1 0 0
—3[(-2 1 0 |R; = R3(—-1)
115 -2 -1

S R, DN S R, DN

[EN
N
w

1 0 0
13 —5 -3 R2 = RZ + 3R3
5 -2 -1

(=)
[UnN
= O

1 2 0|-14 6 3
1 0 13 —5 -3 R1 = R1 - 3R3
5 -2 -1

o O
(U

—40 16 9
13 _5 _3 R1 = R1 - 2R2
5 -2 -1

l
/N
o o =

—_
_ o o

Hence A'l=| 13 -5 -3
5 -2 -1

[—40 16 9]

Example 1.22 Solve the following system of
linear equations, using matrix inversion
method: 5x + 2y =3,3x + 2y =5.
Solution:5x + 2y = 3,3x + 2y = 5.

S HEESHISE

=10-6=4



www.Padasalai.Net

Al= ﬁ Adj A
o R
X=A'xB
=:[5 Sl

[51=3157s

X1 _ 1[4
[y] - [16]
(X' Y) = (_ 1,4)
Example 1.23 Solve the following system of

equations, using matrix inversion method:

2x1+3x2+3x3 :5,x1_2x2+X3 :_4
and 3x; —x, — 2x3 =3

Solution: 2x; + 3x, + 3x3 =5
X1 — 2xy +x3 = —4

3x1—x2—2x3=3

2 3 3 X 5

A=]|1 -2 1| X= xz]B=[—4]
3 -1 -2 X3 3
2 3 3

Al=1 -2 1
3 -1 -2

=277 -3 sl T
=2(4+1)=3(-2-3)+3(-1+6)
=2(5) =3(= 5) + 3(5)

=10+ 15+15=40

www.TrbTnpsc.co

A=

2 3 3
1 -2 1

3 -1 -2

5 5
3 -—13
9 1

Cofactor of A Aij =

Adj A = AjjT

5 3
5 -13
5 1<

AdjA=

A L

= Adj A

5
1

40

5
X=A1xB
X 5
— |5
15

80

) 40]
=70 80
—40

L)

(-xl' X2, x3) = (1' 2' _1)
Example 1.24
—4 4 4
-7 1 3| and

5 =3NSl

IfA=

[52 — 12]

m

3

5 -13

11

3

-13

11

[25 — 12 + 27
25+52+3
(25 - 44 - 21

|25 — 65

9
1
-7

9
1
-7

N W

|
|

5
—4
3

|
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1 -1 1
B=|1 -2 -2|, find the products
2 1 3

ABand BAand hence solve the system of
equations x—y+z=4,x—2y—22=9
and 2x +y+ 3z =1.

Solution:
[—4 4 47 1 -1 1
A=|-7 1 3,B=|1 -2 -2
5 -3 -1 2 1 3
[—4 4 4111 -1 1
AB =|-7 1 3111 -2 =2
| 5 -3 —-1112 1 3
—4+4+4+8 4—-8+4 —4-—-8+12
=|-74+14+6 7—-2+43 —-7—2+49
5—-3-2 -54+46-1 5+46—-3

[12—-4 8-8 12-12
=|-7+7 10—-2 -9+4+9
[ 5-5 —-6+6 11-3

8 0 O
AB=|0 8 0
0 0 8

-1

1 111-4 4 4

and BA=|1 -2 -=2||-7 1 3

2 1 3 5 -3 -1
—4+7+5 4—-1-3 4-3-1

—4+14-10 4-24+6 4-—-6+2
-8-7+15 8+1-9 8+3-3

[ 12—-4 4-4 4-4
=|-14+14 6-6 6-—6
[ 15—-15 9-9 11-3

8 0 0
BA=|0 8 0
0 0 8

So, we get AB = BA = 81,.
Thatis (4)B=B (54) = 1.

1
cR-1— =
= B1==(4)

www.TrbTnpsc.com

Writing the given system of equations in
matrix form, we get

1 -1 17 x 4
1 - - y|I=19
2 1 31tz 1
X 4
So[ylzB_l‘D
z 1
4
=1(A) 9
8
1
1'—4 4 47174
=§ -7 1 3 9
| 5 -3 -—-1l11
1'—16 +36+4
i —284+9+3
20—27 -1
1'—16 + 40
=3 —28+4+ 12
20 — 28
1' 24]
=§ —-16
| — 8

EXERCISE 1.3
1. Solve the following system of linear

equations by matrix inversion method:
() 2x+5y=-2, x+2y=-3.
Solution:2x + 5y = —=2,x + 2y = —3.
2 51 _[¥]n_[-2

A_[1 2] X= [y] i [—3]

_12 5

=1 >
=4-5

=-1
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a=.21 ;
A== Adj A
i[ 2,550
-1 -1 2
2 =5
-1l —
Al= 1[_1 2]
X=A1%xB

=-1[_1 S5

HERTE

y 2—6
[]= 1[5
(4 ¥) = (~11,4)

(i2x—y =8, 3x+ 2y =-2.

Solution: 2x —y =8, 3x + 2y = —-2.
a=ls lx=[51e= 5]
=l 7l
=443
=7
adez[_g %
At=r Adj A

412!

wi=3l5 4l

X=A"1%xB

=515 2l
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[x]_ 17 16 —2

yI—71-24—24
HEHE

y 71-28
(X,y)=(2, _4)

(iii) 2x+3y—z=9,x+y+z=9
and 3x —y—z=-1.

Solution:
2 3 —-1] ve 9
A=|1 1 1 X=[le= 9
3 -1 -1l A -1
2 3 -1
Al = [1 1 1
3 -1 -1

=25 l-35 al-1ls
=2(-141) -3(-1-3) - 1(- 1- 3)

=2(0) -3(-9-1(-4)

=0+12 +4
=16
5 3 1 1 1 1 1
-1 =23 -1
A=]1 1 1
3 -1 1 3 -1 2 3
1 1 1 1
0 4 -4
Cofactor of A Aij = |4 1 11
4 -3 -1
Adj A = AijT
0 4 4
AdjA=| 4 1 -3
-4 11 -1
1
1 == -
A i Adj A
) 0 4 4
:E 4 1 —3
-4 11 -1
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X = A—l X B 1 1 1 —4 5 6 —4
A=16 -4 5 2 2 5 &
[0 4 49 - c 9 o 111 1
== 4 1 3| 9 -4 5 6 —4
—4 11 -—-111-1
-18 13 32
{ 0+36—4 Cofactor of A Aij = 0 -3 3
=] 36+9+3 9 1 -10
[—364+99+1
Adj A = AijT
. 36 — 4
== 48 -18 0 9
[—36 + 100 AdjA=| 13 -3 1
32 3 -10
. '32]
=— |48 1=2 aqi
16 s A o Adj A
x 2 L [-18 0 9
lyl — 3] = 13 -3 1
7 4 32 3 -10
xy,2)=(23,4) X=A"'xB
(ivyx+y+z—-2=0, 1 [-18 .8 9 2
6x— 4y +57—31=0 =z 1B -3 13l
Sx + 2y + 22 = 13 © 32 3 -101H13
_ [—36+0+ 117
Solution: x+y+z=2, —1126-93+13
6x — 4y + 5z = 31 " 164 +93 - 130
5x + 2y + 2z =13 )
[ 117 — 36
1 1 1 X 2 =—| 39-93
A=|6 -4 s X=MB= 31 1157 — 130
5 2 21 z 13
[ 81
1 WYL =1 |_54
Al=|6 —4 5 27
5 2 2
X 3
_ 4|4 5] _416 5 6 —4 [yl =|-2|-&xvy,2)=3-21)
_1| 2 2| 1|5 2|+1|5 2| 7 1
=1(-8-10) —1(12 — 25)+1(12+20) -5 1 3
2IfA=1| 7 1 -5|and
=1(—18) —1(— 13) +1(32) | 1 -1 1
[1 1 2
=—18+13 + 32 B=1|3 2 1|,find the products
3\ 12 1 3
=-18+45 ABand BA and hence solve the system of
=27 equations x +y+2z=13x+2y+z =7

and 2x +y + 3z = 2.
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Solution:

A=| 7 1 -5
[ 1 -1 1]

AB=| 7 1 -5
L1 -1 1]

—-5+3+6
7+3-10
1-3+2

-5+2+3
7+2-5
1-2+1

-5+5
9\
2—2

[—5+9
=[10-10
| 3—-3

AB =

S O B
o B~ O

1 Y
3 2 1
2 1 3

—-5+74+2 1+1-2
-15+14+1 3+2-1
-10+7+3 2+1-3

[ -5+9 2-2
=|-15+15 5-1
[—10+10 3-3

[—5 1
7 1
L 1 -1

0

0

4]
and BA = ‘

BA=|0 4 O
0 0 4

'400]

So, we get AB = BA = 41,.

-10+1+9
14+1-15

[—5 1 3] 1 1 2
,B=13 2 1

2 1 3

3 2 1

[—5 1 3'[1 1 2]
2 1 3

2—1+3

—10+ 10
15-15
3—-3

3
_5]
1

3—-5+2
9-10+1
6—5+3

5-5
10 —-10
9-5

Thatis (3 4)B = B( A) =1,

1 1
4 4

1
CR-1— =
~B1=2(A)

Writing the given system of equations in

matrix form, we get

1 1 2]rx
3 1
2 1 31tz

1
7
2
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1
7
2

1
7
2

L -5 1 311
-7 1 sl
1 -1 1112

L [—5+7+6
=2 7t7-10
| 1-7+2

X
So lyl =pB1!

Z

=1

L —5+ 13

=-114-10
4

| 37

1_8

L — 4

x 2
ly 1]
z -1
3. A man is appointed in a job with a
monthly salary of certain amount and a
fixed amount of annual increment. If his
salary was Rs. 19,800 per month at the end
of the first month after 3 years of service
and Rs. 23,400 per month at the end of the
first month after 9 years of service, find his
starting salary and his annual increment.

(Use matrix inversion method to solve the
problem.)

Solution:
Let the monthly salary be Rs. x
Let the annual increment be Rs. y
Then from the given data

x + 3y = 19,800

x + 9y = 23,400

Solving by matrix inversion method,
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_[1 3] v_[*] r=[19800 Solution:
A=l 9]'X_ [y]'B_ 23400]
Let 1 man can do the work in xdays
=]y s 1
In 1 day he completes > of the work
=9-3
Let 1 woman can do the work in y days
=6
[ 9 3] In 1 day she completes % of the work
adj A= -
—1 ok
4 men and 4 women can finish % piece of
1
1= '
4 A Adj A work jointly in 1day is §+§ = é
119 -3
6 [_1 1] 2 men and 5 women can finish i piece of
. . .2,5_ 1
AL [ ci _i] work jointly in 1day is St oy
6 |—
.4 41 2,5 1
X= A1xB Solv1ng;+;—§and;+;—z
AU [ 9 —3] [19:800 Let = = aand = = b then
6 l—1  11023,400 X y
[X1_ 1 [1,78,200 — 70,200 4a +4b = -
ly] " 6 1-19,800 + 23,400
] 1108000 2o =1
Lyl el 3,600 .
s 4 4 a 3
X7 118,000 A= X = B=|3
Hence,
=3 o
Monthly salary x = Rs.18,000
=20-8
Annual increment y = Rs.600
=12

[ 5 —4
adjA = [ ]
4. 4 men and 4 women can finish a piece of -2 4

work jointly in 3 days while 2 men and 5 Al = ﬁ Adj A
women can finish the same work jointly in

4 days. Find the time taken by one man = 11_2 [_3 _ﬂ
alone and that of one woman alone to finish A1l [ 5 _4]
the same work by using matrix inversion 12 1-2 4

method. X=A1%xRB
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=55 7

N

HEEF,
b 12 | 4
12
8 1 2 1 1
a=—X—=—X-= = =\—
12 12 12 3 6X3 18
1 .
a=-=—givesx =18
18
4 1 1 1
b:—)(—:—)(—: —\=,—
12 12 12 3 12x 3 36

11 _
b —;—Eglvesy—36
1 man can do the work in x = 18 days

1 woman can do the work in y = 36 days

5. The prices of three commodities A, B and
C are Rs x, y, and z per units respectively. A
person P purchases 4 units of B and sells
two units of A and 5 units of C. Person Q
purchases 2 units of C and sells 3 units of A
and one unit of B. Person R purchases one
unit of A and sells 3 unit of B and one unit of
C. In the process, P, Q and R earn Rs 15,000,
Rs 1,000 and Rs 4,000 respectively. Find the
prices per unit of A, B and C. (Use matrix

inversion method to solve the problem.)

www.TrbTnpsc.com

Solution: Given the prices of three
commodities A, B and C are Rs x,y, and z

per units.
From the data given,

—4y + 2x + 5z = 15,000
—2z+3x+y =1,000
and —x + 3y + z = 4,000

In standard form
2x —4y + 5z = 15,000
3x+y—2z=1,000
—x + 3y +z = 4,000

2 =4 5 x 15000
A=1| 3 L2 X=lle= 1000
-1 3 1 z 4000
2 =4 5
Al =1 3 T w2
-1 3 1
Aoy M 2 3 =2 3
_2|3 1|+4|_1 1|+5|—1
=2(1+46)+4(3-2)+50 +1)
=2(7)+4(1) +5(10)
=14+ 4+ 50
=68
s s 3
A=| 3 TNNEZ
1 3 1 -4 5 2
1 -2 3
7 =1 10
Cofactor of A Aij=|19 7 =2
3 19 14

Adj A = AjjT

|

1
3
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AdjA=|-1 7 19

10 -2 14

7 19 3]

PR
At =—s Adj A

-1 7 19
10 -2 14

7 19 3]
X=A"1xB

7 19 3
-1 7 19
10 -2 14

1000
4000 |

(168

—15,000 + 7,000 + 76,000

[15000'

[1,05,000 + 19,000 + 12,0007

15,000 — 2,000 + 56,000 |
1,36,000
S [ 68,000 ]
68
2,04,000

2,000
= [1,000]

3,000
X
-
z

The price of the commodity A = Rs. 2,000

1,000

2,000]
3,000

The price of the commodity B = Rs. 1,000
The price of the commodity C = Rs. 3,000
Example 1.25 Solve, by Cramer’s rule, the
system of equations x; — x, = 3,
2x1 + 3x, +4x3 = 17 and x, + 2x3 = 7.
Solution: Given x; — x, + 0x3 = 3,

2xq + 3x, +4x3 =17

OX1+XZ+2.X3=7
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1 -1 0
2 3 4
0 1 2

A=

=1]; l+1lo 3l+ols
=1(6-4)+1(4-0)+0
=1(2) +1(4) 40
=2+4+4+40
=6+0

3 -1 0

17 3 4
7 1 2

Ay, =

=3 |i ‘2‘| +1 |177 ‘2L| +0 |177
= 3(6-4) +1(34-28) + 0

=3(2) +1(6) +0

—6+640
=12
1 3 0
Ay, =2 17 4
0o 7 2
7 4] L2 4|, .2 17
_1|7 2| 3|o 2|+0|o 7|
=1(34-28) =3 (4-0) +0
=1(6) =3 (4) +0
—6-12+40
Ee1e3
1 -1 3
Ay =2 3 17
0o 1 7

=ty Glels Flesl

=1(21-17) +1 (14-0) +3 (2-0)
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=1(4) +1 (14) +3(2)
=4+14+6
=24

By Cramer’s rule, we get

A 12
IGg e 2
Ay -6
Xp=—p=—5=-1
Ay 24
x3=—3=—=4

A

Example 1.26 In a T20 match, Chennai
Super Kings needed just 6 runs to win with
1 ball left to go in the last over. The last ball
was bowled and the batsman at the crease
hit it high up. The ball traversed along a
path in a vertical plane and the equation of
the path is y = ax? + bx + ¢ with respect to
a xy -coordinate system in the vertical plane
and the ball traversed through the points
(10,8), (20,16), (40,22), can you conclude
that Chennai Super Kings won the match?
Justify your answer. (All distances are
measured in metres and the meeting point
of the plane of the path with the farthest
boundary line is (70,0).)

Solution: The path y = ax? + bx + ¢ passes
through the points (10,8), (20,16), (40,22).
So, we get the system of equations
100a +10b+c=8
400a +20b+ c=16
1600a +40b+ c = 22

To apply Cramer’s rule, we find

100 10 1

A=|400 20 1

1600 40 1
_ 20 1) 1400 1 400 20
‘100|40 1| 10|1600 1|+1|1600 40
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=100(20 - 40) —10(400 - 1600)
+ 1(16000 — 32000)
=100(—20) — 10(—1200) +1(—16000)
= —2000 + 12000—16000

= —18000 +12000

= — 6000
8 10 1
A, =16 20 1
22 40 1
120 1] .16 1] ., |16 20
—8|40 1| 10|22 1|+1|22 40

= 8(20 - 40) —10(16 - 22) + 1(640 — 440)
= 8(—20) — 10(—6) +1(200)

=—160+ 60 + 200

=—160+ 260
=100
100 8 1
A, =400 16 1
1600 22 1
16 1| 1400 1 400 16
‘100|22 1| 8|1600 1|+1 1600 22

=100(16 - 22) —8(400 - 1600) + 1(8800 — 25600)
= 100(—6) — 8(—1200) +1(—16800)
= —600 + 9600—16800

= —17400 +9600

= — 7800
100 10 8
A.=|400 20 16
1600 40 22
_ 20 16| 400 16
=100 |40 22| 10|1600 22
+8|400 20

1600 40
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=100(440 - 640) —10(8800 - 25600)

+8(16000 — 32000)

=100(—200) — 10(—16800) + 8(—16000)

=—20000 + 168000—128000
=168000 — 148000
= 20000

By Cramer’s rule, we get

Aq 100 1
a =—= = e —
A —6000 60
b_Ab_ -7800 78 _ 13
A —6000 60 10
C_AC_ 20000 20 10
T A -6000 6 3

So, the equation of the path is
y = ax? + bx + ¢ becomes

1 13 10
y=—=x4+=x—=
60 10" 3

substituting the point (70,0)

When x= 70, in
1 13 10
y=—=x*+=x—=
60 10 3

— Lty rox70+8x70-1
60 10 3

=-2491-2
6 3
=-2491-2
3 3
=-22491
3
= —85+91

We get y= 6. So, the ball went by 6 metres

high over the boundary line and it is

impossible for a fielder standing even just
before the boundary line to jump and catch
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the ball. Hence the ball went for a super six
and the Chennai Super Kings won the
match.

EXERCISE 1.4
1. Solve the following systems of linear

equations by Cramer’s rule:
()5x—2y+16=0,x+3y—7=0
Solution: 5x =2y +16 =0

x+ 3y —7 = 0gives

5x —2y = —16
x+3y=7

a=f; 7l
=15+2
=17#0

e 5
=—48 +14
=—34

=1 7l
=35+16
=51

By Cramer’s rule, we get

A —-34
x:—x:—:_z
A 17
A 51
y A 17

ii) 2+ 2y = 12,2+ 3y = 13
Solution: = + 2y = 12

2
Z+3y=13
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1 SO
Let -=aq then equation is

3a+2y =12
2a +3y =13
_ 13 2
a= 1[5 3
=9-4
=5%#0
_ |12 2
A"‘_|13 3
=36 — 26
=10
_ 13 12
6= 45
=39—- 24
=15

By Cramer’s rule, we get

A 10
a=_a=_=2
A
A 15
__y=_=3
y A 5

a=2= lgivesx= z
x 2
y=3
(i) 3x+3y—z=11,2x—y+2z2=9
and 4x + 3y + 2z = 25
Solution: 3x +3y —z =11
2x—y+2z=9
4x + 3y + 2z =25

To apply Cramer’s rule, we find

3 3 -1
A=12 -1 2
4 3 2
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=37 ol-3l3 ol Tl
=3(—2-6) —3(4-8) —1(6 +4)

= 3(— 8) —3(- 4) —1(10)

= —24+12-10
= — 34 +12
=—22%0
11 3 -1
A,=|9 -1 2
25 3 2

ey |_31 §| -3 |295 §| -1 |295 _?H

=11(—2-6) —3(18 - 50) —1(27 + 25)

=11(— 8) —3(- 32) —1(52)

=— 88496 — 52
=— 140 +96
=—44

3 11 -1

20NN 2
4 25 2

=3|295 §|_11|421 §|_1|421 295|

=3(18 - 50) —11(4 - 8) —1(50 — 36)

Ay, =

= 3(—32) —11(- 4) —1(14)

—_96+44—14
— — 110 + 44
— _ 66
3 3 11
A=12 -1 9
4 3 25
=3|_:>1 295|_3|421 295|+11|421 _:ﬂ
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=3(—25-27) —=3(50 - 36) +11(6 + 4)

= 3(—52) —3(14) +11(10)
= — 156 — 42 + 110

= —198 + 110

=88

By Cramer’s rule, we get

A — 44
x=_x=_=2
A —22
A — 66
y:—y=—=3
A —-22
A — 88
Z:—Z=—=4
A —22

(ivi-2-2_1=0,24241-2=0
x y z x 'y z

————— +1=0
x oy
Solution: > —2—2-1=0
x y z
izl oo
X y z
2_Z_Z41=0
x oy
Letl=a,1=bandl—c
x y z

3a—4b—2c =1
a+2b+c=2
2a —5b —4c =-1

To apply Cramer’s rule, we find

3 -4 -2
A=|1 2 1
2 =5 —4

=3|g Ll a2l

=3(—8+5) +4(— 4-2) —2(-5—4)

=3(—3) +4(- 6) =2(-9)
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=—9-24+18
= —33+18
=—15%0
1., ,~4 -2

2 2 1
~1 -5 —4

Ay =

=1l el L2l
=1(—8 +5) +4(— 8+1) —2(—-10 + 2)

=1(—3) + 4(- 7) —-2(-8)

=—3—-28+16
=—31+16
=-—15
3 1 -2
Ay=1[1 2 1
2 -1 —4
a2 11 1,1 2
_3|—1 —4| 1|2 —4| 2|2 —1|
=3(-8+1) —1(—4 — 2) —2(-1—4)
=3(—7)—1(-6) —2(-5)
=—214+6 +10
=—21+16
=-75
3 —4 1
Ac=11 2 2
2 -5 -1

=3|g Sl el
=3(=2+10) +4(—1 — 4) +1(=5 — 4)
=3(8) +4(- 5) +1(=9)

=24-20-9



www.Padasalai.Net

By Cramer’s rule, we get

A -15 1 .
a=—"=—=1==-givesx =1

A -15 x

Ap -5 1 :
b=—=—=-=-givesy=3

A -15 yg y

A -5 11
c=—=—=-=-givesz=3

A -15 3 z

2. In a competitive examination, one marKk is
L1
awarded for every correct answer while "

mark is deducted for every wrong answer.
A student answered 100 questions and got
80 marks. How many questions did he
answer correctly? (Use Cramer’s rule to
solve the problem).

Solution: Let the number of correctly
answered questions = x

Let the number of not correctly answered
questions =y

Given mark for each correct answers =1
1
Mark for each wrong answers = — "

~x+ y=100and

x—2=80=""2=80
4 4

4x — y = 320

Solving x + y = 100

4x — y = 320
A= |41} _11|
=—-1-4
=-5%0
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A= |100 —H

~ 1320
=—-100 — 320
= — 420

_ |1 oo
4 320

=320 — 400
=—80

By Cramer’s rule, we get

Ay _ —420 _
YEYT T
A - 80
Y =3 S o

The student answered 84 questions
correctly.

3. A chemist has one solution which is 50%
acid and another solution which is 25%
acid. How much each should be mixed to
make 10 litres of a 40% acid solution ? (Use
Cramer’s rule to solve the problem).

Solution:

Let A be the solutions which is 50% acid
has x litres and B be the solutions which is
25% acid has y litres.

[ 50 x
0fy — - =
_x><50/o—x><100— ]

_y><25%=y><£—y]

100 4

| 0 — 40 _
_10><40A)—10><100_4]
~x+ y=10and

=4

N R

+

R

N R =
WY
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~1_1 Solution:
4 2

_2-4 Let the pump A can fill the tank in x

O s minutes and the pump B can fill the tank in
—2 Yy minutes.

In 1 minute pump A can fill % part

=—=%*0
10 1 In 1 minute pump B can fill %part
A= 4 1
4 Bythedatal+l= =
X y 10
10
=7t 1_1_1
x y T30
_10-16
* To solve let l=a, l=b
x y
—_8
! a+ b= 1—10
A 1 10
= |1
y > 4 a — b= %
10
=4 - = 1 1
‘ A |1 -1
=4-5 —_1-1
=1 =2 #0
By Cramer’s rule, we get "
. A= [t
A -2 6 4 1 _
4
el _ 1
y:%y::_izlezél 10 30
4 _-3-1
4. A fish tank can be filled in 10 minutes X
4
using both pumps A and B simultaneously. = "%
However, pump B can pump water in or out 2
at the same rate. If pump B is inadvertently o
run in reverse, then the tank will be filled in 1 1—10
A=
30 minutes. How long would it take each b 1 3—10
pump to fill the tank by itself ? (Use MOR

Cramer’s rule to solve the problem). 30 10
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2
g=la_-_"1_2,1_1
A -2 1572 15
A -5 1.1 1
b=_b=_15=_x_=_
A -2 1572 30
1 1.0
a=—= -givesx = 15
15 x
11
b=—= -givesy = 30
50 x9 y

Hence the pump A can fill the tank in 15
minutes and the pump B can fill the tank in
30 minutes.

5. A family of 3 people went out for dinner
in a restaurant. The cost of two dosai, three
idlies and two vadais is Rs.150. The cost of
the two dosai, two idlies and four vadais is
Rs.200. The cost of five dosai, four idlies
and two vadais is Rs. 250. The family has
Rs. 350 in hand and they ate 3 dosai and six
idlies and six vadais. Will they be able to
manage to pay the bill within the amount

they had?
Solution: Let the cost of a dosai = Rs. x
The cost of aidly = Rs. y
The cost of a vadai = Rs. z
Given 2x + 3y + 2z =150
2x + 2y + 4z = 200

5x +4y + 2z = 250

www.TrbTnpsc.com

To apply Cramer’s rule, we find
2 32

2 2 4
5 4 2

A=

=2[y 5l =305 al+2ls g
=2(4-16) —3(4 - 20) +2(8 — 10)
= 2(— 12) —3(- 16) +2(-2)

= — 24 +48 —4

=—28+48

=20%0

150 3 2
200 2 4
250 4 2

4
2

Ay =

=150[3 5]-3[5 >
— 150(4 - 16) —3(400 - 1000)
+2(800 — 500)
— 150(= 12) —3( 600) +2(300)
— — 1800 +1800 + 600
— — 1800+ 2400
— 600

2 150 2
2 200 4
5 250 2

200 4
250 2

Ay, =

2 200

=2| 5 250

[-150f5 5[+
= 2(400-1000) —150(4 - 20) +2(500 — 1000)
= 2(— 600) —150(- 16) +2(—500)
= — 1200 +2400 —1000
= — 2200 + 2400

=200
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2 3 150
2 2 200
5 4 250

A, =

=2[; 50l -3[5 250

| +150 |§ i
= 2(500 - 800) —3(500  1000) +150(8 — 10)
= 2(— 300) —3(= 500) +150(—2)
= — 600 +1500 —300
= — 900 + 1500
= 600

By Cramer’s rule, we get

A
x="2=22=30
A 20
_ Ay _ 200 _
Y=~ 20 =10
A !
z =22 = %9 _ 30 thatis
A 20

The cost of a dosai = Rs. 30
The cost of aidly = Rs. 10
The cost of a vadai = Rs. 30

The family ate 3 dosai and six idlies and six
vadais.

3x + 6y + 62 = 3(30) + 6(10) + 6(30)
=90 + 60 +180
=330 Rs.

The family has Rs. 350 so they are able to
manage to pay the bill.

Example 1.27 Solve the following system of
linear equations, by Gaussian elimination
method: 4x + 3y + 6z = 25,
x+5y+7z=13,2x+9y+z=1
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Solution: Given
4x + 3y + 62z =25
x+5y+7z=13
2x+9y+z=1

Transforming the augmented matrix to
echelon form, we get

4 3 6 25
[ABl=|1 5 7 13|R, &R,
2 9 1 1
1 5 7 13
—>[43625]

2 9 1 1

1 5 7 13
Slo —17 22 Zp7|ReT Re—dAR
R3=R3_2R1

0 -1 -13 =25

1 5 7 13
-0 —-17 —22 -27|R3;=17R;—R,
0 0 —199 —398

The equivalent system is written by using
the echelon form: x + 5y + 7z = 13

—17y — 22z = =27
—~199z = — 398

We get, 199z = 398

398
Z=—
199

=2
Substitutingz = 2 in =17y — 22z = =27
—17y —22(2) = =27
—17y — 44 = 27
—17y = =27 + 44

=17y =17
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Substitutingz=2andy =—11in
x+5y+7z=13
x+5(-1)+7(2)=13

x—5+14=13

x+9=13
x=13-9
x=4

So the solutionisx =4,y =—1land z =2

Example 1.28 The upward speed v (t) of a
rocket at time t is approximated by

v(t) = at? + bt +¢,0 <t <100 where
a, b and c are constants. It has been found

that the speed attimest=3.t=6andt=9

seconds are respectively, 64, 133, and 208
miles per second respectively. Find the

speed at time t =15 seconds. (Use Gaussian

elimination method.)
Solution: v(t) = at? + bt + ¢

Att=3,v(3) =a(3)?+h(3) + c =64
a(9)+b(3)+c=64
9a+3b+c=64 .....(1)
Att=6,v(6) = a(6)? + b(6) + c =133
a(36) + b(6) + c =133
36a+6b+c=133 .....(2)
Att=9,v(9) = a(9)? + b(9) + c = 208
a(81) + b(9) + ¢ =208
8la+9b+c=208 .....(3)

Transforming the augmented matrix to
echelon form, we get

[AB]=[36 6 1 133

81 9 1 208

93164]
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9 3 1 641 _ R, — 4R,
=10 -6 -3 —123|p° _ % gp
0 —18 -8 —368/ 3 73 1
9 3 1 64
=[0 —6 -3 —123|R; =R; — 3R,
0 0 1 1

The equivalent system is written by using
the echelon form: 9a + 3b + ¢ = 64

—6b — 3c = —123
c=1
Substitutingc=11in —6b — 3¢ = —123

—6b —3(1) = —123

—6b —3 =-123
—6b = —-123 +3
—6b = —120

6b = 120
_220
=20

Substituting c=1and b =20 in
9a+3y +z =64
9a+3(20) +1 =64

9a+60+1 =64

9a + 61 = 64
9a = 64 — 61

9a =3

a==

_1

3

1
So substituting a = p b=20and c=1in



www.Padasalai.Net

v(t) = at? + bt + ¢ we get

1
v(t) =§t2 +20t+1

The speed at t = 15 minutes

v(15) = §(15)2 +20(15) + 1
= %(225) +300+1

=75+301
= 376.
EXERCISE 1.5

1. Solve the following systems of linear
equations by Gaussian elimination method:
()2x—2y+3z=2,x+2y—2z=3,
3x—y+2z=1

Solution: 2x — 2y + 3z = 2,
xX+2y—z=3,
3x—y+2z=1

Transforming the augmented matrix to

echelon form, we get

2 -2 3 2
[AB]=|1 2 -1 3
3 -1 2 1l
1 02021 3
—>[2 —2 3 2|RioR,
3 -1 2 1.

0 -6 5 4|t Pt op

1 2 -1 3pger-
. [ ]Rz = R, — 2R,
0 -7 5 -8

0 -6 5 —4
0 0 -5 =20

1 2 -1 3
il R3 - 6R3_7R2

The equivalent system is written by using
the echelon form: x +2y —z =3
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—6y + 5z =—4
-5z =-20

We get, 5z = 20

Substitutingz=4in —6y + 5z = —4

—6y+5(4) =—4
—6y + 20 = —4
—6y = —4 — 20
—6y = —24
6y = 24
24
Y e
=4
Substituting

z=4andy=4inx+2y—z=3

x+2(4)—4=3

x+8—-4=3
x+4=3
x=3—-4
x=-1

So the solutionisx = -1,y =4and z = 4

(i) 2x + 4y + 6z = 22,3x + 8y + 5z = 27,
—x+y+2z=2
Solution: 2x + 4y + 6z = 22
3x + 8y + 5z = 27
—x+y+2z=2
(1) is =+ 2, then
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x+2y+3z=11
3x + 8y + 5z =27

—x+y+2z=2
Transforming the augmented matrix to
echelon form, we get

11]
27
2d

3
[AB] = 5

2

3 11]
—4

5

1 2
3 8
-1 1

RZ = RZ _3R1

S| R, = R, + R,

2

2

3 131
2 3 11
2

0

oOR OO R

-4 -6
22 44

R3 = 2R3 - 3R2

10

The equivalent system is written by using
the echelon form: x +2y + 3z =11

2y —4z = —6
22z =44

44

We get, z=—
22

=2

Substitutingz=21in 2y — 4z = —6

2y —4(2) = -6
2y —8=-6
2y =—6+8
2y =2
gl
2
=1

Substituting
z=2andy=1linx+2y+3z=11
x+2(1) +3(2) =11

x+2+6=11

www.TrbTnpsc.com

x+8=11
x=11-8
x=3

So the solutionisx =3,y =1and z = 2
2.1fax? + bx + ¢ is divided by x+3,x-5
and x —1, the remainders are 21,61 and
9 ,and respectively. Find a, b and c.
(Use Gaussian elimination method.)
Solution: Let P(x) = ax? + bx + ¢
is divided by x+3, x - 5 and x —1 then the
remainder is P(—3), P(5) and P(1).
From the data given,
P(-3)=a(-3)2+b(-3)+c=21
9a—3b+c=21 ....(1)
P(5) =a(5)?*+b(5)+c=61
25a+5b+c=61....(2)
P(1) =a()?*+b(1)+c=9
a+b+c=9 ....(3)

Transforming the augmented matrix to
echelon form, we get

9 —3 1 21]
[AB]=[25 5 1 61
1 1 1 o9
1 1 1 9]
-[25 5 1 61|RioRs
9 -3 1 21]

1 1 1 9
-0 —-20 -—-24 -164
0 -1z -8 -60

Rz = Rz - 25R1
R3 = R3 - 9R1



www.Padasalai.Net

_)[1 1 1 9]R2=R2+(_4)

0 5 6 41|, .. -
0 0 —8 —4g]fe= R+ (=H

The equivalent system is written by using
the echelon form: a+b+c¢c=9

5b+ 6¢c =41
—8c = —48

We get, 8c = 48
c=—
8

=6

Substituting ¢ = 6in 5b + 6¢ = 41

5h + 6(6) = 41
5h + 36 = 41
5h = 41 — 36
5h =5
b=2=1
5

Substituting
c=6andb=1ina+b+c=9

a+ (1) +(6)=9

at+1+6=9
a+7=9
a=9-7
a=2

So the solutionisa=2,b=1andc =6

3. An amount of Rs.65,000 is invested in
three bonds at the rates of 6%, 8%, and 9 %
per annum respectively. The total annual
income is Rs. 4,800. The income from the
third bond is Rs. 600 more than that from
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the second bond. Determine the price of
each bond. (Use Gaussian elimination
method.)

Solution:
Let the prices of each bond is Rs. x, y, z.

By the data, x + y + z = 65,000 ....(1)

SX L3 L 22— 4800 gives
100 100 100

6x + 8y + 9z = 4,80,000 ..... (2)

— 2 22— 600 gives
100 = 100

— 8y + 9z = 60,000 ....(3)

Transforming the augmented matrix to
echelon form, we get

[AB]=|6 8 9 4,80,000

1 1 1 65,000]
0 -8 9 60,000

1 1 1 65,000
0 -8 9 60,000

1 1 1 65000
—>[0 2 3 90.000]R3=R3+4R2
0 0 21 4,20,000

The equivalent system is written by using
the echelon form: x +y + z = 65,000

2y + 3z = 90,000

21z = 4,20,000

4,20,000
21

We get, z =

=20,000
Substituting z = 20,000 in 2y + 3z = 90,000
2y + 3(20,000) = 90,000

2y + 60,000 = 90,000
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2y = 90,000 — 60,000

2y = 30,000
30,000
y="
=15,000
Substituting

z = 20,000 and y = 15,000 in
x+y+z=65000
x + 15,000 + 20,000 = 65,000
x + 35,000 = 65,000
x = 65,000 — 35,000

x = 30,000
The prices of each bond is Rs.30,000

Rs.15,000and Rs.20,000 respectively.
4. A boy is walking along the path
y = ax? + bx + c through the points

(-6,8),(-2,-12 ) and (3, 8) . He wants to
meet his friend at A7, 60) . Will he meet his
friend? (Use Gaussian elimination method.)

Solution: y = ax? + bx + ¢
Substituting the given points (- 6,8),
(-2,-12 ) and (3, 8) in the above equation
we get 8 = a(—6)? + bh(—6) + ¢
8 =36a—-6b+c
36a—6b+c=8 .. (1)

Similarly
4a—-2b+c=-12 ...(2)

9a+3b+c=8 ..(3)
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Transforming the augmented matrix to
echelon form, we get

[AB]=|4 -2 1 -12

9 3PP 8

36 -6 1 8]

0 —-12 8 -116|,°*_ B
0 18 3 24 Ry =485 — Ry

36 —6 1 8]
-0 6 —4 58
L 0 6 1 8.

(36 —6 1 8]

- 0 6 —4‘ 58 R3:R3_R2
[ 0 0 -5 50l

36 -6 1 81p _ap _
_)[ ]1!22_91?2 R,

R, + (=2)
R; +(3)

The equivalent system is written by using
the echelon form: 36 a —6b +c =8

6b — 4c = 58
—5¢ =50
We get, c= E—(;
=-10
Substituting c = —10 in 6b — 4c = 58
6b — 4(—10) =58
6b + 40 = 58

6b = 58 — 40

Substitutingc=—10and b = 3 in
36a—6b+c=8
36a—6(3)+(—10) =38

36a—18—-10=28
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36a—28=28
36a =8+128

36 a =36

36

a==

36

a=1

Substitutinga = 1,b =3 and c = —10 in
y = ax? + bx + ¢ itbecomes
y=x2+3x—10
substituting the point A(7, 60)
60 = (7)2+3(7) — 10
60 =49+ 21-10
60 =70-10
60 = 60
So the boy meets his friend.

Example 1.29 Test for consistency of the
following system of linear equations and if
possible solve:

x+2y—z=3,3x—y+2z=1
x—2y+3z=3and x—y+z+1=0

Solution
Here the number of unknowns is 3.

The matrix form of the systemis AX = B,
where

1 2 -1 3 3
3 -1 2 1
A= ,X=|y|,B=
1 -2 3 ljz’l l 3‘
1 -1 1 -1

The augmented matrix to echelon form,

1 2 -1 3
we get [AB] = i :% é é
1 -1 No—~1
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L2 =131 p,=Rr,-3R,
- 0 T4 5 - R3 = R3 N Rl
0 -4 4 O R —R _R
0 -3 2 —4 4 & 1
1 2 -1 3
Lo =7 5 —8|Rsx(=1)
0 4 —4 O|R,x(-1)
0 3 -2 4
ﬁ
1 2 -1 3
0 -7 5 —8|Rs=7R;+4R,
0 0 —8 _32 R4_ = 4‘R3 i 3R1
0 0 4 16
1 2 -1 3
0o -7 5 -8 _
- 0 0 _g —32 R, =2R, + R;
0 0 0 0

There are three non-zero rows in the row-
echelon form of [4AB]. So, p[AB]= p[A] =3

p(AB) = p(A) = 3,n = 3 The given
equation is consistent, has unique solution.

-8z=-32
Z=__—382=4
subz=4in
-7y +5z=-8
-7y +5(4)=-8
-7y +20=-8
-7y=-8-20
-7y =-28
7y =28
y=§=4

subz=4andy=4inx+2y—z=3
x+24)—4=3

x+8—-4=3
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x+4=3
x=3-—-4
x=-1

So the solutionisx = -1,y =4and z = 4

Example 1.30
Test for consistency of the following system

of linear equations and if possible solve:
4x —2y+6z2=8, x+y—3z=-1
15x — 3y + 9z = 21.

Solution
Here the number of unknowns is 3.

The matrix form of the systemis AX = B,

where
4 =2 6 X 8
A=1]1 1 -3 ,X=[yl,B= -1
15 -3 9 z 21

The augmented matrix to echelon form,

weget[AB]=]1 1 -3 -1

4, A1 6 8]
15 -3 9 21

4 -2 6 8
LENN=3 9 21

1 1 -3 -1
- RioR,

o
- R. = R, — 15R
0 —18 54 3613 3~ 15K
1 1 =3 —1
-0 —6 18 12|R; =R;—3R,
0 0 0 0.

There are two non-zero rows in the row-

echelon form of [AB]. So, p[AB]= p[A] =2

p(AB) = p(A) = 2,n = 3 The given
equation is consistent, has infinitely many

solutions.
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x+y—-3z=-1 ....(1)
—6y+18z=12 ....(2)
(2)+ -6

y—3z=-2 ....(2)
To solve the equations letz = t,
then y—3t=-2
y=—-2+3t=>3t—2
substituting
z=t,y=3t—2inx+y—-3z=-1
x+3t—2-3t=-1
x+6t—2=-1
x=-1—-6t+2
x=1-6t
So the solution
x=1—6t,y=3t—1,z = twheret €R

Example 1.31 Test for consistency of the
following system of linear equations and if
possible solve:

XxX—y+z=-9 2x—2y+2z=-18
3x—3y+3z+27=0.

The augmented matrix to echelon form,

1 -1 1 -9
weget[AB] =2 -2 2 -18
3 -3 3 =27

1 -1 1 -9
—>[0 0 o o|R=R-2R,
R. = R. — 3R

0 0 0o ol 3 1

There is one non-zero row in the row-
echelon form of [AB]. So, p[AB]=p[A] =1
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p(AB) = p(A) = 1,n = 3 The given
equation is consistent, has infinitely many
solutions.

x—y+z=-9
To solve the equationslety = s,z = ¢,
then x—s+t=-9
x=-9+s—t
So the solution
x=-94+s—ty=s,z = twheres,t ER

Example 1.32
Test for consistency of the following system

of linear equations and if possible solve:
X—y+z=-9 2x—y+z=4
3x—y+z=6and 4x —y+2z=7

Solution
Here the number of unknowns is 3.

The matrix form of the system is AX = B,
where

1 -1 1 X -9
2 -1 1 4
A= X =1|y|,B=
3 -1 1 Bl 6
4 -1 2 7

The augmented matrix to echelon form,

1 -1 1 -9
2 -1 1 4
eget [AB| =
weget[AB]=10 1 | ¢
4 -1 2 7
L =1 1 =9 p =R, —2R
S0 1 -1 22 gt Rt 3p
0 2 -2 33| b R _4R
0 3 -2 4317+ e
eyl 1 -9
L0 1 -1 22|Rs=R3—2R,
0 0 o0 —11({R,=R,—3R;
0 0 1 -23
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1 -1 1 -9
0 1 -1 22
“lo o 1 —z3|feefe

0 0 0 -11
p(AB) = 4and p(4) =3
p(AB) # p(A) The given equation is
inconsistent, has no solutions.

Example 1.33
Find the condition on a,b and c so that the

following system of linear equations has
one parameter family of solutions:

x+y+z=a, x+2y+3z=0b>
3x+5y+7z=c

Solution:
Here the number of unknowns is 3.

The matrix form of the system is AX = B,

where
1 1 1 X a
o 4 drepe-p
3 5 7 z c

The augmented matrix to echelon form,

(1 1 1 a
weget[AB]=|1 2 3 b]
3 5 7 ¢

- R, =R, — Ry
R3:R3_3R1

1 1 1 a
_)O 1 2 b_a R3:R3_2R2

0 0 0 c—2b—a

In order that the system should have one
parameter family of solutions, we must
have p(AB) = p(A) = 2. So, the third row
in the echelon form should be a zero row.
So,c — 2b —a=0hencec = 2b+ a=0.
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Example 1.34
Investigate for what values of A and y the
system of linear equations x + 2y + z = 7,

x+y+Az=u x+3y—5z=>5has
(i) no solution (ii) a unique solution
(iii) an infinite number of solutions.

Solution:
Here the number of unknowns is 3.

The matrix form of the system is AX = B,
where

fd eeple-f

The augmented matrix to echelon form,

1 2 1 7
weget[AB] =1 1 A u
1 3 =55
1 1 1
R,=R,—R
—>[O -1 A—-1 u-— 7R2—R2 R1
1 1 1 a
d O 2 —6 _2 R3:R3+R2
0 0 A—-7 u—9

() IfA=7and u # 9, then p(AB) = 3 and
p(A) = 2.p(AB) # p(4)
The given equation is inconsistent, has

nosolution.

(ii) If A # 7 and u has any value, then
p(AB) =p(A) =3,n=3.
The given equation is consistent,

has unique solution.
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(i) fA=7and u = 9, then
p(AB) =p(A) =2,n < 3.
The given equation is consistent,
has infinite solutions.

EXERCISE 1.6
1. Test for consistency and if possible, solve

the following systems of equations by
rank method.
Dx—y+2z=2,2x+y+4z=7

dx—y+z=4

Solution:
Here the number of unknowns is 3.

The matrix form of the system is AX = B,

where
1 —1 2
A=z H
4 —1 1

The augmented matrix to echelon form,

1 -1 2 2
weget[AB] =12 1 4 7
4 -1 1 4
R; =R;—4R
0 3 —7 -4l 773 !
(1 —1 2 2]
- 10 3 0 3|R; =R3; — R,
0 0o -7 -7l

There are three non-zero rows in the row-
echelon form of [AB]. So, p[AB]= p[A] =3

p(AB) = p(A) = 3,n = 3 The given
equation is consistent, has unique solution.

-72=-7>72z=7
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subz=11in

3y+0z=3

subz=1landy=1inx—y+2z=2

x—14+2(1)=2

x—1+2=2

x+1=2
x=2-1

x=1

So the solutionisx = 1.y =1,and z = 1.
(iD3x+y+z=2,x—-3y+2z=1
7x —y+4z =15

Solution:
Here the number of unknowns is 3.

The matrix form of the system is AX = B,

where
3 1 1 X 2
A=|1 -3 2,X=lyl,B=1
7 =1 4 z 5

The augmented matrix to echelon form,

3 1 1 2
weget[AB]=|1 -3 2 1
7 -1 4 5

1 —3-24a
13 1 1 2|R,0R,
7 -1 4 5

1 -3 2 1
R, =R, — 3R
—>[0 10 -5 —1fp°_ pf_op!
0 20 —10 —-2/"37 73 8
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0 10 -5 -1
0 O 0 O

1 -3 2 1
- R3:R3_2R2

There are two non-zero rows in the row-
echelon form of [4AB]. So, p[AB]= p[A] =2

p(AB) = p(A) = 2,n = 3 The given
equation is consistent, has infinitely many
solutions.

x—3y+2z=1 ....(1)
10y —5z=-1 ....(2)
To solve the equations letz = t,
then 10y =5t = -1

10y =-1+5t=5t—1

substituting

Z=t,y=%inx—3y+22=1

x—3<%)+2t=1

x=1—2t+3(5t_1)

10

15t-3
10

=1-2t+

__10-20t+15t-3

10
7-5t
X =—
10
Solution:
7—5t 5t—1
X = Y = and z =twheret € R
10 10

(i)2x+2y+z=5x—-y+z=1
Ix+y+2z=4

Solution:
Here the number of unknowns is 3.
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The matrix form of the system is AX = B,

where
2 2 1 X 5
A=11 -1 1,X=lyl,B=1
3 TpN2Z2 z 4

The augmented matrix to echelon form,

2 2 15
weget[AB]=|1 -1 1 1
3 1 2 4

1 -1 11
- (2 2 1 5|RiuR,

3 1 2 4

_)_(1) ‘i 1 ;R2=R2—2R1
0 4 -1 1JfeTRs3R
1 -1 1 1

>lo 4 -1 3|R;=R,—R,
0 0 0 -2

p(AB) =3 and p(A) =2
p(AB) # p(A) The given equation is
inconsistent, has no solutions.
(ivy2x—y+z=2,6x—3y+3z=6
4x —2y+2z=4
Solution:
Here the number of unknowns is 3.

The matrix form of the systemis AX = B,

where
2 -1 1 X 2
A=|6 -3 3,X=lyl,B=6
4 -2 2 Z 4

The augmented matrix to echelon form,

2 -1 1 2
weget[AB]=|6 -3 3 6
4 -2 2 4
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2 _1 1 2_R3:R3+2
2 -1 1 2

R, =R, —R

10 0 0 0|lp R R

0 0 o0 ol "3 ™

There is one non-zero row in the row-
echelon form of [4B]. So, p[AB]=p[A] =1

p(AB) = p(A) = 1,n = 3 The given
equation is consistent, has infinitely many
solutions.

2x —y+z=2

To solve the equationslety = s,z = t,

2x—s+t=2

2x=2+s—t
_ 2+4s-t
002

So the solution

a\2is—t
oS

y =5,z = twheres,t ER

2. Find the value of & for which the
equations kx — 2y +z =1,
x—2ky+z=-2,x—2y+kz=1,have
(i) no solution (ii) unique solution
(iii) infinitely many solution.

Solution: Here the number of unknowns

is 3.The matrix form of the system is
AX = B, where

k -2 1 X 1
A=11 -2k 1 ,X=[yl,B= -2
1 -2 k z 1

The augmented matrix to echelon form,

weget[AB]=|1 -2k 1 -2

1 -2 k 1

k-2 1 1]
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1 -2 _kadl
-1 -2k 1 —-2(RioR;
k-2 1 1

1 -2 k 1 1p =R, —R,
-0 2-2k 1-k =3 |.°_p°_ ,n
0 —2+42k 1-k* 11—kl 73 1
1 -2 k 1
—>[0 2 -2k 1-k -3 ]R3=R3+R2
0 0 2—k—k* -2-k
1 -2 k 1
- [0 2(1—-k) (1-k) -3
0 0 Q+kHA-k) -2+k)

())When k =1, p(AB) = 3 and p(A) = 2
p(AB) # p(A) The given equation is
inconsistent, has no solutions.

(iDk#1and k +# -2 p(AB) = p(A) =3
and n = 3 The given equation is

consistent, has unique solution.

(iii) k = =2, p(AB) = p(4) =2
and n = 3 The given equation is
consistent, has infinitely many solutions.

3. Investigate the values of A and u the
system of linear equations
2x+3y+5z2=9,7x+3y —5z =38,
2x + 3y + Az = p, have (i) no solution
(ii) a unique solution (iii) an infinite
number of solutions.

Solution: Here the number of unknowns
is 3. The matrix form of the system

is AX = B where

2 3 X 9
A=1|7 3 -5 ,X:lyl,B: 8]
2 3 A z U

The augmented matrix to echelon form,
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2 3 59
weget[AB]=|7 3 -5 8
2 3 A wu
N3 5 9 Al _
—>[0 -15 —45 —47]%__222_?1
0 0 A—=5 p—=9] 737731

(i))When 1 =5, p(AB) = 3 and p(4) =2
p(AB) # p(A) The given equation is
inconsistent, has no solutions.

(iDA#5andu+9 p(AB) = p(A) =3
and n = 3 The given equation is
consistent, has unique solution.

(ii)A=5and u=9, p(AB) = p(4A) =2
and n = 3 The given equation is
consistent, has infinitely many solutions.

Example 1.35 Solve the following system:
x+2y+3z=0,3x+4y+4z=0,

7x + 10y + 12z = 0.

Solution

Here the number of equations is equal to
the number of unknowns.

Transforming into echelon form, the

augmented matrix becomes

1 2 30
3 4 4 0

7 10 12 0
1 2 3 0]
R, =R, —3R
2[00 =2 =5 0t Bt TR
0 —4 —9 ol 73 !
1 2 3 0]
|0 -2 -5 0|R;=R;—2R,
o o 1 ol

So,p(AB) = p(A) =3 andn = 3.
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Hence, the system has a unique solution.
Sincex =0,y =0,z =0, isalwaysa
solution of the homogeneous system, the
only solution is the trivial solution x =

0,y=0,z=0.

Example 1.36 Solve the following system:
x+3y—2z=0,2x—y+4z=0,
x—11y + 14z = 0.

Solution

Here the number of equations is equal to

the number of unknowns.

Transforming into echelon form, the

augmented matrix becomes

1 3 —2 0]
2 -1 4 0
1 —-11 14 ol
1 300N 01

R, =R, — 2R

>0 =7 8 0| p _p R’

0 —-14 16 ol 37 73 1
1 3 —2 0]

-0 -7 8 0|R;=R;—2R,
0 0 o0 ol

So,p(AB) = p(A) =2andn = 3.

Hence, the system has a one parameter
family of solutions. Writing the equations
using the echelon form, we get
x+3y—2z=0and -7y +8z=0

To solve the equations letz = t,

then —-7y+8t=0

-7y = -8t
7y = 8t
_ 8t
y=7
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substituting

z=t,y=%inx+3y—22=0

x+3(§)—2t=0

24t
x+——-2t=0
7
24t
x = 2t — =
_ 14t—24t
- 7
_ 10t
- 7
So the solution is
10t 8t
x = —T,y=7andz=twheretER

Example 1.37 Solve the following system:
x+y—2z2=0,2x—-3y+2z=0,
3x—7y+10z=0,6x —9y + 10z = 0.
Solution

Here the number of equations is equal to
the number of unknowns.

Transforming into echelon form, the

augmented matrix becomes

1 1 -2 0
2 -3 10
3 -7 10 O
6 -9 10 O
(1) é —52 01 R, =R, — 2R,
- N 0 R; = R3 — 3R,
0 —15 22 ol ™4 4 1
1 1 =2 0
N 0 -5 5 0|R3; =R;—2R,
0 0 6 O0|Ry,=R;—3R,
L0 0 7 0O
1 1 =2 0
0 -5 50
—)O O 6 0R4=6R4_7R3
L0 0 0 O
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So,p(AB) = p(A) =3 andn = 3.
Hence, the system has a unique solution.
Sincex =0,y =0,z =0, isalwaysa
solution of the homogeneous system, the
only solution is the trivial solution
x=0y=0z=0.
Example 1.38 Determine the values of A for
which the following system of equations
(B2=8)x+3y+3z=0,
3x +(31-8)y+3z=0,
3x +3y+(31—-8)z = 0.
Solution
Here the number of unknowns is 3. So, if the
system is consistent and has a non-trivial
solution, then the rank of the coefficient
matrix is equal to the rank of the
augmented matrix and is less than 3. So the
determinant of the coefficient matrix
should be 0.

Hence we get
(31-18) 3 3
3 (32-18) 3 =0
3 3 (31-18)

R1=R1+R2+R3

31—2 31-2 31—-2
- 3 (34—-18) 3 =0
3 3 (34—18)
Taking (34 — 2)from R,
1 1 1
- (B1-2)|3 (31-138) 3 =0
3 3 (31— 8)

CZ = C]_ and C3 = Cl

www.TrbTnpsc.com

1 0 1
- (B31-2)|3 31-11 0 =0
3 0 31-11

(31—=2)(31—11)2 =0
31—2=0and31—11=0

Gives
2 11
3/1=2=>/1=§and3/1=11=>/1=?
Example 1.39 By using Gaussian
elimination method, balance the chemical

reaction equation: Cs + Hg —» C0O, + H,0

Solution
We are searching for positive integers

X1, X5, X3 and x4 such that
X1 Cs + x,Hg = x3C0, + x,H,0 ....(1)

The number of carbon atoms on the left-
hand side of (1) should be equal to the
number of carbon atoms on the right-hand
side of (1). So we get a linear homogenous
equation

5x; = x3gives5x; —x3 =0 ... (2)

Similarly, considering hydrogen and oxygen
atoms, we get respectively,

8x, = 2x, gives 4x, —x, =0 ... 3)
2x, = 2x3 + x4 gives
2%y —2x3— x4, =0 ... 4)

Equations (2), (3), and (4) constitute a
homogeneous system of linear equations in
four unknowns. The augmented matrix is

[AB]=|4 0 0 -1 0

0 2 -2 -10

50—100]
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50 -1 00
>0 0 4 -5 0|R,=5R,—4R,
02 -2 -10

5 0 -1 00
=10 2 =2 -1 O|R;©R;
0 0 4 -50

p(AB) = p(A) = 3,n = 4 The given
equation is consistent, has infinitely many
solutions. Writing the equations using the
echelon form, we get

5x; —x3 =0, 2x, — 2x3 — x4, = 0 and
4x3 — 5x, = 0.

Substituting x, = tin4x; — 5x, =0

4x3 - 5t = 0
4X3: 5t

5t

x3=_

4
N 5¢t .
Substituting x, = t and x3 = — in
2x2_2x3_X4_ = O

2, -2 (%)=t =0

2x, ———t=0
2
5¢t
2x2=—+t
2
_ 5t+2t
T2
7t
Y 7t
27y

o 5¢ .
Substituting x3 = :tm

5x; —x3=0
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Let us choose t= 4. Then
x,=1,x,=7,x3=5andx, =4
So the balanced equation is

Cs +7Hg - 5C0, + 4H,0.

Example 1.40 If the system of equations
px +by+cz=0,ax +qy +cz=0and

ax + by + rz = 0, has a non-trivial solution
and p#a, g#band r#¢ prove that

P, 4 LT

f =2
p—a q-b r—c

Solution

The system px + by + cz = 0,
ax+qy+cz=0andax + by +rz =0 has
a non-trivial solution. So we have

p b c
a q c|=0
a b r

R2:R2_R1,R3:R3_R1

p b c
a—p q-—b 0
a—p 0 r—c

=0

p b c
—-(p—a) g—b 0 [=0
—(p—a) 0 r—c

Dividing C; by (p — a), C, by (q — b) and

C3by (r—c¢)

p b

p—a q—-b r-c _

-1 1 o7V

-1 0 1
plOl_L—lO c—11|:0
p—al0 11 q-bl=1 11 r-cl=1 0
p b c _
(10— (-1-0+, =0+ =0

W) - 5D+ =0

p—-a r—c
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p_,a-ab) -9 _,

p—a q—b + r—=«¢C
p+q_q—b+r_r—c=0
p-a q-b q-b r-c r-c
L 4+ 91 1+ —1=0
p—a q—b r—=«¢
P L+ —-2=0
p—a q-—->b r—c
P+ 4+ - =2 Hence proved.

p—a q—-b>b r—c

EXERCISE 1.7
1. Solve the following system of

homogenous equations.

()3x+2y+7z=0,4x—-3y—2z=0
5x +9y + 23z =0,

Solution

Here the number of equations is equal to

the number of unknowns.

Transforming into echelon form, the

augmented matrix becomes

3 2 7 0
4 -3 -2 0
5 9 23 0

N _(3; 127 31 8_ Ry = 3R, — 4R,
0 17 34 olReT 3ROSR
3 2 7 0]

>0 —17 —-34 0|R;=R;+R,
o o 0 ol

So,p(AB) = p(A) =2andn = 3.

Hence, the system has a one parameter
family of solutions. Writing the equations
using the echelon form, we get

3x+2y+7z=0and -17y — 34z =0
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To solve the equations let z = t,
then —17y — 34t =0

—17y = 34¢

34t

17

y =—2t
Substituting z = t and y = —2t in
3x+2y+7z=0
We get 3x +2(-2t)+7t =0

3x—4t+7t=0

3x+3t=0
3x = -3t
— (3K
3
x=—t

So the solution is
x=—t,y=—2tand z=twheret € R

(i)2x+3y—z=0,x—y—2z=0
3x+y+3z=0,

Solution
Here the number of equations is equal to
the number of unknowns. Transforming
into echelon form, the augmented matrix
becomes

3 -1
—1 o552
i 3

R1<—>R2

|r, = R, — 2R,
R3:R3_3R1

S O W N = w =N
w
I
[

o O O o O O o O O
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1 -1 -2 0
0 5 3 0
0 0 33 0

el

R3 = 5R3 - 4R2

So, p(AB) = p(A) =3 andn = 3.
Hence, the system has a unique solution.
Sincex =0,y =0,z =0, isalways a
solution of the homogeneous system, the
only solution is the trivial solution
x=0y=02z=0.

2. Determine the values of A for which the
following system of equations
x+y+3z=0, 4x+3y+1z=0,

2x + y + 2z = 0,has (i) a unique solution
(ii) a non-trivial solution.

Solution :Here the number of equations is
equal to the number of unknowns.
Transforming into echelon form, the

augmented matrix becomes

1 1 3 0
4 3 1 0
2 1. 2 0
IR | 3 0]
R, = R, — 4R
-0 =1 A-12 0|  _ 7 p
0 -1 —4 ol 773 ‘
11 3 0]
e 0 _1 /’1—12 OR3:R3_R2
0 0 A-8 ol

()1 +#8, p(AB) = p(A) =3andn =3
The given equation is consistent, has
unique solution.

(ii))1 =8, p(AB) = p(A) =2andn =3
The given equation is consistent, has a

non-trivial solution.
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3. By using Gaussian elimination method,
balance the chemical reaction equation:
C,Hg + 0, - H,0 + CO,.

Solution
We are searching for positive integers

X1, X9, X3 and x, such that

x1 CoHg + x,05 = x3H,0 + x4,CO0,. ....(1)
The number of carbon atoms on the left-
hand side of (1) should be equal to the
number of carbon atoms on the right-hand
side of (1). So we get a linear homogenous
equation

2x1 = x4 8ives 2x; —x, =0 ... (2)
Similarly, considering hydrogen and
oxygen atoms, we get respectively,
6x, = 2x3 gives 6x; —2x3 =0 ... 3)
2x, = x3 + 2x,4 gives

2x; —x3— 2%, =0 ... 4)

Equations (2), (3), and (4) constitute a
homogeneous system of linear equations in

four unknowns. The augmented matrix is

2 0 0 -1 0

[AB]=|3 0 -1 0 ©
02 -1 -2 0

2 0 0 —1 0]

-»lo 0 -2 3 0|R,=2R,—-3R,;
0o 2 -1 -2 ol

2 0 0 —1 0]

[0 2 -1 -2 0|R, < R;
o 0 -2 3 ol
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p(AB) = p(A) = 3,n = 4 The given
equation is consistent, has infinitely many
solutions. Writing the equations using the
echelon form, we get
—2x3 + 3x4 =0, 2x, — x3 — 2x, = 0 and
2x1 — x4 = 0.

Substituting x, = tin2x; — x, =0

le—t=0
lezt

t

x1=5

Substituting x, = tin —2x3 +3x, =0

—2x3+3t=0
—2x3 = —3t
2x3 = 3t
X =2

o 3 .
Substituting x; = % X3 = ?t and x, = tin
2x2 —X3 _ZX4 =0

2, > —2t =0

3t
3t+4t
2x2 =
7t
2xy, = —
A3
7t
xz = -

4

t 7t 3t
So, x; =X = X3 =?andx4 =t

Let us choose ¢t= 4. Then
X, =2,%p=7,x3 =6andx, =4
So the balanced equation is

2 C,Hg + 70, - 6H,0 + 4CO,.
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EXERCISE 1.8
Choose the Correct answer:

1.1If |adj(adjA)| = |A|® then the order of
the square matrix 4is......

(1) 3 (2) 4 3)2 (45

2.1f Ais a 3 X 3 non-singular matrix such
that AAT = ATAand B=A7147,
then BBT=......
(LA (2)B 3)I (4) BT

3.IfA=[i g],BzadeandC=3A,

ladjB| _

the
[C]

1 1 1
D3 )5 B3, M1

1 —2]1 6 0 A
4.1FA | 4__[0 6],thenA— ......
1 —2] 1 2
m|; @ | 5
4 2 A
O @[, ]
_[7 3] A

5.1fA_[4 ] thenor—a=

1

(1) 41 (2)% (3)34~! (4241

2 0

6.1fA=[1 .

14
and B—[Z O] then
| adj (4B) | =

(1) —40 (2)-80 (3)—60 (4)—20

1 x 0
7.1fP=11 3  0}isthe adjoint of
2 4 =2

3 X 3matrixAand | A| =4, thenx is
(D15 (2)12 (3) 14 11

3 1 -1
2 =2 0| and
1 2 -1

8.IfA=
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a1 412 Qg3
A™!' = |az1 azz azs|thenthe
31 dzz dsz

value of a3 is.....

Mmoo @)-2 3-3 ®W-1

9.If A, B and C are invertible matrices of
some order, then which one of the
following is not true?
(DadjA=|A|A™11
(2) adj (AB) = adj (A)adj (B)
(3) det A7 = (detA)™?

(4) (ABC)™t =Cc-1p~1471

12 —-17

10.1f (AB)~! = [_19 o

] and
Al = [_; _g], thenB™ 1 =....

wl; G @f

31 8 -5
O O] I
11.1f ATA™1 is symmetric, then 4% =. .. ...

()4 (2) (a")?

(34" (4) (A71)?

12.If Ais a non-singular matrix such that

Al = [_2 _‘ﬂ ,then (AT t=....
@[ ]

o[
o, & @f J
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vl w

13.IfA=

valueof x is...

@-2 @: W3

-3

1
14.IfA =
—tanz

thenB=....
(1) (cos2 g) A
(3) (cos?0)1

15.10A=[_%9
k

A(adjA) = [ :

(Do (2) sinB

sin 8
cos @

4
g and AT = A1, then the
5

0
tan—

2land AB=1,
1

(2) (cos2 g) AT
(4) (sin2 g) A

and

0 .
k],thenkls....

(3)cosb (D1

16.IfA = [é _g]be such that A1,

thenAis.....

(117 (2) 14

(3)19 (4)21

17.1fadjA=[2 _*]and

adiB=[_} ~Z]thenadj4B)is. ...

Ol

O

@[5 _o

@[5

18. The rank of the matrix

1S 3
2 4 6
-1 -2 -3
M1 (22

-4

4
8lis......

3)4 (43

19.1f xy? = e™, x°y% = ", A= m b

n dl

sem 2 e [2 v
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the values of x and y are respectively
YNy

(De "b1,e "M

(2) log(A1/43),log(A,/A3)

(3) log(A,/44),log(A3 /A1)

A A
@) e 1/A3,e “/ng

20. Which of the following is/are correct?
(i) Adjoint of a symmetric matrix is also
a symmetric matrix.
(ii) Adjoint of a diagonal matrix is also a
diagonal matrix.
(iii) If Ais a square matrix of order nand
Ais a scalar, then adj(14) =

Atadj(A).
(iv) A(adjAd)= (adjA)=|A | ]
(1) Only (i) (2) (ii) and (iii)
(3) (iii) and (iv) (4) (i), (ii) and

(iv)

21.If p(A) = (AB), then the system AX=F8
of linear equations is
(1) consistent and has a unique solution
(2) consistent
(3) consistent and has infinitely
many solution
(4) inconsistent

22.1f0 < 6 <  and the system of
equations x + (sin6)y — (cos8)z = 0,
(cosO)x—y+z=0,(sinf)x+y—z=0
has a non-trivial solution then @ is.. . ..
2T 37 51 T
L7 @O O Cn

23. The augmented matrix of a system of

1 2 7 3
linear equationsis |0 1 4 6
0 0 A—7 u+5

The system has infinitely many
solutions if......
D =7pn+# -5

3)A#=7,u=+ -5

(2)A=-7,u=5,
AHA=7,pu=-5
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2 -1 1
24. LetA=|-1 2 —1|and
1 -1 2
3 1 -1
4B =[ 1 3 x |. If Bis the inverse
-1 1 3
of 4, then the value of xis......
(D2 (2) 4 (3)3 D1
3 -3 4
25.IfA=|[2 -3 4]then adj(adjA) is....
0 -1 1
3 -3 4 [6 —6 8]
1) [2 -3 4 2)|14 -6 8
0 -1 1 0 —2 2]
-3 3 —4 [3 —3 4]
3) [—2 3 —4] @fo -1 1
0 1 -1 2 =3 4]
Formulae:

1. For 2x 2 matrix, adj A is obtained by
i) Interchange of main diagonal elements
ii) Change the sign of other elements.

2. Cofactor Matrix of A = Aj;j

3. Adjoint Matrix of A = AijT

4.A1=1 Adj A
4]

5. A(adjA) = (adjA) A=A |

1

6. A= im adj(adj A) and
1 1 .
Al= + T (adj A)

7.(AN) =AD"

8.(AB)-1=B-1A-land(4™ 1)1 =4

9. If the Matrix is in Echelon form, then the
number of non zero rows is the rank of

the matrix and it is denoted by p(A4).
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10. A square matrix A is called orthogonal
if AAT=ATA=1]

11. Ais called orthogonal if and only if
Ais non singular and A-1 = AT

12. cos 2x = cos?x — sin*x and

sin 2x = 2sinx cos x

14.G0) A == (i@ t=@ADT

1
4]

(i) QA)™L = % A~Y, Ais ascalar.

15. Methods to solve the system of linear
equations AXB =
(i) By matrix inversion X = A™1B
(ii) By Cramer’s rule if A # 0

A A A
x=-=y=2andz==2
A A A

(iii) By Gaussian elimination method

16.1f p(AB) = p(A) then the given equation

is consistent.

17.1f p(AB) # p(A) then the given equation

is inconsistent.
18.1f p(AB) = p(A) = n, the number of
unknowns then the given equation is
consistent and has unique solution.
19.1f p(AB) = p(A) # n, then the given
equation is consistent and has
infinitely many solutions.

20. The homogenous system of linear
equations AX =10
(i) has the trivial solution, if | A| # 0.

(ii) has a non trivial solution, if | A| =0.

www.TrbTnpsc.com
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Chapter2- Complex Numbers
Example 2.1 Simplify the following

(D)i” =i*iP=i3=i*i=—i

(ii)i1729 =i1728i :i4-(4-32)i =i

(iii)i—1924 + i2018

— i—4(482)+0 + l'4(504)+2

=i%+i2
=1-1
=0
(iv) Xp24 it
=@+ +E+N+ @S+ +i)
F ot (@7 +i%8 4% 4 100)
+—i101 +—i102
— j100+1 4 ;100+2
=it +1i?
=i—1
(v)ii%idi*...i*°
— j14+2+3++40

40X41
::i 2

— {820

— 4(205)+0

=0

EXERCISE 2.1

Simplify the following:

1. i194-7 + i1650 — i1944+3 + l'194-8+2

=i3+i?
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=% + i?
=—i—1
5 ;1948 _ ;-1869
_;1948+0 _ ;—-1868-1
— 0 _ ;-1
=14+i (@('=-i)
3. Xn2q 1"

=@{+i?+i3+iH+ (@ +i®+i” +i%)

+ @+ i+ it +i1?)

=0

59 — :56+3 1
4.1 +159 L +i56+3

_ 3,1

=1 +i3

2. 1

=1l +

i3i

.1

:—l——'

A
=—i— (™)
=—i— (=D
=—i+i
=0

5.0 0%i3i% ... 12000

— l'1+2+3+'~+2000

2000x2001
=1 2

= l'1000><2001

— j4(250)(2001)
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6. Ym0 ("0 EXERCISE 2.2

= (51 4 {52 4 {53 4 54 1. Evaluate the following if Z = 5 — 2i

and W =—-1+3i
+ (%% + 050 + %7 +1°8) +(°° + i°0) i

. : 1 Z+w=5-2i—-1+3i
_ 59 4 ;60 () l i
=4+
= (°6+3 4 {60%0 (i) z—iw=5-2i—i(~1+30)
34 =520 +i— 3
:l3+lo l l l
=5-—i—3(-1)
=i%i+1 — s 20203
. =8-—1i
=—i+1
(iii) 2z+ 3w
Example 2.2 Find the value of the real numbers =2(5-2i)+3(—1+ 3i)
xand y, if the complex number =10—-4i—3+09i
=7+5i

+i)x+@—-i)y+2i—3andx +

iv) zw = (5 — 2i)(—1 + 3i
(=14 2i)y+ 1 +iareequal (iv) ( O( 2

= -5+ 15i + 2i — 6i?

Solution: :
Q+0Dx+1—-0y+2i—3 =-5+17i-6(-1)
=2x+xi+y—yi+2i—3 =-5+17i+6
=2x+y—-3+xi—yi+2i =1+17i
=Qx+y—-3)+@x—-y+2)i..(1) (V) Z? + 2ZW + W?
x+(=14+20)y+1+i Z%2=(5-2i)(5-2i)
=x—y+2yi+1+i =25 — 10i — 10i + 4(i?)
=x—y+1+2yi+i =25—20i +4(-1)
=(x—-y+D+Qy+1Di ..(2) =25—20i — 4
Given (1) = (2) =21—20i

Equating the real part
2x+y—-3=x—-y+1
2x—x+y+y=1+3
x+2y=4 ...(3)
Equating the imaginary part

2ZW = 2(5 = 2i)(—1 + 3i)
=2(—=5+ 15i + 2i — 6i?)
=2[-5+17i — 6(—1)]
=2(-5+17i + 6)

X—y+2=2y+1 =2(1+171)
x—y—2y=1-2 =24 34i
x=3y=-1 ....(4) W? = (=14 3i)(-=1+3i)
Solving (3) and (4) =1-3i—3i+9i?
(3) x3=3x+6y =12 =1—6i+9(—1)
(4)X2=2x—6y=—2 =1-6i—9
S5x=10=>x=2 = —-8—6i
Substitutingx = 2inx + 2y = 4 72 +27W + W2
2+2y=4 =21—-20i+2+34i—8—6i
2y=4-2 =23 — 8 + 34i — 26i
y=2=y=1 = 15 + 8i

So the solutionisx =2andy =1
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i) (Z + W)2.
Z4+W=5-2i—1+3i

=4+
(Z+W)?=(4+10)
=16 + 8i +i?
=16 +8i + (-1)
=16+8i—1
=15+ 8i

2. Given the complex number
Z = 2 + 3i, represent the complex

numbers in Argand diagram.
() z iz,and z+iz

(ii) z —iz,and z—iz .

3. Find the values of the real numbers xand y, if
the complex numbers
B-ix—R2—-iy+2i+5and

2x + (=14 2i)y + 3 + 2i are equal

Solution:

B-Dx—R2-Dy+2i+5
=3x—xi—2y+yi+2i+5
=3x—2y+5—xi+yi+2i
=@Bx—-2y+5)+i(—x+y+2)..(1)

2x+ (=14 20y +3+2i

=2x—y+2yi+3+2i
=2x—y+3+2yi+2i
=QRx—y+3)+QRy+2)i ..(2)
Given (1) = (2)
Equating the real part
3x —2y+5=2x—y+3
3x—2x—2y+y=3-5
x—y=-2 ....03)
Equating the imaginary part
—x+y+2=2y+2
—x+y—2y=2-2
—x—y=0
x+y=0 ....(4)
Solving (3) and (4)
xX—y=-2
x+y=0
2x=—2=>x=-1
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Substitutingx = —linx+y =0
—-14+y=0=>y=1
So the solutionisx = —landy =1

EXERCISE 2.3
1.IfZ, =1-3i,Z, =—4iand Z3 =5,
show that
(D) (Zy+2Z)+Z3=21+ (Z3 + Z3)
(Z,+Z,)+Z;=(1—-3i—4i)+5
=(1-7i)+5
=6—7i ....(LHS)
Zy+ (Z, + Z3)
=1-3i+(—4i+5)
=1-3i—4i+5
=6—7i ....(RHS)
Hence (LHS) = (RHS)
(i) (Z1Z2)Z3 = Z1(Z,Z3)
(Z1Z,)Z3 = [(1 = 3D)(—4D)]5
= (—4i + 12i?)5
= (—4i+12(-1)5
= (—4i—12)5
= —20i —60....(LHS)
Z1(ZyZ3) = (1 —3i)(—4i x 5)
= (1 - 3i)(—20i)
= —20i + 60(i?)
= —20i + 60(—1)
= —20i —60....(RHS)
Hence (LHS) = (RHS)

2.1fZ, =3,7, = —7iand Z; = 5 + 4i,
show that
(D) Z1(Zy + Z3) = Z1Z5 + 21 Z3
Z,(Zy + Z3) = 3(=7i + 5 + 4i)
=3(-3i+5)
= 3(5 — 3i)
=15-29i....(LHS)
Z1Zy + 2,74
= (3)(—=7i)) + (3)(5 + 4i)
= —=21i +15+ 12i
=15—-29i....(RHS)
Hence (LHS) = (RHS)
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(11) (Zl + Zz)Zg = leg + Zng .
=15+ 12i — 35i — 28i?

=15 — 23i — 282
= 15— 23i — 28(—1)
=15—23i + 28

=43 —23i ....(LHS)
Z1Zs + ZyZs
=35+ 4i)+ (=7i)(5+ 4i)
=15+ 12i — 35i — 28i?

= 15 — 23i — 282
=15 — 23i — 28(-1)
=15—23i + 28

=43 —23i ....(RHS)
Hence (LHS) = (RHS)

3.1fZy =2+5i,Z, = -3 —4iand
Z3; = 1+ i, find the additive and
multiplicative inverse of Z;, Z, and Z;.
(i) Additive inverse of Z;=—Z;
=—(2 4+ 5i)
= —2—5i
(ii) Additive inverse of Z, = — 7,
=—(—3 —4i)
=3+4i
(iii) Additive inverse of Z; = — Z;
=—(1+1)
=—1—1i

1
(i) Multiplicative inverse of Z;= 7
1

1
T 2450
1 (2-5i
_2+5i(2—5i)
_2-5i
T 4425
=2—19(2—5i)
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1
(ii) Multiplicative inverse of Z,=—
2

1
 —3-4i

1 —3 440
_—3—4i(—3+4i)
=3 +4i
"~ 9+16

1 .
= (=3 +4i)

1
(iii) Multiplicative inverse of Z;= 7
3

1
1+

3+ 4i
5 —_
hence find its real and imaginary parts.
Solution:

Example 2.3 Write

3+4i
5-12i
3+4i 5+12i

5-12i 5412
15 + 36i + 20i + 48i2
25 + 144
15+ 560 + 48(-1)

169
15 + 561 — 48

169
— 33 + 561

169
3+4i _ —-33 | 56i

5-12i 169 169
56

33
Re(Z) = —1—69and Img(Z) = e

140\ (1-i\3
Example 2.4 Simplify (1 i— ll) - (:i)

LetZ =

Solution:
1+ 1+ 1+
- = - X ,

1-i  1-i 1+1i
14 i+i+i?
SO 1
_ 1+42i+(-1)
o 1+1
14201
T @

-in the x + iy form,
121
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_ 2 Example 2.6 If Z, = 3 — 2i and
2
V4
= Z, = 6 + 4i, find =
Z3
-\ 3
(1+l) =3 L Zy a\@palz
1-1i Solution: — = -
. . Z2 6 + 41
=11
. 3-2i  6-4i
—1 = - X .
6+ 41 6 —4i
1-0\3 [1+i\73
( ) =( ) _ 18-12i—12i+8i?
1+1 ig_ ' T 36+16
=1
L 18-24i+8(~1)
2 = —_—
=—=X- 36 + 16
RN
i _ 18-24i-8
T4 52
=1 _ 10-24i
(1 + i)3 (1— i)3 P = _o; 52
— —_— = — — —_ — l .
1-1i 1+ _2(5-120)
52
Z+3  1+4i .
Example 2.5 If Parriakersy, find the complex _ (5-120)

; 26
number. _
Solution: _ 5 12

Z+3 _ 144i 26 26
Z-5i 2 5 s
2(z+3)=(z-5)1 + 40) T 26 13

22+ 6 =z + 4zi — 5i — 20i?
2z+ 6 =z+4zi —5i —20(—1)
224+ 6=z+4zi —5i+ 20
2z —z—4zi=—5i+20—6 Z7' =
z—4zi =-5i+14
z(1 — 4i) = 14 — 5i

Example 2.7 Find Z7YifZ= (2 + 3i)) (1 — i).
Solution:

1

z

_ 1

T (2+30)(1-0)

1
5 = 145l 144l © 2-2i+3i-3i2
1-4i ~ 1+4i
1
— +56i—5i—201 2+l—3(—1)
1+16
__ 14+51i-20(-1) = =
FT 17 2+i+3
__ 14451i420 _ 1 % 5-i
17 5+i 5-i
_ 34451 5_j
17 =
25+1
__17(2+3i)
Y _ 5-i
. 26
=2+ 3i
5 i

T 26 26
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Example 2.8 (i) Show that

(2 + i\/§)10 + (2 — i\/§)10 isreal and (ii)

(19+9i)15 (8+i)15- lv imagi
— is purely imaginary.
5-3i 14 2i purely imaginary

Solution:
Let Z=(2+iV3) " +(2-i3)"
Then Z=(2+w3)" +(2-w3)"
=2+w3) " +(2-13)"
=(2+ u/§)10 + (m)”
=2-i3)" " +(@2+i3)"

=17, S0

(2 +iv3)" + (2 - iv3) “is real.

.\ 15 . \15
19 49 8
(ii) LetZ=( 2 l) —( “)

5-3i 1+ 2i
19490 _ 19+49i _ 5+3i
5-3i  5-3i  5+3i
_ 95+57i+45i+27i?
N 25+9

95+102i+27(—-1)
34

95+102i—-27
34
68+102i
34
34(2+3i)
34

=2+ 3i

8+i _ 8+i _ 1-2i

1+ 2i 1+ 2i 1-2i

8—16i + i —2i?

1+4
8—15i —2(—1)

5

8—15i + 2

5
10 —15i _ 5(2 —3i)

5 5

=2-3i
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So 7= (19 +9'i)15 B ( 8 + i,)lsgives
5-3i 1+ 21
Z=02+3)®-(2-3)1
So, Z=(2+ 3™ - (2-3)t
=2+3n-(2-3)t
=Q2+3*-2-3)*°
(2 -3 - (2+30i)?1°
—[2+ 3D - (2-3D)"]

Z=-1

Z_(19+9i)15 (8+i)15
~ \s5-3i 1+2i

is purely imaginary.

EXERCISE 2.4

1. Write the following in the rectangular form:
OG+9)+2-4)
Solution:

LetZ=(5+91) + (2 — 41)

=0G+9+2—-41)
=(7+ 51)
=7—5i

... 10— 5i
11
( ) 6+ 2i

LetZ =

10— 5i
6+ 2i

10— 5i 6 —2i
= - X -
6 + 21 6 — 21

60 — 20i — 30i +10i2
- 36 + 4

60 —50i +10(—1)
- 40

60 — 50i — 10
B 40
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(i) 31 + % (iii) Im (3Z + 4Z — 4i)

Z=x+1iy
= 1
LetZ—31+; 3Z4+4Z —4i
. 1 241 =3x+iy)+4(x—iy)—4i
==-3i+— _
2-1 241 =3x + 3yi + 4x — 4yi — 4i
:_3i+2+i =7x—yi—4i
4+1
B 3,_|_2+i =7x+ (—y —4)i
N T e Im (3Z +4Z —4i)=—y — 4
_ 5(-3i)+2+i
5 3.1fZ, =2 —iand Z, = —4 + 3i,
_ —15i+ 2+ -
~ 5 find the inverse of Z,Z, and Z_l
2
= # Solution:
-5 = —8 + 6i + 4i — 3i?
_ 2 o = —8 + 10i — 3i?
5 5
=-8+10i —3(—1
2.1fZ = x + iy, find the following in N =D
=—-8+10i+3
rectangular form.
=—-5410i
. 1
) Re 3) :
. (i) inverse of Z,Z, =
Z=x+1y Z1Z;
1__1 _ 1 —5—10i
Z  x+iy T (=5+410i) = (=5-100)
_ 1 x x_iy — -5 —-10i
_ -5 —10i
x—iy =
= 125
2 2
i -5 (1+20)
__x U 045
x2+y2  x24y2 o @+2
1 x N 25
Re (- )=
(z) x21y2 = —% (14 20)
(i) Re (i 2) (ii)Inverse of 2 i 2
Z, Z
L=x+1y 2 1
7. 5O é_—4+3ixz+i
é o B Zy 2-i  2+i
12)=ilx~iy) —8—4i+6i+3i?
=xi — i’y = 4 +1
=xi—(—1)y =xi+y _ —8+2i+3(-1)

Re(iZ) =y 5
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_-8+2i-3 Solution: Let z = x + iy
5
1142 thenz = x — iy
} ifz=2
1 .
=< (=11 +20) x+iy=x—1iy
4. The complex numbers u, v, and w are Itis trueifand onlyif y = 0

related by 1=1 + l. that is z is real

u v w _ B

=3 —4i = [ fi i Z+7Z Z—-7
Ifv=3—4iandw=4+ 3i, find uin (i) Re(Z) = and Im(Z) = 2=
rectangular form. 2 2i
1 1 1 = . .
Solution: — = = + — z+Z=x+iy+x—1iy
u v w
WO 4 1 =2x
T 3-4i  4+3i =2Re(Z)
4+3i+3—-4i =
e —— Z+7Z
(3 — 4i)(4 + 3i) — = Re(Z)
7—1

= zZ—Z= iy — (x — i
12 +9i — 160 — 12i2 x (x ly)

7 =x+iy—x+iy
T 12 - 7i —12(-1) = 2iy
— 71 =2Im(Z)
12 -7i+12 ~
zZ-Z
_ 7 . proeo Im(Z)
24— 7i
_24-70 2 7+
TN 7+ 6. Find the least value of the positive
__ 168 + 24i — 49i 7 integer n for which (V3 + )"

49 +1
(i) real (ii) purely imaginary.
168 — 25i —7(-1)

= 0 Solution:
168 —25i+7 LetvV3+i=1r(cos@ +isinf)
>0 r=va? + b?
175 - 25i
>0 = V3 +12
_25(7-1)
= "0 —V3F1
_ -9 =4
2 — 2
1 , b
u=-0-0 tanf = —
a
—
e
5. Prove the following properties: g="
6

(i) zisrealifand only if z =Z
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\/§+l—2(COS g-I-LSlrlg)
N ARG\
(V3+i) =2 (c036+151n6)
_ on nm ., . . 0T
=2 (cos S +i sin - )
(i) Whenn =3
AL nm . . nm
(V3+i) =2 (cos 6+Lsm6)r,'
A3 o3 3m . . 3T
(V3+i) =2 (cos 6+Lsm6)
_ 3 E .. E
=2 (cosz+lsmz)
=23(0+i (1))
=23(0+i)
= 23i, purely imaginary.
(ii) Whenn =6
AT _ 4n nm . . nm
(\/§+l) =2 (cos 6+lsm6):>
N o6 6m . . 6T
(\/§+l) =2 (cos 6+lsm6)
= 23(cos m+isinT)
=2°((-D+i (0))
=23(-1+40)
= — 23 real

7. Show that
(i) Show that (2 + iv3) " — (2 — iV3)

is purely imaginary and

.\ 15 .\ 15
19 -7i 20— 51
(i) ( - ) + ( . ) is real.
941 7 — 61
Solution:

Let Z= (2+iV3)  —(2-iV3)"
Then Z=(2+w/3)"’ - (2—w3)"
=(2+w3)" - (2-13)"
=(2+ n/§)10 -(2- z\/§)10
= (2-iv3)" - (2+i3)"
=—[2+i3)" - (2-iV3)"]
=~ 7,50

(2 + i\/§)10 — (2 - i\/§)10is imaginary.
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19 —7i\ 15 20 — 5i\1°
(ii) LetZ=( ,l) +( l)
94i

7 — 61

199-7i 19-7i  9-i
9+1i 9+1i ><9—i
171-19i — 63i + 7i?
81+1
171 —82i +7(-1)
81+1
171 - 82i -7
82
164 — 82i
82
82(2 —1)
82
=2-1i
20—5i 20-5i_ 7+6i
7 — 6i 7—6ix7+6i

140 + 120i — 35i — 30i?2
49+36

140 + 85i — 30(—1)
85

140 + 85i+30
85

170 + 85i
85

85(2+1)
85

=241
=Q2-D"+2+)"
So, Z=(2 -1+ (2+1)15
=Q2-)P+2+?
=2-9%+@+*°
=Q+D)5+@2-0)1
=[2+ D"+ (2-0)"]

.\ 15 .\ 15
19 -7 20—-5
( _l) + ( _l) is real.
9+1 7 — 61
Example 291fZ;, =3+ 4i,Z, =5—-12i

and Z3 = 6 + 8l flnd |le, |Z2|, |Z3|, |Zl+Zzl,
|Z2 - Z3| and IZl +Z3|.
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Solution: (i) Z; = 3 + 4i =92 t 122
1Z,] = |3 + 41 =81 + 144
=32 +42 — V275
=9+ 16 =15
=25 Example 2.10 Find the following
=5 | 2+i
0=
(i) Z, = 5— 12i
) [(1+0)(24+3i)(4i — 3
\Z,] = |5 — 12i] @) (1 + )( )(4i - 3)|
2+ D3
=,/5%2+ (—12)2 (iii) | (1+10)2
= 25 + 144 | 2+ |2 + ]
Solution: (i) | | = 3
= V169 ~1+2il  |-1+ 2i
=13 V22412
(iii) Z5 = 6 + 8i V(=1)2+22
1Z5] =16 + 8i] Va1
=62 + 82 vitd
= /36 + 64 =1
=+/100 (@) |(1+ )2+ 3i)(4i — 3)]|
=10 = |1+ t]|2 + 3i||4i — 3]
(V) Z,+Z, =3 +4i+5—12i =1+ i||2 + 3i||4i — 3|
=8-8i = (VIZ+ 1) (V22 + 37) (V47 + (=3)?)
Zi1+7,| =|8—8i
ot 2l = | =(VI+1)(V&+9)(Vi6 +9)
= /87 + (—8)?
i = (V2)(V13)(V25)
=64 + 64
= 5(/2)(VT3)
=,/2(64)
=5(v26)
=82
. . (i) |i(2+i)3 iz +iP?
=5—-12i—6—8i 223 (1+i)2 - |1+i|2
=—1-20i \
7, — 2] = LR VT (V2T
2~ 431 = ' (VEr12)’
= /(=12 + (-20)?
VED?+(=20) _Vi(Va+1)
=1+ 400 - (m)z
= /401 B 1(\/5)3
Wwi)Z,+Z;=3+4i+6+8i - (ﬁ)z
=9+12i 5vE
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Example 2.11 Which one of the points
i,—2 + i, and 3 is farthest from the origin?

Solution:
The distance from the origin to
Z=1i,—2+i,and 3are
1Z|=li|=V12=V1=1
Z| = |-2+il = /(=2)2 + 12
—VEFI=15
1Z] = 13]=3

The farthest point from the origin is 3

Example 2.12 If Z,, Z, and Z5 are
complex numbers such that

|Z1| = |Zz| = |Z3| = |Z1 + Z, +Z3| =1,

1 1 1
— 4+ SoR
Zy  Zp Z3

find the value of

Solution: |Z,| = |Z,| = |Z5] =1

Hence |Z,|? = 1= Z,Z,

Similarly Z, = Zi and Z; = zi
2 3

So, Zil+z—12+% = |7, + 7, + 74|
=|Z,+Z, + 73]
=2, + Z, + 7]
=1

Example 2.13 If |Z| = 2 show that

3<|z+3+4i|<7

Solution:

We know that |Z; + Z,| < |Z;] + |Z,]

Hence, |Z + (3 + 4i)| < |Z]| + |3 + 4i]
<2+ |3+ 4i|
<2++V32+42
<2++V9+16
<2++25
<2+5

<7 ....(D
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We know that |Z; + Z,| = ||le — IZZ||

Hence, |Z + (3 + 4i)| = [I1Z| — I3 + 4i]|

> |2 — |3 + 41|
> |2 — V3% + 47|
> 12 -9+ 16|
> |2 — /25
> |2 -5
> |-5|

>3 ....(2)

From (1) and (2)
3 <|z+ 3+ 4i| < 7isproved.

Example 2.14 Show that the points

-1 . .43 -1 .43
1,—+ £and——l£a\rethe
2 2 2 2

vertices of an equilateral triangle.

Solution:
Im
1 43 |
Pl b
g ,.,.a-"'#' ' Re
] \II? _.-'" .
2 2
-1 .3
Zz 7 + 1,7
-1 .3
Z3 = lT

The lengths of the sides of the triangles are

-1 .3
12, — Z,| = 1—(7+17>|




1Z, =

|23

Since the sides are equal, the given points form

— 7| =
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9 3
= |-+ -

4 4
_ fo+3
- 4
~ ez
T Al 4
=3

-1 V3 o1 V3
= 7+17+§+l7‘
V3
= 2l?’
= |V3i
2
=J(v3)
=+/3
-1 V3
(F-i5)- o)
-1 .V3
= 7_1,7—1’
-1 .V3
=z 1-i7
_ —1—2_i§
- 2 2
_|2_;
|2 2

an equilateral triangle.
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Example 2.15 If Z;, Z, and Z5 are complex
numbers such that |Z;| = |Z,| = |Z5| =r >0
and Z, + Z, + Z3 # 0, prove that

ZyZo+ZyZ3 4757 |
Z1+Z,+2Z3 o

Solution: |Z;| = |Z,| = |Z3| =7

Z12=r2
2.7, = r?
2
T
Zl:Z:
1

r2  r?
SO,Zl+ZZ+Z3=Z:+Z:+Z:
1 2 3

=r?2 (= + =+ =)
Z | Z; 7,

— 12 (Z_z Z3+7, 23+ 7,7, )

Z1Z, Z3
VAV AR IAVARIAYS)
|Zy + Z, + Z3| = |7'2|
VARA YA
] |23 23+ 21 Z3+21 25 |
1Z111Z, || Z5]

2 12223421 Z3+71Z,|
(r (™))
32 |Z2Z3+Z1Z3+Z1 Z, |

r3

2325+ 2,75+ 7, Z, |

T

AL |Z2Z3+Z1Z3+21 Z,|
|Z1+25+25]

Z1Zy+ZyZ3+Z3Z1|
Z1+Z,+27Z3

Hence

Example 2.16 Show that the equation Z? = Z
has four solutions.

Solution: Z2 = Z

1Z|? = |Z|
1Z|? = |Z|
1ZI? = 1z] =0
1Z|(1Z]| -1) =0

So,|[Z|=0and|Z]—-1=0
|Z| =0 =givesZ =0
|Z| =1 =0gives |Z| =1
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Z7Z=1
GivenZ? =7
_1
z
Z3=1

It has 3 non-zero solutions. Hence including

zero solution, there are four solutions.

Example 2.17
Find the square root of 6 — 8i

Solution: Va + ib = + ’IZI2+a + i% /IZIZ—a

LetZ=6—8i
1Z] =16 — 8i
=/36 + 64
=+/100
=10
Herea=6and b= -

o= - = s f:F)

(-8

= +(V8 - iv2)
= +(V4x2 - iv2)
= +(2v2 - iv2)

EXERCISE 2.5
1. Find the modulus of the following

complex numbers

20
i
()3+4i
| 2i |_ |2i]
3+4il |3+ 4i|
1/22
V32442

(i) >

1+l
2—-1
1+

2—1i
1+1i
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V4

- VJ9+16

_ V4

V25

_2

5

41 2i

1—i

1-—2i

1-1i
_2-DA-D+a -2 +1)
o 1+0)(1-10)
_ (2-2i-i+i%) 41+ i-2i-2i%)
- (1—i + i—i2)
_(2-3i+(-D)+(1-i-2(-1D)
B (1-(-D)
_2-3i-1D+(1-i+2)
N (1+1)

_(1-3i)+(3-1i)
o 2
1- 3i+3-1

_2(2-2i)
Vs 2

=2-2i
=12 —2i
4+ 4
2(4)
=22

(i) 11— D=1 - DI

10
=412 + (=1)2
10
=v1+1

10
=2

_ (2%)

= 29280

10

(iv) |2i(3 — 40) (4 — 30)|
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= |2i||3 — 4i||4 — 3i]

=22,/32 + (—4)? /4% + (-3)2
=V4/9 + 16 V16 + 9
=4+v2525

=()5)(®)

=50

2. For any two complex numbers Z;

and Z, such that |Z;]| = |Z,| = 1and

Z1+2Z,
Z1Z, # —1, then show that
1+ 2,2,
is a real number.
Solution: Given: |Z;| = 1
= le_l = 1
1
Z ==
177
. 1
Similarly Z, = =
Zy
1.1
ZI+ZZ _ E z
= T 1
1+ 2Z.Z =
142 1+ZE
Z+Z;
— _2122
T Z1Z3+1
AYA,
_ Z1+Z
14212,
_ 217y
1+7,2,

-G
 \1+2,2,
Since, Z = Z, Z isreal

Z1+Z,
“1+2,2,

isreal

3. Which one of the points 10 — 8i,
11 + 6iisclosestto 1 +i.
Solution:
Let A, B and C be the points.
Then the distance
|AC| = |(10 — 8i) — (1 + )|
=]10-8i—1—1i|
=19 — 9i|
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=v81+81 =+162

|BC| = (11 + 6i) — (1 +1i)]
=|114+6i—1—i
= |10 + 5i]
= {102+ (5)
=100 + 25
=+/125

The point 10 — 8i is closestto 1 + i.

4.1f |Z| = 3showthat 7<|z+ 6 —8i| <13
Solution:
We know that |Z; + Z,| < |Z;| + |Z,|
Hence,
|Z + (6 —8i)| < |Z| + |6 — 8i]
<3+ |6 — 8i|
<3+.62%2+(—8)2
<3++36+64
< 3++100
<3+10
<13 ....(1)
We know that |Z; + Z,| = ||le — IZZI|
Hence,

1Z + (6 — 8i)| = |1z] — |6 — 8|

> |3 - 16— 8il|
> |3 -/6Z + (=877
> [3 — /36 + 64|
> |3 — V100
>3- 10]
> |-7|

>7 ....(2)

From (1) and (2)
7 <|z+ 6 — 8i| < 13 is proved.

5.1f|Z| = 1,showthat2 < [z2 — 3| < 4
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Solution:
We know that |Z; + Z,| < |Z,| + |Z,]
Hence,
1Z% + (=3)] < |1Z|* + |-3]
<1+3
<4 ....(D
We know that |Z; + Z,| = |1Z,] — |Z,|
Hence,
122 - 3| = [|z]* - 13|
>[1-3|
> |-2]
>2 ....(2)
From (1) and (2)

2 < |z% — 3| < 4 is proved.

6.If |Z — §|= 2, show that the greatest
and least value of |z| are V3 + 1 and
/3 — 1 respectively.
Solution: Given |z — §|= 2
2 2
2= |z =3 +3]
By triangle law of inequality,
2 2 2 2
I il R I P
2=+l =l =2 +
<2+ |§|
<2+=

1Z|

2|1Z]+2
1Z]

|Z|?2 < 2|Z] + 2
1Z|? = 2|Z| <2

1Z] <

Adding 1 on either side
|Z|? =2|1Z|+1<2+1
[1Z| —-1]> <3
(1Zl-1) <+v3
1Z] < +V3 +1
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The greatest and least value of |z| are V3 + 1

and V3 — 1 respectively.

7.1fZ,, Z, and Z5 are three complex
numbers such that |Z,| =1, |Z,| = 2,
|Z3| =3 and |Z, + Z, + Z3| =1,
show that |9z,z, + 42,25 + z,23| =6

Solution: Given |Z;| = 1

SNB T =1
Z.Z, =1
Zy =5
|Z,| =2
wZt=4
Z,Z, =4
Zy =Zi—2and
1Z5] =3
w73t =9
Z3Z5=9
Z3=%

T4 2473 = =t =+

Zy  Zp Z3
Z3 Z3+ 42, 234971 Z,
Zy Zp Z3

Z3 Z3+ 421 234971 Z,
Zy Z; 73

|Zy +Z, + Z3] =

7,73+ 47173 +9 Z1 25
AVAYA]

 |73Z3+ 47125 +9 717
Z1Z,Z3]

_ 12323+ 4212349212,
1Z111Z2]1Z3]
| = 12223+ 42123349 2,75
(D2)3)
_ 12923+ 4212349242,
6

|92,25 + 42,23 + 2,25| =6

1
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8. If the area of the triangle formed by
the vertices z,iz,and z + iz is 50 square
units, find the value if |Z].

Solution:
LetA=Z=x+1iy
B=iZ = i(x + iy)
= xi + yi?
=xi+y(—1)
=xi—y
=—-y+uxi
C=Z+iZ=x+iy)+ilx+iy)
=x + iy + xi + yi?
=x+iy+xi+y(-1)
=x+iy+xi—y
=@x-»+ilx+y)

are the vertices of the triangle.

Length of the sides
|AB| = |(x + iy) = (=y + xi)|
= |x +iy+y— xi|

=|(x+y)+ily —x)
= (x+y)?+ (y —x)?

(AB)* = (x +y)* + (y —x)?
=x2+y2+2xy +x*+y?—2xy

=x%+y2 +x% +y?
= 2x” + 2y?
=2(x* + %)
|BC| = |(=y +xi) — [(x —y) + i(x + Y]
=|(—=y+xi) —(x—y) —ix + )
=|-y+xi—x+y—xi—yil
= |—x —yil
= |-(x +yd|
= |x + yil
(BC)? =x? + y?
|AC] = |(x + yi) — [(x —y) +i(x + ¥l
=[x +y)—(x—y)—ilx+y)l
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=|x+yi—x+y—xi—yil
= |y —xi
SN
(AC)? = x? + y?
Since (AB)? = (BC)? + (AC)?, the given
vertices form a right angled triangle with AB as

hypotenuse, BC and AC as the base and height.

Area of the triangle = % XbXxXh

50=§xbxh

100 = /(x2 + y2) X/ (x2 + y?)
100 = (x2 + y?)
A2 +y?) =10
SinceZ = x + iy

1Z] = y(x? +y?)

o |Z| = 10

9. Show that the equation Z3 + 2Z = 0 has
five solutions.
Solution: Given Z3 +2Z =0
73 =-27
Taking modulus |Z3]| = |-2Z]
1Z|® = 2|Z]
1Z|® = 2|Z|
|1ZI3=2|Z] =0
1Z|(1Z]? =2) = 0
Gives |Z| =0and (|Z|?=2) =0
(1Z]>-2)=0
1Z|? = 2
(ZZ)? =2
ZZ =2

A2
VA

Given Z3 427 =0

73+2% =9
VA
Z*+242=0
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It has 4 non-zero solutions. Hence including

zero solution, there are five solutions.

10. Find the square root of
(i) 4+ 3i

Solution: va + ib = + ’|Z|¥+i% /lle_a

LetZ=4+3i
|Z| = |4 + 3i|
=42 + 32
=V16+9
=+/25
=5
Herea=4and b =3

m +< 5+4- (3) 5— 4->

|3|

()

=£(5+i%)
(i) —6 + 8i

Solution: Va + ib = + /lzl%+ i% /IZIZ—a

LetZ=—-6+8i
|Z] = |—6 + 8i]

- [Cor e

— V36764

=+/100

=10
Herea=-6andb =28

10-6 (8) ,10+6
V—8 + 6i +< |8| >

—+( frif)
= +(vV2 +iV8)
=+(V2 +iva x2)

= +(V2 + 2v2i)
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(iii) =5 — 12i .

Solution: Va + ib = + ’m%+i% ’IZIZ—a

LetZ=-5—12i
|Z| =|-5—12i|
= (=5)2 + (—12)2
=25 + 144
=+/169
=13
Herea=-5 andb=-12

( 12) . [13+5
\/—5—121—+< |12| / > >
=i‘< 13_5+(_12)i 13+5>

\/ 2 12 \/ 2

Example 2.18 Given the complex number Z =
3 + 2i, represent the complex numbers
z,iz,and z + iz in one Argand diagram. Show
that these complex numbers form the vertices
of an isosceles right triangle.
LetA=Z=3+2i
B=iZ =i(3+2i)
= 3i + 2i?
=3i+2(-1)
=3i—-2
=-2+4+3i
C=Z+iZ=0B+2i)+i(3+2i)
=3+ 2i + 3i + 2i?
=342i+3i+2(-1)
=3+2i+3i—2
=1+5i
are the vertices of the triangle.

Length of the sides
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|AB| = |(3 + 2i) — (—2 + 3i)| represents a circle, whose centre and radius
= |34 2i+2—3i| T\ 4 .
are | —, — =), and — respectively
. 3’ 3 3
=|5—i|
= /(52 + (-1 .
Example 2.20 Show that |z + 2 —i| < 2
=v25+1 . . : .
represents interior points of a circle.
= V26 Find its centre and radius.
2 _
(AB)" =26 Solution: Given |z+2—i| =2
= g =1 -5 Comparing with |z — zy| =T
=|-3—2i
| | The above equation represents the circle with
=/(=3)% + (-2)? _ - S
centre Z, = —2 + i and radius r = 2. Therefore
=VvI+4 |z+ 2 —i| <2 represents all points inside the
7 circle with centre at —2 + i and radius
V13 ircle with 2 + i and radius 2
(BC)? =13
|AC| = |(3 + 2i) — (1 + 50)| Example 2.21 Obtain the Cartesian form of the
= |3 +2i—1—5i locus of z in each of the following cases.
= |2 — 3i] (i) LetZ=x+yi

=22 + (=3)2 Then |Z| = |Z — i| gives

|x+yi|=](+yi) —i

=V&+9
=13 |x+yi|=|x+yi—il
(AC)? =13 lx+yi|=]x+(-1il
2+y2=x2+(y—1)?
Since (AB)? = (BC)? + (AC)?, the given Vet yE= 2+ (- 1)

vertices form a right angled triangle with AB Squaring,
AN 2 Y
as hypotenuse, and BC = AC, the vertices form X Ay'=x+ -1

an isosceles right triangle. yi=0-17
y2=y2+1-2y
Example 2.19 Show that |3z — 5+ i| = 4 0=1-2y

represents a circle, and, find its centre 2y — 1 =0, is the locus of Z.
and radius. (ii) |2z — 3 — i| = 3 gives

Solution:  Given |3z—-5+i|=4 12(x +yi)—3—i| =3

3|Z_(5;i) —4 |2x +2yi =3 —i| =3

(S8 |2x=3)+ 2y —-1)i| =3

|Z‘ 3 |- V@x-3)2+(@2y-1)?2=3

Squaring,
2x—-3)>+Q2y—-1)?%=9
42 +9—12x +4y* +1—4y =9

- (-9)-

Comparing with |z — z,| =T
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4x% +4y? —12x — 4y +10=9
4% + 4y —12x —4y+10-9=0
4x% +4y?2 —12x — 4y +1 =0,

is the locus of Z.

EXERCISE 2.6

1.If z = x + iy is a complex such that

|Z - 4l.| = 1 show that the locus of Z
Z +4i
is real axis.

Solution: z = x + iy

|Z—4-i
Z+ 4

|z —4i] _
|Z + 4i]

|z — 4i| = |z + 4i
|(x + yi) — 4i| = |(x + yi) + 4i]
|x + yi — 4i| = |x + yi + 4i|
lx + (v — Dil = |x + (y + Dil
\/x2+(y—4)2= \/x2+(y+4)2
Squaring
x2+(y—4)?2=x%+(y+4)>
x2+y>+16—-8y=x*+y%+ 16+ 8y
x2+y2+16—-8y—x>—-y2—-16—-8y =0

-8y —-8y=0
—16y =0 +(-16)

y=0
~z=x+1y,gives

z = x, the locus of Z is real axis.

2.1fz = x + iy is a complex such that

Im (2Z+1

" 1) = 0, show that the locus of Z is
2x% + 2y 4+ x—2y = 0.
Solution: Given z = x + iy
2z+1=2(x+iy)+1
=2x+2yi+1
=2x+ 1)+ 2yi
iz+1=i(x+iy)+1
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=xi+yit+1
=xi+y(-1)+1
=xi—-y+1
=1-y)+xi

2Z+1 _ (2x+1)+2yi
iZ+1 (1-y)+xi

_ @x+D)+2yi  (1-y)—xi

- (1—y)+xi (A-y)—xi
I (ZZ + 1) _ x+D)(—xD+2yi(1-y)

0 (1—y)2+x2

iZ+1
2Z+1
Im ( )= v

I\iz+1 0, gives

(2x+1)(=x)+2y(1-y)
(1-y)2+x2 -

Rx+1D)(—x)+2y(1—-y)=0
—2x2—x+2y—2y2=0 x(-1)

0

2x%2 + 2y +x—2y=0.

3. Obtain the Cartesian form of the locus of
z = x + iy in each of the following cases:
(i) [Re(iz)]* = 3

Solution: z = x + iy

iz=i(x+1iy)
= xi + yi?
=xi+y(—1)
=xi—y
=—y+xi
Re(iz) = —y

[Re(iz)]? = (=y)* = y?
[Re(iz)]? = 3, gives
y*=3
The Cartesian form of the locus of

Zisy?=3.

(i) Im[(1—-Dz+1] =0
Solution: z = x + iy
1-iDz+1=0-Dx+iy)+1
=x+yi—xi—yi’+1
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=x+yi—xi—y(-1)+1

=x+yi—xit+y+1

x+y+1D+ @y —x)i

Im[(1—-1i)z+ 1] =0, gives
y—x=0 x(-1)

x—y=0
The Cartesian form of the locus of

Zisx—y=0

(iii) |z+i| = |z—-1|
Solution: z = x + iy
lz+i| =1]z—-1]
|G+ yi) + il = [(x + yi) — 1
Ix +yi+i|l =|x+yi—1]|
lx + (v + Di| = [(x - 1) +yil
\/x2+(y+1)2 =\/(x—1)2+y2
Squaring
x24+ (y+ 1% =(x—1)%+y?
x2+y?+1+2y=x%+1-2x+y?

x2+y?+14+2y—x2—1+2x—y?=0

2x+2y=0 =2
x+y=0
The Cartesian form of the locus of
Zisx+y=0
(iv)z=2z"1

Solution: Z = z~ 1

The Cartesian form of the locus of

Zisx*+y?=1
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4. Show that the following equations represent

a circle, and, find its centre and radius.
@D ]z+2-i|=3
Solution: |[z+ 2 —i| =3
lz—(2+1i)| =3
Itis of the form |z — zy| =T, so it
represents a circle.
Comparing with |z — zy| =T

centre is (2 + i) and radius is 3

i) |22 + 2 — 4i] = 2
Solution: |2z +2 —4i| =2 +2
lz+1-2i|=1
1z— (142D =1
Itis of the form |z — z,| =T, so it
represents a circle.
Comparing with |z — z,| =T

centre is (—1 + 2i) and radius is 1

(iii) [3z — 6 + 12i| = 8
Solution: |3z — 6 4+ 12i| =8 +3

8
|z — (2 — 4i)| =§

Itis of the form |z — zy| =T, so it
represents a circle.

Comparing with |z — zy| =T

8
centre is (2 — 4i) and radius is 3

5. Obtain the Cartesian form of the locus of
z = x + iy in each of the following cases.
() 1Z—-4l=16

Solution: z = x + iy
|(x + yi) — 4] =16
|x +yi —4| =16
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|(x —4) + yi] =16
Jx—4)2+y2=16
Squaring,
(x—4)2 +y? = (16)?
x%+16 —8x + y? = 256
x2+16—-8x+y*>—256=0
x? +y? —8x—240 =0,

Is the required Cartesian equation.

(i) |z — 4|*> — |z — 1]* = 16.
Solution: z = x + iy
lz—4|>—|z—1|> =16
|(x +yi) — 42 = |[(x+yi) —1|> =16
lx +yi—4]>?—|x+yi—1|> =16
[(x —4) +yi|? = |(x — 1) +yi|*> = 16

NG—a7+y7 -[JG-D7+7] =16
(x—4)?*+y*—[(x-D*+y*| =16
x2+16—-8x+y*—[x>+1-2x+y?] =16
x24+16—8x+y?—x?—1+2x—y2 =16
—6x+15—-16=0

—-6x—1=0

6x+1=0

[s the required Cartesian equation.

Example 2.22 Find the modulus and principal

argument of the following complex numbers.

(DV3+i

x+yi=\/§+i
Modulus = /x? + y2 = /(\/§)2+12
=+v3+1
= Vi
r=2
tana=|X|
x
1

V3
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s
a=-
6
V3 + i, lies in I quadrant, has the principal
s

Value9=a=>9=g

Therefore, the modulus and principal argument
of V3 + i, are 2 and%
(i) —V3 +i

x+yi=—/3+i

Modulus = {/x2 + y% = ’(_\/§)2 + 12
=v3+1

— V&
r=2
tana=|¥|
1
V3

—\/§ + i, lies in I quadrant, has the

principal value 8 =7 — a =

s
0= T[—g

Therefore, the modulus and principal argument

5
of —V/3 + i, are 2 and ?n

(iii) —V3 —i
x+yi=—\/§—i

Modulus = /x? + y? = \/(_\/§)2 + (—1)2

=v3+1
— V&
r=2
tana=|£|
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—+/3 — i, lies in IIl quadrant, has the

principal value 8 = -t + a =
w
= -1+ A
_—6ém+m
6
. 51
T 6

Therefore, the modulus and principal argument

of —/3 — i, are 2 and —%ﬂ
(iv) V3 —i
x+yi=v3-i
Modulus = /x2 + y2 = \/(\/5)2 + (—1)2
=+v3+1
Vi
r=2
tana = |
X
_ 1
V3
Vs
a=-
6
V3 —1i,liesin IV quadrant, has the
principal value 8 = —a =
T
0=-%
__r
T 6

Therefore, the modulus and principal argument

of /3 — i, are 2 and —%

Example 2.23 Represent the complex number

(i) =1 —i (ii) 1 + iv/3 in polar form.
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H-1-i
Solution:
Let =1 —i =1r(cos6 + isinf)
x+yi=—-1—1i
Modulus = \/x2 + y2 = ,/(—1)% + (—1)2

—Vi+1
=2
r=+2
tana=|z|
x
1
Aot
=1
T
a=-
4

—1 — i, lies in Il quadrant, has the

principal value 8 = -t + a =
s
0=—m+ 1
-4+ T
T4
_ 3w
T

—1—i=1r(cosf +isinBh)
=42 [COS (— 3%T) + isin (— 3—”)]

4
= V2 eos () —isin ()] =
V2 [cos (%ﬂ + 2kn) —isin (%ﬂ + 2kn)] KEZ
(i) 1 + V3
Solution:
Let 1 4+ +/3i = r(cos 8 + isinH)
x+yi=1++3i

Modulus = /x? + y? = /(1)2 + (\/§)2
=143

~ V3
r=2

tana = |X|
X
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1 ++/3i, liesin [ quadrant, has the

principal value 8 = a =

s
0=3%

1++/3i =r(cosf +isinb)

- 2feos () 15m 9)

=2 [cos (g + 2kn) + isin (% + ZkT[)] ke Z

Example 2.24 Find the principal argument

-2

ArgZ,whenZ—lJri\/§

Solution: Z = ——
olution: PN
ArgZ = arg1+\/_

=arg (—2) - arg (1 + i\/§)

= [n - tan™* (3)] - tan (£)

T
=TT — —
3
_3n—1r
O 3
_21‘[
T3

This implies that one of the values of
. 2T, 2@,

arg zis —-. Since & lies between

— 1 and 7T, the principal argument

. 2T
Arg zis 5

Example 2.25 Find the product of
3 T ., . T 51 , . 5m
E(COSE + i sin 5)'6 (cos? + i sin ?)
in rectangular form.
Solution:

3 T . . T 51 . . 5m
—(COS—+lSln —).6(COS—+lSln —) =
2 3 3 6 6
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_ (%) 6) (cosf + i sin E) (cosZ + i sin T)
n (5 +%)]
. ) ( =)l

II
(@)

o
%2}
/_\
v
+
o~
%)
~.
S

Il
N
(@]
o
wn
3
+
N—
+
@ o
S
VS
3
+
\l/c\

=9~ 5 -]
__9V3_9
a 2 2

Example 2.26 Find the quotient

9T
2(cos +isin T)

4[005( 3m )+lsm( 371')] in rectangular form.

Solution:

o
2 (COS—+l sin )

[eos et T

9T
2(COS—+l sin )

Teos (]

o
4
9

=3los(()- ()]
=3 leos (F+3) +1sin(T+5)]
- feos(22) 4 £5n (222
- feos(2) +65in(2)]
- feos(257%) + 45 (227
- feos (22-2) ¢ tsn (22 2)
= % cos (4n - %) +isin (477.' I E)]
= % cos (— %) +isin (——)]
=3 leos (3) — tsin (3)]
11 .1
T2l vz

1 1

2\/_ 2v/2 i
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Example 2.27 If z = x + iy and arg (%) S

then show that x* + y? = 1.
Solution: Given z = x + iy

z-1_ (xt+iy) =1
Z+1  (x+iy)+1

x+iy—1
N x+iy+1

(=) +iy
B (x+1) +iy

a+bi
IfZ = —— then
c+di

a+bi 5 c—di _ (ac+bd) + (bc—ad)i

c+di c-di c?+d?
Re(Z) = a§+bd Im(Z) = bc—ad
c2+d? c2+d?
arg(Z) = bc—ad
ac+bd

a=x— 1,b=y,c=x+1landd=y

) = bc—ad
L) = ctbd
Z-1 T

2 g(z_+1) 2
bc—ad
ac+bd tan (E)
ac+bd=0

x2+y?—-1=0

x% + y? = 1,is proved.

EXERCISE 2.7

1. Write in polar form of the following
complex numbers.
() 2+i2V3
Solution:
Let 2 +i2v/3 =1r(cosf + isinh)
x +yi=2+2/3i

Modulus = /x? + y? = \/(2)2 + (2\/§)2

=vV4+12
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=1+/16
r=4
tana = |2
X
I
PR
=3

T

a=-

3

2 + 2/3i, lies in I quadrant, has the

principal value 8 = a =

A
0=73

2 4 2V/3i =r(cosf + isin )

- afes () 13 2

=4 [cos (g + an) + isin (g + an)] KEZ

(ii) 3 —iV3
Solution:
Let 3 —iv/3 =r(cos@ + isinB)
x +yi =3—+/3i

Modulus = /x? + y? = \/(3)2 + (—\/§)2
=v9+3
NGV,
=44 %3
r=2v3

tana = —|

3 — iv/3, lies in IV quadrant, has the

principal value = — a =
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s
0=-3

3 —/3i =1(cos @ +isinb)

=23 [cos (— %) + i sin (— %)]
=23 [cos (—%+2km) +isin(-Z+ an)] kez

(iii) -2 — 2i
Solution:
Let —2 —2i =r(cosf + isinh)
xX+yi=—-2-2i
Modulus = /x2 + y2 = \/(=2)2 + (=2)2

=Va+t4
=48
=4 X2
r=22
tana=|X|
x
2
T2
=1
T
a=-
4

—2 — 2i, lies in Il quadrant, has the

principal value = —nm + a =
T
0= —7T+Z
_ —4m+m
4
3n
4

—2 —2i =r(cosf +isinf)
=22 [cos (— %E) + isin (— %Tn)]
=23 [cos (—%ﬂ + an) + isin (—%n + an)] KeEZ

i—-1

(iv) T isin

cos 7 +isin 3
i—1=—1+i

Modulus = /x2 + y2 = /(—1)% + (1)2

=v1+1
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r=v2
tana:|§|
1
1
=1

—1 + i, liesin Il quadrant, has the

principal value = — a =

0=mn—=

4
in—m
4
3
—y

—14+i =7r(cosf +isinh)

= 2 os ()  15n (%)
i ()

A , .. TT A
COS-+lSll’1§ COS§+lSII‘1

3

—V2fos () s (23

4 3

V2 [eos () + s (25

12

= V2 [cos (E2) + isin (22)]

=\/§[cos( +2k7r)+lsm( +2k7r)] keZ

2. Find the rectangular form of the complex

numbers

. [ .. A Y .. T
(i) (cos— +isin — (cos— +isin —)
6 6 12
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Y3 . . T
COS ——1LSln —-

(ll) 2( 6 6

cos £ + isin n)
3 3

T . . T
_1 Cosg—ising
2 (cos %+ isin %)

1 cos (—g) +isin(—%)
2 (cos 3+ isin3)

- fos (-5-2)+ 15 (-39
=3 [eos (F57) + isin (557)
=3 [eos (557) + 1sin (=57)

=3 leos (59)+ tsin (7))

=3 [eos () - t5in (3)]

==~ [0—i(1)]

3.1 (xq + iyy) (xg + iy3) (x5 + Lys)
...... (xp +iy,) = a+ib,
show that
(@) (xf +y7), (x5 + ¥ (x5 + y3)
...... (x2 + y2) = a® + b?
Solution:
Given
(1 +iy1) (g + i) (x5 + iy3)
...... (xp+iy,) =a+ib
Taking modulus on both sides,
|Gy + iy1) (g +iy2) (3 + Lys)
....... (xp + iy)| = |la + ib|
|Ger + iy | Gz + iy2) | (s + iys)]
...... |(xy, + iv)| = |(a + ib)|

Vx12 + 12 222 + y,2 {32 + 32

....... VX2 + y,2 =Va? + b2
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Squaring,
Cef +y1), (eF + ¥y (x5 + yD)
...... (x2 + y2) = a® + b?

(i) Y, tan™?t (%) =tan™! (Z) + 2km, k € Z

T

Solution:

Given
(x1 + iy1) (2 + iy7) (33 + iy3)

...... (xp+iy,) =a+ib
Taking argument on both sides,

Arg [(xq + iy1) (xz +iy2) ... (xn + iys)]
= Arg(a + ib)

arg (x; +iy,) +arg (x, +iy,) ...
........ + arg (x, + iy,) = arg(a + ib)

tan™! (&) + tan™! (&)+....+tan‘1 (z—Z)

X1 X
= tan™ (2)+2km k € Z
Hence
n_ tan™! (Z—:) = tan™?! (g) +2kn, k€ Z

is proved.

147
4.If —— = cos 260 + isin 20,
1-Z

showthatZ = itan@

Solution:

1+2Z
Given p = cos 20 + isin 20

1+Z 1+ (x+yi)
1-7Z  1-(x+yi)

_(@+x)+yi + yi
_(1—x)—yi (1-x)+yi

@+ x)A-x)+@+x)yi+(1- x)yi+y?i?
o 1-x)2%+y2

_ @+ x)[A-x)+A+x)yi+(1-x)yi+y?(-1)
B (1-x)2+ 2

_ (A =x®—y®)+[(14+x)y+(1- x)yli
A (1-x)2+ y?

_a —x%—y2)+[y +xy +y — xyli
(1—-x)2%+ y2
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(A -x*-yH)+(2y)i
T (A-x)2+y?

1+Z _ (1-x2-y?) 2y)i
1-Z (1-x)24+y2  (1-x)2+y2

+Zz
Given vy = cos 20 + isin 26
(1 -x2-y?
20 =——m"""—"—
cos L=+ 52
3 _ 2y
sin20 = —(1 07t )2

tan 26 == Sin ZB/COS 29

vy
— (1 -x)%+ yz/
- (1 —x2-y?)
(1-x)2+y?

NS 2y
tan 20 = a—x2—37)
IfZ=itan®

x+yi=itanf
Thenx = 0,and y = tan 6
Substituting x = 0,and y = tan 8 in

2y

tan 20 :m

__ 2tan#f
" (1 - tan20)

= tan 20

5. If cos a + cos B + cosy =0 =sin a + sin B + sinvy,
prove that
(i) cos 3o+ cos 3B+ cos 3y =3 cos (a + B +7Y)
(ii) sin 3a + sin 38 + sin 3y =3 sin (a + B +Y)
Solution: Given
cosa+cosPB+cosy=0=sina+sinf +siny
(cosa +cosf3 +cosy)
+i(sina +sinf + siny)=0
(cosa +isina )+ (cosB +isinf)
+ (cosy +isiny)=0
Ifa+b+c=0,thena®+ b3+ c® =3abc
wherea = cosa +isina, b = cosf +isinf

andc = cosy +isiny
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~ (cosa +isina)® + (cosB +isinB)3
+(cosy +isiny)3
= 3(cos a + isina)(cos a + isina)(cos a +isina)
(cos3a +isin3a) + (cos 3B +isin3f)
+(cos 3y +isin3y)
=3[cos (a +B+7vy)+isin(a+p+7vy)]
(cos 3a + cos 3B + cos 3y)
+i(sin3a + sin3f + sin3y)
=[3cos (a + B +7vy)+i3sin(a+ B +7v)]
Equating real and imaginary parts,
(i) cos3a+cos3B+cos3y=3cos (a+B+Y)
(ii) sin 3a + sin 3B + sin 3y =3 sin (a + B+ y)

is proved.

Z-1
Z+2

6.1fZ =x +iyandarg ( ) = %, then show

thatx? + y2+3x —3y+2=0.
Solution: Given Z = x + iy
Z-i x+iy-1i
Z+2 - x+iy + 2

_ x+(y-1)i
T (x+ 2)+iy
bc—ad
ac+bd

arg(Z) =

a=x,b=y-1,c=x+2andd=y

Z-1\ _ T
ag\z+1) " 2

bc —ad = ac + bd
G-—Dx+2)—xy=x(x+2)+ -y
xy+2y—x—2—xy=x>+2x+y*—y
2y—x—-2=x>+2x+y*—y
x2+2x+y2—y—-2y+x+2=0
x2+y%+3x—3y+2=0,is proved.
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Example 2.28

If Z = (cos@ +isinB ), show that
(i) 2" + — = 2cos 6 (i) 2" — — = 2isin .
Solution:
Given Z = (cos@ + isinf )
"= (cosB+isinf)"

= (cosnf + isinnd )

= (cosnf —isinnb )
Non o, 1
(i) z +zn
= (cosnb + isinnbf ) + (cosnf — isinnb )
= cosnf + isinnf + cosnf — i sinnb

= 2cosnf
(i) z" — =
= (cosnb + isinnf ) — (cosnf — isinnb )
= cosnb + isinnf —cosnb + i sinnb
= 2i sinn@
. . . T . s 18
Example 2.29 Simplify (smg + i cos g)
Solution:
s . T s
sm +lCOS—— sm(——g) +lCOS(———)
= CoS=+ i sin=
3 3
18 18
(sinE + i cos E) = (cosE + i sin E)
6 6 3 3
=cos 18 (E) +isin18 (E)
3 3
= cos6m +isin 6w

=1+1i0

18
. IT A T

(sm— +1i cos—) =1
6 6

1+ cos260 +isin 20)30

Example 2.30 Simplify (1 T o520 — isin20

Solution: Let (cos 26 +isin26) =7

% = (cos 20 — i sin26)

) (1+C0529+isin29)_ 1+Z
"\1+cos26 —isin26/ 1+l
z
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1+Z7
—\ 7
Z
1+Z
~(57%7)
1+Z

=7

(1 + cos20 +isin 26)30_ 230
1+ cos20 —isin20 -

= (cos 26 + i sin 26)3°

= (cos 600 + i sin 606)

Example 2.31 Simplify
O A+
Solution:

Let 1+i =7(cosf +isinf)

x+yi=1+i
Modulusz\/x2+y2 =/(1)?% + (1)2
1+1
=2
r=+2
tana=|§|
1
1
=1
s
a=-
4

1 + i, liesin [ quadrant, has the

principal value 8 = a =
s
0=13

1+i=7r(cosf +isinh)

s (5 + 150
“(1+D)"® =2 [cos(F) +isin(5)]
-2t )
- st2fs () + 50 ()
= 512[cos (5 +7)

+ isin (%ﬂ 3 g)]

18

2
T
2



www.Padasalai.Net

=512 [cos (47T + g) + isin (47t + g)]

=512 [cos (g) + isin (g)]
=512[0+ i(1)]
= 512i

(i) (—V3 +3i)”
Solution:
Let —V3 +3i =1(cosf + isinh)
x +yi = =3 + 3i

Modulus = /x? + y? = \/(_ﬁ)z + (3)2
3+9
=12
4x3
r=23

tana = |X|
X

_3
e
V33
V3
- V3
T
3

a =

—V3 + 3i, liesin II quadrant, has the

principal value 8 =7 — a =

T
9—7T—§
_3m—m
-3
2m
0=3

—V/3+3i =r(cos6 + isin )

- 203[eos (2 + 15 (2

e = 003 o (2) s 2]
— (2\/§)3 [cos 31( ) +isin31 ( 3 )]
+

= (23)" [eos (557) + 1sin (557

= (2\/§)31 [cos (6(3)—” + ?ﬂ) + isin (6()7” + %n)]
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= (2\/§)31 :cos 20 + %ﬂ) + isin (207r + 2?”)]
= (2\/5)31 _cos

(
(
= (2\/§)31 :cos (3”3 ﬂ) + isin (BET_E)]
( m
(

= (2v3)” :cos
= (2v3)" :cos
= (23)" [~ cos (5) +isin(5)]
- )[4 +4]

(- \/—+31) —(2\/_)31[—1+l§

Example 2.32 Find the cube roots of unity.

Solution: Letx = (1)%
= (cos 0 + isin 0)§
= (cos 2km + i sin an)é
= (cos % (2km) + isin % (2k7r))

Substituting k=0, 1, 2 we get 3 values

k Values
0 cis 0

1 CiS —
2 cis —

Example 2.33 Find the fourth roots of unity.

Solution: Letx = (1)%
= (cos 0 + isin 0)%
= (cos 2km + i sin 2kn)i
= (cos i (2km) + i sini(an))

Substituting k=0, 1, 2, 3 we get 4 values
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k Values Example 2.35 Find all cube roots of V3 +i.
. Solution:
0 cis 0
Let V3 +i =1r(cosf + isinf)
1 CiS% X + yl \/— 341
: Modulus = /x?% + y? = f \/— + (1)
2 CISTT Y ) ( )
3 cis =
2 =4
r=2
tana = |X|
Example 2.34 Solve the equation Z3 + 8i = 0, x
1
where Z € C. = 73
Solution: Z3 + 8i = 0 a="
7% = —8i X
3 _ 8(—i) V3 + i, lies in I quadrant, has the
principal value 6 = a =
= 8cis (— E)
6=1=
1 6
. TL'
Z= [BClS (_ E)]s V3 +i =7(cos@ + isin@)

~ gheis (-2 = 2[cos (§) + tsin (5)]

cube roots of V3 + i = (\/§ + i)§

1

= 2cis (Zkrr - g)g
— 2cis %(an = %) (\/§ + l)% — (2)3 :cos (6) + isin (g)]

= 2cis = (Zk - l) _ (2)% £ (an .\ E)
= 2cis 3 (4k2_ 1) -

6
Substituting k =0, 1, 2 we get 3 values

W=

W=

= (2)% :c1s (an + Z)]

_ (2)% : (12kn+n)]
k \./aluesn \ (2)%  cis g (12k6+ 1)]
0 2cis (_ g) Substituting k = 0, 1, 2 we get 3 values
1 2cis (%) k Values
2 2cis (%T) ’ (2)%61.5 (1_7;)

1 (2)3(:15 (%

2 (2)3(:15 (25_71'

1

)
)




www.Padasalai.Net

Example 2.36 Suppose Z,,Z,, and Z are the
vertices of an equilateral triangle inscribed in
the circle |Z| = 2.1fZ; = 1 + i/3, then find Z,
and Z.

Solution: |Z| = 2 represents the circle with
centre (0, 0) and radius 2. Let 4, B, and C be
the vertices of the given triangle. Since the
vertices Z,, Z,, and Z; form an equilateral

triangle inscribed in the circle |Z| = 2, the sides
of this triangle AB, B(, and CA subtend %ﬂ
radians (120 degree) at the origin
(circumcenter of the triangle).

(The complex number Ze'® is a rotation of Z
by 6 radians in the counter clockwise direction

about the origin.)

b §

1
- "‘}-..-\_;:\—'H- 5
28 Ay

;_Eﬂ' aﬁ%;___ﬁ7L

- ]
5 [

Therefore, we can obtain Z,, and Z by the
rotation of Z, by =-and - respectively.
Giventhat 04 = Z; =1 +iV3
7, =0F = Ze's
= (1+ iV3)e's
- 109 () 15 2
= (1+i3)[-1+i2]

+i8 B Ry
2 2 2
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== Zze 3
= (—Z)els
=(-2) [cos (2?”) + ism( )]
- o4+
1-+3i

Hence Z, = —2and Z; = 1 — V/3i

EXERCISE 2.8
1. If w # 1is a cube root of unity, then show

atbw+cw? a+bw+cw?
that + =—1

b+cw+aw? ctaw+bw?

Solution: w # 1 is a cube root of unity,

1+w+w?=0,and w3 =1

a+bw+cw?  a+bw+cw?
LHS =
b+cw+aw? ctaw+bw?
_ awd+bw+cw?  awl+bw+cw?
T btcw+aw? c+aw+bw?
_ w(aw’+b+cw) | w?(aw+bw?+c)
T btcwtaw? c+aw+bw?
=w+ w?
=—1
= RHS
5 5
NE V3 i
2 showthat (S 4 5 +(Z -1 __yz
2 2 2 2
Solution:
V3 i .
Let 7+5 = r(cos @ + isin )
J_ i
x+yi= 7 >

2

Modulus = /x? + y? = 73) + —

3 1
= |-4+-
4 4
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w
+
Juy

I
'P|

I
=

7":
tana=|X|
X
1
_2
V3
2
_1,2
T 273
-1
V3
VA
a=-
6

T
g + é, lies in I quadrant, has the

principal value 6 = a =

- I

=3
=
\/2—_+%=r(cosé)+isin9)

= 1[cos( )+L51n(2)]
(2 +4) = [eos(®) = s (]
—COSS( )+lsm5()

(? + %)5= cos (%ﬂ) + isin (5?”)

Similarly
(2-3) =eos() e ()
Hence
(S o2y

= CoS (56 ) + isin (567T)+cos (%n) — isin (%n)
= 2 cos (567T)
= 2 cos (67T6_ n)
-zes($ -9

=2cos(7‘[—£)

c [+ cos(180 — 8) = —cos 0]
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-2 cos(3)
-2 (4)

= —/3, Hence proved.

10

1 +51n—+ i cos o
3. Find the value of (1 °>

+ sm—o— i cos 10

Solution: Let (sm— + icos E) =7

1
* Z4R (smﬁ [ cos E)

(1+sm—+Lcos E) 1427

. = T

1+Slnl—0—lC051—0 1-|-E

1+7
Z+1
Z

1+Z
2x2)
1+Z

Z

10

(1 + sm—+ icos E) _ ZlO
1+Sll’11—0—lCOS 1—0

2\10
(sm— + icos —)
10

10
. T .. T
= ;10 ( cos— — isin —)
10 10
10
Q. s AWVe T
=82 ( cos— — isin —)
10 10

.2 s .. Y 10
=1 COS— — LSIn —
10 10

=(-1) [ cos 10 (110) — isin 10 (%)]
= (—1)(cosm + isinm)

= (-1 (-1)

=1

4.1f 2cosa =x+% and If 2 cosf =y+§
then show that
(i)§+%=2cos(a—ﬁ)
(i) xy — % = 2isin(a + B)

(iii) oy 2i sin(ma — npf)
yTl xm
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1
(iv)x™y™ + = 2 cos(ma + np)

xmyn -
Solution: Given 2cosa = x + i
1
XxX+—=2cosa
X

x2+1
x

=2cosa

x2+1=2xcosa
x?—2xcosa+1=0
a=1,b= —2cosaandc=1
_ —b +Vb? —4ac
2a
_ 2cosa +/(—2cos @)2-4(1)(1)
2(1)

2cosa +V4 cos?a—4
2

X

2cosa ++— 4 (1-cos?a)
2

2cosa +V-4sinZa
2

2cosa ti2sina
2

2(cosa tisina)
2

= (cosa *isina)
Letx = (cosa + isina)
Similarly y = (cos 8 + i sinf3)

x _ (cosatisina)

y - (cos B+isin )
= [cos(a — B) + isin(a — B)]

hence % = [cos(a — B) — isin(a — B)]

(i)~ =+ % = cos(a — B) + isin(a — B)

Yy
+ cos(a — B) —isin(a — )
=2 cos(a — )
(ii) xy =(cosa +isina)(cosp + isinpf)
= [cos(a + B) + isin(a + B)]

hence % = [cos(a + B) — isin(a + B)]
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Xy — % =cos(a + B) + isin(a + B)

— cos(a+ B) +isin(a + )
= 2isin (a + B)
(iii) x™ = (cosa + isina)™
= (cosma + i sinma)
y™ = (cosnf + isinnf)

x™ _ (cosma+isinma)

: y_n_ (cosnB+isinnp)

= [cos(ma — np) + i sin(ma — nB)]

hence i/—m = [cos(ma — nB) — i sin(ma — nB)]

m n

X Yy
e
= cos(ma — nf) + i sin(ma — nf)
— cos(ma —np) + i sin(ma — np)
m n
0 :}—n— i]—m= 2 isin(ma — np)
(iv)x™y"
= (cosma + i sinma)(cosnf + isinnf)
= [cos(ma + nB) + i sin(ma + np)]
1
g = [cos(ma + nB) — i sin(ma + nB)]
1
Hence, xy™ + v

= cos(ma + npf) + i sin(ma + np)

+ cos(ma + nf) — i sin(ma + np)

. x™My" + —— = 2 cos(ma + np)

xMyn N

5.Solve Z3 + 27 = 0.
Solution: Given Z3 + 27 =0

73 = =27
Z3 =27(-1)
73 = 33(=1)
1
7 =3(-1)3
1
= 3(cis m)3

= 3[cis (2kr + D)5
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=3 [cis §(2kn + n)]
z=3km§@k+n]

Substituting k =0, 1, 2 we get 3 values

k Values
0 3cis (g)
1| 3cis (3?”)= 3cis(m) = -3
2 3cis (S?n)
6.If W *

1 is a cube root of unity, then show
that the roots of the equation
(Z-1)3+8=0are—1,1-2w,1 - 2w?
Solution: (Z—-1)3+8=0
(Z-1)3=-38
=8(-1)
= 2°(-1)
1
(Z-1)=2(-1)3
1
= 2(cis m)3
1
= 2[cis (2km + m)]3
.1
=2 [CLS 3 (2km + n)]
(Z—D=2ngﬂk+ﬂ]
Substituting k =0, 1, 2 we get 3 values
(k=0
r Vs
Z—1=2cis (E)

=2 (cosz+ isinz)
3 3

-2 (3+:f)
Z-1=1+iV3

We know that, (—% + L\/Z—E) = w and
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= —2w?
Z=1-2w?
(iHDk=1
Z—1=2cis (3?”)
= 2 cis(m)
= 2(-1)
=-2
Z=-2+1
Z=-1
(ii) k=2
Z-1=2cis(T)

We know (——+ L\/Z—E) =w
(—14;\/5) —w
-1+iV3 = 2w

v —(1-i3)=-2w

Hence 2 —1 = —2w
Z=-2w+l=>7Z=1-2w
Another Method
Solution: (Z—-1)3+8=0
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Let(Z—-1)=A = —2w2
Then A3+8=0 o Z=1-2w?
A34+23=0 IfA=Z—-1=1-iV3

(A+2)(A2—24+4)=0

We know (—%+ iﬁ) =w
[a® + b3 = (a+ b)(a®? — ab + b?)]

2

(—1+i\/§) _
So, (A+2)=00r(42—244+4)=0 2 )T %
DIfA+2)=0 —1+iV3 =2w
A=-2 2 —(1-i/3) = 2w
Z—-1=-2 Hence A=7—-1 = —-2w
Z=-2+1 Z=-2w+1=
(@) If A2=24+4=0 Solutionsare Z = —1,1 — 2w? and 1 — 2w
a=1,b= —2andc =4
A= —b £Vb?—dac 7. Find the value of Y5 _, (COSZk—n + i sin Zk—n)
2a 9 9
24/ @ Solution:
2(1) >8 . (cos Zan + isin Zan)
_ 21v4-16 . (2m . (4w . (6T . (16w
= 3 = cis (?)+ cis (?)+c15 (?) + - +cis (T)
_24V-12 :cis(%n)(1+2+3+4+5+6+7+8)
2
— cis (2T
24 O] —czs(g)(36)
2 = cis(2m) (4)
0 2 +2+/3i = cis(8m)
2
=1
2(1 £V31) | |
= N, 8.If w # 1is a cube root of unity, then
A=1 ++3i show that
Dl-w+0)+(1+w-—w?)®=128
A=1+V3iand A=1-+3i

I-w+w?)+(1+w—-w?)e
V3

We know that, (—% + i;) = w and = (—w — )% + (—w? — w?)®

(_1 _ i Bpa0s = (—2w)°® + (—2w?)*®
= (=2)%()® + (=2)*(w?)*

So,  —(+ig)=e? = 640° + 640!
G+iY)=-w? = 64(1) + 64(1)
. =128
(1 +21\/§) 2

(1 + iv3) = —20?

A=7Z-1=1+i3 () (1+w 1+0)A+ o)A+ w®)
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..... (1+w?)=1 _ oI %
Solution: The rotation of Z by 0 radians in the counter
(1+w) 1+ o)A+ 01+ w?) clockwise direction about the origin in Ze®®
211
..... (1 + w ) (l) 9 — g
=(1+w)(1+0)(1+w) 1+ w? a2
..... (1+ w)(1+ w?) 12 terms - Rotation of Z is Ze'
=[(1+ @) (1 + )] — o\Ze iel3
= [(~w?) (~w)]° in .
— [0)3]6 = 2\/?6_:+l§
16 -Ii3T+i4T
=1 = Zﬁe 12
= 1 Hence proved. i
= 2\2e12
9.1f Z = 2 — 2i, find the rotation of Z by 6
radians in the counter clockwise direction -
] 8 — -
about the origin when (@) 3
) T i
(o = 3 =~ Rotation of Zis Ze" 3
Solution: _ Zﬁe—%eié—”
Z=2-2 im | .2m
— 4=
Let 2 —2i =r(cosf + isinH) =2V2e %3
x+yi=2-2i — 2\Ze 43’3“3”
Modulus = \/xz +y2 =./(2)2 + (-2)2 180
N = 2V2e
=8
3
—VAx2 (i) 0 = 7"
r= 2\/7 i3_n
=~ Rotation of Zis Ze" 2
tana = |%| i
5 = 2\2e  ze"2
- E it .3m
~ 5 =2v2e 42
-im + i6T
a=" = 22
2 — 2i, lies in IV quadrant, has the — 2\/56 iST”
principal valug (=" a = 10. Prove that the values of
6= —=
4 V-1 are i\/%(lii)

2—2i=r1(cosf +isinfh)

= 2vZ [cos (~5) + isin (7))

4

Solution:
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(—1) = cis(m)
= cis(2km + )
1
V=1 = [cis(2kn + m)]+
c 1
= |cis; (2km + n)]
= [cis%(Zk + 1)]
Substituting k =0, 1, 2 and 3 we get 4 values
(i) Whenk =0
. T
=ClS—
4
= (cosz + isinz)
4 4

1 .1
=717

1 .
_\/_f(l-l-l)
(ii) Whenk =1

. 3w
=ClS—
4

s (2-2)
=cis(n - 1)
= [eos(r ) csn (e -2)
= [-cos (3) + isin (3)]
=—=+is

=%(—1+i)
(iii) When k = 2

= cis%n

-as(543)

=cis (n+%)

= [cos (n + %) + isin (Tl’ + %)]

= [ cos(3) = tsin ()

__+r_ .1
vz '
1 .
=2(-1-1)

(iv) Whenk =3

., I
=ClS —
4
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- (1)
= cis (271 - g)
= [cos (Zn - %) + isin (Zn - %)]

= [cos(3) = isin ()

1 _ .1
7z '
11

Hence the four roots are
1 ~ 1 ~ 1 ~ 1 )
5(1 + 1), 5(—1 + 1), ﬁ(—l — i), 5(1 —1i)

1 .
.. The roots are + 5 (G=))

EXERCISE 2.9
Choose the correct or the most suitable answer
from the given four alternatives:

10" 4 il 4 nt2 4 ntsig

10 (2)1 (3)-1 (41

2. The value of 13, (in +i" _1) is
(1) 1+i (2)i 31 40

3. The area of the triangle formed by the
complex numbers z, iz, and z + iz,
in the Argand’s diagram is
1
) ;1212 @) 1212
3
(3)31z)? 4) 222

4. The conjugate of a complex number is

1
S50 Then, the complex number is

-1
(1)i+2 (2)i+2
-1 1
373 S
3
3+1i) (3i+4)?
s.qp 7= O3+D GLADE 2
(8 + 6i)2
equal to

(10 (2)1 (32 (4)3

6. If z is a non zero complex number,
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such that 2iz? = Zthen | z | is

W; @1 @2 @3

7.1f |z — 2 + i| < 2, then the greatest
value of | z | is
(HV3-2 (2)V3+2
(3)V5 -2 (4)V5+2

8. If Iz — S|= 2, then the least value of

| z|is
D1 (2)2 33 (4)5

1+2z

1+z

9.1f| z | =1, then the value of is

Wz @z (), @1

10. The solution of the equation
|z|—z=1+21iis
1) - 2i (2) =2 +2i
3)2-2i @) 2+

11.1f1Z,| = 1,1Z,] = 2,1Z5] = 3 and
|92,z + 42,23 + z,25| =6
the value of |Z; + Z, + Z3] is
M1 (2) 2 3)3 @4

12.If z is a complex number such that
z € C\R and Z+§€R,then|z|is
(Ho 2)1 3)2 (4)3

13.1f Z;, Z, and Z; are three complex numbers

such that |Z; + Z, + Z3| = 1 and

|Z1| = |Z,| = |Z5| = 1then Z2 + Z2 + Z2 is

(1) 3 )2 @)1 @0

1417215 ly imagi
. If ——is purely imaginary,

then|z]|is

W @1 @2 @3
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15.If z = x + iy is a complex number
suchthat|z+ 2| = |z — 2|, then the
locus of z is
(1) real axis (2) imaginary axis

(3) ellipse (4) circle

3
16. The principal argument of 1

; is
m== @)=

@=" =

17. The principal argument of
(sin40° + icos40°)is
(1) —110° (2) =70°
(3) 70° (4) 110°

18.1f (1 + i) (1 + 2i) (1 + 30).....
(1+ni) = (x +iy),
then 2.5.10... (1 + n?)is
(H1 (2)i
(3) x% + y? (4) 1 + n?

19. If w # 1is a cubic root of unity and
(1+ w)” = A+ Bw, then (A, B) equals
(1 (@,0) 2) (11
(3)(0,4) @A,y

20. The principal argument of the
(1+iv3)”
m is

mE @ = @;
21.If a and B are the roots of

x% + x + 1 =0, then a?020 4 32020 jg

-2 @-1 A1 @2

complex number

22. The product of all four values of



www.Padasalai.Net

3

T . . T\a
(cos§+151n§)4 is

W-2 @-1 @)1 @2

23.If w # 1is a cubic root of unity and

1 1 1
1 —w?—-1 w?| =23k,
1 w? w’

then k is equal to

(M1 (@2)-1 @B)V3i (4)—3i

1+\/§i)10_
is
1—+/3i

A\O4
(2) cis ?”

24. The value of (
. 2
(1) cis ?"

. 2 . 4
(3) — cis ?” (4) — cis ?”

25.If = cis 2?71’ then the number of distinct

z+1 ) w?
rootsof | w 7+ w? 1 =0
w? 1 Z4+w

N1 (2)2 (3)3 (4) 4

Formulae:
+ib
1. Ifz= 2 l then
c+id
ac+bd
Re (z) = 21 a2
bc—ad
2. Im(z)= 21 a2
+ib
3. Ifz = . l then
c+id
bc—ad
Arg(Z)__ac+bd

4.1farg (z)= g then

Re (2)=10

5. i=+v—-1,i’=-1andi*=1

6.
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7. Principle values of 6

II Quadrant (-, +)

[ Quadrant (+, +)

0=m—«a 0=a
[II Quadrant ( -, -) | IV Quadrant (+, -)
0=—-m+a 0=—a

8. Working rules to find the n values.
i) Write in Polar form
ii) Add 2k  with 6
iii) Apply De Moivre’s Theorem.
iv) Substitute k=10, 1, 2...

9. Polar form of
1=cos0+isin0
-l1=cosm+isinm
i =cosZ+isin=
2 2
. Vi3 . . TT
—i=cos——isin—
2 2
10.Zis purely real ifand if z= Z

11.Z is imaginary ifand if z= —Z

12. Triangular law of inequality
(D) 1Z1 + Zo| < |1Z4] + 12, |
(i) 12y + Z,| = |124] = |Z,]|

13. The form |z — Zy| = 1, represents a circle

with centre Z; and radius I.

14. The polar form of x + yi = r(cos 8 + i sin9)
Modulus =r = /x2 + y2

6 |0

argument

tana::|q
x

—o S
5 el A

8 mIX

tan© | 0

Sl =i s
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15. Ifa+ b +c =0,thena® + b3 + ¢ = 3abc

16. De Moivre’s Theorem states that

(cosB +isinfB )" = (cosnb + isinnd)

17. If w is the cube roots of unity then
1+w+w?)=0,andw3 =1
(14 w + w?) = 0 gives,

1+w=—w?
1+w?>=-w
w+w?=—

18. The fourth roots of unity are + 1, +i

19. The rotation of Z by 0 radians in the
counter clockwise direction about the

origin in Ze'

20.If Z = a + ib then

T |Z|+a
va+i —i/ > IbI/

www.TrbTnpsc.com
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Chapter3: Theory of Equations

Example 3.1 If a and {3 are the roots of the
quadratic equation 17x% + 43x — 73 = 0,
construct a quadratic equation whose roots are
a+ 2and 3 + 2.

Solution: If a, B are the roots of equation ax? +
-b c
bx+c=0,thena+f =7anda,8 =

Given: 17x2 4+ 43x—-73 =0
a=17,b=43andc=-73
-73

—43
a+ﬁ——=>—7 and af ———a=>—17

DEPARTMENT OF MATHEMATICS

SRI RAMAKRISHNA MHSS - ARCOT
VELLORE DT -632503

To construct a quadratic equation whose roots
are a + 2and 3 + 2.
Sum of the roots = (@ + 2) + (B + 2)

=a+B+4
UNIT - 3 ey
Theory of Equations a3+

Product of the roots = (¢ + 2) X (8 + 2)
=af +2a+ 2L +4
=af+2(a+p)+4

=2 42(=2) +4

_ 159+ 68
17
91

17

Required equation is x? — (sum)x + prod = 0

2 _ (25}, _91_
& (17) ST 0
Multiplying by 17,
= Required Equation is 17x2 — 25x — 91 = 0.

By Manisekarow - SRKMHSS Page 1
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Example 3.2 If a and {3 are the roots of the
quadratic equation 2x? — 7x + 13 = 0,
construct a quadratic equation whose roots are
a?and B2

Solution: If a, B are the roots of equation ax? +

-b
bx+c=0,thena+ﬁ=;anda,8=§

Given: 2x* —7x+13 =0
a=2,b=-7andc=13

-b 7 c 13
a+ﬁ=7$5andaﬁzzz?

To construct a quadratic equation whose roots
are a?and 2.

Sum of the roots = a?+ (2

=(a+pB)? - 2ap
=) -2(3)
=213
_49-52

T4

-3

N

Product of the roots = a? x 52

= (ap)?

-(%)
—\2
__ 169

4
Required equation is x? — (sum)x + prod = 0

2 -3
x2 — (_) x+—==0
Multiplying by 4,

- Required Equation is 4x? + 3x + 169 = 0.

Example 3.3 If a, 3, and y are the roots of the
equation x3 + px? + gx + r = 0, find the value

of ) é in terms of the coefficients.

www.TrbTnpsc.com

Solution:
Ifa, B, and y are the roots of the equation
B+px?+qgx+r=0
Yi=(@+B+y)=-pand

X3 = (aBy)=—-r
- 1_ 1 Wi
Tofmdthevalueofzﬁ_ﬁy+ et
_a+pf+y
~ apy
P
_—T
WX
_7'

Example 3.4 Find the sum of the squares of the
roots of ax* + bx3 + cx?> +dx +e = 0.
Solution: If a, B,y,and § are the roots of

ax* + bx3 4+ cx? + dx + e = 0, then

Ti=(@+p+y+8)=—2

a

Yo=(af+ay+ad+By+B6+yS)=

IS o

Y. = (afy + aBs + ays + Byd) = _g

T4 = (aByd) ==

We have to find (a? + B2 + y2 + §2).
Applying the algebraic identity
(a+b+c+d)?=
a?+b?+c?+d?+2(ab+ac+ad + bc + bd + cd)
we get
a’+b%+c*+d?=
(a+b+c+d)?>—2(ab+ac+ad + bc + bd + cd)
Hence,
a’?+p*+y*+6%=
(a+B+y+86*-2(aBf+ay+ad+ Py +L5+7y6)

2
=(=2) —2()

_b* 2

a? a

By Manisekowron - SRKMHSS

Page 2



www.Padasalai.Net

b%-2ac
at +p*+yi+6° =——

Example 3.5 Find the condition that the roots

of x3 + ax? + bx + ¢ = 0 are in the ratio

p:q:r.

Solution: The roots of x3 + ax? + bx+c¢c =10

are in the ratio p:q: r.

So let the roots are pA, g4 and rA then
Yi=@A+qgl+rl)=—a

Y2 = @A) (@) + V(@A) + (@A) = b

23 = (@ED@DED) =—c
pl+ql+ rl=—a
p+q+ MNi=—a

_ —-a
T ptq+r
and (pA)(q) ()= —c
pqrA3 = —c
So, A3 = -
pqr
() =5
ptq+r pqr
-a® _c
(p+q+1)3 pqr
a3 c

(p+q+7r)®  par

apqr=c(p+q+1)°

Example 3.6 Form the equation whose roots
are the squares of the roots of the cubic
equation x3 + ax? + bx + ¢ = 0.
Solution: If a, B, and y are the roots of
x3 + ax? + bx + c = 0, then
Yi=(@+B+y)=-a
Yo=(aB+ay+By)=>b
23 =(afy)=—c

www.TrbTnpsc.com

To construct a quadratic equation whose roots
are a?, f% and y2.
Ti=at+ By’
=(a+p+y)?—2(af +ay+py)
=(-a)* - 2(b)
=a%?-2b
Y, = a?B2+ a?y? + B2y
= (ap + ay + By)?
—2[(ap)(ay) + (aB)(By) + (ay)(BY)]
= (af +ay + By)* —2(aBp)(B +v + @)
= (b)? =2 (=) (b)
=b% + 2bc
Y3 =a’ By’
= (apfy)?
= (—c)?
=2
Hence, the required equation is
x3—(a?+ B2+ y?)x?
Ha?B2 + aty? + By - (a? fHy) = 0
x3—(a?—=2b)x?+ (b2 + 2bc)x —c? =0

Example 3.7 If pis real, discuss the nature of
the roots of the equation
4x% + 4px + p + 2 = 0, in terms of p.
Solution: 4x% + 4px + (p+2) =0
a=4,b=4pandc=p+2
Discriminant A = b? — 4ac
= (4p)* — 4D (p +2)
=16p% —16(p + 2)
= 16p? — 16p — 32
=16(p* —p —2)
=16(p + D(p - 2)
[fA<Othen—1<p<2
I[fA=0thenp =—landp =2

By Manisekowron - SRKMHSS
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[fA>0then—o<p<-—-lor2<p<o

Thus the given polynomial has
imaginary rootsif -1 <p < 2

equal real rootsif p=—1or p=2;

distinctreal roots if —o <p < —-lor2<p <o

EXERCISE 3.1

1. If the sides of a cubic box are increased by
1, 2, 3 units respectively to form a cuboid,
then the volume is increased by 52 cubic
units. Find the volume of the cuboid.

Solution:

Let x be the side and V be the volume of the

cube, then volume of the cube
V=xXxXx= x3

If the sides are increased by 1, 2, 3 units,

Volume of the cuboid is equal to volume of

the cube increased by 52

V+52=((x+1)x(x+2)x(x+3)
If a, 5, and y are the roots, then If
a=-1 f=-2andy = -3.

i=(a@+B+y)
=—1-2-3
=—6

Y2 =(af +ay + By)

= DE2)+ (EDE3D +(=2(-3)

=2+3+6
=11
23 = (afy)
=(=D(E=2(=3)
=—6
Hence, the volume of the cuboid equation is
x3 =Y x2+Y,x—Y3
=x3—(-6)x?+ (11)x — (—6)
=x3+6x2+11x+6

www.TrbTnpsc.com

“V+52=x3+6x2+11x+6
x3+52=x3+6x*+11x+6
x3+6x2+11x+6—x3—-52=0
6x*+11x—46=0
(6x+23)(x—2)=0
6x+23=0o0rx—2=0

6x + 23 = 0 gives,

6x = —23
X = —%, is impossible
Sox — 2 =0 gives,
x=2
Substituting x = 2, volume of the cuboid

V=0Q+1DxQ2+2)x(2+3)
=(3) x (4) x(5)

= 60 cubic units.

2. Construct a cubic equation with roots
(i)1,2and 3

Solution: Given

a=1 f=2andy = 3.

Yi=(a+B+y)
=1+4+2+3
=6

Y, = (af +ay + By)
=M@+ DB+ @B)
=24+34+6
=11

23 = (afy)
=(M@QA)
=6

Hence, the required equation is

x3=Yix*+Y,x—%3=0

x3—(6)x2+(11)x—(6) =0

x3—6x°+11x—6=0

By Manisekowron - SRKMHSS

Page 4
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(i) 1,1 and -2

Solution: Given

a=1 f=1landy = —-2.

Xi=(@+p+y)
=1+1-2
=2-2
=0

22 = (af +ay +By)

= OO+ @ME2) + (D(=2)

=1-2-2

=1-4

-3

23 = (aBy)
=(DMW(-2)

~2

Hence, the required equation is
X} =YX+ 2,x—%3=0
x3—(0)x?+(-3)x—(-2)=0
x3-3x+2=0
(iii) 2, —2,and 4.
Solution: Given
a=2, f=-2andy = 4.
Yi=(a+B+y)
=2-2+4
=4
Y, = (aB +ay + By)

= @2+ @@ + (-
= —4+8-8
=—4
23 = (aBy)
=)@
=—16

Hence, the required equation is

x3_21x2+22x_23=0

By Manisekowron - SRKMHSS
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x3—(@)x?+ (—4)x—(-16) =0
x3—4x?—4x+16=0
1
(iv) Z,E,andl.
Solution: Given
a=2, ﬁ=%andy=1.
Xi=(a+p+7y)
=24-+1
2

NN

22 = (af +ay + By)
@G)+@W+(G)®
142+

342
2

Hence, the required equation is
X3 ="+ Yx—3¥3=0
3_ (7.2, (7 _
= (3)" +(3)x - =0

7 7
3_ /L 2,7 4 _
X 5 X +2x 1=0

2)(4)

Multiplying by 2
2x3 —7x*2+7x—-2=0

3. If a, B and y are the roots of the cubic

equation x3 + 2x? + 3x + 4 = 0, form a

cubic equation whose roots are
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() 2a, 28, 2y
Solution: Givenx3 +2x?+3x+4 =0
Comparing with x3 =Y, x2+ Y, x — Y3 =0
Yi=(@+p+y)=-2
Yy=(aB+ay+By)=3
23 = (afy) = —4
To construct a quadratic equation whose
roots are 2a, 23, 2y .
Y1 =20+ 2B+ 2y
= 2(a+B+V)
= 2(-2)
= —4
22 = (2a) (2B) + 2a)(2y) + (28)(2y)
=4af + 4ay + 4Ly
= 4(ap + ay + By)
=4(3)
=12
23 = Q2a) (2B)(2y)
=8 (aBy)
=8 (-4
= —32
Hence, the required equation is
x3=ix*+ ¥ x—%3=0
x3—(—=4)x*+ (12)x —(-32) =0
x3+4x2+12x+32=0
11
"B’y

To construct a quadratic equation whose

(ii) =

1 1 1

roots are —,—, —.

a B’y
1 1 1
=—+ =4+ -
21 a ﬂ %

_Brt+ay+ap
aBy
3

3
=G0

4
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2= Q)+ @6 +GE6)

1 1 1

Hence, the required equation is
X} =Yix*+Y,x—%3=0

(- (e () -

Multiplying by 4
4x3 +3x>+2x+1=0

(iii) - a, =B, —y

To construct a quadratic equation whose
roots are —-a,—f,—y
Yi=-a—B -y
=—(a+p+y)
=—(=2)
=2
2= (=) (=B) + (=) (=) + (=B)(=¥)
=af +ay + By
=3
X3 = (o) (=p)(=V)
= — (aBy)

By Manisekowron - SRKMHSS

Page 6
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=— (-4
=4
Hence, the required equation is
x3=ix*+¥x—%3=0
x3—(2)x?+Bx—-(4)=0
x3—-2x24+3x—4=0

4. Solve the equation 3x3 — 16x2 + 23x — 6 =0
if the product of two roots is 1.
Solution: Given 3x3 — 16x? +23x —6 =0

16
3
Comparing withx3 =¥, x2 4+ Y,x — Y3 =10
16
Si=(tpry)=2
23
22 = (aB +ay +By) =

23 = (aPy) =2

Given the product of two roots is 1

+3,x3 - x2+§x—2=0

So let, 8 =%

oo y =
Substitutingy = 2 in
1 23
1+ay toy = weget,

1+2a+2=2
a 3

2a+2=2_1
a 3

2a+2 _ 23-3
a 3

20 +2 20

a 3
32a? +2) = 20a
6a’+ 6 =20a

6a? —20a+6=0
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Dividing by 2,
3¢ —10a+3 =0
Ba—-1D(@—-3)=0
3a—1=0 or a—3=0
If 3a—1=0 gives
3a=1
a=§=>ﬁ=3 and
Ifa—3=0

a=3:>ﬁ=§

1
Hence the roots are 3, p 2

5. Find the sum of squares of roots of the
equation 2x* — 8x3 + 6x2 — 3 = 0.
Solution: Given 2x* — 8x3 + 6x2 —3 =0
+2, x4—4x3+3x2—;=0
Comparing with
P =23+ Y x* = Y3x+ 354 =0
Ifa,B,v,and § are the roots
i=(a+B+y+6)=4
dYo=(@f+ay+as+By+p5+ys) =3
23 = (aBy) + (apd) + (Bys) =0
%4 = (@pys) =3
We have to find (a? + g2 + y2 + §2).
Applying the algebraic identity
(a+b+c+d)?=
a?+b?+c?+d?+2(ab+ ac+ad + bc + bd + cd)
we get
a’?+b%+c?+d*=
(a+b+c+d)?—2(ab+ ac+ ad + bc + bd + cd)
Hence,
a’+p*+y*+6%=
(a+B+y+8*-2(af+ay+ad+ Py +L5+76)
=(4)?*-2(3)

By Manisekowron - SRKMHSS

Page 7
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=16—-6
=10

6. Solve the equation x3 — 9x2 + 14x + 24 = 0,
if it is given that two of its roots are in the
ratio3: 2.

Solution: Given x3 — 9x? + 14x + 24 =0

Two of its roots are in the ratio 3 : 2
Leta:f =3:2

ar_ 3
g 2
.'.2a=3ﬁ

Comparing withx3 =Y, x2 + Y,x — Y3 =10
Yi=(@+pf+y)=9
22 = (af +ay +By) = 14
X3 = (apy) = —24
From a+pf+y =9
20+ 2 + 2y =18
Substituting 2a = 3f
36+28+2y=18
56+ 2y =18

From afly =-24

2afy = — 48
Substituting 2a = 3

(3B)By = —48

3B8%y = — 48

B?y = — 16

Multiplying by 2, %2y = — 32
Substituting 2y = 18 — 58

p?(18 —58) = —32

186% — 543 = — 32
583—18B%2—32=0
B-49GR*+28+8)=0
p—4=0,givesf =4
Substituting f = 4 in 2a = 3
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2a = 3(4)
200 = 12

~a=6

Substituting f = 4in 2y = 18 — 508

2y =18 -5(4)

2y =18 -20

2y = =2

Ly =-—1

Hence the roots are 6, 4 and —1

7.1f a, B, and y are the roots of the polynomial
equation ax3 + bx? + cx + d = 0, find the

value of Z% in terms of the coefficients.
Solution: If «, B, and y are the roots of

ax® + bx?> + cx +d = 0, then

Si=(a+f+y)=—2

a

Yo=(f +ay+py)=

IS

d
Y3 =(afy)=— 3
To find the value of Z%

Zi_a B Y

By By ay ap
a’+ B%+y?
apy

We know

a’?+B*+y?=(a+pB+y)*—2(af+ay+By)

(-2

b2  2c
T2z a
_ b?>-2ac
a?
-Zi—az-"ﬁz"'yz
TSBy apy

By Manisekowron - SRKMHSS
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a
PY =

8.If a, B,y and 6 are the roots of the
equation 2x* + 5x3 — 7x2 + 8 = 0, find a

quadratic equation with integer coefficients

whose rootsare a + f§ +y + 6 and afyé.

Solution: Given 2x* + 5x3 —7x2+8=0
~ 4,5 .3 7 2 4
= xtoxP—ox?+4=0

Comparing with
xt = Yix3+Yx? —Yax+ Y, =0
Given a,f,v,and 6 are the roots
5
Yi=(@+f+y+6)=—7
4= (afys) =4

To construct a quadratic equation whose

rootsarea + f +y + & and afyd
Yi=(a+B+y+8)+ (apyd)
5
:_E+4

- 5+8
2

3
2
Yy =(a+pB+vy+8)(aByd)
=-()x@®
=-10

Hence, the required equation is
X =¥1x+%,=0

X2 — (%)x+ (-=10) = 0

By Manisekowron - SRKMHSS
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X2 =2x =10 =0
Multiplying by 2
2x2—=3x—-20=0

9.1f pand gare the roots of the equation
[x? + nx + n = 0, show that

\/§+\F+\/£=0.
q P l

Solution:

pand g are the roots of the equation
Ix?+nx+n=0
=1, x2+?x+?=0

Comparing with
x2 - le + 22 =0
Si=p+q) =7

2= (g =
. |B 1 n_
Toprove.\/;+\/;+\/; 0
LHS=\F+\/§+\F
q p !

~13

VpVaq l
_Dbtgq n
Vpq l

=0 RHS

Hence proved.
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10. If the equations x% + px + g = 0 and
x? + p/x + q/ = 0 have a common root,
show that it must be equal to

pa’-v'a q-q/
or .
qa-q/ p/-p

Solution: Let a be the common root of the
given equations. Then,

a’+pa+qg=0 ..... (1)
a’?+pla+q/=0..... (2)

Solving the equations by cross

multiplication method,

p q 1 p
p/ q/ p/
a? 1
pq/-p/q a-q/ p/-p
a? a
From =
pq/-p/q q-q/
a® _ pa/-v/q
a a-aq/
_ pa/-v/q
a=——
a-q
a 1
and from 7=
q-q p/—p
g/
g q/ q
p/-p
/—p/ o/
Hence, ¢ = M orax = q/ d is proved.
a-q p/—p

11. Formulate into a mathematical problem to
find a number such that when its cube root

is add to it, the resultis 6.
Solution: Let X be the number. Then,
Vx+x=6
Vx=6—x
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Raising to the power of 3 on both sides,
x=(6-—x)3
= 6% = 3(6)%(x) +3(6)(x)* — (x)°
=216 — 3(36)x + 18x% — x3
=216 — 108x + 18x% — x*3
x3 —18x% 4+ 108x + x — 216 =0

oox3—18x% 4+ 109x — 216 = 0

12. A 12 metre tall tree was broken into two
parts. It was found that the height of the
part which was left standing was the cube
root of the length of the part that was cut
away. Formulate this into a mathematical
problem to find the height of the part which
was cut away.

Solution: Height of the tree is 12 meters.
Let the cut part be = x
Then uncut part =12 — x
Given, m =X
Raising to the power of 3 on both sides,
(12 —x) = x3
s~ x34+x—12 =0, is the

required equation.

Example 3.8 Find the monic polynomial
equation of minimum degree with real

coefficients having 2 — v/3i as a root.

Solution: Given 2 —+/3i is a root

= 2 4 +/3i is another root.
Hence sum of the roots = 2 — v/3i + 2 + V/3i
=4
Product of the roots = (2 — v3i)(2 + v/3i)
=4+3
=7

By Manisekowron - SRKMHSS
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Hence the required equation is
x% — (sum of roots)x + Prod.of roots =0
x*—4x+ 7=0

Example 3.9 Find a polynomial equation of
minimum degree with rational coefficients,

having 2 — V3 as aroot.
Solution: Given 2 —+/3 is a root

~ 2 ++/3 is another root.
Hence sum of theroots =2 —v3 + 2 + /3

=4

Product of the roots = (2 — V3)(2 + v3)
=4-3
=1

Hence the required equation is
x% — (sum of roots)x + Prod.of roots =0

x2—4x+1=0

Example 3.10 Form a polynomial equation with
integer coefficients with \/% as a root.

V2

V3

AW
So, (x - /\/—§> is a factor.
<x + g)is another factor.
\/\/E

. S V2 V2
Their product = (x — \/—§> <x + \/—§>

(-9

Solution: Given is a root.

7

To remove square root we include (xz +5

~ Required equation is

BB
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Example 3.11 Show that the equation 2x2 —
6x + 7 = 0 cannot be satisfied by any real
values of x.
Solution: 2x%*—6x+7=0
a=2b=—-6andc=7
A= b? —4ac
= (=6)* —4(2)(7)
= 36— 56
=-20<0

Hence the roots are imaginary.

Example 3.12 If x2 + 2(k + 2)x + 9%k = 0
has equal roots, find &
Solution: x?+2(k+2)x+9k =0
a=1,b=2(k+2)and c =9k
A= b%—4ac
Given the roots are equal,
b? —4ac=0
[2(k +2)]> —4(1)(%) =0
4(k +2)? —36k =0
+4 (k+2)2-9 =0
k?+ 4k +4 -9k =0
k*—5k+4=0
(k—1)(k—-4)=0
k—1=0 or k—4=0
k—1=0=>k=1
k—4=0=>k=4

Example 3.13 Show that, if p, g, r are rational,

the roots of the equation

x% = 2px +p? —q?+2qr —r?> =0 are

rational.

Solution: x2 —2px + (p2 —q?> +2qr —r?) =0
a=1b=-2pandc = (p? —q% + 2qr — r?)

By Manisekowron - SRKMHSS
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A= b? —4ac
= (=2p)* —4(®* - q* + 2qr —1?)
= 4p? — 4(p%? — q* + 2qr — 1?)
= 4p? — 4p? + 4q* — 8qr + 4r?
= 4q* — 8qr + 4r?
= 4(q% — 2qr +1?)
= 4(q — r)? which is a perfect square.

Hence the roots are rational.

EXERCISE 3.2

1. If kis real, discuss the nature of the roots of
the polynomial equation 2x? + kx + k = 0,
in terms of k.
Solution: 2x%+kx+k =0

a=2,b=kandc=k

A= b%—4ac
= k? —4(2)(k)
= k* -8k
= k(k—8)

(i) When k< 0, the polynomial has real roots.

(ii) When k= 0 or k= 8, the roots are real
and equal.

(iii) When 0 < k< 8, roots are imaginary.

(iv) When k > 8, roots are real and distinct.

2. Find a polynomial equation of minimum

degree with rational coefficients, having
2 ++/3ias aroot.
Solution: Given 2 + +/3i is a root

= 2 —+/3i is another root.
Hence sum of the roots = 2 +v/3i + 2 — /3i
=4
Product of the roots = (2 + v/3i)(2 — v/3i)

www.TrbTnpsc.com

=4+3
=7
Hence the required equation is
x% — (sum of roots)x + Prod.of roots =0
x2—4x+7=0
3. Find a polynomial equation of minimum
degree with rational coefficients, having
2i + 3 as aroot.
Solution: Given 2i + 3 = 3 + 2i isaroot
~ 3 — 2i is another root.
Hence sum of the roots = 3 + 2i + 3 — 2i
=6
Product of the roots = (3 + 2i )(3 — 2i)
=9+4
=13
Hence the required equation is
x% — (sum of roots)x + Prod.of roots =0
x2—6x+13=0
4. Find a polynomial equation of minimum

degree with rational coefficients, having
V5 —+V3asaroot.
Solution: Given v'5 —+/3 is a root
~ /5 ++/3 is another root.
Hence sum of the roots = V5 — V3 + V5 + /3
=25
Product of the roots = (V5 — v3)(V5 — V3)
=5-3
=2
Hence one of the factor is
= x2 — (sum of roots)x + Prod.of roots
=x?2 —2V5x + 2
To remove square root we include
the other factor ( x? + 2v5x + 2)

The required equation is,
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(x?—2v5x+ 2)(x®+2V5x+ 2) =0
(x2+ 2—2vV5x)(x2+ 2+2V5x) =0

(x? +2)% — (2v/5%) = 0
x*+4x?>+4—-4(55)x>=0
x*+4x*+4-20x*=0
x*—16x2+4=0

5. Prove that a straight line and parabola

cannot intersect at more than two points.
Solution:

Let the equation of the linebe y =mx + ¢
Equation of parabola is y? = 4ax ...(1)
Substituting the value of y = mx + cin....(1)
(mx + ¢)? = 4ax
m?x? + 2mex + ¢? = 4ax
This is a second degree equation in x the
straight line and parabola intersect at two
points

Example 3.15

If2 + iand 3 —+/2 are roots of the equation
x® —13x> + 62x* — 126x3 + 65x% + 127x — 140 = 0,
find all roots.

Solution:

Since the coefficient of the equations are all
rational numbers, and 2 + 7and 3 — V2 are
roots, we get 2 — fand 3 + /2 are also roots of
the given equation. Thus, [x — (2 + )],
[x— (2 =0 [x—(3—V2)]and [x — (3++2)]
are the factors.
Their products,
(x—2-Dx-2+D(x-3+vV2)(x—3-+2)
is a factor of the polynomial equation.

[Ce —2)% + 1][(x — 3)* — 2]

[(x% —4x + 4) + 1][(x? — 6x +9) — 2]

(x?2 —4x+5)(x2—6x+7)

www.TrbTnpsc.com

x* — 6x3 + 7x% — 4x3 + 24x?% — 28x + 5x% — 30x + 35
(x* —10x3 + 36x% — 58x + 35) is a factor.

Hence,
(x® —13x5 + 62x* — 126x3 + 65x2 + 127x — 140)
=(x* —10x3 + 36x% — 58x + 35)(x% + px — 4)
Equating the x term,
127 =232+ 35p
127 — 232 =35p

—105 = 35p
— T105
35

P, 50=3

x% — 3x — 4 = 0 is another factor.
x—4)(x+1)=0
x—4=0o0orx+1=0
x—4=0=>x=4
x+1=0=>x=-1

The roots of the given polynomial equation are

24+ i0,2—1i,3—-+2, 34++2 4and—1.

Example 3.16
Solve the equation x* — 9x2 + 20 = 0.

Solution: x* — 9x2 + 20 = 0.
Letx? = A
Then, A% —94 +20=0.
(A-4)(A-5 =0
(i) When,A—4=0

A=4
ie, x> =4
x=x2
(ii) When,A—5=0
A=5
ie., x> =5
x=++5

The solutions are, + 2, + /5.
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Example 3.17
Solve the equation x® — 3x? — 33x + 35 = 0.

Solution:
The sum of the coefficients of the equations is 0

Hence 1 is a root of the polynomial.
(x — 1) is a factor.
x3 —3x?—33x+35=(x — 1)(x* + px — 35)

Equating the x term,

-33=-35-p
—33 +35=—p
2=-p
p=-—2

x% — 2x — 35 = 0 is a factor.
(x—=7)(x+5)=0
x—=7=0 orx+5=0
x—7=0=>x=7
x+5=0=>x=-5
The rootsare 1, 7, —5

Example 3.18
Solve the equation 2x3 + 11x? — 9x — 18 = 0.
Solution:
We observe that the sum of the coefficients of
the odd powers and that of the even powers
are equal. Hence —1 is a root.
(x + 1) is a factor.
2x3 4+ 11x2 —9x — 18

= (x + 1)(2x* + px — 18)

Equating the x term,

—-9=-18+p
-94+18=p
9=p

2x% + 9x — 18 = 0 is another factor.
2x24+12x—3x—18=0
2x(x+6)—3(x+6)=0
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(2x—=3)(x+6)=0
2x—3=0 orx+6=0
2x-3=0=2x=3>x=1
x+6=0=>x=-6

The roots are—l,g,—6

Example 3.19 Obtain the condition that the
roots of x3 + px%2 + gx + r = 0 are in A.P.
Solution:

The roots are in A.P. Then, we can assume them

intheforma —d,a,a + d.

Applying the Vieta’s formula

P

a-—d+at+at+td=—-—7=-p
>3a=—p
sa=-2,

3

But, we note that a is a root of the given

equation. Therefore, we get

(9 +o(-9 +a-5+r=o0

Multiplying by 27,
—p3+3p>-9pq +27r=0
2p3 —9pq +27r =0
2p3 + 27r = 9pq

Example 3.20 Find the condition that the roots
of ax3® + bx? + c¢x + d = 0 are in geometric
progression. Assume a, b, ¢, d # 0

Solution:

The roots are in G.P. Then, we can assume them
. (04
in the form —, o, ar.

Applying the Vieta’s formula

[od b
21=(;+a+ar)=—z
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a(%+1+r)=—— ...... (D

Il
| a

Y, = (%a’+%ar+ aar)

2
(“7 +a?+ azr)

Il
[Ks)

az(%+1+r) . (2)

1
@ _ @) g
€Y) a(%+1+r) —g
(1 a b
C
S = ——-
b
d
% (2) (@(ar) = -2
ad=-12
a
Substituting @ = —Ein ad = _%
[ 3 d
(-5 =
_e¢__d
b3 - a
¢ _d
b3 a
ac® = b3d

Example 3.21

If the roots of x3 + px? + qx + r = 0 are in H.P.

prove that 9pqr = 27r3 + 2p.
Solution:
The roots of x3 + px? + gx + r = 0 are in H.P.
Then the reciprocal roots are in AP.
1 1 1
e} +p ] +q T +r=20

1+px+qx?+rx3 0

x3
1+px+qgx?+rx3=0
rx3+qx*+px+1=0..... (1) is the
equation has AP roots

Leta — d,a a + d be the roots.
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Yi=(a—d+a+ a+d)=—%
3a=-12

r

a=-=

3r

Since a is the root of the equation(1)
3 2
() a5+ ()10
r(~5m) +a () B +1=0

() o) 210

Multiplying by27r2,

—q®+3q3 —pq9r +27r2 =0
2q3 —pq9r +27r2 =0
2q3 +27r? = 9pqr

Example 3.22 It is known that the roots of the
equation x> — 6x? — 4x + 24 = O are in

arithmetic progression. Find its roots.

Solution: x3 — 6x% — 4x + 24 = Ohas AP roots.
The roots are in A.P. Then, we can assume them

intheforma —d,a, a + d.

Applying the Vieta’s formula

a—d+a+ a+d= —(_—16)=6

=>3a=6

6
Sa=-=2
3

(@-d)(@) (@+d)= -2 =-24
Substituting a = 2,
2-d)(2) 2+d) = —24
2-d)Q2+d) = -12

4—d?=-12

—d>=-12-4
d?> =16
d=1t4
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(i) Whena =2and d = 4
The roots a — d,a a + d becomes,
2—4,2,24+4=-2,2,6

(ii) Whena =2 and d = —4 (a - d) G) (@a+d) = — (—;6)
The roots a — d,a a + d becomes,

2+4,2,2—4>6,2,-2

a=§
d

(a—d)(a)(a+d)= —=

a

3

(a—d) (@+d) = %(Z)

a? —d? =12
3
EXERCISE 3.3 (f)z _ 92 4
1. Solve the cubic equation: 3 T3
2x3 — x* — 18x + 9 = 0 if sum of two of its 1 _gq2=1%
. 9 3
roots vanishes. _4_ 5
Solution: 9 3
The sum of the two roots is zero. gz = 16712
9
So, a, —a, B be the roots. .
b —
Sie—a+p)= —2 )
_ D d=+2
1 ? (i)Whena=§andd=§
T2
d The roots a — d,a a + d becomes,
Ss@(-a)(B) = —% b zs4,2 24,
1 9 P R - T
(a)(—a)(z)——z 3 3’3 34 373’3 2
ot _ 9 (i) Whena =< and d = —=
2 2
az=9 The roots a — d,a a + d becomes,
a= 3 4 244 2 542
1 3 3’3’3 3 "33
Hence 3, —3,5 are the roots.
9x° — 36x” + 44x — 16 = 0 if the roots form 3x3 — 26x? + 52x — 24 = 0 if its roots form
Solution: Solution:
The roots are in A.P. Then, we can assume The roots are in G.P. Then, we can assume

. (04
them in the forma — d, a, a + d. them in the form —, o, ar.

Applying the Vieta’s formula
1= (%+a+ocr):—2

a

Applying the Vieta’s formula

a—d+a+at+d= —>
4 (-26) _ 26

3 3
d

%5 = (%) (@) = -2

a

(04
258 s6 Ttatar=-—

> 3a=—

=>3a=4
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(-24) 24 _
() o) = 20 -2 2=
5 3a=6
a®> =8 el 5
a=2 c
Yo =(af tay+py)= -
Substituting @ = 2, in
o 26 = 3
—tatar== aﬁ+ay+,8y—z
§+2+2r=23—6 Substituting a = 2
3
PRI 26 +2y + By = >
_ 3
Zpoar=20 a+py=r-
r 3 2
2+42r> 20 3
) 2+hr =73
3(2 + 2r?) = 20r 3
Py=5—2
6 + 612 = 20r
3-4
6r2—20r+6=0 =7,
=2, 3r’=10r+3=0 1
Py=—3
Br—-1)(r-3)=0
d
3r—1=0 orr—3=0 23=(“ﬁ)/)=_;
1
—_— ey = _ - k
3r—=-1=0=>3r=1=r 3 2'8]/=_E
r—3=0>r=3 K
) 1 SBy=—7
(l)Whena=2andr=§ 4
1 k
The roots %,a,arbecomes 6,2,§ Hence A
(ii) Whena =2andr =3 1_k
2 4
The roots E,a,arbecomes 1, 2,6 4
r 3 k:E
4. Determine kand solve the equation k=2
2x3 — 6x% 4+ 3x + k = 0 if one of its roots is 1
From, ,By=—5
twice the sum of the other two roots. L
Solution: B=" Z_ﬁ
. ) _ 1
Given 2x” — 6x° +3x +k =0 Substitutinga = 2 andy = ——in
Let a, B,y be the roots. 2B
a=2B+y)=>a=28+2y a+B+y=3
_ __b 1
21—(C¥+B+Y()—) T 2+B_E:3
a+B+y——T—E—3 _i=3_2
2 2a+28+2y=6 ¥
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1
_-EE:= 1
2621 _
2B
2B%-1=2P
2B2-2—1=0
ﬁ_-bim
2a
_ 24/4-4() (D

2(2)

1

(1+V3)

k = 2, and the roots are 2,

5. Find all zeros of the polynomial

x® — 3x% — 5x* + 22x3 — 39x2 — 39x + 135,

if it known that 14+2i and /3 are two of its
Zeros.

Solution:
Since 1+2i and V3 are two of polynomial

zeros, we get 1 — 2i and —+/3 are also zeros of
the given equation. Thus, [x — (1 + 2i)],
[x — (1 =2)], [x — (V3)] and [x — (—V3)] are
the factors.
Their products,
(x—1-2)(x—1+2)(x—V3)(x +V3)
is a factor of the polynomial equation.

[C = 1)? +4][(x)* - 3]

[(x? —2x + 1) + 4][(x% - 3)]

(x? —2x +5)(x%? - 3)

www.TrbTnpsc.com

x* —3x% — 2x3 + 6x + 5x% — 15
(x* — 2x3 + 2x? 4+ 6x — 15) is a factor.
Hence,

x6 — 3x5 — 5x* + 22x3 — 39x2 — 39x + 135
=(x*—2x3 + 2x%2 + 6x — 15)(x* + px — 9)

Equating the x term,

—39=-54-15p
—39+54 =—-15p
15=-15p
_ s
T 15
p=-1

x? — x — 9 = 0 is another factor.
X2 —x—9=0

—b+Vb2—4ac
2a
1+/1-4(1)(=9)
2(1)
1+V1+36
2
_ 1437
A2
The zeros of the given polynomial equation are

X =

20,3, \/—1+\/_ dl_m

1+2i,1-
2

6. Solve the cubic equations:
(i) 2x3 —9x% + 10x = 3
Solution:
2x3 —9x% +10x =3
2x3—9x2+10x—3=0
The sum of the coefficients of the equations is 0
Hence 1 is a root of the polynomial.
(x — 1) is a factor.
2x3 —9x% +10x — 3 = (x — 1)(2x* + px + 3)

Equating the x term,

10=3—-p
10-3=—-p
7=—p
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p=-—7
2x% —7x + 3 = 0 is a factor.
2x2—6x—x+3=0
2x(x—3)—1(x—-3)=0
2x—-1D(x-3)=0
2x—1=0 or x—3=0
2x — 1= 0:>x=%

x—3=0=>x=3

1
The roots are 1, 3, 2

(i) 8x®* —2x2 —7x+3 =0
Solution:
We observe that the sum of the
coefficients of the odd powers and that of
the even powers are equal. Hence —1 is a
root.
(x + 1) is a factor.
8x3—2x2—-7x+3
= (x + 1)(8x* + px + 3)

Equating the x term,

—-7=3+p
—-7—-3=p
—10=p

8x2% — 10x + 3 = 0 is another factor.

8x2—6x—4x+3=0
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7. Solve the equation: x* — 14x2 + 45 = 0.
Solution: x* — 14x?% + 45 = 0.
Letx? =A
Then, A?—14A +45=0.
(A—9)(A—5)=0
(i) When,A—9=0

A=9
ie., x>=9
x=23
(ii) When,A—5=0
A=5
ie., x> =5
x=++5

The solutions are, + 3, + /5.

Example 3.23 Solve the equation
x—2)x—7)(x—-3)(x+2)+19=0
Solution:
x—2)(x—7)(x—-3)(x+2)+19=0
x=-2)x=-3)x—=-7)(x+2)+19=0
(x? =3x—2x+6)(x>+2x—7x—14)+19=0
(x2—-5x+6)(x2—5x—14)+19=0
Letx? —5x = A
Then, (A+6)(A—14)+19=0
A2 —14A+6A—-84+19=0
A2 —-8A—-65=0

2X(4X - 3) - 1(4x B 3) =0 4= —b+Vb2-4ac
2x—1DMAx-3)=0 o 2a
26—1=0 or 4x—3=0 _ 8£64-4(1)(=65)
. 2(1)
2x—1=0=>x= 3 __ 8+64+260
3 2
dx—-3=0=>x=~-
x X =3 _ 8+\324
1 3 T2
The roots are 1, S _ 8+18
T2
4 = B8 dA=8—218
Page 19
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8 +18

(i) When A4 =
—28
2
=13
Hence, Let x? — 5x = 13
x2—5x—-13=0
-b+VbZ—4ac
2a
5+,/25-4(1)(-13)
2(1)
5+v25+52
2
5+v77

2
8—-18

X =

(ii) When A =

10
2

= =5
Hence, Letx? —5x = —5
x> —5x+5=0
-b+Vb2-4ac
2a
5+/25-4(1)(5)
2(1)
5+V25 — 20
2
5+V5
T2

_ 5+v77 545
The solutions are T O

X =

Example 3.24 Solve the equation
(2x—=3)(6x—1)Bx—2)(x—12) -7 =0
Solution:
2x-3)(6x—-1)Bx—-2)(x—12)—-7=0
2x-3)Bx-2)(x—1)(x—12)—-7=0

(6x?> —4x —9x +6)(6x*> —12x—x+12)—7=0
(6x?> —13x +6)(6x2—13x+12)—7=0

Let6x? —13x = A
Then, A+6)(4A+12)—-7=0
A2 +124A4+6A+72-7=0

By Manisekowron - SRKMHSS
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A2 +184+65=0
A* +134A+54+65=0
AA+13)+5(A+13)=0
(A+13)(A+5)=0
(A+13)=0=> A4 =-13
and (A+5)=0=>A4=-5
(i) When A =-13

Hence, 6x? — 13x = —13
6x2—13x+13=0

—b+Vb2—4ac
2a

X =

13+,/169 —4(6)(13)
2(6)

13+v169 — 312
12

13+v-143
12

13+v143i

12
(ii) When A=-5
Hence, 6x% — 13x = =5
6x2—13x+5=0
6x2—10x—3x+5=0
2x(3x—-5)—13x—-5)=0

2x—-1)Bx-5)=0
2x—1=0 or 4x—3=0

1

2x — 1= 0:>x=5

5

3x -5 = 0:>ng
13+/143i 1 5
The roots are ———, -, —
12 2’3
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EXERCISE 3.4

1.Solve: (i) (x = 5)(x — 7)(x + 6)(x + 4) = 504

Solution:
(x=5)(x—-7)(x+6)(x+4) =504

(x=5x+4)x-7)(x+6) =504

(x? + 4x — 5x — 20)(x% + 6x — 7x — 42) = 504

(x?2 —x—20)(x?—x—42)—-504=0
Letx? —x=A
Then, (A—20)(A—42)—-504=0
A%? — 424 — 204+ 840 — 504 =0
A? —62A+336=0
A2 —56A—6A+336=0
A(A—56) —6(A—56) =0
(A—56)(A—6)=0
(A—56)=0=A=56
and (A-6)=0=>A4=6
(i) When A =56
Hence, x> — x = 56
x2—-x—-56=0
(x—8)(x+7)=0
x—8=0 orx+7=0
x—8=0=>x=8
x+7=0=>x=-7
(i) When A=6
Hence, x> —x =6
x*—x—6=0
(x—3)x+2)=0
x—3=0o0orx+2=0
x—3=0>x=3
x+2=0=>x=-2
The rootsarex =8,—7,3,—2
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(i) (x—4)(x—-7(x—-2)(x+1) =16.

Solution:
x—4D)(x-7x-2)(x+1)=16
x—-Hx-2)x—7)(x+1)=16

(x> —2x—4x+8) (x> +x—7x—7) =16
(x> —6x+8)(x?—-6x—7)—16=0
Letx? —6x =A
Then, (4 + 8)(A—7) — 16 = 0
(A2 — 7A+8A —56) — 16 = 0
A2+ A-72=0
(A+9)(A—8)=0
(A+9)=0=A=-9
and (A-8)=0=>A4=8
(i) When A =-9
x% —6x = -9
x2—6x+9=0
x—-3)(x-3)=0
x=3,3
(ii) When A =38
x> —6x =8
x2—6x—8=0

—-b+Vb2-4ac

2a

X =

_ 61/36 —4(1)(-8)
- 2(1)

6+v36 + 32
2

6468
G

6+VAX17
o 2
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_ 6+2V17
T2

_ 2(3+VT7)
2

= (3++17)

The rootsarex = 3,3,3 + V17,3 —v17

2.S0lve: (2x —1D)(x+3)(x—2)2x+3)+20=0
Solution:
Rx—1D(x+3)(x—2)2x+3)+20=0
Rx—1)R2x+3)(x+3)(x—2)+20=0
(4x2+6x—2x—3)(x2—2x+3x—6)+20=0
(4x2 +4x—3)(x2+x—-6)+20=0
[4(x? +x) —3](x* +x—6)+20 =0
Letx?+x=A4
Then, (44 — 3)(A — 6) + 20 = 0
4A% —24A—-3A+18+20=0
442 —274+38=0
442 -84 —194A+38=0
4AA—2)—19(A—2) =0
(A—2)(4A—19) = 0
A-2)=0>A4=2
and (4,4—19)=o=>,4=179
(i) When A=2
x2+x=2
x’+x—-2=0
x+2)x—-1)=0

x+2)=0=>x=-2
and (x—-1)=0=>x=1
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(ii) When A = 17?

X24x——=0
4
Multiplying by 4
4x* +4x—-19=0

—b+Vb2—4ac
2a

X =

-4 +.,/16—4(4)(—19)
2(4)

-4 ++/16 + 304
8

-4 ++v320
8

—4 ++64X5
8

-4 4845
8

4(-1+2v5)
8

_ (-14245)
- 2

(-1-2v5) (-1+2V5)

)

2 2

The rootsarex =1, -2,

Example 3.25
Solve the equation: x3 —5x? —4x +20 =0

Solution: x3 — 5x?> —4x +20=0

2 is a solution hence (x — 2) is a factor.
x3 = 5x%2 —4x + 20 = (x — 2)(x% + px — 10)

Equating the x term,

—-4=-10-2p
—-4+10=-2p

6 =-2p

p=-3

x% — 3x — 10 = 0 is another factor.
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(x=5)(x+2)=0
x—=5=0o0orx+2=0
x—5=0=>x=5
x+2=0=>x=-2

The roots are 2, 5 and—2.

Example 3.26

Find the roots of 2x3 + 3x% + 2x + 3

Solution: 2x3 + 3x% + 2x + 3

ty =a, = 2,and last termt; = ay = 3

a 3
the root P_%o_"2
q an 2

as (p,q) =1 pmustdivide 3 and g must
divide 2. Clearly, the possible values of p are
—1,1, -3, 3 and the possible values of gare

-1,1,-2,2
) 3,
We find — z is the root.

ie.,(2x + 3) is a factor.
2x3+3x2+2x+3=2x+3)(x*+px+1)

Equating the x term,

2=2+3p
2—2=3p

0=3p

p=0

x% + 1 = 0 is another factor.
x? + 1 = 0 gives,
x?=-1

x==i

3 NG
T3 —1, 1 are the roots.

Example 3.27
Solve the equation 7x3 — 43x% = 43x — 7

Solution:
7x3 —43x2 =43x -7
7x3 —43x%2 —43x+7=0

By Manisekowron - SRKMHSS
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This is an odd degree reciprocal equation of
Type 1. Thus —1 is a solution and hence

(x + 1) is a factor.

7x3—43x2 —43x+7=(x + 1)(7x® +px +7)

Equating the x term,

—43=7+p
—43-7=p
-50=p
p=-50

7x% — 50x + 7 = 0 is another factor.
7x*—49x —x+7=0
7x(x—7)—1(x—-7)=0
(x—-7)(7x-1)=0
x—=7)=0=>x=7
1

(7x-1)=0=>x=7

Hence, x = —1,% and 7 solution.
Example 3.28 Solve the following equation:
x*—10x3 +26x2—10x+1=0
Solution: x* — 10x3 + 26x2 — 10x + 1 =10
This equation is Type I even degree reciprocal
equation. Hence it can be rewritten as

x?[x? = 10x +26 -+ 5] =0

2+ S —10x -2+ 26| = 0
| X X

(x+32—2—u(x+9+24=0

[ 1\2 1

(x+ﬂ —u(x+ﬁ+24=0

Letx+l=A
X

then, A%?—104A+24=0
(A—6)(A—4) =0
(A-6)=0=>A4=6

and (A-4)=0>A4=4
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(i) When A=6 _ 4++4x3
) T2
x+-=6
§ _ 4+2V3
x2+1 -
=6
2(2++/3
XZ +1=6x = (T
x> —6x+1=0
=213
x = —b+Vb2-4ac
- 2a Hence, x = (3 + 2v2 )and (2 + V3)
6 +./36—4(1)(1)
- 2(1) Example 3.29 Find solution, if any, of the
E 20 2
6436 F equation 2cos“x —9cosx +4 =0
N 2 Solution:
6432 Substitute cos x = A, then
2 242—9A+4 =0
ANE L VIexZ 216"2 242 _8A—A+4=0
 6t4y2 2A(A—4)—-1(A4-4)=0
002 A-4)24-1)=0
_ 2(3+2V2) (A-4)=0=>A4=4
- 1
2 and (24—-1)=0> A==
2
=3 + 22

(i) When A=4
(ii) When A=4 _
cos x = A gives,

1
x+-o=4 cosx =4
X241 4 There is no possible solution
x for cos x =4
x2+1=4x 1
(ii) When A ==
x2—4x+1=0 2
—b+Vb2—4ac cos x = A gives,
X = 2a 1
cosx =7
_ 4+16-4(1)(1) .
= foralln € Z,x = 2nm + —are
2(1) 3
_ 4+\i6-4 solutions, but repeat the steps by
N 2 taking the given equation, we find that
4++/12 there is no solution.
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EXERCISE 3.5
1. Solve the following equations
(i) sin®?x —5sinx +4 =0
Solution:

Substitute sin x = A, then
A*—54+4=0
A-4)A-1)=0
A-4)=0=>A4A=4
and (A-1)=0=>A4=1
(i) When A=4

sin x = A gives,
sinx=4
There is no possible solution
for sin x = 4 since the range is [—1,1]
(ii) When A=1
sin x = A gives,
sinx=1

foralln € Z,x = 2nm + g is solution.

(i) 12x3 4+ 8x = 29x? — 4

Solution: 12x3 + 8x = 29x2 — 4
12x3 —29x2+8x+4 =0
2 is a solution hence (x — 2) is a factor.
12x3 —29x2 + 8x + 4 = (x — 2)(12x% + px — 2)

Equating the x term,

8=-2-12p
8+2=-2p

10 =-2p

p=-5

12x2 — 5x — 2 = 0 is another factor.
12x2-5x—2=0
12x> —8x+3x—2=0
4x(3x—2)+1(B3x—-2)=0

By Manisekowron - SRKMHSS
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Bx—2)4x+1)=0

(3x—2)=0=>x=E

3
and (4x+1)=0:>x=—i

2 1
The roots are 2, 772

2. Examine for the rational roots of

(i) 2x3 —x2 -1
Solution: 2x3 —x? —1
The sum of the coefficients of the
equationsis 0
Hence 1 is a root of the polynomial.
(x — 1) is a factor.
2x3 —x2—1 =(x-1D@x*+px+1)

Equating the x term,

0=1-p
1-p=0
p=1

2x?% 4+ x + 1 is a factor.

2x2+x+1=0
_ —b+Vb2—-4ac

2a

X

-1+/1-4(2)(1)
2(2)

~1+vI=8

4

-1++-7
4
_ —1+V7i
T4
~ x = 1,is arational root.

(i)x® —3x+1=0.
Solution: x8 —3x+1 =10

ty =a, =1,and last termt;, = ay =1
D 1
the root ; = T =1,thenas(p,q) =1

pisafactorof ay =1
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and q is a factor of a,, = 1

Since 1 has no factor, the given equation

has no rational roots.
3 =3
3. Solve: 8x2n — 8x2n = 63

Solution:

-3

3
8x2n — 8x2n = 63

3 -3

s(m = xa) =63

8| () — () | = 63

1
Let x2n = A, then xzn = %

8 [(A)3 - (1)3] = 63

A
8[A3—A—13]=63

A3_i—§

A3 8

A°-1 _ 63

a3 8
8 (A% — 1) = 6343
8A4° — 8 = 6343

84°—6343-8=0

8A4° —644% + 43 -8=0
843(A*—-8)+1(4*-8)=0
(A*-8)(84%3+1)=0

A3 —8=0and84%+1=0

A3-8=0
= A°=8
=>A=2

and 843+1=0

= 843 = -1
> A3 =1

8
SA=—=

2

By Manisekowron - SRKMHSS
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(i) When A =2

1

xzn = 4, gives
1

x2zn = 2

Raising to the power of 2n

x =2%"
— (22)71
x = 4"

1
(ii) When A = — 3

1
xzn = 4, gives
1 1
xXzn = — —
2

Raising to the power of 2n

_ 1
X——ZE

4.Solve:2\/£+3\ﬁ: b, ba
a X a b

Solution: 2\/%4—3 %: b ta

ab(24? + 3) = A(b? + 6a?)
2A%ab + 3ab = Ab? + 6Aa?
2A%ab — Ab? — 6Aa* +3ab =0
bA(2Aa — b) — 3a(2Aa —b) =0
(24a —b)(PA—3a)=0
(2Aa —b) =0,and (hbA—3a) =0
2Aa — b =0, gives
2Aa =b
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b 2
A=— L 1 A
— [6(x+x) 35(x+x)+50]—0
bA —3a) = 0, gi
( a) gres Letx +-=A4
bA—3a=0 *
bA = 3a then, 64% —354+50=0
A=3a

. 6A% — 204 — 154 + 50 = 0

. b
(i) When A = — 24(34—-10)—5(34—-10) =0

X
\/; = A, becomes

(34—-10)(2A-5)=0

34-10=0,and 2A-5=0
x_>b
@ (BA-10)=0=A4="
Squaring, s
and (2A-5)=0=>A4==
x _ b* 2
@ 4a? (i) When 4 = 2
b? 3
X =—
4a 1 10
y 3 Xti=3
(ii) When A = -
x%+1 _ 10
\/% = A, becomes x 3
3(x2+1) =10x
z=2 3x2 — 10x +3 = 0
a b
: 3x2—-9x—x+3=0
Squaring,
x _ 9a* 3x(x—3)—1(x—-3)=0
— 2
@ b (Bx—1)(x—3) =0
9a3
X = Ao
b 3x—1=0,andx—3=0
~ The roots are L
% 4a’ b? (3x—1)=0:>x=§
and (x—3)=0=>x=3
5. Solve the equation: s
(ii) When A4 =-
(i) 6x* —35x3 + 62x2 —35x + 6 =0 2
Solution: 6x* — 35x3 + 62x% — 35x + 6 = 0 xHo=2
This equation is Type I even degree reciprocal x2+1 5
equation. Hence it can be rewritten as %3002
] 2x*+1)=5
x? [6x? =350+ 62— 24+ 5] = 0 (" +1)=5x
o 2x%+2 ="5x

[6x2+x%—35x—3x—5+62_ =0

2x2 —=5x+2=0
[6(x+§)2—12—35(x+§)+62_ =0

2x2 —4x—x+2=0
2x(x —2)—1(x—2)=0
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x—1Dx-2)=0
2x—1=0,andx—2=20

2x—1)=0=>x=

N =

and (x—2)=0=>x=2

1 1
Hence, x = 5,3, 52 2

(i)x*+3x3—-3x—-1=0
Solution: x*+3x3—3x—1=0
The sum of the coefficients of the equations is 0

Hence 1 is a root of the polynomial.

(x — 1) is a factor.

By synthetic division we find —1 is a root
of the polynomial.

(x + 1) is also another factor.

(x =1 (x+ 1) = (x? — 1)is a factor.

axt+3x3-3x—1= (2 - D> +px+1)
Equating the x term,
p=3
x% + 3x + 1is afactor.

x>4+3x4+1=0
__ —b*Vb2-4ac

2a

X

—3+y9-4(M)(1)
2(1)

-3+v9-4
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6. Find all real numbers satisfying

4% —3(2%*2) +25=0
Solution: 4% —3(2**?)+2°=0
4* —3(2)(25)+25=0
4% —3(2%)4+25=0
4*—12(25)+2°=0
(2H)* -12(2%)+2°=0
(292 —-12(2%)+2°=0

Let2* = A

A> —12A+32=0
A-8)(A4-4)=0
A—-8=0,andA—-4=0
A-8=0=>A4=38
and A—-4=0=>A=4

(D) When A =8
2*¥ = A, gives
2* =8
2% =23
x=3

(i) When A =4
2% = A, gives
2 =4
2% = 22
x==x2

& x =-—2,2,3 areroots

7. Solve the equation

6x* —5x3 —38x% —5x + 6 = 0 ifitis
1
known that 3 is a solution.
Solution: 6x* — 5x3 —38x? —=5x+ 6 =0

This equation is Type I even degree reciprocal

equation. Hence it can be rewritten as

x2[6x2—5x—38—z+x%]=0

By Manisekowron - SRKMHSS
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6x2—5x—38—§+xi2=0
[6x2+x%—5x—§—38] =0

[6(x+§)2—12—5(x+§)—38]=0

1\2 1
k(x+9 —5@+;)—aﬂ=o
Letx+l=A
X
then, 642 —-54—-50=0
642 —20A —154A—-50=0
2A(34—10)+5(B4—-10)=0
(34— 10)(24+5) = 0
3A—10=0,and 2A+5=0

(34-10)=0=>A==

and (2A+5)=O:A=—§

) 10
(i) When A = 5
1 10

X+tiT3

x2+1 _ 10

X - 3

3(x2+1) = 10x
3x2—10x+3 =0
3x2—-9x—x+3=0
3x(x—3)—1(x—-3)=0
Bx—1x-3)=0
3x—1=0,andx—-—3=0

Bx—-1)=0=>x=

W

and (x—3)=0=>x=3

(ii) When A = —=
x4s=-2

x 2

x2+1 _ 5

x 2

2(x*+1) = —5x
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2x%+2=—"5x
2x2+5x+2=0
2x2+4x+x+2=0
2x(x+2)+1(x+2)=0

2x+1Dx+2)=0
2x+1=0,andx+2=0

(2x+1)=0=x=—
and (x+2)=0=>x=-2

1 1
Hence, x =§,3,—5,—2

Example 3.30 Show that the polynomial 9x° +
2x°> — x* — 7x? + 2 = 0 has at least six
imaginary roots.
Solution:
P(x) =9x° + 2x> —x* —7x% + 2
There are 2 sign changes for P(x)
Hence it has at most 2 positive roots.
P(—x) =9(—x)° + 2(—x)° — (—x)* = 7(=x)* + 2
= —9x% —2x% —x* — 7x%+2
There is 1 sign changes for P(—x)
Hence it has at most 1 negative root.
Since P(x)s of degree 9, the P(x) has
at least 6 imaginary roots.
Example 3.31 Discuss the nature of the roots of
the following polynomials:
(i) x2018 4+ 1947x1950 + 15x8 + 26x° + 2019
Solution:
P(x) = x%918 + 1947x1950 4 15x8 + 26x° + 2019
There are no sign changes for P(x)
Hence it has no positive roots.
P(—x) = x2018 4+ 1947x1950 4 15x8 + 26x° + 2019
= x2018 4 1947x19%0 4 15x8 + 26x° + 2019
There are no sign changes for P(—x)

Hence P(x) has no negative root.
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Since P(x)s of degree 9, the P(x) has
at least 9 imaginary roots.

(ii) x° — 19x* 4+ 2x3 + 5x2 + 11

Solution:
P(x) = x> —19x* + 2x3 + 5x% + 11
There are 2 sign changes for P(x)
Hence it has at most 2 positive roots.

P(—=x) = (=x)° — 19(=0)* + 2(—=x)3 + 5(-x)? + 11
=—x°>—19x* — 2x3 + 5x2 + 11

There is 1 sign changes for P(—x)
Hence P(x) has at most 1 negative root.
Since P(x)s of degree 5, the P(x) has
at least 2 imaginary roots.

EXERCISE 3.6
1. Discuss the maximum possible number of

positive and negative roots of polynomial
equation 9x° — 4x® + 4x7 — 3x% + 2x°

+x3 +7x2+7x+2=0.
Solution:

P(x) = 9x” — 4x® + 4x7 — 3x® + 2x5
+x3 + 7x% + 7x + 2
There are 4 sign changes for P(x)
Hence it has at most 4 positive roots.
P(=x) = 9(—x)? — 4(—x)® + 4(—x)” — 3(—x)°®
+2(=x)° + (=03 + 7(—)* + 7(-x) + 2
= —9x% — 4x8 — 4x7 — 3x® — 2x°
—x3+7x%2—=7x+2
There are 3 sign changes for P(—x)
Hence P(x) has at most 3 negative roots.
Since the difference between the number of
sign changes in co- efficient P(—x) and
number of negative roots of the polynomial
P(x) is even.

The number of imaginary roots at most 2.
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2. Discuss the maximum possible number of
positive and negative roots of polynomial
equations x? — 5x + 6 and x? — 5x + 16
Also draw rough sketch of the graphs.

Solution:

LetP(x) =x*—5x+6
There are 2 sign changes for P(x)
Hence it has at most 2 positive roots.
P(—x) = (—x)? —=5(-x)+ 6
=x*+5x+6
There are no sign changes for P(—x)

Hence P (x)has no negative root.
Let Q(x) = x> — 5x + 16
There are 2 sign changes for Q (x)
Hence it has at most 2 positive roots.
Q(—x) = (—x)* = 5(-x) + 16
=x%2+4+5x+16

There are no sign changes for Q (—x)

Hence Q(x) has no negative root.

3. Show that the equation
x° —5x5 + 4x* + 2x2 + 1 = O has atleast 6
imaginary solutions.
Solution:

Let P(x) = x° — 5x° + 4x* + 2x2 + 1
There are 2 sign changes for P(x)
Hence it has at most 2 positive roots.
P(=x) = (=x)° = 5(=x)° + 4(-x)*
+2(—x)? +1
=—x%+5x> +4x* + 2x* + 1
There is 1 sign changes for P(—x)
Hence P(x) has one negative root.
Since the difference between the number

of sign changes in co- efficient P(—x) and

By Manisekowron - SRKMHSS
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number of negative zeros is even.

P(x) has one negative root.
0 is not the zero of the polynomial P (x).
So the number of real roots is at most 3.

The number of imaginary roots at least 6.

4. Determine the number of positive and
negative roots of the equation
x? —5x8 — 14x7 = 0.
Solution:
Let P(x) = x° — 5x8 — 14x7
There is 1 sign change for P(x)
Hence it has at most 1 positive root.
P(—x) = (—x)° = 5(—x)® — 14(—x)’
= —x% — 5x8 + 14x7

There is 1 sign change for P(—x)
Hence P(x) has at most 1 negative root.

Clearly 0 is a root of P(x).

The number of imaginary roots at least 6.

5. Find the exact number of real roots and

imaginary of the equn. x° + 9x” + 5x3 + 3x.

Solution:
Let P(x) = x° 4+ 9x7 + 5x° + 3x
There is no sign change for P(x)
Hence it has no positive root.
P(—x) = (—x)° + 9(—x)7 + 5(—x)3 + 3(—x)
= —x% —9x7 — 5x3 — 3x
There is no sign change for P(—x)

Hence P(x) has no negative root.

Clearly 0 is a root of P(x).
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EXERCISE 3.7

Choose the most suitable answer.

1.Azeroofx® + 64 is.....
(o (2) 4 (3) 47 4 -4

2.1f f and g are polynomials of degrees m and
n respectively, and if h(x) = (fog)(x),
then the degree of Ais
(1)mn (2)m+n (3) mn (4) nm

3. A polynomial equation in xof degree n
always has
(1) ndistinct roots (2) nreal roots

(3) nimaginary roots (4) at most one root.

4.1f o, B, and y are the roots of the equation
B+pxPtgx+r= O,thenZiis

q p a
(1) -2 (2) —= (3) »

E (4) -

5. According to the rational root theorem,
which number is not possible rational root of
4x7 4+ 2x* —10x3—=57?

M-1 @7 @ @s

6. The polynomial x3 — kx? + 9x has three real
roots if and only if, ksatisfies
Dkl <6 (2) k=0
) lk[>6 @ Ik|=6

7. The number of real numbers in
[0, 2] satisfying sin*x — 2sin?x + 1is
(1) 2 (2) 4 (3)1 (4) oo

8.1f x> + 12x2 + 10ax + 1999 definitely has a
positive root, if and only if
(Ha=o0 (2)a>0 ((B3)a<0 (4)a<o
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9. The polynomial x® + 2x + 3 has
(1) one negative and two real roots
(2) one positive and two imaginary roots
(3) three real roots

(4) no solution
10. The number of positive roots of the

polynomial ¥7_, n¢, (=1)"x/ is
Mo @n @) <n @r
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