2.COMPLEX NUMBERS

POWERS OF IMAGINARY UNIT

i2=-1,i3=-i,i*=1

Division algorithm : n = 4(q) + r

"= MMM =()MO) =N =ifr=0,i"=1;ifr=1,i"=i;
ifr=2,i"=-1;if r=3,i" = —i

Vab = +a\/b is valid only if at least one of a, b is non-negative.

Fory ER,y%? >0

2000%2001
i 2
— i1000><2001

— ilOOO. i2001

— (i4)250(i4)500i1
= 1.1.i
=1

(+ 2001 + 4 = 4(500) + 1)

EXERCISE 2.1

Simplify the following:

1.j1947 4 1950

1947 +~ 4 = 4(486) + 3;1950 = 4(487) + 2

i1947 + i1950 — (i4)486(i)3 + (i4)487(i)2 =—j—-—1=-1-1i

6Zn 1ln+50
Y10 jn+50 — ;51 4 ;52 4 53 4 ... 4 60

=0+ P+ PP+ +8 7+
=H%%(-1-i+1+i—-1-i+14+i—-1)
=-1(—-1)

= JeVi

|[EXAMPLE 2. 1|Simplify the following:

2 i1948 ) i_1869

1948 + 4 = 4(487) + 0; 1869 =~ 4 = 4(467) + 1

1948 _ :—1869 _ :1948 _ 1 __ :4N\487/:\0 _ 1 _
l l =1 11869 - (l ) (l) (i4)467;1 =1

(S =14t o=

l

(1) 17 (iD)i7%9 (4ii)i~192* +i2018 (jv) ¥192 i* (v)i.i%.i3.i*

COMPLEX NUMBERS

3.2 "

Y1z 1l"—1 + 2+ 4B+ 10 41 412

=i 2B D3 DR D+ )3+ (D)° + (D)5 + (D)8
=i—-1-i+1+i-1—-i+1+i—-1—-i+1

=0

. 1
4.159 +i5_9
59—4:4(14)+3

;59 , 1 .4 14;3 1
l + i59 (l ) + (l4)14 3

—l+—_l+—-

=il
—l-l-——l—l
1
0

Rectangular Form Of a Complex Number: A complex number is of the form
Z=x+1y,x,y € R. x is called the real part and y is called the imaginary
part of the complex number.

Two complex numbers z; = a + ib,z, = ¢ + id are said to be equal if and
only if Re(z,) = Re(z,) and Im(z,) = Im(z,).ie.a=cand b =d

Scalar multiplication of complex numbers: If z =x + iyand k €

R thenkz = k(x +iy) = kx + kyi

Addition of complex numbers: If z; = a + ib,z, = c + id,then z; + z, =
(a+c)+i(b+4d)

Subtraction of complex numbers: If z;, = a +ib,z, = c +id,then z; —
z,=(a—-c)+i(b—d)

Multiplication of complex numbers: If z; = a + ib,z, = ¢ + id, then

2,Z, = (ac — bd) + i(ad + bc)

Multiplication of a complex z by i successively gives a 90°counter clockwise
rotation successively about the origin.

EXERCISE 2.2

5.i.i%.i3.i%.....i?%000
— j(14+2+3...42000)

1. Evaluate the followingif z=5—2i andw = —1 4+ 3i
(Dz+w (iDz—iw (iii)2z+ 3w (iv)zw (v)z? + 2zw + w? (Vi) (z + w)?
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()z+w =5—-2i—1+3i=4+1 Pa
(i)z—iw =5—-2i—i(-1+4+3i)=5—-2i+i—3i?=5—-2i+i+3=8—1i
i2=—1

(iii)2z+3w=2(5—-2i )+3(-1+3i)=10—4i—3+9i =7+ 5i
(iv) z;z, = (ac — bd) +i(ad + bc);a =5,b=—-2,c =—-1,d =3

zw = (5 =20)(-1+3i) =[O)(-1D = (2] +i[(5)(3) + (=2)(-1)]

=[-5+6]+i[15+2]=1+17i
(v)z? = (5 —2i)? =25 —20i + 4i? = 25— 20i — 4 = 21 — 20i
2zw = 2(5—2i )(—1+4 3i) = 2[1 + 17i] from (iv)
2zw = 2 + 34i
w2=(-1+4+30)?=1-6i+9i’=1-6i—9=-8—6i
z2+2zw+w? =21—-20i+2+34i—8—6i =15+ 8i
(wi)(z +w)? = (4+1)? from(i)
=16+8i+i’?=16+8i—1=15+8i

-3+ 1 s i

oy -

b

2. Given the complex number z = 2 + 31, represent the complex numbers in
Argand diagram.

(i)z,izand z+ iz (ii)z,—izand z — iz

(Dz=2+3i=(23)

iz=i(2+3i) =2i+3i% = -3 + 2i = (-3,2)
z+iz=2+3i+i(2+3)=2+3i —3+2i=-1+5i=(-15)

HEV L3

(Dz=2+3i=(23)
—iz=—i(2+3i) =—-2i—3i2=3—-2i = (3,-2)

3. Find the values of the real numbers x and y, if the complex numbers (3 —i)x —
2—-1i)y+2i+5and 2x + (—1 + 2i)y + 3 + 2i are equal.
z7=@B-Dx—Q2—-i)y+2i+5

=3x—xi—2y+yi+2i+5

=Bx—-2y+5+i(—x+y+2)
z, =2x+ (—1+ 2i)y +3.+2i

=2x—y+2yi+3+2i

=2x—-y+3)+i2y+2)
Given:z; =2, 2> Bx—2y+5)+i(—x+y+2)=Qx—y+3)+i(2y + 2)
Equating the real and imaginary parts on both sides,
3x—2y+5=2x—y+3 —x+y+2=2y+2
3x—2y+5—-2x+y—3=0 —-x+y+2-2y—2=0

x—y=-2-(1) —x—y=0-(2)

M+ R2)=-2y=-2=>|y=1

Sub.y=—-1in(1)=x—-1=-2=[x=—1]

|[EXAMPLE 2.2|Find the values of the real numbers x and y, if the complex
numbers (2 +i)x+ (1 —i)y+2i—3andx + (=1 + 2i)y + 1 + i are equal.
[Ans: x = 2 and y = 1]

PROPERTIES OF COMPLEX NUMBERS

z—iz=2+3i—i(2+3)=2+3i+3-2i=5+i=(51)

Properties of complex numbers under addition:
|.  Closure property:V z;,z, € C,(z; + z,) €C
Il.  Commutative property:V z{,z, € C,zy + z, = 2z, + 74
ll.  Associative property: V zy,2,,253 € C, (2, + 2z,) + 23 = 2, + (2, + 2z3)
IV. Additiveidentity:Vze€ C,z+0=04+2z=2z= 0 =0+ 0iis an additive
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identity. Pa

V. Additiveinverse:Vze€C,—z€C 3z+(—2z)=(-2)+z=0€C,s0o—z
is an additive identity.

Properties of complex numbers under multiplication:

Closure property: V z;,z, € C,(z;.2,) € C

[I. Commutative property:V z,,z, € C,2,.2, = z,. 2,
Associative property: V z;, 25,23 € C,(2,.2,).23 = 2,.(2,.23)
Multiplicative identity: Vz€ C,z.1=1.z=z= 1=1+40iisa
multiplicative identity.
Multiplicative inverse: V z € C Eli zeC > zé -2 i.z =14+i0€C,so iis
multiplicative identity.

R = . . T . . . -1 At X S y
» If z=x + iy thenits multiplicative inverse is z (x2+y2) + l( x2+y2)

% Distributive property: V z,,2,,23 € C,(z; + 2,).23 = 2,25 + 2,275 (or)
o VZ2,2,,23 € C,2z,.(2y + 23) = 2,2, + 2,25
+* Complex numbers obey the laws of indices:
m
(i)z™Mz" = zmin (ii)zz_n — ym-n

@D)E™" =z"z"  (iv)(22)" = z,"z,™

UBfom (1) & (2), 2. (2, + 23) = 2,2, + 2,25
(ii)(z; + z5).23 = (3 —7i)(5 + 4i)
=15+ 12i — 35i — 28i? = 15 + 12i — 35i + 28 = 43 — 23i - (1)
Z1Z3 + 2,23 = (3)(5 + 4i) + (=7i)(5 + 4i)
=15+ 12i — 35i — 28i? = 15 + 12i — 35i + 28 = 43 — 23i — (2)
From (1) & (2), (z; + 2,).253 = 2123 + 7,24

EXERCISE 2.3

3.f zz =2+ 5i,z, = =3 —4iand z3 = 1 + i, find the additive and multiplicative
inverse of z;,z, and z;

Additive inverse of z is —z.

So, Additive inverse of z; = 2 + 5iis —z; = —2 — 5i,

Additive inverse of z, = —3 — 4iis-z, = 3 + 4i

Additive inverseof z3 = 1 +iis—z3 = —1—1
. qs . , _ . -1 _ X s y
Multiplicative inverseof z = x +iyisz™" = (X2+y2) + 1( X2+y2)

A . 2 . 5 2 5,
Multiplicative inverse of z; = 2 + 5iisz; "1 = ( ) +1i (— ) =———]
22452 22452 29 29

Multiplicative inverse of z, = —3 — 4iisz, 1 = (ﬁ) +1i (— m)

_ . 1 anOF ._1):1_1.
Multiplicative inverseof z; = 1 +iisz™" = (12+12) +1( Y St

1Ufz; =1—-3i,z, = —4iand z3 = 5, show that
(D (z1 +23) + 23 =21 + (25 + 23) (1) (z122)23 = 71(222;)
(i)(z;+2,)+2z3=(1-3i—4i))+5=1-7i+5=6—-7i - (1)
z1+(z,+23)=1-3i+(—4i+5)=1-3i—4i+5=6—-7i - (2)
From (1) & (2), (zy + z5) + z3 = z; + (2, + 2z3)
(ii)(z125)z5 = [(1 — 3i)(—4i)]5 = (—4i + 12i?)5
=(—4i—12)5=-60—20i - (1)

71(2,2) = (1 = 3D[(—4D)(5)] = (1 = 3i)[-20i]

= —20i + 60i2 = —60 — 20i — (2)
From (1) & (2), (212,)z3 = z,(2,2;)

2
CONJUGATE OF A COMPLEX NUMBER

2If z; =3,z = —=7iand z3 = 5 + 4i, show that
()z1. (23 + 23) = 212y + 2125 (ii)(21 + 23). 23 = 2123 + 2,23
(Dz1.(Zy + 2,) = 3(=T7i + 5 + 4i) = 3(5 — 3i) = 15 — 9i — (1)

¢ The conjugate of the complex number z = x + iy is Z = x — iy.
% zZ=x%+y?
+* The conjugate is useful in division of complex numbers.

PROPERTIES OF COMPLEX CONJUGATES:

Vo tz,=72,+7, \/Im(z)=22;.z
- \ & 1
j 2~ 2 =121~ 2Z v (z") = @)"
Zi. Zz _Z_Zl' Z2 v  zisrealifand onlyifz =z
v (i) =22, %0 v zis purely imaginary if and only if z = —Z
z+ viZi=z

v Re(z) ===

EXERCISE 2.4

1.Write the following in the rectangular form:

2,7, + 7,25 = (3)(=70) + (3)(5 + 4i) = —=21i + 15+ 12i = 15 — 9i — (2)
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DG +9) + (2 —41) (i) 16°+‘;" (iii)31 + ==

(VG+9)+(2—-4)=5+9%4+2—-4=5-9i+2+4i=7—5i
10-51 10-5i 6—2i 60—20i—30i+10i?

ii = X =
(i) 6+2i 64+2i  6-2i 62+22
_ 60-50i-10 _ 50-50i _ 5 5i
- 40 T 40 4 4
I 1 ) 1 2+ ) 2+i ol 1.
(iii))3t+—=-3i+—x—=-3i + = —3i+24+=i
2—i 2—i 2+i 22412 5 5
2, —15i+i _ 2 14,

5 5 5 5

2.If z = x + iy, find the following in rectangular form:

(DRe G) (ii)Re(iZ) (ii))Im(3z + 47 — 40)
N1 1 x-ly _ x-iy _  «x y

(@) - = X

x+iy  x-iy  x%2+y2  x%2+y2  x2+y?

1 X . x
- Re (;) Tehe (x2+y2 - xziy2 : ) 2 x2+y?
(iz=ix+wy) =i(x—iy) =ix—i’y =y +ix
~Re(iz) =Re(—y +ix) =y
(iii)3z+ 4z —4i =3(x+1iy) + 4x+1y — 4i = 3x + 3yi + 4(x — iy) — 4i
=3x+3yi+4x —4yi—4i=Tx—yi—4i=7x+i(-y—4)
2ImBz+4z7—4) =Im(7x+i(-y—4))=-y—4

gl = 4 + 3i, find u in the rectangular form.

1 1 1 1 1 1

u w o u  3-4i  4+3i
1 3+4i 1 4-3i
= (= x2)+ (o5x )
3—41 3+41 4+30 4-3i
_ 3+4i | 4-3i
32+42 42432
1 . .
=—(@B+4i+4-3i)
25
7+

1

u 25

25 25 -0 25(7-i) _ 25(7-1) _ 7-i
2

740 740 7-i 72412 50

=22

3.1fzy =2 —iand z, = —4 + 3i, find the inverse of z,z, and 2—1
2

212, =2—-i)(—4+3))=-8+6i+4i—3i*=-8+10i+3 =-5+10i

_ X . y _ =5 : 10 A2
Inverse of Z1Zy = (W) +1 (_ x2+y2) N ((_5)2+102) T1 (_ (—5)2+102)
-5 10 . .

125 125
zZy _ 2—-i 22— —-4-3i  —8-6i+4i+3i*  -8-2i-3

Z,  —4+30i —4+3i  —4-3i (-4)2432 25

Z X .
Inverse of 2 = ( - 2) + 1(— zy 2)
ZZ X +y X +y

_11 _2
=< /25 >+i<— /25 )
(-11/,) +(=2/55)" (-11/,5) +(=2/55)"
11125+ 21251':_1_51"'%1'

ZSXE ZSXE

5.Prove the following properties:

Z

(i)zisrealifand only ifz = Z (ii)Re(z) = sz (iii))Im(z) = 2;12
(i)zisreal = z =x+ 0i
Z=x4+0t=x—0i=x = zisrealifandonlyifz = Z

(ii) Let z=x+iy;Re(z) = x - (1)

=Z=x—1y

z+z‘=x+iy+x—iy=2x=>%z_=x—>(2)

From (1) & (2), Re(z) =Zzi
(iii) Letz=x+iy;Im(z) =y - (1)

= Z=x-1y
Z—Z_=x+iy—x+iy=2yi=>22;iz_=y—>(2)
From (1) & (2),Im(z) = 2=

2i

6.Find the least value of the positive integer n for which (\/§ + i)n
(Dreal (ii)purely imaginary

(V3+i) =3V3+9i—3V3—i=8i
(V3+i) =((V3+ i)3)2 — (8i)2 = —64
()Whenn =6, (\/§ + i)nis real

(i))Whenn =3,(V3 + i)nis purely imaginary

4. The complex numbers u, v and w are related by % = i + % If v =3 —4iand

7.Show that (i)(Z + i\/§)10 2N (2 — i\/§)10 is purely imaginary.
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@ (557) + (35 sreal

Dz=2+iV3) —(2-i3)"

2=(2+3) " - (2-03)" =(2+w3) -(2-w3)"
Z+oB) - (2-0B) =(2-i3)" - (2+i3)"
~{@+3)"° - (2-i3)"} = -

10 10
(2 + i\/3) - (2 — i\/3) is purely imaginary.
(ii) 19-7i \0 19-7i  9—i  171-19i—-63i+7i> 164—82i 82(2-i)

9+i 9—i 92412 82 82
20-5i _ 20-5i _ 7+6i _ 140+120i—35i—30i* _ 170+85i
7—6i ] 7+6i 72+62 85

9; ) M (ZO_Si)lz =@2-D¥-2+d"

7 1)12 - (27+6:)12 =Q2-0Z-Q2+0Z=02+D)2 -2

20-5i\ 14,
- |s real.
9+i 7—61

=2+

-2 =z

|EXAMPLE 2.8]Show that (i)(2 + iV3)  + (2 — iv/3) " is real and

(if) (19+9u)15 = (S—H)lsis purely imaginary.

5-3i 142

|[EXAMPLE 2. 3|Wr|te

parts.
3+4i  3+4i _ 5+12i  15+36i+20i-48  —33+56i 33 . 56 ,

5—-12i 5-12i 5+12i 524122 169 169 169

33 . . 56
Real part = T o and imaginary part= oo

|n the x + iy form , hence find its real and imaginary

e (1+0)3 1-i\3
[EXAMPLE 2.4]simplify (=) - ()
1+ 141 140 1+i+i+%  142i-1 21

1—i  1-i 1+  12+12 2 2

1-i (1+i)‘1 —
1+i  \1-i -

() - (5 =0 - = —i—i=-2i

1-i 1+i
z+3 1+4-l

|[EXAMPLE 2.5| If -

, find the complex number z.

alat3 _ 1+4i

z—51 2
= 2(z+3) = (1 + 4i)(z — 5i)
= 2z+ 6 =z — 5i + 4zi — 20i?
— 2z—z—4zi=-5i+20-6
=z —4zi = 14 - 5i
= z(1 —4i) =14 - 5i
14-5i
=z = ,
1-41
14-50, 1+4i _ 14+56i—5i—20i2

_ 14+51i+20 _ 34+51i _ 17(2+3i) — 943
1-4i ~ 1+4i 12442 - 17 - 17 17

[EXAMPLE 2.6]f z, = 3 — 2i and z, = 6 + 4i, find 2—1
zy _ 3-20 _ 3-20 6-4i _ 18-12i-12i-8 _ 10-24i _ 2(53121') _5-12i

Z,  6+4i  6+4i  6-4i 62+42 T 52 52 26

|[EXAMPLE 2.7|Find z 7%, if z = (2 + 3i)(1 —i).
z=02+3)(1-i)=2-2i+3i—-3i?’=2+i+3=5+1i

-1 _ x ) ( y ) _ ( 5 ) ( 1 ) 5 1.
=(5—=)+i(-— =|\5—)+il— —— =i
(x2+y2 i x%+y? 52412 U 52+1? 26 26

MODULUS OF A COMPLEX NUMBER

% If z=x+ 1y, then the modulus of zis |z| = \/x? + y?
% zZ = |z|?
+* PROPERTIES OF MODULUS OF A COMPLEX NUMBER:
1Z] = |Z]
|z, + z,| < |z1| + |z, ( Triangle inequality )
|21 — 25| = |21 = |z,]
|Z12;| = |24]|2,|

Z1 |Z1|
Z2 |Zz|
|z™| = |z|™,nis an integer.
Re(z) < ||
Im(z) < |z|
||Z1| - |22|| < lz; + 23| < |z + |25]

% The distance between the two points z; and z, in the complex plane is

|z, — 2] (or) \/(x1 —x3)% + (y1 — ¥2)?
¢ Formula for finding the square root of the complex number z =a + ib is

—,2, #0
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m_+</'2'+a i >

o If b is negative m =

o If b is positive IZ_I = 1, x and y have same signs.

—1, x and y have different signs.

1,1 Z1+zy
—_ (Zl+Zz) N Zl+22 _ Zl+Zz _ 21'22 . zZ1Zp _ Z]_+Zz N

1+2122 T+lez 1+lez o 14 117 14292 = 1+lez o

1+lez

2122 z122

Since w = w, w is purely real.

Exercise 2.5

1.Find the modulus of the following complex numbers:
O @2 +22 @) -0" (v)2i(3 — 404 - 30)

3+4i 1+i

|z| = yx? +y?
(i)| 20 | _ |2i] V02422 V4 2
3+4il  |3+4i] 32+42 25 5

1-2i 1-D)-D)+@+)A-20)| _ |2—i—2i+i2+1—2i+i—2i2
(1+i)(1-0) 12412

_ |2—l—Zl ;+1 21+2| _ |4-24-i| _ |2 _le A \/m _ \/§: 2\/7

GOI(1 =D = [1— i1 = VIZ+12) " =2 =25=32

(iv)|2i(3 — 4i) (4 — 30)| = |2i]|3 — 4i||4 — 3i| = V02 + 22V/32 + 42/42 + 32
= V42525 = 2.5.5 = 50

3.Which one of the points 10 — 8i,11 4+ 6i is closestto 1 + i.

Distance between the two points z; and z, = / (x; — x3)% + (7, — ¥,)?
z=14+i,z, =10—-8i
Distance between the two points z and z;

=,/(1-10)2 + (1 + 8)2
=81+ 81 =162 =vV2 x 81 = 9V2

z=141i,2,=11+6i
Distance between the two points z and z, = \/(1 —11)2 4+ (1 - 6)2

=+/100 + 125 = V125 = V5 x 25 = 5v/5
= 5v/5 < 94/2, 11 + 6i is the closest pointto 1 + i

|[EXAMPLE 2.11|Which one of the points i, —2 + i and 3 is farthest from the
origin?

|[EXAMPLE 2.9|Ifz;, =3+ 4i,z, =5—12i and z3 = 6 + 8i, find
|z1], 1221, 1231, |21 + 25|, |12, — 23| and |z; + z3].

)|+ 02+ 3)(4i — 3)|

o |i(240)3
(o) | (1+i)?

4.1f |z| = 3,showthat7 < |z+ 6 — 8i| < 13.
letz; = zand z, = 6 — 8i

W-K-T,||Zl|_|zz|| < lz1 + 23| < |z + |2,

= |3 -V62+ 82| < |z+6—8i] <3+ V6% + 82
= [3 -V100| < |z + 6 — 8i| < 3 + V100

= 13-10|<|z+6—-8i| <3+ 10

= |-7| < |z + 6 — 8i| < 13

= 7<|z+6—8i| <13

|[EXAMPLE 2.13|If |z| = 2, showthat3 < |z 4+ 3 + 4i| < 7.

2.For ant two complex numbers z; and z,, such that |z;| = |z,| = 1 and z;z, # —1

then show that 2122 3y is a real number.

+2122
Given |z, = |z,| =1

— — 1
|le=1=>|lez::l:)zlzlzlz)zlzZ
ly - 1
w7, =2

5.1f |z| = 1, show that 2 < |z? — 3| < 4.
Llet z, = z%? and z, = —3

W.K.T, ||Z1| - |Zz|| < lz; + 23| < |z + |23
= ||z]? = |-3|| < |2% = 3| < |z]* +|-3|
= |12-3|<|z2-3|<1%?+3

= |-2|<|z2-3| <4

= 2<|z2-3|<4
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6.If |z — §| = 2, show that the greatest and least value of |z| are v/3 + 1 and

V3 — 1 respectively.

2 2
|Z——|=2=2=|Z——|2
VA VA

=>—2s|z|—%s2=>—2s
From (1) = —2|z| < |z|*> = 2

= 2|z| = 2|z| < |z]|* — 2 + 2|z|

= 0<|z|?2+2|z]| -2
= |z|?+2|z| -2=0

2
121 - [
2 2
=zl - |Y|<2=>-2<|z| - [} <2
Z Z

|z|% -2

|z]

“lx—al<r=-r<x—ac<r

<2==2|z| < |z|*-2<2|z| - (1)

= [lz| - (V3 + 1)][lzl - (¥3-1)] = 0
= |zl = (V3+1); |z| < (—V3-1)

= |lz| = (V3-1) - (2)

From (1) = |z|? — 2 < 2|z|
= |z|?-2]z| -2<0

= [lzl = (1 +V3)][Izl - (1 - V3)| < 0

= (1-V3) < |zl < (1 +V3)

= |zl <(1+V3) > (@3)

From(2)& (3),V/3-1<|z| V3 +1

Hence the greatest and least value of |z| are /3 + 1 and /3 — 1 respectively.

Pa

llal ZzZ3+4le3+9zlzz

:>|Z1+Zz+Z3|= 77,75

|ZZZ3+4ZZ_3+92122|

:|Z1+22+Z3|= |ﬁ|

|9z125+42123+2, 23]

v |zy25| = |z4||2,]

= |Zl + ZZ + Zgl = |Z12223|

|9z125+42123+25 23]

1z1112z2 23]

= |Zl +Zz +Zg| =
|9lez+4zlz3+2223|

1.2.3
= 19212, + 42125 + 2,23| = 6

= 1=

|[EXAMPLE 2.12|If z;, z, and z; are three complex numbers such that |z;| =

|z,| = |z3] = |z, + z, + z3| = 1, find the value of Zl+zl+zl.
1 2 3

7.If z,,z, and z5 are three complex numbers such that |z,| = 1,|z,| = 2,|z3]| = 3
and |z; + z, + z3| = 1, show that |9z, 2, + 42,25 + z,25| = 6.

|le=1:|21|2=1:>Z12_1:1:>21=i

w77 = |Z|2

1Z,| =2 = 2,2 =4 > 2,5, =4 =z, = —
2 2 2Z3 2 =2

|z3] =3 = |32 =9 = 2323 =9 = z3 =
3 3 323 3

1 4 9
Z,+ 2z, + 23 =Z:+Z:+Z:
1 2 3
ZyZ3 +4'le3+92122

= Al + Zy + Z3 = s

9

V4

|[EXAMPLE 2.15|If z;, z, and z5 are three complex numbers such that |z;| =

Z1Z9+ZyZ3+Z3Z
|z,] = |z3] = > 0and z; + z, + z3 # 0. Prove that [=——"—"2| =r
Z1+Zy+2z3

lzil =r =z =r’ =27 =1r"=2 = v 2Z = |z|?

1z =r = |z,1? =1 = 2,7, =12 =z, =

1z3|=r = |32 =r! = 233 =12 = z3 =
Z3
r? r? r? Z9Z3+Z1Z3+2Z,1Z
Zl+ZZ+Z3=:+:+:: 2(23 123 12)
Zr Z2 23 Z1Z3Z3
Z223+Z123+Z1Z
:>|Z1+ZZ+Z3|=|T2| REREICEREITr] .
712273

2 12125425 23+2324|

1Z1112z2123]

2 |2223+7123+Z1Z;| .

|z12,Z3|

2 |212,+2223+2324| |z1254+2523+232, ]

= |z +2z, +z3| =71 Nt = |z, + 2, + 23| = .

Z1Zy+Z3Z3+2321| r

Z1+Zy+2Z3

8.If the area of the triangle formed by the vertices z,iz and z + iz is 50 square
units, find the value of |z|.

letz=a+ib = (a,b) = |z| =Va? + b?

Vertices: z = (a, b)

iz=1i(a+ib) =ia+i’b=—-b+ia = (-b,a)
z+iz=a+ib—b+ia=(a—-b)+i(a+b)=(a—b,a+b)
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Area of the triangle = 50 sq. units
—b a—b a
a a+b bl >0
= (a? —ab — b?> + ab — b?) —
= a? — 2b%? + b? — 2a%® =100
= —a? - b%? =100
= —(a® + b?) = +100
= a? + b? = ¥100
= Va? + b2 = F10
= |z| =10 (* a? + b? is not negative)
NOTE: This can also done by using distance formula, find the length of base and

height and use Area of the A= %bh

(=b?>+a?—ab+a®+ab) =50 x 2

MBE = VO~ + 0n —7)? =/(-2- D2+ 357 =0+ 4=V13

CA= = %) + 01 =) = /A -8 + (G- 27 =V +9=VI3
AB? =26,BC? =13,CA* =13

Since (i)BC = CA =+/13 and (ii)BC? + CA%? = 13 + 13 = 26 = AB?, So the
given vertices form an isosceles right triangle.

|[EXAMPLE 2.14|Show that the points 1, —% + i? and —% — i? are the vertices

of an equilateral triangle.

1 .3

___l_

2 2
The length of the sides of the triangle are

- (e =R -2 = |+ (D)
|Zz—23|=( f)|_ ; l_\/2§

2 2 2 2
=l =|(-3-09) 1] =305 = O + (9) = i+:-

Since all the three sides are equal, the given points form an equilateral trlangle.

Letz; = 1,2, = —%+i§andzg =

|21 — z,| =

9.Show that the equation z3 + 2Z = 0 has five solutions.
z3+22=0

= z3=-27

= |z°| = |-2]|Z]

= |z3| = 2|z|

= |z|>-2|z| =0

|z| = 0= z = 0is one of the solution

= |zI(|zI> =2) = 0 =>{

z?-2=0=27-2=0= Z_=§

Putz‘=§ inz3+22=0=2z%+ 2(;) = 0= z* + 4 = 0, which provides four
solution.
Hence z3 + 27 = 0 has five solutions.

|[EXAMPLE 2.16|Show that the equation z? = 7 has four solutions.

|[EXAMPLE 2. 18| Given the complex number = 3 + 2i, represent the complex
numbers z,iz and z + iz in one Argand diagram. Show that these complex numbers
form the vertices of an isosceles right triangle.

Given:z =3+ 2i = A(3,2)

iz=1i(3+4+2i)=-2+3i=B(-2,3)
z+iz=3+2i—2+3i=1+5i=C(1,5)

The length of the sides of the triangle are

= — )2+ (71 —y2)2 =B +2)2+ (2-3)2=V25+1 =+/26

10.Find the square root of (i)4 + 3i (ii) — 6 + 8i (iii) —5 — 12i.

Wppro o |z|+a |z|—a
a+ib=

Ibl
()4 + 3i

a=4,b=3,|z|=\/42+32—\/_5—5

+l—)
(ii) — 6 + 8i
a=—6,b=28,|z| =62+ 82 =+100 = 10

VTR = i( oe i /—) = +(V2 + iWB) = + (V2 + i2v2)

(i) —5—12i 4
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a=-5b=-12|z| = 52+122—\/169—13

V=5 —12i —+</13 2+ /13;5>=i(\/1—i\/§)=i(2—3i)

|[EXAMPLE 2.17/|Find the square root of 6 + 8i

llgl If z = x + iy is a complex number such that Im (Z:ll

) = 0, show that the locus

of zis 2x% + 2y + x — 2y = 0.
Given:z = x + iy
2z+1 _ 2(x+iy)+1 _ (2x+1)+i2y

bc—ad

GEOMETRY AND LOCUS OF COMPLEX NUMBERS

+» Acircle is defined as the locus of a point which moves in a plane such that its
distance from a fixed point in that plane is always a constant. The fixed point
is the centre and the constant distant is the radius of the circle.

Equation of complex form of a circle is |z — zy| = r.

|z — zy| < r represents the points interior of the circle.

|z — zy| > r represents the points exterior of the circle.

x? + y% = r? represents a circle with centre at the origin and the radius r
units.

Ifz = 22 then Re(2) = 5

a+1b bc—ad
Ifz = then Im(Z) = VT,

)
0’0

X3

*¢

3

0

)
0’0

) )
0‘0 0‘0

)
0’0

Im(Z) =

iz+1 i(x+iy)+1 - (1-y)+ix c2+d?

Herea=2x+1,b=2y,c=1—-y,d =

2z+1Y\ _ 2y(1-y)—x(2x+1) _ w2 _Dx2 _ 4 —
m(iz+1)—0=> oyyex? =0=>2y—-2y*—-2x*—x=0
= 2x%+2y°+x—-2y=0

EXERCISE 2.6

Y —4i :
1.If z = x + iy is a complex number such that |ﬁ| = 1. Show that the locus of z is

real axis.

Given: z = x + iy

z—41 . .

| =1= |z —4i| = |z + 4i]

zZ+41
= |x + iy — 4i| = |x + iy + 4i]
= |lx+i(y—4)| =|x+i(y+4)|
= [ H G =7 = [+ 5= 47
Squaring on both sides,
= x2+(y—4)2 =x%+ (y — 4)?
= x2+y2-8y+16=x2+y2+8y+16
= 8y =0
=y=0

~ The locus of z is real axis.

3.0btain the Cartesian form of the locus of z = x + iy in each of the following
cases:
(D[Re(iz)]? =3 (iDIm[(1 —i)z+ 1] =0 (ii))|z+i| =|z—1| (iv)z=2z"1
Given:z = x + iy
Diz=i(x+iy)=y—ix
[Re(iz)]? =
= [Re(y —ix)]* =3
=y2=3
(i1 -iz+1=0A-Dx+iy)+1=x+iy—ix+y+1
=x+y+D+i(y—x)
Im[(1-i)z+1]=0
=Im[x+y+1)+i(y—x)]=0
=y—x=0(r)x—y=0
(iii) |z+i|=1]z—-1]
= |lx+iy+i|l=|x+iy—1|
= |x+ily+ 1| =[(x—1) + iyl
= )2+ @+ 12 = (x - 12+ (y)?
Squaring on both sides,
= (X)2 + (y +1)?=x-1D%*+ ()?
= x?2+y?+2y+1=x%2-2x+1+y?
= 2x+2y=0
=x+y=0
(iv)z‘=2‘1=>z":§=>zz"=1=>(x+iy)(x—iy)=1=~x2+y2=1

4.Show that the following equations represent a circle, and find its centre and
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radius: (D|z—2 —i| =3 (ii)|2z + 2 — 4i| = 2 (iii))|3z — 6 + 12i| = 8
Equation of the circle is |z — zy| =1
Dz—2—-i|=3 =|z—2+i)|=3
Centre =2 + i = (2,1) ; Radius = 3 units
(iD]2z+2—-4i|=2 =2|z+1-2i|=2=|z— (-1 +2)| =1
Centre = —1 + 2i = (—1,2) ; Radius = 1 unit
(iii)|3z—6+12i|=8=>3|z—2+4i|=8=~|z—(2—4i)|=§

Centre = 2 — 4i = (2,—4) ; Radius = g units

lebnsider |z +2 —i|=2=|z— (-2 +1)| = 2.

Centre = —2 + i = (—2,1) ; Radius = 2 units

.|z + 2 —i] < 2 represents all points inside the circle.

POLAR AND EULER FORM OF A COMPLEX NUMBER

|[EXAMPLE 2.19|Show that |3z — 5 + i| = 4 represent a circle, and find its centre
and radius.

5. Obtain the Cartesian form of the locus of z = x + iy in each of the following
cases: ()|z—4| =16 (i)|z—4]>—|z—1|*> =16
Given: z = x + iy
(Dz—4l=16 = |x+iy—4| =16

= |(x—4)+iy| =16

= J(x—4)2+y2=16

Squaring on both sides,

= (x —4)? +y% = 167

= x? —8x+ 16 + y? = 256

= x% + y% — 8x — 240 = 0 is the locus of z.
(iD)|z—4>—|z—-1*=16=|x+iy—4]* - |x+iy—1]> = 16

= |(x—4)+iy]?—|(x—1)+iy|* =16

= (Jo=D7+y?) - JG-12+7 =16
= x—-4)*+y’—[(x—1?+y?*]=16
=x?—-8x+16+y2—x?+2x—1—y? =16
= —-6x—1=0

= 6x + 1 = 0 is the locus of z.

% Some of the principal argument and argument:

Polar formof z = x + iy isz = r(cos 8 + isin @) (or) z = rcisf

Modulus r = \/x? + y?
a =tan"?! G)
0 =a;if(+,+) 0 lies in the Ist quadrant
0 =m—a;if(—+) 06 lies in the 2nd quadrant
0 =—n+a;if(— —) 0 lies in the 3rd quadrant
0 = —a;if(+,—) 0 lies in the 4th quadrant

Ingeneralargz = Arg z + 2nm ,n € z.
Properties of arguments:

v oarg(z,z;) = arg(z;) + arg(z,)

v arg(2) = arg(@) - arg(z)

v arg(z™) =nargz

argzze;{

VA 1 [ -1

Arg z —
2

2

argz 2nm NI 4+ 2nm+ 1

INT — —
nm =5

Euler’s form of the complex number: z = re' ; e = cos8 + isinf

|[EXAMPLE 2.21|Obtain the Cartesian form of the locus of z in each of the
following cases: (i)|z| = |z —i| (ii)|2z—3—i| =3

|[EXAMPLE 2.20|Show that |z + 2 — i| < 2 represents interior points of a circle.
Find its centre and radius.

Properties of polar form:

z=71(cosO +isinf) =z ! = %(cos@ — isin @)

If zz =1r,(cosf; +isinb,),z, =r,(cosB, +isinfh,) then
z,2, = 111y[cos(0, + 0,) + isin(6; + 6,)]

If z; =1,(cosB; +isinb,),z, = r,(cosB, +isinh,) then
a- :—: [cos(8; — 6,) +isin(8; —6,)]

Z2
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+* Some of the useful polar forms :

1=cis(0); -1 =cis(m);i=cis (g), —i = cis (— g)

'lil‘l‘f-XAMPLE 2.24|Find the principal argument Arg z, when z =

|[EXAMPLE 2.22|Find the modulus and principal argument of the following
complex numbers: ()V3+i (i) —vV3+i (iii)) —vV3—i (iv)V3 —i
(OV3+i
2

Modulusr = \/x2 +y2 = [\/3 +12=+4=2

— -1 (Y| — -1 |1 =
o= et g = ot 3] =
Since the complex number /3 + i lies in the first quadrant, principal argument
b=a=0="=

(i) — V3 +i R
Modulus r = \/x? + y? =\/(—\/§)2 +12=+4=2

— tan-1(2) = tan-1 L|:E
a =tan (x) tan |_\/§ o

Since the complex number —v/3 + i lies in the second quadrant, principal

T 57
argumentd =m—a=0=n—-=—

(iii) — V3 — i © o
Modulus r = \/x? + y? = \/(—\/5)2 +(-1)2=+4=2

— -1(Y\ = -1 T
= tan (2) = a2

Since the complex number —v/3 — i lies in the third quadrant, principal argument

9=—7T+a=>9=—7r+%=—5—n

(iv)V3 —i °
Modulusr = \/x? + y? = \/\/§2 +(-1)2= Vi =2

— tan-1(2) = tan-1 ‘_1|=E
a =tan (x)—tan |\/§ P

Since the complex number v/3 — i lies in the fourth quadrant, principal argument

f=—-a=0=—=
6

-2

argz = arg (1+ \/_) =arg(—2) —arg(1+iV/3) - (1)

arg(—=2) = tan™?! |;| = tan™! |_—2| =0

Since the complex number —2 lies in the second quadrant, principal argument
O=n—a=>0=n—-0=m

arg(1+ iV3) = tan™? |¥| = tan!

Since the complex number 1 + iv/3 lies in the first quadrant, principal argument

=a=0==
3

W = arg (575) =

|\/§|_n
—.

EXERCISE 2.7

1.Write in polar form of the following complex numbers
(DH2+i2v3  (i)3—-iV3 (ii)—2—-i2 (iv)——= — +lsm§
()2 + i2v/3 = rcis(6) - (1)

r = JTF 5 = (@7 + (243) = VAT T2 = VTG = 4
'Rl = tan ] =5
X 2

a =tan~

Principal argument lies in the first quadrant 8 = a =
. O . (T _ . E

(1) = 2+ i2V/3 = 4cis (3) = 4cis (an + 3),

(i))3 — iV3 = rcis(8) - (1)

r=yx2+y =\/(3)2+(—\/§)2=\/9+3=\/4x3=2\/§

_ _1|-V3 0
a = tan 1|X|=tan 1|—|=tan 1|—|=
x 3 V3
T

Principal argument lies in the 4th quadrant § = —a = -z
(1) = 3 —iv/3 = 2/3cis (— %) = 2+/3cis (an — %),k €z
(iii) — 2 —i2 = rcis(0) — (1)
r=x2+y2=(=22+(-2)2=V4+4=V2x4=2V2

1
3
Z

T
6
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_ T
a = tan” ||—tan1|— ==

Principal argument lies in the 3rd quadrant0 = -t 4+ a = -1 + E =3

1) = -2- 2_2\/—CLS(—T) _2\/_CLS(2kT[——) k ez
(U)COS +lSln

i—1——1+1—rci5(9)—>(1)
r=yx2+y?= (-2 + (1) = V2

- - 1 T
a = tan 1|X|=tan 1|—|=—
x —1l T

Principal argument lies inthe 2" quadrant = m—a =0 = — z

(1)=>i—1=\/_cis(3—”) 4
i-1 \/_Cls( ) \/—CLS(___) \/_ClS( ) =\/§Ci5(2k7‘l’+i—72t),kez

T A\ O
COS3+lS c15(3)

alar  _ — )

[EXAMPLE 2. 25] Find the product > (cosE +isin 5) 6 (Coss—n +isin 5—”) in
2 3 3 6 6
rectangular form.

Z(COS—+l sm—)
4

|[EXAMPLE 2.26/|Find the quotient ! in rectangular form.
(COS( )+l Sln( ))

|EXAMPLE 2.23| Represent the complex number (i) — 1 — i (ii)1 + iv/3 in polar
form.

2.Find the rectangular form of the complex numbers:
. TT
COS——lSll’l—
(l ) ( 11' .

. i . . T Vi .. Vi
(i) (cos— + i sin —) (cos— + i sin —)
6 6 12 12 cosT+isins)
3 3
. i . . TT Vi e e i
(i) (cos— + isin —) (cos— + i sin —)
6 6 12 12
. A Vs
= CIS (— + —)
6 12

. 3 . T
= CIS (—) = ClS (—)
12 4

T . . I
= CcoS—+1SIn—
4 4

COS——l sm—

(i) (—6

cos-+i sm;

T . . T
& (COS— — 1 SIn —)
2 2

3UfF (x; +iy)(xy +iyy) v (X, +iy,) = a + ib, show that (i) (x? + y2)(xZ +
Y2) oo (x2 + y2) = a? + b? (i) X', tan™?! (Z—:) = tan~! (Z) + 2k, keZ6
(D, +iy) ey +iyy) e (xy +iy,) =a+ib
Taking modulus on both sides,

= [(x; + iY1)(x2 +iy3) . (x + i) = |a + ib|
= |x; + iy, +iyy| ool |xy, + iy, | = |la + ib]|

= [ o . J@ o -varr

Squaring on both sides,
= (xf +yD)(xF +y3) ... (6} + 7)) = a® + b?
(D) (xy + iy (xy +iy,) .....(xn +iy,) =a+ib
Taking argument on both sides,
= arg[(x; +iy;)(x, +iy,) ... (X, + iy,)] = arg(a + ib)

b
=Dany (y—l) + tan™! (y—z) + o +tan”! (y—") = tan™* (—)
- xn a

= Y  tan”! (2—:) = tan™?! (g) + 2km, keZ6

4.If; = cos 20 + isin 20 , show that z = i tan 6.

?= cos 260 + isin 260

Add 1 on both sides, % +1=(1+cos26)+isin26
1+z+1-z

1-z
:é = 2cos B [cosB + isinf]

= 2c0s%6 + i2sin 6 cos 6

+by2=>1—iz=cost9[cost9+isin9]
1

=1-z
cos @[cos +isinf]
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1

cos B[cos O+isinf]
1 cosf—isin@

=>z=1-

=>z=1-

cosO[cosOB+isinf] cosH—isind

cos@—isin@
=z=1-

cos 8(cos?20+sin20)
cos @ . sin@
=z=1- —1
cos @ cos @

—=z=1—1+4+itanf
— z=1itan6

5.If cosa + cosf + cosy = sina + sinf + siny = 0, then show that
(i) cos3a + cos3B + cos3y =3 cos(a+ B +vy)

(i)sin3a + sin3p + sin3y = 3sin(a +  + )

Let a = cisa, b = cisf3, c = cisy

WK.T, Ifa+b+c=0then a®+ b3+ c® = 3abc
a+b+c=(cosa+ cosp + cosy) + i(sina + sinff + siny) = 0

a® + b3 + ¢3 = 3abc

= (cisa)3 + (cisp)? + (cisy)® = 3cisa. cisp. cisy

= cis(3a) + cis(3B) + cis(3y) = 3cis(a + B +y)

= (cos3a + cos3p + cos3y) + i(sin3a + sin3f + sin3y) = 3(cos(a + S +
y)) + i3(sin(@ + B + 7))

Equating the real and imaginary parts on both sides,

cos3a + cos3f + cos3y = 3cos(a+ L +y)

ai y—1 y

= tan™! X x+z _Z
y-1. vy 4
1+( X Xx+2)
(-1D)x+2)—xy
x(x-;—Z) :tanz
1+ X~V 4
x(x+ 2)
xy+2y—x—2—xy
(x+2)
x2+2x+y*—y
(x+2)
—x+2y—2
= =
x2+y2+2x—y
=x+y?+2x—y+x—-2y+2=0
= x?+y*+3x—3y+2=0

=1

|[EXAMPLE 2.27|If z = x + iy and arg (;—1) = %, then show that x2 + y? = 1.

De MOIVRE’S THEOREM AND ITS APPLICATIONS

sin3a + sin3f + sin3y = 3sin(a +  +y)

6.1f z=x + iy and arg( )=%,thenshowthatx2+y2+3x—3y+2 = 0.

7t
z+2
Given: Z = x + iy
z—1 T
o) -3

zZ+2

/s
>arg(z—i)—arg(z+2) = 7

s>arg(x+iy—i)—arglx+iy+2) =

s
s> arg(x+i(y—1)) —arg(x +2+iy) = 7

y—1 y T
-1 -1 .
= tan —x — tan 42 = 1

De Moivre’s theorem: Given any complex number cos 8 + i sin 8 and any
integer n, (cos@ + isinf)™ = cosnb + i sinnb
Some results:
v' (cosO@ —isinf)™ = cosnb — isinnb
v' (cos@ +isinf)™™ = cosnb — isinnd
v' (cos@ —isin@)™™ = cosnb + isinnb
v'  sinf +icosf =i(cosf —isinh)
Formula for finding n*" root of a complex number:
2/ = r'ncis (9+an),k =01,...,(n—-1)
wi=1=1+w+w?>=0
The sum of all the n*" roots of unity is 0.(ie., 1 + w + w? + . +w™ 1 = 0)
The product of all the nt" roots of unity is (—1)""1. (ie., 1 + w + w? +
m._|_wn—1 — (_1)7’1—1)
All the n roots of nt" roots of unity are in geometrical progression.
All the n roots of nt" roots of unity lie on the circumference of a circle whose
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centre is at the origin and radius equal to 1 and these roots divide the circlePa
into n equal parts and form a polygon of n sides.

alai

EXERCISE 2.8

. . b g b 2
1.If w # 1 is a cube root of unity, then show that AR + Qrowtew. — 1,

b+cw+aw? c+aw+bw?

at+bw+cw? = a+bw+cw?

b+cw+aw? ctaw+bw?
. (a+ba)+ccu2 a)) ((7L+ba)+ccu2 wz)

ctaw+bw? w2
w?(a+bw+cw?)

awd3+bw*+cw?
w?(a+bw+cw?)

a+bw+cw?

b+cw+taw? w
_ w(atbw+cw?)

aw3+cw?+bw
_ w(at+tbw+cw?)

a+bw+cw?
= w + w?
=-1

. 1+sm—+lcosﬁ 0
3.Find the value of( )

1+Sll’1——l COS—

Let z = Sln—+lCOS— =>;_ Sln——lCOS—

10
10 0
1+sm—+1 cosl—0 1+z 1+2 10 10
=|— =— X Z) =Z
1+51n——Lcos— 1+= 1+z
10 10 z

10 . . i 10 s 10
Z = (Sll’l— + 1 cos —) [l (COS— — isin )]
10 10 10 10

= i1%[cos (10 x =) — isin (10 x =)
= —1[cosm — isinT]

= —1(-1-0)

=1

2.Show that (g + 2

? + % =rcis(0) - (1)

2
=TTy = (2

1
— — T

a = tan 1|X| = tan~?! La|_m
X \/3/2 6

Principal argument lies in the first quadrant 0 = a = %
V3 i . (T
(1) :7-'_5_ ClS(g)

+2=Vi=1

= (F+1) = [ets (] = ets () = cos () 15in ()

Similarly, (\/2—§ — %)5 =cC (S?n) —isin (S?n)

. .)5+(f ;)S_COS(56)+lSln( )+c S( )—‘Sm(?n)

= 2cos (5?”) = 2 cos (5X6180) — 2¢0s150 = —2c0s30 = -2 x X = —y3

18
[EXAMPLE 2.29]Simplify (sin= + i cos—
6 6

i si 30
EXAMPLEZ.S0] sy (50" )

[EXAMPLE 2.31]Simplify ()(1 + )® (i))(—V3 + 31)

4.If2cosa=x+iand2€os,8=y+§,showthat

o X APANS _ e\ _ i
(l);+;—2COS(CZ B) (id)xy p” 2isin(a + B)
(iii)’;—n—xlmn— — = 2 cos(ma + nf)
x+i=2cosa=>x=x=cosa+isina
y+%=2cos,8=>y=cosﬂ+isinﬂ

(05 = Cosfrisng = cos(@ = ) + isin(a— )
— (g)_l = cos(a — B) —isin(a — B)
+ = 2cos(a —B)
(i) x y (cosa + isina)(cosB + isinB) = cos(a + B) + isin(a + B)
% = (xy)™! = cos(a + B) — isin(a + B)
y—;=2isin(a+ﬁ)
(iii) x™

= (cosa + isina)™ = cosma + i sinma
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= (cosf +isinB)" = cosnfB + isinnp

cosma+isinma

= cosnf+isinnf = COS(ma - n:B) + lSln(ma =< TLIB)

)_1 = cos(ma — nf) — i sin(ma — npf)

= (cosa + isina)™ = cosma + i sinma

= (cosf +isinB)" = cosnfB + isinnf

y"* = (cosma + i sinma)(cosnf + i sinnf)
= cos(ma + nf) + i sin(ma + np)

= cos(ma + nf) — isin(ma + np)

xmyn

xMy™ + = 2 cos(ma + npf)

xmyn

|[EXAMPLE 2.28]| If z = cos 8 + i sin 8, show that z" + zin = 2cosnf and

n

1 .
z" — — = 2sinnb.
ZTL

5.Solve the equation z3 + 27 = 0

B+27=0=23=-27T=z2=(=27)73=(27%x-1)"/3

= 3(—1)1/3 = 3[CiS(T[)]1/3 = 3[cis(2km + n)]1/3,k =0,1,2
= 3cis(2k + 1),k = 0,1,2

= 3cis (g) , 3cis(m), 3cis (SFE)

6. 1f w # 1is a cube root of unity, show that the roots of the equation (z — 1)3 +

8=0are—1,1—-2w,1— 2w
(z—1)3+8=0
= (z—1)>=-8

483
= (z—1)3 = (-2)3 — 7"

7 L

=z-1=-2(1)/3=2-1=-2[1(or)  (or) ®?]

Has3

lai (z—-1=-21)=z-1=-2=z=-1

= z—1=-2w=>z=1-2w
z—1=-"2w?=z=1-2w?
Thus the roots of the equation (z—1)3 +8 =0are —1,1 — 2w, 1 — 2w?.

|[EXAMPLE 2.34/|Solve the equation z3 + 8i = 0, where z € C.
Note: 23 +8i= 0=z = (8i) /3 = z = 2(i) /3
find polar form for i and use de Moivre'theorem

[EXAMPLE 2.35]|Find all cube roots of v/3 + i.
1
Note: (\/§ + i) /3; find polar form for /3 + i and use de Moivre'theorem

7.Find the value of Y5 _ (cos% + isin %)

Letx = (1)'/9 = x = [cis(0)] /o = [cis(2kn + 0)]/9,k = 0,1,2,...,8
= x =cis(27), k=0,1,2,..8

Thus the roots are cis(0), cis ( ) cis ( :) Ccis (%n) ,CLS (8:) cis (1(;”),

121 Y 141 . 161
cis (22), cis (22, cis (27)
9 9 9

W.K.T, sum of all the roots Is equal to zero.

czs(0)+as( )+cs(9)+as(9)+as( )+c (1gn)+

, 127T+_ 147T+_ 167‘[_0
o (5) () 020 -

s () s (1) s () wets () wts ()

_ 127‘[+_ 147t+, 167t_0
ClS<9) CLS(9) ClS(9>—

:>cis(29) +as(9)+czs(9)+czs(9)+czs(12n)+
/12w - (14n ~/lém
cis (=5 + eis (57 + eis () =1
= Y8 _.cis (ZI:T) =-1

=Y, (COST + isin I:T) =-1

8. If w # 1is a cube root of unity, show that
Ml -w+w?)?+(1+w—w?)®=128
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(A +w)(1+w>)A+oH)A + w’)
WKT,|lw3=1; 1+w+w?=
(DA -w+w?)+(1+w—w?)b
=(—w—w)®+ (—w? — w?)°

= (—2w)° + (—2w?)® = 2°w® + 2°w'? = 64(w3)? + 64(w3)* = 64 + 64 = 128
()1 + w)(1 + o)1+ 01 + 0?) ... (1 + w?")

=(1+w)(1+w)(1+ wzz)(l + wzs) w (14 a)zll)

Clearly the above expression contains 12 terms,

=1+0)A+0d)A+0oHA + 0?)....12 terms

=1+ w)A+ o)1+ w1+ w?)]...6terms

=1+ w1+ w?)]®

=1+ w+ w?+ wd)

=(0+1)°

=al

L1+ e?)=1

alai _ 2\/—Cl ( 3n+8n)

= 2V2cis (=
(ii)when 6 = 3771 =» 2= 2\/501’511(22 %) cis (3?71)
= 2V2cis (— =+ 3—”)
= 2\/_CLS( ”+6”)
= 2V2cis (T)

9.I1f z = 2 — 2i, find the rotation of z by 6 radians in the counter clockwise
direction about the origin when (i)6 = g (i)8 = 2?71 (iii)0 = 3;”
z=2-2i=rcis(8) » (1)

r=Jx2+y2 =22+ (-2)2=Vd+4=V4x2=2V2

_ _ -2 T
a = tan 1|X|=tan 1|—|=—
x 2 4

Principal argument lies in the 4th quadrant 8 = —a = —%
(1) = z = 2 — 2i = 24/2Zcis (—%)
(i)when 6 = g = z = 2V/2cis (— %) cis (g)
= 2V2cis (—% + E)
= 2\/_CLS( 371”4”)
= 2V2cis (1”—2)
(ii)when 0 = = = z = 2+/2cis (— %) cis (2:)
= 2V2cis (_Z+?)

|[EXAMPLE 2.36/|Suppose z;, z, and z3 are the vertices of an equilateral triangle
inscribed in the circle |z| = 2. 1f z; = 1 + iV/3, then find z, and z;.

|z| = 2 represents the circle with centre (0,0) and radius 2.

Let A, B and C be the vertices of the given triangle. Since the vertices z,, z, and z3
form an equilateral triangle inscribed in the circle |z| = 2, the sides of this triangle

AB, BC and CA subtend Z?n radian at the origin.

We obtain z, and z; by the rotation of z; by 2?” and 4?” respectively.
Given:z; = 1 +iv/3
7 21ClS( ) (1+iV3) [cos( )+Lsm(:)]
= (1 +iv3)[cos(180 — 60) + i sin(180 — 60)]
= (1 +iv3)(— cos 60 + i sin 60)
. V3
= (1+iV3) (-3 +i%)
= -2
Z3 = Z,ClS (2?”) =-2 [cos ( . ) + i sin ( :)]
= —2[cos(180 — 60) + i sin(180 — 60)]
= —2(—cos 60 + i sin 60)

-—2(-3+1%)
=1-i/3

10.Prove that the values of Y—1 are iiz 1+90)

Let x = V-1
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=Sx=(-)/r=xt=—1=x*+1=0

= x*+2x2+1)-(2)=0

= (x2+1)%? - (\/796)2 =0

= (22 +1+V2x)(x2+1-+V2x) =0

= (x2+1+V2x)=0; (x2+1—-V2x) =0

—b + Vb2 — 4ac
2a

2+ |(VZ*) -4 () -(- \/‘)+\/( 2°)-4(D()

2(1) / 2(1)
—V2+Vv2-4 | V2+V2-4

)

X =

2 2
oy = —V21V-2 ; V2+y-2

2 2
—V2+V2i2 V2+V2i2
= X = :

)

2 2
—V/2+v2i V24420
= x = . ; .

=x="20+0; 2+
1 !
=>X—i\/—§(1il)

lal . —1+iV3 —-1-i3
fr?.“'l'he cube roots of unity 1, w, w? arel, J;h/_, /3

2

|[EXAMPLE 2. 33| Find the fourth roots of unity.
letz* =1 = z = (1)"/4 = [cis(0)] /4
= 7z = [cis(2kr + 0)] /4, k = 0,1,2,3
:>Z—ClS( T) k=0,123

= z = cis(0), CLS( ) czs( n) cis (%n)

= z = cis(0), cis (E) ,cis(m), cis (3—n)
— z =cos0+isin0,cos (g) + isin( ) cos(m) + isin(m), cos( ) + isin (3:)
=z=1i—-1,—i
= The fourth roots of unity 1, w, w?, w3 are 1,i,—1, —i.

|[EXAMPLE 2. 32| Find the cube roots of unity.
letz3 =1 = z = (1)'/3 = [cis(0)]/3
= z = [cis(2km + 0)]/3,k = 0,1,2
=>Z_CLS( :n) k=0,1,2
= z = cis(0), ClS( ) ClS( n)
= z = cis(0),cis (n — 5) cis (n + g)

= z=cos0+isin0, cos(n—g)+Lsm(7t—§),cos(n+§)+isin(n+§)

.y MU
= z=1,—cos=+isin=,—cos~—isin=
3 3 3 3

1 .v3 1, .43 -1+ivV/3 —-1-iV3
$Z=1,—E+l7,—z+l7ﬁz=1, > , >

1.Prove that the multiplicative inverse of a non- zero complex number z = x + iy

sz = (xZ:yZ) 5 i(_ xziyz)

PROOF:

Let z! = u + iv be the inverse of z = x + iy
WKT,zzl=1=((x+iy)(u+iv) =1

= (xu—yv) +i(xv+yu) =1+i0

Equating the Real and Imaginary parts on both sides,
xu—yv=1->1); xv+yu=0-(2)

-y 1 - b
=xt4yhibe= |y = wae |y
Au X A]; _ -y

A x24y?’
L - _ X .
zl=u+w=>21=( )+l(— Y )

x2+y2 x2+y2

2.For any two complex numbers z, and z, prove thatz, +z, =7; + Z,
PROOF:
letzy =a+ibandz, =c+id,ab,c,d ER
7z, +2, = (a+1b) + (c +1d)
=(@a+c)+ub+d)
=(a+c)—i(b+d)
=(a—ib) + (c —id)
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=72, t7;

3.Prove thatz;.Z, = Z;.Z, wherea,b,c,d € R.
PROOF:
letz; =a+ibandz, =c+id,ab,c,d ER
Z,-Z2, = (a +1b)(c +1d)

= (ac — bd) + 1(ad + bc)

= (ac — bd) —i(ad + bc) - (1)
Z1.Z, = a+1b.c +1d

= (a—ib)(c —id)

= (ac — bd) —i(ad + bc) - (2)
From (1) and (2),Z;.2, = Z;. 7,

IBROOF:

212, = (212,)(2127)
= (21)(22)(21) (Z2)
= (2121)(2223)
= |Z1|2|Zz|2
Taking square root on both sides,

4.Prove that z is purely imaginary ifand only if z = —z
PROOF:
letz=x+iy=>zZ=x—1y
z=—ZzZSx+iy=—(x—1iy)
Sx+iy=—x+iy
=2x=0
=Sx=0
& z is purely imaginary

12925| = 124]12,]
7.1f z = r(cos 0 + i sin Q) then prove that z™! = 1 (cos@ —isin0)

r
PROOF:

z=r(cosf +isinfh)
1

r(cos 8+isin )
1 1 cosf—isin@

r cos f+isin@ cosO—isinf
1 cosfO-isin®@

r cos260+sin26

=%(cost9—isin9)

5.State and prove triangle inequality of two complex numbers (or)
For any two complex numbers z; and z, prove that |z; + z,| < |z4]| + |z,|
PROOF:
121 + 2,17 = (21 + 2,) (21 + 2,)
= (21 + 22)(Z; + 73)
= 2171 + (2123 + 21 2;) + 2,7,
=217, + (212, + 2,2;) + 2,7, (vZ=12)
|z|? + 2Re(z,2;) + | 2,|? (- z+ Z = 2Re(2))
2117 + 2|2, 23| + |2,]? ( Re(z) < |z])
2117 + 2]z, []2,] + 12,17 (v 2175 = 71.7; &|z| = |Z])
= (lz1] + 12,1)?
Taking square root on both sides,
1z, + 2,]* < |z4] + |2,|

(v zz = |z|?)
(w21 +2, =721 +7)

8.If zy =r{(cos@, +isinb,),z, = r,(cos O, + isin0O,) then

Z1Z, = T1T3[cos(0, + 0,) + isin(6; + 0,)]

PROOF:

717, = [r;(cos B, + isin6;)][r,(cos B, + isinb,)]
= r,1,[(cos B, cos B8, — sin B, sinB,) + i(sin O, cos B, + cos b, sinG,)]
= ry1y[cos(6; + 6,) +isin(6; + 6,)]

9.If z; =1r,(cosB +isinb,),z, =1r,(cosB, +isinb,) then
Z1 r1

== [cos(B; — 0;) + isin(6; — 6,)]
2 2
PROOF:

zy _ 11(cosB;+isinb,)

Zy 15(cos 6,+isin 6;)
ry cosB@i+isinf;  cosBO,—isinf,

r, cos@,+isinf,  cosB,—isinb,
1 (cos B cosB,+sin O, sin 6,)+i(sin 84 cos 8,—cos 04 sin 6,)

T c0s2(0,)+sin2(0,)

= :—1[cos(91 —6,) +isin(8; — 6,)]
2

6.For any two complex numbers z,; and z, prove that |z,Z,| = |z4||Z,|
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