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Chapter5
Two Dimensional Analytical Geometry-II
Example 5.1 Find the general equation of a

circle with centre (—3, —4) and radius 3 units.
Solution: Equation of the circle with centre
(h,k)and radius r is (x — h)? + (y — k)? = r?
Given: Centre (h, k)=(—3,—4), radiusr = 3
=~ Equation of the circle
= (=3P + [y - (-9 = 32
x+3)¥2+@+4°>=9
x> +6x+94+y*2+8y+16=9
x2+y>+6x+8y+25=9
x2+y2+6x+8y+25-9=0
x2+y*+6x+8y+16=0

Example 5.2 Find the equation of the circle
described on the chord 3x + y + 5 = 0 of the
circle x? + y? = 16 as diameter.

Solution:

The chord 3x + y + 5 = 0 is the diameter.

. ¢ 3. 4
So, its centre is (— 5 5)

Since centre lies on the diameter

2(-2)+(-H 50

Multiplying by 2
—-94-1+4+10=0
—10A+10=0
—104 = -10
A=1

Equation of the circle passing through the
points of intersection of the chord and circle is
x2+y2—-16+A1GBx+y+5)=0
Substituting A = 1
x2+y2—16+13Bx+y+5)=0
x2+y2—-16+3x+y+5=0
x2+y?+3x+y—-11=0
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Example 5.3 Determine whetherx + y —1 =10
is the equation of a diameter of the circle
x%2 4+ y% —6x + 4y + c = 0 forall possible
values of c.
Solution:
General Equation of the circle with (- g, —f)
as centeris x? + y2 + 2gx + 2fy+¢c =0
Comparing, x2 +y2 —6x+4y+c =0
2g=—6=>9g=-3
2f =4=>f=2
Hence centre (- g,—f) = (3,—-2)
Given x + y — 1 = 0 is the diameter
Substitutingx = 3,y = —2
3—-2—-1=0
3—3=0

So,x + y —1 = 0 is the diameter equation for
all possible values of c.

Example 5.4 Find the general equation of the
circle whose diameter is the line segment
joining the points (—4, —2) and (1,1).
Solution: Equation of the circle with(x;, y;) and
(x,,v,) as end points of the diameter is
(x—x)Ex—x)+ -y —y)=0
Given (x;,y1) = (—4,—2) and (x,¥,) = (1,1)
So,[x = (=D]x-D+[y-=D]ry-D =0
x+HEx-D+@+2)(y-1)=0
xX2—x+4x—4+y>—y+2y—2=0
x2+3x—4+y2+y—-2=0
x2+y2+3x+y—-6=0
Example 5.5 Examine the position of the point
(2, 3) with respect to the circle
x2+y?—6x—8y+12=0.
Solution: Given (x4,y;) = (2,3)
Substituting the values in

x2+y?2—6x—8y+12, weget



www.Padasalai.Net

22+32-6(2)—8(3) +12

=44+9—-12—-24+12

= 25-36

= -11<0

Hence the point (2, 3) lies inside the circle.

Example 5.6 The line 3x + 4y — 12 = 0 meets
the coordinate axes at 4 and 5. Find the
equation of the circle drawn on AF as diameter
Solution: Let the line 3x + 4y — 12 = 0 cuts the
x axis at A and y axis at B.

Onxaxisy=0,s03x+4(0)—12=0

3x—12=0
3x =12
x=4

Hence A (4,0)
Onyaxisx=0,s03(0) +4y —12=0

4y —-12=0
4y =12
y=3

Hence B (0, 3)
Given AB is the diameter.
Equation of the circle with(x;, y;) and (x5, y,)
as end points of the diameter is
(x=x)x=x) +(y=y)y—vy) =0
Given (x1,y1) = (4,0) and (x;,y,) = (0,3)
So,[x —®](x-0)+[y-(O](y—-3)=0
-4+ -3)=0
x2—4x+y2 -3y =0
x2+y2—4x—-3y=0
Example 5.7 Aline 3x + 4y + 10 = O cuts a
chord of length 6 units on a circle with centre
of the circle (2, 1). Find the equations of the
circle in general form.

Solution: Let AB be the chord.
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Given length of the chord AB = 6
If M is the midpoint, then AM = BM = 3
We know that perpendicular distance from

any point (x4, y;) to theline ax + by + c =0 is
_laxy+by;i+c|
~ VaZ+b?
The distance from (2, 1)to the line
3x+4y+10=0is
_ 13(2)+4(1)+10]
V32342
__|6+4+10|
~ J9+16

_ |20]
T V25
20
s

=4

CM

By Pythagoras Theorem,
hyp? = opp? + adj?
AC? = CM? + AM?
=42 + 32
=16+9
=25
Radius AC=5
Equation of the circle with centre (h, k)and
radiusris (x — h)? + (y — k)? = r?
Given: Centre (h, k)=(2,1), radiusr =5
=~ Equation of the circle
[x— @) +[y - (D]* =5
(x—2)2+(@y—-1)2=25
x2—4x+44+y>2—-2y+1=25
x?2+y?—4x—-2y+5=25
x2+y?—4x—-2y+5-25=0
x24+y?—4x—-2y—-20=0
Example 5.8 A circle of radius 3 units touches
both the axes. Find the equations of all possible

circles formed in the general form.
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Solution: As the circle touches both the axes, the
distance of the centre from both the axes is 3
units, centre can be (£3, £3) and hence there are
four circles with radius 3,
Equation of the circle with centre (h, k)and
radius ris (x — h)? + (y — k)? = r?
and the required equations of the four circles
with Centre (h, k)=(£3, +3), radiusr =3
~ Equation of the circles
[ = D + [y - (&3] = 32
(x+3)2+(y+3)?2=9
x2+6x+9+y2+6y+9=9
x2+y?+6x+6y+18=9
x2+y*’+6x+6y+18—-9=0
x2+y?+6x+6y+9=0
Example 5.9 Find the centre and radius of the
circle 3x> + (a+ 1)y +6x—9y+a+4 = 0.
Solution: For a second degree equation to
represent a circle is co-eff of x2= co-eff of y?2

Hence3 =a+1

a+1=3
a=3-1
a=2

~3x2+(a+1)y*+6x—9y+a+4=0
becomes
3x2+ 2+ 1)y?+6x—9y+2+4=0
3x24+3y2+6x—9y+6=0
Dividing by 3
x2+y2+2x—3y+2=0
General Equation of the circle with (- g, —f)
as centeris x? + y2 + 2gx + 2fy+c¢ =10
Comparing, x? +y?+2x—3y+2=0
2g=2>g9=1
3

2f =—3=>f=-2

Hence centre is (1, — ;)
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Radiusr=,/g%+ f%2 —c¢
2
— 24 (_3) _
_Ju)+( 3) -2

Radiusr = \/E
4

Example 5.10 Find the equation of the circle
passing through the points (1,1), (2,—1), and
(3, 2).

Solution: General Equation of the circle is
x2+y2+2gx+2fy+c=0

It passes through (1, 1) hence
124124 29()+2f(D)+c=0
1+1+29g+2f+c=0
24+29+2f+c=0
20+ 2f+c=-2...(1)
It passes through (2, —1) hence
22+ (-1D)2+29(2Q)+2f(-1)+c=0
44+1+4g—-2f+c=0
54+49g—-2f+c=0
49 —2f +c=-5...(2)
It passes through (3, 2) hence
32+22+29(3)+2f(2)+c=0
9+4+6g+4f+c=0
13+6g+4f+c=0
6g +4f +c=-13...(3)
(2) — (1) gives 2g—4f=-3..... (4)
(3) —(2) gives 2g+6f=-8...... (5)
(5) — (4) gives 10f =—5

Substituting f = —%in 2g —4f =-3
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29 4(-1) =3

2g+2=-3
2g=—-3-2
2g =-5
ng= —2
..g_ )
Substituting f = —% and g = _g

in 6g +4f +c=-13

6(-2)+4(-3)+c=-13
3(-5)+2(—-1)+c=-13
—15—2+c=-13

—17+c=-13
c=-13+17
c=4

=~ Equation of the circle is
x2+y2+2gx+2fy+c=0
x2+y2+2(—§)x+2(—%)y+4=0
x2+y2=5x—y+4=0
Example 5.11 Find the equations of the tangent
and normal to the circle x? + y? = 25 at
P(=3, 4).
Solution: Equation the circle with centre at
origin and radius a is x? + y2 = a2
(i) Equation of the tangent at (x;,y;) is
xx; +yy; = a®
(ii) Equation of the normal at (x,, y,) is
xy1 —yx1 =0
(i) Equation of the tangent at (—3,4) is
x(—3) +y(4) =25
—3x+4y—-25=0
3x —4y+25=0
(ii) Equation of the normal at (—3,4) is
xy; —yx, =0
x(4) —y(=3)=0
4x +3y =0
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Example 5.12 If y = 4x + c is a tangent to the
circle x? + y? = 9, find c.

Solution: y = mx + c is the tangent to the
circle x2 + y? = a?is c? = a?(1 + m?)
Comparingm = 4 and a® =9

Hence c? = 9(1 + 42)

¢z = 9(1 + 4?)

= 9(1 + 16)
c?=9(17)

c=13,017)

Example 5.13 A road bridge over an irrigation
canal have two semi circular vents each with a
span of 20m and the supporting pillars of width
2m. Use diagram to write the equations that
model the arches.

Solution:

Let 04, 0, be the centers of the two given semi
circles.
First vent centeris (12,0) and radiusr = 10
Equation of the circle with centre (h, k)and
radiusris (x — h)? + (y — k)? = r?
Hence (x — 12)% + (y — 0)? = 107
x% — 24x + 144 + y? = 100
x?+y?—24x+ 144 —-100 =0
x2+y?—24x+44=0
Second vent center is (34, 0) and radius r = 10
Equation of the circle with centre (h, k)and
radiusris (x — h)? + (y — k)? = r?
Hence (x — 34)? + (y — 0)? = 102
x? — 68x + 1156 + y? = 100
x?+y?—68x + 1156 — 100 =0
x2+y? —68x + 1056 = 0
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EXERCISE 5.1
1. Obtain the equation of the circles with radius

5 cm and touching x-axis at the origin in
general form.
Solution: Given radius r =5 cm
The circle touches x axis, its centre is (0, £5)
Equation of the circle with centre (h, k)and
radiusris (x —h)? + (y — k)? =r?
Hence (x — 0)2 + (y £ 5)2 =52
x2+y24+ 10y +25 =25
x2+y>+10y+25—-25=0
x2+y24+10y=0
2. Find the equation of the circle with centre
(2,—1) and passing through the point (3, 6)
in standard form.
Solution: Given center C (2, —1) and passing

through the point A (3, 6)

Radius AC = /(x, — x,)2 + (¥, — y1)?
=/(B-2)2+(6 + 1)?
=J(D?+(7)?
=v1+49

r =450

Equation of the circle with centre (h, k)and

radiusris (x —h)?+ (y — k)? = r?
We have center C (2,—1) and r? = 50
S =+ (- k)P =1
(x—2)+(+1)?=50
3. Find the equation of circles that touch both
the axes and pass through (—4,—2) in
general form.
Solution: The circles that touch both
the axes. Hence its centre will beC (r, r)

and radius r. The circle passes through

A(—4,-2)
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Radius AC = /(r + 4)2 +(r + 2)2

=Vr?2 +8r + 16412 +4r + 4

=2r2 4+ 12r + 20
r?2 =2r% +12r + 20
2r2 +12r+20-7r2=0
r2 +12r+20=0
(r+10)(r+2)=0
r= —10orr = -2
We know that Equation of the circle, centre
(h,k)and radius ris (x — h)? + (y — k)? = r?
(i) When r = —10, centre (—10,—10)
(x +10)% + (y + 10)? = (—10)?
x% + 20x + 100 + y? + 20y + 100 = 100
x%2 4+ y2 + 20x + 20y + 200 = 100
x% + y? + 20x + 20y + 200 — 100 = 0
x% +y?% +20x + 20y + 100 = 0
(ii) When r = —2, centre (—2,—2)
(x+2)* + (y + 2)* = (-2)?
x2+4x+4+yi+4y+4=4
x2+y2+4x+4y+8=4
x2+y*’+4x+4y+8—-4=0
x2+y2+4x+4y+4=0
4. Find the equation of the circle with centre
(2,3) and passing through the intersection
of the lines 3x — 2y — 1 = 0 and
4x +y—27 =0.
Solution: Circle passes through the

intersection of the lines

4x+y—27=0...... (2)
2X(2)=8x+2y—54=0
(1) =3x—2y—1=0
11x —=55=0
11x =55

x=25
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Substitutingx =5in3x -2y —1=0
3(5)-2y—-1=0

15-2y—-1=0
14-2y =0

-2y =-—14
y=7

Hence A (5, 7)is the point on the circle,
and center C (2, 3)

Radius AC = /(x, — x1)? +(y, — y1)?
= (5—2)2+(7 — 3)?

V9 +16

V25

r=>5

We know that Equation of the circle, centre
(h,k)and radius r is (x — h)? + (y — k)? = r?
here r = 5, centre (2, 3)
(x—2)+(y—-3)?2=5°
x2—4x+4+y2—6y+9=25
x2+y?—4x—6y+13 =25
x2+y?—4x—6y+13-25=0
x2+y?—4x—-6y—12=0

5. Obtain the equation of the circle for which

(3,4) and (2, —7) are the ends of a diameter.

Solution: Equation of the circle with(x;, y;)
and (x,, y,) as end points of the diameter is
(x—x)x—x2) + (Y —y)y—y2) =0
Given (x1,y1) = (3,4) and (x3,¥,) = (2,—7)

So,(x =3)(x -2+ -Dly—-(=7D]=0

x=-3)x-2)+(-HDly+7)=0
x2—2x—3x+6+y*+7y—4y—28=0
x2—5x+6+y2+3y—28=0
x2+y2—=5x+3y—22=0
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6. Find the equation of the circle through the
points (1,0), (—1,0),and (0, 1).

Solution: General Equation of the circle is

x4+ y2+2g9x+2fy+c=0
It passes through (1, 0) hence
124+0+2g(1)+2f(0)+c=0
1+29+0+c=0
1+29+c=0
2g+c=-1...(1)
[t passes through (—1,0) hence
(—D*+0+4+29(-1)+2f(0)+c=0
1+40-29+0+c=0
1-2g+c=0
—2g+c=-1...12)
[t passes through (0, 1) hence
0+1+2g(0)+2f(1)+c=0
1+2f+c=0
2f +c=-1...3)
(1) +(2)gives 2c=-2

c=-1
Substituting ¢ = —1in —2g + ¢ = -1
-29—-1=-1
-29g=-1+1
—-29=0
Givesg =0
Substitutingc = —1in  2f +c= -1
-2f—-1=-1
—2f=-1+1
—-2f =0
Gives f =0

So,g=0,f =0andc =-1
~ Equation of the circle is
x2+y2+2gx+2fy+c=0
x2+y2+20)x+2(0)y—1=0
x*+y2-1=0
x2+y?=1
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7. A circle of area 97 square units has two of its
diameters along the lines x + y = 5 and
x —y = 1. Find the equation of the circle.

Solution: Two diameters are

x+y=>5
x—y=1
Adding 2x =6
x=3
Substitutingx =3 inx+y =5
3+y=5
y=5-3
y =2

Hence centre C (3, 2)
Given Area of the circle nr? = 91
gives r2=9
Equation of the circle with centre (h, k)and

radius ris (x — h)? + (y — k)? = r?
Hence (x —3)2+(y—2)2 =9
x2—6x+9+y2—4y+4=9
x2+y?—6x—4y+13-9=0

x2+y?—6x—4y+4=0
8.1f y = 24/2x + c is a tangent to the circle
x? + y? = 16, find the value of c.
Solution: y = mx + c is the tangent to the
circle x2 + y? = a%is ¢? = a?(1 + m?)

Comparingm = 2v/2 and a? = 16

Hence ¢? = 16 [1 + (2\/7)2]
2 =16(1 +8)
— 16(9)
c=14(3)
c==112

9. Find the equation of the tangent and normal
to the circle x? + y? —6x + 6y — 8 = 0 at
(2,2).

Solution: Equation of the tangent at (x;, ;)

to the circle x? + y? + 2gx + 2fy + ¢ = 0 is

xx, +yy1 + 2g (xle) +2f (%) +c=0

Given the pointis (2, 2)
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The equation of the tangent is

xx, +yy;, — 6 (xle) +6 (y+2y1) —-8=0

xx1+yy; —3(x+x)+3(y+y,)—8=0
x2)+y2)—-3(x+2)+3(y+2)—-8=0
2x+2y—3x—-6+3y+6—-8=0
—x+5y—8=0
x—5y+8=0
Normal is perpendicular to the tangent.
So, Normal is of the form 5x +y+ k=10
Normal passes through the point (2, 2)
52)+2+k=0

10+2+k=0
12+k=0
k=-12

So, equation of the normalis5x + y —12 =0

10. Determine whether the points (—2,1),
(0,0), and (—4, —3) lie outside, on or inside
the circle x?2 + y2 —=5x+ 2y —-5=0.
Solution:

(0) Given (x4, y1) = (=2,1)
Substituting the values in
x2+y?—5x+2y—5  weget
(—2)2+ (1)?=5(-2)+2(1) -5
=44+14+104+2-5
=17-5
=12>0

So, (—2, 1)lies outside the circle.

(i) Given (xq,y;) = (0,0)

Substituting the values in
x?+y?—5x+2y—5  weget
0+0—5(0)+2(0)—5

=0-5

=-5<0

So, (0, 0)lies inside the circle.

(iii) Given (x1,y,) = (—4,-3)
Substituting the values in

x?+y?—-5x+2y—5  weget
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(-4)?+ (-3)2—5(—-4) +2(-3) -5
=16+9+20—-6—-5

=45—-11

=34>0

So, (—4, —3)lies outside the circle.

11. Find centre and radius of the circles.
MHx*+@y+2)2=0.

Solution: Equation of the circle,
centre (h, k)and radius r is
x—-h?*+@-k?*=r?
Comparing center (0, —2)

and radiusr =0

(i)x>+y>+6x—4y+4=0.
Solution: General Equation of the circle
with (- g, —f) as center is
x4+ y2+2gx+2fy+c=0
Comparing, x? + y?+ 6x —4y +4 =0
2=6>g9g=3
2f =—4=f=—-2andc=4

Hence centre is (—3,2)

Radiusr=./g%+ f? —c¢
=V(=3)2+(2)? -4

=v9+4-—-4
=9
r=3

(i) x> +y2—x+2y—3=0.
Solution: General Equation of the circle
with (- g, —f) as center is
x2+y2+2gx+2fy+c=0
Comparing, x2 +y2 —x+2y—3=0
29=-1=>g=—=

2f =2=f =1andc=-3
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. (1
Hence centre is (E’ —1)

Radiusr=./g?+ f%2 —¢
= \/G)Z +(-1)2+3

Il
I
+
—_
+
w

+
S

I

1+16

ok
SeTR

r=
(iv) 2x% + 2y —6x+4y+2=0.

Solution: Given

2x2+ 2y —6x+4y+2=0.

Dividing by 2

x2+y2—-3x+2y+1=0.
General Equation of the circle with (- g, —f) as
centeris x2 +y? +2gx + 2fy+c=0

Comparing, x2 + y> —3x+ 2y +1=10

2g=—3$g=—%
2f =2=>f=1andc=1

Hence centre is (%, —1)

Radiusr=./g%+ f? — ¢

Il
o
+
—_

I
Uy

12. If the equation
3x% + (3 —p)xy + qy* — 2px = 8pq
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represents a circle, find pand g. Also

determine the centre and radius of the circle.

Solution: For a second degree equation to
represent a circle is co-eff of x2= co-eff of y?2
Hence 3 =g¢q
and co-effof xy =0
Hence 3—p =0
p=3
So 3x% + (3 —p)xy + qy* — 2px = 8pq
3x% + (3)y* —2(3)x = 8(3)(3)
Dividingby 3, x%?+y%—-2x—24=0

becomes

Example 5.14 Find the length of Latus rectum
of the parabola y? = 4ax .

7 Pix, 1)
Vertex // i/ .. Luts Rectum
. .

-
| if
 fOM0,0) Jsa0)
N Afis
Directri s \ ! Focus
~

g
L~

Solution: Equation of the parabola y? = 4ax
Latus rectum is LL/, which passes through
Focus (a, 0)
If we take LF=y1, then Lis (a, y;)
Since L (a, y;) on the parabola,

y1? = 4a(a)

y12 = 4a? gives,

y1 = *2a

The end points of the latus rectum are (a, 2a)
and (a, —2a)

Hence length of the latus rectum LL/ = 4a

Example 5.15 Find the length of Latus rectum

2 2
of the ellipse % + ;;—2 = 1.
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H
/%
IIT
1= (I
I, .
B FESE
S 2
i i e =R
- =1 5
1 X
e = T .

o0 2 2
Solution: Equation of the ellipse % + % =1

Latus rectum is LL/, which passes through
Focus (ae, 0)

If we take LS=y1, then L is (ae, y;)

Since L (ae, y;) on the ellipse,

@l pno_yq

a? b2
@ | y?_
a? b2
2
24 YL
e+ 7=1
2
%=1_32

2 2
Smceezz(l—%)i(l—ez)zfl—z
2 _ p2(b?
" =b (az)
2
}’1:i;

The end points of the latus rectum L and L/ are

b? b?
(ae,;) and (ae, —;)
2
Hence length of the latus rectum LL/ = %

Example 5.14 Find the equation of the parabola
with focus (—v2,0) ,and directrix x = 2.

Solution:

By the given data Parabola is open left, axis x
axis, with vertex A (0, 0) with a = V2
The equation of the Parabola open left, x axis

with vertex A (h, k)is
(v~ k)? = —4a(x - b)
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Hence (y —0)%2 = —4/2(x — 0)
y? = —42x

Example 5.15 Find the equation of the parabola

whose vertex is (5, —2) and focus (2, —2).

Solution:

Given vertex A (5, —2) and focus S (2, —2).
Distance between vertex and focus
AS =/(xz — x1)? + (¥, — y1)?
=(2—=5)%+ (=2 + 2)2
=5
AS=a=3

Parabola is open left, axis x axis, with vertex
A (5,—2) witha =3
The equation of the Parabola open left, x axis
with vertex A (h, k)is
(v —k)?> = —4a(x — h)
Hence (y+2)2=-43)(x-5)
y2+4y+4=—-12(x —5)
y*+4y +4=—12x + 60
y2+4y+12x+4—-60=0
y2+4y +12x —56 =0

Example 5.16 Find the equation of the parabola

with vertex (—1, —2), axis parallel to y-axis

and passing through (3, 6).

Solution:
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Al-1,-2) x
Y

The parabola with vertex A (—1, —2), axis
parallel to y-axis, it is open upward.
The equation of the Parabola open up, y axis
with vertex A (h, k)is
(x —h)? = 4a(y — k)
Hence (x+1)2=4a(y+2)
Given the parabola passes through (3, 6)
So, 3+ 1)2=4a(6+2)

(4)? = 4a (8)
16 = 32a
32a =16
16
a=—
32
1
a=-

2

Equation of the Parabola is
@+1?=4(3) G+2)
x+1)2=2(@y+2)

x2+2x+1=2y+4
x2+2x—-2y+1—-4=0
x2+2x—-2y—3=0

Example 5.17 Find the vertex, focus, directrix,
and length of the latus rectum of the parabola
x?—4x—-5y—1=0.

Solution:

r

Equation of parabola x? —4x — 5y —1 = 0.

x?—4x=5y+1
Adding 4
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x2—4x+4=5y+1+4
x?—4x+4=5y+5
(x—2)2=5(@U+1)
Comparing with (x — h)? = 4a(y — k)
the Parabola open up, y axis with
vertex A (h, k) = A(2,—1)
4a=5>=>a= Z
Focus S (0,a)

x—2=0=>x=2

y+l=a
y=a-—1
(g
4
54 _1
Y= Th

Focus S (0,a) = (2,&)
Equation of directrixisy +k+a =0
y—1+2=0
Multiplyingby 4, 4y —-4+5=0
4y+1=0
Length of Latus rectum 4a = 5

Example 5.18 Find the equation of the ellipse
with foci (£2,0), vertices (+3,0).

/s ol gy 8 K\-...a-ﬁ.-iij_ )
T en /)
b ~

Given foci S (+2,0), vertices A (+3,0)

Solution:

Distance between foci SS/=2C= 4 gives C=2
Distance between vertex AA/=2a= 6 gives a=3
Hence b? = a? — ¢?

=32 _ )2

=9—-4

=5

Major axis x axis, with center (0,0) and a > b
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The equation of the ellipse is Z—Z + Z’—Z =1
2 2

LTI |
9 s

Example 5.19 Find the equation of the ellipse
whose eccentricity is %, one of the foci is (2,3)

and a directrix is x = 7. Also find the length of

the major and minor axes of the ellipse.
. : o\ 1
Solution: Given eccentricity e= > and

focus S=(2,3)
Equation of the directrixis x = 7
Let P (x,y) be any point.
Perpendicular distance PM = (x — 7)

We know S—=e
PM
Hence SP? = e?PM?
(x—2)2+(—-3)%= Z(x—7)?
x2—4x+4+y2—6y+9=%(x2—14x+49)
4(x% —4x +y? — 6y + 13) = (x? — 14x + 49)
4x% — 16x + 4y? — 24y + 52 = x? — 14x + 49
4x% —x? —16x + 14x + 4y> — 24y +52—-49 =0
3x2—2x+4y?>—24y+3=0

3(x2—§x)+4(y2—6y)+3=0

2 2 1 1 2 q
3(x?=2x+5-3) +40P -6y +9-9)+3=0

2_2 y_3 2 _ A _
3(x 3x+9) S +4(y?—6y+9)—36+3 =0

3(x—§)2—§+4(y—3)2—33=0

3(x—§)2+4(y—3)2—33—§=0

(e 097 (20) =0
100

3(x—§)2+4(y—3)2—T=0

3(x—§)2+4(y—3)2=%

Letx—§=Xandy—3=Y

3X2 +4Y2 = 22
3
3X2  4y?
oot =1

3 3



www.Padasalai.Net

X2 Y?
ot =1
9 12
. . XZ y2
Comparing w1th; + o 1l,a>0b
100
2:—:) —_—
9
5 100 _ 25 5
== ph==
b 12 3 b V3

Length of the major axis 2a = —

Length of the minor axis 2b =

oY
alo =

Example 5.20 Find the foci, vertices and length
of major and minor axis of the conic 4x? +
36y2 + 40x — 288y + 532 = 0.
Solution: Given
4x2 + 36y% + 40x — 288y + 532 = 0.
4x? + 40x + 36y% — 288y + 532 = 0.
4(x%? +10x) + 36(y> —8y) +532=0
4(x? + 10x + 25 — 25)
+36(y?> —8y +16 —16) + 532 =10
4(x? + 10x + 25) — 100
+36(y?> —8y +16) — 576 + 532 =0
4(x? + 10x + 25) + 36(y%2 — 8y + 16) = 144
4(x +5)2 +36(y — 4)? = 144
Substitutingx +5=X,andy —4 =Y
4X? +36Y? = 144

4X2%2  36Y2
Dividing by 144, — + =1
144 144
X2  y?
—+—=1
36 4

Major axis X axis,
Comparing with general form

a’=36=2>a=6

b2=4=bh=2
(ae)? = a® — b?
=36—-4
=32
=16x%x2
ae = 42
X, Y axis X,y axis
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Center C(0, 0)
X =0 Y=0 Center
x+5=0 y-4=0 (-54)
x=-=5 y= 4
Vertex A(ta, 0) = (£6,0)
X =6 Y=0 Vertex
x+5=6 y-4=0 AL, 4)
x=6-5 y= 4
x=1
X =-6 Y=0
Y\ D y-4=0 Vertex
x=—-6-5 y= 4 Al(—11,4)
x =-—11
Foci S(+ae, 0) = (+4v2,0)
Focus
X=4/2 Y=0
x+5=4y7 | y-4=0 S(4V2 — 5,4)
x=4J2 -5 y=+4
X=-42 Y=0 Focus
x+5=—-4y2 | y-4=0
2 SY(—4vV2 54
x=—-4y2-75 y=+4 ( )

Length of the major axis 2a = 12
Length of the minor axis 2b = 4
Example 5.21 For the ellipse
4x?% 4+ y? 4+ 24x — 2y + 21 = 0, find the centre,
vertices, and the foci. Also prove that the length
of latus rectumis 2 .
Solution: 4x? + y2 + 24x — 2y + 21 =0
4x2 4+ 24x +y?> -2y +21=0
4(x?2+6x)+1(y?>—=2y)+21=0
4(x2+6x+9-9) +1(y?—-2y+1-1)+21=0
4(x2+6x+9)—36+1(y>—-2y+1)—1+21=0
4(x+3)2+1(y—-1)?-16=0
4x+3)2+1(y—1)?2=16
Substitutingx +3 =X,andy —1=Y
4X%+ 1Y% =16

4x%2  y?2
Dividing by 16, —+—=1
16 16
X% y?
—t+—=1
4 16

Major axis Y axis,
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Comparing with general form

al=16=>a=4

b’=4=p=2
(ae)? = a? — b?
=16—4
=12
=4x3
ae = 23
X, Y axis X,y axis
Center C(0, 0)
Center
X =0 Y=0
x+3=0 y-1=0 (-31)
x=-3 y=1
Vertex A(0, +a ) = (0, £4)
X=0 Y = 4 Vertex
x+3=0 y—1=4 A(-3,5)
x=-3 y=4+1
y=5
X=0 v o=—4 Vertex
2959 | Y- 1To8
y=—4+1]|AY(-3,-3)
x=-3
y=-3
Foci S(0, +ae) = (0, +2v3)
Focus
X=0 Y = 2V3
x+3=0 y—1=2V3 S(-3,2V3+1)
x=-3 y=2J/3+1
X=0 Y = —2v3 | Focus
x+3=0 y—1=-23 L
x = —3 Y= —2yi+1 $1(-3,-2v3+1)

2
The length of the Latus rectum = % 22

I
I
()

Example 5.22 Find the equation of the

hyperbola with vertices (0, +4) and foci(0, +6).

Solution: From the given data the midpoint of
the vertices center is at (0,0)
Vertices A (0,+4) = a = +4
Foci S (0,+6) = ae = +6
Hence Transverse axis is y axis.
Since b? = (ae)? — a?
= (6)? — 42
=36—-16
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b? =20
Equation of the Hyperbola with Transverse

axisy axis is

iy =1 gives
2 2

y X

Z _ 2 =1

16 20

Example 5.23 Find the vertices, foci for the
hyperbola 9x2 — 16y? = 144,
Solution: 9x% — 16y? = 144

Dividing by 144,
o6t _ert
144 144
x2 Y2

r_T -
16 9

Hence Transverse axis is x axis.
a’? =16,and b> =9
Since b? = (ae)? — a?

b? + a? = (ae)?

9+ 16 = (ae)?
(ae)? = 25
ae =5

Vertex A (£a,0) = (£4,0)
Foci S (+ae, 0) = (£5,0)

Example 5.24 Find the centre, foci, and
eccentricity of the hyperbola
11x2 — 25y% — 44x + 50y — 256 = 0
Solution: 11x2 — 25y? — 44x + 50y — 256 = 0
11x% — 44x — 25y + 50y — 256 = 0
11(x? — 4x) — 25(y? — 2y) — 256 = 0
11(x? — 4x) — 25(y? — 2y) — 256 = 0
11(x* —4x+4—-4)—25(y2 —2y+1—-1)—256 =0
11(x? —4x +4) — 44— 25(y®> =2y + 1) + 25— 256 = 0
11(x? —4x +4) — 25(y2 =2y + 1) = 275
11(x — 2)2 — 25(y — 1)? = 275
Substitutingx —2 =X,andy —1=Y
11X? — 25Y2 = 275
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L 11x?  25Y%
Dividing by 275, — =

275 275

XA A2¥?

25 11

Hence Transverse axis is X axis.
a? = 25,and b? = 11
Since b? = (ae)? — a?
b? + a* = (ae)?
11 + 25 = (ae)?

(ae)* =36
ae =6
e 6 6
Eccentricitye = — = -
a 5
X;YaXiS x}yaxis
Center C(0, 0)
=0 Y=0 Center
x=2=0 | y-1=0 21
Foci S(tae, 0) = (£6,0)
X=6 Y=0 Focus
x-e=6 | y-1=0 S@81)
X =8
Jo="0 i Focus
xX=—6+2 y= 1 Sl(—ll-,l)
X =—4
Example 5.25 The orbit of Halley’s Comet

(Fig. 5.51) is an ellipse 36.18 astronomical

units long and by 9.12 astronomical units wide.

Find its eccentricity.

Solution: Given 2a= 36.18 and 2b=9.12
Hence a= 18.09 and b= 4.56

(ae)? = a® — b?

= 18.092 — 4.562
= (18.09 + 4.56) X (18.09 — 4.56)

= (22.65) x (13.53)
= 306.4545

ae = v306.4545
=17.51
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EXERCISE 5.2
1. Find the equation of the parabola in each of

the cases given below:
(i) focus (4,0) and directrix x = —4.
Solution: focus (4, 0)
directrix x = —4
Hence the Parabola open right with a = 4
So, the equation is of the form y? = 4ax
noy? =4(4)x
y? = 16x
(ii) passes through (2, —3) and symmetric
about y-axis.
Solution: symmetric about y-axis.
So, the equation is of the form x? = 4ay
It passes through (2, —3)
Hence (2)? = 4a(-3)

4=-12a
4
—=a
—12
1
a=—-
3
2 _4(_1
X _4( 3)y
3x? = —4y

(iii) vertex (1, —2) and focus (4, —2).
Solution:
Given vertex A (1,—2) and focus S (4, —2).
Distance between vertex and focus
AS =/(x; — x1)? + (¥, — y1)?
=J(@4-12+(-2+2)?

=v(3)? +(0)?
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Parabola is open right, axis x axis, with vertex
A(1,-2) witha =3
The equation of the Parabola open right, x axis
with vertex A (h, k)is
(y—k)* =4a(x —h)
Hence y+2)2=43)(x—-1)
yi+4y+4=12(x—-1)
y2+4y+4=12x — 12
yi+4y—12x+4-12=0
y2+4y—12x—8=0
(iv) end points of latus rectum (4, —8)
and (4, 8).
Solution: Given (4, —8) and (4, 8)are end
points of the Latus rectum. So its midpoint
Focusis (4,0)
Hence the Parabola open right with a = 4
So, the equation is of the form y? = 4ax
oy? =4(4)x

y? =16x

2. Find the equation of the ellipse in each of the
cases given below:

(i) foci (+3,0),e =~.
Solution: foci S(+ae, 0) = (£+3,0)

~ae=3

Givene = -
o)

a=6

We know for ellipse

b? = a? — (ae)?

=62_32
=36—-9
b? =27

By the given data ellipse has Center at origin

with major axis x axis is
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x2

2
42 l,a>b

a? E:
2 2

X y

o T AR |
36 27

is the required equation of the ellipse.
(ii) foci (0, £4) and end points of major axis
are (0,+5)
Solution: foci S(0, +ae) = (0, +4)
Lae =4
Vertices A(0, +a) = (0,45)
~a=25
We know for ellipse

b? = a? — (ae)?

:52_42
=25-16
b?=9

By the given data ellipse has Center at origin

with major axis y axis is

is the required equation of the ellipse.
) 3
(iii) length of latus rectum 8, eccentricity = s
and major axis on x-axis.

Solution: Given LLR = 8

2b% _

=8
a
2b? = 8a
b? = 4a

We know for ellipse

b? = a? — (ae)?

b? = a?(1 —e?)
4a = a® (1 —215)
o=

+=a(2)
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25

a= 4(—)

16
_ 25
T4
, _ 625
16

Since b? = 4a gives

=+(3)
4
b? =25
By the given data ellipse has Center at origin

with major axis x axis is

2

T+ L=1a>b

a? b2z
xZ 2_1
625 T 25

is the required equation of the ellipse.

(iv) length of latus rectum 4, distance

between foci 4 V2 and major axis as y - axis.

Solution: Given LLR = 4

2b% _

=4

a
2b% = 4q
b? = 2a

Distance between Foci = 4 /2
2ae = 42
wae =22
We know for ellipse
b? = a? — (ae)?
2a = a? — (2v2)"
2a=a*-8
a’?—2a—-8=0
(a—4)(a+2)=0
a—4=0,gives a =4 and
a+2=0,givesa = -2

Sincea # —2,We get a =4
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~ b% = a? — (ae)?
=16—-18
~b*=8
By the given data ellipse has Center at origin

with major axis y axis is

22 y2
b_2+ ;—1,a>b
2 2
Y1

8 16

3. Find the equation of the hyperbola in each of
the cases given below:
(i) foci (£2,0), eccentricity = ; )
Solution: foci S(+ae, 0) = (+2,0)

sae =2

Givene = >

2

3

a(3) =2
_ 4 .2 _ 16
a=3 ~@=3

We know for hyperbola

b? = (ae)? — a?

()

16
_4_?
2 36-16
b* = 9
2320
b 9

By the given data Hyperbola has Center at

origin with Transverse axis x axis.

Hence == le
2 2
x ye
T wm=1
9 9

is the required equation of the hyperbola.
(ii) Centre (2,1), one of the foci (8,1) and

corresponding directrix x = 4.
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Solution: Given Centre (h, k) = (2,1) length 8 units.
foci S(8,1) Solution:

Distance between centre and one of the foci Length of the transverse axis 2a = 8

ae = /(x; = x)% + (v — y1)? Hencea =4
(ae)? = (xz —x1)? + (y2 — y1)° By the given data Hyperbola with Transverse
— (a9 _ 7)2 _1)2
=6-2°+0-1 axis x axis. Hence x—z - y—z =1
a b
= 62 +0 22 y2 L
~ a*e? =36 SEeOPE

_ o It passing through (5, —2)
Distance between centre and dirctix

©F_ 2° _

— 16 32 =1
€ 25 4
a=2e e -1
& a? = 4e? 25 4
S=1+
2 2 16 b
Hence (4e“)e* = 36
28501 = 4
4e* =36 o o
4 _ 25-16
et=9 b2~ 16
AR 9
eZ =3 ﬁ T 16
Substituting e? = 3 in a? = 4e’we get 64 = 9b?
a2 = 4(3) bZ = %
a2 =12 y x2 y2 _
e w1
We know for hyperbola ?
x2 _ % =y
b? = (ae)? — a? 16 64
= 36— 12 is the required equation of the hyperbola.
bz DA

4. Find the vertex, focus, equation of directrix
and length of the latus rectum of the following:

(i) y% = 16x.

By the given data Hyperbola with
Center at (h, k)with Transverse axis x axis is

(x — h)? (y—k)?
az b2

Given Centre (h, k) = (2,1)

=1 Solution: Comparing with y? = 4ax

4a=16,hencea=4

(x — 2)? B y-1% _ . The parabola open right.
12 24 Vertex (0, 0)
is the required equation of the hyperbola. Focus S (a,0) = (4,0)

Latus rectum x = a,that isx = 4

So, Directrixx = — a,that isx = — 4

(iii) passing through (5, —2) and length of Length of the Latus rectum = 4a = 16

the transverse axis along xaxis and of (ii) x% = 24y .
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Solution: Comparing with x? = 4ay

4a =24, hencea=6

The parabola open up.

Vertex (0, 0)

Focus S (0,a) = (0,6)

Latusrectumy = q,thatisy =6
So, Directrixy = —a,thatisy = — 6
Length of the Latus rectum = 4a = 24

(iii) y? = —8x

Solution: Comparing with y? = — 4ax

4a=8,hencea=2

The parabola open left.
Vertex (0, 0)

Focus S (—a,0) = (-2,0)

Latus rectum x = —a, that isx = —2

So, Directrix x = a,thatisx = 2

Length of the Latus rectum = 4a =8

(iv) x* —2x+8y +17 = 0.
Solution: x? —2x+8y+17 =0
x?—2x=-8y—17
Adding 1 on both sides
x2-2x+1=-8y—-17+1
x?-2x+1=-8y—16
(x—1)2=-8(+2)

Substituting (x —1) =Xand (y +2) =Y

X?=-8Y
Comparing with x? = — 4ay

4a=8,hencea=2

The parabola open down.

Vertex (0, 0)
X=0x—-1=0givesx =1
Y=0,y+2=0givesy = —2
Required Vertex (1, —2)

Focus S (0,—a) = (0,—2)
X=0x—-—1=0givesx =1
Y==-2,y+2=-2givesy = —4
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Required Focus S (1, —4)

LatusrectumY = —a
y+2=-2
y=—4
DirectrixY = a
y+2=2
y=0

Length of the Latus rectum = 4a = 8

(V)y?—4y—8x+12=0.

Solution: y?2 —4y —8x + 12 =0
y? —4y =8x —12

Adding 4 on both sides

y?—4y+4=8x—-12+4
y2—4y+4=8x—8
(y—2?=8(x-1)

Substituting (x —1) =Xand (y —2) =Y

Y? =8X
4a =8, hencea=2
The parabola open right. Vertex (0, 0)
X=0x—-1=0givesx =1
Y=0,y—2=0givesy =2
Required Vertex (1, 2)
Focus S (a,0) = (2,0)
X=2x—-—1=2givesx =3
Y=0,y—2=0givesy =2
Required Focus S (3, 2)

Latus rectum X = a

x—1=2

x=3
Directrix X = —a
x—1=-2
x=-1

Length of the Latus rectum = 4a = 8

5. Identify the type of conic and find centre,

foci, vertices, and directrices of each of the
following:

o x2 yz
(1)25+ 5 =N
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N y: ..
Solution: — + 5= 1 is in the form

2

Z+L=1

Q
N
K

Here a? = 25and b? =9

a? — p?
We know e? =

a?
25-9
25

16

25

4
e=§anda=5

4
Hence ae=5><§
ae = 4 and
a 5 5
- =:z-=:5 X -
e 2 4
5
a_25
e 4

Major axis x axis.
Center = (0,0)
Foci = (+ae, 0) = (+4,0)
Vertices = (+a,0) = (£5,0)

Directrix x = + - = i

|5

oy X2 y _
(11)?4‘ 1—0—1

2 2
Solution: x? + 31/—0 = 1 isin the form
x2 y2
bz + oA 1

Here a? = 10 and b? = 3

2_b2
Weknowez=a 5
a
_10-3
10
p
T 10
_ V7 _
e—manda—v10
V7
Hence ae—\/loxm
ae =+/7 and
\/_ V10
= V10 x 10

ﬂﬁ
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a_10
V7
Major axis y axis.
Center = (0,0)
Foci = (0, +ae) = (0, -I_-\/7)
Vertices = (0, ta) = (0, -I_-\/E)

Directrix y = i = —=

\/_
2 2
(i) =—- X-=1
25 144
. x? y2
Solution: = — =— =1 isin the form
25 144
x2 y2
a? bz =1
Here a? = 25 and b? = 144
2 2
a“+b
We know e? = >
a
25+ 144
T 25
169
" 25
e = —anda=>5
13
Hence ae =5 X -
ae = 13 and
a 5 5
cTmTOXG
5
a_2s
e 13

Transverse axis x axis.
Center = (0,0)
Foci = (+ae, 0) = (+13,0)
Vertices = (+a,0) = (i5, 0)

Directrix x = +— = + —
13
LN yEox?
(iv) 16 9 1
. y2  x? .
Solution: — — =— =1 isin the form
16 9
yZ xZ _
e tad
Here a? = 16 and h?> =9
a?+ b2
We know e? = >
a
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16 +9
16

25

16

5
e =—-anda=4%
4

5
Hence ae =4 XZ

ae = 5 and

a 4 4

—=?=4X—

e 2 5
4

a 16

e 5

Transverse axis y axis.
Center = (0,0)
Foci = (0, +ae) = (0, +5)

Vertices = (0,+a) = (0,+4)
1

(o)}

Directrix y = i% ==

o

6. Prove that the length of the latus rectum of

2V a2
the hyperbola— — -5 = 1is —.
2 2
Solution: The Latus rectum of Z—Z — Z—Z =1
passes through Focus (fae, 0)
. x2 y?
So, let L (ae, y) lies on i 1
a2€2 y2
az b2 =
2 v _
e\ = ; =1
2 _
ec—1= b_2
y?=b%*e?’-1)
b2

Sincee? =1+ —,
a

y2=b*(1+ % -1)

=(2)

b2
Hencey = +—
a
That is the end point of the latus rectum

L (ae, %)and L/ (ae, %2)
2

So the length of the latus rectum is %
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7. Show that the absolute value of difference of

the focal distances of any point P on the

hyperbola is the length of its transverse axis.

) S
Solution: We know L e
PM

SP =e(PM)

a
o=
=ex—a

Similarly % =e
S/'P =e(PM/)

a
=e(x+5)
=ex+a

Difference of the focal distances = S/P — SP
=(ex+a)— (ex—a)
=ex+a—ex+a
= 2a which is nothing

but the length of its transverse axis.

8. Identify the type of conic and find centre,
foci, vertices, and directrices of each of the
following :

. (x—3)? y-4)?% _
(@ 225 + 289 =1

Solution: The conic is ellipse.
Substitutingx —3=X,andy—4 =Y
X2 Y2

225 289

Major axis Y axis,
Comparing with general form
a?=289=a=17
b2 =225=>b =15

(ae)? = a? — b?

=289 — 225
= 64
ae=83nde=%=%
X, Y axis X,y axis
Center C(0, 0) Center
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=100 — 64
=36

ae 6 3
ae=6ande =—=—=-
a 10 5

X =0 Y=0 (3,4
x—3=0 y-4=0
x=3 y=4
Vertex A(0, +a) = (0,%+17)
X=0 Y=17 Vertex
x—3=0 y-4=17 A(3,21)
x =3 y= 21
X=0 Y=-17
x=3=0 y-4=—17 Vertex
x=0+3 y= —17+4 | A1(3,—-13)
x =3 y= —13
Foci S(0, ae) = (0, 18)
X=0 Y=8 Focus
x—3=0 y-4=28 S(3,12)
x=0+3 y= 8+4
x =3 y= 12
A= Y=-8 Focus
x—3=0 y-4=-8
x=0+3| y=—-8+4 |S1(3,-4)
x=3 y=—4

Equation of diectrices Y = i%

Equation of directrixl y = % +4

_ 289+32
08
321
y = —and
8
: : , 289
Equation of directrix2 y = — S 4
_ —289+32
T8
_ -257

8

2 — 2)2
(ii) (x+1) + 0-2)° _ 1
100 64

Solution: The conic is ellipse.

Substitutingx +1 =X,andy -2 =Y
X% y?

100 69 1
Major axis X axis,
Comparing with general form
a’?=100>a =10
b?=64=>b=8

(ae)? = a® — b?

X, Y axis X,y axis
Center C(0, 0)
X =0 Y=0 Center
x+1=0 y-2=0 (—-1,2)
x=-1 y= 2
Vertex A(+a, 0) = (+10,0)
X =10 Y=0 Vertex
x+1=10 y-2=0 A(9,2)
x=10—-1 y= 2
x-=9
X =-10 Y=0 v
x+1=-10 | y-2=0 ertex
x=-10—-1 y= 2 Al(—11,2)
x=-11
Foci S(xae, 0) = (16, 0)
X=6x+ Y=0 Focus
1=6 y-2=0 S(5,2)
x=6—1 y= 2
x=5
X =-6 Y=0 Focus
x+1=-6 y-2=0
x=—-6-—1 y= 2 51(—4,2)
x =-7
Equation of diectrices X = i%
x+l=tr =42
2 3
Equation of directrixl x = % -1
_ 50-3
T3
x =% and
3
Equation of directrix2 x = —? -1
_ -50-3
3
-53
Y=

2 _ 2
225 64
Solution: The conic is hyperbola.

Substitutingx +3 =X,andy —4 =Y
) et &

E
225 64

Major axis X axis,
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Comparing with general form
a?=225=>a=15
b’=64=>b=38

(ae)? = a® + b?
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Substitutingy —2=Yandx+1=X
YZ XZ
25 16
Major axis Y axis,
Comparing with general form
a?=25=>a=5
b?=16=>b=4

(ae)? = a? + b?

=225+ 64
= 289
ae =17
e=2= Hand
a 15
a 225
Z_ 7 =15x 717
15
Transverse axis X axis.
X, Y axis X,y axis
Center C(0, 0)
X =0 Y=0 Center
x+3=0 y-4=0 (—3,4)
x=-3 y=4
Vertex A(+a, 0) = (£15,0)
X =15 Y=0 Vertex
x+3=15 y-4=0 A(12,4)
x=15-3 y= 4
x=12
X =-15 Y=0 v
x+3=-15 | y-4=0 ertex
x=-15-3 y=4 A(—18,4)
x =-—18
Foci S(%ae, 0) = (£17,0)
X =17 Y=0 Focus
x+3=17 y-4=0 S(14,4)
x=17-3 y=4
x =14
X =-17 Y=0 Focus
x+3=-17 y-4=0
x=-17-13 y= 4 5§1(-20,4)
x =—20
Equation of diectrices X = i%
x+3= +§

225
Equation of directrixl x = STE 3

_ 225-51
17
174
x = s—and

5
Equation of directrix2 x = — % -3

—225-51

17
_ -276

17

. (y—2)2_ (x+1)2
(iv) 25 16 1

Solution: The conic is hyperbola.

=25+4+16
=41
ae = V41
e=2= Eand
a 5
QNS _ 25
e VAL a1
5
Transverse axis Y axis.
X, Y axis X,y axis
Center C(0, 0)
X =0 Y=0 Center
x+1=0 y-2=0 (-1,2)
x=-1 y= 2
Vertex A(0, £5) = (0, £5)
X =0 Y=5 Vertex
x+1=0 y-2=5 A(-1,7)
x=-1 y= 542
y=7
X =0 Y=-5 v
x+1=0 y-2=-5 ertex
x=-1 y= —5+2 | Al(—-1,-13)
y= -3
Foci S(0, +ae) = (0, +/41)
Focus
X =0 Y =41
x+1=0 y-2=+41 S(-1,V41+2)
x=-1 | y= VAI+42
X =0 = —/41 | Focus
x+1=0 -2=—/41
y 1
— SH(-1, -
x = -1 y:_m_}_z (1\/4—_1 2)
Equation of diectrices Y = +g
25
y—2 iz

(v) 18x2 + 12y% — 144x + 48y + 120 = 0

Solution:
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18x2 + 12y%2 — 144x + 48y + 120 =0
18x2 — 144x + 12y? + 48y + 120 = 0
18(x? — 8x) + 12(y? + 4y) + 120 =0
18(x2 —8x+16—16) + 12(y* +4y+4—4)+120=0
18(x2 — 8x + 16) — 288 + 12(y2 + 4y + 4) — 48 + 120 = 0
18(x2 — 8x + 16) + 12(y® + 4y + 4) — 336+ 120 = 0
18(x2 —8x +16) + 12(y% + 4y + 4) — 216 =0
18(x2 — 8x + 16) + 12(y% + 4y + 4) = 216
18(x — 4)2 + 12(y + 2)% = 216
Substituting (x —4) =Xand (y +2) =Y
18X2% + 12Y2 = 216

Dividing by 216
18X2% = 12Y% _ 1
216 216
X% v?
— [— 1
12 18

Major axis Y axis,

Comparing with general form
a?=18=a=3V2
b2=12=b =23

(ae)? = a? — b?
=18—-12
=6

ae =6

_ae _ V6 _ V32 _ 1
=TT Bz V3

3

X, Y axis X,y axis
Center C(0, 0)
X =0 Y=0 Center
x—4=0 y+2=0 (4,-2)
x=4 y= -2
Vertex A(0, +a) = (0, +3v2)
Vertex
X =0 Y =32
x—4=0 y+2 =32 A(4,3V2 -2)
¥=4 | y=3v2-2
X4 = ?) Y= _3://_§ Vertex
x—4= —
y+2=-3v2 y
_ A'(4,-3V2 -2
X=4 | y=_3y7-2 ( .
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Foci S(0, +ae) = (0, £V6)
Focus
X =0 Y=+6
x—4=0 | y+2=16 S(4,vV6 -2)
X =0 Y=-V6 | Focus
x—4=0 - _
y+2=—V6 S1(4,—V6 —2

Equation of diectrices Y = i%

y+2=43V6
Equation of directrix1 y = 3v/6 — 2 and
Equation of directrix2 y = —3/6 — 2

(vi)9x? —y?2 —36x — 6y +18=0
Solution: 9x% — y2 —36x — 6y + 18 = 0
9x2 —36x —y?—6y+18=0
(9x% —36x) — (y?+6y)+18=10
9(x? —4x) —1(y*+6y)+18 =0
9(x? —4x+4—-4)—-1(y?+6y+9-9)+18=0
9(x? —4x+4)—-36—-1(y*+6y+9)+9+18=0
9(x2—4x+4)—1(y*+6y+9)—36+27=0
9(x?2 —4x+4)—1(y>+6y+9)—9=0
9(x2 —4x+4)—1(y* +6y+9) =9
9(x —2)2—-(y+3)2=9
Substituting (x —2) =Xand(y+3) =Y

9X%? —-Y?=9
Dividing by 9

9x? y?

— — — 1
9 9

KN Y2
— — — 1
1 9

Major axis X axis,
Comparing with general form
a?=1=>a=1

b2=9=b=
(ae)? = a® + b?
=149
=10
ae =10
e=%=?=\/ﬁand
a 1
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Transverse axis X axis.

X, Y axis X,y axis
Center C(0, 0)
X =0 Y=0 Center
x—2=0 y+3=0 (2,-3)
x =2 y= -3
Vertex A(+a,0) = (£+1,0)
Vertex
X =1 Y=0
x—2=1 y+3=0 A(3,-3)
x=3 y= -3
X =— Y=0 v
x—2=-1 | y+3=0 ertex
x=-1+4+2 y= -3 AY(1,-3)
x=1
Foci S(+ae, 0) = (£V10, 0)
Focus
x—2=+10 | y+3=0 S(V10 + 2,-3)
x =10 + 2 y= -3
X = —\f/_lg ;(:8 Focus
x—2=—yJ10 | Y3 = .
x = —10 +2 T N
Equation of diectrices X = i%
1
X—2= i@
Equation of directrixl x = \/T_o:_ 2
Equation of directrix2 x = — o +2

Example 5.26 Identify the type of the conic for
the following equations:
(1) 16y% = —4x? + 64
Solution: 16y? = —4x? + 64
16y% +4x%> —64=10
Comparing with
Ax*+Bxy+Cy*+Dx+Ey+F =0
We get A=4and C=16
Here A # C, also A and C are same signs.
So the conic is an ellipse
Qx*+y’=—4x—-y+4
Solution: x2 + y? = —4x —y + 4
x2+y’+4x+y—4=0
Comparing with

Ax?* +Bxy +Cy*+Dx+Ey+F =0
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We get A=C= 1 also B=0

So the conic is a circle.
3)x?—-2y=x+3

Solution: x* —2y —x—3 =10

Comparing with

Ax?> +Bxy +Cy*+Dx+Ey+F =0

WegetB=C=0

So the conic is a parabola.

(4) 4x* —9y? —16x+ 18y —29 =0
Solution: 4x? —9y2? —16x + 18y —29 =0
Comparing with
Ax*+Bxy +Cy*+Dx+Ey+F =0
We get A=4 and C= -9
Here A # C, also A and C are opposite signs.
So the conic is a hyperbola.

EXERCISE 5.3

Identify the type of conic section for each of the

equations.

1.2x2—4y2 =7

Solution: 2x% — 4y? =7

Comparing with

Ax?*+Bxy +Cy*+Dx+Ey+F =0

We get A=2and C= —4

Here A # C, also A and C are opposite signs.
So the conic is a hyperbola.

2.3x2+3y? —4x+3y+ 10 =0.

Solution: 3x? + 3y? — 4x + 3y + 10 = 0.
Comparing with

Ax*+Bxy +Cy>*+Dx+Ey+F =0
We get A= C= 3 also B=0

So the conic is a circle.

3.3x2 +2y2 =14

Solution: 3x? + 2y% — 14 =0
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Comparing with
Ax?*+Bxy +Cy*+Dx+Ey+F =0
We get A=3 and C=2
Here A # C, also A and C are same signs.
So the conic is an ellipse
4.x*+y*+x—-y=0
Solution: x? + y2 + x —y = 0.
Comparing with
Ax?> + Bxy + Cy*+Dx+Ey+F =0
We get A= C=1also B=0
So the conic is a circle.
5.11x% — 25y%2 — 44x + 50y — 256 = 0
Solution: 11x2 — 25y? — 44x + 50y — 256 = 0

Comparing with
Ax*+Bxy +Cy*+Dx+Ey+F =0

We get A=11and C= —25
Here A # C, also A and C are opposite signs.
So the conic is a hyperbola.
6.y>+4x+3y+4=0
Solution: y* + 4x + 3y +4 =0
Comparing with
Ax*+Bxy +Cy*+Dx+Ey+F =0
WegetA=C=0
So the conic is a parabola.
FORMULAE:
1. y = mx + c is the tangent to the parabola
ifc = %
2.y = mx + c is the tangent to the ellipse

if c? = a®m? + b? and

2 bZ
the point of contact is (— acm, . )

3.y = mx + c is the tangent to the hyperbola

if c? = a®m? — b? and
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. . 2 b?
the point of contact is (— acm, — T)
4. The parametric form of the parabola y? = 4ax
is (at?, 2at)

5. The parametric form of the ellipse
x? y2 . :
St 5= 1lis (acos 0, b sin 0)

6. The parametric form of the hyperboa
2 2
%— ;:—2 = lis (asecf,btanf)

7. The equation of the tangent at (x4, y;) to the

parabola y? = 4axis yy, = 4a (x +2x1)
8. Equation of the tangent with slope m at (x,, y,)
isy —y1 = m(x —x;)
9. Equation of the normal with slope m at (x;, y;)
i 1
Sy —y =~ (x—x)
Example 5.27
Find the equations of tangent and normal to
the parabola x? + 6x + 4y + 5 = 0 at(1,-3).
Solution: The equation of the tangent at (x4, y;)

to the parabola y? = 4ax is yy; = 4a (x J;xl)

Givenx? + 6x +4y+5=0

Tangent equation is

xx1+6(%)+4(%)+5 =0
xx;+3(x + x)+2(y + y)+5=0
Substitutingx; = 1,y; = =3
x(1)+3(x+1)+2(y—3)+5=0
x+3x+3+2y—-6+5=0
4x+2y—-6+8=0
dx+2y+2=0
Dividing by 2,
The equation of tangentis2x +y+1 =10
Normal is of the form x—2y+k=0
[t passes through (1, —3)
Hencel —2(-3)+ k=0
1+6+k=0
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7+k=0
k=-7
The equation of normalis x =2y —7 =0

Example 5.28

Find the equations of tangent and normal to
s

the ellipse x? + 4y? = 32 when 0 = <
Solution: Given x? + 4y? = 32
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can be drawn from (5, 2) to the ellipse

2x% + 7y% = 14.

Solution: Given 2x?% + 7y? = 14
e s 2x?  7y?
Dividing by 14, T + Vi 1

2
X9 v? =1
7 ' 2

a’?=7and b%2 =2

Dividing by 32, g + %2 =1 y = mx + c is the tangent to the ellipse

a? =32 giVGS if c?2 = a®m? + b?
a=+v32=vV16x2 =42
b? = 8 gives
b=vV8=+4x2=2/2

The parametric form of the

So, c2=7m?+2
c=+VIm?2 +2
Tangent equationis y = mx + V7m? +2
It passes through (5, 2)
2=m(5) +V7m2 +2
2—-5m=+V7m? +2
Squaring, (2 —5m)? =7m? + 2
=4 4 +25m? — 20m = 7m? + 2
=2

ellipse & + Y _ 1is (acos @, bsinf)
a? b2 !

s
when 6 = >

~l

1
2
1 25m? —7m? —20m—-2+4=0

18m? —20m+2=0

=+ by 2, 9m? —10m+1=0

x=acost9=4\/§cos(%)=4\/§x
=24/2 x

y=bsinf = Zﬁcos(g)

Il

2
It passes through (4, 2)

The equation of the tangent at (x;, y;)to the
IM?—-9m-m+1=0

ImM(m—-1)—-1(m—-1)=0
OGm-1)(m—-1)=0

given ellipse is xx; + 4yy,; = 32
Substitutingx; = 4,y, =2
x(4) +4y(2) =32 i
4x+8y—32=0 9m—1=0gives9m=1thatism=§

<+ by 4, The equn. of tangentis x +2y —8 =10 m—1=0givesm=1

Normal is of the form 2x—y+k=0 (i) When m = %at (5,2)
It passes through (4, 2)
Equation of the tangentis y — y; = m(x — x;)
Hence 24)-2+4+k=0
—2=2(x—5)
8—2+k=0 4 5
6+k=0 9@ —2) =1(x - 5)

x—5-9y+18=0
x—9+13=0
(ii)) Whenm =1 at (5, 2)

The equation of normalis 2x —y —6 =0

EXERCISE 5.4
Equation of the tangentis y — y; = m(x — x;)

1. Find the equations of the two tangents that y—2=1(x—5)
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y—2=x-—5
xX—5—-y+2=0
x—y—3=0

2. Find the equations of tangents to the

2 2
hyperbola 316—6 — 2’—4 = 1 which are parallel to

10x —3y+9=0.
Solution:

Tangent is parallel to 10x —3y +9 =0

10x +9 = 3y
3y=10x+9
10 9
y=5x+3

10
Hence slope m = ey

2 2
Given Hyperbola is ’16—6 -L =1

64
a’? =16 and b? = 64
y = mx + c is the tangent to the ellipse
if c? = a?m? — b?
So, c? =16m? — 64
2
=16(3) —64

100

=16 (%7

_ 1600-576

) - 64

32
c=+—
3

32

Equation of Tangentis y = 13—0x + ey

Multiply by 3, 3y = 10x + 32

Hence 10x — 3y + 32 = 0 and
10x —3y—32=0

are the equation of 2 tangents.

3. Show that the line x — y + 4 = 0 is a tangent
to the ellipse x? 4+ 3y? = 12. Also find the
coordinates of the point of contact.
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Solution: Given x —y+4 =20

x+4=y
y=x+4
Comparing with y=mx-+c

m=1andc =4
Given x? + 3y? =12
Dividing by 12, 5 + yTZ =1
a’ =12 gives
b? = 4 gives
y = mx + c is the tangent to the ellipse
if 2 = a®m? + b?

42 =12(1)* + 4

16 = 12(1) + 4
16=12+4
16 = 16

So,x —y + 4 = 0 is the tangent.
a’m b2

The point of contact is (— AL —)

c

- (-2

4. Find the equation of the tangent to the
parabola y? = 16x perpendicular to
2x+2y+3=0.

Solution: Given 2x + 2y +3 =0

2y = —2x—3
Dividing by 2 y=-x+ %
Comparing with y=mx+c
m=-1,and c = z

. Perpendicular slope =1
Given y? =16x
Comparing with  y? = 4ax

4a =16
a=4%
y = mx + c is the tangent to the parabola
ifc = %
4
L C= 1~ 4

So tangent equationisy = (1)x + 4
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y=x+4

5. Find the equation of the tangent at £= 2 to
the parabola y? = 8x. (Hint: use parametric
form)

Solution: Given y? =8x
Comparing with y? = 4ax
4a =8
a=2
The parametric form of the parabola
y? = 4axis (at?,2at)
Att=2, x=at?=2(2)>?=2x4=8
y=2at=2%Xx2xXx2=8
(x1,¥1) = (8,8)

The equation of the tangent at (x4, y;) to the

parabola y? = 4axis yy; = 4a (x +2x1)

y(®) = 4(2) (=)
8y =4(x + 8)
4x -8y +32=0
Dividing by 4,
Tangent equationis x —2y+8 =20

6. Find the equations of the tangent and normal

T

to hyperbola 12x? — 9y? = 108 at 8 = 5

(Hint: use parametric form)

Solution: Solution: Given 12x% — 9y? = 108

Lo, 12x2  9y?
DlVldll’lg by 108, m — E =
2y _,
9 12

a? =9 gives
a=+9 =3
b? = 12 gives
b=VI2=+4x3=2V3
The parametric form of the

. x%2  y? .
ellipse AR 1is (asecO,btan®)

T
when 0 = 3
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x=asec9:3sec(§)=3><§=6

y=btanf = Z@tan(g) = Zﬁxif =6
It passes through (6, 6)
The equation of the tangent at (x4, y;)to the
given ellipse is 12xx; — 9yy; = 108
Substitutingx; = 6,y; =6

12x(6) — 9y(6) = 108

72x — 54y —108 =0
-+ by 18,
The equation of tangentis 4x —3y —6 =0

Normal is of the form 3x +4y +k =0

[t passes through (6, 6)

Hence 3(6)+4(6)+k=0
184+24+k=0
42+k=0

k =—42

The equation of normal is 3x +4y —42 =0

7. Prove that the point of intersection of the
tangents at ‘t;" and ‘t,’ on the parabola
y? = 4axis [at ty, a(ty + ty)].
Solution: Equation of the tangent to
parabola y? = 4ax at tis, yt = x + at?
Henceatt,is yt; =x+at;? ..... (1)
attyis yt, =x+aty,? ..... (2)
(2) — (1) gives
yt, — yt; = x + at,? — x — at,?
y(t; —t) = a(t,® — t,?)

y(t; —t;) = a(ty +t)(t; — ;)

— a(ty+t)(t;—t1)
(t2—t1)

y =al(t; +t)
Substituting y = a(t, + t;) in yt; = x + at,;?
a(tz + tl)tl =X+ at12

at1t2 + at12 =x+ at12
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at1t2 + atlz - at12 =X
X = at1t2
Hence the point of intersection

is [at t,, a(t; + t,)].

8. If the normal at the point ‘t;’ on the parabola

y? = 4ax meets the parabola again at the
point ‘t,’, then prove that t, = — (tl + %)
Solution: Equation of the normal to
parabola y? = 4ax att is,
y + xt = at® + 2at
Normal at the point ‘t;’ is
y + xt; = at,3 + 2aty
This normal meets y? = 4ax at ‘t,’
Hence x = at,? and y = 2at,
Substituting the values in
y + xt; = aty3 + 2aty
2at, + (at,2)t, = at,> + 2at,
2at, + at,?t; = at,> + 2at;
(2at, — 2aty) = (aty® — aty?ty)
2a(t, — t1) = at1 (1% — t,2)
2a(t, — t1) = — at1(t2 — t,?)
2a(t; —t1) = —aty(t; =t + 1)
2=—1t1(t, + t1)
2

_t_: t2+t1

1

Example 5.30 A semielliptical archway over a
one-way road has a height of 3m and a width of
12 m. The truck has a width of 3m and a height
of 2.7 m. Will the truck clear the opening of the
archway?
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Solution:
The bridge is in the form of semi ellipse with

width 2a = 12 mt. Hence a = 6 and height at

the centre b = 3 mt.

{ x2 y?2
The equation =t = 1 becomes
2 y2 >C
6_2 + 3—2 =1
x2 y2
=T 5= 1 ... .60 (1)

The truck has a width of 3m and a height of

2.7 m. passing through the arch.
Let when x = 1.5, y, be the height of the arch
Hence (1.5, y;) is the point on (1)

32
3 2
y
So, —(2) + 2+ =1
36 9
9
I
36 9
9 1 2
-x—+ 2 =1
47 36 9
9 2
__|_yL=1
144 9
yi? 9
9 144
_ 144-9
T 144
2 135
= X —
Y1 9 144
_ 135
T 16
_ |35
174 16
_ 1162
17 4

The height of the arch is 2.90 mt at 1.5 mt from
the centre. The height of the truck is 2.7 mt.
only hence it passes through the bridge.

Example 5.31 The maximum and minimum
distances of the Earth from the Sun
respectively are 152 X 10° km and

94.5 X Earth

10%km. The

K s
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Sun is at one focus of the elliptical orbit. Find
the distance from the Sun to the other focus.

Solution:

The sun is at one of the focus at S.
Let the other focus be S/
We have to find the distance between them
S/S = 2ae

Given
The maximum distance of the Earth
fromthe Sun  a + ae =152 x 10° km and
The minimum distance of the Earth
a—ae = 94.5 x 10° km and
Hence (a + ae) — (a — ae)= (152 — 94.5)10°

a+ae—a+ae=(57.5)10°

~ 2ae = (57.5)10°

from the Sun

The distance from the Sun to

the other focus = (57.5)10°km.

Example 5.32 A concrete bridge is designed as
a parabolic arch. The road over bridge is 40m
long and the maximum height of the arch is

15m. Write the equation of the parabolic arch.

Solution:

VAN
/N
A

f=20-15) {20 -15)%

The parabola is open down with vertex at O
The equationis  x? = —4ay
(20,—15) is a point lies on it.

So, (20)? = —4a(—15)

400 = 60a
_ %00 _ 20
T 60 3
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.2 — (20
)y
3x%2 = —80y

3x2+80y =0

Example 5.33 The parabolic communication
antenna has a focus at 2m distance from the
vertex of the antenna. Find the width of the
antenna 3m from the vertex.

Solution: ‘ -

Pi3,¥)

S

o
Let the parabola open right with vertex at O.
The equationis  y? = 4ax
Given focus at a = 2 and the depth VC= 3
LetCP =y,
Hence P (3,y,) lies on y? = 4ax
So,  ¥®=4(2@3)
1 =2(V2)(V3)

CP =y, =26

width of the antenna PP/ = 2 x 21/6

.. width of the antenna = 4v6 mt.

Example 5.34 The equation y = Sizx2 models

cross sections of parabolic mirrors that are
used for solar energy. There is a heating tube
located at the focus of each parabola; how high
is this tube located above the vertex of the

parabola?

Solution:
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The equation of the mirror y = %xz
o 32y = x?
Comparing with x? = 4ay
4a = 32
a=28

heating tube located at the focus a = 8 from O.

Example 5.35 A search light has a parabolic
reflector (has a cross section that forms a
‘bowl’). The parabolic bowl is 40 cm wide from
rim to rim and 30cm deep. The bulb is located
at the focus.

(1) What is the equation of the parabola used

for reflector?

(2) How far from the vertex is the bulb to be
placed so that the maximum distance
covered?

Solution: ' -

//;

.._\

N

Let the parabola open right with vertex at O.

The equationis  y? = 4ax
Given width PP/ = 40 and the depth VC= 30
Hence P (30, 20) lies on y2 = 4ax

So, 202 = 4(a)(30)

400 = 120a
_ %00 _ 10
T 120 3

(i) The equation of the parabola used for
reflector y? = 4 (1?0) x

(ii) Bulb is placed at the distance of a = 13—0 cm
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Example 5.36 An equation of the elliptical part
\ . x? y?
of an optical lens system is BT = 1. The

parabolic part of the system has a focus in
common with the right focus of the ellipse .The
vertex of the parabola is at the origin and the
parabola opens to the right. Determine the
equation of the parabola.

Solution:

-];./,.-.- 5. / ...H"\_.I 1.L:"1_"l|"| .

o I
\ AN ___ft-"’f;?” )
SO Z

J e,

To find the equation of the parabola drawn at

the focus of the given ellipse as the focus.

2 2

+X=1
9

Xs
16
Here a® = 16 and b*> = 9
(ae)? = a? — b?
=16—-9
=7
ae =7
Then focus of the ellipse S = (ae, 0) = (\/7, 0)
Focus of the Parabola is (v7,0) thatis a = V7
Equation of the parabola open right is
y? =4(V7)x
Example 5.37 A room 34mlong is constructed
to be a whispering gallery. The room has an
elliptical ceiling, as shown in Fig. 5.64. If the
maximum height of the ceiling is 8 m, determine
where the foci are located.

Solution:

Elliptical ceiling of a

whispering gallery
T A
E’m//. e L
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From the diagram 2a=34soa =17
Height of the ceilingb =8

(ae)? = a? — b?

= 289 — 64
=225
ae =225 =15

Hence the foci are located on either side 15 mt

from the centre along its major axis.

Example 5.38 If the equation of the ellipse is

(x _ 11)2 2 A
YR + 36/—4 = 1 ( xand yare measured in

centimeters) where to the nearest centimeter,
should the patient’s kidney stone be placed so
that the reflected sound hits the kidney stone?

Solution: it
Ultrasoumd ""-FF'—.'-.'_.-';_-RT_:'_--‘_ Ki._ip_.:_'l
emitter /?f S
Ellipic =T S %
reflector A" Kidney
T
; (x-11)2  y2
Given————+ =—=1

484 64
Here a? = 484 and b? = 64

(ae)? = a®? — b?
=484 — 64
=420

ae =420 = 20.5

the patient’s kidney stone be placed 20.5 cm
away from the centre of the ellipse.

Example 5.39 Two coast guard stations are
located 600 km apart at points 4 (0,0) and

B (0,600) . A distress signal from a ship at Pis
received at slightly different times by two
stations. It is determined that the ship is 200
km farther from station A than it is from station

B.Determine the equation of hyperbola that

passes
.'Ill_ /
through the B /
600 o
A (x,600)
4004 _—/
. /
001+ 200
4 x
(0.0)
4
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location of the ship.

Solution:

Given 4 (0,0)and B (0,600) are 2 coast guard
stations. They are the foci of the hyperbola.
So its midpoint € (0,300) is the centre of the

hyperbola with transverse axis y axis.

y-k)?* (x-h)* _
a? ) pz

[ts equation is 1

Substituting C (h,k)=C (0,300)

~ 2 2
OO X 1)

a? b2
The ship is 200 km farther from station 4 than
itis from station 5.
So, D (0,400) is the point lies on (1)

(400-300)? 0

a? b2 =1
(100)2
a? =1
a® = 10000

The distance between two foci 2ae = 600
~ ae =300
(ae)? = a? + b?
(300)% = 10000 + b?
b? =90000 — 10000
b? = 80000

For hyperbola

The equation of hyperbola that passes through
(=300 x>
10000 80000

the location of the ship is

Example 5.40 Certain telescopes contain both
parabolic mirror and a hyperbolic mirror. In
the telescope shown in figure the parabola and
hyperbola share focus F7 which is 14 mabove
the vertex of the parabola. The hyperbola’s
second focus Fzis 2m above the parabola’s

vertex. The vertex of the hyperbolic mirror is
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1mbelow F7. Position a coordinate system P (15, -10) lies on it

with the origin at the centre of the hyperbola
152 =-4a (- 10)
and with the foci on the y-axis. Then find the

equation of the hyperbola. 225=40a
Solution: | F, i 225 _ 4a
] Hyperbala] 10
! | | ~ X2 = — 4ay becomes
. Y s
_“iFlnmla - 107 (1)
Given The point B (6, — y1) lies on (1)
V1, Fiare the vertex and focus of the parabola. 62— _ 225 = y1)
F,, F,are the foci of the hyperbola. 10
By the data F,F, = 2ae = 12 36="22y,
Soae = 6 ﬂ A
F2V1 = Za = 10 225 B Y1
La= 8
a=>5 2=y
For hyperbola (ae)? = a? + b?
(6)? = 25 + b? Required height of the bridge = 10 — y1
b? =36 — 25 :10_2
2 _
b™ =11 _ 50-8
Hence equation of the hyperbola with -5
transverse axis y axis, center at origin is _ 42
5
Y _ % _ {gives o X -
prie ﬁ—lglves il 1 e\ e

EXERCISE 5.5
1. A bridge has a parabolic arch that is 10m

2. A tunnel through a mountain for a four lane
high in the centre and 30m wide at the

highway is to have a elliptical opening. The
bottom. Find the height of the arch 6 m from

total width of the highway (not the opening)
the centre, on either sides.

is to be 16 m, and the height at the edge of the
Solution:
road must be sufficient for a truck 4m high to
clear if the highest point of the opening is to
be 5mapproximately . How wide must the

A opening be?

The equation of the parabolic arch

x? =- 4ay
Solution:
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The tunnel opening is in the form of an ellipse.
Given AA/ =2a=16. So, OA=a=38
Height at the centre OB=b =5

Hence the equation of the ellipse with major

P 7\ y x°

axis y axis is =t == 1
v, 2y
64 25
Let AC =4

Hence C/(4,y) lies on the ellipse

2 2

X
Z+Z=1
64 25
2 42
Zi==1
64 ' 25
2 16
Lt —=1
64 25
y2 16
64 25
_25-16
T 25
o "9
64 25
2 64X%9
25
_ 8x3 _ 24
y=—70=
y =4.8

The required wide for the opening 2y = 9.6 mt.

3. At a water fountain, water attains a
maximum height of 4m at horizontal
distance of 0.5 m from its origin. If the path
of water is a parabola, find the height of
water at a horizontal distance of 0.75 m
from the point of origin.

Solution: Equation of the parabola with
vertex V(h, k) open down is
(x — W)? = —4a(y — k)
Given vertex V(0.5,4)
So, (x — 0.5)? = —4a(y — 4)
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Origin 0(0, 0) is a point on it.
& (0-05)% = —4a(0 — 4)
(—0.5)% = —4a(—4)

0.25 = 16a
025 _
16
So, (x — 0.5)% = —4 ("1—265) (y — 4)

(x-05)?=- () -4
When horizontal distance of 0.75 m
from the point of origin, the OD is 7.5
LetDE =y,

Then E (0.75, y;) lies on the parabola

.25
(0.75 - 05)2 = — (*Z) (3, - 4)
(0.25)% = - (22) (y, - 4)
(0.25)(0.25)x4 _ —
W - (Y1 4)

(0.25) x 4 = —(y, — 4)

1:_y1+4'
y1:_1+4
y1 =3

The height of water at a horizontal distance of

0.75 m from the point of origin is 3 mt.

4. An engineer designs a satellite dish with a
parabolic cross section. The dish is 5m wide
at the opening, and the focus is placed 1.2 m
from the vertex
(a) Position a coordinate system with the
origin at the vertex and the x-axis on the
parabola’s axis of symmetry and find an
equation of the parabola.

(b) Find the depth of the satellite dish at the
vertex.

Solution: Dish wide AB =5
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OC is the depth. Let OC = x;
Focusa=1.2

Let the parabola open right.

So, y?=4ax
= 4(1.2)x
y2=48x ....... (D
AC=BC=25

A (x4, 2.5) lies on the equation.

(2.5)% = 4.8x,
(25)x(2.5)
(ag) 1
Depth x; =13mt ....... (2)

5. Parabolic cable of a 60m portion of the
road bed of a suspension bridge are
positioned as shown below. Vertical Cables
are to be spaced every 6 m along this portion
of the roadbed. Calculate the lengths of first
two of these vertical cables from the vertex.

Solution:

From the given diagram, parabola is open up.
Let O be the origin and V be the vertex.
Given OV=3m, V(0,3)
Equation of the parabola with vertex V(h, k)
opendownis (x —h)? = 4a(y — k)
Given vertex V(0, 3)

So, (x — 0)? = 4a(y — 3)

x? = 4a(y —3)
Width of the bridge AB = 60 m

Hence AO=0B=30m
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Height of the support AC = 16 m,

~» C(—30,16) lies on x% = 4a(y — 3)

(=30)2 = 4a(16 — 3)

900 = 4a(13)
900
4q = E
w2 =200
fx?=22(y-3)

Let DE and FG two vertical cables such that
OD=6mand OF=12m
Let length DE = y;.

~ E(6,y,) lieson x? = % (y—3)

+(6)2 == (y; —3)

36x13
900 = Y153
al __4x13
Y1 ~ 100
— 52
" 100
y, —3 =052
y, =052 + 3

Length of first vertical cable from the vertex
DE =3.52 m.
Let length FG = y,.

=~ G(12,y,) lieson x2 = % (y—-13)

2 (122 =2 (y, —3)
144x13
900 = Y 5a
o _ 16x13
Y2 ~ 100
— 208
~ 100
y, — 3 = 2.08
y, = 2.08 + 3

Length of second vertical cable from the vertex
FG =5.08 m.

6. Cross section of a Nuclear cooling tower is in
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the shape of a hyperbola with equation

2

302 442

distance from the top of the tower to the
centre of the hyperbola is half the distance
from the base of the tower to the centre of
the hyperbola. Find the diameter of the

top and base of the tower.

Solution: =
150m |
] x2 2
Given — — L =
302 442

Let x; be the radius at the top.

Then (x;,50) lies the equation.

. x_lz_ (5002 1
" 302 442
a?_ g, (B0
302 1+ 442
_ 44%+(50)2
T 442
2 on2 (4424502
x,° =30 ( 442 )
302

x; = 25+/(442 +502)
_ 30
= =V1936 + 2500
=3%./24436
44

30
= = (66.60)

1998

44
x; = 45.41

Hence the diameter at the top

2x; = 4541 x2=90.82m

Let x, be the radius at the base.

Then (x,,100) lies the equation.

X _ ¥~ _ 1. The tower is 150 tall and the
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L xp? (100)2 _

" 302 442
% (100)?
302 442
__ 44%2+(100)2
- 442
44241002
x,? = 30% ()
44

_ 30 . 2 2
= 2 (442 +1002)
X, = %/(442 ¥ 1002)
—39./1936 + 10000
44
—3%/11936
44
30
=21(109.2)

44

_ 3276

X, = 74.49

Hence the diameter at the base

2x, = 7449 X 2 = 14898 m

7. Arod of length 1.2 m moves with its ends

always touching the coordinate axes. The
locus of a point Pon the rod, which is 0.3 m
from the end in contact with x-axis is an
ellipse. Find the eccentricity.

Solution:

Q025

oo

R

Let P(x4, y;) be the point on the iron rod.

AP = 0.3 mts. and PB = 0.9 mts.
A APR and A BPQ are similar.

From right angle A BPQ

g= 2
COS = 09
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From right angle A APR
. V1
6= —
sin 03

We know that cos?6 + sin?6 =1

2 2
X
Hence —— + Lo =1
0.92 0.32

a? = (0.9)? and b? = (0.3)?

We know that  (ae)? = a? — b?

(a®)e? = (0.9)% — (0.3)?
(0.81)e? = 0.81 — 0.09
(0.81)e? = 0.72

(81)e? =72

2_72
T 81
_ 36x2
T o81

8. Assume that water issuing from the end of a
horizontal pipe, 7.5 mabove the ground,
describes a parabolic path. The vertex of the
parabolic path is at the end of the pipe. Ata
position 2.5 mbelow the line of the pipe, the
flow of water has curved outward 3m
beyond the vertical line through the end of
the pipe. How far beyond this vertical line
will the water strike the ground?

Solution:

Equation of the parabolic path of the water
x? = —4ay

P (3,—2.5) lies on the equation
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Subx = 3,y = =25
32 = —4a (-2.5)

9 =10a
_9
=70

The equation is x? = —4 (i) y

Let AQ = x;

= Q(x1, —7.5) lies on the equation
= 43y
1} = —4(2)(-7.5)
q= @D
= 4(3) (55)
X, = 2 (130) (5v3)

x;=3+/3 mt.

The water strikes the ground 3 V3 mt. away
from A.

9. On lighting a rocket cracker it gets projected
in a parabolic path and reaches a maximum
height of 4m when it is 6 m away from the
point of projection. Finally it reaches the
ground 12 m away from the starting point.

Find the angle of projection.

Solution:
V({00
ﬁ ! h
(-6,-4) (6,-4)

The equation of the parabolic path

x? = —4ay

It passes through (6, —4)
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62 = —4a(—4)
36 = 16a
36 _
16
9
a=-
4
. x* = —4ay becomes
9
x = —4(])y
x2 = -9y

To find the slope at (— 6, — 4)

—_qY

2x = 9dX

dy —2x

dx_ 9
subx =—6

dy —-2(-6) 12 4
dx« 9 9 3
tan 0 =-—

9=tan"1(3)

3

10. Points 4 and Bare 10km apart and it is
determined from the sound of an explosion
heard at those points at different times that
the location of the explosion is 6 km closer
to Athan B. Show that the location of the
explosion is restricted to a particular curve

and find an equation of it.

y

|4 Pxy)

F, Clon F o

Solution:

A and B be the focus of the hyperbola.
P is any point on it.

By focal property FiP — F,P =2a =6
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So,a =3
and FF, =2ae =10

Hence, ae =5

We know that  (ae)? = a? + b?
(5)% = 32 + b2
25 =9+ b?
b?=25-9
b? =16
2 2
The required equation % — i—z =1 is
2 ¥ _
9 16

EXERCISE 5.6

Choose the most appropriate answer.

1. The equation of the circle passing through
(1,5) and (4, 1)and touching y -axis is

x2+y2—=5x—6y+9+A(4x+3y—19) =0
where Aisequal to.....

mo-3 @0 @7 @-3

2. The eccentricity of the hyperbola whose
latus rectum is 8 and conjugate axis is equal
to half the distance between the fociis......
m: @ ©®F @

3. The circle x? + y? = 4x + 8y + 5 intersects
the line 3x — 4y = m at two distinct points if
(1)15<m<65 (2)35<m<85

(3) —85<m<—35 (4)—-35<m<15

4. The length of the diameter of the circle
which touches the x-axis at the point (1, 0)

and passes through the point (2, 3).......
6 5 10 3
(M3 (2)3 A5z W3

5. The radius of the circle
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3x% + by? + 4bx — 6by + b> = 0is......
()1 (23 3)V10 (4 Vi1

formed by the lines x? — 8x — 12 = 0 and
y? —14y +45=0is

M@ @049 OH BHHBI9

7. The equation of the normal to the circle
x% 4+ y? — 2x — 2y + 1= 0 which is parallel
to the line 2x + 4y = 3 is
MDx+2y=3 2)x+2y+3=0

B3)2x+4y+3=0 @A)x—2y+3=0

8.If P (x,y) be any point on
16x2 + 25y? = 400 with foci F1 (3, 0)and
F2 (=3,0) then PF1+ PF2is
(1)8 ()6 (3) 10 (4) 12

9. The radius of the circle passing through the
point (6, 2) two of whose diameter are
x+y=6and x+ 2y =4is
()10 (225 (3) 6 (4) 4

10. The area of quadrilateral formed with foci

of the hyperbolas Z—z — Z—j =1land

L =1is
(1) 4(a? + b?) (2) 2(a? + b?)

(3) a® + b? (45 (a? + b?)

11. If the normals of the parabola y? = 4x

. The centre of the circle inscribed in a square
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drawn at the end points of its latus rectum
are tangents to the circle

(x —3)%2 + (y + 2)? = r?, then the value
ofr?is

(1) 2 (2)3 (31 (4) 4

12.1f x + y = k is a normal to the parabola
y? = 12x, then the value of kis
(13 (2) -1 31 4)9

13. The ellipse E1 : %2 + yTZ = lis inscribed in a
rectangle Rwhose sides are parallel to the
coordinate axes. Another ellipse E2 passing
through the point (0,4) 4circumscribes the
rectangle R. The eccentricity of the

ellipse is

Wz @2 @ @

14. Tangents are drawn to the hyperbola

x2  y? : )
T 1parallel to the straight line

2x —y = 1. One of the points of contact of

tangents on the hyperbola is
9 -1 AN T
(5% @ (55 %)

3 (757%) @) (3V3,-2V2)

15. The equation of the circle passing through
the foci of the ellipse f—z + y?z = lhaving
centre at (0, 3) is
MDx2+y2—6y—-7=0
Q) x*+y?—6y+7=0
3 x*+y?—6y—5=0
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D x*+y*—6y+5=0

16. Let C be the circle with centre at (1, 1) and
radius =1. If 7 is the circle centered at
(0, y) passing through the origin and
touching the circle € externally, then the

radius of 7 is equal to
V3 V3 1 1
O 25 ()3 4
17. Consider an ellipse whose centre is of the

origin and its major axis is along x-axis. If

3
its eccentrcity is S and the distance between

its foci is 6, then the area of the
quadrilateral inscribed in the ellipse with
diagonals as major and minor axis of the
ellipse is

(1) 8 (2) 32 (3)80  (4)40

18. Area of the greatest rectangle inscribed in
the ellipse = + £ =1
e ellipse e + e 1S

(1) 2ab (2)ab  (3)Vab (4)%

19. An ellipse has OB as semi minor axes,
F and F/ its foci and the angle FBF/ is a
right angle. Then the eccentricity of the

ellipse is

Ls @; @; @

20. The eccentricity of the ellipse

-3+ -92=Lis

LY @; B @WFS
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21. If the two tangents drawn from a point P to
the parabola y? = 4x are at right angles
then the locus of P is
D2x+1=0 2)x=-1

3)2x—-1=0 4)x=1

22. The circle passing through (1, —2) and

touching the axis of x at (3, 0) passing

through the point
(1) (=5,2) (2) (2,-5)
(3)(5,-2) (4) (=2,5)

23. The locus of a point whose distance from

(—2,0) is 23 times its distance from the line

x=—is
2

(1) a parabola (2) a hyperbola

(3) an ellipse (4) acircle

24. The values of m for which the line
y = mx + 2v/5 touches the hyperbola
16x? — 9y? = 144 are the roots of
x?> — (a + b)x — 4 = 0, then the value of
(a+b)is
(H2 (2)4 3o (4) -2

25. If the coordinates at one end of a diameter
ofthe circlex? + y2 —8x —4y +c =0
(11, 2), the coordinates of the other end are
(1) (=5,2) (2)(=3,2)
(3)(5,-2) (4) (=2,5)
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