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Chapter6 Applications of Vector Algebra
Example 6.1 (Cosine formulae)
With usual notations, in any triangle ABC,
prove the following by vector method.

(i) a®? = b%? + ¢?> — 2bccos A

Solution: \
B . A
-8 a C
In any triangle ABC,
i+b+¢=0
d=-b—-¢
Applying dot product,

d.d=(b+2).(b+7)

@ =b*+ ¢ +2b.¢

a? = b? + c? + 2bc cos(m — A)
a? = b? +c? — 2bccos A

(ii) b2 = ¢? + a® — 2cacos B

(iii) ¢ = a® + b — 2ab cos C

Example 6.2

With usual notations, in any triangle ABC,
prove the following by vector method.

(i)a=bcosC +ccosB
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Applying dot product of @ on both sides,

d.d=-bd—¢a
@ = —|b||d| cos(m — €) — ||| cos(x — B)
a? = —ba[—cos(C)] — —ca[—cos(B)]

a? = ba cos(C) + ca cos(B)
Dividing by a,
a=bcosC +ccosB  Hence Proved.
(ii)b=ccosA +acosC
(ili)c =acosB +bcosA
Example 6.3 By vector method, prove that

cos(a +B) = cos a cos B — sin a sin 3

Solution: W 5

0 "-l_-f M x
Tk,

A

Take two points A and B on the unit circle with
centre as origin O.
So, [04] = [0B| =1
2AO0X = aand £BOX = f
~LAOB =a+f
Let 7 and j be the unit vectors along x , y axis.
Draw AL and BM perpendicular to x axis.
Then A(cosa, —sina) and B (cosf, sinf3) are

the co-ordinates.

Solution: \ 04 =0L+IA
/ \ \ = cosal — sinaj
\i
8 oy 7 O—B) = O—M + W
a-B a C
= cos BT+ sinBJ
In any triangle ABC,
i\ R By definition
d+b+c=0
L s OA.OB = |0A||0B| cos(a + B)
a=-b-c
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= (1(1) cos(a + p)
0A.0B =cos(@a+B) ....... (1)
By value
04 .0B = (cos at — sin aj). (cos BT + sin B))
= cosacosB — sinasinB ... (2)
From (1) and (2)

cos(a +f3) = cos a cos § — sin a sin

Example 6.4 With usual notations, in any

triangle ABC, prove by vector method that

a b _ ¢

sin A sinB sinC

Solution: m-d (A4

Area of triangle ABC =

—

~|4B x AC| =5 |BC x BA| = 5 |CB x CA]|

So, |AB x AC| = |BAxBC|=|CB x CA4]

PSSt — A) = ca sin(@RB) = ab sin(r — €)
cbsinA =casinB = absinC

Dividing by abc

cbsinA \N casinB _ absinC

abc abc abc

sin A sin B sinC

a b c

I i a b c
nverting, y = — = —
8 sinA sinB sinC

Hence proved.
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Example 6.5 Prove by vector method that
sin(a —f3) = sin a cos § — cos a sin 3

Solution: ¥ A

Take two points A and B on the unit circle with
centre as origin O.

So, |04| = |0B| = 1

£AOX = aand £BOX = [

~LAOB=a—-f
Let 7and j be the unit vectors along x , y axis.
Draw AL and BM perpendicular to x axis.
Then A(cosa, sina) and B (cospf, sinf3) are the

co-ordinates.
0A=0L+LA
= cosal + sinaj
OB = OM + MB
= cos BT+ sinBJ
By definition
OB X 04 = |0—B)||ﬁ| sin(a — B) k

= (D sin(a -k

OB Xx0A =sin(a—BRk ...... (1)
WO __, i JoOk
By value OB X 0A = cosff sinf O
cosa sina 0

=+ k(sinacosp — cosasinB) ...... (2)
From (1) and (2)

sin(a —f3) = sin a cos § — cos a sin 3
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Example 6.7 Prove by vector method that the
perpendiculars (attitudes) from the vertices
to the opposite sides of a triangle are
concurrent.

Solution:

Let ABC be the given triangle.
Let the altitudes AD and BE intersecting at O
and take it as the origin.
To prove that CO is perpendicular to AB.
Let 0A=d,0B=b,0C =7¢
AD 1 r BC
=04 LrBC

~ 0A.BC =0

=0B LrCA

~ OB .CA=0

=>0CL7rAB

Hence the altitudes of a triangle are concurrent.

Example 6.8 In triangle ABC, the points D, E, F

are the midpoints of the sides BC, CA, and AB
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respectively. Using vector method, show that

the area of A DEF is equal to i (area of AABC).

Solution:

In Triangle ABC, consider A as the origin.
D,E,F are the midpoints of BC,CA and AB.

Then the position vectors of D,E,F are

AB+AC AC AC
, —, and —.
2 2 2

Considering AB and Ac as the adjacent sides,

area of triangle ABC = % |AB x AC]|

Area A DEF == |DE x DF|

)
= 1|4B x AC|

4

1

=3 (Area A ABC)

Example 6.9 A particle acted upon by constant
forces 27+ 5] + 6k and —T— 2] — k is

displaced from the point (4, —3, —2) to the
point (6,1, —3). Find the total work done by the

forces.

Solution: Given Force F; = 27 + 5] + 6k
Force F, = —1—2]—k

Hence resultant force F = ﬁl + ﬁz

=21+5/+6k—T1—2]—k

By Manisekaron SRKMHSS
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F=7+3j+5k

Let A and B be the points (4, —3, —2) and

(6,1, —3) respectively.

Then the displacement d=0B—-04
= (61 +] — 3k) — (47— 3] — 2k)
=60+ —3k — 47+ 3] + 2k

-

d=21+47—k

Work done W = F.d
=(7+ 37 +5k). (21 + 47 — k)
=2+12-5
=14-5

Work done W = 9 units.

Example 6.10 A particle is acted upon by the
forces 37 — 2] + 2k and 27+ J — k is displaced
from the point (1,3, —1) to the point (4, —1, 1)
If the work done by the forces is 16units, find
the value of A.
Solution: Given Force F, = 37 — 2j + 2k
Force Fy =21+ —k
Hence resultant force F = ﬁl 3 132
=371—2]+2k+2+]—k

F=51-7+k
Let A and B be the points (1,3, —1) and
(4, —1, Mrespectively.
Then the displacement d=0B-04

=(4i—]+ k) — (i +37—k)
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-

—4T—]+Ak—T—-3]+k
=37—47+Ak+k
d=31—47+ A+ Dk
Work done W = F. d
=(57—J+k).[3T — 47 + \ + 1)k]
=15+4+1+1

=A+20

Given Work done W = 16 units.

~A+20=16
A=16-20
A=4

Example 6.11
Find the magnitude and the direction cosines of

the torque about the point (2,0, —1) of a force

27 + ] — k, whose line of action passes through

the origin.

Solution: Let A be the point (2,0, —1)
Then its position vector 04 = —27 + 0] + k
Given Force F=20+]—k

Sotorque t =# X F

~

i ;] Ok
=l-2 0 1
2 1 -1

=1(0-1)—j(2-2)+k(-2-0)
=—i-2k
Magnitude |f| = V1 +4 =+/5

: . . 1
the direction cosines are ——=, 0, —
V5

By Manisekaron SRKMHSS
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EXERCISE 6.1
1. Prove by vector method that if a line is

drawn from the centre of a circle to the
midpoint of a chord, then the line is
perpendicular to the chord.

Solution: AB is the chord.
C is the midpoint of AB.
O is the centre of the circle.

Then OA= OB [Radius]

—

LetOA=dand 0B = b

Then 0C —“77’7
AB = 0B — 04
=b—d
Now OC. 4B = (T) (b —a)

=~(@+b).(b-a)
=3[®" - @7
= ; [@)2 - (04)’]

[(0B)? — (04)?]

NIH

o

. 0Cis L to AB.Hence proved.

2. Prove by vector method that the median to
the base of an isosceles triangle is
perpendicular to the base.

Solution: Let OAB be an isosceles triangle
with OA = OB

OC be the median to AB

C is the midpoint of AB.

Take O as the origin.

—

Let OA=Gand OB = b
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3. Prove by vector method that an angle in a

semi-circle is a right angle.

Solution: »

Let AB be the diameter of the circle with
centre at O.

Let P be any point on the circle.

To prove ZAPB = 90°

We know that OA = OB = OP (radii)

Now PA = PO + 04 and
PB = PO + 0B
= P0 — 04 (since OB = —04)
PA.PB = (PO + 04).(PO — 04)
= (P0)" - (04)"
= (P0)? — (0A)?
PA.PB =0

Thatis PAis L rtoPB

a+b
Then OC = — This gives ZAPB = 90°
By Manisekaron SRKMHSS Page 5
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4. Prove by vector method that the diagonals of

arhombus bisect each other at right angles.

Solution: D C
=
b
A > B
a
Let ABCD be the Rhombus.

Let AB=d and AD =b
We have AB =BC =CD =DA
Thatis |d| = [b] ... (1)
Now AC = 4B + BC

—d+b and

» AC.BD =(d+b).(b—d)
=(b+a).(b—a)
= (b) - @
=0 (since |d| = |b|)
Thus AC.BD = 0
Thatis AC is L r to BD

Hence the diagonals of a rhombus are at right

angles.

5. Using vector method, prove that if the
diagonals of a parallelogram are equal, then
it is a rectangle.

Solution: Let ABCD be a parallelogram.
To prove ABCD is a rectangle if the diagonals
are equal.

Now AC = 4B + BC and

BD = BC + CD

By Manisekaron SRKMHSS
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=BC - 4B
But (4¢)" = (BD)
(4B + BC)” = (BC — 4B)°
(@B)" + (BC)" + 2(4B). (BC)
= (BE)” + (4B)" - 2(BC). (4B)
2(4B).(BC) = —2(BC). (4B)
4(4B).(BC) = 0
(4B).(BC) =0
Thatis AB is L r to BC

That is ABCD is a rectangle.

6. Prove by vector method that the area of the
quadrilateral ABCD having diagonals ACand

BDis > |AC x BD|.

Solution: D

A B
Vector area of quadrilateral ABCD

= Vector area of A ABC+ Vector area of A ACD
—L(AB x 4C) + 1 (4C x D)
= — ~(AC x 4B) + 3 (AC x 4D)
=%(A_(f) x (—AB + AD)
=~ (4C) x (BA + 4D)
=-AC x BD
Vector area of quadrilateral ABCD = ~AC x BD

7. Prove by vector method that the
parallelograms on the same base and
between the same parallels are equal in area.
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Solution: Let ABCD and ABC/D/ be two
parallelograms on the same base AB and
between the same parallel lines.

To prove Area of ABCD = Area of ABC/D/

Area of ABC/D/ = |4B x AD/|
= 4B x (4D + DD/
= | (4B x 4D) + (4B + DD/
_ |(4B x 4D)| + 0

= Area of ABCD

8. If G'is the centroid of a ABCA, prove that
(area of AGAB) = (area of AGBC()
= (area of AGCA) = g(area of A ABC)

Solution: N

D

Area of AGAB = 1 (E X E)
2

=1 [(0B - 04) x (0C — 04)]

= g(area of A ABC)
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Similarly we can prove other results.

9. Using vector method, prove that

cos(a — ) = cos a cos  + sin a sin .

Solution:

Take two points A and B on the unit circle with

centre as origin O.
So, [04] = [0B| = 1
2AOX = aand £BOX =
~LAOB=a—-f
Let 7 and j be the unit vectors along x , y axis.
Draw AL and BM perpendicular to x axis.

Then A(cosa, sina) and B (cospf, sinf3) are the

co-ordinates.

0A=0L+LA
= cosal + sinaj
OB = OM + MB
= cos BT+ sin BJ
By definition
0A.0B = |04]||0B| cos(a — B)
= (1(1) cos(a - B)
0A.0B = cos(a — B)
By value
04 .0B = (cos al + sin af). (cos BT + sin B))
=cosacos B+ sinasinf .....(2)
From (1) and (2)

cos (a — ) = cos a cos  + sin a sin

By Manisekaron SRKMHSS
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10. Prove by vector method that
sin(a +B) = sin a sin 3 + cos a cos 3

Solution:

B L

T 0 "-J..'f'k M 'z
1,

L

Take two points A and B on the unit circle

with centre as origin O.

So, |04 = [0B] = 1
2AO0X = aand £BOX = f
& LAOB =a+f

Let 7and j be the unit vectors along x , y axis.
Draw AL and BM perpendicular to x axis.
Then A(cosa, —sina) and B (cosf, sinf3) are
the co-ordinates.
0A=0L+LA
= cosal — sinaj
OB = OM + MB
= cos BT + sin BJ
By definition

OB x 04 = |0?||074] sin(a + B) k

= (1)) sin(a + B) k
0B xm=sin(a+ﬁ)k ...... (1D
By value OB X 0OA = COSﬂ Sinﬁ 0
cosa —sina 0
=+ k(sinacosB+ cosasinB) ...... (2)

From (1) and (2)

sin(a —f) = sin a cos 3 — cos a sin
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11. A particle acted on by constant forces
87 + 2] — 6k and 67 + 2] — 2k is displaced

from the point (1, 2,3) to the point (5,4,1) .
Find the total work done by the forces.

Solution: Given Force F, = 87 + 2 — 6k
Force F, = 61+ 2] — 2k
Hence resultant force F = 17“1 + 17“2
=87+ 2] — 6k+67 + 2] — 2k
F =141+ 47 -8k
Let A and B be the points (1,2, 3) and
(5, 4, Drespectively.
Then the displacement d=0B-04
= (50+ 47+ k) — (T + 2] + 3k)
=50+4/+k—1—2] -3k
d=47+2] -2k
Work done W = F. d
=(147 + 47 — 8k). (41 + 2j — 2k)
=56+ 8+16
=80

Work done W = 80 units.

12. Forces of magnitudes 5v2 and 10v/2 units
acting in the directions (37 + 4j + 5k) and
(10? + 6] — 8%), respectively, acton a
particle which is displaced from the point
with position vector (47 — 3] — ZE) to the
point with position vector (67 + J — 3%)

Find the work done by the forces.

By Manisekaron SRKMHSS
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Solution:
Given Force Fy = 37 + 4] + 5k
Fl=Fraee
—\9T167 25

. = _F
~ Unit Force F; = —=

1
|Fi]
5\/— Fl _ 5\/— (3l+4-]+5k)

First Force = 37 + 4] + 5k

Given Force F, = 107 + 6] — 8k

|F;| = V10% + 62 + 82

=100 + 36 + 64
200

=+/100 X 2

= 10v2

. - F
~ Unit Force F, = =

|72

10\/_F2 _ 10\/—(1012-06\;—816)

Second Force = 107 + 6] — 8k

Hence resultant force

-

F =37+ 4] + 5k + 107 + 6] — 8k
F =137+ 10/ — 3k

Then the displacement d=0B—-04
= (61 +j — 3k) — (47— 3j — 2k)

=60+]—3k — 47+ 3] + 2k

Work done W = F.d
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=(137+ 10j — 3k). (2 + 4] — k)
=26+ 40 +3
= 69

Work done W = 69 units.

13. Find the magnitude and direction cosines of
the torque of a force represented by

37 + 4j — 5k about the point with position
vector 27 — 3] + 4k acting through a point

whose position vector is 47 + 2] — 3k.

Solution: Given Force F =37+ 4] — 5k

7 = (through the point — about the point)
= (41 + 2] — 3k) — (21— 3] + 4k)

7= 474 2] — 3k — 20+ 3] — 4k

it
N
~¢
&1
>~‘l

Sotorque £ =# X F

i ;] Ok
=2 5 -7
3 4 -5

=1(—25 + 28) — j(—=10 + 21) + k(8 — 15)
=1(3) —j(11) + k(=7)

=31—11] — 7k

Magnitude |£| = V9 + 121 + 49 = V179

11 7

3
V179’ 179’ 179

the direction cosines are

14. Find the torque of the resultant of the three
forces represented by —37 + 6] — 3k,
47— 107 + 12k and 47 + 77 acting at the
point with position vector 87 — 6] — 4k,
about the point with position vector

187 + 37 — 9k.

By Manisekaron SRKMHSS
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Solution: Given Force F; = —37 + 6] — 3k
Force F, = 47 — 10j + 12k
Force Fy = 41 + 7]
Resultant Force F = FZ + FZ =+ 77;

F=50+3]+9k

7 = (at the point — about the point)
7 = (87— 6] — 4k) — (187 + 3j — 9k)
7 = 80— 6] — 4k — 187 — 3] + 9k

#=—107 — 9] + 5k

So torque £t =7 X F

~

i 7k
=[-10 -9 5
5 3 9

= 7(—81 — 15) — j(—90 — 25) + k(=30 + 45)
=1(—=96) — j(—115) + k(15)

= —961 + 115 + 15k
Example 6.12
Ifd =—31—]+5kb=0—2]+k,
¢ = 47 — 5k, find . (b x ¢).

Solution: @ = —37—J + 5k,
b=1-2]+k,
¢ = 4] — 5k

d.(bx &) =l[db,d
-3 =1 5
=1 -2 1
0 4 -5

—3(10 — 4) + 1(=5— 0) + 5(4 + 0)
= —3(6) + 1(=5) + 5(4)

=—18—5+20
= —23+20
=3
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Example 6.13
Find the volume of the parallelepiped whose
coterminous edges are given by the vectors

20— 3]+ 4k, 1+ 2] —k and 37 — ] + 2k.
Solution: Volume of the parallelepiped with

d,b and € as coterminous edges is |[d, b, ¢]|

. 2 -3 4
l[d,bé]l=1 2 -1
3 -1 2

=2(4-1)+3Q2+3)+4(-1-6)
=2(3)+3(5) +4(-7)
=6+ 15—-28
=21-28
=7
Volume of the parallelepiped |[d, b, ¢]|= |-7|

= 7 cubic units.

Example 6.14
Show that the vectors 7 + 2] — 3k, 2T — ] + 2k
and 37 4 ] — k are coplanar.

Solution: If [E, b, E] = 0, then the vectors are

coplanar.
. 1 2 -3
[d,bé]=2 -1 2
3 1 -1

=11-2)—-2(-2-6)—-3(2+3)
=1(-1) — 2(-8) — 3(5)
=—-1+16-15

=—-16+16

=0

So, the given vectors are coplanar.

Example 6.15
If20—7+3k,3T+ 2]+ k, T+ mj + 4k are
coplanar, find the value of m .

Solution: Given the vectors are coplanar.

«[d,b,e]=0

By Manisekaron SRKMHSS
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2 -1 3
3 2 1=0
1 m 4

2—m)+1(12-1)+3(3m—-2)=0
16-2m+11+9m—-6=0
27—6+7m =20
21+7m =0

m=-—21

Example 6.16

Show that the four points
(6,-7,0),(16,—19,—4),(0,3,—-6), (2,—5,10) lie
on a same plane.

Solution: Let A (6,—7,0), B (16,—19,—4)
C (0,3,—6) and D (2,—5,10) be the points.
To show the points lie on the same plane, we

have to prove that the vectors ﬁ, R, AD are
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= 0 (Since R1 = RZ + R3)
~ The vectors ﬁ, R, AD are coplanar.

Hence the given points are lie on a plane.

Example 6.17
If the vectors &,Tf, ¢ are coplanar, then prove

that the vectors @ + b, b + ¢, ¢ + @ are also
coplanar.

Solution: Given the vectors are coplanar.
«d,b,él =0

-

Now, [5+Eb+

— - -

c,C+a

= [a,b,¢]+[a, b, d]
+[b, b,&] + [b, b,d] + [b,¢,é] + [b,¢,d]

coplanar. =[a,b,¢] + [b, ¢ d]
AB = 0B — 04 =[d,b,é] + [ b,¢
= (16 — 19] — 4k) — (61 - 7)) =2[d,b,¢]
=161 — 197 — 4k — 6T+ 7] =
— 107 12j—4E Hence,a + b, b + ¢, ¢ + a are coplanar.
R:ﬁ—m Exarrfle 6.18
L. L. If a, b, ¢ are three vectors, prove that
= (37— 6k)— (6i— 7] — o, - >
(3/ - 6k) — (61~ 7)) [i+C d+b, da+b+7]=[dbd
=3/—6k—61+7] Solution:
= —67+10] — 6k = 4 po
= —OLRtY ™ [a+c d+b a+b+c]=|1 1 o|[db7]
4D = 0D — 04 1 e
=[d,b,¢]
= (2{ - 5] + 10k) — (61 - 7))
= 20— 5]+ 10k — 61+ 7]
L EXERCISE 6.2
= —41+ 25 + 10k
1.Ifd =7—2]+ 3k, b =21+ — 2k,
10 -12 -4 =R v
Now, [4B,AC,AD]=|-6 10 -6 ¢=3i+2j+k,findd. (b x ).
-4 2 10
By Manisekoran SRKMHSS Page 11
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Solution: d =17— 2]+ 3k,
b=20+]—2k,
c=30+2]+k

d.(bx &) =[db,d
1 -2 3
=2 1 -2
3. 2NN

=1(14+4)+2(2+6)+3(4—-3)
=1(5) + 2(8) + 3(1)
=54+16+3

2. Find the volume of the parallelepiped whose
coterminous edges are represented by the
vectors —67 + 147 + 10k, 147 — 10] — 6k and
27+ 4j — 2k.

Solution: Volume of the parallelepiped with

. b and ¢ as coterminous edges is |[c_i, b, E]|

> -6 14 10
[d,b,¢]=]14 -10 -6
2 4 -2

= —6(20 + 24) — 14(—28 + 12) + 10(56 + 20)
= —6(44) — 14(—16) + 10(76)

= —264 + 224 + 760

= —264 + 984

= 720 cubic units.

3. The volume of the parallelepiped whose
coterminous edges are 77 + Aj — 3k,
T+ 2] —k, —37+ 7j + 5k is 90 cubic units.
Find the value of A .

Solution: Volume of the parallelepiped with
d,b and ¢ as coterminous edges is |[d, b, ¢|

Given |[Zi, b, E]|=90 cubic units.

. 7 A -3
l[d,b,é]=] 1 2 —1[=90
-3 7 5

7(104+7)—=A(5-3)—-3(7+6) =90
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7(17) = A(2) —3(13) =90
119-2X2 -39 =90

80 —2A =90
—22=90-80
—22 =10

=-5

4. 1f q, F, C are three non-coplanar vectors
represented by concurrent edges of a
parallelepiped of volume 4 cubic units, find
the value of

(@+b).(bx &)+ (b+¢).(Exad)

+(& +d). (@ x b).
Solution:
Given Volume of the parallelepiped with
d,b and ¢ as edges s |[d,b,¢]| = 4
Now

(@+b).(bx¢&) =d.(bx&)+b.(bx?)

(b+&).(Exd) =b.(Exad) +¢(Exa)

By Manisekaron SRKMHSS
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(@+b).(bx&)+(b+¢).(Exa)
+(@+a).(d x b)=3[d,b,d
=3 x4

5. Find the altitude of a parallelepiped
determined by the vectors d = —27 + 5] + 3k,
b=7+3]—2kand &= —37+] + 4k if the
base is taken as the parallelogram

determined by b and ¢.

Solution: Volume = Base Area X Height.
Here Volume = [Ei, b, 5] and
Area = |E X ¢
To find height ‘H’

—2.\\b 3
1 3 -2
-3 1 4

=—2(1242) =54 —6) +3(1 +9)
= —2(14) — 5(-2) + 3(10)

= —28+10+30

= —28 + 40

=12

[d,b,¢] =

~

i j Ok
1 3 -2
3 1 4
= {(12+2) - j(4—6) + k(1+9)

S
X
ﬁJ,

= 1(14) — j(—=2) + k(10)

= 141+2j+10k

o |b x &|= V142 + 22 + 102

=+/196 + 4 + 100

300
=+/100 x 3
=103

Volume = Base Area X Height
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12 = 10v/3 x Height

Height = —2
eight = 7=

6. Determine whether the three vectors
20+ 3]+ k,T— 2] + 2k and 37 + ] + 3k are
coplanar.

Solution: If [d, b, ¢| = 0, then the vectors are

coplanar.
. 2 3Badk
[dbc]l=[1 -2 2
3 1 3

=2(-6-2)—33-6)+1(1+6)
=2(-8) —3(=3) + 1(7)
=—16+9+7

=—16 + 16

=0

Hence the given vectors are coplanar.

7.Letd =7+]+k b=1and
¢=c,l+cy)+csk.Ifc; =1landc, =2,
find c5 such that a, b and & are coplanar
Solution: Given the vectors are coplanar.
«[d,b,e]=0
Substitutingc; = 1and ¢, = 21in

¢ =cil+cyf +csk weget,

¢=142]+csk

1 1 1
[d,b,¢]=|1 0 0]|=0

1 2 c3

1(0) —1(c3—0) +1(2—-0) = 0

By Manisekaron SRKMHSS

Page 13



www.Padasalai.Net

0—c3+2=0

- -

8.Ifd=1—k,b=xi+7+ (1 —x)E,
yi+x] + (1 + x — y)k, show that

[&, b, 3] depends on neither x nor y .

Solution:
1 0 -1
[d,b,c]=[x 1 1-x
y X 1+x—y

=11+x—y)—x(1—x) —1(x? —y)
=l4+x—y—x+x>—x*+y
=1

« [d,b,¢] = 1, that depends on neither x nor y .

9. If the vectors ai + aj + ck, 7+ k and

¢l + ¢ + bk are coplanar, prove that cis the
geometric mean of aand b.

Solution: Given the vectors are coplanar.

- [d,b,e]=0
A\ a a ¢
abcl=[|1 0 1|/=0
[a,b,¢]
c ¢ b

a(o—c)—ab—-—c)+c(c—0)=0

ac—ab+ac+c*=0

—ab+c¢?=0
c?=ab
c =+ab

10. Let &, b, & be three non-zero vectors such

that € is a unit vector perpendicular to both
d and b. If the angle between d and b is %,

o 42 12
show that [d, b, ¢] =i d|? |p|

Solution: Given ¢ is a unit vector

perpendicular to both d and b

By Manisekaron SRKMHSS
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So, ¢ is parallel to d X b
[6,5,¢] = d.(b x &)
[3,5,¢]| = lal|b x ¢|
= |dl|b|I¢| sinZ
= lal|5|(1) ()
- 11| 3

« 5,8 =2 1al? 5| Proved.

Example 6.19
Prove [dxb,bx¢¢xd|=][db,é.
Solution:
[@xb,bxééxd]=(dxb).{(bx&)x(@xa))}
= (d@ xb).{[b,¢ d]¢ - [b,¢ ¢]d}
= (@ xb).{[b,¢ d]¢ -0}
= (@xb).[b,¢dl¢
={(@xb).é}[d,b,¢
= [d,b,&][d, b, ¢

—

- - 2
= [d, b, ¢] Proved.

Example 6.20
Prove that (51. (l; X 5))& = (d x 5) x (@ x ©)
Solution: Treating (a X 5) as the first vector on

the right hand side of the given equation and

using the vector triple product expansion, we

get (@xb)x (dx &)
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Example 6.21

-

Solution: Taking g = (d x b) we get
(@xb)x(€xd)=px(¢xd)
= (p.d)¢ - (3.9)d
= ( d x E).cf)é— ((& X 5).8)3
= [a,b,d]¢ - [d,b,¢]d
Similarly taking § = (¢ x d) we get

(@xb)x(éxd)=(axb)xg

Example 6.22 If d = —27 + 3] — 2k, b = 37 —
j+3k¢=2i—-5/+k

find (@ x b) x ¢and d x (b x ¢).

State whether they are equal.

Solution:
I A B
dxb=|-2 3 -2
3 -1 3

1((9-2)—j(—=6+6)+k(2-9)

= U(7) = j(0) + k(=7)

=71—7k
. ioj k
(@xb)xé=|7 0 -7
2 -5 1

= 1(0 — 35) — j(7 + 14) + k(=35 —0)
= 1(—35) — j(21) + k(=35)
= —35i —21j — 35k

LHS: (@x b) x é= —35i — 21 — 35k ....(1)
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R ioj k
bxc=1|3 -1 3
2 -5 1

= (=14 15)—j(3—6) + k(=15 +2)
= 1(14) — j(—3) + k(-13)

= 141+ 3j — 13k

o ]k
ax(bxé)=|-2 3 =2
14 3 -—-13

= (=39 + 6) — j(26 + 28) + k(—6 — 42)
= 1(—33) — j(54) + k(—48)
= —33{ — 54j — 48k
RHS: d x (b x &)= —331 — 54f — 48k ....(2)
Therefore, equations (1) and (2) showed that

(@Gxb)x&# dax(bx¢c)

Example 6.23 Ifd=7—],b=1—] — 4k, &
3] —k and d = 27 + 5] + k, verify that

(i) (@x b) x (¢ xd) = [ab,d|¢ —[d,b,é]d
(ii) (@ x b) x (¢ x d) = [d,¢,d]b — [b,¢ d]d
Solution: Givend =7—J,b=7—] — 4k, é = 3] —

kandd =20+57+k

LHS (@ x b) x (& x d)

ik
NO-1 0
1 -1 —4

=1(4-0)—j(-4—-0)+k(-1+1)

axb=

i(4) — j(—4) + k(0)

= 40+ 4)

i] k
0 3 -1
2 5 1

=13+5) —j(0+2)+k(0-6)

cxd=

= 1(8) — j(2) + k(—6)

By Manisekaron SRKMHSS
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= 81— 2] — 6k (de)x(BxJ):[5,5,5]8—[&,5,8]5
5 5 i J k is verified.
(@xb)x(éxd)=[4 4 o0
8 -2 —6 5 T 0
) R R ld,.¢,d]=]0 3 -1
= l(—24 By 0) —](—24 - O) + k(—8 9 32) 2 5 1
= 1(—=24) — j(—24) + k(—40) =13+5)+1(0+2)+0
= —241 +24j — 40k ........ (D =1(8) + 1(2)
RHS = [d,b,d]¢ - [d,b,¢]d =8+2
.1 -1 0 =10
ld,b,d]=]1 -1 -4 - ,
2 5 1 [d, ¢ d]b=10(i—j — 4k)
=1(-14+20)+1(1+8)+0 = 10{ — 10j — 40k
=1(19) + 1(9) 1 -1 -4
[b,¢d]=[0 3 -1
=194+9 2 5 1
=28 =13 +5)+ 1(0+2) —4(0 — 6)
[d,b,d]é = 28(3] - k) =1(8) + 1(2) — 4(-6)
= 84] — 28k =8+4+2+24
. 1 -1 0 =34
ld,b,c]=[1 -1 -4 LAPY )
0 3 -1 [b, C, d]a =341 —))
=11+12)+1(-1-0)+0 = 347 — 34]
=1(13) + 1(-1) [d,¢,d]b - [b,éd]d
=13-1 = (107 — 10] — 40%) — (341 — 34))
=12

= 10{ — 10] — 40k — 347 + 34]
[d,b,¢]d = 12(2{ + 5] + k)

= —241+24j— 40k ........ (3)
= 247+ 60] + 12k From (1) and (3)
[a,b,d)é - [a,b,¢]d (@ xb) x (¢ xd) =[a,¢d]b—[béda

= (847 = 28%) - (24? + 605 + 12?) is also verified.

EXERCISE 6.3
= —241+ 24— 40k ........ ) 1.1fd =7—2]+3k,b=20+]— 2Kk,
¢=3{+2j+k Find (i) (@xb)x¢
(i)d X (E X Z).

= 84f — 28k — 247 — 607 — 12k

From (1) and (2)

By Manisekawran SRKMHSS — Pagel6
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To find (i) (4% b) x &

IO A R
dxb=|1 -2 3
2 1 -2

=i(4-3)—j(-2—-6)+k(1+4)
= (1) — j(~8) + k(5)

= {+8j+5k

(Gxb)xé=

W = =~
N 0~
= U1 XY

= 1(8—10) —j(1 —15) + k(2 — 24)
= 1(=2) — j(—14) + k(-22)
= 20+ 14j — 22k
To find (ii)d x (b x ¢)
ix(bx&) = (d.éb—(d.b)e

d.¢=(1—27+3k).(3{+ 2/ +¥)

=2-2-6=-6
(@.b)¢ = —6(3i + 2] +k)
= —187— 12] — 6k

@x (bx¢é)= (dd&b-(db)

= (41 +2j - 4k) — (—187— 12j — 6k)

= 47+ 2j — 4k + 187 + 12] + 6k

= 220+ 14] + 2k
By Manisekoranw SRKMHSS
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2. For any vector d, prove that
Ix(@xD)+7x(@x))+kx(dxk)=2d
Solution: d@ = a,7 + a,] + ask
We know @ x (b x &) = (d.8)b — (d.b)¢

SIx(@xi)= A.0Da-@a)
IX(@x1)=ad—al

Similarly Ix(@xy)=ad—ay

kx(ixk)=d—ask

Hence 7x (d x 1) +7 % (@ xJ) + k x (@ x k)

=d—a;l+ d—ay+ d—azk

= 3& - (ali)‘l‘ a2j+ a3l_€)

3. Prove that [Ei —bb—2¢— Ei] = 0.

Solution:

=[db,&] - [b, ¢ d
=[d,b,¢] - [@b,¢]
4.1f d =20+3]—k, b =30+ 5] + 2k,
¢ = —1 — 2] + 3k, verify that
() (@xb) xé=(adb— (b.)d

(i) @ x (b x &) = (@.8)b — (d@.b)¢

Page 17
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Solution: (i) @ x (b x &) = (@.6)b — (d@.b)¢
Ltk .
dxb=|[2 3 -1 S i J k
3 5 2 bxc=|3 5 2
-1 -2 3

= 1(6+5) —j(4+3) + k(10 - 9)

1(15+4) —j(9+2) + k(-6 +5)
= 1(11) — j(7) + k(D)

= 1(19) — j(11) + k(-1)

=111-7j+k R

= 191 —11j -k
. i j k ) \ by
(@xb)xé= |11 -7 1 L b apdgoi ™ k
214295 ax(bxd)=|2 3 -1
19 -11 -1

= i(=21+2)—j(33+1) + k(=22 -7) "
= (=3 -11) = j(-2 +19) + k(=22 - 57)
= 1(=19) — j(34) + k(-29) A
J = 1(=14) — j(17) + k(=79)
= —191—34j—29k ...... ¢)) N
= —141—17j - 79k ...... (1)
a.¢ = (20437 —k).(-i— 2/ + 3k . .
(@it 87— k) (=27 3k) q.¢ = (20+3] — k). (=i — 2] + 3)
=-2-6-3

—2-6-3
=—11

-11

(@.8)b =—-11(31+ 57 + 2k . .
(37+ 57+ 2k) @ 8)b = —11(3 + 5] + 2k)

= —337—55] — 22k .
= —337— 55 — 22k

b.é = (31 + 5] + 2k). (=7 — 2] + 3k - 7 K
é = (31 + 57 + 2Kk). (7 - 2] + 3k) G.5 = (20+ 37 — k). (31 + 5] + 2K)
=-3-10+6
=6+15-2
=7
=21-2
(b.¢)a=-7(21+37—k) =19

= 147217+ 7k

(4.b)¢ = 19(—=7 — 2j + 3k)
(@8b — (b.¢)d

= —197—38] + 57k

= (=337 55] — 22k) — (=147 — 21] + 7k) @95 - (@.5)2
= —331—55)— 22k + 141+ 215 - 7k = (~337—55] — ZZE) — (197 - 38] + 57;_(’)
= —191— 34— 29k ...... 2 o »

J @ = —337—55] — 22k + 197 + 38] — 57k
From (1) and (2)

= —141 — 17j — 79k
(a X b) xc=(a.c)b-— (b. c)a is verified. From (1) and (2)
d x (b x &) = (d.¢)b— (d.b)¢ is verified,

Page 18
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=21+3]—Kkb=—-1+2]—4k

)

5.

¢ =147+ K then find the value of
(@ xb).(dx &)
Solution:

(@xb).(@x¢e) =

QL Q
ay Oy

Sl QL
Sl QL

d.d=(20+37—k).(20+37 - k)
=4+9+1

14

¢=(20+37—k).(I+7+K)

QU

=2+3-1

S

=—2+6+4
=—-2+410

=8

Sl

&= (-T+2]-4Kk).(i+7+Kk)
=—1+2-4
=—5+2

=-3

~(@xB).@xo=|%

S

QL Q
S
a0y

S|
8 -3
=42 - 32

=-74

6.1fd, b, ¢, d are coplanar vectors, then

show that (&XE) X (EXCZ) =0.

.= (—1+2]—4k). (20 + 37— k)
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Solution: @, b, ¢, d are coplanar vectors

«[d,b,d]=0=][db,¢

find the values of [, m, n.

Solution:

1 Ji k
2 -1 1
3 2 1

i(-1-2)—j2-3)+k(4+3)

bxc=

= 1(=3) = j(=1) + k(7)

= 1(=3) = j(-1) + k(7)

=114 -3)—j(7+9) + k(1 +6)
= 1(11) — j(16) + k(7)
= 11— 16j + 7k
ld + mb + né
=1+ 2] +3k) + m(21 —j + k) + n(3T + 2] + k)
={(l+2m+30)+72l—m+2n) +k@Bl+m+n)

Given &X(BXE)=I&+mE+nE

By Manisekaron SRKMHSS

[+2m+3n=11 ......... (D

2l-m+2n=-16 ......... (2)

Bl+m+n=7  ......... (3)
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Solving (1) and (2)
[+2m+3n=11
(2)x2 4l-2m+4n=-32
5l+7n=-21 ......... (4)
Solving (2) and (3)
2l-m+2n=-16
3l+m+n=7
50+3n=-9 ......... (5)
Solving (4) and (5)
(4)x3 151+ 21n = —63
(5)x7 350+ 21n=—63
-10l =0
~1=0

Substitutingl = 0 in

50143n=-9
3n=-9
n=-3

Substitutingl = 0andn = -3 in
[+2m+3n=11
0+2m+3(-3)=11

2m—9 =11
2m =11+9
2m = 20
m =10

~l=0m=10and n= -3

8.1f 4, b, ¢ are three unit vectors such that b
and ¢ are non-parallel and @ X (B X é) = %E
find the angle between @ and €.

Solution: Given @ X (13 X 6) ==b

[(@&b - (a.h)E] =

Equating coeff of b on either sides,

|l= NI=

b
2
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ac=

|d||c| cos 8 =

NIFR N

d and b are unit vectors, || = 1 = ||

s cosf =

wly N R

6 =
The angle between @ and ¢ is g

Straight line
The equation of a straight line passing through

a fixed point with position vector @ and parallel
to a given vector b
(i) Parametric form is
#=d +t b, where t€ R
(ii) Non-parametric form of vector equation is
F—a)xb=0
(iii) Cartesian form is

X—X1 _Y=Y1 _ Z—Z3

b4 b, b3

where the point A(x4, x5, x3)and

the vector b = b, + b,] + bsk
Straight Line passing through two given points
The equation of a straight line passing through
two given points with position vector d and b
(i) Parametric form is

F=Ei+t(13—5),where teR
(ii) Non-parametric form of vector equation is
F-a)x(b—-a)=0

(iii) Cartesian form is

X—X1 _ Y—V1 _ Z—Z3

X2 — X1 Y2—V1 Zy — 7y

where the points A (x4, y1,2,) and

B(x2,¥2,2,)

By Manisekaron SRKMHSS
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Angle between two straight lines

(a) Vector form
The acute angle between two given straight
lines# =d+tband 7 = &+t d is same as
that of the angle between bandd.

S
A

So,cos @ =

S|

d|
(b) Cartesian form
If two lines are given in Cartesian form as

X—=X1 _Y=Y1 __ Z—Z3
= = and
by b, b3

Z—Z
= = —2  then the acute angle
dl dZ d3

0 between the two given lines is given by

|b1d{+byd,+b3ds]
cos O = 1011024210303

\/b12+b22+b32\/d12+d22+d32

Example 6.24
A straight line passes through the point

(1,2, —3) and parallel to 47 + 5] — 7k.
Find (i) vector equation in parametric form

(ii) vector equation in non-parametric form

(iii) Cartesian equations of the straight line.

Solution:
The line passes through the point (1, 2, —3)

So, the position vector of the point is
d=7+2]—3kandb = 47+ 5] — 7k.
(i) Vector eqn in parametric form # =g+t b
So, 7 = (i + 2j — 3k) + t (47 + 5] — 7k)
(ii) vector equation in non-parametric form
F#—a)xb=0
So, (7= (1+27— 3k)) x (47 + 57— 7k) = 0

X—=X1 _ Y=Y1 __ Z—Z4

www.TrbTnpsc.com

Example 6.25

The vector equation in parametric form of a
lineis 7 = (37— 2] + 6k) + t(27 —  + 3k).Find
(i) the direction cosines of the straight line

(ii) Vector equation in non-parametric form

(iii) Cartesian equations of the line.

Solution: # = (37 — 2 + 6k) + t(2{ —  + 3k)
Comparing with7# =d + t b , the line passes
through the point d = 37 — 2j + 6k and
parallel to b = 27 — J + 3k. Hece the

direction ratios of the line are (2, -1, 3)
b =va+1+9=v1a

(i) The direction cosines of the straight line

2 -1 3
are — ,— ,—
V1a V14 ’V1a

(ii) Vector equation in non-parametric form
(F—a)xb=0
So, (7 — (31— 2+ 6k)) x (20— j + 3k) = 0

X—=X1 _ Y=V1 __ 2273
b,y b, b3

(iii) Cartesian form

Example 6.26
Find the vector equation in parametric form
and Cartesian equations of the line passing

through (—4, 2, —3) and is parallel to the line
—x—2 _ y+3 _ 2z-6

4 =2 3
Solution:
The line passes through the point (—4,2, —3)
So, the position vector of the point is
G = —41 + 2J — 3k and rewriting the equation
—Xx—2 _ y+3 2z2—6

(iii) Cartesian form b, 5 b T o poTy as
x—1 y—2 743 x+2 — y+3 — z -3
s 5 -7 o —2 >
2
By Manisekoran SRKMHSS Page 21
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we have b = —47 — 2] + 2k Let x+5=y—7:z+4=/1
2 3 -2 1
= — (87 + 4] - 3k) oV
. —~ = A gives
So, the parallel vector is 87 + 4] — 3k
: : . 5 o > x+5=31
(i) Vector eqn in parametric form r =a+tb
\ . 2\ . . x=31-5
So, 7 = (—47+ 2] — 3k) + t (87 + 4] — 3k) 7
8 _ _ —— = A gives
(ii) Cartesian form T YA A —2
by b, bs
y —7=-=2A
x+4 y—-2 z+3
................................................................................. ﬂ _ A !
Example 6.27 Find the vector equation in 1 TEves
parametric form and Cartesian equations of a z+4=21
straight passing through the points (5,7, —4) —
and (13, =5, 2). Find the point where the
straight line crosses the xy - plane. Hence (x,y,z) = (31 —5,-24+7,1 - 4)
Solution: Onxy -planez =0
The equation of a straight line passing through ~A—4=0gives1 =4
two given points with position vector When A = 4,
d=—50+7]—4kand b = 131 — 5] + 2k x=31-5=12-5=7
b—d = (137~ 5] + 2k) — (=50 + 7] — 4k) y=-214+7=-8+7=-1
z=0

=137 — 5] + 2k + 51— 7] + 4k
. I The point where the straight line crosses the
=181 — 12 + 6k

xy - planeis (7,—1,0
(i) Parametric form is y-p ( )

#=d+t(b—d) where t€R Example 6.28
> _ (_c? > 7 > - ' +3
So,7 = ( St+7] 4k) 105 (181 12y + 6k) Find the angle between the straight line xT =
> - - M - - 7 -1
7= (=514 7] — 4k) + 6t (37— 2 + k) yT = —z with coordinate axes.
(ii) Non-parametric form of vector equation is . x+3 y—1
. v Solutlon:T = % 7
(F—&)x(b—c‘i)=0 43 N ,
. o Rewriting — = —— = — and comparing
So, (7 — (=57 + 7/ — 4k)) x (37— 2/ + k) = 0 2 2 -1
3 X—=X1 _ Y=YV1 __ Z—Z4
with = =
(iii) Cartesian form is by b, b3
X-X1 _ Y-Y1 _ Z—2; we have b = 21+ 2] — k

xz—x1_3/2—3’1_22—21 -
|b|=\/4+4+ =9=3

x+5 _y—-7 _ z+4
3 -2 1

So, the direction cosines of the straight line

(iv)To find the point where the straight line
2 2 -1
crosses the xy - plane. are > ,3 073

By Manisekoran SRKMHSS Page 22
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2 2l
COS(X—3 ,COSIB— 3 ana cosy = 3

where a, 3,y are the angles made by the b

vector with x, y, z axis.

Hence a = cos™?! (Z) ,B =cos™t (g) and

3
y=eost(2)
Example 6.29 Find the angle between the lines
7 = ({+ 2] + 4k) + (27 + 2j + k) and the
straight line passing through the points (5,1, 4)
and (9,2,12).
Solution: # = (i + 2] + 4k) + t (27 + 2] + k)
is parallel to the vector b = 27+ 2] + k
The direction ratios of the straight line passing
through the points (5,1,4) and (9, 2,12) is
(9-5,2-112-4)=(418)
So,d = 47+ j + 8k
The acute angle between two given straight
lines? =d+tband 7 = ¢+t d is same as

that of the angle between bandd.

- >

b.d = (20 + 2] + k). (47 +7 + 8k)
=8+2+8=18

b|=v&+4+1=v9=3

|d| =vI6+1+64=V81=9

18

(39
2

3
Hence 6 = cos™? G)

cosf =

Example 6.30

Find the angle between the straight lines
x—4 y z+1 x—1 y+1 z—2
—_— = == an = =

2 1 -2 4 -4 2

and state whether they are parallel or

perpendicular
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Solution: Comparing the equation

x—4 hY% zZ+1 x—1 y+1 zZ— .
TaS— — = and = = with
2 1 -2 4 —4
X—=X1 _Y=Y1 __ Z—Z3 X=X Y=Y2 _ Z—2Z
= = and = =
b,y b, b3 dq d, ds

we have b = 27+ j — 2k and d = 47— 4] + 2k

Angle between the lines

/ |bid;y + byd, + bsds]
\Jm2+m2+bfjm?+df+df
b.d = (21 +] — 2k). (47— 4] + 2k)
8—4-4=0
b|=va+1+4=v9=3

|d|=vi6 +16 +4=36=6
cos6 = (0)

cosf =

Hence 6 = cos™1(0) = %

The lines are perpendicular

Example 6.31
Show that the straight line passing through the
points A(6,7,5) and B(8,10,6)is perpendicular
to the straight line passing through the points
C(10,2,-5) and D(8,3, —4).
Solution: The direction ratios of the straight
line passing through the points A(6,7,5) and
B(8,10,6)is(8—-6,10—-7,6 —5) = (2,3,1)
So,b=20+3]+k
The direction ratios of the straight line passing
through the points €(10, 2,—5)and D(8,3, —4)
is(8-103-2,-4+5)=(-2,1,1)
So,d =—20+j+k
The acute angle between two given straight
lines? =d+tband 7 = &+ t d is same as

that of the angle between bandd.
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S
A

So, cos 0 = =—
’ |p]|d]

b.d=(20+3]+k).(=21+]+k)
=—4+3+1
=0
cos 6 = (0)

Vi

Hence 8 = cos™1(0) = -

The lines are perpendicular

Example 6.32
x—1 2— z—4
Show that the lines == and
4 6 12
x—3 y-3 5-z
= = are parallel.
-2 3 6

Solution: Comparing the equation

x—1 2=y z—4 x-3 _y-3 5-z

= = and = = with
4 6 12 -2 3 6
X=X, _ Y=V1 _ 221 X=Xy _ Y=YV2 _ Z7Z3
= = and = =
by b, bs dq d, ds

we have b = 47 + 6] + 12k and
d=—-21+3]+6k
Here b = —2(~2i + 3] + 6Kk)
=-2d

Hence the given lines are parallel.

EXERCISE 6.4
1. Find the non-parametric form of vector

equation and Cartesian equations of the
straight line passing through the point with

position vector 4i + 3] — 7k and parallel to
the vector 2 — 6] + 7k.

Solution: Given @ = 4i + 3] — 7k
and b = 2i — 6] + 7k
(ii) vector equation in non-parametric form
(F-@)xb=0

So, (7 — (41437 =7k )) x (21— 6] + 7k) =0
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Here (21 };1 f17) and (1921 526 b73)

X - z-z
(if) Cartesian form — 1_ YY1 _ 277

2. Find the parametric form of vector equation
and Cartesian equations of the straight line
passing through the point (—2,3,4) and

x-1 +3 8-z
parallel to the straight line = AL s

Solution: Given d = —2{ + 3] + 4k
and b = —4i + 5/ + 6k
(i) Vector eqn in parametric form 7 =d + t b

So, 7 = (=21 + 3 + 4k) + t (—47 + 5] + 6k)

Here(ic1 71 Zl)and (b1 b, b3)

2 3 4 4t 6
(ii) Cartesian form —= =221 — 2%
by b, b3

3. Find the points where the straight line
passes through (6,7,4) and (8, 4,9) cuts the
xz and yz planes.

Solution: Here(x61 };1 Z41)and (9;2 };2 Zgz)

Cartesian form is

X—X1 _ Y—=V1 _ Z—Z3
X2 — X1 Y2—V1 Z3 — 71
x-6 _y—-7 z-4

8-6 4-7 9-4

(i) To find the point where the straight line

crosses the xz - plane.

X -6 -7 _z-4
Let =Y = =1
2 -3 5
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-6
22 = A gives
2
x— 6=21
xX=21+6
-7
y—=/1gives
-3
y —7=-31
y=-31+7
-4
z = A gives
5
z—4 =51
z=51+4

Hence (x,y,z) = A+ 6,-31+ 7,54+ 4)

Onxz -planey =0

n=31+7=0
—31=-7
3I1=7
7
A=3
Whenl=§,
x=21+6
x=2(§)+6
14
—?+6
14418
T3
32
x =—
3
7
When/’l—g,
z=51+4
z= (§)+4
=244
3

z=43—7 and y =0

The point where the straight line crosses the

.32 47
xz - plane is (?, 0, ?)
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(ii)Hence (x,y,z) = (2A+ 6,—-31+ 7,54+ 4)
Onyz-planex =0

L20+6=0
20=—-6
A=-3
When 4 = -3,
y=-31+7
=-3(-3)+7
=9+7
=16
When 4 = -3,
z=51A+4
=5(-3)+4
=-15+4
=-11

The point where the straight line crosses the

yz - planeis (0,16 ,—11)

4. Find the direction cosines of the straight line
passing through the points (5,6,7) and

(7,9,13) . Also, find the parametric form of
vector equation and Cartesian equations of
the straight line passing through two given
points.

Solution: The straight line passing through
the points (5,6,7) and (7,9,13). The direction
ratios of the straight line passing through the
points (5,6,7) and (7,9,13) is

(7—-59-6,13—-7) =(2,3,6)
Hence b —d = 2{ + 3] + 6k
(i) Parametric form is
F=d’+t(5—d’),where teR

So, 7 = (51 + 6] + 7k) + t (27 + 3] + 6k)
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here (g g 7)and (7 75 13)

Cartesian form is

X=Xy _ Y—V1 _ Z—2Z1

X2 —X1 Y2—V1 Z2 — 73

x-5 _y-6__ z-7
7-5 9-6 13-7
x-5_y—-6 __z-7
2 3 6

we have b = 27+ 3] + 6k
|ﬂ=¢4+9+36:¢@=7

So, the direction cosines of the straight line

5. Find the angle between the following lines.
@) 7= (4i-7) +t(@+ 2] - 2k),
7= (- 2f +4k) + s(=1 - 2j + 2k)
Solution:

The acute angle between two given straight
lines7=d+tband # =&+ s d is same as
that of the angle between bandd.

|b.d]|

lld|

So,cos @ =

=

|
we have b = T+ 2j — 2k and
d=—-1—-2]+2k

b.d = (1 + 2] — 2k).(~1 - 2j + 2k)
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+t(20+7+k).
Solution:

The acute angle between two given straight

li X=X, _Y=V1 _ Z—Z3
1mnes ES ==
b, b, b3

and 7=C+sd

is same as that of the angle between bandd

b
So,cos O = |

g
)
=
)
<
)
S
Il

b.d = (31+4]+5k) (21+]+k)
=6+4+5
=15

A
Il

1

|b| =v9+16 + 25
=50 = V25 x 2
=5v2

ld|=va+1+1=16

15
(5v2)(Ve)

3 3
Viz Va3
_ V3xv3
=5

\/§

93]

cosf =

Hence 6 = cos™ ( ) = 60°

=—1-4-4
=_9 (iii)2x = 3y = —zand 6x = —y = —4z.
|E le -9 Solution: 2x = 3y = —z can be written
\, 2 3y -
b|=vVIi+4+4=v9=3 Tx:Ty:_Z
ld|=vi+4+4=19=3 F=%=Zand
9 2 3
cosf =
o 6x = —y = —4z
B ox_zy _ 4z
=1 ol 1 1
Hence 8 = cos™1(1) = 0° -2 _Z
1 -1 _1
6 4
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Comparing the equation with

X=X1 _ Y=YV1 _ Z—Z3 X=Xz _ Y=YV2 _ 2723
= = and = =
by b, b3 dq da ds

Wehave5=%?+§f—ﬁand

d= k

o lr
SR

-1y -

The acute angle between two given straight
L b.d|
lines is cos 6 = L—*
|plld|
b.d=(31+37— k). (31— 17— k)
2 3 6 4
1 1

=
N

Hence 6 = cos™1(0) = %

6. The vertices of AABCare A(7,2,1), B(6,0,3)

and C(4,2,4). Find £ABC.
Solution: Given the vertices of AABCare

A(7,2,1),B(6,0,3) and C(4,2,4).
To find: 2ABC
That is to find angle between BA and BC
Now BA = 04 — OB

= (7i+2j + k) — (61 + 0] + 3k)

=7i+2j+k—60—0]—2k

=74+27-2k
BC =0C — OB

The acute angle between BA and BC

) (7¢)

iscos = ~—~—+~
|B4||BC|

(BA) .(BC) = (i+2] - 2k).(—2i + 2 +k)
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=-2+4-2
=0
Hence 2ABC = cos~1(0) = %

7. If the straight line joining the points (2,1,4)
and (a — 1,4, —1) is parallel to the line
joining the points (0,2,b — 1) and (5,3, —2),
find the values of a and b .

Solution: Let the straight line L, joining the

points A(2,1,4) and B(a — 1,4,—1)

e 1 e (2 % )

Cartesian form of AB is

X—X1 _ Y—V1 _ Z—Z3
X2 —X1 Y2—V1 Z2 —Z3
x-2 _y-1 zZ—4

a-1-2 4-1 -1-4

x—6 _y—-7 __z—4

a-3 3 X

we have b = (a — 3)T + 3]’—5%

Let the straight line L, joining the
points €(0,2,b — 1) and D(5,3, —2),

e ) (3 %)

Cartesian form of CD is
X=Xy _ Y—YV1 _ Z—Z1

X2 — X1 Y2—V1 Zy — 71

x—-0 _y—-2  z-b+1
5-0 3-2 —2-b+1

X _y-7 __ z—4

5 1 -1-b
we have d = 51+7+ (—1-— b)k
Given the lines are parallel.
So, d& =md
(a—3)T+ 3] — 5k = m[5{+] + (=1 — b)k]

(a —3)i+ 3] — 5k = 5mi + mj + m(—1 — b)k

Equating T
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a—3=5m
a=5m+3
Equating J
3=m
Equatingﬁ
—5=m(-1-b)
Substitutingm = 3
a=53)+3
=15+3
a=18
Substitutingm = 3
-5 =(3)(-1-b)
-5=-3-3b
3b=-3+5
3b=2
p=2
3

5
8. If the straight lines ad = =
5m+2 5 -1

2y+1 1-z )
and x = = are perpendicular
4m -3

to each other, find the value of m .

Solution:
x-5 _ 2-y 1=z _ x-5 __ y—-2 _ z-1
sm+2 5 -1 sm+2 -5 1
1
2y+1 _ 1-z _x _ Vt;  z-1
iIm -3 1 2m 3

Comparing the equation

1
x—=5 -2 z—1 X y+ z—1
= Y= _ Z —and= = — = — with
5m+2 -5 1 1 2m 3
X—X1 Y—YV1 Z—2Z3 X=X Y—Y2 Z—2Z
= = and = =
b,y b, b3 dq d ds

we have b = (5m + 2)T — 57 + k and
d=71+2mj+3k
Given the vectors are perpendicular

~b.d=0
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((5m +2)i =57 +k). (7 + 2mj +3k) = 0

Sm+2—-10m+3=0

—5m+5=0
—5m = -5
m=1

9. Show that the points (2,3, 4), (—1, 4,5) and
(8,1,2) are collinear.
Solution: Let the straight line L, joining the
points (2,3,4)and (—1,4,5)

ere (3% %)ana (5 % %)

Cartesian form is

X—X1 _ Y—=V1 _ Z—Z3

X2 — X1 Y2 —V1 Z — 71
x—2 _y-3 z—-4

-1-2 4-3 5-4

-3 1 1
(x,y,z)=(-3m+2,m+3,m+4)
Substituting m = —2, we get the third point

(8,1,2). Hence the given points are collinear.

The shortest distance between the two parallel
lines7 =d+sband 7 = &+ ¢ b is given by

_|@-a)yxb]

d=—7>
b

The shortest distance between the two skew

,Where |I;| #0

lines# =d+sband 7 = ¢+t d is given by

_ le-a(bxd)]

0 Bxd] where |B X cf| * 0

(1) It follows from theorem (6.14) that two
straightlines# = d+sband 7 =¢+th
intersect each other (that is, coplanar) if

(@—d).(bxd)=0

(2) If two lines
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intersect (that is, coplanar), then we have

Xo—=X1 Y2—=Y1 Z2— 23

bl b2 b3 = 0
dy da ds
Example 6.33

Find the point of intersection of the lines
x—-1 y—2 z-3 xX—4 y—1
= = and = =
2 3 4 5 2

Solution: Every point on the line
x-1 __ y-2 _ z-3 _

Let = =S
2 3 4

x—1
Then > =S
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Solving (1) and (2)
(HD)x2 4s—-10t=6
(2) x5 155s—10t = -5
We have —11s=11
givess = —1
Substitutings = —1 in (2s + 1,3s + 2,45 + 3)
we get the point of intersection is

(=2+1,-3+2,-4+3)=(-1,-1,-1)

Example 6.34
Find the equation of a straight line passing

x—1=2s through the point of intersection of the straight
x=2s+1 lines # = (i + 3] — k) + t(2i + 3] + 2k)and
y-2
—_— = -2 —4 +3
3 S xl = yz =2 , and perpendicular to
yoEm e both straight li
=35 +2 oth straight lines.
z=3 _ Solution: Given 7 = (i + 3] — k) + t(2{ + 3/ + 2k)
4
z—3=4s wehaved =7+ 3] —kand b = 27+ 3] + 2k
z=4s+3 . .. x-1  y-3 Z+1
Az x—4 y-1 Its Cartesian equation is = =
Similarly if — = — = z =t 2 3 2
Then x% —¢ Another equation of the given line is
-2 -4 3
x—4=>5¢t xl = yz = Z: . Since the lines are
x=5t+4 ) _ . _
y-1 intersecting every point on the line
—_— t
2 Ltx—1_y—3_ z+1_S
y—1=2t T T T T
y=2t+1land Zz =1 Thenx;l S
So, at the point of intersection, for some values x—1=2s
of s and t, we have 95 + 1
x=2s
(2s+1,3s+2,4s+3) =(5t+4,2t+1,¢t) y3
There fore 2s + 1 =5t + 4 R
2s—=5t=4-1 y—3=3s
2s—5t=3 ....... (1) y=3s+3
and 3s+2=2t+1 z+1 _
3s—2t=1-2 2
3s—2t=—1 ....... ) g0l = 2
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z=2s—-1
=2 -4 3
Similarlyifx =Xt = =t
1 2 4
-2
Thenx—=t

1
x—2=t
x=t+2

—4

y=4 _

2
y—4 =72t
y=2t+4

3
Z43 _

4
z+ 3 =4t
z=4t—3

So, at the point of intersection, for some values

of s and t, we have
(2s+1,3s+3,2s—1) =(t+ 2,2t + 4,4t — 3)

There fore 2s+1 =t + 2

2s—t=2-1
2s—t=1 ....... (D)
and 3s+3=2t+4
3s—2t=4-3
3s—=2t=1 ....... (2)
Solving (1) and (2)

()x2 4s—-2t=2
(2) 3s—2t=1
Wehave s=1
Substitutings =1 in (2s + 1,3s + 3,25 — 1)
we get the point of intersection is

(2+1,3+32-1)=(3,6,1)
From the given equation we have

b=20+3]+2kand d =7+ 2j + 4k, then

xd =

S

_ N e~
N W —,
BN XY
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=112 -4)—j(8—-2)+k(4-3)
= 1(8) — j(6) + k(1)

= 81— 6j + k is a vector
perpendicular to both the given straight lines.
Therefore, the required straight line passing
through (3, 6, 1) and perpendicular to both the
given straight lines is the same as the straight

line passing through (3, 6, 1) and parallel to
(8¢ — 6§ + k). Thus, the equation of the
required straight line is # = d@ + m b that is

7=(3i+6j+k)+m(8i—6f+k)

Example 6.35
Determine whether the pair of straight lines

7 = (21 + 6] + 3k) + t(27 + 37 + 4k),
# = (2] - 3k) + s({ + 2j + 3k) are parallel. Find
the shortest distance between them.

Solution: Comparing the given two equations

(21 + 6] + 3k) + t(27 + 37 + 4k),

>
r

(27 — 3k) + s(i + 2j + 3k)

7
with #=d+tbhand¥=C+sd

We have d = 27+ 6] + 3k

d=1+2]+3k
Clearly, b is not a scalar multiple of d.
So, the two vectors are not parallel and hence
the two lines are not parallel.
The shortest distance between the two straight

o O _ |@-a)(bxd)|
lines is given by 6 = Bxdl
Now, & — d = (2] — 3k) — (21 + 6] + 3k)

=2j-3k—-21—6]—3k
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= —201— 4] — 6k
- - i j I’e
bxd=|2 3 4
14203
=19-8)—j(6-4) +k(4-3)
= (1) —j() + k@)
=i-2j+k
@—a).(bxd)=(-20— 47— 6k). (i — 2] + k)
=-2+8-6
=-8+8
=0

Therefore, the distance between the two given
straight lines is zero. Thus, the given lines
intersect each other.

Example 6.36
Find the shortest distance between the two
given straight lines

7 = (20 +3] + 4k) + t(-2{ +j - 2k) and
x3_ Yy _ z+2

2 =1 2
Solution:

The parametric form of vector equations of the

given straight lines are
7= (20 + 3] + 4k) + t(-20 + - 2k)
7= (31+0f — 2k) + t(2{ — ] + 2k)

Comparingwith #=d+sband7=¢+td

We have d@ = 27 + 3] + 4k
b=-21+]—2k
¢=30+07—2k
d=20—]+2k=-1(-20+] - 2k)

~1(b)
Clearly, b is a scalar multiple of d. Hence the

given two lines are parallel.
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The shortest distance between the two parallel
lines#=d+sband # = ¢+t b is given by

|(é-a)xb]|

d= ,Where|I;| *0

Now, & —d = (37 + 0f — 2k) — (27 + 3] + 4k)

=37+ 0] — 2k — 21— 3] — 4k

=7—-3j—6k

R B
c-—a)xb=|1 -3 —6
-2 1 =2

= 1(6+6)—j(—2—-12) + k(1 —6)
= 1(12) — j(—14) + k(-5)

= 121+ 14j — 5k

|(¢ - @) x b| = V144 + 196 + 25 = V365
b|=Va+1+4=V9=3

Example 6.37

Find the coordinates of the foot of the
perpendicular drawn from the point (—1,2,3)
to the straight line 7# = (1 — 4 + 3]?) +

t(ZT + 37+ E) Also, find the shortest distance
from the point to the straight line

Solution: Comparing the given equation 7 =
(1 — 47 + 3k) + t(21 + 3] + k) with

7 =ad+th,we getd = (?— 47 + 3%), and
b= (2t+ 37+ E) . We denote the given point
(—1,2,3) by D, and the point (1, —4,3) on the
straight line by 4.

If Fis the foot of the perpendicular from D to
the straight line, then F is of the form

(2t+ 1,3t —4,t + 3) and
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DF = OF — 0D
= (2t+1,3t —4,t +3) — (—-1,2,3)
= (2t+2,3t—6,t)
DF = (2t + 2)T+ (3t — 6)] + tk
Since b is perpendicular to(DF)
b.(DF) =0
b.(DF) = (2t + 3] + k).[(2t + 2) + (3t — 6)] + tk]
22t+2)+3@Bt—-6)+t=0
4t+4+4+9t—-184+t =0

14t —-14=0
14t = 14
t=1

Substitutingt = 1inF (2t + 1,3t — 4,t + 3)
WegetF(2+1,3—-41+3)=F(3,—-1,4)
Hence the distance
DF = /(x; — x)? + (¥, — y1)? + (2, — 21)?
=V/@+D?+(-1-2)2+ (4 - 3)?
=B+ (=32 + (1)?
—VI6+9F1

EXERCISE 6.5
1. Find the parametric form of vector equation

and Cartesian equations of a straight line
passing through (5, 2,8) and is perpendicular
to the straight lines

#=({+j—k)+t(2i-2/+k)and
7= (20— +3k) + t(i + 2] + 2k).
Solution: Given b = (2i — 2j + k) and
d = (i + 2] +2k)
To find the equation of the line passing through

the point (5, 2,8), hence @ = (57 + 2] + 8?)

- - i j ie
bxd=|2 -2 1
1 2 2

By Manisekaron SRKMHSS
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=i(-4-2)—jh -1 +k(4+2)
= (~6) — j(3) + k(6)

= —6i—3j + 6k
This vector is perpendicular to both the given two

vectors.
(i) Thus, the equation of the required straight

line in parametric form is
#=d+t(bxd)thatis

7 = (51 + 2f + 8k) + t(—6i — 3] + 6k)

Here (xl V1 Zl) and (b1 b, b3)

5 2 8 -6 -3 6
(ii) Cartesian form —= =221 — 2%
by b, bs

2. Show that the lines

7= (6{+]+2k)+s(i+2f-3k) and

7 = (31 +2f — 2k) + t(2{ + 4] — 5k) are skew

lines and hence find the shortest distance

between them.

Solution: Comparing the given two equations
7= (6{+7+2k)+s(i+2j-3k)and
7 = (31 +2j — 2k) + t(21 + 4] — 5k)

d=20+4] -5k
The shortest distance between the two skew
lines7 =d+sband 7 = ¢+ t d is given by

5 = [ (bxd)|

Bxd] where |I; X ci| 0

Now, & —d = (31 +2j — 2k) — (61 + + 2k )
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=30+2—2k—61—j—2k

= 30+ -4k
O | SR
bxd=|1 2 -3
2 4 -5

= (=10 +12) —j(=5+6) + k(4 — 4)
8(2) = j(1) + k(0)

= 2{—]
bxd|=v&+1=v5#0

Hence the given lines are skew lines.

@-a).(bxd)=(=31+]—4k). (21— ))
=-6—-1
=7
1@ - a).(Bxd)| =7
The distance between the skew lines

5= |(¢-a).(bxd)| _7

|E’><&| V5
x—1 +1 z—1
3. If the two lines = X = and
2 3 4
x—3 -m
5610 = yT = Zintersect at a point, find

the value of m .

. . x—1 y+1 z—-1
Solution: Given > = = and

x-3 y—m z
1 2

Since the lines are intersecting every point

on the line.
x—1 y+1 z—1
Let = = =S
2 3 4
x—1

Then — =s§
2
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z—1
=
z—1=4s
z=4s+1
_3 —
Similarly if — = 2= = Z = ¢
1 2 1
-3
Then — =t
1
x—3=t
x=t+3
y—m_t
2
y—m=2t
y=2t+m
E:t
1
z=t

So, at the point of intersection, for some values

of s and t, we have
(2s+1,3s—1,4s+1) =(t+ 3,2t + m,t)
There fore 2s+1=t+ 3
2s—t=3-1
2s—t=2 ....... (D
and 4s+1=t
4s—t=-1 ....... (2)
Solving (1) and (2)
2s—t=2
4s —t = —1
Wehave —-2s=3

3
§s=-=
2

Substituting s = —% in 2s—t=2

2(-9)-e-2

x—1=2s
x=2s5s+1 —3-t=2
y+1 _ 530
3 Substituting s = —3andt=-5
y+1=3s _ 2
O35 _ 1 in 3s—-1=2t+m
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3(-3)-1=2(-5) +m
—>—1=-10+m

—>—-1+10=m

9
—-+9=m

2

_ —9+18 _ 9

ANz Y 2

x—3 -3
4. Show that the lines = = y—l, z—1=0,
xX—6 z—-1 .
and — = =N y — 2 = 0, intersect.

Also find the point of intersection.
x-3
Solutioni—= —,z—1=0
3 -1
Z=0>x=3

Y2 _0sy=3
-1

z—1=0=>z=1
Hence (x1,v1,2;) = (3,3,1) and

(bll b2; b3) i~ (3l _1) 0)

Hence (x5,v,,2,) = (6,2,1)
(dll le d3) = (2! Or 3)

X1 _Y=V1 _ Z—Z3

b,y b, b3

If two lines al

2 .
Intersect

dq d, ds
(that is, coplanar), then we have

Xo—=X1 Yo2—Y1 22— 21
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Xo—=X1 Y2—=YV1 Zp— 73
by b, bs
dq d, ds
6—3 2—-3 1-1
=| 3 -1 0
2 0 3
3 -1 0
=13 -1 0
0 3

2
=0 sinceR, =R,
So, the lines are intersecting lines.

Any point on the line

x—3 -3
—_— = y—=a,andz—1=0:>z=1
3 -1
x—3
_=a
3

x—3=3a=>x=3a+3

<
w

=a
-1

y—3=—-a=>y=—-a+3and

Any point on the line

-6 -1
X_= Z—:ﬂ’andy—2=0$y=2
2 3

xX—6

- =B

xX—6=20=>x=20+6

z—1

Ea

z—1=3=>z=3+1

Equatingy, —a+3=2

—a=2-3
—a=-1
a=1
Substitutinga = 1,inx = 3a + 3
x=34+3=6

The point of intersection is (6, 2,1)
5. Show that the straightlines x + 1 = 2y = —12z

andx =y + 2 =6z — 6 are skew and

hence find the shortest distance between them.

d, d, ds
By Manisekaron SRKMHSS

Page 34



www.Padasalai.Net

. . x+1
Solution: Given - ==

INIFRES

12

Here (x1,v1,21) = (—1,0,0) and
1 1
(bli bZ! b3) = (115' S© E)
Anotherline x=y+2=6z—-06

x=y+2=6(z—-1)

x __y+2 _ 6(z-1)
AN T g

x __y+2 _ (z-1)
1 1 a8
6

Here (x;,y,,2,) = (0,—2,1) and

(d1,dy,d3) = (1» 1»%)

Xo—=X1 Y2—=V1 Zp—Z;

by b, b3
dy d, dj
041 —2—-0 1-0
1 1
_| 1 > =
= 2 12
1 1 1
6
1 -2 1
_r 2 -=
= 2 12
1 1 I
6

So, the lines are skew lines.
- - ¢ 3 7
|6 —a). (b x d)| =2
i

bxd=

_ N Ry
|
c\lr—‘m.-\ =

1
1
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_[16+36+144
9 576
|19

T 4/576

1 _ 7
T 24 12
The distance between the skew lines

_ le-ap@xa)| _

7
6= |bxd| —gX =2

=
N|\1|G\I\l

6. Find the parametric form of vector equation
of the straight line passing through (—1,2,1)
and parallel to the straight line
7= (20+3] - E) +t(i-2f + E) and hence
find the shortest distance between the lines.

Solution:

The parametric form of vector equations of the
given straight line

7= (20+3/-k)+t(i-2/+k)
Comparingwith 7 =d + tb

Wehaved = 27+ 3] — k

b=T1-2]+k

The parametric form of vector equations of the
parallel line # = & + sb
Wehave ¢&=-1+2]+k

The shortest distance between the two parallel

lines is given by

By Manisekaron SRKMHSS
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|(é-@)xb|

d= 5l ,Where |b| *0

Now,é—d = (=i+2/+k) — (21 + 3] — k)

=—T1+2/+k—20-3]+k

= —371—]+2k
S|tk
(c-—ad)xb=(-3 -1 2
1 -2 1

= i(-1+4)—j(-3-2) +k(6+ 1)
= 1(3) = j(=5) + k(5)

=31+ 5/ + 7k

|(é — @) x b| =9 + 25 + 49 = V83
b=T1-2]+k

7. Find the foot of the perpendicular drawn

from the point (5, 4, 2) to the line

x+1 -3 z—1
= 22 = X . Also, find the equation

2 3 -
of the perpendicular

Solution: Comparing the given equation

x+1  y-3 z-1 .
= = 1 with
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-3
y=3 _ 4
3
y—3= 3t
y=3t+3
-1
=l
-1
z—1= —t
z=—t+1

If Fis the foot of the perpendicular from
D(5, 4, 2) to the straight line, then Fis of the
form (2t — 1,3t +3,—t + 1) and
DF = OF — 0D
=2t—-1,3t+3,-t+1)—-(54,2)
=(Q2t-63t—1,-t—1)
DF = (2t — 6)i+ (3t — 1)j + (-t — Dk
Since b is perpendicular to(DF)
b.(DF) =0
(21 + 37— k).[2t — 6)T + (3t — 1)] + (—t — 1)k]
22t—-6)+33Bt—-1)+t+1=0
4t —-124+9t—-3+t+1=0
14t —-15+1=0
14t = 14
t=1
Substitutingt = 1inF (2t — 1,3t + 3, -t + 1)
WegetF(2—1,343,—-1+1) = F(1,6,0)
and D (5,4, 2)

here (g % )and (T 5 0)

b, b, bs Cartesian form is
N X—X _ Y~ _Z7%
we getc_i = (_?‘l' 3]_)+ k), and Xo — Xq Yo — V1 Zy —Zq
A . x-5_y—-4 z-2
b=(21+3]-k). 1-5 6-4 0-2
x-2 _y-3 _z-4
Any point lie on the line 4 2 T
+1 -3 xS L O YO G0 P 1. 1 0, S
Letm—= X2 = - ¢
2 3 -1 (a) The equation of the plane at a distance p
X1 _ t from the origin and perpendicular to the unit
2
x+1= 2t normal vectord is7.d = p .
x=2t—1
By Manisekararw SRKMHSS Page 36
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(b) Cartesian equation of a plane in normal

form : Let [, m, n be the direction cosines of d.

Then we have d = [ + mj + nk.

Thus, equation (1) becomes

7. (1t + mj + nk) = p which implies

(xi +yj + ZE). (li +mj + nl?) =por
Ix+my+nz=p..(2)

Equation (2) is called the Cartesian equation of

the plane in normal form

Equation of a plane perpendicular to a vector

and passing through a given point

(a) Vector form of equation

Consider a plane passing through a point 4

with position vector d and 7 is a normal

vector to the given plane.

Let 7 be the position vector of an arbitrary

point P. Then AP is perpendicular to 7.

So, AP.7# = 0 which gives (7 — d@).7=0....... (D

which is the vector form of the equation of a

plane passing through a point with position

vector d and perpendicular to 71 .

Note: (¥ —a).n=0=>7r.n=d.n=>7r.n=q

where g = d.1.

(b) Cartesian form of equation :If a, b, c are the

direction ratios of 71, then we have

7 = ai + bj + ck. Suppose, Ais (x4, y1,2;)

then equation (1) becomes

[(x = x)i+ (v —y)j + (z— z)k]. (at + bj + ck) = 0.

Thatis,a(x —x;) + b(y —y) +c(z—2) =0

which is the Cartesian equation of a plane,

normal to a vector with direction ratios a, b, ¢

and passing through a given point (x,, y;,2;) .
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Intercept form: The general equation
ax+by+cz+d=0 of first degree in x, y, z

represents a plane.

Example 6.38

Find the vector and Cartesian form of the
equations of a plane which is at a distance of 12
units from the origin and perpendicular to 67 +
2j — 3k.

Solution: Givend = 61 + 2j—3kandp = 12

If d is the unit normal in the direction of the

|Q.¢

vector then d

=

d=6i+2j-3k

|d| =v36+4+9=v49=7

|Q.¢

d == == (61+2] - 3k)

QL

If 7 is the position vector of a point (x,y, z) on
the plane, then using 7. d = p, vector equation of

the plane in normal form is 17’% (61+ 2] — 31;) =12

Applying # = (xi + yj + zk ) in the above

equation, we get
s A ~N 17~ - -
(xi + yj +Zk).;(6l +2j — 3k) =y12
~(6x +2y —32) = 12

6x +2y —3z=284
is the Cartesian equation of the plane.

Example 6.39

If the Cartesian equation of a plane is 3x —
4y + 3z = —8, find the vector equation of the
plane in the standard form.

Solution: If # = (xi + yj + zk ) is the position
vector of a point (x, y, z) then the given
equation can be written as

(xf+y}+zfc).(3f—47’+ 31_5) =—-8 or

(i +yj + zk ). (=30 + 4j — 3k) = 8
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Thatis 7. (=37 + 4] — 31;) = 8 is the vector
equation of the required plane.

Example 6.40
Find the direction cosines and length of the
perpendicular from the origin to the plane

7 (3i—4j + 12k) = 5.

Solution: Given . (3?— 45 + 12%) =5

It is of the form 7. (c?) =q
d=30—4j+12k

|d| = VO + 16 + 144 = V169 = 13

d

£=kﬂ=%Cﬁ—q+1ﬁ)

Dividing 7> (37 — 4f + 12k) = 5 by 13

(35 4, 12= 5
we getr. (13l 13/ + 13 k) 7173

is of the form7.d = p

Hen td = =7 —=27+%2Fis aunit normal
encewegetd = -1——j+-kisau orma

vector to the plane from the origin. The direction

. 3 4 12
cosines are — -

, ——,— and the length of the
13’7 13’13

) L 5
perpendicular to the originisp = o

Example 6.41
Find the vector and Cartesian equations of the
plane passing through the point with position

vector 4i + 2j — 3k and normal to vector 2{ —
J+k
Solution: Given Position vector of the point

d = 4i + 2] — 3k and Normal to the vector 71 =

- -

i—j+k

N

(i) The vector equation of the plane passing
through the point with position vector d and

normal to vector 1 is 7.7 = d. 7
Hence, 7. (2 —j+ k) = (47 +2j — 3k). (21 -] + k)

7.(21-j+k)=8-2-3
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7.(2-7+k)=3 ... (4)
substituting # = xi + yj + zk, we get
(ii) The Cartesian equation of the plane
(xi+yj+zk). (21— 7+ E) =3

2x—y+z=3 .....(B)

Example 6.42

A variable plane moves in such a way that the
sum of the reciprocals of its intercepts on the
coordinate axes is a constant. Show that the

plane passes through a fixed point

Solution: The equation of the plane having

intercepts a, b, c, on the x, y, z axes respectively
is§+%+§ = 1. Since the sum of the
reciprocals of the intercepts on the coordinate
axes is a constant, we have % + % + % =k,
where kis a constant, and which can be written

as % G) + % (%) + % (%) = 1. This shows that the

plane g + % + g = 1 passes through the fixed

EXERCISE 6.6
1. Find a parametric form of vector equation of

a plane which is at a distance of 7 units
from the origin having 3, —4,5 as direction
ratios of a normal to it.

Solution: Perpendicular from originp = 7
Direction ratios of a normal = 3,—4,5

d=30-4] +5k
|d| = V9 + 16 + 25 = V50 = 5vV2

d =|%|:5iﬁ(3f—47+ 5k)
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The parametric form of vector equation

~

of the planeis7.d =
— 1 - - ™
T.ﬁ(?)l —4j+5k)=7

2. Find the direction cosines of the normal to
the plane 12x + 3y — 4z = 65 . Also, find the
non-parametric form of vector equation of a
plane and the length of the perpendicular to
the plane from the origin.

Solution: 12x + 3y — 4z = 65
Itis of the form 7. (J) =q

7. (121 + 3] - 4k) = 65
d=12{+3] — 4k

|d| = V144 +9 + 16 = V169 = 13

5_d 22 .7
d:W:%(121+3]_4k)

Dividing 7> (12 + 3] — 4k) = 65 by 13

> 47 65 _
Wegetr(—l+ —J— 13k) 1—3—5

is of the form 7. d = p, which is non-parametric
form of vector equation ofa plane

Hence we getd = —l + E] - E is a unit normal
vector to the plane from the orlgin. The direction

12
cosines are —,~— , — — and the length of the
13713" 13

perpendicular to the originisp = 5

3. Find the vector and Cartesian equations of
the plane passing through the point with

position vector 20 + 67' + 3k and normal to

the vector i + 3] + 5k.
Solution: Given Position vector of the point

-

d=2i+6j+ 3k and Normal to the vector

-

]SE

N~L

Sl
Il
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(i) The vector equation of the plane passing
through the point with position vector d and

normal to vector nis 7.7 = d.7
Hence,
7. (7 + 37+ 5k) = (20 + 6] + 3k). ({ + 3] + 5k)
7.(i+3f+5k) =2+ 18 + 15
7.(i+ 3] +5k) = 35
substituting 7 = xi + yj + zk, we get
(ii) The Cartesian equation of the plane
(xi +yj+ ZlAc). (7+ 3j + 57(,)) =35
x+3y+5z=35 ....(B)

4. A plane passes through the point (—1,1,2)
and the normal to the plane of magnitude

3v/3 makes equal acute angles with the
coordinate axes. Find the equation of the plane.

Solution: Given magnitude = 3v/3

and passes through point @ = —i+]+ 2k

The normal makes an equal angle with the

coordinate axes. If @, 5,y are the angles then
cos?a + cos?f + cos?y = 1

Buta = f = y.Hence 3cos?a =1

miks

2 1
S COS 0[=§=COSCZ=

Son—3\/_< \/_]+\/_k)

Il
~
+
—~.l
+
==
N—

(i) The vector equation of the plane passing
through the point with position vector d and

normal to vector 1 is 7.7 = d. 7
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Hence,
7.(31+ 3]+ 3k) = (i + + 2k). (37 + 3] + 3k)
7.(31+3/+3k)=-3+3+6
7.(3T+3/+3k)=6 ....... (4)
substituting 7 = xi + yj + zk, we get
(ii) The Cartesian equation of the plane
(xi +yj + ZE). (3?+ 3j + 3?) =6

3x+3y+3z=6

5. Find the intercepts cut off by the plane
7. (61 + 4f — 3k) = 12 on the coordinate axes.
Solution: Given 7. (67+ 4f — 3?) =12

Comparing the equation with 7.7 = q

We have 71 = 6 + 4j — 3k and q = 12

The equation of the plane having intercepts

a, b, c, on the x, y, z axes respectively is
1=6 +=4and 1=-3

Substituting g = 12 in% =6

12
we get ;=6:~?=a:~a=2

similarly %2=4:>%=b:>b=3and

Hence x — intercept = 2,y — intercept = 3
and z — intercept = —4

6. If a plane meets the coordinate axes at 4, B, C
such that the centriod of the triangle ABC
is the point (u, v, w), find the equation of the

plane.
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Solution: Let A(a, 0,0), B(a,0,0) and
C(a, 0,0) be the vertices of triangle ABC.
Then centroid of A= (2, 2,5)
3°3°3

Given centroid (u, v, w)

Equating we get,%zu:mz = 3u
b
§=v:>b=3v
c
§=W=>C=3W

We know the equation of the plane in intercept

formis=+2+2=1
a b c

Substituting the values of a, b, ¢

X .
4+ Xy gives
3u 3v 3w
X z
+i+2=3
u v w

Equation of a plane passing through a given
point and parallel to two given non-parallel

vectors.

(a) Parametric form of vector equation
7 =d+sb+té
(b) Non-parametric form of vector equation
(#F—ad).(bx&)=0
(c) Cartesian form of equation
X—=X1 Y=V Z2— 24
b; b, b; |=0
€1 C2 C3

Equation of a plane passing through 2 given
distinct points and parallel to a given non-

parallel vectors.

(a) Parametric form of vector equation

F=d+s(b—a)+té

By Manisekaron SRKMHSS
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(b) Non-parametric form of vector equation
#-a).((b-a)x¢)=0
(c) Cartesian form of equation
X=X Y—=V1 Z7Z

Xog—=X1 Y2—=Y1 22— 21| =0
1 C2 C3

Equation of a plane passing through three
given non-collinear points

(a) Parametric form of vector equation
F=d+s(b—ad)+t@E-a)
(b) Non-parametric form of vector equation
F-a).((b-a)x(E-a)=0
(c) Cartesian form of equation
X—=X% Y= Z—2z

Xop—=X1 Y2—=Y1 Z—Z1| =0
X3 —X1 Y3s—)V1 Z3— 73

Example 6.43 Find the non-parametric form of
vector equation, and Cartesian equation of the
plane passing through the point (0,1, —5) and
parallel to the straight lines

#=({+2f—4k) +s(2{ + 3]+ 6k) and ¥ =
(i-3f+5k) +t(i+] k)

Solution:

The plane passes through the point (0,1, —5),

henced = 0i +j — 5k and parallel to 2 given

straight lines.
So,b=2i+3j+6kandé=1i+—k
Equation of a plane passing through a given

point and parallel to two given non-parallel

vectors.

(i) Non-parametric form of vector equation
#—a).(bx&) =0

i j k
2 WgN\Y'g
11 -1

bxc=
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=1(-3-6)—j(-2-6)+k(2-3)
= 1(=9) — j(=8) + k(1)
= —9i+8j—k
[7#— (0i+] - 575)] (=9t +8j — k) = 0 gives
7.(-9i+8) —k)— (j—5k).(-9i+ 8/ —k) =0
7.(—-9+8/—k)—(0+8+5)=0
7.(-91+8/—k)—13=0
7.(—91+8j—k) =13
substituting 7 = xi + yj + zk, we get
(ii) The Cartesian equation of the plane
(xt+yj+zk).(—91 + 8f — k) = 13
—-9x +8y—z=13
9% — 8y +z=-13

9% -8y +z+13=0

Example 6.44 Find the vector parametric, vector
non-parametric and Cartesian form of the
equation of the plane passing through the

points (—1,2,0), (2,2 — 1) and parallel to the

K ) x—1 2y+1 zZ+1
straight line = = .
1 2 -1

Solution: Plane is parallel to the vector ¢ = i +
2] — kand passing through the points d = i+
2,b=2i+2j-k

So,b—d=2i+2j—k+i—2]

3i—k

(a) Parametric form of vector equation of plane
F=d+s(b—a)+té
7= (-i+2))+s(3i-k)+t(i+2/-k)

(b) Non-parametric form of vector equation
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#-a).((b-d)x¢)=0

~

\ ik
(b—d)xé=|3 0 -1
1 2 -1

=30+2)—j(-3+ 1) +k(6-0)
= 1(2) —j(=2) + k(6)
= 21+ 2j + 6k
(7 — a). ((B —d) X E) = 0 gives
(F—(-T+2)).(2t+2j+6k)=0
7.(20+2f + 6k) — (=t +2)).(21+ 2]+ 6k) =0
F.(1+2]+6k)—(-2+4)=0
f(i+2f+6k)—2=0
7 (1+2f+6k)=2
substituting 7 = xi + yj + zk, we get
(iii) The Cartesian equation of the plane
(xt+yj +zk). (i + 2] + 6k) = 2
x+2y+6z=2

xX+2y+6z—2=0

EXERCISE 6.7

1. Find the non-parametric form of vector
equation, and Cartesian equation of the plane
passing through the point (2,3,6) and

parallel to the straight lines

x—1 y+1 z-3 x+3 y—3 z+1
= = and = =
2 3 1 2 -5 -3

Solution:

The plane passes through the point (2, 3, 6),

hence d = 2i + 3] + 6k and parallel to 2 given

straight lines.

So,b=2i+3j+kand &= 2i -5/ — 3k
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Equation of a plane passing through a given
point and parallel to two given non-parallel

vectors.

(i) Non-parametric form of vector equation

F—a).(bx&)=0

. i ]k
bxc=l2 3 1
2 -5 -3

= {(-9+5)—j(—-6—2) + k(-10 - 6)
= i(~4) — j(—8) + k(-16)
= —41+8f — 16k
[# — (20 + 3] + 6k)]. (41 + 8] — 16k) = 0
gives
7.(—41+ 8] — 16k) — (27 + 37 + 6k). (—41 + 8] — 16k) = 0
7.(—41 + 8] — 16k)— (-8 + 24 —96) = 0
7.(—41 + 8 — 16k)— (—104 + 24) = 0
7.(—41 + 8f — 16k)— (—80) = 0
7.(—41+ 8 — 16k) +80 =0
substituting # = xi + yj + zk, we get
(ii) The Cartesian equation of the plane
(xi +yj+zk).(—41+ 87 — 16k) + 80 = 0
—4x+8y—-16z+80=0
4x — 8y +16z—-80=0

Dividing by 4, x—2y+4z—-20=0

2. Find the parametric form of vector equation,
and Cartesian equations of the plane
passing through the points (2,2,1), (9,3,6)
and perpendicular to the plane
2x+6y+6z=09.

Solution: Plane is parallel to the vector ¢ = 2i +
6/ + 6k and passing through the points d@ = 2i +

2j+%k b=9i+3]+6k

By Manisekaron SRKMHSS

Page 42



www.Padasalai.Net
So,b—d=9i+3]+6k—2i—2j—k
= 7(+]+5k

(a) Parametric form of vector equation of plane

F=d+s(b—a)+té
7= (20+2f+k) +s(7{ +] + 5k)
+t (2i+ 6] + 6k)

(b) Cartesian form of equation

X—X1 Y=Y Z—2
X —=X1 Y2—Y1 Z2—Z1{ =0
€1 C2 C3
x—2 y—2 z-1
7 1 5 |=0
2 6 6
1 57 1
RW(6 6 2 6)

—24x — 32y +40z+48+64—-40=0
—24x — 32y +40z+72=0
Dividing by —8, 3x+4y—-5z2—9=0

3. Find parametric form of vector equation and
Cartesian equations of the plane passing
through the points (2, 2,1), (1, —2,3) and
parallel to the straight line passing through
the points (2,1, —3) and (-1, 5, —8).

Solution: Given
¢=(—i+5/—8k)— (2{+]-3k)

= —i+5/—8k—2i—]+3k

= —3i + 4] — 5k.
Plane is parallel to the vector
¢ = —3i + 4j — 5kand passing through the
pointsd = 2i+ 2j+k b=1i—2j+3k
So,b—d=i-2+3k—2{—2]—k

= —1— 4] +2k
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(a) Parametric form of vector equation of plane

F=d+s(b—a)+té
7= (2{+2f+k) +s(—— 4] +2k)
+t (—31+4j - 5k)

(b) Cartesian form of equation

X—=X1 Y—Y1 Z2— 2
Xo—=X1 Y2—=YV1 Z2— 21| =0
€1 C2 C3
x—2 y—2 z-1
-1 —4 2 1=0
-3 4 -5

-4 2 -1 —4)

RW(4 5 -3 4

12x — 11y — 16z —24+22+16 =0

12x — 11y —16z+ 14 =0

4. Find the non-parametric form of vector
equation of the plane passing through the
point (1, —2,4) and perpendicular to the
plane x + 2y — 3z = 11 and parallel to the
line CAKASSAL NS =5

3 -1 1
Solution:
The plane passes through the point (1, -2, 4),
hence d = { — 2] + 4k and parallel to 2 given

straight lines.

- -

So,b=1+2j—3kandé=3{—j+k
Equation of a plane passing through a given
point and parallel to two given non-parallel
vectors.

(i) Non-parametric form of vector equation

(#—a).(bx&) =0

~

) i ]k
bxc=|1 2 -3
3 -1 1

=12-3)—-j(14+9)+k(-1-6)
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= (-1 —j(10) + k(-7)
= —1—10] - 7k
(#—a).(bx &) =0 gives
[# — ({—2j +4k)].(-i— 10 — 7k) = 0
7.(~t—10j - 7k) — (i — 2] + 4k). (=1 — 10 = 7k) = 0
7.(-1—10j — 7k)— (-1+20—28) = 0
7.(—1—10j — 7k)— (=29 +20) = 0
7. (-t — 10— 7k)—(-9) =0
P (-1—-10f—-7k)+9=0

5. Find the parametric form of vector equation,
and Cartesian equations of the plane
containing the line
F=({-j+ 375) +t(2i-j+ 4%) and
perpendicular to plane 7. (7 +2] + I_c)) =8.

Solution: The plane passes through the point

So,b=2i—j+4kandé=1+2+k
Equation of a plane passing through a given
point and parallel to two given non-parallel
vectors.

(a) Parametric form of vector equation
F=d+sb+tl
F=({-j+3k)+s(2i-j+4k) +t(i+2/+k)

(b) Cartesian form of equation

X—X1 Y=V Z— 7
by b, bs =0
1 C2 C3
x—1 y+1 z-3
2 -1 4 |=0
1 2 1
-1 4 2 -1
Rw(, 1T )

—-9x+2y+5z2+9+2—-15=0
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—9x+2y+5z—4=0
Dividingby—1, 9x—2y—-5z+4=0
6. Find the parametric vector, non-parametric
vector and Cartesian form of the equations of

the plane passing through the points
(3,6,-2),(—1,-2,6),and (6,4,—2).

Solution: The plane passes through 3 points.
So,d =3i+6]j—2k b=—i—2j+6kand

-

¢=60+4) -2k

Hence, b —d = —1 — 2j + 6k — 31 — 6] + 2k

—4{ — 8] + 8k

6i + 4] — 2k — 30 — 6] + 2k

and ¢-—a
=3i-2f
Equation of a plane passing through three

given non-collinear points
(a) Parametric form of vector equation
F=d+s(b—a)+t@-a)
7= (3 + 6] — 2k) + s(—4i - 8] + 8k) + t(3i - 2j)

(b) Non-parametric form of vector equation

F-a.(b-a)xE-a)=0

- i j k
(b—d)x(@-d)=|-4 -8 8
3 =2 0

= 10 + 16) — j(0 — 24) + k(8 + 24)
= 1(16) — j(—24) + k(32)
= 161 + 24j + 32k
-~ (r=1a). ((E - 3) x (¢ - 3)) = 0 Gives,
[# — (3 + 6] — 2k)]. (16 + 24j + 32k) = 0
7. (161 + 247 + 32k) — (37 + 6] — 2k). (161 + 24] + 32k) = 0
7. (161 + 24j + 32k)— (48 + 144 — 64) = 0

7. (161 + 24j + 32k)— (192 — 64) = 0
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7. (161 + 24j + 32k)— (128) = 0
7.(161 + 24j + 32k) — 128 =0
substituting 7 = x1 + yj + zk, we get
(c) Cartesian form of equation
(xt + yj + zk). (161 + 24f + 32k) — 128 =0

16x + 24y + 32z —-128=0

Dividing by 8, 2x +3y +4z—-16=0

7. Find the non-parametric form of vector

equation, and Cartesian equations of the plane
7= (6l-j+k)+s(—i+2/+ k)
+t(—5{ - 4f - 5k).

Solution: Comparing with # = @ + sb + t¢&

givend = 6i—j+kb=—i+2]+ kand

¢ =—5{—4j — 5k

(i) Non-parametric form of vector equation
(#—a).(bx¢&)=0

~

S it J  k
bxc=|-1 2 1
—5 —4 -5

= (=10 +4) —j(5+5) + k(4 + 10)
= 1(—6) — j(10) + k(14)
= —61 —10j + 14k
[# — (6i—j +k)]. (=61 — 10] + 14k) = 0
gives
7.(—61 - 10 + 14k) — (61 — j + k). (~61 — 10} + 14k) = 0
7.(—61 — 10 + 14k)— (-36 + 10 + 14) = 0
7.(—61 — 10 + 14k)— (-36 +24) = 0
#.(—61 — 10f + 14k)— (-12) =0

7.(—61 —10j + 14k) + 12 =0

www.TrbTnpsc.com

substituting 7 = xi + yj + zk, we get

(ii) The Cartesian equation of the plane
(xt+yj+ zk).(—61 — 10f + 14k) + 12 =0
—6x—10y +14z+12=0

Dividing by —2, 3x+5y—-—7z—6=0

Condition for a line to lie in a plane

We observe that a straight line will lie in a
plane if every point on the line, lie on the plane
and the normal to the plane is perpendicular to

the line.
(i) If the line # = @ + ¢b lies in the plane

7.7 =d, thend.nn=d andb.7 = 0.

Y—YV1
b

(ii) If the line x—ax1 = Z_Czl lies in the
plane Ax + By + Cz + d = 0, then

Axy + By; + Cz; +d = 0 and
aA+bB+cC=0.

Condition for coplanarity of two lines

(a) Condition in vector form

The two given non-parallel lines
#=3d+sband7 = ¢ + td are coplanar if
(@—d).(bxd)=0

(b) Condition in Cartesian form

X=Xy _ Y=Y1 _ Z~73
= = and
by b b3
X—X2 Y=Y _ Z—2Zp .
= = are coplanar if
dq da 3
X2 —=X1 YV2—V1 22— 2
bl b2 b3 = O
dy d, ds
Example 6.45
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x-3 -4 z+3
Verify whether the line ” y7 v

lies in the plane 5x —y +z = 8.

. . x—3 y—4 z+3
Solution: Given = =
-4 -7 12

. L X=X _ Y=Y1 . Z7Z3
comparing with = =
a b c

we have, (x4,y1,21) = (3,4,—3) and
(a,b,c) = (—4,-7,12)

Direction ratios of the normal to the given
plane are (4,B,C) = (5,—1,1)
The given point (3, 4, —3)satisfies the given
plane 5x —y + z = 8. Next,
aA+bB+cC=(-4)G)+ (=N +(12)(1)

=-204+7+12

=-20+19

=—-1%#0
So, the normal to the plane is not perpendicular
to the line. Hence, the given line does not lie in

the plane.

Example 6.46 Show that the lines

7 = (=7—3] —5k) +s(37+ 5] + 7k) and

7= (20 +4j + 6k) + t(i + 4] + 7k) are
coplanar. Also, find the non-parametric form of
vector equation of the plane containing these
lines.

Solution: Comparing the given line

(=737 —5k) +s(37+ 5] + 7k) and

=
I

7 = (20 + 4] + 6k) + t(i + 4f + 7k) with
#=d+shand? =¢+td
we have,d = —i — 3] — 5k, b =30+ 5/ + 7k and
C=2{+4/+6kd=1+4]+7k
The two given non-parallel lines are coplanar if
@—-a).(bxd)=0

Now, ¢ —d = 20+ 4f + 6k + 1 + 3] + 5k
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=3{+7 + 11k

S|
X
Uy
Il

ik
3 5 7
10407
(35 -28) —j(21—=7) + k(12 = 5)

= 1(7) —j(14) + k(7)
= 71— 14f + 7k
(€ —a). (b x d) = (3T + 77 + 11k). (71 — 14] + 7k)
= 21-98+77
=98-98 =0
Therefore the two lines are coplanar.
(i) Non-parametric form of vector equation
(#—ad).(bxd)=0
[# — (=i - 3] - 5Kk)]. (78 — 14j + 7k) = 0 gives
7.(70— 14f + 7k) — (=7 = 37 — 5k). (71 — 14 + 7k) = 0
7.(7t1—14f + 7k)— (=7+42-35) =0
7. (71— 14] + 7k)— (—42 + 42) = 0
7.(7t—14f + 7k)— (0) = 0

7.(71— 14+ 7k) =0
EXERCISE 6.8
1. Show that the straight lines
7= (57+ 7] — 3%) + S(47+ 4] — 5?) and
7= (8i+4f +5k) + t(70+] + 3k) are
coplanar. Find the vector equation of the

plane in which they lie.
Solution: Comparing the given line

= (57+ 7}—375)+s(4f+ 47‘—5%) and
7 = (8i+4f + 5k) + t(71 + + 3k) with
#=d+sband? =C+td

we have, d = 57 + 77—3E,B>=47+ 47—5Eand
C=8l+4+5kd="7i+]+3k

The two given non-parallel lines are coplanar if
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@—a).(bxd)=0
Now, & —d = 8i+4j + 5k — 5 — 7] + 3k

=3i{—3]+8k

~

- - i j k
bxd=|4 4 -5
7 1 3

= 1(17) — j(47) + k(—24)
= 171 — 47 — 24k

(@—a).(bx d) = (30— 37 + 8Kk).(17t — 47] — 24k)

= 51+ 141 —192
= 192 — 192
=0

Therefore the two lines are coplanar.

(i) Non-parametric form of vector equation
(#—a).(bxd)=0
[# — (51 + 7] - 3k)]. (178 — 47j — 24k) = 0
gives

7.(170 — 47] — 24k) — (57 + 77 — 3k). (171 — 47 — 24k) = 0

7.(17t — 47j — 24k)— (85 —-329 + 72) = 0

7.(17t — 47j — 24k)— (157 — 329) = 0

7.(17t — 47f — 24k)— (-=172) = 0

7.(171 — 47f — 24k) + 172 = 0

2. Show that the lines xlz = = and

x-1 __ y-4 _ z-5

are coplanar.

1(12 +5) —j(12 + 35) + k(4 — 28)
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Xo—=X1 Y2—=V1 22— Z;
by b, bs
dq d, ds

Comparing with the given equation we have,

(xl,yl,Zl) = (2, 3, 4‘), (xz,yZ,Zz) = (1, 4, 5),
(bl, bz, b3) = (1, 1, 3)and (dl' dz, d3) = (_3, 2, 1)

Xo—=X1 Y2—=YV1 Zp—Z; -1 1 1
So,| b1 b, b |=11 1 3
dy d, ds -3 2 1

=-11-6)—-1(1+9)+1(2+3)
= —1(=5) — 1(10) + 1(5)

=5-10+5
= 10-10
=0

Therefore the two lines are coplanar.

(i) Cartesian equation of the plane

X=Xy Y=V Z2— 24
b; b, b; [=0
€1 C2 C3
x—2 y—3 z-—4
1 1 3 |1=0
-3 2 1
1 3 1 1
RW(; 1 3 2)
—5x—10y +5z+10+30—-20=0
—5x—10y+5z+40—-20=0
—5x—10y+5z+20=0
+~ by —5, xX+2y—2z—4=0
....................................... e
3. If the straightlinesx =X== = - and
1 2 m

x-3 _ y-2 _ z-1

T -y are coplanar, find the

distinct real values of m.

-3 2 Solution: Condition in Cartesian form
Also, find the plane containing these lines. XX _ Y _ Z7% and
b,y b, b3
Solution: Condition in Cartesian form X=Xy _ Y=Y2 __ Z—Zp .
= = are coplanar if
X—=X1 _ Y=V1 _ Z7Zp & dz ds
= = and X=Xy Y2—V1 Z2— 23
by b, bs
bl b2 b3 = O
X—X — —Z
2 = X2 - 2 are coplanar if dy da ds
dq d, ds
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Comparing with the given equation we have,
(x1; }’1;21) = (1! 2; 3)! (xZJ }’2,22) = (31 2; 1);
(bl' bz, b3) = (1, 2, mz), (dl’ dz, d3) = (1, mz, 2)

2 0 -2
So, |1 2 me| =
1 m? 2

26—m*H —-2(m?-2)=0
8—2m*—-2m?+4=0
—-2m*—-2m?+12=0

+~by—-2, m*4+m?*-6=0
(m?+3)(m?-2)=0

m? 4+ 3 = 0 > m? = —3 not possible
m?2—2=0>m?=2
m=+V2
....................................... Wit
4. If the straight lines = % = Ezand
X+l _ yt

= ;Z are coplanar, find A and

5 2

equations of the planes containing these two
lines.

Solution: Condition in Cartesian form

X—=X1 _ Y=V1 _ Z7Z3
= = and
by b, b3
X=Xy _ Y=NV2 _ Z—2Zp .
= = are coplanar if
dq d ds
Xo—=X1 Y2—=V1 Z2— 73
by b, bs =0
dq d, ds

Comparing with the given equation we have,
(xl' Y1rZ1) = (1) _1) 0)) (XZ, yZIZZ) = (_1; —1,0),
(bll bZl b3) = (2! /11 2)) (dlr dZﬁ d3) = (5, 2) /1)
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A==2
(i) WhenA=+2

Cartesian equation of the plane

X—X1 Y—=Y1 Z— 17

6y—6z+6=0
+~ by 6, y—z+1=0
(ii) WhenA = -2

Cartesian equation of the plane

X—X1 Y—=Y1 Z—Z

x—1 y+1 =z
2 -2 2
2 -2

=0

5

—2 0% 2 —2
Rw( c 2)
14y + 14z + 14 =0

-+ by 14, y+z+1=0

Angle between 2 planes

The acute angle 8 between the two planes

- — > — . |ﬁlﬁ2|
r.n, = p,andr.n, = p,is cos = —5————

71|72 ]

The acute angle 8 between the two planes

ax + by +c;z+d; =0and

2 0 0 a,x + b,y + c,z + d, = 0is given by
So,|2 A 21=0 lajaz+byby+cqicy|
5 2 3 cosf =
\/a12+b12+C12 \/a22+b22+C22
—2(22-4)=0
Angle between a line and a plane
A2—4=0
A2 =4
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The acute angle 6 between the line 7 = d + tb

=
N

and the plane 7.7 = p is sin 6 =

=

3

The acute angle 6 between the line

zZ—Z
= = L and the plane
az by €1

ax+by+cz=p,then5=a1i+b]j+cllE
and 7 = ai + bj + ck, then

laa;+bbi+ccq|

VaTFBTRE ar24by ey

Distance of a point from a plane.

sinf =

(a)Vector form of equation:

The perpendicular distance from a point with
position vector U to the plane 7.71 = p is given

|[U.7—p|

by § =

|7
(b)Cartesian form of equation:

If A(xy,y,,2,) is the given point with position
vector i and ax + by + cz = p is the equation

of the plane, then the perpendicular distance is

lax,+by,+czi—p |

va2+b2+c2

given by § =

Distance between two parallel lines
ax+by+cz+d, =0and

i~ |di—d;|
ax+b cz+d, = 0is given by ————
oy Feztdy & Y Jaz+v2+c?

Equation of a plane passing through the line of
intersection of two given planes

(i)The vector equation of a plane which passes
through the line of intersection of the planes

7.1, = d; and 7.1, = d,is given by

1
(7_") 7_{1 - dl) + /1(? 7'_1)2 NI dz) = 0, Where}. € IR
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The Cartesian equation of a plane which passes

through the line of intersection of the planes

a;x + by + ¢z =d; and
a,x + b,y + ¢,z = d, is given by
(aix+byy+ciz—d)+Alazx + b,y +cz—d,) =0

The coordinates of the image of a point in a plane

Let (a4, a,, as) be the point i whose image in
the plane is required.

Then @ = a1 + a,j + ask.

Let ax + by + cz = d be the equation of the
given plane. Writing the equation in the vector
form we get 7.7 = p where 7 = ai + bj + ck
Then the position vector of the image is

2[p-(U.n)] 7

- —
v=u-+ —
7|2

Meeting point of a line and a plane

The position vector of the point of intersection

of the straight line line # = @ + tb and the

-

plane?.ﬁ=pisa+%5

Example 6.47

Find the acute angle between the planes

7 (21 + 2]+ 2k) = 11 and 4x — 2y + 2z = 15
Solution: Given two planes are

7. (21 + 2] + 2k) = 11 and 4x — 2y + 2z = 15
Hence the normal vectors of the planes are

7, =2{+2/+2kand i, = 4i — 2] + 2k

The acute angle 8 between the two planes

. |17,
is cos 0 = ——
|71 |72

_ |8—4+4]
T \Va+4+4/16+4+4
_ 18]

V1224
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_ 8 2 W22
T 12v2 32 32
cosO = Q
3
Hence 8 = cos™1! (2—7)
Example 6.48

Find the angle between the straight line 7 =
(2t+ 37+ E) +t(T-j+ E) and the plane

2x—y+z=5

Solution: Comparing the given equation with

the line # = @ + tb and the plane .7 = p,
wehaveb =7—j+kand#i = 21— +k
The acute angle 6 between the line and the
|b.7i|
|b|I7]

[2+1+1]

Vvi+1+1v4+1+1

4 4 4

~ Ve Vvis  3vz

Hence 8 = sin™? (

plane is sinf =

)

Example 6.49
Find the distance of a point (2,5, —3) from the

plane 7> (61 — 3/ + ZE) =5

Solution: Comparing plane 7. (67 — 3f + 2k) = 5
with?. 7 = p,we get 71 = 6{ — 3/ + 2kandp = 5
the given point (2,5, —3) is @ = 27 + 5] — 3k
The perpendicular distance from a point with

position vector i to the plane 7.7 = p is given

|[i.i—p|

by § =

|7

Now 1.7 = (2{ + 5] — 3k). (61 — 3] + 2k)
=12-15-6

=12-21
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=-9
|u.n—p|=1-9-5| =14
|| =vV36 +9+4=+49=7
oo 6 = hjﬁ;_pl —_— E:
|7t} 7

Example 6.50

Find the distance of the point (5,—5,—10)
from the point of intersection of a straight line
passing through the points A(4,1,2) and
B(7,5,4) with the planex —y+z =5
Solution: Given the line passes through the

points A(4,1,2) = (x1,¥,,2z,) and

B(7,5,4) = (xz,yz,zz)
So, equation the line passing through 2 points is
X=X1 _ Y=V1 _ Z2—Z1
X2—X1 B Y2=V1 B Z2—2,
x—4 _ y-1 _ z-2
7—4 5-1 4-2

x—4 y-1 __ z-2
3 4 2

Let = = =
x—4
= = A gives

x—4=31>x=31+4

-1 )
yT = A gives

y—1=41=y =41+ 1and
?=Agives
z—2=21=2z=21+2
Hence the point (31 + 4,41 + 1,21 + 2) lieson
the planex —y+z =5
So, 31+4—-41—-1+21+2=5
A+5=5
A=5-5=0
Substituting 4 = 0, we get the point of

intersection is (4,1,2)
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Hence the distance between the points
(4,1,2) and (5,—5,—10) is
d=+(4-5)2+(1+5)2+(2+ 10)2
= (1% + (6)*+(12)?
=V1+36+144 =+181

Example 6.51

Find the distance between the parallel planes
x+2y—2z+1=0and

2x +4y—4z+5=0.

Solution: x + 2y —2z4+1=0....... (D

2x+4y—4z+5=0
+ 2, x+2y—22+§=0 ...... (2)

Comparing with ax + by + cz + d; = 0 and
ax+by+cz+d, =0,

we haved; = 1and d, =§

Distance between two parallel lines is given by
5
ld—d;| _ |E_1|
Vaz+b2+cz  VJ1+4+4
|5 ZI

Example 6.52 Find the distance between the planes
7. (21— - 2k) = 6 and 7. (61 — 3] — 6k) = 27.
Solution: Let 4 be the position vector of a point

on the plane 7 (2 — J — 2k) = 6

Then we have w. (27— J — ZE) =6

The perpendicular distance from a point with
position vector 4 to the plane

|u.ni—p]

7. (61— 3] — 6k) = 27 is given by § = =

LS5 = [« (6i-3j-6k)—D|

|7
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_|3u(2i-j-2k)-27]
|V36+9+36|
_ 13(6)—27|
Rl
_|18-27] _ 9 _

Example 6.53Find the equation of the plane

passing through the intersection of the planes

7({+j+k)+1=0and7 (20— 3] + 5k) = 2
and the point (—1,2,1).
Solution: The vector equation of a plane which

passes through the line of intersection of the

planes 7.1, = d, and 7.7, = d,is given by

(P —dy)+AFn, —dy) =0

We have # = xi + yj + zk, i, = T+ ] + K,

n2—21—3]+5k di=-1,d,=2

W@ —d)+AFED, —dy) =0

x+y+z+1)+A2x—-3y+5z2—-2)=0

It passes through the point (—1,2,1).

(-14+24+14+1)+A(-2-6+5-2)=0
4-1)+25-10)=0

3-51=0
51 =3
A=3

5

Substituting 4 =§, we get
(x+y+z+1)+§(2x—3y+52—2)=0
5x+y+z+1)+3Q2x—3y+5z—-2)=0

5x+5y+5z+5+6x—-9y+152—-6=0
11x -4y +20z—-1=0

Example 6.54

Find the equation of the plane passing through
the intersection of the planes

By Manisekaron SRKMHSS

Page 51



www.Padasalai.Net

2x+3y—z+7=0andx+y—2z+5=0
and is perpendicular to the plane

x+y—3z—-5=0
Solution: The equation of the plane passing
through the intersection of the planes 2x +

3y—z+7=0andx+y—2z+5=0is

2x+3y—z+7)+A(x+y—-2z+5)=0
QR+D)x+@B+Dy+(—1-2)z+(7+51) =0
This is perpendicularto x +y —3z—-5=10
That is normal are perpendicular. So,
C+HYMDOH+CB+VM)+(-1-21)(-3)=0
24+A+34+21+3+64=0
81+8=0
A=-1
2x+3y—z+7)+Ax+y—-22+5)=0
becomes,
x+3y—z+7)+(-Dx+y—-2z+5)=0
2x+3y—z+7—x—y+2z—-5=0
x+2y+z+2=0

Example 6.55

Find the image of the point whose position
vector is 7 + 2] + 3k in the plane

7. (i + 2] + 4k) = 38.

Solution:
U=7+27+3k A=17+2]+4k p=38
@.7) = (T+ 2] + 3k). (T + 2] + 4k)
=1+4+12
=17
2[p — (U.n)] = 2[38 — 17]
= 2[21]
=42
72 =1+4+16
=21
The image of the point whose position vector is

. > = 2[p—(‘177_i)] —
givenby v =u + T
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= (1+2] +3k) + = (i + 2/ + 4k)
= (T +2j + 3k) + 2(7 + 2 + 4k)
=742/ +3k+20+4]+8k
=37+ 6]+ 11k

Example 6.56 Find the coordinates of the point

where the straight line

7 = (20— ]+ 2k) + (37 + 4 + 2k)

[intersects the planex —y+z—-5=0.

Solution:
Given 7 = (27— + 2k) + (37 + 47 + 2k)
can be written as

x-2 _ y+1 z—2
3 4 2

w
N
N

xg;z=/1gives
x—2=31=>x=31+2
yTH=/1gives
y+1=41=>y=441—1and
%=Agives
Z—2=2A=>z=21+2
Hence the point (31 + 2,44 — 1,24 + 2) lies on
theplanex —y+z =5
So, 3A+2—-4A+1+21+2=5

A+5=5
A=5-5
A=0

Substituting A = 0 in the point
(BA+2,41— 1,24+ 2) we get (2,—1,2)

EXERCISE 6.9

1. Find the equation of the plane passing
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through the line of intersection of the planes
7. (21— 7/ + 4k) = 3 and
3x — 5y + 4z + 11 = 0 and the point (—2,1,3).
Solution: Given planes are
7 (20-7+4k)=3=2x—Ty+42—3=0
and 3x —5y+4z+11=0
Equation of the plane passes through the point
of intersection of the planes
(2x—=7y+4z-3)+ABx—-5y+4z+11) =0
It passes through (—2,1,3)
So,
(-4-74+12-3)+A(-6-5+12+11)=0
(-14+12)+A(-11+23) =0

—2+4+124=0
121 =2

_ 2

T 12

A==

6

Hence the required equation of the plane is
1
(2x—7y+4z—3)+g(3x—5y+4z+11) =0

6(2x—7y+4z—-3)+Bx—-5y+4z+11) =0
12x — 42y + 24z — 18+ 3x — 5y + 4z + 11 =0
15x — 47y +28z—-7=0

2. Find the equation of the plane passing
through the line of intersection of the planes
x+2y+3z=2andx—-y+z=3,

and at a distance % from the point (3,1, —1).

Solution: Equation of the plane passes
through the point of intersection of the planes
x+2y+3z—-2)4+A(x—y+z—-3)=0
A+Dx+QR-ADAy+B+AD)z+(-2-31)=0
The perpendicular distance from the point

(3,1,—1) the above plane is
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__laxy+by +cz—p |

o)
Va2+bZ+c2
2 13(1+0)+1(2-0)—-1(3+1)—2-34|

V3 Ja)2+(2-1)2+(311)2

[3+324+2-1—3-1—2-31|

VA2 +1420+4412—41+9+12+61
[—24]

V312442414

Squaring on either sides,

4 42

3 = 312+41+14
4(32% + 41 + 14) = 42%(3)

+ 4, 302 4+ 41 + 14 = 32
424+14=0

4) = —14

14

Ty

A=-1

Substituting A = —%in
(x+2y+3z-2)+Ax—-y+z-3)=0
we get,
(x+2y+3z—2)—%(x—y+z—3) =0
2c+2y+3z-2)-7x—y+2z—-3)=0
2x+4y+6z—4—-T7x+7y—7z+21=0
—5x+1ly—z+17=0
+ -1, 5 —-11y+z—-17=0
3. Find the angle between the line
# = (21 -]+ k) + t(T + 2j — 2k) and the plane
7. (61 + 3] + 2k) = 8.
Solution: Comparing the given equation with
the line # = @ + tb and the plane 7.7 = p,
wehave b =7+ 2j — 2k and 7 = 67 + 3] + 2k

The acute angle 8 between the line and the
|b.it
|17

plane is sinf =
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. |6+6—4]
"~ V1+4+4V/36+9+4
8 8 8

T Vo9Va9  3x7 | 21

Hence 6 = sin™1! (ﬁ)

4. Find the angle between the planes
r({+7—-2k)=3and2x — 2y +z = 2.

Solution: Given two planes are
r(f+7-2k)=3 and2x —2y + z =2
Hence the normal vectors of the planes are
M, =i+j—2kandi, =2{—2/+k

The acute angle 8 between the two planes

. |714.715|
is cosf =———
|74 |70,
|2—2-2|
V1i+1+4/4+4+1
_|-2]
V69
2

" 36

2
cosf =——=

3v6
Hence 8 = cos™? (—)

5. Find the equation of the plane which passes
through the point (3,4, —1) and is parallel to
the plane 2x — 3y + 5z + 7 = 0. Also, find
the distance between the two planes.
Solution: Equation of the given plane is

2x —3y+5z+7=0
Any plane parallel to the given plane is
2x —3y+5z+K=0

The parallel plane passes through (3,4, —1)

Hence 2(3)—3(4)+5(-1)+K=0

6—12—-54+K=0
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K=11
Required equation of the plane is
2x—3y+5z+11=0
To find the distance between the planes
2x—=3y+5z+7=0
2x —3y+5z+11=0
+2 x—§y+gz+%=0 ...... (D)
x—§y+§z+%=0 ...... (2)
Comparing with ax + by + ¢z + d; = 0 and
ax+by+cz+d, =0,

7 11
we have d; = Eand d, = Y

Distance between two parallel lines is given by
11 7

ldi—d;| 7_§|

va2+b?+c? \/ 9 25

1+Z+T

6. Find the length of the perpendicular from the
point (1,—2,3) to the planex —y +z =5

Solution: Given A(1, —2,3) and the position
vectori=x—y+2z=>5

If A(x,,y,,2,) is the given point with position
vector U and ax + by + cz = p is the equation

of the plane, then the perpendicular distance

lax{+byi+czi—p |
Vaz+b2+c2

_ 1(M)-1(=2)+1(3)-5|

is givenby § =

__[1+2+43-5]
6—17+K =0 T Vit4+1
-11+K=0
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7. Find the point of intersection of the line

x—1=2=
2

2x —y + 2z = 2. Also, find the angle

z+1 with the plane

between the line and the plane.

Solution:
Equation of the linex — 1 = % =z+1is of the

x-1 y—0 z+1
form = =
1 2 1

So, (ay,by,c1) = (1,2,1) then

b =a,i+b,j+ck=1+2j+kand the
plane 2x — y + 2z = 2 hence
n=al+bj+ck=20—j+2k

The acute angle 6 between the line

—Z
L and the plane
a, by C1

ax+by+cz=p,then5=a1i+b1j+c1.fc

and 71 = ai + bj + ck, then

laa;+bbi+ccq|

sinf =
VaZ+b2+c2 /a12+b12+c12

>¢ 12(1)-1(2)+2(1)
V@2+(=D2+(2)2/ (1)2+(2)2+(1)?

|2—2+2| _ 2]

T Vatri+aVita+1 Vo6

sin @ =3i\/€ =60 =sin"! (%)

8. Find the coordinates of the foot of the
perpendicular and length of the perpendicular
from the point (4,3,2) to the plane
x+2y+3z=2.

Solution:

Equation of the plane is x + 2y + 3z = 2.
So,normal 71 = { + 2j + 3k
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Equation of the plane through the point (4,3,2)
with direction of the normal is
x—4  y-3 _ z-2
N2 T 3

XxX—4=A=>x=1+4

3%=/1gives
y—3=21=>y=21+3and
?=/1gives

z—2=31=2z=31+2
Hence the point (4 + 4,24 + 3,31 + 2) lies on
the plane x + 2y + 3z =2
So, A+4+414+6+91+6=2

142+ 16 =2
144 =2-16
144 = —14
A=-1

Substituting A = —1 in the point
(A+4,21+ 3,31+ 2) we get (3,1, —1) which is

the coordinates of the foot of the perpendicular

(ii) Length of the perpendicular
from the point (4,3,2) to the plane
x+2y+3z—2=0is
5 = lax1+by +cz1—p |
VaZ+bZ+c?
_1(#)+2(3)+3(2)-2 |
N V12422432
__ |4+6+6-2|
T J1¥449

_ 16-2]

EXERCISE 6.10
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Choose the correct or the most suitable answer

from the given four alternatives:

1.1f d and b are parallel vectors, then is equal
to [@, b,¢]

(12 -1 )1 (4)0

2.If a vector @ lies in the plane of § and 7, then

-

W[ g7]=1 @ [ f.7] = -1

@[z B¥]=0 @[zii]=2

= ¢.d = 0 then the

al

3.1fa.b=b.
value of [a; b, c|is
(ld |b| ¢ @ 1al b el

(3)1 (4 -1

4.1f @, b, & are three unit vectors such that d is
perpendicular to b,and s parallel to ¢ then
a x (B X ) is equal to

Waé @b ®é @0

5.If [E,’ b, E] = 1 then the value of

a.(bxc) | b.(éxa) , c.(axb) .
@x@b | (axb)é | @xb)a

(D1 (2)-1 (3)2 (43

6. The volume of the parallelepiped with its
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edges represented by the vectors
T+, T+2), T+ +7kis

L; @; @m @3]

7.1f a and l;are unit vectors such that

[&, b.d x I;] = %' then the angle between

M- @; B3 @;

(5xl;)x5=/15+u5then
the value of 1 + p is

(M0 @1 @36 (4)3

9.If a; b, ¢ are non-coplanar, non-zero vectors

such that [@ b,é] = 3, then
¥ 2
{[& X b,b X C,C X 5]} is equal to

(1) 81 (2)9 (3) 27 (4)18

10.1f@ b, are three non-coplanar vectors
> = b+é
such that a x (b X c) = then the angle
between d and b is

M @F B @n

11. If the volume of the parallelepiped with
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d X b,b X ¢,C X d as coterminous edges is
8 cubic units, then the volume of the

parallelepiped with
(@xb)x(bx¢é),(bx&) x(éxd)and
(Eéxa)x(dx I;) as coterminous edges is
(1) 8cubic units (2) 512cubic units

(3) 64cubic units  (4)24 cubic units

12. Consider the vectors @, b, é,d such that
(@ x B) x (& x c_i) = 0. Let P,and P, be the
planes determined by the pairs of vectors

a, b and ¢, d respectively. Then the angle

between and P;and P,is

(D0°  (2)45° (3)60°  (4)90°

13.1fd x (b x &) = (d@ x b) x & where @,b, ¢
are any three vectors such that b.¢ # 0 and
d.b # 0, then @ and & are

(1) perpendicular (2) parallel

(3) inclined at an angle g

(4) inclined at an angle %

,b =7+ -5k,

=

14.1fd = 2T+ 3] —
¢ = 37+ 5] — k then a vector perpendicular
to d and lies in the plane containing b and ¢ is

(1) 17T+ 21j—97k  (2) 17+ 21 — 123k
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(3)—17i— 217+ 97k  (4) —171— 21j — 97k

15. The angle between the lines

x—1 _ 2y+3 _ z+5,

x-2 _ y+1
3 1 3 2

_—_2’

z =2 ,and

m:  @F e @

16. If the line x3;2 = y_—51 = Z:—Z lies in the plane

x+ 3y —az+ B =0,then(a,p) is
(4) (6,=7)

(1) (=5,5)
(3) (5,=5)

17. The angle between the line
#=(+]+k)+t(20+j— 2k) and the
plane 7. (T +)) + 4is
(1) 0° (2) 30° (3)45° (@) 90e
18. The coordinates of the point where the
line? = (61 —J — 3%) +t(-T+ 4]?) meets
the plane 7. (T+] + E) = 3 are
(1)(2,1,0)

(3)(1,2,-6)

2)(7,-1,7)

4 (5,—-1,1)

19. Distance from the origin to the plane
3x—6y+2z+7=0is
(Ho 2)1 32 43

20. The distance between the planes
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x+2y+3z+7=0and2x +4y+6z+7=0is origin to the plane2x + 3y +1z=1, 1> 0
\/7 7 N7 7 <\ -
(1) o3 @5 &5 (4) o is -, then the value of A is
21. If the direction cosines of a line are (12V3 (2) 3V2 3)0 @1

111
T G then .................................................................................
c Cc ¢C

() c=+3 (2)c=+V3

3)c>0 40<cx1

22. The vector equation

-

# = (i—2j— k) + t(61 — k) represents a

straight line passing through the points ‘\‘ZE“‘
(1) (0! 6; _1) and (1! _2: _1)
(2) (0! 6; _1) and (_11 _4; _2)

DEPARTMENT OF MATHEMATICS
(3)(1,-2,-1)and (1,4,-2) SRI RAMAKRISHNA MHSS - ARCOT

VELLORE DT -632503

(4) (1,—-2,-1) and (0,6, —1)

23. If the distance of the point(1,1, 1) from the UNIT = 6

origin is half of its distance from the plane

x +y+z+ k =0, then the values of kare APPLICATIONS
D+3 @+6 (3)-3,9 (4)3,-9 OF
VECTOR ALGEBRA

24. If the planes 7. (27 — A + E) = 3 and
F(4T+] - ‘LLI_C)) = 5 are parallel, then the
value of 1 and u are

1 1
Wiz @-lz
H-1 -2 41,2

( ) 2 ) ( )E’

25. If the length of the perpendicular from the
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