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CHAPTER

APPLICATION OF
MATRICES AND
DETERMINANTS

y| MUST KNOW DEFINITIONS [N

If |A |# 0, then A is a non-singular matrix and if y |A| = 0, then A is a singular matrix.

The adjoint matrix of A is defined as the transpose of the matrix of co-factors of A (adj A).

If AB=BA =1, then the matrix B is called an inverse of A.

If a square matrix has an inverse, then it is unique.

A~ exists if and only if A is non-singular.

Singular matrix has no inverse.

If A is non — singular and AB = AC, then B = C (left cancellation law).

If A is non — singular and BA = CA then B = C (Right cancellation law).

If A and B are any two non-singular square matrices of order n, then adj (AB) = (adj B) (adj A)
A square matrix A is called orthogonal if AAT=ATA=1

Two matrices A and B of same order are said to the equivalent if one can be obtained from the other

by the applications of elementary transformations (A~B). :

R T I T I TR

+

A non — zero matrix is in a row - echelon form if all zero rows occur as bottom rows of the matrix |

and if the first non — zero element in any lower row occurs to the right of the first non — zero entry 1

in the higher row.

+ The rank of a matrix A is defined as the order of a highest order non — vanishing minor of the matrix
Alp(A)]

+ The rank of a non — zero matrix is equal to the number of non — zero rows in a row — echelon form 1
of the matrix. |

+  An elementary matrix is a matrix which is obtained from an identity matrix by applying only one |

elementary transformation. Every non-singular matrix can be transformed to an identity matrix by 1

a sequence of elementary row operations.

+ Asystem of linear equations having atleast one solution is said to be consistent.

+ A system of linear equations having no solutions is said to be inconsistent.
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y| IMPORTAN T FORMULA TO REMEMBER |\ 1

+ Co—factorofa,is A, =(-1) i*j M, where M, is the minor of aij
+ For every square matrix A of order n, A (adj A) = (adj A)A=|A|,
AAT=ATA =T
+ IfAisnon— Siilgular then
: A=
»H AT | A|
(i) (AD)'=@ANHT

(iii)) (A= Y A~! where A is a non — zero scalar.
Reversal law for inverses :
+ (AB)!'=B" A where A, B are non — singular matrices of same order.
Law of double inverse :
+ IfAis non - singular, A™! is also non — singular and (A™')"! = A.

+ If Ais anon - singular square matrix of order », then

O (i Ay =adi (A= 1A
(i) adj A[=]AP"
(i) adj (adj A)=|A""2A
(iv) adj (M) =A""'adj (A) where A is a non — zero scalar
™) ladj (adj A)|=[A[" D"
(vi)  (adj A)T=adj (AT)

If a matrix contains at least one non — zero element, then p(a) > 1.
The rank of identity matrix [ is n.

If Ais an m x nmatrix then p(A) <min { m, n}.

A square matrix A of order 7 is invertible if and only if p(A) = n.

Transforming a non-singular matrix A to the form I
— Jordan method.

by applying row operations is called Gauss

n’

Matrix — Inversion method :

+ The solution for AX = B is X = A™! B where A and B are square matrices of same order and
non — singular

Cramer’s Rule :

A, A,
X, = T, X, = o

+ IfA=0, Cramer’s rule cannot be applied x, = 2T A NG T A

~1
A 2
Gaussian Elimination method :

Transform the augmented matrix of the system of linear equations into row — echelon form and then

solve by back substitution method.
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Rouches capelli Theorem :
A system of equations AX = B is consistent if and if p(A) = p([A|B])

(i) Ifp(A)=p([AB])=n, the number of unknowns, then the system is consistent and has a unique
solution.

(1) If p(A) = p(J[AB]) ==n — k , k # 0 their the system is consistent and has infinitely many:
solutions.

(iii) If p(A) # p([A|B]), then the system is inconsistent and has no solution.
Homogeneous system of linear equations :

(1) If p(A) = p([A|B]) = n, their the system has a unique solution which is the trivial solution for
trivial solution, |A| # 0

(i) If p(A) =p([A|O]) <n, the system has a non — trivial solution.
For non — trivial solution, |A| = 0.

+ Al=z ;-ade
A

?
EXERCISE 1.1 - 231
9 i) |3 4 1
1. Find the adjoint of the following : : 3 7 2
3 4 231 : 231
. ™ 1
@) [6 2] G) (3 4 1 | LetA = |3 4 1
37 2 |
2 1 : 372
1
i) L2 1 2 | +4 1H3 1+3 4‘
1 -2 2 ! 72713 2 37
! 3R 3
sol. (i) [_3 4} : adi A = [—|7 2| "3 2|3 7
6 3 -3 4 : 300 21 23
LetA = | + +
6 2 . 4 11314 |3 4
1 r T
adi A - (é —;1) | +(8-7)-(6-3) +(21-12)
[Interchange the elements in the leading | = | ~(6-7)+(4-3)-(14-9)
diagonal and change the sign of the elements in | +(3—4) —(2—3)+(8—9)
off diagonal] ! - | —3  oT
: = 1 1 -5
! -1 1 -
1 [ 1 1 -1
1
I adj A = [-3 1 1
: 9 -5 —1
! L
¢
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2 21
(iii) %—2 1 2
1 2 2
2 2 1 1
LetA =|-2 1 2 andk=§
1 -2 2
Since adj (AA)=A""!(adj A)
|, 2 2 1 1\
we get adj 5—2 12 =(§)
1 -2 2
(2 2 1)

adi L—z 1 2J
-2 1

.. Required adjoint matrix

1 2 2 2 -2
-2 2 1 2 1
| 12 2 1] 2
) -2 2 12 1
2 1‘ ‘2 1‘ 2
+ - +
I 2 -2 2 -2
R R (4-1]
=3 - (4+2)+ (4-1) + (-4-2)
(+(4-1) —(4+2)+ (2+4)
— T _
D I N (A s
=5 |6 36|73 -
| 3 -6 6 3.6 6
[2 2 1]
3
== 12 1 =2
9
1 2 2]
[Taking 3 common from each entry]
. (2 2 1]
=—12 1 =2
3 1 2 2

2. Find the inverse (if it exists) of the following

(@)

(iii)

orders@surabooks.com

W W N

[—2

1

N A W

4 oo
S| @

DN ek

511
1 51
115

=6-4=2
_3‘ 6 =0

Since A is non — singular, A" exists

adj A

N

[Inter change the entries in leading diagonal and
change the sign of elements in the off diagonal]

sof -2 4
ol. () 1 -3
LetA -2 4
t =
© 13
Ao |m
A= |
1
A—l -
Al
-3
Now, adj A = {1
1
S
e 1
511
(i) 1 51
1 15
51
LetA= |1 5
11
Expending along R,
51
A= 5|
5

-3 -4
-1 =2
1
1
5
11 1 5
-1 +1
1 5 1 1

5025-1)-1(5-1)+1(1-5)
501 +1(4)
120-4-4=120-8=112%0

Since A is non singular, A~! exists.

adj A =

r T

+51‘11 15‘
15

T+
+;a\f:H ]
[+(25-1)- +(1-5)T
5-1)+

B 53+<‘ ﬂés )
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24 —4 41" 24 —4 —4 T 1 1 -1
=|-4 24 4| = |4 24 4 : adf A = | -3 1 1
4 —4 24 —4 —4 24 | 9 -5 -1
1
Taking 4 common from every entry we get,
8 ey e s : Now, Al = = adj A
6 -1 -1 | |A]
adj A=4|-1 6 -1 ! A
L= Al =~ |3 11
-1 -1 6 6 1 -1 ! 2 3
| . -1 - ! 9 -5 -1
SATl=—adj A= ——=4|-1 6 -1 !
A 112 L ! coso. 0 sino
| 6 -1 -1 : IfF (o) = 0 1 0
- -1 6 -1 | —sinoc 0 coso
1
-1 -1 6 - Show that= F(0)™' = F(- o)
1
2 3 1 | cosa. 0 sino
Gii) |3 4 1 | Sol. Given F (o) = 0 1 0].
3 7 2 : —sino. 0 cosa
23 1 : Expanding along R, we get,
1
LetA = |3 4 1 | 0 1
3 7 2 ! [F(a)| = cos a 0 oc‘0+5ina—sin(x 0
Expanding along R, we get, |
_ )+ < ta
) 41 31 3 4 ! cos o (cos — 0) + sin o ( 0 + sin )
Al = 27 2_33 2+13 7 ! =cos?+sinfa=1#0
= 2 (8—7)—3 (6-3)"’ 1 (21 - 12) : Since F (OC) s a non—singular matrix, [F(O(,)]il
| exists.
= 2(1)-33)+10
(D-36)+ 4 . Now,adj (F(ov)=
= 2-g+9 =220 ! - n
Since A is a non-singular matrix, A~! exists : " o _ 0 0 0 1
a1l B o1l B oal” ! 0 cosal [sino cosq |—sino O
+7 2_‘3 b ‘3 7 | 0 sino| |cosa sina | [coso 0
311l ko3 | 0 coso| |-sina coscf [sino O
ad_] A = - + — 1 . .
7 92713 2| B 7 | +0 sinoy |cosa s1n0c+cosoc 0
s 1 b i 3 Lo 0 0 0 1
+ H + ‘ | .
L4 1B 13 4] | +(cosa—0) -(0) + (0+sina)
— T 1
WE-7)-(6-3+@-12)] 12| 0)  s(eorarsita) - (0)
= | —(6-7)+(4-3)+(14-9)| +(0—sina)  —(0) +(cos—0)
1 _
+(3_4)+(2_3)+(8_9) ! cosaa 0 +sina cosaa 0 —sina
r1 -3 o]" ! =0 1 0 =0 1 0
- 11 =5 : —sina 0 cosa +sinoe 0 cosa |
1
-1 1 -1 : “ Fla)! = adj
L s j (F(a))
é |F(oc)|
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cosaa 0 —sina
0 1 0

+sinac 0 cosa

[F(2)]"

[cosaa 0 —sina
= 0 1 0

+sinac 0 cosa

e

[ cos (o) 0 sin (—a)
0 1 0

| —sin (—a) 0 cos (—a)

Now, F(— o)

[cosaa 0 —sina
= 0 1 0

sinoo. 0 cosa

['.- cosois an even function, cos (—0t) = cos o and
sin ¢ is an odd function, sin (—ot) = —sino]
From (1) and (2)

[F@)]' = F(-a)

Hence proved.

5
If A=|:
-1

Hence find A~

. 5 3

. Given A= [_1 _2}

A2:[5 3” 5 3}:{25—3 15—6}
-1 2] |-1 2 -5+2 -3+4
22 9

5]

S A2 -3A-TL

22 9 5 3 I 0

Sl

22-15-7 9-9+0 0 0

[—3+3+0 1+6—7}:{0 0}:02

Hence proved.

W AZ-3A-TL= 0

3
_2] , show that A? - 3A — 71, = 0,.

Post — multiplying by A~ we get,

A2 AT -3AA - 7L, A1=0.A"

= AMAA)-3(AAT)-T(AT)=0
[-L,A'=A"and | (0)A" =0]

= AI-31-7A1=0 [AAT =]

orders@surabooks.com

LR el e

o

Sol.

= Al-3I=7A"
1
“l= = [A-31] [

- A= Al=A]
i Lo 53]t o
= 77 =1 2| 7o 1
i 1] 573 3-0)_1f 23
. _1 _1
7l-1-0 —2-3| 7[-1 -5
1[2 3
SAT= =
71-1 =5
8 1 4
IfA=—| 4 4 7|, provethatA'=AT,
1 -8 4
1”—8 1 4
Given A = 5 4 4 7
1 8 4
1'—8 4 1
AT = =1 4 -8
9
4 7 4
1
We know that (AA)™ = X'A 1
8 1 47"
| L [-8 1 47
A1=§44Z =1 4 47
9l 1 -8 4
1
where?»=§
8 1 4
A1'=9B!'whereB=| 4 4 7 (2
1 -8 4
47| 4T e 4
Now, [BI==81 ¢ 471 4" "I 8
= 8(16+56)—1(16—7)+4(-32-4)
= 8(72) -1 (9) +4 (- 36)=—576-9 —144
=729
(4 7 |4 7 44 T
+
-8 4
aij:_14 -8 4 |8 1
-8 4
+

PH: 9600175757 / 8124201000 / 8124301000
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Sol.

[ +(16+56)—(16-7)+(-32-4)

( _
=| —(4+32)+(-32-4)+(64-1)

| +(7-16)— (=56 -16)+(-32 - 4)

[ 72 -9 -36] [ 72 -36 -9
=|-36 -36 -63|=|-9 =36 72
| -9 72 36 -36 —63 -36
8 —4 -1
—9|-1 -4 +8
-4 -7 -4
| 8 -4 -1
Bflz_ : :__ — —4 48
B Y B 79
- 7 —4
| 8 4 1
_— 4 -8
81
4
Substituting this in (2) we get,
-8 4 1 1—8 4 1
4 7 4 4 7 4
From (1) and (3) we get,

AT :A—l
8 4

If A = s 30’ verify that A(adj A) =

(adj A) A= |A| L.

Given A =

=)

a3
A= 15 g

[Interchange the elements in the leading diagonal
and change the sign of the elements in the off

diagonal]
Al = 24-20=4
~Adj A) = [8 _4}{3 4}
-5 3|5 8
[24-20 32-327 [4 0
_{—15+15 —20+z4}_{0 4}

‘ 3 4|8 -4
(adj A) (A) = [5 8}[_5 3}

orders@surabooks.com

4
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
[}
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
¢

C[24-20 -12+12] T[4 0 ,
“140-40 —20+24| |0 4 ()
A oall O]+ 0 \
AL=410 1170 4 ~(3)

From (1), (2) and (3), it is proved that
AadjA) = (adj A)A=IAlL

3
7. IfA=[
7

2 -1 3
and B = verify that
5 5 2

(AB)! =B1AL

Sol. Given A=

{3
AB=
7

|AB| =
Al =
Bl =

(AB)! =
Al =

A BTAT =

32 -1 -3
{7 s}andB:{s 2}
2}[_1 _3} {—3+10 —9+4}
s5lls 2 —7+25 -21+10
s il
18 -11
—77+90=13#0 = (AB)! exists

15-14=1#0= A exists
2+15=13#0= B! exists

R C1(-11s
B adj (AB)= | o - [.(D)

L g (23
B CI B =15l o

ﬁ(ade)

(5 =2) (5 =2
I(—7 3}2(—7 3)
1(2 3)5 =2
E(—s —1)(—7 3]
1(10-21 —4+9
E[—25+7 10—3}

(115
T 13\-18 7 ~(2)

From (1) or (2) it is prove that

(AB)' =

B1A
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2 4 2 ! 0 -2 0
8. Ifadj(A)=|-3 12 -7|,find A. 1 9. Ifadj(A)=| 6 2 -6/, findA.
2 0 2 : -3 0 6
2 -4 2 \ 0 -2 0
. . _ _ _ I
Sol. Givenadj A= j 102 27 ' Sol. Givenadj (A)= | 6 2 -6
! -3 10 6
1 - .
We know that A = + adj (adj A) ..(1) 1 We know that A™! = + — (adjA) ..(1)
fadi] j (adj A) ..(]) | fadia]
1 -
_ 2 -7 3 3 12 | ladj A| = o+2‘6 %10
ladj AI=210 5% 2772 o ! i
! [Expanded along R, ]
[Expanded along Rl] | — 2(36—18):2(18):36
= 2(24-0)+4(—6-14)+2(0+24) : 0 o
= 2024)+4(-20)+2(24)=48 —80+48 | 1 1 _2
~ 96-80=16 | AT = 2R -
Now, adj (adj A) I = 06
_ _ 1 _
iz -7 7,3 12 ! ! 1 2 22 06
o T2 22 o - - *% -
! 3 0 6
-4 —4 !
B 0 22 22 o \ 101
LI ‘ ‘ ‘ ‘ ‘ ' 10. Find adj (adj (A)) ifadjA=| 0 2 0].
1
12 -7 -7 -1 0 1
: I 1 0 1
[+(24-0)-(-6-14)+(0+24) | Sol. GivenadjA=|0 2 0
1
= [-(-8-0)+ (4+4)—(0—8) ! -1 0 1
r T
+(28-24)—(~14+6)+(24-12) : 2 OHO OHO 2‘
24 20 241 [24 8 4 : O I =1 1 =10
_ ! 01 |1 1|1 o
= =12 o
8 8 8 08 8 . Now adj(adj A) = o IH—I IH—I 0‘
4 8 12 24 8 12 |
= 1
\) S
1
1
T
6 2 3 ! +(2-0) -0 +(0+2)]" 0 2
Substituting (2) and (3) in (1) we get, b= -0 +(+1) —(0) | 5|0 20
1 6 2 1 ! +(0-2) —(0) +(2-0) -2 0 2
1
A =+—45 22 _
Tis ! 2 0 -2
6 2 3 : adj (adj A) 02 0
) 6 2 1 6 2 1 ! 2.0 2
A=%715 2 21=%5 22 ;
6 2 3 6 2 3 :
¢
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Hence proved.

12. Find the matrix A for which
5 3 14 7
A = .
-1 2 7 7

5 3 14 7
Sol. Given A -1 =2 = 7 7

L4

1 tanx I

11. A= , show that .
—tan x 1 |

1

AT AT — cos2x —sin2x . :
sin2x cos2x :

1 tan x |

Sol. Given A = —tanx 1 :
1

|A| = 1+ tan’® x !

1

1 . !

S A= —adjA I

Al !

_ 1 1 —tanx :

 l+tan?x[tanx 1 |

[Interchange the elements in the leading :
diagonal and change the sign of elements in the |
off diagonal] I
1 —tanx !

AT — 1

tan x 1 :

o AT AT :
1

1 —tanx 1 1 —tanx :
~ltanx 111+ tan? x| tanx 1 :
1

1 1 —tanx 1 —tanx :

"~ 1+tan’ x| tanx 1| tanx 1 !
1 l—tan’x —tanx—tanx :

= 1
1+ tan? x| tan x + tan x —tan® x+1 1

1

l—tan’x —2tanx :
_|1+tan’*x 1+tan’x :
2tan x 1—tan’ x :
l+tan’x 1+tan’x :
cos2x —sin2x :

TA-1 — 1
ATAT = sin2x  cos2x |
2 1

o sin2x = 2ta—n;c and cos2x = Hizx :
1+tan” x l+tan“x | 1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

é
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5 3
LetB = -1 =2

14 7
C=17 7

} and

L AB =
Post multiply by B~ we get
A(BB) =CB"
A = CB™! [ BB!'=1]
5 3
Bl = ‘_1 _2‘
=-10+3=-7=0
exists

-~ B!

i —1|-2
B*1=|B| adj B = 7| 4

IAX =

1 -1 3
13. Given A = [ ], B =[

|
-

2 1 -3
1 1} 1 5}
[—4+1 —6+5

| 2+1 —3+5}:{

B

2 0

-3
-1

1

N

-2 d
1 an

C= [; ;],ﬁnd a matrix X such that AXB =C.

RO R O R _{1 1}
Sol. Given =1, 0,B—1 landC— )

Also,AXB =C
Premultiply by A™! we get,
(ATA)XB =A' C

=

XB =A"1lC.

Post Multiply by B~ we get

(XB)B! =(A"' C)B"!
X =(A1C)B!

[.'.

ATA=T]
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’
1 -1 T
Al :‘2 0‘ =0+2=2%0 ! (0-1) —(0-1) +(1-0)
| . ! —|-(0-1) +(0-1) —(0-1)
R ST B #(1-0) ~(0-1) +(0-1)
22 1 1 .
3 ! -1 1 1 -1 1
|B|=‘ 1‘=3+2=5 =0 I =11 -1 1 =11 -1
1 : T - 1o
- B! =74l B 2 !
.. - B 3 : 1 1 1
. | LA = AR ..(1)
ety .
2 1
[ 0+2 042 : 0 T 1o 11
S 2242 242 ! NowA? = |1 0 1/{1 0 1
1
:2{ } [0 o} : 0+1+1 0+0+1 0+1+0] [2 1 1]
| —[0+0+1 1+0+1 14+0+0|—[1 2 1
{ } : 0+14+0 1+0+0 1+1+0| |1 1 2
X =Z(A1C).B! ! 21 1] [1 o o]
1
1o 1 2] 1 1-1 243 ! A?-31 =|1 2 1[=3]0 1 0
1o o|s|-1 3] " 5l0+0 0+0 ! 11 2] |00 1]
1[0 s (5)01 01 ! 23 1=0 1-0} [
=500 0] =50 0|70 0 N N
01 , 1-0 1-0 2-3 1
X —{0 0} | From (1) and (2), 1tlsprovec1thatA1——[A2 31]
1
01 1 |15, Decrypt the received encoded message
1 : [2 -3] [20 4] with the encryption matrix
14. IfA=|1 0 1|,showthatA!l=—(A2-3I) , 1 -1
2 i . .
110 X [ ) 1:|and the decryption matrix as
1
01 1 | its inverse, where the system of codes are
. 11 01 1 described by the numbers 1 — 26 to the letters
sol. Given 4 L1 0 | A — Z respectively, and the number 0 to a
! blank space.
1 1+11 0 I . . -1 -1
Al =0-11 ol 'Ii 1 E Sol. Let the encryption matrix be A = 1
= 1(0-D+1(1-0)=1+1=2, Al = —1+2=1+#0
1
s 4T
o1 [t 1 o ! 1 TR o
- + ! SAT=0a1adj A = = =
‘1 0‘ ‘1 0‘ I 1‘ : Al 29 1[-2 -1} [_2 -1}
A ‘1 1‘ ‘0 1‘ ‘0 1‘ : Lo
ag A = | - + - I Hence the decryption matrix is
10 |1 o |11 | [_2 _J
11 0 1 0 1 I
+ - + I
0 1 11 1 0 I
- - 1
é
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Coded . -1 3
r Decoding Decoded row matri i
OVV. T ecoae OW matrix (ll) 4 -7
matrix
3 4
1 1
[2 —3] ) | =[2+6 2+3]=[8 5] -1 3
i LetA = | 4 _7
1 1 3 4
[20 4] 2 =[20-820-4]=[12 16] A is a matrix of order 3 x 2
s p(A)<min (3,2)=2

So, the sequence of decoded row matrices is

[8 5],[ 12 16]

Now the 8" English alphabet is H.

5t English alphabet is E.

12" English alphabet is L.

and the 16" English alphabet is P.

Thus the receiver reads the message as “HELP”.

EXERCISE 1.2

Find the rank of the following matrices by
minor method:

_ -1 3
. 2 _4 .o 4 7
® 1, 5, (ii)
3 3 4
1 =2 -1 0
@3 6 31
1 2 3 0121
Gv) |2 4 6| (vy |0 2 4 3
5 1 -1 8 1 0 2
soL (i 2 4
ol. (i) 1 3
2 4
LetA = [ }
-1 2

A is a matrix of order 2 x 2
Sop(A)<min (2,2)=2
The highest order of minor of A is 2

Itis |2 Y = 4-4=0

So, p(A) <2

Next consider the minor of order 1 [2|=2#0
spA) =1

orders@surabooks.com

L T T T T T T T T T T T I I I

The highest order of minor of A is 2

lis |, T = 7-12=-5#0
SpA) = 2.
1 22 -1 0
R P

I -2 -1 0
LetA = L 6 -3 1}
A is a matrix of order (2 x 4)
Sop(A)<min (2,4)=2
The highest order of minor of A is 2

Itis| 2 =-6+6=0
3 —
Also, | 0‘ — _1+0=—1%#0.
31
SLp(A) = 2.
2 3
vy |2 4 -6
5 1 -1 o L, .
LetA =1{2 4 -6
5 1 -1

A is a matrix of order 3 x 3
S p(A)<min (3,3)=3
The highest order of minor of A is 3.

1 -2 3
ttish 4 —g=1/* Yo 5P 4
I -1 -1 51

5 1 -1
[Expanded along R, ]

=1(-4+6)+2(-2+30)+3((2-20)

=1(2)+2(28)+3(-18)

=2+56-54=58-54=4%0
Sop(A) = 3.
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012 1 T The last equivalent matrix is in row echelon form
it has t -
) 02 4 3 ! it has two non-zero rows
8 1 0 2 L PAY=2
01 2 1 ! 1 2 -1
LetA =0 2 4 3 ! 3 -1 2
8 1 0 2 ),
A is a matrix of order 3 x 4 | 1 -1 1
s p(A)<min (3,4)=3 I 1 2 -1
The highest order of minor of A is 3 | 3 -1 2
. LetA =
01 2 X 1 2 3
Itis [0 2 4 =0+0-814-4)=0 I -1
8 1 0 : 1 2 -1] R,>R,3R, [l 2 -1
[Expanded along C, ] : A= 3. -1 2 R;>R,-R, 0 -7 5
0 2 )1 : 1 2 3 R,—>R,—R, 0 4 4
Also, [0 4 3| =0+0-8|, 3‘ : ' 0 3 2
8 0 | 1 2 -1
[Expanded along C,] , R,>R, =4 [0 -7 5
=—8(6-4)=-812)=-16#0 | 0 -1 1
S p(A) =3 ! 0 3 2
2. Find the rank of the following matrices by ! N
. 1 1 2 -1
row reduction method : ]
B 1 2 _1 1 R4_>R4—3R3 0 —7 5
1 11 3 - : 0 -1 1
i |2 -1 3 4 (ii) \ 0 0 -1
1 2 X -
-1 7 11 X 12 -1
- 3 85 2 1 -1 | R,»7R,-R, |0 -7 5
B : 0 0 2
(iii) 2 51 4 I 0 0 -1
. L ]
-1 2 3 2 1 M1 2 =1
- 1
11 3 ! R,>2R,~R, [0 -7 5
. 1 0o 0 2
Sol. (i) 2 -1 3 4 ! 0 0 o
=/ 11-_ | The last equivalent matrix is in row echelon form
1 1 1 3 1 It has three non-zero rows.
1
LetA = |2 713 4 L p(A)=3
5 -1 7 11
- : 3 -85 2
11103 111 37, T
A=|2 -1 3 4| R2RR Fy 5 5] (iii) B
5 -1 7 11 5 -1 7 11 : -1 23 2
1 11 3 ! 385 2
RiOR;—S5RI [ 4 : LetA = | 2 -5 1 4
0 -6 2 —4 | -1 23 -2
! -1 23 =2
1 1.1 3 1
R;—>R,—2R> 0 -3 1 =2 : Aﬂ) 2 -5 1 4
é
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-1 2 3 =2 —
R,—>R,+2R, 0 L7 o0 1 1 0
% —_ .0 _
R, >R, 3R, (i) 1 0 -1
0 2 14 —4 6 -2 -3 o
ReRy |1 232 -
3R5 0 -1 7 o0 LetA = I 0 -1
0 -1 7 =2 6 -2 3
1 2 3 -2 Applying Gauss — Jordan method, we get
R;—>R;—R, 0 -1 7 o0
% —
1 -1 01 0 O
0 0 0 2

The last equivalent matrix is in row-echelon

form. It has three non-zero rows.

Sop(A)=3

3. Find the inverse of each of the following by

Gauss — Jordan method :

a1 1 -1 0
(i) 5 _2} Ggi) (1 0 -1
- 6 -2 -3
1 2 3
GGii) (2 5 3
11 0 8
. 2 -1
Sol. (i) 5 _2}
2 -1
LetA = {5 _2}

Applying Gauss — Jordan method, we get

2 11 0
[AIL] :{5 —2‘0 1}

11 ]
RI—)R1+2 1 —EE 0
— =
5 -2(0 1)
LY I
R,—R,-5R, 212
o 13
~ 21 2
R,—>R,x2 1 L)1 0
N B
e A AN 21 2
_0 -5 2
1 _
Rl—>R1+£R2 1 o0l—2 1
_— =
0 1‘—5 2
-2 1
S WegetA' =] o 5

orders@surabooks.com

4
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
[}
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
¢

[AL]=[1 0 10 1 0
6 -2 =30 0 1

-1 0100
RoRR Sl 1 =11 1 0
6 -2 =310 0 1
1 -1 o100
R,—>R,-6R, 0 -1 1 o
0 4 36 0 1
(1 =1 o1 0 0
CRoORR Lo 1 -1 10
0 0 12 41
(10 <110 10
m 0 1 =1/-1 1 1
00 12 -4 1
1 0 o-2 =31
ML) 0 1 _1_1 1 1
00 12 —4 1
1 0 0-2 =3 1
m 01 0-3 =3 1
0 0 1-2 -4 1
-2 3 1
So,wegetAl=|-3 -3 1
2 41
2 3
i) |2 5 3
1 0 8 1 23
LetA = |2 5 3
0 8

Applying Gauss Jordan method, we get
1 2 311 00

[AL] = 2 5 30 1 0
1 0 80 0 1
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RomR=2R 5 311000 ! 2.5
R3_>R3_Rl 510 1 =3|-2 10 : |A| = 1 2 = 4 - 5 = — 1 #* 0
0 -2 5-10 1 | 1 1 T2 =5
N e T - =
g |10 o0 ! "A_|A|adJA_—1{—1 2}
—R,+ _
TS 500 1 <32 100 ! o5
0 -2 5-10 1 - =11
1 L
10 80 01 ! 2 5|2
_RORR Lo 1 32 1 0 : ~X=ATB =
! 1 23
00 —-1-5 2 1 -
. | 4—15} {—11}
10 80 0 1 1 = =
- —2+6 4
CR2RTBR 1o 1 03 s 3 | -
0 0 -1]-5 2 1 | .. Solution set is {—11, 4}.
(10 040 16 9 ' i) 2x—y=83x+2y=-2
~RORAR 1o 1 0 13 5 3 | @ &I y
! The matrix form of the system is
00 -11-5 2 1 1
| ' Sl - [
0 0[-40 16 9 ! _ }
_RORXED L1 1 o] 13 o5 -3 | 3 2]y |2
001 5 =2 -1 | 2 -1
1 L
So,wegetA'=| 13 -5 -3 ! fq
5 2 -1 ! B = —2}
! L
1
- A-l
EXERCISE 1.3 L X - AB
WY @ ' 2 -1
1. Solve the following system of linear equations: Now, |A| = L 2} = 4+3=7
by matrix inversion method. | 1
(i) 2x+5y=-2,x+2p=-3 ! LA = Nade
(i) 2x-y=8,3x+2y=-2 | T2 1
(iii)) 2x+3y-z=9,x+y+z=9,3x-y-z=-1 = 7{_3 2}
(iv) x+y+z-2=0,6x—4y+57-31=0, ' T2 1T s
_ | -
| Sxt2p+2=1. ! ~X=AB = 7{_3 2}{_2}
Sol. (i) 2x+5y=-2,x+2y=-3 ! 17 16-2
The matrix form of the system is | = 7| 24_4
! 14
(30 -3 e
1 2)ly) T =3 | =7 = = |_
: 7128 —_28 4
= AX =B where ! 7
I . —_— —
2 5 , ' Lx=2,y = -4
1
A =11 > ,BZ(_J, | Hence, the solution set is {2, — 4}
1
1
X 1
X [;VJ !
1
= X =A'B l
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i — —_ - p— — —_— '
(iii) 2x+3y-z=9,x+y+z=9, Ix-y—z 1.I 0+36—4 32 2
The matrix form of the system is | - —| 36+9+3|_-—|48| =13
> 3 11y "9 : —36+99+1 64 4
1
Lo Tyl = |9 ! S x=2,y=3,z=4
3 -1 -1 -1
z - : <. Solution set is {2, 3, 4}
2 3 -1 !
{11 ! (iv) x+y+z—2=0,6x—-4y+57-31=0,
= AX =B whereA = s 1, ! Sx+2y+27=13
L= I The matrix form of the system is
X 9 !
. ! 1 1]« 2
X: y andB = 4 : 6 _4 5 y _ 31
z L
: 5 2 z 13
= X = A'B .
1 1 1 1
2 5 ! 6 -4 5
1 _ Yy .
|A|=1 1 1:2‘1 1‘_3‘1 1‘_1‘ 1 : AX =B where A = . 5 ,
SRR | B | R I -1
[Expanded along R, ] : X 2
1
_ _ |31
2 (C1+1)-3(1-3)-1(-1-3) ! X=17.B .
1 z
=0-3(-4=12+4=16. ) ! - < - Aip
(S [ R [ § B | !
+ - + !
-1 -1 3 -1 3 -1 : 1 1 1
a3 s ! A= l6 4 5:1“4 5‘_1‘6 5‘+1‘6 _4‘
! -1 -1 3 -1 [3 -1 : 5 22 22 b2k 2
1
‘3 —1‘ -y 2 3‘ P=1(-8-10)—1(12-25)+ 1 (12 +20)
L S 18— 1 (- 13)+ 1 (22) =— 18+ 13+ 32=27
_ 1
+(-1+1) =(-1-3) +(=1-3)] ! 4 5‘ 6 5| 6 _4“T
+ - +
—|-(-3-1) +(2+3) —(-2-9) ! 22 52 5 2
3+ =(2+1) +(2-3) : A IR T T T T
a =| - + -
1
-4 1 11 4 1 -3 ! 11 t1 ot
! + - +
4 3 -1 -4 11 -1 ! -4 5] 6 5| 6 -4
— 1
0 4 4 -
1 1 I : +(-8-10) —(12-25) +(12+20)]
. -1 — : - — — 1
SATS A A A = g s ol 2| e +ees) (229
- - +(5+4)  —(5-6) +(-4-6)
— 1 =
0 4 4119 ! 18 13 32T
~X=A'B="- 4 1 3|9 ! | 0o -3 3
~4 11 -1][-1 ! 9 1 —10
! L
¢
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-18 0 9 T —S5+7+2 1+1-2 3-5+42
= | 13 3 1 | = |-15+14+1 3+2-1 9-10+1
32 3 -10 | -10+7+3 2+41-3 6-5+3
1
| | -18 0 9] ! 4 0 0
c Al = T ad - — - ! =10 4 0=
..A1—|A| adj A = 27 13 -3 1 ! = =4. 1.
32 3 -10] X 0 0 4
1
~X = A'B ' So,wegetAB=BA=4.1,
| -18 0 927, L, Ly
——| 13 =3 1|31, = 4 )B =Bl )=l
27 X
32 3 -10(|13] , |
! = B! = — =]
| =36 +0 +117 . 81 3| 4
=--| 26 93 +13|= 27 541 =12 : Writing the given set of equations in matrix form
64 +93 -130 27 1 ! we get,
sLx=3y =-2,z=1 | L1 2][x] 1]
1
-, Solution set is {3, 2, 1} ! 32 Ty =7
. 2 1 3|z 2
-5 1 3 1 1 2 | - -
2. IfA=| 7 1 -5|andB=|3 2 1|, find | B 1
1 -1 1 213 D B Byl =7
I 2] 2]
the products AB and BA and hence solve the , 1
system of equations x +y +2z7=1,3x+2y +z=7, | o . B
2x+y+3z=2. 1 = |V =B 7| = ZA:| 7
1 L
-5 1 3 11 2 - z 2
1
Sol. GivenA=| 7 1 =5/ B=|3 21 ! Js 3
I -1 1 2 13 ! =7 7 1 =507
-5 1 311 2 : -1 1j12
1
AB = | 7 1 5|13 21 ! ~5+7+6 8 2
e R A ! LY DT I R D
- ! 4
-5+3+6 -5+2+3 -10+1+9 | 1-7+2 -4 -1
= | 74+43-10 7+2-5 14+1-15 : x=2,y=1,z=-1
| 1-3+2 1-2+1 2-1+3 \ Hence, the solution set is {2, 1, — 1}.
B 7 1
400 1 A man is appointed in a job with a monthly
= (0 4 0| =4 I : salary of certain amount and a fixed amount
0 4 : of annual increment. If his salary was
) ) I % 19,800 per month at the end of the first
1 21|-5 1 3 | month after 3 years of service and I 23,400
BA = [3 2 1] 7 1 =5 ! per month at the end of the first month after
i 9 years of service, find his starting salary and
3 1 -1 1 | . . o .
- - X his annual increment. (Use matrix inversion
! method to solve the problem.)
é
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Sol.

Sol.

Let the man’s starting salary be I x and his
annual increment be I y.

By the given data x + 3y = 19800 and
x + 9y =23,400.

The matrix form of the given system of equations

1S
1 3][x 19800
1 9)|y| = [23400

I3 19800
= AX =B where A = 1 9 and B= 23400

= X = A'B
I 3
Al=] o =9-3 = 6#0
L 1] 9 3
A_l = |A| adJA:g -1 1
~X = A'B

1| 9 -3|/19800
6-1 1|]23400

1178200 —702007 1 {108000}
28{49800 +23400} = 6] 3600
18000
N [ 600 }

.~ x=18000, y = 600.

Hence the man’s starting salary is I 18000 and
his annual increment is T 600.

Four men and 4 women can finish a piece
of work jointly in 3 days while 2 men and 5
women can finish the same work jointly in 4
days. Find the time taken by one man alone
and that of one woman alone to finish the
same work by using matrix inversion method.
Let the time by one man alone be x days and one
woman alone be y days

.. By the given data,

4 4
—t—
X Yy
2+5

andx y =
1

Bl— W=

put — sand | =t

X Y
sods + 4t

orders@surabooks.com

4
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
[}
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
¢

5.

1
and 2s +5¢t = —
4

The matrix form of the system of equation is

1
4 4||s 3
7 50417 2 — AX =B where
4
1
4 4 3
A: 2 5 andB = z
4
X =A'B
4 4
Now[A|=], 5| = 20-8=12#0
1 1[5 —4]
. -1 — 77 : —_—
A —|A| ad_]A— 12 __2 4_
1
s 413
X-A1B - L 3
120-2 4]1
~ 4
5
|
_ 13
12 _—2 +1
1 3
2 2 1 1
— Y —
L3 3 12| |18
1211 1 1 1
—_ _ X — _
3 3 12 36
1 1 1 18
SE T = = T =D X=
T I 18
t ! l ! 36
:—:> = —:> = .
36 Y 36 7

Hence, the time taken by 1 man alone is 18 days
and the time taken by 1 woman alone is 36 days.

The prices of three commodities A, B and C
are3 x,y and z per units respectively. A person
P purchases 4 units of B and sells two units
of A and 5 units of C. Person Q purchases 2
units of C and sells 3 units of A and one unit of
B. Person R purchases one unit of A and sells
3 unit of B and one unit of C. In the process,
PQ and R earn % 15,000, ¥ 1,000 and < 4,000
respectively. Find the prices per unit of A, B
and C. (Use matrix inversion method to solve
the problem.)
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Sol. Let the prices per unit for the commodities A, B

andCbeZx,Tyand3 z.
By the given data,

2x —4y + 5z = 15000

3x+y—2z = 1000
—x + 3y +2z = 4000

The matrix form of the system of equations is

2 -4 5||x 15000
3 1 =21|y|=] 1000
-1 3 1]|z 4000
2 -4
AX =B where A =| 3 1
-1 3
15000
and B = | 1000
| 4000
= X=A"'B
2 -4
Al=]3 1
-1 3
1 =2 3 2
=2 +4 +5
3 1 -1 1

5 b
2 X=1Y
1 z
5
-2
1
3 1
s

=2(1+6)+4(3-2)+5(9+1)
=2(7)+4(1)+5(10)= 14 + 4 + 50 = 68.

1 —2‘ ‘3 —2‘ ‘3 1‘
+ — +
301 -1 1 -1 3
) ‘—4 5‘ 2 5‘ ‘2 —4
adj A=| - + -
31 -1 1 -1 3
—4 5‘ ‘2 5‘ 2 —4‘
+ - +
12 3 2 301
[ +(1+6)  —-(3-2) +(9+1)]
=|—(-4-15)  +(2+5) —(6-4)
| +(8-5) —(4-15) +(2+12)
7 -1 101" [7 19 3
|19 7 =2 —|-1 7 19
3 19 14 10 =2 14
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7 19 3
1 1

madj Azg -1 7 19
10 -2 14
7 19 37[15000
L X=AlB = —|-1 7 19]| 1000
110 -2 14| 4000
105000 + 19000 + 12000
— — | —15000 + 7000 + 76000
| 150000 — 2000 + 56000
136000 2000
— —| 68000 |—|1000

| 204000 3000
= x=2000, y = 1000, z=3000.

Hence the prices per unit of the commodities
A, B and C are ¥ 2000, ¥ 1000 and ¥ 3000
respectively.

EXERCISE 1.4

Solve the following systems of linear equation
by Cramer’s rule:

i S5x-2p+16=0, x+3y-7=0

LA =

3 2
() Z+2p=12, = +3p=13
X X

(iii) 3x+3y—z=11,2x—y+2z=9,
4x+ 3y +2z=125
3 4 2 1 2 1
ivy —————-1=0,—+—+--2=0,
X y z X y z
3—§—£+1=0
X y z
S5x-2y=—-16,x+3y=7
GivenA = [ | =15+2=17
iven | 3‘
-16 -2
A, = =_48+14=-34
7 3
5 -16
A, = =35+16=51
1 7
Lo A T3

A
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.. Solution set is {—2, 3}

L3 2
(i) Z+2p=12, = +3p=13
X X

1
Let — = z
X
S 3z+2y = 12,2z2+43z=13
A= > 2 9-4=5
R I
12 2
A = =36-26=10
13 3
3 12
A, = =39-24=15
2 13
A 10 1 1
zE— = — =l —=2=x= <
A 5 X 2
A 15
TTA s
. o 1
.. Solution setls{5,3}
(iii) 3x+3y—z=11,2x—y+2z=9,
dx+3y+2z=25
3 3 -1
A=12 -1 2
4 3 2
-1 2 2 2 2 -1
= -3 -1
3 2 4 2 4 3
=3-2-6)-34-8)-1(6+4)
=3(-8)-3(-4)-1(10)
= -24+12-10=-22
1 3 -1
A =19 -1 2
25 3 2
-1 2 9 2 9 -1
=11 -3 -
3 2 25 2 25 3

= 11(-2-6)-3(18 — 50) — 1(27 +25)

= 11(- 8) -3(- 32) -1(52)
= _88+96-52=—44

orders@surabooks.com
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3 11 -1

A, =12 9 2
4 25 2
9 2 2 2 2 9
=3 -11 -1
25 2 4 2 4 25
= 3(18-50)—11(4-8)—1(50-36)
=3(-32)-11(-4)-1(14)
=-96+44-14=-66
3 3 11
Ay, =2 -1 9
4 3 25
-1 9 2 9 2 -1
=3 -3 +11
3 25 4 25 4 3
= 3(-25-27)-3(50-36)+ 11(6+4)
= 3(—52)-3(14) + 11(10)
= 156 -42+110=-88
A, -44
X = — =——=2
A -22
A, —66
= —==—=3
YTA T o
A —88
z = —2=—=4
A =22
.. Solution set is {2, 3, 4}
3 4 2 1 2 1
ivy —— -1=0, —+—+—-2=0,
Xy z X y z
2 5 4
—————=+1=0
X y z
1 1 1
Put— = u, — =v,— =w,
X y z
Weget3u—4v-2w=1,u+2v+w=2,
2u—-5v—4w = —1
. 2 1 11
La=l 20 1= 3‘ +4 ‘
y 5 4 -5 -4 2 -4
1 2
_22 -5

=3(-8+5)+4(-4-2)-2(-5-4)
3(=3) +4(- 6) —2(- 9)
~9_24+18=—-15
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1 -4 -2 T 2. In a competitive examination, one mark is
1
Al - (2 2 1 : awarded for every correct answer while Z
1
-1 5 4 | mark is deducted for every wrong answer. A
1 1 2’ 9 1 student answered 100 questions and got 80
— 1‘ +4 ‘ _ 2‘ ‘ : marks. How many questions did he answer
-5 4 -1 4 -1 =5 ! correctly ? (Use Cramer’s rule to solve the
=1(=8+5)+4(-8+1)-2(-10+2) 1 problem).
= 1(=3)+ 4(T) - 2(=8) | Sol. Let x represent the number of question with
| correct answer and y represent the number of
=-3-28+16=-15 1 questions with wrong answers.
_ 1
31 2 I By the given data, x +y = 100and ... (1)
A =1 2 1 | 1
? - lx——y = 80
2 -1 -4 X *rT Y
7 1 1 1 2 | Multiplying by 4 we get,
—3‘_1 _4‘ 1‘2 _4‘ 2‘2 _1‘ ! 4x—y =320 - (2)
: From (1) and (2)
=3-8+1)-1(-4-2)-2(-1-4) I
! 11
=37 1-6)-2(-5) ! A=y _1‘=—1—4=—5
=-21+6+10=-5 |
_ 100 1
34 : A, = ‘=—100—320=—420
Ay = I 2 2 ! 320 -1
5 _ ! 1 100
2 = | A, = ‘2320—4002—80
‘ 2 2| 12| |12 . 4 320
=3 +4 +1 1 A _
| S . L= A0,
! A -5
=3(-2+10)+4(-1-4)+1(-5-4 A, =80
( )HAC-1-4)+1(-5-4) | andy = 222780
=3(8) +4(-5)+ 1(-9) - A5
1 . .
Hence, the number of questions with correct
=24-20-9=-5 ! T
: answer is 84.
R Y B _ I
UETN T s T 1 =>>=1=x=1 ' 3. A chemist has one solution which is 50% acid
| 1 and another solution which is 25% acid. How
v= ﬁ Q __5 _ l - — = l =y=3 : much each should be mixed to make 10 litres
A -15 3 Yy 3 | of a 40% acid solution ? (Use Cramer’s rule
A3 -5 1 1 1 1 to solve the problem).
w=—~=—— = — = —=—-=z=3 1 0/ o
A -15 3 z 3 1 Sol. Let the amount of 50% acid be x1 and the amount
' ) ) | of 25% acid be y litre
- Solution set is {1, 3, 3} ' By the given data, x +y =10 (D)
: 50 25 40
I andx| — | +y | —|= 10| —
I 100 100 100
1
N 50x + 25y = 400 = 2x +y =16 ... (2)
1
| ) R O R R 10
, The matrix from of the equation is =
. 2 1|y 16
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Sol.

= AX =B where A=

X

X=A"TB|A|=

Thus, the amount of 50% acid is 6 litre and the
amount of 25% acid is 4 litre.

A fish tank can be filled in 10 minutes
using both pumps A and B simultaneously.
However, pump B can pump water in or out
at the same rate. If pump B is inadvertently
run in reverse, then the tank will be filled
in 30 minutes. How long would it take each
pump to fill the tank by itself ? (Use Cramer’s
rule to solve the problem).
Let the pump A can fill the tank in x minutes, and
the pump B can fill the tank in y minutes
In 1 minute A can fill i units and in 1 minute B
can fill — units

y

L
’ X
1

and

orders@surabooks.com
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Sol.

1

— 1
10 1
A: - -
I | TR
30
-B-l_-4_ 2
30 30 15
L
ool 0] 1 1 _1-3
1| 30 10 30
000
T30 15
A 21 11 s
. = —_— = = -_— —:—:>_
VNS F R e T e
-2
b:ﬁziziil_izy:3o
A 15 30 Y 30
-2

Hence the pump A can fill the tank in 15 minutes
and the pump B can fill the tank in 30 minutes.

A family of 3 people went out for dinner in a
restaurant. The cost of two dosai, three idlies
and two vadais is I 150. The cost of the two
dosai, two idlies and four vadais is ¥ 200. The
cost of five dosai, four idlies and two vadais is
% 250. The family has ¥ 350 in hand and they
ate 3 dosai and six idlies and six vadais. Will
they be able to manage to pay the bill within
the amount they had ?

Let the cost of one dosa be ¥ x

The cost of one idli be X y

and the cost of one vadai be X z

By the given data,

2x+3y+2z = 150
2x+2y+4z = 200
Sx+4y+2z = 250

2 3 2

LA = 2 2 4

5 4 2

2 4 2 4 2 2

- ‘4 2‘_ ‘5 "2 s 4‘

=2(4-16) - 3(4 —20) + 2(8 — 10)
=2(= 12) = 3(= 16) + 2(~ 2)
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=-24+48-4=20
150 3 2
A =200 2 4
250 4 2
Taking 50 common from C, we get,

3
=100(4
5

BT
51 |5 4
= 100[3(2 - 8) ~ 3(4 — 10) + 1(16 - 10)]
= 100[3(~ 6) ~ 3(~ 6) + 6]
= 100[- 18 + 18 + 6] = 600.
2 150 2 2 3 1
A,=[2 200 4/ =100 2 4 2
5 250 2 55 1

4 2 2 2 2 4
=10012 -3 +1
51 51 55

=100[2(4 — 10) — 3(2 — 10) + 1(10 — 20)]
=100[2(- 6) — 3(~ 8) + 1(~ 10)]

= 100[- 12 + 24 — 10] = 100 [2] = 200.

2 3 150 2

2 2 200 =502
5 4 250 5

[ 12 4 |2 4
2 -3 +3
45| s 55 4

=100

N NN W
N W B W

=50 [2(10 = 16) — 3(10 — 20) + 3(8 — 10)]
= 50[2(~ 6) — 3(~ 10) +3(- 2)]

=50 12 +30 - 6] =50 [12] = 600.

600
— =30
20
200 _
20
600
— =30.
20

Hence, the price of one dosa be X 30, one idli be ¥10
and the price of 1 vadai be ¥ 30.

Also the cost of 3 dosa, six idlies and six vadai is
=3x+ 6y + 6z=3(30) + 6(10) + 6(30)

10
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Sol.

R,>R,-R,
e

=

= y =

=90+ 60+ 180=% 330

Since the family had ¥ 350 in hand, they will be
able to manage to pay the bill.

EXERCISE 1.5

Solve the following systems of linear equations
by Gaussian elimination method.

N 2-3y+3z=2,x+2y—2z=3,3x—y+2z=1.

(ii) 2x+4y+6z=22,3x+8y+5:=27,
—~x+y+2z=2

Transforming the augmented matrix to echelon

form, we get

2 -2 312
1 2
3 -1

~13 R, <R,

21

2 =13 -1/ 3
-2 312 >0 -6 5|4
-1 2|1 0 -7 5|8

R,—>R,—2R, [1 2
R, >R, -3R,

1 2 -13
0 -6 5|4
0 -1 0|4
1 2 -1 3
0 -6 5|4
0 0 -5-20

R,—>6R,~2R,

Writing the equivalent equations from the row-

echelon matrix, we get,
x+2y—z =3 .. (1)

4 - (2)
20
“0=z= - =4

—6y + 5z =

_ 5z =

Substituting z =4 in 2 we get,

—6y+54) = -4
—6y +20 = —4=-4-20=-24

~24
— =a
-6

Substituting y =z =4 in (1) we get

x+24)-4 =3
x+8-4 =3
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- x+4 =3 * 2. Ifax?+ bx+ cis divided by x + 3, x — 5, and
: x — 1, the remainders are 21, 61 and 9
= x =3-4=-1L ! respectively. Find a, b and c. (Use Gaussian
.. Solution set is {—1, 4, 4} ! elimination method.)
(i) 2x+4y+6z=22,3x+8y+57=27, 1 Sol. Let P(x) = ax’> +bx+c
1
~x+ty+2z=2 ! Given P(-3) = 21
Reducing the augmented matrix to an , » ) . .
equivalent row echelon form by using | [ P(x) +x+3, the remainder is 21]
elementary row operations, we get 1 = a(-3)>+b(-3)+c =21
5 4 6l 11 22 : = 9a—3b+c¢ =21 e
R <R ! Also, P(5) = 61
1 3 !
3 8 5127 —————| 3 8 527 | — 452+ b(5)+c = 6
-1 1 2]2 2 4 622 I [using remainder theorem]
1
R.—>R.+3R 1 = 25a+5b+c¢ = 61 ..(2)
omor LT 22 | dP(l) = 9
R,—>R,+2R, - and P(1) =
0 11 11(33 : = a(1)2+b(1)+c:9
0 6 10]26 ! = a+b+c=9 ..(3)
R,—>R,+11 -1 1 2|2 : Reducing the augment matrix to an equivalent
R;—>R;+2 0o 1 113 ! row-echelon form using elementary row
o 3 shs I operations, we get
1
! 9 -3 121 1119
R SR_3R -1 1 22 ! 25 5 161 |—Rs s 5 e
=50 1 13 : -1 1 19 9 -3 121
0 0 2/4 I
! R;—>R,-9R, ! 119
e [P | Ry2Ry=DR Lo 20 —24|-164
_ReORFL g 13 I 0 -12 -8|-60
1 -
0 0 1)2) | BRSS9
| _RoORH o 5 glan
Writing the equivalent equations from the row ,
echelon matrix we get, ! 0 =3 =215
x+y+2z =2 (D) i 7
1
zy= 2 ~(3) S50 -5 —6|-41
Substituting (3) in (2) we get, y +2 =3 :
8| 48
=y=3-2=1 ! 0 0 33
Substituting y = 1 and z =2 in (1) we get, ! ) B
~x+1+2(2)= 2 = -x+1+4=2 ! R 3SR 1 19
= xt5 =2 = x=2-5 01— 400 5 6|41
1
= —-x = 3 = x=3 1 0 0 8 48
.. Solution set is {3, 1, 2} : o ) )
1 Writing the equivalent equations from the
| row-echelon matrix we get,
: atb+c =9 (1)
| —-5b—6¢c = -4l ..(2)
¢
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8¢ 48

8
8

Substituting ¢ = 6 in (2) we get,
—5b - 6(6)
—5b
—5b

= C

= 41
36 — 41
—41+36=-5

=
=
=

-5
— =1
-5
Substituting b =1, ¢ =6 in (1) we get,
atl+6 =9
a+7
a =
a =
La=2,b=1,andc=6

3.  An amount of I 65,000 is invested in three
bonds at the rates of 6%, 8% and 9% per
annum respectively. The total annual income
is ¥ 4,800. The income from the third bond
is ¥ 600 more than that from the second
bond. Determine the price of each bond. (Use
Gaussian elimination method.)

Let the price of bond invested in 6%, 8% and 9%
rates be let % x, T y and T z respectively

= b

9
9-7
2

Uyl

Sol.

.. By the given data, x + y + z = 65000
6xxxl 8xyxl 9xzxl
- -

100 100 100

[ Interest PNR ]
- Interest =
. es 100

(1)
= 4800

6x N 8y N 9z
100 100 100
6x + 8y + 9z
Also, 9—Z
100
By, 9z
100 100
= —8y+9z 60000 ..(3)
Reducing the augmented matrix to an equivalent
row-echelon form by using elementary row
operation, we get
1 1 1]65000
6 8 9480000

0 8 960000

4800

= 480000

Q)
8y

100

600 +

= 600

orders@surabooks.com
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Sol.

1 1 165000
R, 2Ry=6R 1o 2 3090000
0 -8 9[60000
1 1 1]65000
R; R HR2 1 5 3190000

0 0 21j420000

Writing the equivalent from the row echelon
matrix we get,

x+y+z = 65000 (1)
2y +3z = 90000 ..(2)
21z = 42000
420000
= z = Y 0000
Substituting z = 20,000 in (2),
2y +3(20,000) = 90000
= 2y + 60,000 = 90,000
= 2y = 90,000 — 60,000
30,000
30,000
= y = T =15,000

Substituting y = 15,000 and z = 20,000 in (1) we
get,

x + 15,000 + 20,000 = 65000
= x+35,000 = 65000
= x = 65,000-35,000
= x = 30,000

Thus the price of 6% bond is I 30,000 the price
of 8% bond is ¥ 15,000 and the price of 9% bond
is ¥ 20,000.

A boy is walking along the path y = ax* + bx+c
through the points (-6, 8),(—2 — 12) and (3,8).
He wants to meet his friend at P(7,60). Will he
meet his friend? (Use Gaussian elimination
method.)

Giveny = ax*+bx+c (1)
(-6, 8) lies on (1)
= = a(—6)* + b(-6) + ¢
= = 36a-6b+c ..(2)
(-2,-12) lies on (1)
= 12 = a(-2*+b(-2)+c
= -12 = 4a-2b+c ..(3)

Also (3, 8) lies on (1)
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= 8 =aB)2+b3)+tc T Since his friend is at P(7, 60),
= 8 =9a+3b+c ..(4) ! 60 = (7)>+3(7)-10
Reducing the augment matrix to an equivalent | - 60 = 49+21-10
row-echelon form by using elementary row ! 3 3
operations, we get, : = 60 = 70-10=60
R, 5>9R,-R, \ = 60 = 60
36 -6 1| 8 36 -6 1 8 X
4 2 gl | Re2ARRE o g6 Since (7, 60) satisfies his path , he can meet his
0O 3 1 8 0 18 3| 24 : friend who is at P(7, 60)
1
1
RioRaZ3 0 3 229 |
o 6 1 s 1 Test for consistency and if possible solve the
| following system of equations by rank method.
36 -6 1| -8 : (i) x-yp+2z=22x+y+4z=7,
RioR*2Ro 51 0 -3 2129 I 4x—y+z=4
0 0 5/-50 L () 3x+p+z=2,x-3p+2r=1,
Writing the equival ST, ! Tx-y+dz=5.
riting the equivalent equation from the row _ _
. +2y+z=5,x-y+z=
echelon matrix, we get 36a —6b+c=8 ..(1) (i) 2x+2y+z=Sx-y+z=1,
3b+2 29 2) | - O
3b+2c = -
¢ @) (iv) 2x—y+z=2,6x-3y+3z=6,
5¢ = 50 | 4x-2p+27=4.
=50 1
= c= — =-10 !
5 ' Sol. (i) x-y+2z=2,2x+y+4z=T,4x—y+z=4
Substituting ¢ =-10in (2) we get, | The matrix form of the system is AX =B
-3b+2(-10) = 29 | | -1 2 x b
= 3b-20 = —29 ' whereA=|2 1 4|,X=|y|andB=|7
1
= -3b = -29+20 ! 4 -1 1 z 4
= -3b = -9 : Applying elementary row operations on the
-9 1 :
N h= =2 =3 | augment matrix [A|B] we get,
_ -3 . 1 -1 22
Substituting » =3 and ¢ =—10in (1) we get, X
36a—6(3)—10 = 8 ' [AIB] =2 147
4= 6(3)=10 = : 4 -1 14
- — = 1
= 36a-—18-10 = 8 ! R,—>R,~2R, ool
= 36a—28 = 8 ' N
! R;—>R,-4R, o 3 ol 3
= R+ = 1
= 36a 26 28 =36 | 0 3 _7|-4
20 1
= a= 3¢ =1 ! 1 -1 2|2
. - - R;—>R;-R
La=1,b=3,¢c= -10 | 32837 g 3 o] 3
Hence the path of the boy is : 0 0 -7|-7
1
y = 1(x*)+3(x)-10 ! Here p(A) = 3 and p[A|B] =3
= y=x+3x-10 l .. p(A) = p[A|B] = 3 = number of unknowns
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Hence the system is consistent with unique ¢
solution.

Writing the equivalent equations from the row-
echelon matrix, we get

X—y+2z =2 (1)
3y =3=y=1 (2)
7z =—7:>z=:—7 -1 .(3).

Solutions y = 1 and z =1 in (1) we get,

x—-1+2(1) =2
= x-1+2 =2
= x+1 =2
= x=2-1=1
= x =1
Lx=lLy=lz=1

Thus, solution set is{1, 1, 1}.

(i) 3x+y+z=2,x-3y+2z=1,

Tx—y+4z=S5.

Then matrix form of the system in AX =B
3 1 1 X 2

whereA=|1 -3 2|, X=|y|,B=]|1
7 -1 4 z 5

Applying elementary row operations on the
augment matrix [A|B] we get,

301 1)2 1 -3 2[1
AB]=|1 -3 2)1|—22Riyls
7 -1 4|5 7 -1 45
R,—R,-3R _
R2 R2 7R1 =32
SO 00 10 —5—-1
0 20 -10]-2
1 -3 2|1
RsoR:-2R; |0 10 s
0 0 00

Here p(A) = 2, and p[A|B] = 2 [since there
only two non-zero rows]. So, p(A) = p[A|B]
=2 < 3, the given system is consistent with one
parameter family of solutions. So, put z = ¢,
x € R. Writing the equivalent equations from the
row echelon matrix we get,

x=3y+2z =1
10y -5z = -1

Il
A~
—
N N
@ = = = = e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e = e e e = = e e e = = e =

~
\)
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z =t ...(3)
(2) we comes 10y — 5t =-1
= 10y = 5¢t-1
1
= Y= [St—1]

Also, from (1), x — %[St— 11+2¢t=1

3 15¢-3-20¢+10
=— [5t-1]2t+1= ——M——
=X 10[ ] G
1
=— [-5t+7
=X 10[ ]

Hence the solution set is
1 1
— (7-51), — (5t—=1),t } wheret € R.
{rg (7-50, 7 (5= 1.1}
(iii) 2x+2p+z=5,x—y+z=1,3x+y+2z=4

The matrix form of the given system is
AX =B where
2 21 x 5
A= |1 4 1[,X=|y,B=]1
31 2 z 4

Applying elementary row operations on
the augmented matrix [A|B] we get,

2 2 15 I -1 11
AB]=|1 -1 11|-R2R r 5 s
31 2/4 3 1 214
R,—>R,-2R, o1l
Ry>R-3R, |, g
0 4 -1-1
I -1 11
Ri2Rs R o 4 -] 3
0 0 0|4
Here p(A) =2 ['." There are 2 non-Zero rows]

and p[A|B] =3 [.: There are 3 non —zero rows]
Here, (A) # p[A|B]
Hence, the given system is inconsistent and has
no solution.
(iv) 2x—y+z=2,6x-3y+37=06,
4x -2y +27=4.
The matrix form of the given system is
AX =B where
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2 1 1 T Applying eler.nenga]rgy row operation on the
t mat t
A—l6 -3 3 ! augment matrix [A|B] we get,
4 2 2 : ko2 1] 1] (1
e 5 'AB]=| 1 2k 1|2 |—ReR o o
1 _ -
X=|ylB=|6 | 1 2 k| 1] k 2 11
1
R,—>R,-R
zZ 4 : 2_> 2 1 ’71 _2 k 1
Applying elementary row operations on the | R;—R;—kR; sl 1 —2k+2 kl =3
augment matrix[A|B], we get, !
g [AIB], we g | 0 2+2k 1-K2[1-k
2 o1 1)2] RePReSRe ) | 5 . 1
R,—>R;—2R, - -
[AB]=|6 -3 3|6)——————>10 0 00, ~RoORHRy Lo k42 -k -3
1
422l 0 000 : 0 0 1-k2+1-k —k-2
Here p(A) = 1["." only one non zero row] | B ) k 1
and p[A|B] =1["." only one-zero row] : S0 2k+2 1-k -3
1
-~ p(A) = p[AB] = 1 < 3, the given system is ! 0 0 —k*>—k+2 —k-2
consistent and has two parameter family of , _
solutions. | 1 -2 k 1
So,z=tand y =s where s, f € R. : e A =k -3 (1)
Writing the equivalent equations from the row- |, 0 0 (k+2)(1-k) —k-2
echelon matrix, we get | .
doytz =2 1) ! Case (i) when k=1
— @) ! 121 1 121 1
Y & [AB] - |0 0 0 =3|-R2RRasfo 0 0 3
z =t (3] 0 00 -3 0 00 0
Substituting (2) and (3) in (1) we get, | Here p(A) = 1 and p[A[B] =2
Zx—st+t =2 : So, p(A) # p[A|B] = The system has no solution.
= 2x =s—-t+2 ! N
; | Case (ii) When k# 1, k#—2
= X =5 [s—t+2] | 1 -2 k 1
i 1 . [ABl—|0 —2k+2  1-k| -3
—(s—t+
Solution set is { 5 (s—t+2),s,t} : 0 0 ot zerolnot zero
where s, te R !

2. Find the value of k for which the equations | PUM) =3 and plAB] =3
kx—2p+z=1,x-2kp+z=-2, I so, p(A) = p[A|B] = 3 = the number of unknowns
x—2y+kz=1have | Hence, the system has unique solution.

(i)  no solution | Case (iii) when k= -2
(i) unique solution : 1 2 2 1
(iii) infinitely many solution : p[AB] »|1 6 3 =3
Sol. kx—2y+z=1,x-2ky+z=-2,x-2y+k=1 0 0 0 0
. . _ I
The matrix form of the system is AX = B where ! Here p(A) = 2 and p[A[B] =2
_ X

ko201 ! - p(A)=p[A[B]=2 <3, the number of unknowns
A=|1 =2k 1|,X=|y[,B=|=2 | so the system is consistent with infinitely many

1 =2 k z 1 é solutions.
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Investigate the values of A and [ the system of *

linear equations 2x + 3y +5z=9, 7x + 3y —5z=
2x + 3y + Az =, have

(i) no solution

(ii) a unique solution

(iii) an infinite number of solutions.

Sol. 2x+3y=9,7x+3y—5z=8,2x+3y+Az=p

The matrix form of the system is AX = B where

2 3 5 X 9
A=|7 3 5, X=|y|,B=|8
2 3 A z 1

Applying elementary row operations on the

augmented matrix [A|B] we get,

23 59 7 3 -3[8
[AB]=|7 3 -s|s|—RieR2 Jr 3 sl
2 3 Au 23 au
R, >R,~2R
U 73 5] =8

R;—>R;-R, o 15 45| 45
7 71 7
0 0 A-5/4-9
7 3 -5/ -8
0 15 45| 47
0 0 A-5u-9
Case (i) When L= 5

R2 _)Rz x7
_—>

7 3 -5|-8
[AIB] = |0 15 4547
0 0 0-4

Here p(A) = 2 and p[A|B] =
So, p(A) # p[A[B]

Hence the system is inconsistent and has no

solution
Case (ii)) When A £ 5, u#9

7 3 -5 -8
[AB]=]0 15 45 47

0 O notzero|notzero
Here p(A) =3 and p[AB] =

". p(A) = p[A|B] = 3 = number of unknowns

Hence, the system is consistent with unique

solution

orders@surabooks.com
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Case (ii1)) When A.=5and u=9

7 3 -5-8
[AB]=|0 15 45|47
0 0 00

Here p(A) =2, p[A|B] =
. p(A) =[A|B] = 2 < number of unknowns

. The system is consistent and has infinite
number of solutions.

EXERCISE 1.7

Solve the following system of homogeneous
equations.

(i) 3x+2p+77=0,4x-3y-27=0,
Sx+9y+23z=0
(i) 2x+3y—2z=0,x—y—-2z=0,3x+y+3z=0.

Sol. (i) 3x+2y+7z=0,4x—3y—2z=0,

Sx+9y+23z=0

Reducing the augmented matrix to
row-echelon form we get,

3 2 710

32 7] p,oR,-%R,
[AJ0] = |4 -3 —2p|———4 50 17 24
5 9 2300 S 39 323 0
(2 2 7]0]
5
R;—>R;—=R -
37R3 3 1 0 _g ﬁ 0
3 3
5 g ﬁ 0
L 3 3 J
3 2 710
R;—>R;3+R, | 0 1734 0
3 3
5 0 0]0
R,R,x— [3 2 7]0
T 50 1 210
0 0 0]0

Here p(A) =2 and p[A]0] =2

So, p(A)=p([A]0]) =2 <3 =number of unknowns
Here, the system is consistent and has one
parameter family of solutions.
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So putz=1¢wherete R. T 1 1 3lo
riting the equations using the echelon form, we
et RS YL A= 4 3
3x+20 47z = 0 (1) 2 1 2/0
y+2z =0 .2)
putz = ¢t (2)becomes : R.GR L1 30
y+2t =0 | —eRs 1o 1 200
= y =2 : 43 2o
. (1) becomes, 3x +2 (—2t) + 7t =0 |
= 3x—-4+7t =0 I 1 1 3|0
= 3x+3t = 0 : R2RZ2R 0 -1 -4fo
I = 3 . R;—>R;—4R,
= x =t - 0 -1 %-2[0
= x = —t :
". Solution set is {—¢, —2¢, t} where t € R I 11 310
(i) 20+3y—z=0,x—y—2z=0,3x+y+3z=0. | R;>R;-R, 1 4o
Reducing the augmented matrix to row — | 0 0 %-glo
echelon form we get | .
2 3 1o ! Case (i) when A # 8 O 0
[A[0] = |1 -1 =2/0 |
X [Al0] = |0 -1 —410
31 300 X
X 0 0 notzero|0
b= =20 | Here p(A) =3, p([A/O]) = 3
I ere =3, =
_ReRy s 3 4o ' P P
31 3l : .. p(A) = p([A/0]) = 3 = the number of unknowns
R,—>R,-2R, : Th.e given system is consistent and has unique
RR.3R I -1 -2/0 I solution.
—R;- 1
05 30 ! Case (ii) when & = 8
0 4 90 I
1
A 1 -1 2|0 ! [A0] = -1 -4/0
R3—)R3_§R24\ 0 5 3 O :
1
0 0 ? 0 : Here p(A) =2, p([A]0])
Here p(A) =3 and p([A|0]) =3 | - PCA) = p([A[0]) = 2 < 3, the number of
\ unknowns,
p(A) = p([A]|0]) = 3 = Number of unknowns ) ) o
Hence, the system is consistent with unique | " Th.e system is consistent and has non-trivial
solutions. | solutions.
1
Thus, the system has trivial solution only 1 3. By using Gaussian elimination method,
1 o . .

2. Determine the values of L for which the | balance the chemical reaction equation:
following system of equations | C,H;+0,— H,0 + CO,
X+y+3z=0,4x+3y+2z=0,2x+y+27=0 , Sol. Given C, H, + O, — H,0 + CO,
has : We have to find positive integers x,, x,, x, and x,,
(i) a unique solution 1 such that

1
(ii) a non-trivial solution. I x, C,H,+x,0, - x, H,0 +x, CO, (1)
= — =\ I

Sol. x+y+3z=0,4x+3y+3iz=0,2c+y+2:=0 : The number of carbon atoms on the LHS of (1)
Reducing the augmented matrix to row — echelon | should be equal to the number of carbon atoms
form we get, . on the RHS of (1).
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s2x = xy, T Here p(A) = p([A|B]) = 3 < 4, the number of
= 2 -x, =0 ()1 unknowns
1 . . .
Considering hydrogen atoms we get, | The system '1s con51stent4W1th one parameter
6x = Ox | family of solutions, so let x* = ¢
6x -2 ! ~ 0 3 | Writing the equations, from the row-echelon
= L R T I form we get
= 3x,—x; =0 -(3) 2x,—x, = 0
Also, considering oxygen atoms we get, | = 2x, = x,
2x2 = 1x3+2x4 : = 2x = tt
= 2x,-x;—-2x, =0 -(3) = =3
Equations (2), (3) and (4) form a homogeneous | Ay —Tx. = 0
system of linear equations in 4 unknowns I 2
1 —
.. The augmented matrix [A|0] is I = ax, syt
! Tt
2.0 0 -1]0 | = X =
1
30-1 010 ! ~2x,+3x, = 0
02 -1 -2]0 ! = 2x, = 3x,
By Gaussian elimination method, we get, I 3t
1 : = BTy
10 0 —10 I
Ri>R+2 2 ! Since x , x,, x, and x, are positive integers,
30 -1 0|0
, let us choose t =4
02 -1 2|0 I 4
! : X, = 5 =2
1 0 O 5 0 I ; %
1
R,—>R,-3R, | 2 - x, = £ =7
1
00 1 2|0 ! A
2 | 2
02 -1 20 ! 3649
- _ X SoXy = 726 andx, =1=4
-1
1 0 O > 0 \ So, the balanced equation is
1
R;—>R;-R, | oal® 3 0 ! 2C,H,+70, - 6H,0 +4CO,.
7 - 5 1
1
— 1
02 0 2o | EXERCISE 1.8
- 1 ! Choose the Correct or the most suitable
1 0 0 Y 0 1 answer from the given four alternatives :
1
_ ''1. If |adj (adj A) | = |A|°, then the order of the
R, &R 7 | ] ] s
. =10 2 0 5 0 1 square matrix A is
1
00 -1 3lo ! ) 3 2 4 @3 2 4 5
21 ] ! o 5 [Ans. (2) 4]
R;—>2R, 20 0 —1l0 ! Hint : |adj (adj)A| = |A] 7D
R,—>2R, 04 0 -700 I (=172 =9
R2—>2R3 1 _1 2 — 32
00 —2 3 =z 0D
: = n—1 =3
1 = n =4
é
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2. 1IfAis a3 x 3 non-singular matrix such that ¢
AAT=AT A and B =A"'A", then BBT =

A @B 3 “

[Ans. (3) L]

Hint : BBT = (AAT)(A'AT)T
— (A—IAT) (AT)T.(A—I)T
= (ATAD) (AT
= AIAATA DT
= (A'A). AT (AT)!

[ (A7) = (AT ]

gL B

7 3
5. IfA= , then 91, —A =
4 2

BT -1

(1) A () AT (3) 3A°"  (4) 2A"!
[Ans. 4) 2A7]

Hint : 9I—A

Il
|—||—|,—|
|
-lk\]
\OO
i

= —6—x (—2) = 47
= —6+2x =16
= 2x = 22
= x =11

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
=II1=1 [ AT,(AT)—IZI] | b
! = 4 }—ade
35 ladj B| _ |
— — 1 — ——— 1
3. A L 2},B adj A and C = 3A, then Cl | But Al = wade
1
1 1 1 - 1 , B
Hm3 @5 67 @1 ! = 5 Tadia=2at
1
[Ans. (2) — ] . 2 0 1 4 .
4B |ad'(ad'A)| 9 , 6. IfA= and B= then |adj (AB)| =
Hint:|a]|: j(adj : 15 20
C| 34| 2 ! (1) 40 (2) -80 (3) =60  (4) —20
n—1)2 1
) |A|( ) ) |A| B |A| 1 | [Ans. (2) -80]
2 - - - 1
3 JA| B[ JA 9/Al 9 M. g o 240 8+0] [2 8
127 T6 , ot T 1410 4+40] |11 4
= = 1
4. A |, 0 | thenA | ' 4 -8
: adj (AB) = 11 9
1 -2 |
(D L 4} ) { 1 4} ! ladj (AB)| = 8 — 88 =80
1
4 2 4 -1 | 1 x 0
3) 4) | . - i
-1 1 2 1 4 27 1 7 IfP=|1 3  Ofis the adjoint of 3 x 3 matrix
1
. [Ans. (3) {_1 J]. 2 4 22
Hint : AX = B \ A and |A| = 4, then x is
= A = BX!where E 1) 15 () 12 (3) 14 4) 11
< - {1 —2}]3:{6 0} | [Ans. (4) 11]
4 1 0 6 ' Hint : Jadj A = |A]""!
6 0 |
A o7 - adj (X
{0 6} x| a0 P Ot Yapmg
| 4 22| P =2
1
|
1
1
1
1
1
1
1
1
¢
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8. IfA=|2 2 0 |and A_l= Ay Ay a4y3
then the value of ayy is
(1) 0 2 -2 @3 3 4 -1

[Ans. (4) —1]

Hint A_3—20120 2 2

Itz A= 7t oh »

=32)-1(2)-1(4+2)
=6+2-6=2

1

Ay, = m co-factor of as,

LB

2 2 0
_ L 0+2 2 1

-5 ( ) 5 _

9. 1IfA, B and C are invertible matrices of some
order, then which one of the following is not
true?

(1) adjA=]|AJA™!
(2) adj (AB)=(adj A) (adj B)
(3) detA!l=(detA)!
4 (ABC)'=CB'A!
[Ans. (2) adj (AB) = (adj A) (adj B)|
12 -17 _
10. If (AB)! = and A1 = -1 R
-19 27 -2 3
then B! =
| 2 =5 y 8 5
(1) 33 (2) 3 9
3 31 4 8 -5
) 21 @) -3 2
2 -5
[Ans. (1) ]
-3 8
Hint : Since (AB) ! =B 'A™!, we get,
12 -17 1 -l
= B7
-19 27 -2 3
LetX =BlY
B _xy! 12 -17] 1 (adj Y)
= = 7 .(a
19 27| Y[
_ 12 -17 1 31
-19 27| 1|21

orders@surabooks.com
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Hint :

Hint :

[z a7)[3 1
-19 272 1

36-34  12-17| | 2 =5
-19+27 -3 8

—57+54

. If AT. A is symmetric, then A2 =

(1) A 2) (AT
3) AT @ A7y
[Ans : (2) (AT)?]
= ATA—I — (AT A—I)T
- (Afl)T (AT)T — (A—I)T A
= A = AT = A is symmetric

o A2 = (ATY?

12. If A is a non-singular matrix such that

3
-1

!
]

} , then (AT)! =

5 3
@ |5 ]

5 =2
@ |3 7

5 2
[Ans: (@) 3 _q]]

-1 S
AT=1,

) =3
M |
G L

5 2
Hint . (AT)71 = (Ail)T = |:3 _1:|

3 4
5 5
13. A= 3 | and AT = A, then the value of
s
X is
—4 =3 4
() 5 (2) 5 (3) 5 4) 5

—4
[Ans: (1) ?]

Since AT =A"1 AAT=ATA=1][.. they are
orthogonal]

3 473

= == x

5 5|5 {1 0}
. —

o 2|4 3] Lo

" s)ls s

9 16 3x 12

<t =tz [1 o0
|25 25 5 25 :[ }

3x 12, 9 0 1

—+— x+=

LS 25 25
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3x 12 ! 2 -
= EAR = 0 [Equating a,, both sides] : = A 2 3 = {2 3}
5 25 | 19/-5 2 5 2
— — — 1
1 J— =
. 3 . 19/5 -2 5 -2
1 tanE : N
14. IfA= and AB = L, then B= | = o~ 1=r=1
—tan— 1 |
: | 17. IfadjA {2 3} dadjB [1 _Z}th
1 17, IfadjA= andadjB=| _ en
(1) (cos QJA () (coszngT | 4 - y 4
2 2 ! adj (AB) is
(3) (cos? O)I 4) (smzejA ! -7 -1 -6 5
2 | (1) (2)
. 7 -9 -2 -10
1
[Ans (2)(c0s j | 3 =77 4 -6 -2
| ®) -1 -9 @) 5 -10
Hint : B =A'l= adj A ! -6 5
|A| ! ! [Ans: (2)[ 4 0}]
0 ! B
~ 1 1 —tanE 1 AT . Hint : adj (AB) = (adj B) (adj A)
_1+tan2§ 9 1 _seczg. : = bo=2y2 3
2|y 2 ! 314 1
1
2-8 342 — ]
= (cos2 Q]AT : - [ }: 6 5
2 : -6+4 -9-1 ]
5 A { cos0 sine} N adi A {k 0} ! 1 2 3 4]
A= d A (adj A) = ,
—sin6 cos6 | " (adj A) 0 k . 18. Therankof thematrix | 2 4 6 8|is
then =k | -1 -2 -3 4]
(1 o (2) sin® (3) cos® (4) 1 ' (H 1 22 @3 4 4) 3
1
[Ans: (4) 1] ! [Ans: (1) 1]
Hint : We know A (adj A) = (adj A)A = |A| I : 12 3 41 RePR2R
= |A|=K 'Hint: | 2 4 ¢ |- R2R*HR J5 5 0 0
i ! -1 2 -3 -4 0000
cosO sin0 |
2 K=1_4n0 cosd =c0s20 + sin20 = 1 , .. Rankis 1 [.. only one non — zero row]
1
m b a m
) 3 ' 19. Ifx“y”=e”’,x"yd=e",Al=[ d} A2=[ }
16. If A= L _J be such that AA™! = A, then , a b " cn
1 3 = , then the value of x and y are
Ads : c
17 @ 14 3) 19 @ 21 ! respectively,
A N 1 . [Ans: (3) 19] E €)) e(Az/Al),e(A3/Al)
int : In adj A=A (@) log (A/A), log(A,A,)
I [ 3] [2 3] ' () log(a/A). log(A(A)
37”'(—4—15)' 5 2| |5 2 ! @) M) A28
i [Ans: (4) e(A1/A3)’e(A2/A3)]
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Hint : x4y =
= alogx+blogy =m

[Taking log both sides]

X<, yd = o

= clogx+dlogy =n
a b
c d

a m

put A,
m b

n df c n
A, A
log x = A_3 and logy = A,

SoX = A%s andy = A%s

e e

A =

1

20. Which of the following is/are correct?

() Adjoint of a symmetric matrix is also a

symmetric matrix.

(i) Adjoint of a diagonal matrix is also a

diagonal matrix.

(iii) If A is a square matrix of order » and A is a

scalar, then adj (AA) =A" adj (A).
(iv) A(adjA) = (adj A) A=Al
(1) Only (i) (2) (ii) and (iii)
(3) (iii) and (iv) (4) (i), (ii) and (iv)

[Ans: (4) (i) (ii) and (iv)]

21. Ifp(A) =p (JA|B]), then the system AX = B of

linear equations is
(1) consistent and has a unique solution
(2) consistent

(3) consistent and has infinitely many solution
[Ans: (2) Consistent]

(4) inconsistent
22. If 0 £ 0 <

then 0 is

2 3 5
L5 O30T @,

1 sin® —cosO

Hint : A=|cos® -1 1
sin 0 1 -1

The system has non — trivial solution if |A| =0

1 sin® —cosH
cosO -1 1|1=0
sin© 1 1

orders@surabooks.com

n and the system of equations
x + (sin )y — (cos 6)z =10, (cos O)x —y +z7=0,
(sin O)x + y — z = 0 has a non-trivial solution

[Ans: (4)% 1

LR el e

1 cosf 1 cosf -1

-1 .
=1 —sinB| —cosO| =0
1 - sinf -1 sinf 1
= 1(1-1)—sin B (—cos 0 —sin 0) —cos O (cos O
+ sin 0) =0

= sin 0 cos0 +sin?0 — cos? 0 — cosTsin 6 =0
= c0s?0-sin’0=0=cos20=0
{.‘coszzﬂ
2

o
=c0s2 0 =cos—
:>26=E :>6:E

2 4

23. The augmented matrix of a system of linear

1 2 7 3

equations is 0 1 4 6 | . The system
0 0 A—7 pu+S5

has infinitely many solutions if

M Ar=7,pxz-"5 (2) Ar=-T,u=-5

B) A=#7,puE=-5 @) A=7,u=-5
[Ans: W) A=T7, u=-75]
Hint : WhenA=7andpu=-35,
1 2 7 3
[AB]=|0 I 4 6
00 0O
p(A) = p([A|B]) = 2 < 3, the number of
unknowns.
.. The system is consistent and has infinitely
many solutions.
2 -1 1 31 -1
24. LetA=|-1 2 -ljapg4B=| 1 3 x|,
1 -1 2 -1 1 3
If B is the inverse of A, then the value of x is
(1 2 24 @33 4 1
[Ans: (4) 1]
Hint: A=B'=A.B=B'B= AB=1
2 -1 1 | 31 -1 1 00
—12—lzl3x:010
I -1 2 -1 1 3 0 0 1
1 j—
Zaw =0
1
= 2[2-x+3] = 0
> -x+l=0x4 =
= x =1
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1
3 -3 4
25. IfA=|2 —3 4| then adj (adjA) is :
0 -1 1 ! e
1
_ | 0 -1 1
334 6 -6 3 ! S
() |2 -3 4/ (2 |4 -6 8 ! =310 130 1Yo o
0 -1 0 -2 2 ! = 3(-3+4)+32-0)+4(-2-0)
33 A4 3 34 : = 3(1)+6-8=1
B) |2 3 —4| @) |0 -1 1 ! 3 3 4
0 1 -1 2 3 4 ! sadj(adjA) = 1-A=A=|2 -3 4
3 ! 0 -1 1
[Ans: (1) |2 -3 4],
0 :
¢

. Choose the Correct or the most
suitable answer from the given four

alternatives :

1. The system of linear equations x + y + 7z =6,
x+2y+3z=14and 2x+5p+iz=p(h, ne R)

ADDITIONAL QUESTIONS

is consistent with unique solution if
(1) A=8
(3) A#8

1 1
Hint: || »
25

R;—>R;-3R,

1
3
A

6
14
n

2) A=8,u#36
(4) none [Ans: (3) A = 8]

11
0 1
03 A

1
2

R,—>R,-R,
R,—>R,—2R,
T T

11
>0 1
0 0

A—8 | n-36

2. If the system of equations x

y=az + cx and z = bx + ay has a non — trivial

solution then
(1) a>+b*+c*=1 (2) abc#1

(4) a*+b*+c?+2abe=1
[Ans: (4) a®> + b + ¢* + 2abc =1]

3) atb+c=0
1 —¢ -b

Hint: |¢c -1 4/ =0
b a -1

orders@surabooks.com

T T T T T T I Iy

|
Hint : A''= —adjA=—B

= 1[1-a’]+c[-c—ab]-blac+b]=0
=1-a>-c* —abc—abc—-b*=0

Let A be a 3 x 3 matrix and B its adjoint
matrix If |B| = 64, then |[A| =
(1 £2 (2) £4 (3) £8 4) £12
[Ans: (3) = 8]
1

|Al |Al
= IAIA”! = B
=  |AP|AT| = [B|=64
= AP = 64
= Al = £8

If AT is the transpose of a square matrix A,
then

(1) |A=]AT|
(3) [Al+]AT=0

When A is symmetric

2) |Al=]AT
(4) |A]=|AT] only
[Ans: (2) |A|=|AT]]

The number of solutions of the system of
equations 2 x+y=4,x-2y=2,3x+5y=01s
(1) 0 ) 1
3) 2 (4) infinitely many

[Ans: (2) 1]
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1 —2]2] Re»Ro=2Ry 71 52

Hint: [2 1 RioR=3Rs 1o 50

3 516 0 11]0
Ry>R,-HR, [1 -2]2
S50 50
0 010

6. If Ais a square matrix that |A| = 2, than for
any positive integer n, |A"| =
(1) o 2) 2n (3) 2" 4) n?

[Ans: (3) 27]

Hint : A" = |A]|A] ... times

= (2)(2) ... times = 2"

7. The system of linear equations x +y + 7 = 2,
2x +y—z=3,3x + 2y + kz = has a unique
solution if
(1) k=0 2) -1<k<l1
3) —2<k<2 (4) k=0 [Ans: (1) k=0]

1 1 1
Hint: 2 1 -1l %0
3 2 k
= 1[k+2]-1[2k+3]+1[4-3]%0
=k+2-2k-3+1%#0
=>-k+0 0=k =0

8. IfAis a square matrix of order , then |adj A| =

(1) JAP! 2) [A"2(3) A" (4) None
[Ans: (1) |A]"]

Hint : adjA = |A]A™!
= ladj A] = |A]" |A7! = |A]"

9. If the system of equations x + 2y — 3x = 2,
(k+3) z=3, (2k + 1) y + z = 2 is inconsistent
then £ is

1 1
1) —3,—- = 2) ——
M -3-5 @ - |
3) 1 (4) 2 [Ans: (1)-3, 75]
cosx sinx
10. If A = . and A (adj A) = A
—sinx cosx
1o then A is
01
(1) sinxcosx 2) 1
3) 2 (4) none [Ans: (2) 1]
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Hint : A (adj A) = [ C(.)sx sinxj [c?sx —sinxj
—sinx cosx )| sinx cosx
10
o
11. If Ais a matrix of order m x n, then p(A) is
(1) m (2) n
(3) <min (m,n) (4) =min (m,n)
[Ans: (3) < min ( m,n)]
12. The system of equations x + 2y + 3z = 1,
x—y+4z=0,2x+y+7z=1has
(1) One solution  (2) Two solution
(3) No solution
(4) Infinitely many solution
[Ans: (3) Infinitely many solution]
Hint :
1 2 3|1| R,-»R,-R 1 2 3] 1
I'-1 4]0 R;>R;-2R; |0 -3 1]|-I
2 171 o =3 1]-1
1 2 3] 1
R;—>R;-R3 0 -3 1]-1
0 0 0] O
13. If p(A) = p(JA/B]) = number of unknowns,
then the system is
(1) consistent and has infinitely many solutions
(2) consistent
(3) inconsistent
(4) consistent and has unique solution.
[Ans: (4) consistent and has unique solution]
14. Which of the following is not an elementary
transformation?
() R, &R (2) R, > 2R, +R,

(3) C,>C+C, (9 R R +C

[Ans: ()R, >R, + C/.]
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15. If p(A) = r then which of the following is
correct?
(1) all the minors of order n which do not
vanish
‘A’ has at least one minor of order » which
does not vanish and all higher order minors
vanish
‘A’ has at least one (r + 1) order minor
which vanish
all (» + 1) and higher order minors should
not vanish

2)

3)
(4)

[Ans: (b) ‘A’ has at least
one minor of order » which does not vanish and
all higher order minors vanish]|

Il. Fill in the blanks :

1. Every homogeneous system...........cceee.
(1)
(2)
3)
4)

Is always consistent

Has only trivial solution
Has infinitely many solution
Need not be consistent

[Ans: (1) Is always consistent]

If p(A) # p(JA|B]), then the system is............

(1) consistent and has infinitely many
solutions

(2) consistent and has a unique solution

(3) consistent

(4) inconsistent [Ans: (4) inconsistent]
In the non — homogeneous system of equations
with 3 unknowns if p(A) = p([A|B]) = 2, then
the system has..............

(1) unique solution

(2) one parameter family of solution

(3) two parameter family of solutions

“4)

in consistent
[Ans: (2) one parameter family of solution]

4. Cramer’s rule is applicable only when..........
(1) A=0 2) A=0
(3) A=0,A =0 (4 Ax=Ay=AZ=O

[Ans: (1) A= 0]

orders@surabooks.com

4
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
[}
1

S A R I

5. In a homogeneous system if p(A) = p([A]0])

< the number of unknouns then the system

trivial solution
only non — trivial solution
no solution
trivial solution and infinitely many non —
trivial solutions
[Ans: (4) trivial solution and infinitely many
non-trivial solutions]|

6. In the system of equations with 3 unknowns,

if A=0, and one of A, Ay of A_is non zero then
the system iS.......cceeveeenee

(M
2
)

Consistent
inconsistent

consistent with one parameter family of
solutions

“4)

consistent with two parameter family of
solutions [Ans: (b) inconsistent]

7. 1In the system of liner equations with 3
unknowns if p(A) = p(|A|B]) = 1, the system

(a) unique solution
(b)
(c)

inconsistent

consistent with 2 parameter family of
solution

(d)

consistent with one parameter family of
solution.

[Ans: (¢) consistent with 2 parameter family of
solution]

8. IfA=1[201] then the rank of AAT is
(1 1 22 @33 “4 0

[Ans: (1) 1]

2
[201]]0|=[5]
1

Hint : AAT

~(AAT) =1

9. If Ais a non-singular matrix then |A~!|=

1

1
— 1 1
) x| @ [af @ ‘X‘ @

1
[Ans: (4) w |
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10. In a square matrix the minor Ml.,. and the
co-factor Al.l. of and element a;are related by
1) A;=-M,
2) Al.j = Ml.j
(3) Al.j =(-1)y" M,
4 Aij: (= 1)/ M,
[Ans: 3) A, = (- 1)i+J my]
lll. Match the following :
List -1 List - II
i. | Trivial solution of|a) ||A|=0
AX=0
ii. | Non—trivial solution | b) | Non — trivial
of AX=0 solution
iii. | p(A) =p[(A/0)] <n |c) | Trivial solution
iv. | p(A)=p([A/0])=n [d) ||A|=0
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The Correct match is

(1) (1) (i) (iv)
(1) a b ¢ d

2) b ¢ d a
3)a d b a
4 c d a b

[Ans : (2)i—d ii—a iii—b iv—c]

List -1

List - IT

L [ p(A)=p([AB]) |2
= 3 = number of
unknowns

Consistent with
one parameter
family of solution

ii. | p(A)=p[AB]) [b)
= 2 <number of
unknowns

In consistent and
has no solution

iii. | p(A) = p[AB]) |©)
= ] <number of
unknowns

Unique solution

iv. | p(A) = p ([AB]) | d)

Consistent with
two parameter
family of solution

The Correct match is
(i) (1) (i) (iv)
(1) ¢ d a b

2y a b d c

3)c a d b

4 c d a b
[Ans : (3)i—c

orders@surabooks.com

ii—a iii—d iv-Db]

4
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
é

3.

4.

If A is a non - singular matrix of order #, then

List -1 List - II
. . 2
i. ||adj Al a) ||A/"-D
ii. | (adj A)T b) ||A]"!
iii. | adj (adj A) c) |adj(AT)
iv. | |adj (adj A)| d) [|A*A

The Correct match is
() (1) (i) (iv)
a b ¢ d

2) ¢ d a b
3)d a b ¢
4 b ¢ d a
[Ans: (4)i—b ii—c iii—d iv—a]

If A is a non - singular matrix of order 7, then

List -1 List - II
i. |(adjA)"! a) | (adj B) (adj A)
ii. [(AA)! b) [ A Tadj (A)
iii. | adj (LA) ¢) |adj (AT
1
iv. | adj (AB) d) XAI

The Correct match is

() (@) (i) (iv)

(1) c d b a
2) a b ¢ d
3) b d a

c
4 c a b d
[Ans : (1)i—c ii—d iii—b 4—a]

5.

List - I List - I
i [ny! () |A

ii. [A(adjA) ) [ (AT

iii. | (AB)! © |IAL1,

iv. [(Ay! @ [B 1A

The Correct match is

(i) (i) (i) (iv)

(1) b ¢ d a

2) a b ¢ d

3)c d a b

4 b a ¢ d
[Ans: (1)i—b ii—c iii—d iv-al
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IV. Choose the odd man out :

1. The rank of any 3 x 4 matrix is
(1) May be 1 (2) Maybe?2
(3) May be 3 (4) May be 4
[Ans: (4) May be 4]
Hint: [p(A) < min (3, 4)= p(A) < 3 and it cannot
be 4]

2. If Ais symmetric then
(1) AT=A (2) adj A is symmetric
(3) adj (AT) = (adj A)T
(4) Ais orthogonal
Hint :[ 1, 2, 3 are properties of symmetric matrix]
[Ans: (4) A is orthogonal]

3. If A is a non-singular matrix of odd order
them

(1) Orderof Ais2m + 1
(2) Orderof Ais2m+2
(3) |adj A] is positive 4 |Al=0
[Ans: (2) Order of A is 2m + 2]
Hint: (2m +2) is even
4. If Ais a orthogonal matrix, then

(1) AAT=ATA=1 (2) Aisnon-singular

(3) 1A1=0 (4) A'=AT
[Ans: (3) |A| =0]

Hint: |A| = 0 which is not true for orthogonal matrix

5. A matrix which is obtained from an identity
matrix by applying only one elementary
transformation is
(1) Identity matrix (2) Elementary matrix
(3) Square matrix
(4) Equivalent to identify matrix

[Ans: (1) Identity matrix]

V. Choose the incorrect answer :

1. In an echelon form which of the following is
incorrect ?

(1) Every row of A which has all its entries 0
occurs below every row which has a non-
Zero entry.

(2) The first non-zero entry in each non-zero
row is 1

(3) The number of zeros before the first non-
zero element in a row is less than the number
of such zeros in the next row

(4) Two row can have same number of zeros
before the first non-zero entry

[Ans: (4) Two row can have same number
of zeros before the first non-zero entry]|

orders@surabooks.com
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o

o

—

Sol.

N

Sol.

Which of the following elementary
transformation is not correct?
(D) Rl.—>Rl.+2R]. 2) Cl.—>Cl.—CJ.
5
3) R, > 7R, + ~R. 4) C.>C.—R.
3 i iy

[Ans: (4) C. - C, - Rj]

It A is an invertible matrix, then which of the
following is not true.
() (A =AYy
(3) A=A

2) AT = 1Al
(4) |Al#0
[Ans: (1) (A% = (AT)’]

5 10 3
The matrix| -2 -4 6| is a singular
-1 2 x
matrix if the value of x is

(13
(3) All values of x

(2) non- existent

(4) Any value of x
[Ans: (1) 3]

The number of solutions of the system

of equations 2x + y —z=7,x -3y + 2z =1,

x+3y—3z=5is

(1o
(3) No-solution

2 MARKS

For any 2 x 2 matrix, if A (adj A) =
then find |A|.

2) 3
(4) Inconsistent
[Ans:(2) 3]

10 0
0 10
10 0_101 0 1
o 10| o 1| D

Given A (adj A) = {

We know A (adj A) = (adj A) A=A ., ..(2)
Comparing (1) and (2), we get |A| = 10.
For the matrix A, if A> =1, then find AL,
Given A® =1

Pre multiply by A~! we get,

ATAY =A11
= (ATLAA? =A"! [-ATI=AT]
N LA2 =A" [ATA=T]
- A2 =A" [ T.A2=A2]

LA =A?
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Sol.

Sol.

Sol.

6.

Sol.

If A is a square matrix such that A3 =1, then ’ 7.

prove that A is non-singular

Given A’ =1=|A3 =]
= |A.ALA|
= Al Al ]A] =1
= AP =1
“ Al #0

Hence, A is non-singular.

Show that the system of equations is
inconsistent. 2x + Sy =7, 6x + 15y = 13.

Augmented matrix

(AlB] {2 5‘ 7} R,—R,-3R, {2 5‘ 7}

6 15|13 0 0]-8
Here p(A) =2 and p([A|B]) =3
. p(a) # p([A[B])
Hence the system is inconsistent,
3 -1 1
Find the rank of the matrix | -15 6 -5]|.
5 2 2
3 -1 1
LetA=|-15 6 -5
5 2 2
Now |A| = RIS +1‘_15 6‘
-2 2 5 2 5 =2

=3(12-10)+1(-30+25)+1(30-30)
=32)+1(-5)+0=6-5=1=0
.. Rank of A is 3.

Find the rank of the matrix A=| - > © !
m erank o € matrix = 7 3 0 8 .
45 —61
A=17-30 8
R,»R,—2R; | 4 5 -6 1
-1 =3 12 6
RoR, |1 -3 12 6
4 5 -6 1
R,+(-1)R, 1 13 -12 6
_—
4 5 -6 1
R,—>R,—4R, 1 13 -12 -6
0 -47 42 25

The equivalent row-echelon matrix has two non-
ZEro TOWS
p(A)=2

orders@surabooks.com
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Sol.

Sol.

Show that the equations 3x +y + 9z =0, 3x +
2y + 12z = 0 and 2x + y + 7z = 0 have non-
trivial solutions also.
The matrix form of the system is

31 9)x 0

3 2 12)y|=10

2 1 7|z |0

AX =B where ~

31 9 X 0
A=13 2 12 X = ,B= 0

2 1 7 Z | 0

31 9

2 12 3 12 3 2

Al=|3 2 12=3 1 19

21 7 1 7 2 7 2 1

=3(14-12)-121-24)+9(3—4)
=32)-1(=3)+9(-1)

=6+3-9=9-9=0

Since |A| = 0, the homogeneous system of
equations have non-trivial solutions also.

Find k if the equations x + 2y + 2z = 0,
x—-3y—-3z=0, 2x + y + kz = 0 have only the
trivial solution.

Matrix form of the given system of equations is

1 2 2|«x 0
1 =3 3|y|=|0
2 1 kjz 0
1 2 2

AX=BwhereA=|1 -3 -3

2 1 k
Homogeneous system of equations has trivial
solution only if |A| # 0.

1 2 2
g1 =3 3 zo0.
2 1 k
Expanding along R,
-3 3 1 3 1 3
1 -2 +2 # 0.
1 & 2k 2 1

= 1(3k+3)-2(k+6)+2(1+6)£0
= 3k+3-2k-12+14#0
— —5k+5%£0

-5
= SkE-S5=k# —5=1
=k#1
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9. Solve: 2x —y =3, 5x + y =4 using matrices. * A, 48 16
1 — — —
Sol. The equations can be written in matrix form as 1 - = A 9 3
1
2 -1\(x 3 : A, 2
5 1 )\y) = 4 = AX =B where ! y = Xz:?
1
2 -1 X 3 1 16 =2
A :( J ,XZ( ] ,BZ( J ! .. Solution set is {—,—}
X =A"B I
! 2. For what value of ¢ will the system #x +3y—z=1,
2 -1 1 x+2y+z=2,—tx+y+2z=—1 fail to have
Al=15 1| =2+5=7=0 | unique solution?
1 11 1 : t 3 -1 - L1l 11 2
R e R
AT S A adjA= 7| 5 ) L Sol. A=|1 2 1=t1 2‘—3 . 2‘— . 1‘
1f1 3] 1] 3+4] -t 1 2
. - — - — 1
S X =705 247 7] -15+8]
T 7 | I =t@d-1D)-32+H—-1(1+2¢)
1
_— — I =3t—6-3t—1-2t=-7-2¢
7 -7 -1 !
) . | The system will fail to have unique solution if
.. Solution set is {1, -1} X ~
10. Solve 6x — 7y = 16, 9x — 5y = 35 using | A:0=>—7—2f:0:>—2l:7:>l:7
(Cramer’s rule). |
6 -7 !
Sol. A =g _5=-30+63=33 ! , -7
I Lt=—.
16 -7 ! 2
A = |35 _g/ =—80+245=165 :3. Solve: 3x+ay=4,2x+ay=2,a+# 0 by
6 16 | Cramer’s rule.
1
_ _ _ 3 a
A = o 35‘—210144—66 | Sol. A=| |=3a-2a=a
1 a
_ A 165 _ | 4 a
S X A 3 | A1=2 p =4aq—-2a=2a
_ A 66, |
’ Y A | A P =6-8=-2
.. Solution setis { 5,2} | 2 2 2 T
1
3 MARKS ! Y A, =2
| YTA T4 TV TN T
1. Solve:2x+3y=10,x+ 6y =4 using Cramer’s :
I -2
TS 5 3 ! .. Solution set is {2,— }
a
Sol. A = =12-3=9=%0 !
1 6 !
10 3 !
A= =60-12=48 |
4 6 |
2 10 !
A, = =8-10=-2 !
1 4 :
1
¢
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21 ' 10 0
4. Verify (AB)! = B! Al for A = and , 0 he2 2
45 53 1 Sol. LetA =
B= { } . | 0 0 h+2
3 4 1 0 0 3
1
2 14 5 8+3 1044 ! The rank of A will be less than 3 if every minor
Sol. AB ={5 3}{3 4}={20 o 25 12} : of order 3 vanishes
+ + i
1114 : oo
~ 29 37 ! 10 h=2 0[= 0
11 14 : 0 03
|AB| = ! h-2
29 37 | = 1 +0+0 = 0=3(h-2)=0
= 407-406=1=0 |
1 I — = =
(AB)! = adi(AB) | = h—2 0=>h=2.
|AB | \ 6. Find the rank of the matrix math
_ 1[11 14} ! 44 03
1129 37 : -2 3 -1 5
_ 37 -14 ) ! 1 4 8 7 4 4 0 3
-29 11 ! sol, LetA = |2 3 -1 5
2 1 I
|A|:{ }=65=1 ! b4 8
53 ! 1 4 8 7
|BI_{4 5} — 16-15=1 AR 3 s
3 4 : 4 4 0 3
1 ] 4 -5 !
B71 E ad] B 3 4 : II{{ZARI{‘F i%] 1 4 8 7
- y ! ETRL00 11 1519
A= adia o ! 0 -12 =32 -25
|A| __5 2 i 1
T4 -5173 -1 | A'is in row — echelon form and it has 3 non-zero
L R-IA-l —
S BTA 34 [_5 2} ! rows(.A) .
a N ! =J.
12425 -4-10 ! P 5 3
T 129-20 3+8 i 7. Verify that (A™)T = (AT)! for A= { s 6]
- 1 —
37 —14} ) !
= | -2 -3
-29 11 ' Sol. Al = —12+15=27
! 5 -6
From (1) and (2), (AB)' =B A™! : o Lo ] 6 3
I = — a =—
5. Under what conditions will the rank of the ! |A| ! 2715 2
1 0 0 |
0 h-2 - L{_é _5} 1)
matrix 0 0 hid be less than 3? E 2703 2
o o0 3 : AT = |20
: -3 -6
1
1
é
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AT = [ 2 ei2e15=27 : N
||_—3—6_ - ! _Ry&Rs 1y 1 51 2

| : 0 0 0]-1
T\-1 T 7T adi( AT 1|-6 =5 \
LAY = ‘ AT‘ adj(A") = 7l 3 2 ! Here p(A) =2 [only 2 two-non zero rows]
) | And p([A|B]) = 3 [There are 3 non-zero rows]
-(2)
From (1) and (2), (A ™H)T = (AT)! ! ~op(A)=p ([AB])
: .. The system is inconsistent.
8. Solve 2x — 3y =7, 4x — 6y = 14 by Gaussian 1 .
Jordan method. ! 10. If the rank of the matrix
Sol. The matrix from of the system of equations is | Ao-1.0
5y 310y ; i 0 ) -1/ is2,then find A.
- 1
= = AX =B wh -
L —6} M M e | Po
I A -1 0
1
A:{Z _3} X:{x} and B = {7} ! Sol. Givenrankof | 0 A —1| is2
4 -6 v 14 : 1 0
Transformi ted matrix t -echel
f(rnz}rrllqs‘:;“rg::g augmetied matrxtotow-echeion : = The value of the third order determinant is zero
1
A 2 3| 7] R,oR,—2R, [2 -3|7], A0
- N R
[ABI= 4 614 o oloj ! T 0 A -1 =0
Here p(A) = 1, p[AB] = 1 ! -1 0 2
Sop(A) = pLA|B] = 1< the number of unknowns, | — A Al +1 0 -1 +0= 0
the system is consistent and has one parameter 1 0 A -1 A
family of solutions | = AXR-0)+1(0-1) =0
. _ 1
N - Puty = t,wherete R . . P10 =1 = 1
Writing the row-echelon form to equations we !
get | A =1
-3y =7 |
L 2x=3t =7 ! 5 MARKS
= 2x = T+ 3t 1
1 V1. Using determinants, find the quadratic
= A (7+30) ! defined by f(x) = ax? + bx + ¢, if f(1) = 0,
. ! f(2) =-2 and f(3) = —6.
. Solution set is {5( 7+30),t} wherete R. ! Sol. Given flx) = ax* +bx+c
I A1) =0
1
9. Solve: x +y+37=4,2x+2p+6z=7,1 =a(l)>+b(1)+c =0
1
2x+y+z=10. - = atb+c =0 (1)
1
1 1 3|4 i ) =2
Sol. Augmented matrix [A[B]=|2 2 6|7 L = a@) Q) e = 2
1
2 1 110 | = da+2b+c =2 +(2)
1
R2~>R2— 2R1 1 1 3 4 I f(3) = —6
— 1
[A|B] RaDRs7R o 0 0= - = a3’ +b3B)+c = -6
1
0 -1 -5 2 ! = 9a+3b+c = —6 ...(3)
1
¢
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1 11
2 10 4 11 |4 2
A=14 2 1 =1 -1 +1
31 91 9 3
9 31
=12-3)-14-9+1(12-18)
=—1+5-6=-2+#0
0 11 -2 1+1—2 2
A=1=2 2 1 =0-1 6 1176 3
-6 3 1
==1(2+6)+1(-6+12)=—14)+1(6)=2
1 01
A=+ 2 1—1‘_2 1+0+14 _2‘
- 9 -6
9 -6 1
“1(2+6)+1(-24+18)=4-6=-2
1 1 0
SES M
9 3 -6 B -
=1(-12+6)-1(-24+18)=—6+6=0
.. By Cramer’s rule,
A2
a= ===
A, )
b = X=j2=1
Ao
¢ =3 =jz=0
S fx) = CDHaPF1x+0
= fix) = x2+x
2. Solve:

4 6 5 6 9 20
2,310, 46,5 6,90,
X Yy z X Yy z X Yy z

1 1 1

Sol. Put— = a, —=b, — =c¢

X y z
S 2a+3b+10c = 4 (1)
4a—6b+5¢ = 1 ..(2)
6a+9b—20c = 2 ..(3)

2 3 10

A =4 -6 5

6 9 20

6 s 4 s |4 -6

=2 -3 +10
‘9 —20‘ ‘6 -20 ‘6 9‘

orders@surabooks.com

LR el e

Sol.

=2 (120 — 45) — 3 (=80 — 30) + 10 (36 +36)
=150 + 330 + 720 = 1200

4 3 10
Ay =11 -6 5
29 20
Y O N B O N D
=4 -3 +10
9 =20 |2 =200 2 9

=4 (120 —45)— 3 (~20— 10) + 10 (9 +12)
=300 + 90 + 120 = 600

2 4 10
) 2k
6 2 -20 =20 6 20 6

=2 (-2-10)— 4 (-80 - 30) + 10 (8 — 6)
= —60 + 440 + 20 = 400

2 3 4
A=|4 -6 1:2‘_2 21‘—3‘2 21‘+4‘: _g‘
6 9 2
=2(-12-9)-3 (8- 6) +4 (36 + 36)
=—42-6+288 =240
=ﬁ=@=l:l:l:>x:2
A 1200 2 x 2
A, 400 1 g
TA T 37,537
=&—ﬂ:l:>l:l:z:5
A 1200 5 z 5

.. Solution set is {2, 3, 5}

The sum of three numbers is 20. If we
multiply the third number by 2 and add the
first number to the result we get 23. By adding
second and third numbers to 3 times the first
number we get 46. Find the numbers using
Cramer's rule.

Let the required numbers be x, y and z

By the given data,
x+ty+z=20 (D)
2z+x =23 =>x+2z=23 ..(2)
y+z+3x =46 =3x+y+z=46 ..(3)
b 0 2 |1 2 1 0
A=11 0 2/=1 -1 +1
o 11 |1 1 31
31 1
=-2+5+1=4
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20 1 1 T =>A-1)(A-2)=0=>A=1lorr=2
— 123 0 2= 20 ‘0 2‘_1‘23 2‘+1‘23 0‘ ! . The given system is consistent when the
11 |46 1 46 1] , values of A are 1 and 2.
46 1 1 I
= —40+ 69 +23 =52 . 5. Show that the equations —2x + y + 7 = a,
1 20 1 : x—2y+z=>b,x+y—2z=c are consistent only
A2: 1 23 2 : ifa+b+c=0.
346 1 : KR .
_1 23 2 20 12 1 1 23 | Sol. Augmented matrix [A[B]is | ! ~2 1o
~ |46 1 3.1 |3 46 ! 11 -2]c
=-69+100-23=38 ! 1 2 s
1 1 20 L aB] —RieRe o g
A, =110 23 : 11 -2
1 + A
3 1 46 | R,—>R,+2R, L o 1 b
0 23 123 1o ! Ri2RsT R L1003 3lat2s
|1 46 3 46 31 ! 0 3 -3 c¢c-b
=-23+23+20=20 : o Sl 1 2 1 b
LA s ! 2T 510 -3 3| c+2b
X T AT 4 T ! 0 0 Ola+b+c
y=& =§=2andz=ﬁ=§=5. : BICIC p(A) =2
A 4 A 4 : The given system is consistent only when
Hence the required numbers are 13, 2 and 5. I p([AIB]) =2 p([AB])=2onlyifa+b+c=0
1
4. For what value of A, the system of equations ! Hence proved.
- — =32 !
xtytz SLx+2y+dz=hx+4p+10z=0h ' 6. Using Gaussian Jordan method, find the
is consistent | values of L and p so that the system of
1 1 11 ! equations 2x — 3y + 5z =12,3x +y+ hz=p,
1 2 4] | x — 7y + 8 = 17 has (i) unique solution
Sol. Augmented matrix = [A|B]= ) | (ii) infinite solutions and (iii) no solution.
b4 10 ! 2 -3 512
AB R,—>R,R, 11 ! | Sol. The augmented matrix [A/B] is 31 AMp
= _ 1
[AB]J= =257 510 1 3] A-1 | L 7 sl -7 8|17
2
03 %hr-1 | RORy |5 | 5
111 1 ' H
1
0 0 0[2-1-3%+3 ! RoR=SRem 900 g 17
11 1 ! RsoRIR 1o 22 a-s1ju-51
-0 1 3 A—1 : 11 -11] -22
2
0 0 0p2-3n+2 ! R,=Ro-2R; gl 17
Here p(A) =2 : RaORs#IL 1y 0 a—2u-7
The given system of equations is consistent only | 0 1 -1l =2
when p([AB]) =2 ! -7 8| 17
p(TAIB]) = 2only when’2~3h+2=0 ! M> | )
. 0 0 A-2p-7
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Case (i) when A # 2, T . p(A) = p([A|B]) = 2 < number of unknowns
P([AIB]) =3 and p(A) =3 : Thus the system is consistent with infinitely
. p([AIB]) = p(A) = 3 = the number of unknowns | many solutions.

.. The system has unique solution | Case (iii) When A =2 and n #7
1
Case (ii) When A =2, p =7, ! p(A) =2 and p([A[B]) =3
1 .
(AB] — 01 —1l=2 ! Thus, . the given system of equations is
nconsistent.
00 0|0 :
1
Here p(A) =2 and p([A|B]) =2 |
é

seegs
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CHAPTER

COMPLEX
NUMBERS

y| MUST KNOW DEFINITIONS |\

+ If|A Complex number is of the form x + iy where x is a real part and y is the imaginary part of
the complex number.

+ z,=z,0ff Re (z;) =Re (z,) and Im (z,) = Im (z,)

Properties of complex numbers:
Under Additions

+ Letz}, z, and z; are complex numbers.
(i)  Closure property (z, + z, is a complex number)
(i) Commutative property (z, +z, =2z, +z))
(i) Associative property (z, +z,) +z, =z, +(z, t z,)
(iv) Additive identity (z+0=0+2=x2)
(v) Additive inverse (z+—z)=(-z+2z)=0

+ Under Multiplication:

(i)  Closure property (z, z, is also a complex number)
(i)  Commutative property (z, z, = z, z,)

(iii) Associative property (z, z,) z; = z, (2, z3)

(iv) Multiplicative identity (z,. 1 = 1.z, =z))

(v)  Multiplicative inverse zw=w.z=1=w -z

+ Distributive property (Multiplication distributes over addition)

z,(zytz)=2z,2,t 2, 2,
Also, (z, +z)) z; =z, 2, t 2, z,
+ Conjugate of x +iyisx — iy
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Unit 2 ™ Complex Numbers

+ Ifz=x+iythen|z|= \[x* +y°

+  |z—z,|=ris the equation of circle where z
z,toz.

0

+ Polar form of z=x + iy is z=r(cos 0 + i sin 0)

y
h = Jx?+1? andtan 0= =
where = /x> +y* and tan .

De Moivre’s theorems

+ Given any complex number cos 0 + i sin 0 and any integer n, then (cos 6 + 7 sin 0)" = cos n0 +

1 sin n0.

0+2kn
4+ glm—,lm|cos - +isin

y| IMPORTANT FORMULA TO REMEMBER |\

orders@surabooks.com

is a fixed complex number and r is the distance form

P=1i'=iit=1i"=10"=-i,@?=-1,07=i
Jab = Ja~/p is valid only if atleast one of @, b is non-negative.
When z, = x, + iy, and z, = x, + iy, then
ZFz =0 ) i +y)
z =z, = (X, = x,) iy, -,
22, = (0 =y 1) HiEx Y, T 0)
Properties of complex conjugates

_ — zZ—Zz

() z+z, =z +z (6) Im (z2) = —
(2 z-2z =z-3z (7 (Z_") = (E)n ,where 7 is an integer.
(B) zz =zz (8)  czisrealiffz=
AR ]
@ |\z)=% £ (9)  zispurely imaginary iffz= —z
(5)Re(2) = 2 (10) .=z
Properties of modulus of a complex number
- al_ll
M = O R
2) |Z1 + zz| < |zl| + |zz| (6) |Z"| = |Z ", where n is an integer
(Triangle inequality)
@) |az| =lallzl () Re@ <k
@ l-zilalEl ¢ mespy
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2= z] = (5 —x) +(n—2.)
+ |a-z < |al+|z)|
|2] =] |z + 2| <]z] +]z]
||Zl|_|22|| R AR AR A

|ZIZZ| = |Zl| |Zz|

+ 0+ + 0+

Leta+ib= Jx+iy then

Na*+b* +a

XxX=4, /= - =

2

Na' +b* —a
2

+ |z—2z|<r represents the points interior of the circle.

Y=+

|Z - Zo| >r represents the points exterior of the circle.
+ arg(z,zy)=argz targz,

+

+ arg [iJ =argz, —argz,

Z
+ arg(Z")=nargz
+  Alternate form of cos 0 + i sin 0 is cos (2kmw + 0) + i sin 2kn +0), k € Z

Euler’s formula
+ e%=cos0+isin0orz=re
+ Ifz=r(cos 0 +isin 0) then

1= l(cose —isin@)
r

+ z,z,=r ry[cos (0, +6,)+isin (0, +6,)]

+ A i[cos(e] ~0,)+isin(6, -0,)]
» N
+ (cos 0—isin0)"=cos nb—isin nO A (cos 0 + i sin 0)™" = cos n0 — i sin n0
+ (cosO—isinB)”=cosnb+isinndAsin0+icosO=i(cos0—isin0)
+ l+to+o?+... +o" =0

where w is the n'--- root of unity.

- 0.0 ... .0 =1y

o F=a*= (o) 0<k<n—1
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